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NEW GENERALIZED BIPARAMETRIC FUBINI-TYPE
POLYNOMIALS OF LEVEL-m

WILLIAM RAMIREZ!2, DANIEL BEDOYA?, CLEMENTE CESARANO?,
ALEJANDRO URIELES*, AND SHAHID AHMAD WANI®

ABSTRACT. This paper introduces two new biparametric families of generalized
Fubini-type polynomials of level-m 4247271’&] (z,y,a) and mﬁ?;’l"‘} (x,y,a). We
give some algebraic and differential properties, as well as relationships between
these classes of polynomials with other polynomials and numbers. In addition,
we introduce the new generalized biparametric Fubini-type polynomials matrices

C[mfl’a] (z,y;a) and @s[mfl’o‘} (z,y;a). As a result, we derive the product formula
for %mfl’“] (z,y;a) and ‘@Lm*l’a] (z,y;a) and provide some factorizations of bi-
parametric Fubini-type polynomials matrix m—1.a] (z,y;a) and glm=1el (x,y;a),
which involve the generalized Pascal matrix.

1. INTRODUCTION

This section presents some generating functions that are well-known Fubini numbers
and Fubini polynomials, which have many applications in several fields of mathematics,
physics, and engineering. The Fubini numbers w,(n), were studied, and are given by
the following generating function (see, [3, p. 11, Eq. (1)]):

L S ), o <o
= WL,\Nn)—- z n
2_ez = g n‘7 9

where wy(0) = 1.

Key words and phrases. Generalized parametric Fubini-type polynomials, Fubini polynomials,
Apostol-Bernoulli polynomials of higher order, Apostol-Genocchi polynomials of higher order, Stirling
numbers of the second kind, generalized Pascal matrix.
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On the other hand, the Fubini-type numbers were defined and are given by the
following generating function (see, [10, p. 397, Eq. (10.21))):
ec—1 I

—ZU)M —, |zl <In2.

Also, a new family of numbers a,, was deﬁned, which are obtained by modifying
the numbers wy(n), give by (see, [4, p. 1609, Eq. (14)]):

2

+o00 P
m:;)anH’ |Z| <In2.

Recently, the generalized Fubini-type polynomial a{®)(z) of order a, was defined by
means of the following generating function (see, [4, p. 1611, Eq. (18)]):

P ) =S e <me
— | =) a7 ()=, |z/<ln
(2 —e)? =" n!’ ’
where o € Ny. Observe that a{®(0) = a{® denotes the Fubini-type numbers of order a.

Two new families of biparametric Fubini-type polynomials were defined, which are
given by the following generating function (see, [14, Eq. (2.2) and Eq. (2.3)]):

(1.1) <(2_262)2>ae cos(yz) Zaca) (z y

2 “ z
=z Sa) il
(1.2) <(2 — ez)2> #sin(yz) E a,> (x,y) ok

Another important family in this area of study is the Genocchi polynomials G, (), a
sequence of polynomials related to a generalization of the Genocchi numbers. These
polynomials arise in number theory and are related to the Riemann zeta function and
Fourier series. Their generating function is given (see, [12, Eq. (2)]):

X Gp(x) 2te

n __ xt
nz::O oy t—6t+1e, [t] <.

In the past, some authors have introduced and studied new families of biparametric
polynomials in which they demonstrate interesting properties and presented useful
applications in this area of mathematics (see, [1,5,7,8,13,14]). One of the applications
introduced by a large number of authors in various contexts is the matrix approach
of several families of polynomials [6,16,17]. This paper will introduce two new classes
of biparametric Fubini-type polynomials of level-m (see, [4,11,14,17]). Finally, we
will show the relationships between these polynomials and other polynomials and
numbers, as well as the generalized biparametric Fubini-type polynomials matrices.

This paper will be organized as follow. Section 2 contains the definitions and
some auxiliary results. Section 3 will define the generalized biparametric Fubini-
type of level-m polynomials and proved some algebraic and differential properties of
them, as well as their relationships with other families of polynomials and the Stirling
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numbers of the second kind. Part 4 will introduce the generalized biparametric Fubini-
type polynomial matrix derived a product formula for it. In Section 5 we will give
some factorizations for such a matrix, which involves summation matrices and the
generalized Pascal matrix of the first kind, respectively. Finally, the conclusion of the
paper will be presented.

2. PREVIOUS DEFINITIONS AND NOTATIONS

Throughout this paper, we use the following standard notions by: N, Ny, R and
C the sets of natural, nonnegative integer, real and complex numbers, respectively.
Furthermore, we denote the symbol of Pochhammer by

M= AA+DA+2) - (A +k—1),

where (A\)g = 1 and k € Ny, A € C. For the complex logarithm, we consider the
principal branch. All matrices are in M, 1(K), the set of all (n+ 1) x (n+ 1) matrices
over the field K, with K = R. Also, for 7, j any nonnegative integers we adopt the
following convention (;) = 0, whenever j > i. Aditionally, we take that 0° = 1 and
0" =0ifn e N.

For real parameters x and y the Taylor series representation in z = 0 of the following
functions e cos(yz) and e**sin(yz) are given by (see, [14]):

+o0 Zk
Fu(35:) =¢" cos(yz) = 3 Ci(r0) 5.
k=0 :
+o0 Zk
Fy(z;2;y) =™ sin(yz) = Z Sk(x,y)y,
k=0 :
where the expressions Ci(z,y) and Si(z,y) are given by:
I o
Cr(2;y) ZZ(—l)J< .)w’“‘%fﬂ
= 27
J
[55]
Sk(x' y) — (_1)9‘ k zk—zj—1y2j+1.
T 2j + 1

Proposition 2.1. For n € N, let {a!*(z,y)} >0 and {al*® (z,y)} >0 be the se-
quences of Fubini-type biparametric polynomials of order «, respectively. Then, the
following statements hold (see, [4,14]).

(a) Special values. For a, 3 € N,

Ao _ 3° (Z) NERCN

k=0
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(b) Summation formulas:

C.Qx n C,a n—
a%’)(x+y,y)zz<k>ai "o,y ", aeN,

(N (sa -
agsza)(x +y7 y) :Z <k>a](97 )(xay)yn k? «@ e N07

om o
axim %a)(m) =m! (TZ CL( Jm(x)a n,m & N,n = m,
1 n—m (o)
(@) do — n—m a,
/o“”‘m(x)‘” ,;( k >n+1—k—m'

For n € Ny and x € C, the Stirling numbers of second kind S(n, k) are defined by
means to of the following expansion (see, 2, p. 207]):

" = kzn% (2) KIS (n, k).

The Jacobi polynomial of the degree n and order (o, 3), with a, 8 > —1, P{®#)(x)
may be defined through Rodrigues’ formula (see, [11, p. 395]):

PE@) = (1 —a) (1 +2)? C0 L g pyvagy 4 gyeral

" 2nnl  dan
The relationship between the n-th monomial ™ and the n-th Jacobi polynomial
P9 (z) may be written as

n_ e (e, o A+ta+B+2k) Sap .
(2.1) x —n!];)<n_k>( 1) (1+oz—|—5+k)n+lpk (1 —2z).

