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DIRECT LIMIT FF (m,n)-ARY HYPERMODULES

NAJMEH JAFARZADEH1 AND REZA AMERI2

Abstract. The purpose of this paper is the study of direct limit in the category
of (m, n)-ary hypermodules over (m, n)-hyperring R. In this regards, we introduce
and study R(m,n) − Hmod, the category of R(m,n) − Hmod, and direct limit in this
category. In particular, we study a direct limit of morphisms, direct systems of
kernels, and cokernels. Finally, we investigate the relationship between the functor
home and direct limit and prove that the functor hom preserves direct limit in
category R(m,n) − Hmod.

1. Introduction

The notion of n-ary groups (also called n-group or multi-ary group) is a generaliza-
tion of groups. An n-ary group (G, f) is a pair of a setG and a map f : G×· · ·×G → G,
which is called an n-ary operation. The earliest work on these structures was done
in 1904 by Krasner [23] and in 1928 by Dörnet [20]. Such n-ary groups have many
applications in computer science, coding theory, topology, combinatorics, and quan-
tum physic (for more details see [16–19,30,31]). One of the applications in algebraic
hyperstructures theory was defined by Marty [28]. Many researchers developed this
theory of view point of theory and application(for more see [5, 11, 12,14,15,36]).

Ameri et al. [3] introduced and studied the notion of hyperalgebraic, a framework
to formulate algebraic hyperstructures in a general manner, also R. Ameri and I.
G. Rosenberg [2]. Davvaz and Vougiouklis [15] studied n-ary hypergroups. After
that, a generalization of it, such as (m,n)-hyperrings and (m,n)-hypermodules were
introduced and studied in different contexts(some of the studies can be found in [4,6,
7,9,24–26,29]). On the other hand, fundamental relations, as the smallest equivalence
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relation on an algebraic hyperstructure such as a hypergroup, hyperring, hypermodules
or in general a hyperalgebra such that its quotient is a group, ring, module, or algebra
respectively, play an important role to study the theory of algebraic hyperstructure.
In fact, the fundamental relation on an algebraic hyperstructure induces a functor
from a category of algebraic hyperstructures such as a category of hypergroups and
hypermodules to its related classical algebraic structure such as the category of group
and modules. R. Ameri in [1] introduced and studied the category of hypergroups
and hypermodules. Recently, various kinds of categories of hyperstructures have been
studied in numerous papers(for instance see [1, 21, 22, 27, 32–35]). In this paper, we
follow [21] and introduce and study direct limit in the category of (m,n)-hypermodules.
This work is a generalization of the paper A. Asadi, R. Ameri, Direct Limit of Krasner
(m,n)-Hyperrings [8], with more details of categorical properties related to direct
limit. In Section 2, we give some basic preliminaries about (m,n)-rings and (m,n)-
hypermodules. In Section 3, we introduce a direct system of (m,n)-ary hypermodules
and use it to introduce direct limit in category (m,n)-hypermodules. In Section
4, the properties of direct limit of a direct system of (m,n)-ary hypermodules are
investigated. In Section 5, the direct limit of morphisms is studied and some basic
properties of the are obtained. In section 6, direct systems of kernels and cokernels
of a direct system of (m,n)-ary hypermodules are studied. Finally, in section 7, the
behavior of direct limits under home representable functors is studied, and it is shown
that these functors preserve limits.

2. Preliminaries

In this section, we give some definitions and results of n-array hyperstructures
which we need in what follows.

A mapping f : H × · · · ×H︸ ︷︷ ︸
n

→ P ∗(H) is called an n-ary hyperoperation, where

P ∗(H) is the set of all nonempty subsets of H. An algebraic system (H, f), where f
is an n-ary hyperoperation defined on H, is called an n-ary hypergroupoid.

We shall use the following abbreviated notation.
The sequence xi, xi+1, . . . , xj will be denoted by xji . For j < i, xji is the empty

set. Using this notation, f(x1, . . . , xi, yi+1, . . . , yj, zj+1, . . . , zn) will be written as
f
(
xi1, y

j
i+1, z

n
j+1

)
. In the case when yi+1 = · · · = yj = y the last expression will be

written f
(
xi1, y(j−i), z

n
j+1

)
.

