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EXISTENCE OF SOLUTIONS FOR INHOMOGENEOUS
BIHARMONIC PROBLEM INVOLVING CRITICAL
HARDY-SOBOLEV EXPONENTS

ABDELAZIZ BENNOUR!, SOFTANE MESSIRDI!, AND ATIKA MATALLAH?

ABSTRACT. This paper is devoted to the study of biharmonic problems. More
precisely, we consider the following inhomogeneous problem

[ ()= (52) A (st=) 0. <o
U:%:O, x € 08},

where Q is a bounded domain in RN and N > 5, under sufficient conditions on
the data and the considered parameters, we prove the existence and multiplicity
of solutions, by virtue of Ekeland’s Variational Principle and the Mountain Pass
Lemma.

1. INTRODUCTION
In this paper, we consider the following inhomogeneous problem

A%—u(ﬁ) = (u2|;|)_2u> +)\(|m‘4 a) + f(x), z €,

u:%:O, x € 051,

(1.1)

where Q) is a bounded domain in RY, N > 5, containing 0 in its interior, 0 < pu <
2

ﬁ::w A>0,0<s a<4 a#0, fe H?Q) (H2Q) denotes the dual

space of the Sobolev space HZ(€2)), A? is the biharmonic operator and 2*(s) = 2%\[:48)

is the Sobolev critical exponent.

Key words and phrases. Palais-Smale condition, Ekeland’s variational principle, critical Hardy-
Sobolev exponent, singularity, biharmonic problem.

2020 Mathematics Subject Classification. Primary: 47J30. Secondary: 35B33, 35B25, 31B30.

DOIT 10.46793/KgJMat2601.151B

Received: January 31, 2023.

Accepted: August 13, 2023.

151



152 A. BENNOUR, S. MESSIRDI, AND A. MATALLAH

The nonlinearity has a critical growth imposed by the critical exponent of Sobolev
and the singular potentials, which causes a loss of compactness of the considered
problem, consequently the classical methods cannot be applied directly, which make
the study hard and more difficult.

We quote here some realized problems: The regular case in our problem, i.e.,
i = A = s =0 has been studied by Deng et al. [5]. By using Ekeland’s Variational
Principle [6] and the Mountain Pass Lemma [1], they proved the existence of multiple
solutions for f # 0 satisfying a suitable assumption.

For s =X =0 and f =0, D’Ambrosio and Jannelli in [2], proved that there exists
radial solutions U, positive, symmetric, decreasing and solve

Ay — <u> = |ul* u, xRN u(z)>0.

|t

In [7], Kang and Xu studied the following problem

(s)—
AT (ﬁ) = (W) + Mu|?u, x€Q,
_ Ou __
u= gt =0, x € 01,
where 0 < s <4 and 2 < g < 2* = %. By variational arguments the existence of

nontrivial solutions of the problem is established.
In what follows, we state our main results for which we consider the following
hypothesis

|u

(1.2) 0 <inf {C/W]\;(T(u))NS_QSS+4 — /fudx Cu € Hg(Q),/ ( 2*55)> dr = 1} ,
A AN ]

where
N—2s5+4

c _<8—2s)< N —4 >
NTAN—4)\N—25+14

o= (o) )

Theorem 1.1. i) Let p €0, [, A €]0, M| and [ satisfying the condition (1.2), then
the problem (1.1) has at least a solution.
i) There exists i €]0, [ such that, for pu €]0,a[, A €]0,\1[ and f satisfying the
condition (1.2), then (1.1) has at least two solutions, if
1) O<a§%f0rN25;
2) 3 <a<4for5<N<I12

and

The positive constants \; and i will be given later.

This paper is organized as follows. In the forthcoming section, we give some
preliminaries and technical lemmas used in our work. In section 3 we give a detailed
proof of Theorem 1.1.
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2. PRELIMINARY RESULTS

2.1. Definitions and notations. Throughout this article, || - |- denotes the norm
of the Sobolev H™%(Q2), 0,(1) is any quantity which tends to zero as n goes to infinity
and O(e®) verifies \@ < C, where C is a positive constant.