Proposition 2.2. For A € C and m € N, let {B™(2)},50, {Gn(2)}nzo and
{&n(2;X) }nso be the sequences of generalized Bernoulli polynomials of level-m, Genoc-
chi polynomials and Apostol-Euler polynomials, respectively. Then, we have the rela-
tionships:

(@) [15. Eq. (4)
(2.2 =3 () b P @)

= (k +m)!
(b) [12, Eq. (8)]

1 n+1

(2.3) = [Z (n;; 1) Gulz) + Gn+1(az)1 7

2(n+1) =



NEW GENERALIZED BIPARAMETRIC FUBINI-TYPE POLYNOMIALS OF LEVEL-m 1553

(c) [9, Eq. (32)]
(2.4) = ; l)\kz; (Z) (T N) + & (2 N) | -

Let « be any nonzero real number. The generalized Pascal matrix of first kind P[x],
is an (n+ 1) x (n + 1) matrix whose entries are given by (see, [17, Definition 1]):

pij(x) = { SD (z)7, 1>,

otherwise.

Let the (n+1) x (n+ 1) Fibonacci matrix be .# = [f; ], 4,5 = 0,1,2,...,n, whose
entries are given by (see, [18, Eq. (16)]):

f_ E—j—i—la 1fl_j+1207
W= 0, ifi—j4+1<0,

where F), is the n-th Fibonacci number. Also, they gave the inverse of .% as follows.
If 7" =[f},], where 4,5 = 0,1,2,...,n, then

1, ifi=j
(2.5) fij=9-1, ifi=j+1i=j+2,
0, otherwise.

Let {L,},>1 be the Lucas numbers sequence, i.e., Ly12 = Ly41 + L, for n > 1 with
initial conditions L; = 1 and Ly = 3. The Lucas matrix . € M, 1(R) is the matrix
whose entries are given by (see, [19, Eq. (2)]):

- Li*j+17 le—j 2 07
w70, ifi—j <0,

where L,, is the n-th Lucas number.

3. GENERALIZED BIPARAMETRIC FUBINI TYPE POLYNOMIALS OF LEVEL-m

In this section, we introduce two new biparametric family of Fubini type polynomials
of level-m and prove some algebraic and differential properties of them.

Definition 3.1. For m € N, a € Ny, a € R and 2z € C\ {0}, the generalized
biparametric Fubini-type polynomials in the variable x and y, parameter a order «
and level-m, are defined through the following generating functions

wd (zlna)h ] “
; h! + R "
(3.1) =0 " cos(yz) = > A" (25 y5a) |z| <In2,

(2 - 62)2 n=0 7 H’
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! (zIna)" ] “
— Wl RN 2"
(3.2) h=0 5 e sin(yz) =) A (zyra) =, |z] < In2.
(2 - ez) n=0 ’ n!

For x =0,y = 0in (3.1) and 2 = 0, y = 5 in (3.2) we obtain the generalized

biparametric Fubini-type numbers of parameter a order a and level-m

1) (0) =03 0; ),
szfn[”;_l’a}(a) ::%[m_l’a]((); 1; a).

n,s 22

(1.2) we have
F (@ yse) = aloV(x,y),
A0 (g5 €) = alV (2, y).

Ezxample 3.1. Using (3.3) for any m = 2 and a = 2, the first generalized biparametric
Fubini-type numbers, order v and level-m are:

Ay (0;0;2) = 29,
42272111787129327
'2{1[,10704(0' 0 2) — 204 < )

By comparing Definition 3.1 with (1.1) and

18014398509481984 "
&%MWOOQ):2a<N&E$4M%S%SBM7HTMZMDQM> )
e 324518553658426726783156020576256
o <1259095235339315236735153314706143>
324518553658426726783156020576256

Ezxample 3.2. Using (3.3) for any m = 2 and a = 2, the first generalized biparametric
Fubini-type polynomials in the variable x and y, order a and level-m are:

,@7[1 - (x;y;2) =29,

el (42272111787129327 N )
ZL’ = (0% T
1o (%42 18014398509481984 ’
il (1786931434943558184171171423472929> )
x =
2e (32 324518553658426726783156020576256

g0 ( 1523013335 141436710453162369089536>

324518553658426726783156020576256
( 1259095235339315236735153314706143>

324518553658426726783156020576256
+ 2¢ (x — y2) .
Ezxample 3.3. Using (3.4) for any m = 4, and a = 3, the first generalized biparametric
Fubini-type polynomials in the variable x and y, order a and level-m are:

A (w;y;3) = 2%,
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d[sva} . .
ne (#533) = 2% 500697370496
395443816745477767287286587321675) ,

60847228810955011271841753858048
< 310236428546935464757768004567040) oy

60847228810955011271841753858048
<261748790139246927946484609051979)

60847228810955011271841753858048
20282409603651670423947251286016 >

60847228810955011271841753858048”

(114810542()1676165 >
Yy

a2 ;5 3) = 20 (

+ 2¢ <x2y

Theorem 3.1. Form € N, let {1 (z;y; ) }nzo and {771 (25 y; a) Yo be the
sequence of generalized biparametric Fubini-type polynomials, with parameter a € RT,
order o and level-m. Then, the following statements hold.

(a) For every a =0 and n € N

%
(33) %’ZL—I ,0] 37 Sy a Z < > n— 2k:,y2k”
[m—1,0] LRTIJ k n 2k—1, 2k+1
3.4 AL Jysa) = —1 nmere .
(3.4 e = 3 04, )

(b) For a € N and n, k € Ny, we have the relationship

- n m—1l,x
Az ya) = (k,) A" @) Oy, y)

-5 (1) (£

n 5]
" k j m—1L,a Coi .
=% ' <k> <2j + 1) (_1)J'Q{n[—k751, Va)ah=20-1q20 41,

(¢) Differential relationships. For m € N and n,k € Ny, with 0 < k < n, we have

A [m—1,a] n! [m—1,0]

or ak {Q{n c ($7 Y3 a)] = (n . k)' %nfk,c (xa Y; G),
o m—1,« n! m—1,«
Dk EAlCT0)] T Ay sy ).
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(d) Integral formulas. For m € N, is fulfilled

e Ny a) — a0 (o ys )]
n+1

i s ysa) — 2 (w0 g5 )]
n+1 '

9

/ ,Qf[m Lel(z;y:a) de = [

/ %[m Lol (g y:a) do = {

(e) Addition theorem of the argument

NE

(35) (e 4 yiyia) = (”)szf,ifz**“%x;y;a)d[m 1140, a),

k

> (1) (4 it
2, @y a)y”
0 =0 k)\2j5 k
n m—1,« m—1,—«
el el 0ca),
(

)l s ) (%2 a)

=
n\( k

A IO
=0 (’f) <2j+1> ks (Y3 Q)Y

n [m—1,a] [m—1, a]( 1 )
i g s (z;y;a )42% y,QZ,a )

B
Il
o

(3.6) Aoz 4+ yyyia) =

[M]=

o

(3.7) Culr +y,y) =
AL (g yiyia) =

n,s

M- IM-
R
=~

(]
=

A (r 4 yiyia) =

n,s

T

ol

-
o

Vs ~N <

0

N———

Sp(x+y,y) =

Proof. For (3.5), from Definition 3.1, we have

+00 n m— 1 (zlna)* 7+
+1
S et 4y ysa) = = Zi e cos(yz)
n=0 7 n. ( ) ]
Z zln'a) + 1 .
= (2 ey e** cos(yz)
h
Zm 1 ( zlna) +1 .
X [ = 62)2 e’? cos(0)
:Zﬂ[m la l’ "Jioﬁm 15] Oa)ﬁ
y? ‘ y’ Y n|
+too n n

z

=>.D. ( )%f?l’“](m;y; a)et," P (y: 0;0) -

n=0 k=0
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Proof. We give proof of (3.7)

n Z zlna + 1_ (a+5)
m—1,x < X z
2%% F @t ysya) = @_y) elTH% cos(yz)
Z lea) + 1 « .
= (2 mpep e™* cos(yz)
m—1 (zlna)? B
= +1
X [ h_(OZ — ’:z)Q e¥? cos(0)
= Z Qy’[m 104] (2 v a)ﬁ Jiod[m—l,—a](y. 0: a)ﬁ
Tinl =™ )
= e(”y)z cos(yz)

n

—+o00 =
p— On 5 —_—
2% (x+yy%“
O

From (2.1) and Proposition 2.2, we have deduced some algebraic relationship con-
necting the polynomials 71l (z; y; a) and @!™~1*)(z;y; a), with other families of
polynomials.