If f is an n-array hyperoperation and t = l(n− 1) + 1, for some l ≥ 0, then t-array
hyperoperation fl is given by

fl
(
x
l(n−1)+1
1

)
= f

(
f
(
. . . , f(f︸ ︷︷ ︸
l

(xn1
)
, x2n−1

n+1

)
, . . . ,

)
, x

l(n−1)+1
(l−1)(n−1)+1

)
.

For nonempty subsets A1, A2, . . . , An of H, define
f(An1 ) = f(A1, A2, . . . , An) =

⋃
{f (xn1 ) | xi ∈ Ai, i = 1, 2, . . . , n}.
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An n-array hyperoperation f is called associative if

f
(
xi−1

1 , f
(
xn+i−1
i

)
, x2n−1

n+i

)
= f

(
xj−1

1 , f
(
xn+j−1
j

)
, x2n−1

n+j

)
,

hold for every 1 ≤ i < j ≤ n and all x1, . . . , xn−1 ∈ H. An n-array hypergroupoid
with the associative n-array hyperoperation is called an n-ary semihypergroup.

An n-ary hypergroupoid (H, f) in which the equation b ∈ f(ai−1
1 , xi, a

n
i+1) has a

solution, xi ∈ H for every ai−1
1 , ani+1, b ∈ H and 1 ≤ i ≤ n, is called an n-ary quasihy-

pergroup. If (H, f) is an n-ary semihypergroup and n-array quasihypergroup, then
(H, f) is called an n-ary hypergroup. An n-ary hypergroupoid (H, f) is commutative
if for all σ ∈ Sn and for every an1 ∈ H, we have f(a1, . . . , an) = f(aσ(1), . . . , aσ(n)). If
an1 ∈ H, then we denote (aσ(1), . . . , aσ(n)) by aσ(n)

σ(1) .

Definition 2.1 ([15]). Let (H, f) be an n-array hypergroup and B be a non-empty
subset of H. B is called an n-ary subhypergroup of (H, f), if f(xn1 ) ⊆ B for all xn1 ∈ B,

and the equation b ∈ f
(
bi−1

1 , xi, b
n
i+1

)
has a solution, xi ∈ B for every bi−1

1 , bni+1, b ∈ B

and 1 ≤ i ≤ n.

Definition 2.2 ([15]). Let (H, f) be a commutative n-ary hypergroup. (H, f) is
called canonical n-ary hypergroup if the following statements are satisfied:

(1) there exists unique e ∈ H, such that for every x ∈ H, f(x, e, . . . , e︸ ︷︷ ︸
(n−1)

) = x;

(2) for all x ∈ H there exists unique x−1 ∈ H, such that e ∈ f(x, x−1 e, . . . , e︸ ︷︷ ︸
(n−2)

);

(3) if x ∈ f(xn1 ), then for all i, we have xi ∈ f
(
x, x−1, . . . , x−1

i−1, x
−1
i+1, . . . , x

−1
n

)
.

We say that e is the scaler identity of (H, f) and x−1 is the inverse of x. Notice the
inverse of e is e.

Definition 2.3 ([29]). A (Krasner) (m,n)-hyperring is algebraic hyperstructure
(R, h, k) which satisfies the following axioms:

(1) (R, h) is a canonical m-ary hypergroup;
(2) (R, k) is an n-ary semigroup;
(3) the n-ary operation k is distributive to the m-array hyperoperation h, i.e., for

all ai−1
1 , ani+1, x

m
1 ∈ R, and 1 ≤ i ≤ n,

k
(
ai−1

1 , h(xm1 ), ani+1

)
= h

(
k(ai−1

1 , x1, a
n
i+1), . . . , k(ai−1

1 , xm, a
n
i+1)

)
;

(4) 0 is a zero element (absorbing element), of the n-ary operation k, i.e., for xn2 ∈ R
we have k(0, xn2 ) = k(x2, 0, xn3 ) = · · · = k(xn2 , 0).