Problem (1.1) is related to the following Rellich inequality [8]

2 1
(2.1) B < — [ |Aul*dz, for all u € HZ(S),
[t i "
Q 0

where HZ(Q) is the completetion of C§°(£2) with respect to the norm (J(|Aul?dz)z.
Q
Then the following best constant is defined

S (18u)? = ) da
(2.2) A ()= inf 2 ;

ueHE(2)\{0} 2 )
[E—dx
O

, for0<p<n.

|z|®

Note that it is well known that A, 4(Q) is independent of any Q C RY and that is
not obtained except in the case with 2 = RY. Moreover, the minimizers of A, ;(Q)
have been investigated by [7]. Thus, we will simply denote 4, () = A, (RY) = A, ;.

The authors in [2,7] proved that A4, , is attained in RY by the functions

{?/a(if) = €%UM <3:) DEe> O} ,

2%(s)

e T P (e P

Q

and achieved

such as U, satisfies for p €]0,7[:
(a) Tmp® U, (p) = i, im0 (p) = i
(b) pggloopb(u)(]u(p) = ko, pgrﬁmpb(u)HUL(p) = ky,

where k; € R, i =1,...,4 and b(p) = (¥54)(2 - 0(£)), a(n) = (—_4)9(%), 6:[0,1] —
0, 1] is given by

\/(N —2)2 44— \/16(N — 2)2 + (N — 4)2N?

o(t) =1 — s

Let us define ¥ : [0,1] — [0, 1] as follows:
tt—2)(N =4t +4) (N —4)t —2N +4)
N2

I(t) =

Let us put

. :116(1\/ 4= a)(N =4+ a)(N? — a?),
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(N —4)%(s —
(N +4)4
+ (N* + 10N® — 20N? + 64N — 64)s — 6N* + 20N® — 64N? 4 64N |,

4
o= ) [N25% — (2N? + 4N?)s?

and set i = min(c,, ().

Remark 2.1. (a) 6 is continuous and strictly increasing.
(b) ¥ is an increasing homeomorphism and its inverse is 6.

In this paper, we use HZ(Q2) to denote the completetion of C5°(€2) with respect to

the norm,
U2

0
By (2.1), this norm is equivalent to the usual norm ([|Au|?dz)2.
0

Let u € HZ(Q) be a weak solution of (1.1) if for all ¢ € HZ(Q),

L |u|2*(s)—2 A
/AuAcp—/ T ugodx—/ — uapdm—/ g ugpdx—/fugodx =0.
/ )\l A A\E /

It is true that the weak solutions of Problem (1.1) are equivalent to the nonzero
critical points of the energy functional associated to (1.1) given by the following
expression:

1 1 Ju*® 2
I(u) = ST(u) — 4 / —dz — /fud:c, for all u € HF ().
2173w e

Definition 2.1. A functional I € C'(HZ(Q2);R) satisfies the Palais-Smale condition
at level ¢, ((PS), for short), if any sequence (u,) C HZ(2) such that

I(u,) —c and [I'(u,) =0 in H?(Q),
contains a strongly convergent subsequence.

2.2. Eigenvalue problem. Due to the Rellich inequality, the operator Lu := A%u —
fip s definite on HZ(£2). Moreover, the following eigenvalue problem with Hardy
potentials and singular coefficient

{N“_“(m"w) = A (=), €9,

_ Ou _
U—%—O, $€8Q,

where 0 < a < 4, A € R, has the first eigenvalue \; given by:

(s
1= .

ueHZ(2)\{0} [ ah=ad
Q

Since the embedding HZ(Q2) — L*(Q, |x|*~*) is compact, by choosing a minimizing
sequence, we easily infer that A\; can be obtained in HZ(2) and A\; > 0.