Theorem 3.2. For m € N, the generalized biparametric Fubini-type polynomials of
level-m [0 (z;y; a) and 71 (25 y;a), are related with the Jacobi polynomials
PlB) (y), by means of the fOZlowing identity:

(3.8) @@ + i y;a) 232322 Cﬁ(;)(n—k+a>

k=0 j=0 v=0 n—k—v

y (14+ o+ [+ 2v)
(I+a+B4+0)n—k

(3.9) @77 @ +yryza Z Lij Zk ( ) (2/1 1) (n i a)

A (s a) PP (1 - 2y),

n—k—v
ﬂ+a+5+%)
(1+a+ 8+ v)n_t
Proof. By replacing (2.1) into the right-hand side of (3.6), we obtain
L5

> (2) (&) e

j=

A (@ y;a) PO (1 - 2y).

AN e+ yysa) =)
k=0

n—

E —-1)° Py*P) (1 —2
X UZO( ) <n—k—v> (1+a+6+v)n b1 v ( y)
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S () () Th v

(I+a+B+20) mia
A+a+B+v)nrk ™

Therefore, (3.8) holds. The proof of (3.9) is similar. O

n |

N

]

(2, y;0) PSP (1 2).

Theorem 3.3. For m € N, the generalized biparametric Fubini-type polynomials
of level-m 42771[7;_1’&} (z;y;a), and ﬁﬁ?_l’a](x;y;a), are related with the generalized
m=11(x), by means of the following identity:

Bernoulli polynomials of level-m B

(3.10)
%[m—l,a] (lL' + Yy, v, a) _ zn: |—§J zk: Uil n k k %[m—l,a] (ZL’ . B[m_l]
" . k=0 j=0 v=0 (U + m)' <k> (2]) (U) n—ke Y CL) k—v (y)a
(3.11)
L(Zf[m—l,oz}(l’ + Y5 Y; a) — i |~§J k vil <n> <l€> <l€> %[m—l,a] (1‘ _a)B[m_H( )
" o k=0 j=0 v=0 (U +m)‘ k 2] v n—k,s Y E—v \Y)-

Proof. By substituting (2.2) into the right-hand side of (3.6) and making the corre-
sponding modifications, we obtain (3.10). The proof of (3.11) is similar. O

Theorem 3.4. For m € N, the generalized biparametric Fubini-type polynomials of
level-m 42{,1[3?*1’“] (x;y,a)and ;27;1[??*1’0‘] (x;y,a), are related with the Genocchi polynomi-
als Gp(x), by means of

n L5] k1
1 1 n\ [ k\(k+1 _
[m—1,a] . i [m—1,a]
ANty =53 g 2 (k) <2j> ( . ),;zfnk’c (235 0)Gy (1)
k=0 7=0 v=0
n L%J k+1
1 1 n k [m—1,a]
(312) +5 7.1 Z ( ) ( ) dn—k c (IL‘, Y3 a)Gerl(y)v
2 k:0k+1 =S k) \2j
n I_%J k+1
1 1 n k _
[m—1,q] . _ = [m—-1,a], . .
VQ{” s (x+y,y,a) 2 k+1 Z (k-) (2]+ 1>Mn—k7s (x7yva)Gv+1(y)
k=0 j=0 v=0
(3.13) _|_1 - L L%J -— n k k+1 ﬂ[m—l,a]( Ly;a) Gy (y)
. 9 s kot 1 ~ k 2] +1 v n—k,s T;Y;a)GqyY).

Proof. By substituting (2.3) into the right-hand side of (3.6), we obtain the proof
(3.12). The proof of (3.13) is similar. O

Theorem 3.5. For m € N, the generalized biparametric Fubini-type polynomials of
level-m and /"1 (z; y;a), and "1 (z; y; a)are related with the Apostol-Euler



NEW GENERALIZED BIPARAMETRIC FUBINI-TYPE POLYNOMIALS OF LEVEL-m 1559

polynomials &, (x; \), by means of the following identity:
(3.14)

e o+ yiysa) =

n,c

<k> A @y a) 6 (y; M)
) A0 (255 a) &y M),

k=0 j=0 v=0
(3.15)
[_1] )\HL%JICTL kf k [_1]
" (x+y;y;a):§];) ;) E_%(k) <2j+1> <U>~@fn,s (z;y;0)E0(y; N)
k—1
()

+ 5 : A0 (155 a) S (y; N).

2];) oy ; k)\25+1 '

Proof. By substituting (2.4) into the right-hand side of (3.6), it suffices to follow the
proof given in Theorem 3.2, making the corresponding modifications. The proof of
(3.14) and (3.15) sre similar. O

Proposition 3.1. For m € N, a € Ny, a € RT and n € Ny, we have

n [g} k n T
izl = 33 30 (o) () e et o),

k=0 j=0 v=0 v

[%] u n k x [m—1,a]

>N o (k‘) <2j n 1) (v) . (w,y;a)S(k,v).
7=0 v=0

4. THE GENERALIZED BIPARAMETRIC FUBINI-TYPE POLYNOMIALS MATRIX

AN e+ yiysa) = 0
k=0

Inspired by [17], in which the authors introduce the generalized Euler polynomial
matrix, in this section we addressed the generalized biparametric Fubini-type polyno-
mials matrix and we will show you some of their properties.

Definition 4.1. The generalized (n+1) x (n+1) biparametric Fubini-type polynomials
matrices 2™ 1 (z;y;a) and 2™ 1 (2;y; a) with m € N, o € N and a positive real
numbers are defined by

7 m—1,« . .
g0l gy = | )70 wya), 02
be T 0, otherwise,

7 m—1,« . .
Dy sy a) = ()l wyia), i 2 5,
6358 T 0, otherwise.
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Since, 424’72*1’0} (z;0;a) = 2™ and ,an[f?*l’o] (ZL'; 5 a) = 2™, we have

20" (230;0) =P[a],

gm-10] (:c; %; a) =Plz].