A nonempty subset S of R is called a subhyperring of R if (R, h, k) is a Krasner
(m,n)-hyperring. Let I be a non-empty subset of R. We say that I is a hyperideal of
(R, h, k) if (I, h) is a canonical m-ary hypergroup of (R, h) and k(xi−1

1 , I, xni+1) ⊆ I,
for every xn1 ∈ R and 1 ≤ i ≤ n.
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Definition 2.4. Let M be a nonempty set. Then (M, f, g) is an (m,n)-hypermodule
over an (m,n)-hyperring (R, h, k), if (M, f) is an m-ary hypergroup and the map
g : R × · · · ×R︸ ︷︷ ︸

n−1

×M → P ∗(M) satisfies the following conditions:

(i) g
(
rn−1

1 , f(xm1 )
)

= f
(
g(rn−1

1 , x1), . . . , g(rn−1
1 , xm)

)
;

(ii) g
(
ri−1

1 , h(sm1 ), rn−1
i+1 , x

)
= f

(
g(ri−1

1 , s1, r
n−1
i+1 , x), . . . , g(ri−1

1 , sm, r
n−1
i+1 , x

)
;

(iii) g
(
ri−1

1 , k(ri+n−1
i ), rn+m−2

i+m , x
)

= g
(
rn−1

1 , g(rn+m−2
m , x)

)
;

(iv) 0 ∈ g
(
ri−1

1 , 0, rn−1
i+1 , x

)
.

If g is an n-ary hyperoperation, S1, . . . , Sn−1 are subsets of R and M1 ⊆ M, we set

g(Sn−1
1 ,M1) =

⋃
{g(rn−1

1 , x) | ri ∈ Si, i = 1, . . . , n− 1, x ∈ M1}.

If n = m = 2 then an (m,n)-ary hypermodule M is hypermodule.
Let (M, f, g) be an (m,n)-hypermodule over an (m,n)-hyperring (R, h, k). A non-

empty subset N of M is called an (m,n)-ary sub-hypermodule of M if (N, f) is
m-array subhypergroup of (M, f) and g(R(n−1), N) ∈ P ∗(N).

Definition 2.5. A canonical (m,n)-hypermodule (M, f, g) is an (m,n)-hypermodule
with a canonical m-array hypergroup (M, f) over a Krasner (m,n)-hyperring (R, h, k).

A Krasner (m,n)-hyperring (R, h, k) is commutative if (R, k) is a commutative n-ary
semigroup. Also, we say that (R, h, k) is a scaler identity if there exists an element
1R, such that x = k(x, 1(n−1)

R ) for all x ∈ R. Later on, let (R, h, k) be a commutative
Krasner (m,n)-hyperring with a scaler identity 1R. For all rn−1

1 ∈ R and x ∈ M we
have

g(rn−1
1 , 0M) = {0M}, g(0n−1

R , x) = {0M} and g(1n−1
R , x) = {x}.

Moreover, let g(ri−1
1 ,−ri, rn−1

i+1 , x) = −g(r1, . . . , rn−1, x) = g(rn−1
1 ,−x).

Definition 2.6 ([29]). Let (M1, f1, g1) and (M2, f2, g2) be two (m,n)-hypermodules
over an (m,n)-hyperring (R, h, k). We say that ϕ : M1 → M2 is a homomorphism
of (m,n)-hypermodules if for all xm1 , x of M1 and rn−1

1 ∈ R : ϕ (f1(x1, . . . , xm)) =
f2 (ϕ(x1), . . . , ϕ(xm)), ϕ

(
g1(rn−1

1 , x)
)

= g2
(
rn−1

1 , ϕ(x)
)
.

If in the above definition we consider a map ϕ : M1 → P ∗(M2), then we obtain a
multivalued homomorphism, shortly we write m-homomorphism.

Example 2.1. We shall provide an example of an m-homomorphism. Let A and B be
two canonical hypergroup as Tables 1 and 2.