EXISTENCE OF SOLUTIONS FOR INHOMOGENEOUS BIHARMONIC PROBLEM 155

2.3. Nehari manifold. As the energy functional I is well defined in HZ(2) and
belongs to C1(HZ(€2),R) and is not bounded from below on HZ(f2), we consider it on
the Nehari manifold

N:={ue HJ(Q) : (I'(u),u) =0}
It is usually effective to consider the existence of critical points in this smaller subset
of the Sobolev space. We can split N for:

ti={ueN: {"(u),u) >0},
N :={ueN: {"(u),u) <0}
and
N :={ueN: {I"(u),u) =0}
Denote infl = ¢.
N
2.4. Some technical lemmas.

Lemma 2.1. If u €]0, 7], a > 0 and 0 < A < Ay, then

‘u’T‘(S)

dle}:M>0.

Proof. We know that

we deduce that

T(u) > (1 - Q) é (\Au|2 o (;;)) dz.

Thus, by Rellich inequality, we get

<1 - i) (1 - ) /\Au! dr < T(u é!AuPdaz.

Then (T(u))z > VKS > 0 for all u € H2(Q) such that f dr = 1. Here S =
Q
f|Au|2dz
inf 7(3) and K = (1 — )(1 — £). We immediately have that A/ >0. [
ueH3 (9 \{o}f‘“‘

Lemma 2.2. Let f # 0 satisfying condition (1.2). Then N° = ().
Proof. Suppose that N° # (), then for u € N° we have

‘u|2*(8)
Tu) = (27(s) = 1)
Q

dx.

| z[*
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Thus,
(2.3) 0= (I"(u) /'“'2 e /fud )—2)/'“'2*8(8) dm—/fudx.

From (1.2) and (2.3), we obtain

0 < Cn(T( NS S /fud:z:

Ng2§+4
T(w) fluf® o [ul*®
= (2(s)=1) || = / dz
@ 1)) Jaf 2P
=0,
which yields a contradiction. 0

Lemma 2.3. Let f # 0 satisfying (1.2). For every u € HZ(Q), u # 0 there ezists a
unique t7 = t*(u) > 0 such that tTu € N™. In particular,

N—2s5+4

)] o = tmax(u) and I(tTw) = max I(tu).

T(u)
(2(s) = 1) (V%5
Moreover, if [ fudx > 0, then there exists a unique t~ =t~ (u) > 0 such that t~u €
Q
+ — p— _ .
N 17 < tpax(u) and I(t7u) = ogrt%ltliax[@u)'

Jr

tZtmax

Proof. The lemma is proved in the same way as in [5]. O

Lemma 2.4. Let f # 0 satisfying (1.2). For each u € N\ {0}, there exist ¢ > 0
and a differentiable function t = t(w) > 0, w € HZ(Q)\ {0}, ||w| < ¢, satisfying the
following there conditions:

t(0) =1,

t(w)(u—w) €N,  forall ||w| <e,

gfz[QAuAv -2 (ﬁ - IV%) uv — 2*(s )|“|2| - fuldx
(24)  (#(0),v) = Tl
T(u) = (2°(s) = )f' |

Proof. Define the map F : R x HZ(Q2) — R,

) L[
F(t,w) = sT(u—w) —t (5)1/|U|w||dm - /(u —w) fdz.
€T S

Q

Since F(1,0) =0, 25(1,0) = T'(u) — (2*(s) — )f‘u| Ldx # 0, applying the implicit

function theorem at the point (1,0), we can get the result of this lemma. O
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In the following lemma, we prove that N~ is closed and disconnects HZ(£2) in exactly
two connected components F; and FEj.

E, = {u € HZ(Q):u=0or |ul| <t* (HZH>}
and

B = {u e B@NO) s Il > (1)}

Lemma 2.5. Assume that condition (1.2) is satisfied, then
(a) N~ is closed;
(b) HY\N™ = Eq U Ey;
(C) N+ C El.