Theorem 4.1. The generalized biparametric Fubini-type polynomials matrices
Pz y;a) and 21 (255 a) satisfy the following product formula

.@C[m_l’aw] (x 4+ y;y;a) :9(?”_1’0‘] (x;y;a) @im_l’ﬁ](y; 0;a)
(4.1) =9z y: a

Proof. Let V[m_l’a’ﬁ](a)(x,y) be the (i,j)-th entry of the matrix product

Z?]?C

D=1l y;a) 218 (y; 0;a). Then, by the addition formula (3.5) we have

i

m—1,a, S L o
Vz‘!j,c L 6](a)(x,y) = (k) »in[_k,cl ](x;y; a) <j>!%[_j’cl 8] (:0: a)
(4 [m—1,a], . . k m—=1,8], .
:Z <k>%k,c (.T,y,&) (]-)”Q{kj,c (y,(]’a)
AV .
( ) <Z B /{:) ﬁfi[,k701 ](Q;; y; a)ﬂfk[fnl 8] (4:0: a)
j
NN -
:< ) < kj>£4[j}€:c]<xéy,a)ﬂfk[,c "y 0;a)

/l; m—1,a
:<j> A" N @+ ysysa),

which implies (4.1). The second and third equalities of the theorem and (4.2), can
be derived in a similar way. OJ

Corollary 4.1. The generalized biparametric Fubini-type polynomials matrices
PI=1el(z;y; a) and P4 (25 y; a) satisfy the following relation

2N @+ yiysa) = 2@y a) Ply] = Plal 2 (ysya)
!

= 2"y, y; a) Pla],

PN+ ysysa) = 20 @ ysa) Ply) = Pla] 20 (y; v a)

s
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= gl (y; y; a) Plal,
2" e +yy) = Plel2" Uy i) = Pyl 2™ iy, a).

Ezxample 4.1. Using (3.3), for m = 1, o = 1 the first four polynomials szk[’l;l’a](x; y;a),
k=0,1,2,3 are

e (wiy,a) =
A (@ ysa >—2x+4
42%2[16 11](:6 y;a) =22° + 8z + 16 — 27,
,Qf[lc 11](m y;a) =22° + 122° + 487 — 12y* — 6xy* + 88.
Hence, for n = 3 we have
20 4 5 0 0
_— z+
A" 23y, a) = 222 + 8z + 16 — 2¢2 4z +8 2 0
20° + 122 + 48z — 12¢% — 6zy + 88 622 + 24z + 48 — 6y> 6z +12 2

Ezxample 4.2. Using (3.4), for m = 1, o = 1 the first four polynomials ,ka[’ls_l’a](:c; y;a),
k=0,1,2, 3 are:

N (wy,a) =2,
AL @y a) =20y + 4y,
_ 2
dy aiyia) =207y + 8z + 16y — gy ,
%[,15 b 1](56 y;a) =2yx” + 122%y + 48xy — 4y® — 2xy® + 88y.
Hence, for n = 3, we have
2y | 4 2 o 0

A" (@5, a) = 202y + 8a:y+ 161311 — 242 dzy i 8y 2y 0

2yx3 + 1222y + 48xy — 4y — 2293 + 88y 622y + 24x 4 48y — 2y2  6xy + 12y 2y

5. MATRIX FACTORIZATION OF THE NEwW FAMILY OF BIPARAMETRIC
FUBINI-TYPE POLYNOMIALS OF LEVEL-m TROUGH THE FIBONACCI AND
LucAs MATRICES

[m—1,q]

For m € N, a € R*, a € Ny and 0 < 4,5 < n, let Kg,, = (x;y;a) and

K%;;’a](x;y; a) be the matrices whose entries are defined as follows. Inspired by

the ideas of [17], the entries of our auxiliary matrices are (see, [17, Eq. (4.39)]):
it N\ meta i1\ mta
Py sy a) =<j>~<27[ e wiyia) - ( ; )%[_j_ll,c](x;y; a)

—( j )@7[”} Y (235 a),
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~m—1, { m—1,a 1—1 m—1,a
7’5;‘,51 Y(@:y;a) :<j>’@{i[—j,sl Wy, CL)—( i )%[_j_ll’s](x;y; a)

i —2 m—1,«
_< ] >”Q{Z[—j 28}(1‘ ysa )

On the other hand, #m=1)(z;y;a) and gZIm=19)(z;y;a) are the matrices whose
entries are given by (see, [17, Eq. (4.40)])

~m—1,a { m—1,a [ m—1,a
55 WﬁwwzQ)%bcV%%@—(TH>%Liﬂ%%®

i m—1,a
~m—1,« i m—1,a i m—1,a
Sg,j,s ](375% a) :<j> ‘%Ej,s ](3753/3 a) — ( )«in[jlm](x;y;a)

j+1
/l; m—1,x
- (J. +2> %[_j_lz’,s](x;y;a)'

Using the definitions of K%;}c’a}(x;y; a), K%;;’a](x;y;a), /C[mfl’a](a:;y; a) and
FlIm=Lel(z:y:a), it is observed that

Pooe ziyra) = i sy a) = 500, (@ ysa)

= &N ayyra) = e N @y, a),
i N @ yia) = 300wy a) =0, 5> 1,
Moo N @yia) = 870, s ysa) = A0 N ayyra) — g a3y;0)
AN @ yia) = 30 N wy,a) =0, 5> 2,
oo Naryra) = o N ayia) — 4 N @y a) — T N asyra), 0> 2,
S Ny ya) = 0N aysa) — 29 N @ ysa) — N @ yra), 0> 2,
Poos wsyia) = A s yia) = S0, (w5 y5a)

= &Ny yia) = 4t @y, a),
Foys Nayysa) = 505, s yia) =0, 5> 1,
Ao N @yia) = 875wy ysa) = AN ayyia) — s 23y 0)
AN @ ya) = 85 (ary,0) =0, 5> 2,
Mos Naryra) = 0 N wyia) — A N sy a) — T N aryra), 0> 2,
sos N @yia) = AN ysa) — 2 N @ yia) — A N aryia), i > 2
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Form eN,a € RY, a €Ny, 0<14,j<n, let flm Lel(2:y:a) and f[m Lol s a)
be the matrices Whose entries are given by

m—1,a] { m—1,« Z_j m—1,«
W 2y a) = (j.)ﬂé[j,c Wiyia) - 3( j )ﬂé[jl,c](x;y;a)
[

53 (—1ykk? ( ])szf (1 a),
k=g

m—1,« Z m—1,a Z _] m o
v s ysa) = <j>"Q{i[—j,sl ](x;y;a)—i%( j )Jfﬂj 1@ y0)
4 5 Z(_1)2k22k2<
k=)

Similarly, let ng[?_l’a] (z;y;a) and Z[m Yel(gy:a), (n+1) x (n+1) be the matrices
whose entries are given by

m—1,a l m—1,a 1 m—1,0
Z{i,j,2,lc ](xQ?J; a) = (]) @Zz[—j,cl ](x;y; a) — 3<j I 1) %Ej_ll’c](x;y; a)

53 <—1>“2’”2(11)&‘24%1”@;@/;@),

k=j+1

m—1,a [ m—1,a { m—1,a
ﬁi,j,z,s W(25y:0) = (j) 527;[—3‘,5 W(z:y30) - 3(]' N 1)%[—3‘—1,5](%;9; a)

k m—1,«
j>ﬂfk[j,s \(z;y; ).

+5 ) (—1)“2’”2(;)%%;1’01(93;?4;@).

k=j+1

Next we will show, factorizations of the matrices 2™ 19l(z;y;a) and
.@S[m_l’o‘] (x;y; a), involving the Fibonacci and Lucas matrices, respectively.