Define 0 ∗ x = 0 and 1 ∗ x = x for all x ∈ A,B. Then, it is easy to check that
(A,+, ∗) is a Krasner hyperring, and A and B are also A-hypermodule with the
external multiplication ∗. Let φ : B → A with φ(1) = φ(−1) = 1 and φ(0) = 0.
Clearly, φ is an m-homomorphism.
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+ 0 1
0 0 1
1 1 {o, 1}

Table 1. (A,+)

+′ 0 1 −1
0 0 1 −1
1 1 1 {o, 1,-1}

−1 −1 {o, 1,-1} -1
Table 2. (B,+′)

Definition 2.7 ([9]). A linear combination of family A = {xi | i ∈ I} of elements of
M is a sum of the form f

(
g(r1(n−1)

11 , x1), . . . , g(rl(n−1)
11 , xl), o(m−l)

)
with l ≤ m and if

l > m, l = t(m− 1) + 1, a linear combination of A is the form of

f
(
f
(
. . . , f

(
f︸ ︷︷ ︸

t

(
g(r1(n−1)

11 , x1
)
, . . . , g

(
r
m(n−1)
m1 , xm

))
, g
(
r

(m+1)(n−1)
(m+1)1 , xm+1

)
, . . . ,

g
(
r

(2m−1)(n−1)
(2m−1)1 , x2m−1

)
, . . .

)
, g
(
r

((l−1)(m−1)+2))(n−1)
((l−1)(m−1)+2)1 , . . . , g

(
r

(l(m−1)+1)(n−1)
(l(m−1)+1)1

)))
,

where rij ∈ R and set {rij, rij ̸= 0} is finite.
A linear combination of family {xi | i ∈ I} of elements of M is a sum of the form{

f
(
g
(
r

1(n−1)
11 , x1

)
, . . . , g

(
r
l(n−1)
l1 , xl

))
| xi, i ∈ I

}
is linear dependent if there exists a linear combination

f
(
g
(
r

1(n−1)
11 , x1

)
, . . . , g

(
r
l(n−1)
l1 , xl

))
containing 0, without being all rij equal to 0. Otherwise, {xi | i ∈ I} is called linear
independent.

Definition 2.8 ([9]). A subset X of M generates M if every element of M belongs
to linear combination of elements from X.

Definition 2.9 ([21]). The category R(m,n) − Hmod of (m,n)-ary hypermodules
defined as follows:

(i) the objects of R(m,n) −Hmod are (m,n)-hypermodules,
(ii) for the objects M and K, the set of all morphisms from M to K is defined as

follows:

HomR(M,K) = {f | f : M → P ∗(K) is an m-homomorphism};
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(iii) the composition gf of morphisms f : M → P ∗(K) and g : K → P ∗(L) defined
as follows:

gf : H → P ∗(K), gf(x) =
⋃

t∈f(x)
g(t);

(iv) for any object H, the morphism 1H : H → P ∗(H), defined by 1H(x) = {x}, is
the identity morphism.

Remark 2.1. Consider a category whose objects are all (m,n)-hypermodules and
whose morphisms are all R-homomorphisms denoted by R(m,n) − hmod. The class
of all R-homomorphisms from A into B is denoted by homR(A,B). In addition,
Rs(m,n) − hmod is the category of all (m,n)-hypermodules whose morphisms are all
strong R-homomorphisms. The class of all strong R-homomorphisms from A into B
is denoted by homRS

(A,B). It is easy to observe that Rs(m,n) −hmod is a subcategory
of R(m,n) − hmod.

Definition 2.10 ([21]). Let {Mi | i ∈ I} be a family of (m,n)-hypermodules. We
define a hyperoperation on ∏

i∈I
Mi as follows:

F{aimi1 } =
(

{ti} | ti ∈ fi(aimi1 ), {aimi1 } ∈
∏
i∈I
Mi

)
.

For r ∈ R and ai ∈ ∏
i∈I
Mi, define

G
(
r

(n−1)
1 {ai}(i∈I)

)
=
{
gi
(
r

(n−1)
1 , ai

)}
i∈I

.

then ∏
i∈I
Mi, together with m-array hyperoperation F and n-array operation G is called

direct hyper product {Mi | i ∈ I}.