Proof. Let (u,) C N~ and w = 1_131 Up, then w € N. Assume by contradiction that
w ¢ N~, then

|un\2*(s)

dx <0,
|zl*

(2.5) T(un) = (2°(s) = 1)

T(w)—(2*(s) — )f|w| g =o. So, w € N this implies that w = 0. From (2.5) and

|z®

Lemma 2.1, we get K% < (2'(s) — 1)/ M de, so KS? < (2'(s) = 1)1
Q

which yields to a contradiction
Let w € N™ and v = i, then t*(u) =1, and there exists a unique ¢*(v) such that

tt(v)v € N7 As tt(v)v =t (HUH) ”u”u € N7, then ¢ (Hull) HiH = t"(u) = 1. Thus,

if u € H3(Q) and ¢+ (;4) iby # 1, then u ¢ N~ and HZ(Q) = By U By,

f[ull
Let u € N*. Then ¢t~ (” ”> =t (u ) = 1. Since t*(u) > t~(u), it follows that

tH(u) =t* (|“ ) > 1 So, flul| < tr ( u ) and we conclude that N* C Ej. O

Jull llwll

Let the cut-off function p(z) = ¢(|z|) € C§°(2) such that 0 < p(z) < 1 in B(0, R)
and ¢(z) = 1 in B(0,%). Set u. = ¢(x)y.(z), the following asymptotic properties
hold.

Proposition 2.1. Suppose that N > 5, u €]0,7i[. Then
N—s
1 (|Aue|2 — (1)) do = AU 4 o(e2mi0-vay,

(2) f|u|‘2\s( “dr = A;(Lg’j) + O(e¥ (P =NFs),
(3) [l |uedz = O(e*);
0
*(s8)— _ 2% (s)—1
(4) f%da: =7 ug(0)E+0O(e" 2 ), where E = [ U‘idx and p < (s.
Q RN
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Proof. For the estimates (1), (2) one can see in [7], we only verify (3) and (4).
Take R > 0 small enough such that B(0, %) c

/|x|0‘_4u§dx = / |z|**uldr + / |z|**uldr

Q Q\B(0,5) B(0,%)

= O NP 4wy / P2 (p)p" dp
0

kv

R
_ OtV 4 wN€4—N/2 pa—4—N—1U3 <::> AN ldp
0
= 0(e%),
because
/ l2|*ldr < wy / a1y 2( ) N1
Q\B(0,%) £
_ wN64_N/ oAU <Z> N dp
2
_ 0(64—N+2b(,u)>
and

NIk

R

WN€47N/ pa74+N71UL2L (g) dp = nga/zfpa HEN=1=260) g,
0 0

Since « —4+ N — 1 —2b(u) < —1, we get that
R
wN€4fN/2pa74folU3 (g) N ldp = Keo.
0

It follows from [ |2|* *uide = O(e*N+2W) and 0 < @ < 2b(p) + 4 — N, that
Q\B(0,%)

/ [2]*uddz =0 ("),
/\xr”@ vy =" / [yl 7% O ) — U2 O (o ey)dy
Q

[y U O () uoley) — uo(0)]dy

N—-4 —3 *(g)—
+ez /|y| U2 (y)dy

:O( = 4) ez up(0)E,
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where
U2*(S)—1 T +00 .
E :/7" - ( )dx = WN/ Ui ©=L(p)pN=s=1gy
P s
R M
§C1/ ersflf(Z*(s)fl)a(u)dr_|_wN/ Ui*(s)’l(r)rN’s’ldr
0 R
+o00 N
O / N=s=1=(2%(s)=D)b(1) 71
M
Let N —s—(2"(s) = 1)a(p) —1 > =l and N —s — (2*(s) — 1)b(u) — 1 < —1, thus
p< G- O

3. PROOF OF THEOREM 1.1

The current section contains two subsections. In the first subsection we consider
0 <A< A and 0 < p < T, in the second subsection, we take 0 < A < A\; and
0<p<p.

3.1. Existence of solution in N*t. Using Ekeland’s variational principl, we prove

the existence of a solution in N*.