Theorem 5.1. The generalized biparametric Fubini-type polynomials matrices

P4 (x:y:a) and 21l (z;y;a) can be factored in terms of the Fibonacci matriv
F as follows:

(5.1) Gt (2 a) =F K v (2595 a),
(5.2) g (25 y; a) mos @y a),
(5.3) .@(Em_l""] (x;y,a) /c[m_l’a} (z;y;a)F,
(5.4) 2"z y,a) = g 2y a) 7

Proof. Tt sufﬁces to prove that .F '@t (x:y:a) = K[ﬁblca](x;y;a). Recall that

F 1 = f],, where f] is given in equation (2.5). Since f;; = 0 for j > 1, we have:

/ [m—1,a] [m—1,0q]

00%00c  (T;3y,a) = . (7950
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and

~[m—1,q]

m—1,a m la
Fooe (w53 0) = e (w53 a) ZfOk Die @iy a).
Since Qom Lel(2:y,a) = 0 and fo; =0 for j > 1, we obtain:

m 1a m—1,a m—1,a .
ZfOk lL]c [L'y, ) OO 0[7_76 ](xay7 ) ([),]c ](xvyaa)a fOI’jZl

Next, for fio=-1 fi;=1,and f{; =0 for j > 2, we have:

m—1,a m 1« m—1,a]
qug 1[c0c ]37,% a) = 10 00c ](5173% )+f1191[0c (93;%@)7

m—1,a m—1,a m—1,a] m—1,a
Zflk DNy, a) = — ey Naysa) + oL N @y a) = 75 (s ).
From equation (2.5), for i = 2,3,...,n, we have:

Zfzk e Ny, a) =N @y a) — N @y a) — T @y a)

=i (s a).

Now, for i > 2 and j > 1, using equation (2.5) and the definition of .@l[rjnc Lol (x;y,a),
we have:

m—1,« m—1,« m 1,«
Zfzk IED,_]C ]:C Y, a ) fll‘@[,_jc ]($,y, )_'_fzz 1 i— 1,jc](x;y7a>

m 1,a]

+fzz 2 —2,7,¢ (x;y,a),

which simplifies to
m 1o¢ { m—1,a 1 —1 m—1,a
Zfzk l~[3]c xy’a'):(j)g{i[—j,c }(ZE,y,CI,)—< ] >£{[] 10}(1' y;a )

i —2 m—1,a
_< ] )%[j;:c}(x;y;a%

Z F2is s @y, a) =i @y a),
Therefore, we conclude that
Fr PN 2y a) = Ky, v @i s a).
The proof is complete. U

The proofs of (5.2), (5.3) and (5.4) follow an analogous path.
The expressions (5.1) (5.2), (5.3) and (5.4) allow us to deduce the following identity:

Ko (wys0) =F 71 gl (a1y,a) 7
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Ky b (s y0) =771 _glmtel(zy,0) 7.

An analogous reasoning used in the proof of Theorem 5.1, allows us to prove the
results below.

Example 5.1. For m = 1 and a = 1, the matrices, for n = 2, K%;i’u (z;y,a) and F
are

2 0 0
K%ﬁ’” (x;y,a) = 2¢ + 2 2 0],
_2x2+6x—|—10—2y2 dr+6 2
(1 0 0
F=|11 0|,
2 1 1
[ 2 0 0]
FRE M = 27 4 4 2 0
222 +8x + 16 — 2y* 4z +8 2
and
[ 2 0 0
gm= (g, y,a) = 20+ 4 2 0].
222 + 82+ 16 — 2y* 4z +8 2]

This is a particular case of the statement (5.1) of Theorem 5.1.

Ezample 5.2. For m = 1 and a = 1, the matrices, for n =2, #Zm1(z;y;a) and &
are

2 0 0
gl (g a) = 2x + 2 2 0f,
_2x2—|—4x+6—2y2 dr +6 2
1 0 0
F =111 0],
2 11
[ 2 0 0
/[m_l’u(x; y;a).F = 2 + 4 2 0
_2x2—|—8w—|—16—2y2 dr +8 2
and
2 0 0
g1 = 2z + 4 2 0f.

c

202 +8x + 16 — 2y? 4x +8 2
This is a particular case of the statement (5.3) of Theorem 5.1.

Theorem 5.2. The generalized biparametric Fubini-type polynomials matrices
PI=1el(z;y;a) and 24 (2;y;a) can be factored in terms of the Lucas matriz
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Z of the following form:

(5.5) (s a) =LA @5 y;0)
g0t yia) =4 w02,
P (s ysa) =2 AN sy a)
It @y 0) =L @i ys ) £

Ezxample 5.3. For m = 1 and a = 1, the matrices, for n = 2 .Zl[f?*l’l] (z;y;a) and £
are

2 0 0
fl[jg_l’ll(x; y,a) = 2r — 2 2 0],
_2;1:2+2.:E+14—2y2 dr +2 2
100
Z=13 1 0f,
4 3 1
[ 2 0 0
L @y yia) = 20 +4 20
222 + 8z + 16 — 29> 4x+8 2
and
2 0 0
g1 = 2 + 4 2 0

202 +8x 4+ 16 —2y% 4x +8 2

This is a particular case of the statement (5.5) of Theorem 5.2.

6. CONCLUSION

In this paper, we have introduced two new biparametric families of generalized
Fubini-type polynomials of level-m, and explored their key algebraic and differential
properties. By leveraging these properties, we have derived several formulas and
identities that contribute to the understanding of these polynomials. Additionally, we
have presented a new matrix representation for the generalized biparametric Fubini-
type polynomials, offering a novel approach to their application. Given the broad
range of applications of special polynomials in mathematics, physics, and engineering,
the results of this study have significant potential for further development in these
fields. However, future research may focus on exploring the specific advantages and
limitations of these new polynomials in practical applications.

REFERENCES

[1] D. Bedoya, M. Ortega, W. Ramirez and A.Urieles, New biparametric families of Apostol-Frobenius-
Euler polynomials of level-m, Mat. Stud. 55 (2021), 10-23. https://doi.org/10.30970/ms.55.
1.10-23


https://doi.org/10.30970/ms.55.1.10-23
https://doi.org/10.30970/ms.55.1.10-23

NEW GENERALIZED BIPARAMETRIC FUBINI-TYPE POLYNOMIALS OF LEVEL-m 1567

[2] L. Comtet, Advanced Combinatorics: The Art of Finite and Infinite Fxpansions, Reidel, Dordrecht
and Boston, 1974.

[3] 1. J. Good, The number of ordering of n candidates when ties are permitted, Fibonacci Quart. 13
(1975), 11-18.