Theorem 2.1 ([21]). Let {Mi | i ∈ I} be a family of (m,n)-hypermodules, and
{ϕi : M → p∗(Mi) | i ∈ I} be a family of m-homomorphisms. Then there exists a
unique m-homomorphism ({

ϕ : M → p∗
(∏
i∈I
Mi

))}
such that, Πiϕ = ϕi for all i ∈ I, and this property determines ∏

i∈I
Mi uniquely up to

isomorphism. In other words, ∏
i∈I
Mi is a product in the category of R(m,n) −Hmod.

Definition 2.11 ([21]). The direct hypersum of a family {Mi | i ∈ I} of (m,n)-
hypermodules, denoted by ∐

i∈I
Mi is the set of all {ai}i∈I , where ai can be non-zero

only for a finite number of indices.

Proposition 2.1 ([21]). If {Mi | i ∈ I} is a family of (m,n)-hypermodules, then
(i) ∐

i∈I
Mi is an (m,n)-hypermodule.
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(ii) for each k ∈ I, the map ℓk : Mk → ∐
i∈I
Mi, given by lk(a) = {ai}i∈I , where

ai = 0, for i ̸= k, and ak = a, is m-homomorphism.
(iii) for each i ∈ I, ℓi(Mi) is a subhypermodule of ∐

i∈I
Mi. The map ℓk is called the

canonical injection.

Theorem 2.2 ([21]). Let {Mi | i ∈ I} be a family of (m,n)-hypermodules and
{ϕi : Mi → M | i ∈ I} be a family of m-homomorphisms of (m,n)-hypermodules.
Then, there is a unique m-homomorphism ϕ : ∐

i∈I
Mi → M such that ϕℓi = ϕi, for all

i ∈ I and this property determines ∐
i∈I
Mi uniquely up to isomorphism. In the other

words ∐
i∈I
Mi is a coproduct in the category of R(m,n) −Hmod.

Remark 2.2. In the following sections of this paper, we consider the category of all
(m,n)-hypermodules over a (m,n)-hyperring R, in the sense of Canonical (m,n)-
hypermodules over Krasner (m,n)-hyperring R with a scaler identity. We denote this
category by R(m,n) − Khmod. Hence the objects of R(m,n) − Khmod are Canonical
(m,n)-hypermodules over Krasner (m,n)-herringbone.

3. The Direct Limit

Definition 3.1 ([37]). Let (A,Λ) be a quasi-ordered directed(to the right) set, i.e.
for the two elements i, j ∈ Λ there exists (at least one) k ∈ Λ with i ≤ K and j ≤ K.

A direct system of (m,n)-ary hypermodules (Mi, ϕij)Λ consists of
(1) a family of (m,n)-ary hypermodules (Mi)Λ) and
(2) a family of morphisms ϕij : Mi → Mj for all pairs (i, j) with i ≤ j, satisfying

ϕii = idMi
and ϕjkϕij = ϕik, for i ≤ j ≤ k.

A direct system of morphisms from (Mi, ϕij)Λ into an R − (m,n)-hypermodules L is
a a family of morphisms {Ui : Mi → L} with Ujϕij = Ui whenever i ≤ j.

Definition 3.2. Let (Mi, ϕij)Λ be a direct system of R − (m,n)-hypermodules and
M an R − (m,n)-hypermodule.

A direct system of morphisms {ϕi : Mi → M}Λ is said to be a direct limit of
(Mi, ϕij)Λ if, for every direct system of morphisms {Ui : Mi → L}Λ, L ∈ R(m,n) −
hmod, there is a unique morphism U : M → L which makes the following diagram
commutative for every i ∈ Λ

Mi

Ui   

ϕi
// M

U~~

L.

If {ϕ′
i : Mi → M ′}Λ is another direct limit of (Mi, ϕij)Λ, then by definition there is an

isomorphism H : Mi → M ′ with Hϕi = ϕ′
i for i ∈ Λ. Hence M is uniquely determined

up to isomorphism.
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We write M = lim
−→

Mi and (ϕi, lim−→
Mi) for the direct limit.

Example 3.1. A collection of subsets Mi of a set M can be partially ordered by
inclusion. If the collection is directed, its direct limit is the union ∪Mi. The same is
true for a directed collection of subgroups of a given group.