Proposition 3.1. Let f satisfying (1.2). Then ¢y = injf\f](u) is achieved at a point
ue

ug € NT, which is a critical point and even a local minimum for I.

Proof. We start by showing that I is bounded from below in N. Indeed, for u € N we

have:
lu

2%(s)
T(u) —/ | —dz — /fudx = 0.

Thus,
w26
I(u) = ;T(u) — 2*13)/| ‘L’S dx — /fudx
Q Q
4—3s N+4-—2s
“(av—) 10 (v )éf“d‘”
(N + 4 — 25)? T

>
~ 8(N—=s)(4—2y5)
In particular,
(N +4 —2s)?
> = oI
8(N —s)(4—s)
From Lemma 2.3, we can get ty = to(v) such that tov € N and I(tyv) > 0. Moreover,

Co

tg*(S) ’U’T‘(s)

2(s)), Jaf

1
I(tyv) = §t(2)T(U) dx — to/fvda:

Q
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1 1 2% () |U|2*(s)
= 12T 1— t /
5o (v) + ( 2*(8)> 0 A EE

Hence,
(31) co < I(t(ﬂ)) < 0.
Applying the Ekeland’s variational principle to the minimization problem (1.1), we
can get a minimizing sequence (u,) C Nt satisfying :
(i) I(uy) < co+ %,
(ii) I(up) < I(w) + L|lw — u,|, for all w € N.
By taking n large enough, we get from (3.1):

4—35 N+4—-2s 1 4—35
[nziTn—i/ ndr < — < 2T (up
() = s =5 T ) = SN =5 qu Tt oS oy gyl ).
This implies that
(4 - s)tj
2 > /> T
(3:2) [ fuade = =20 T ),
Q
consequently, u,, # 0 and we have:
4—s t2 N +4—2s
3.3 O T(up) < ||un| € ——||f
(33) Vs T ool < = 1
where the constant p > 0 verifies:
(3.4) T(u) > pllul®.

Next we shall prove that ||'(u,)|| — 0 as n — +o00. Hence, let us assume HI’(un)] >

|
)

0 for n large enough. By Applying Lemma 2.4, with v = u,, and w = 0(

o > 0, we can find some t,(0) = to (||§:E ";”> such that

(o) | — g L)
%‘“)L nmm”eN

By condition (ii), we obtain:
1
lw = un)ll 2 I(un) = I(ws)

— (1= N0 ) )+ ) ). T )+ 0n(0)

Dividing by ¢ and passing to the limit as o goes to zero we derive that:

i(l + 16, (O] Nunll) = =t ()T (un), wn) + ([T (un) | = [T (un) ],
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where t/,(0) = (t'(0), ”Zgizzgn) So, we conclude that

11wl < St io), oo

The proof will be completed once we have shown that |¢/ (0)] uniformly bounded with
respect to n. From (2.4) and the estimate (3.3), we get:

Ch
() = (2:(s) = D |

|z

[£,(0)] <

n —

X
[un|? (s)

|z|®

C} is a suitable constant. Hence, we must prove that |7'(u,) — (2*(s) — 1)/ dx|
Q

is bounded away from zero. Arguing by contradiction, assume that for a subsequence

still called (u,,), we have

o [2°6)
(3.5) Tun) — (2°(s) — 1) [

According to (3.3) and (3.5), there exists a constant Cy > 0 such that

2(s)
/’“"' dz > C.
Q

dx

= o,(1).

|z[*

|z[*

In addition, from (3.5) and by the fact that u,, € N, we get

|un|2*(8)
/fundx = (2"(s) — 2)/ dz + 0,(1)
A | el
This together with (1.2) imply that
*(s)—1
27 (5)—2
T'(uy
0 < (2°(s) ~ 2) ) —1| = ou1),
(25(s) = 1)[ A
0
which is clearly impossible.
In conclusion,
(3.6) I'(up) =0 as n — +oo.