[4] N. Kilar and Y. Simsek, A new family of Fubini-type numbers and polynomials associated with
Apostol-Bernoulli numbers and polynomials, J. Korean Math. Soc. 54(5) (2017), 1605-1621.
https://doi.org/10.4134/JKMS. j160597

[5] N. Kilar and Y. Simsek, Two parametric kinds of Eulerian-type polynomials associated with Eulers
formula, Symmetry 11 (2019), 1-19. https://doi.org/10.3390/sym11091097

[6] N. Kilar and Y. Simsek, Computational formulas and identities for new classes of Hermite-based
Milne-Thomson type polynomials. Analysis of generating functions with FEuler’s formula, Math.
Meth. Appl. Sci. 44 (2021), 6731-6762. https://doi.org/10.1002/mma. 7220

[7] S. Khan and S. A. Wani, Fractional calculus and generalized forms of special polynomials associ-
ated with Appell sequences, Georgian. Math. J. 28 (2021), 261-270. https://doi.org/10.1515/
gmj-2019-2028

[8] S. Khan and S. A. Wani, Eztended Laguerre-Appell polynomials via fractional operators and
their determinant forms, Turkish J. Math. 42 (2018), 1686-1697. https://doi.org/10.3906/
mat-1710-55

[9] Q. M. Luo and H. M. Srivastava, Some relationships between the Apostol-Bernoulli and Apostol-
Euler polynomials, Comput. Math. Appl. 51 (2006), 631-642. https://doi.org/10.1016/j.
camwa.2005.04.018

[10] M. Muresan, A Concrete Approach to Classical Analysis, Springer Science Business Media, Cana-
dian Mathematical Society, New York, 2009. https://doi.org/10.1007/978-0-387-78933-0

[11] W. Ramirez, M. Ortega and A. Urieles, New generalized Apostol Frobenius-Euler polynomials
and their matriz approach, Kragujevac J. Math. 45(3) (2021), 393-407. https://doi.org/10.
46793/KGIMAT2103.3930

[12] A. Serkan, A. Mehmet and F. Erdolan, Some new formulae for Genocchi numbers and poly-
nomials involving Bernoulli and Euler polynomials, Int. J. Math. Math. Sci. 2014 (2014), 1-7.
https://doi.org/10.1155/2014/760613

[13] H. M. Srivastava, M. M. Jamei and M. R. Beyki, A parametric type of the Apostol-Bernoulli,
Apostol-Euler and Apostol-Genocchi polynomials, Applied Mathematics Information Sciences
12(5) (2018), 907-916. http://dx.doi.org/10.18576/amis/120502

[14] H. M. Srivastava and C. Kizilates, A parametric kind of the Fubini-type polynomials, Rev. R.
Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM 113 (2019), 3253-3267. https://doi.
org/10.1007/s13398-019-00687-4

[15] Y. Quintana, W. Ramirez and A. Urieles, On an operational matriz method based on general-
ized Bernoulli polynomials of level-m, Calcolo 55(3) (2018), 1-29. https://doi.org/10.1007/
s10092-018-0272-5

[16] Y. Quintana, W. Ramirez and A. Urieles, Generalized Apostol-type polynomials matriz and
algebraic properties, Math. Rep. 21 (2019), 249-264.

[17] Y. Quintana, W. Ramirez and A. Urieles, Euler matrices and their algebraic properties revisited,
Appl. Math. Inf. Sci. 14(4) (2020), 583—596. http://dx.doi.org/10.18576/amis/140407
[18] Z. Zhang and J. Wang, Bernoulli matriz and its algebraic properties, Discrete Appl. Math. 154

(2006), 1622-1632.

[19] Z. Zhang and Y. Zhang, The Lucas matriz and some combinatorial identities, Indian J. Pure

Appl. Math. 38(5) (2007), 457-465.


https://doi.org/10.4134/JKMS.j160597
https://doi.org/10.3390/sym11091097
https://doi.org/10.1002/mma.7220
https://doi.org/10.1515/gmj-2019-2028
https://doi.org/10.1515/gmj-2019-2028
https://doi.org/10.3906/mat-1710-55
https://doi.org/10.3906/mat-1710-55
https://doi.org/10.1016/j.camwa.2005.04.018
https://doi.org/10.1016/j.camwa.2005.04.018
https://doi.org/10.1007/978-0-387-78933-0
https://doi.org/10.46793/KGJMAT2103.393O
https://doi.org/10.46793/KGJMAT2103.393O
https://doi.org/10.1155/2014/760613
http://dx.doi.org/10.18576/amis/120502
https://doi.org/10.1007/s13398-019-00687-4
https://doi.org/10.1007/s13398-019-00687-4
https://doi.org/10.1007/s10092-018-0272-5
https://doi.org/10.1007/s10092-018-0272-5
http://dx.doi.org/10.18576/amis/140407

1568 W. RAMIREZ, D. BEDOYA, C. CESARANO, A. URIELES, AND S. A. WANI

IDEPARTAMENTO DE CIENCIAS NATURALES Y EXACTAS,
UNIVERSIDAD DE LA COSTA. BARRANQUILLA, COLOMBIA.
Email address: wramirez4@cuc.edu.co

ORCID iD: https://orcid.org/0000-0003-4675-0221

2SECTION OF MATHEMATICS,

INTERNATIONAL TELEMATIC UNIVERSITY UNINETTUNO,,
CoRsO VITTORIO EMANUELE II, 39, 00186 ROME, ITALY.
Email address: clemente.cesarano@uninettunouniversity.net
ORCID iD: https://orcid.org/0000-0002-1694-7907

SDEPARTAMENTO DE CIENCIAS BASICAS,

UNIVERSIDAD METROPOLITANA. BARRANQUILLA, COLOMBIA.
Email address: dbedoya@unimetro.edu.co

ORCID iD: https://orcid.org/0000-0002-5614-4279

‘PROGRAMA DE MATEMATICAS,

UNIVERSIDAD DEL ATLANTICO. BARRANQUILLA, COLOMBIA.
Email address: alejandrourieles@mail.uniatlantico.edu.co
ORCID iD: https://orcid.org/0000-0002-7186-0898

5SyYMBIOSIS INSTITUTE OF TECHNOLOGY, PUNE CAMPUS, SYMBIOSIS INTERNATIONAL,
DEEMED UNIVERSITY, PUNE, INDIA.

Email address: shahidwanil770gmail.com

ORCID iD: https://orcid.org/0000-0001-6484-469X


https://orcid.org/0000-0003-4675-0221
https://orcid.org/0000-0002-1694-7907
https://orcid.org/0000-0002-5614-4279
https://orcid.org/0000-0002-7186-0898
https://orcid.org/0000-0001-6484-469X

KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 50(10) (2026), PAGES 1569—-1583.

A GENETIC ALGORITHM MODEL IMPROVED WITH
ZECKENDORF REPRESENTATIONS FOR PREVENTIVE
MAINTENANCE SCHEDULING PROBLEM

YUNUS EMRE GOKTEPE!, FIKRI KOKEN!", AND HALIME ERGUN!

ABSTRACT. This study introduces a novel Genetic Algorithm (GA) model enhanced
with Zeckendorf representation and Fibonacci number-based encoding to optimize
preventive maintenance scheduling (PMS) problems. Conventional maintenance
scheduling methods, based on random or linear encoding techniques, often fail to
optimize maintenance processes effectively.

Therefore, the proposed model aims to systematically plan maintenance periods
and minimize production interruptions by encoding maintenance intervals using
Zeckendorf representation.

By optimizing maintenance processes, the proposed model enhances system pro-
duction continuity. Experimental analyses indicate that the proposed model en-
hances existing production capacity and facilitate a more balanced management of
maintenance operations. The electricity and water production capacities increased
by 11% and 10%, respectively, while the reserve capacity improved by 9% for elec-
tricity and 17% for water.

These results show that the proposed method is a new optimization strategy for
maintenance planning by enhancing the applicability of GA in preventive mainte-
nance scheduling problems. Optimizing maintenance scheduling with Zeckendorf
representation enables systematic and balanced execution of maintenance operations,
thereby ensuring more efficient planning in industrial facility maintenance processes.