Theorem 3.1. Let (Mi, ϕij)Λ be a direct system of R − (m,n)-hypermodules. For
every pair i ≤ j we put Mi,j = Mi and obtain with canonical embedding ℓi the following
mappings:

Mi,j
ϕij−→ Mj

ℓj−→
∐
Λ
Mk,

Mi,j

idMi−→ Mi
ℓi−→

∐
Λ
Mk.

The difference yields morphisms F{−ℓi, ℓjϕij, o(m−2)} : Mi,j −→ ∐
Λ
Mk and with the

coproduct we obtain a morphism ϕ : ∐
i≤j

Mi,j −→ ∐
Λ
Mk.

Cokϕ together with the morphisms
ϕi = Cokϕℓi : Mi −→

∐
Λ
Mk −→ Cokϕ

form a direct limit of (Mi, ϕij)Λ.

Proof. Let {Ui : Mi → L}Λ be a direct limit of morphisms and U : ∐
Λ
Mk −→ L with

Uℓk = Uk. We have 0 ∈ U(F (−ℓi, ℓjϕij, o(m−2))) = fl(−Ui, Ujϕij, o(m−2)) for i ≤ j.
Hence, Uϕ = 0 and the diagram∐

i≤j
Mij

ϕ
//
∐
Λ
Mk

U
��

// Cokeϕ

L

can be extended to a commutative diagram by a unique U : Cokeϕ → L (definition
of cokernel). □

Remark 3.1 ([37]). Regarding the quasi-ordered set Λ as a (directed) category, a
directed system of (m,n)-hypermodules corresponds to a functor ϕ : Λ → R(m,n) −
hmod. Then direct system of morphisms is functorial morphisms between ϕ and
constant functor Λ → R(m,n) − hmod. Then the direct limit is called the colimit of
the functor ϕ. Instead of Λ, more general categories can serve as source and Instead
of R(m,n) − hmod, other categories may be used as target.

4. Properties of the Direct Limit

Theorem 4.1. Let (Mi, ϕij)Λ be a direct system of R − (m,n)-hypermodules with
direct limit (ϕi, lim−→

Mi).
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(1) For mj ∈ Mj, j ∈ Λ, we have 0 ∈ ϕj(mj) if and only if, for some k ≥ j,
0 ∈ ϕjk(mj).

(2) For m,n ∈ lim
−→

Mi, there exist k ∈ Λ and elements mk, nk ∈ Mk with m ∈
ϕk(mk) and n ∈ ϕk(nk).

(3) If N is a finitely generated submodules of lim
−→

Mi, then there exist k ∈ Λ with
N ⊂ ϕk(mk)(= Imϕk).

(4) lim
−→

Mi = ⋃
Λ

Imϕi.

Proof. (1) If 0 ∈ ϕjk(mj), then also 0 ∈ ϕj(mj) = ϕkϕjkmj.
Assume on the other hand 0 ∈ ϕj(mj), i.e., within Theorem 3.1

ℓjmj ∈ ImF, ℓjmj =
∑

(i,l)∈E
f(−ℓi, ℓiϕil, 0(m−2))mil, mil ∈ Mi,l,

where E is a finite set of pairs i ≤ l.
Choose any k ∈ Λ bigger than all the indices occurring in E and j ≤ k.
For i ≤ k the ϕik : Mi → Mk yield a morphism ψk : ∐

i≤k
Mi → Mk with ψkℓi = ϕik

and

ϕjkmj =ψkℓjmj =
∑
E

f
(
ψkℓlϕil,−ℓiψk, 0(m−2)

)
mil

=
∑
E

f
(
ϕlkϕil,−ϕik, 0(m−2)

)
mil ∋ 0.

(2) For m ∈ lim
−→

Mi, let (mi1 , . . . ,mir) be a preimage of m in ∐
λ
Mk (under Coke F).

For k ≥ i1, . . . , ir we get

m ∈ fi (ϕi1(mi1), . . . , ϕir(mir)) = ϕk (fi(ϕi1k(mi1), . . . , ϕirk(mi−r))) .