Let ug € HZ(S) be the weak limit in HZ(Q) of (u,). From (3.2) we derive that
[fug > 0, and from (3.6) that (I'(ug),w) = 0, for all w € HZ(Q), i.e., ug is a weak
Q

solution for (1.1). In fact, up € N and ¢y < I(ug) < Erf I(uy) = ¢o. So, we deduce
that u,, — v strongly in H2(Q) and I(ug) = cp = 12£[(u) Moreover, ug € N*. So ug

is a local minimum for 1. O
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3.2. Existence of solution in N™. In this subsection, for proof of the existence of
a solution in N~ we shall find the range of ¢ where I verifies the (P.S). condition.
Lemma 3.1. Let (u,) be any sequence of HZ(QY) satisfying the following conditions:
N—s
Al(léfs ) .

)

(a) I(up) — ¢ with ¢ < ¢y + ﬁ
(b) II'(un)|| = 0 as n — +oc.
Then (u,) has a strongly convergent subsequence.

Proof. We have I(u,) = c+ 0,(1) and
(3.7) (I () ) = T(uwn) = |

Then

[

(s)
—dr — /fundx+0n(1).
?

|,

]

2*(s)

4—s |tn,
AN =5)) Jaf

dr +o0,(1) =c+ ;/fundx — ;(['(un),un> +0(1).
Q

By using Holder inquality, we get
2%(s)

4—s lu 1 1
38 / n e < e =l Il 4 =T ()] .
(3.8) 2N =) lal x_0+ﬂﬂHWH+y|Wﬂ|WH

From (3.4), (3.7) and (3.8), we have for all ¢ > 0:

|y, |2 (5)

pllun]l < T(ua) < [
Q

2(N — N+4-2
e A2 ) ) ]+ el
So, T'(uy,) is uniformly bounded. For a subsequence of (u,), we can get a u € HZ(Q)
such that u,, — u. So, from (b), we obtain that
(I'(w),w) =0, forallwe HF(N).

Then u is a weak solution for (1.1). In particular u # 0, v € N and I(u) > ¢o. We
have:

dz + /fundx + (I (), Un )
Q

ki

u, — u weakly in H3(Q),

U, — u weakly in L2(Q, |z|™*) and L ®(Q, |z|7*),
u, — u strongly in L*(Q, |z|*™*),

u, — u strongly in L(Q) for all 1 < g < 2*(s).

Let u, = u+v,. So, v, — 0in HZ(Q). As in Brezis-Lieb Lemma (see [4]), we conclude
that

(3.9) c+@mJ:ﬂm+sz+/ﬁwx
Q
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and

on(1) = I'(v,) + /fvndx.

Without loss of generality, as n — 400 we may assume that

|Un’2*(8)
T(v,) — 1, / -
|z

From (2.2) we obtain

(4=)

l > qué—s
h 4—s l 4—s A(]X:ss) hich di

By (3.9), we deduce that I(u) = c— sl < oy Ans T < co, which contradicts

the fact that cq = inf I. Hence, [ = 0 and u,, — w strongly in HZ(Q) as n — +oco. 0O

Lemma 3.2. Let f # 0 satisfying (1.2) and if 0 < a < % for N >5 07"% <a<i4
for 5 < N < 12, then for allt > 0, there exists eg > 0 such that for 0 < e < gy

4—s5  (X=)

3.10 I tue) < ——— A5
(3.10) (uo + tu.) CO+2(N—$) o
Proof. We infer from [3] that:

/|UO + tu5| _/| 0|2*(s) dr + %) |ue #)

/ F ) TP

2*(s)—2
/‘ 0| uoué‘d +2( t2 (s)— 1/|u5| | de

+O(2b,u)+4 )

Since uy € N is a solution of (1.1) and from Proposition 2.1, we obtain:

I Tug) + Ly = £ el
tug) = v . /
(o + tus) =1(up) + 5 (ue) >(5) r x
ﬂw+m|5 e R e O | T i
2* ‘I|S
t2 252*(3) |u ’2*(8) . |u |2*(s)—1u0
=] —T — / = dr — 12 (S)*l/fid
o)+ we) = 5 T EE
Q Q
o(€2b(,u)+4—N)
2 N—s t2*(5) N—s . 3
=1I(ug) + —A,(Li_g ) _ A£ ‘é_g) —t? (S)_leTzlu()(O)E
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Define

2 N— t2* N-—s N _
g(t) = QAA(L \) 2 (s )A£ ?) —¢? (8)*153%“0(0)15’ t >0,

and assume that g(¢) achieves its maximum at ¢, > 0. Since
N-—s % N—s * —
oA = O AL = (20(s) - O T w0,
necessarly 0 <ty <1 and ty) — 1 as e — 0.

N—s * (g N=s
Note that t — %A,g,‘é’s) - ﬂA,(l,‘é’S) rises monotonically on [0, 1], so,

2*s
4—s N-s . ) s
I(”O + tlbg) <cp + Q(JV—S)AE’A;S ) t2 16 T UO(O)E + O ( 27 (8)b(p) =N+ )

— 0 (%) + o, (€¥) + 0 (8%(“)*4’]\’) :

We distinguish the following two cases.

Case 1. When 2*(s)b(u) — N > 2b(u) + 4 — N > 82 > o if 5 < N, we have

O<pu<gand < a< %, then, for u €]0, i, we obtain:
— A,
2(N —s)" "

Case 2. When 2*(s)b(u) — N > 2b(p) +4 — N > a > X4 if 5 < N < 12, we have
0<p< SN and % < «a < 4, then, for u €]0, fi[, we obtain:

4—5 (4=2)
——Ap. O
2N —s)" "

Finally, it remains to show the following proposition.

[(UO +tu5) < co+

](Uo +tu€) < ¢y +

Proposition 3.2. Suppose that f wverifies conditions of Lemma 3.2. Then I has a
minimizer uy € N~ such that ¢; = I(uy). Moreover, uy is a solution of Problem (1.1).

Proof. Let (v,) C N~ such that

I(v,) = ¢, and I'(v,) — 0, in H%(Q).
For u € HZ(S) such that |ju]| = 1. By Lemma 2.3, there exists a unique ¢ (u) > 0
such that t*(u)u € N~ and I(tT(u)u) = Srgamfxf(su). According to Lemma 2.5, we
have uy € Ej, we can choose a constant ¢, which satisfies 0 < t*(u) < ¢, for all

|lu|]| = 1, we claim that

(311) U + toug S Eg,

1
where tg = (%) * +1. In fact, a direct computation shows that:

UpUe
o + toue||* =||uol|* + 75(2]||u€||2 + 2t0/ (Aquua — |;|4 ) dx
Q
=[Juoll* + t3llucll* + on(1)
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2| ()
B HUO—FtouEH ’
for € > 0 small enough. Thus, claim (3.11) holds. We fix € > 0 such that both (3.10)
and (3.11) hold by the choice of ¢y. We set
= {yeC(0;1]: H}(Q)) : 7(0) = ug, y(1) = ug + tou.},

and take h(t) = ug + ttygu., which belongs to I'. From Lemma 3.1, we conclude that:

— infmaxI(h(1)) < co + ——— AL
C_heFte[Eoi;)f] 0 2(N —s) "

Since every h € I" intersects N—, we get that:

4—s N=e)
=infl < — Apie
c1 1}1{1_ _C<CO+2(N—5)A’

Using Lemma 3.2, we deduce that v,, converges strongly to u; in H2(2). Thus, u; € N~
and ¢; = I(uy). Then I'(u;) = 0, and thus u; is a solution of Problem (1.1). We
conclude that Problem (1.1) admits also a solution in N~. O

Proof of Theorem 1.1. By Porpositions 3.1, 3.2 and as N* NN~ = () we deduce that
the problem (1.1) admits two solutions uy and w; with wy # u;. O
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