Key words and phrases. Fibonacci numbers, Zeckendorf representations, genetic algorithm, pre-
ventive maintenance.
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1. INTRODUCTION

Industrial facilities, power plants, and other critical infrastructures emphasize main-
tenance strategies due to their need for operational continuity. Maintenance processes
not only extend the lifespan of equipment but also play a critical role in ensuring
operational continuity and preventing sudden failures. In this context, Preventive
Maintenance (PM) is a strategy that involves the planned and periodic maintenance
of machines or systems. PM aims to inspect equipment at specific intervals, perform
maintenance or repairs, and minimize unexpected failures and interruptions [7].

When compared to other maintenance strategies such as reactive maintenance
(running to failure) and predictive maintenance (forecasting using sensor data), PM
stands out for its planned and systematic nature. Preventive Maintenance Scheduling
(PMS), on the other hand, involves planning when and how the specified maintenance
activities will be carried out. Effective implementation of PMS optimizes maintenance
processes, reduces operational costs, increases productivity, and ensures system relia-
bility [1]. Traditional PMS approaches often employ deterministic methods, leading to
the development of linear and nonlinear optimization models. Research utilizing Mixed
Integer Linear Programming (MILP) and heuristic methods has been published [5,13].
Studies have been conducted to optimize maintenance planning for power generation
units, minimize maintenance costs, and create appropriate maintenance schedules
[16].

However, in large-scale and complex maintenance planning problems, traditional
methods are often computationally intensive and time-consuming in achieving opti-
mal solutions. Therefore, heuristic and meta-heuristic algorithms, such as Genetic
Algorithm (GA), Tabu Search (TS), and Particle Swarm Optimization (PSO), are
widely preferred. In recent years, hybrid models combining these approaches have
been introduced, improving solution quality and the efficiency of the optimization
process [2, 3].

The rapid growth of computational optimization has led to the development of
numerous algorithms aimed at solving complex scheduling and resource allocation
problems. Among these, Genetic Algorithms (GAs) have emerged as versatile and
powerful tools for addressing various optimization challenges due to their ability to
explore large search spaces and locate near-optimal solutions [3,18]. Traditional GAs
typically rely on binary or floating-point representations to encode solutions, but these
methods often struggle to balance diversity and convergence.

The methods employed to solve PMS problems remain open to further improvement.
Enhancing the solution quality and success of proposed methods is both feasible and
necessary. Motivated by this, the study proposes a novel preventive maintenance
scheduling method by incorporating Fibonacci-based Zeckendorf and k-Zeckendorf
representations into a hybrid GA-TS approach. Fibonacci-based representations aim
to improve system performance by distributing maintenance durations and intervals
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more systematically and evenly. The effectiveness of the proposed approach is analyzed
in terms of the supply-demand balance in electricity and water production.

This study introduces a novel enhancement to the standard GA framework by
integrating Zeckendorf representations, a numerical encoding technique based on
Fibonacci numbers. Unlike traditional representations, Zeckendorf encoding leverages
the unique properties of Fibonacci numbers to provide a compact, efficient, and
inherently diverse representation of solutions. This method has been applied to the
preventive maintenance scheduling problem, a critical optimization challenge faced
by industries such as cogeneration plants that rely on continuous operations. The
scheduling problem requires balancing equipment availability, resource utilization, and
demand fulfillment while minimizing operational disruptions.

The significance of this study lies in the potential to improve the performance of
genetic algorithms through a structured yet adaptable coding schema. The proposed
method not only achieves better optimization results by reducing redundancy and
increasing the diversity of the search space, but also provides a new perspective on
how numerical representations can affect algorithmic efficiency.

In the following sections of this paper, existing PMS approaches in the literature
are discussed, the details of the proposed method are explained, and the performance
of the method is evaluated based on experimental results.

2. MATHEMATICAL MODEL

This section explains how the proposed genetic algorithm approach has been de-
veloped with a mathematical approach. For this purpose, detailed explanations of
Fibonacci base and Zeckendorf representations are provided, and the computation
processes are demonstrated.

In number theory, there exist various alternative methods for representing a num-
ber A. These representations often depend on the properties of A and the specific
mathematical framework being employed. Such methods can provide deeper insights
into the structure and behavior of numbers, offering tools for analyzing their rela-
tionships and applications. Among these representations, one of the most notable is
the representation using Fibonacci numbers, commonly referred to as the Fibonacci
representation. It is well established [12] that the Fibonacci sequence, denoted by
{F,}, is defined recursively as follows:

F,=F, 1+ Fn_g, if n > 1,

with initial values Fy = 0 and F} = 1. Excluding the initial values Fy = 0 and
F} = 1 of the Fibonacci sequence, the subsequent 12 Fibonacci numbers and their
corresponding indices are summarized as follows in Table 1.

For example, every positive integer A can be written as

A=F,, +F,+--+F,, ni>nyg>--->n, >2

which is called a Fibonacci representation of A.
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TABLE 1. The F,, Fibonacci numbers for 2 <n < 13

n|2|3[/4(5|6[ 7|89 /|10|11] 12 | 13
F,l112[3|5|8[13[21|34|55|89] 144|233

The most widely recognized method for representing non-negative integers using
only the digits {0,1} is the binary numeral system. However, alternative methods
exist for representing integers using just {0, 1}, some of which are less immediately
intuitive. One notable example is Zeckendorf’s Fibonacci representation.

Zeckendorf’s theorem is a well-known result that states every positive integer can be
uniquely expressed as a sum of distinct Fibonacci numbers, provided that the indices
of the Fibonacci numbers satisfy the condition n; —n;_; > 2,5 =1,2,...,7, n, > 2.
This unique representation is referred to as Zeckendorf’s Fibonacci representation
[10,11]. The Zeckendorf theorem offers an alternative to the binary numeral system,
providing a unique representation of integers that has practical applications in areas
such as data transmission and compression [17].

Zeckendorf’s theorem states that every positive integer A can be uniquely expressed
as the sum of one or more distinct Fibonacci numbers. This representation ensures
that the sum excludes any two consecutive Fibonacci numbers [10]. Zeckendorf’s
Fibonacci encoding utilizes this unique representation. Specifically, any positive
integer A = (...dsdad;)gsp can be expressed as

i=1
where F,., n; > 2 is the n!* Fibonacci number, n; — n;_; > 2, d; € {0,1}, and
d, = 1. This encoding is referred to as Zeckendorf’s Fibonacci coding and is denoted
as A = (di)ﬁb, 1= 1,2,...

For A <233, a 12-bit {0, 1} array is generated in Zeckendorf’s Fibonacci represen-
tation. For instance, the representation of A = 123 is given by the sum 89 + 34. In
Zeckendorf’s Fibonacci coding, this can be written as 123 = (1010000000)g,.

A number representation system is generally most effective when it provides a unique
representation for every integer. Zeckendorf’s Fibonacci encoding ensures uniqueness
by prohibiting consecutive 1’s in the representation. However, if this condition is
relaxed, while every number can still be expressed as a sum of Fibonacci numbers,
some numbers will have multiple possible sums, leading to non-unique representations.

It can be observed that the number A = 123 can be expressed in 7 different ways
using various combinations of Fibonacci numbers. To address this non-uniqueness,
let us slightly modify Zeckendorf’s Fibonacci encoding to establish a new {0, 1}-based
representation that ensures a single, unique form for each number.

In [4], a Zeckendorf-Wythoft sequence is introduced, which organizes positive inte-
gers into columns based on their Zeckendorf representations. The n'" column of the
Zeckendorf-Wythoff sequence consists of integers A, listed in ascending order, whose
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Zeckendorf representations terminate with F, ;. The Zeckendorf-Wythoff sequence
is defined such that each row corresponds to a Fibonacci sequence. If the largest
Fibonacci number in the Zeckendorf representation of A is F},, then A begins with F,.