For m,n ∈ lim
−→

Mi, and k, l ∈ Λ,mk ∈ Mk, nl ∈ Ml with m ∈ ϕk(mk), n ∈ ϕl(nl), we
choose s ≥ k, s ≥ l to obtain m ∈ ϕs(ϕks(mk)), n ∈ ϕs(ϕls(nl)).

(3), (4) are consequences of (2). □

5. Direct Limit of Morphisms

Theorem 5.1. Let (Mi, ϕij)Λ and (Ni, ψij)Λ be two direct systems of R − (m,n)-
hypermodules over the same set Λ and (ϕi, lim−→

M(i), resp. (ψi, lim−→
Ni) their direct

limits.
For any family of morphisms {ui : Mi → Ni}Λ, with ϕijuj = ψijui for all indices

i ≤ j, there is unique morphism

u : lim
−→

Mi → lim
−→

Ni,
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such that, for every i ∈ Λ, the following diagram is commutative

Mi
ui−−−→ Ni

ϕi

y yψi

lim
−→

Mi
u−−−→ lim

−→
Ni

.

If all the ui are monic (epic), then u is monic (epic).
Notation: u = lim

−→
ui.

Proof. The mappings {ψiui : Mi → lim
−→

Ni}Λ form a direct system of morphisms since
for i ≤ j we get ψjuj = ψjψijui = ψiui. Hence the existence of u follows from the
defining property of the direct limit.

Consider m ∈ lim
−→

Mi with 0 ∈ u(m). By (4.1), there exist k ∈ Λ and mk ∈ Mk

with m ∈ ϕk(mk) and hence 0 ∈ u(ϕk(mk)) = ψk(uk(mk)). Now there exists l ≥ K
whith 0 ∈ ψlk(uk(mk)) = ul(ϕkl(mk)). If ul is monic, then ϕkl(mk) = 0 and also
m ∈ ϕk(mk) = 0. Consequently, if all {ui}Λ are monic, then u is monic.

For n ∈ lim
−→

Ni By (4.1), there exist k ∈ Λ and nk ∈ Nk with n ∈ ψk(nk). If uk is
surjective, then nk ∈ uk(mk) for some mk ∈ Mk and n ∈ ψk(uk(mk)) = u(ϕk(mk)). If
all the {ui}Λ are surjective, then u is surjective. □

6. Direct Systems of Kernels and Cokernels

Using Theorem 5.1, we obtain, for i ≤ j, commutative diagrams

Ke ui // Mi
ui
//

��

Ni
//

��

Coke ui

Ke uj // Mj

uj
// Nj

// Coke uj

which can be extended by kij : Ke ui → Ke uj and hij : coke ui → coke uj to
commutative diagrams.

(Ke ui, kij)Λ and (coke ui, hij)Λ also form direct system of (m,n)-hypermodules.

Theorem 6.1. Consider direct systems of R − (m,n)-hypermodules

(Li, ϕij)Λ, (Mi, ψij)Λ, (Ni, µij)Λ,

with direct limits (ϕi, lim−→
Li), (ψi, lim−→

Mi), (µi, lim−→
Ni) and families of morphism {ui}Λ,

{vi}Λ, which make the following diagrams commutative with exact rows

0 // Li
ui
//

φij

��

Mi
vi
//

ψij

��

Ni
//

µij

��

0

0 // Lj
uj
// Mj

vj
// Nj

// 0.
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Then, U = lim
−→

ui and V = lim
−→

vi, the following sequence is also exact:

0 // lim
−→

Li
U
// lim

−→
Mi

V
// lim

−→
Ni

// 0 .

Proof. It has already been shown in (5.1) that U is monic and V is epic. ImU ⊆ KeV
is obvious. Consider m ∈ Ke V. There exist k ∈ Λ and mk ∈ Mk with m ∈ ψk(mk)
and 0 ∈ V (m) ∈ V (ψk(mk)) = µk(Vk(mk)).

Now by (4.1), we can find an s ∈ Λ with 0 ∈ Vs(ψks(mk)) = ψks(Vks(mk)).
This implies ψks(mk) = usls for some ls ∈ Ls and

U(φs(ls)) = ψs(us(ls)) = ψs(ψks(ms)) = ψk(mk) ∋ m.

Consequently, m ∈ ImU and ImU = KeV. □

Theorem 6.2. Let M be an R − (m,n)-hypermodule, Λ a set, and {Mi}Λ a family
of subhypermodules of M directed with respect to inclusion and with ⋃Λ Mi = M, then
lim
−→

Mi = M.

Proof. Defining i ≤ j if Mi ⊂ Mj for i, j ∈ Λ, the set Λ becomes quasi-ordered and
directed. With the inclusion φij : Mi → Mj for i ≤ j, the family {Mi, φij}Λ is a direct
system of (m,n)-hypermodules and lim

−→
Mi = M.

In particular, every (m,n)-hypermodule is a direct limit of its finitely generated
subhypermodules. □

7. Home-Functor and Direct Limit

Let (Mi, ϕij)Λ be a direct system of R − (m,n)-hypermodules with direct limit
(ϕi, lim−→

Mi) and K an R − (m,n)-hypermodule. with the assignments, for i ≤ j,

hij := hom(k, ϕij) : hom(k,Mi) → hom(k,Mj), αi 7→ ϕijαi,

we obtain a direct system of Z − (m,n)-hypermodules (hom(k,Mi), hij)Λ with direct
limit (hi, lim−→

hom(k,Mi)) and the assignment

ui := hom(k, ϕi) : hom(k,Mi) → hom(k, lim
−→

Mi), αi 7→ ϕiαi,

defines a direct system of Z-morphisms (Z is as an (m,n)-hyperring) and hence a
Z-morphism

ΦK := lim
−→

ui : lim
−→

hom(k,Mi) → hom(k, lim
−→

Mi).
These Z-morphisms may be regarded as End(K)-morphisms.

Theorem 7.1. If K is a finitely generated R−(m,n)-hypermodule, then ΦK is monic.

Proof. Consider α ∈ KeΦK . There exist i ∈ Λ and αi ∈ hom(K,Mi) with α ∈ hi(αi)
and 0 ∈ φi(αi), Since αi(K) ⊂ Keφi is a finitely generated (m,n)-subhypermodule
of Mi, There exists i ≤ j ∈ Λ with 0 ∈ φij(αi(K)) (by (4.1)). This implies hij(αi) =
φij(αi) = 0 and hi(αi) = 0 in hom(k, lim

−→
Mi). □
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Theorem 7.2. An R − (m,n)-hypermodule K is finitely generated if and only if
ΦK : lim

−→
hom(k,Mi) → hom(k, lim

−→
Mi)

is an isomorphism for every direct system (Mi, ψij)Λ of (m,n)-hypermodules with ψij
monomorphisms.

Proof. Let K be finitely generated. By (7.1), ΦK is monic. With the φij monic, the
φi are monic. For every α ∈ hom(k, lim

−→
Mi), the image α(K) is finitely generated. By

(4.1), α(K) ⊂ φk(Mk) for some k ∈ Λ., with φ−1
k : ψk(Mk) we get φ−1

k α ∈ hom(k,Mk)
and Φkhk(φ−1

k α) = φk(φ−1
k α) ∋ α, i.e., Φk is surjective.

On the other hand. Assume Φk is an isomorphisms for the direct system (Ki, φij)Λ
of the finitely generated (m,n)-subhypermodules Ki ⊂ K, i.e.,

lim
−→

hom(K,Ki) ≃ hom(K, lim
−→

Ki) ≃ hom(K,K).

By (4.1), there exist j ∈ Λ and αj ∈ hom(K,Kj) with αjφj = idK , i.e., K =
αjφjαjK = φjKj. Hence, K is finitely generated. □

8. Conclusions and Future Works

In this paper, the category of (m,n)-hypermodules introduced and studied, espe-
cially the subclass of canonical (m,n)-hypermodules was investigated. Also, direct
limit in category (m,n)-hypermodules was introduced and its basic properties has
been discussed. In this regards, the relationship between direct limit and functor home
in this category was investigated. The paper provided a good introduction to study
the category of (m,n)- hypermodules as a generalization of category of (m,n)-modules
as well as hypermodules. At the end, the paper provide a good introduction to study
the homology of (m,n)-hypermodules, as well as hyperstructures in general.
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