Each row of the sequence consists of A integers, all having Zeckendorf representa-
tions of the same structure. In particular, for any two consecutive numbers in the
row, the indices of the Fibonacci numbers F), corresponding to the digits in their
Zeckendorf representations differ by exactly one [9,10].

Let R(A) represent the number of ways the non-negative integer A can be expressed
as the sum of distinct Fibonacci numbers. It is given that for integers A in the
odd-numbered columns of a row, the successive values of R(A) form an arithmetic
progression, and R(A — 1) remains constant. Moreover, if there exists an A such
that F,, < A < F,y1 — 1 in a column of the Zeckendorf-Wythoff sequence, then
A+ F,, k> 2, also belongs to the same column. These properties of Zeckendorf
representations and Wythoff pairs are utilized to determine R(A) [10,11].

The Zeckendorf-Wythoff sequence is presented in Table 2, arranged into 14 columns,
as it corresponds to the use of 8, 12, and 14-bit arrays.

TABLE 2. Zeckendorf-Wythoft sequence

lway [1]2[3[4][5[6] 7 [8]9J10]11] 12 [ 13 [ 14 |
way [1]2[3[5[8[13]21 [34[55[89 [144] 233 [ 377 [ 610
wey |4 7 [11[18[29 47 ] 76 [123]199 | 322 | 521 | 843 | 1364 | 2207
Wy 6101626 4268110 [ 178 [ 288 [ 466 | 754 | 1220 [ 1974 [ 3194

Table 3 provides the number of distinct Fibonacci representations for each number
A, organized according to the columns in Table 2.

TABLE 3. R(A) values for numbers A given in Table 2

| [1]2[3]4]5[6]7|8[9]10]11]12]13]|14]
R(way) [1]1]2]2[3[3[4[4[5[5][6[6][T7T][7
R(wey) [1[1[3]3[5[5]7[7[9 ]9 [11]11[13]13
R(wgy) [2]2[4]4]6[6]8[8[10]10]12][12]14[14

The number of representations of A as sums of distinct Fibonacci numbers can
be derived from the Zeckendorf representation of A. Specifically, if the Zeckendorf
representation of A ends with F},, where n > 2, then a constant ¢ satisfies:

R(A)=R(A—1)R(F,)—q, 0<q¢<RA-1).

Here, R(F,) = |n/2] and R(F,, — 1) =1 for n > 1, where |z denotes the greatest
integer less than or equal to a real number z.

Table 3 clearly demonstrates that the different Fibonacci representations of the
numbers A in each row increase to the right, following the pattern outlined in Table 2.
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Furthermore, this increase occurs at a faster rate in the lower rows. This indicates that
smaller numbers in the lower rows can possess a greater number of representations.
For instance, the number A can have six different representations if A = 144, seven
different representations if A = 123, and eight different representations if A = 110.

Although R(A) indicates the number of different representations of the number
A, detailed information about these representations can only be explicitly expressed
using the Zeckendorf representation. An alternative canonical representation can
be developed to express any given number as a sum of Fibonacci numbers, while
permitting the inclusion of consecutive Fibonacci numbers within the same sum. This
approach is facilitated by adopting a base system where Fibonacci numbers act as
placeholders, thereby allowing adjacent terms. The validity of this method stems
from the property that the sum of any two consecutive Fibonacci numbers equals the
next Fibonacci number. Consequently, any representation of the form (...100...)g
can be systematically replaced with (...011...)5,. In this study, each instance of
(...100...)a, was transformed into (...011...)s,. This alternative representation not
only serves as a canonical form but also provides a more compact encoding compared
to Zeckendorf’s Fibonacci representation.

To verify that every number can be represented in this system, one can write down
the k-Zeckendorf representations of several numbers using 12 bits. By constructing
such representations, it becomes evident how numbers can be uniquely expressed
following the rules of the k-Zeckendorf system. For clarity, a table can be provided
to illustrate these representations. Table 4 includes examples of numbers along with
their corresponding k-Zeckendorf representations in 12-bit format.

TABLE 4. Representations of k-Zeckendorf using Zeckendorf’s Fibonacci coding

N | Zeckendort’s | 1-Zeckendorf’s 6-Zeckendorf’s | 7-Zeckendorf’s | 8-Zeckendorf’s
code code code code code

68 100100000 100011000 011010110 - -

123 | 1010000000 1001100000 0111011000 0111010110 -

178 | 10010000000 | 10001100000 01101100000 | 01101011000 | 01101010110

233 | 100000000000 | 011000000000 010101010110 - -

The least number of Fibonacci numbers used in a representation corresponds to
the number of 1’s in Zeckendorf’s Fibonacci coding. This is because Zeckendort’s
theorem guarantees the use of the minimal number of Fibonacci numbers in any
valid representation, which is why it is also referred to as the minimal Fibonacci
representation. Consequently, any representation of the form (...100...)g,, where a
1 is followed by two or more 0’s, can be systematically replaced with (..011..)g, by
redistributing the terms according to the Zeckendorf rules. This replacement not only
adheres to the uniqueness property of Zeckendort’s representation but also ensures
the representation remains minimal by avoiding consecutive Fibonacci numbers and
maintaining the fewest possible 1’s in the coding.
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3. GENETIC ALGORITHMS FOR PREVENTIVE MAINTENANCE SCHEDULING

Genetic algorithms (GA) are a powerful computational method inspired by natural
selection and biological evolution processes. This technique is considered one of
the most common applications of evolutionary computing methods used to solve
complex search and optimization problems. The concept of genetic algorithms was
first introduced by John Holland [8] and was further developed by his students and
colleagues in the following years, making it applicable to a wide range of optimization
problems.

The fundamental philosophy of GA is to evolve the population by selecting solutions
with high fitness values and applying genetic operators (such as crossover, mutation,
etc.) [14]. This approach enables effective exploration of the vast solution space while
reducing the risk of getting stuck in local minima. It is particularly advantageous in
terms of flexibility and applicability for combinatorial and constrained optimization
problems.

The Preventive Maintenance Scheduling problem involves optimizing maintenance
activities to ensure the efficient operation of critical systems while minimizing down-
time and costs [15]. Given the combinatorial nature of PMS, exact methods become
computationally infeasible for large-scale problems. Consequently, heuristic and meta-
heuristic approaches, particularly GAs, have garnered significant attention in the
literature due to their ability to provide near-optimal solutions within reasonable
computation timeframes.

GAs are population-based optimization techniques inspired by natural selection and
evolutionary principles. In the context of PMS, GAs encode maintenance schedules as
chromosomes that evolve over multiple generations through selection, crossover, and
mutation operators. The fitness function evaluates each schedule based on criteria
such as total energy production, water supply, maintenance costs, and demand-supply
balance.

The application of GA to PMS problems follows specific fundamental steps [6].
First, maintenance schedules are encoded as chromosomes. In this encoding process,
each gene represents the maintenance status of a unit in a specific week; that is,
the unit is either operational or undergoing maintenance during that week. This
transformation allows maintenance processes to be structured in a format that can
be processed by the genetic algorithm.

Next, an initial population is generated. The initial population is typically produced
randomly; however, certain heuristic methods suitable for the problem’s nature can
also be employed. This process is crucial to enable the genetic algorithm to search a
wide solution set.

In each generation, the chromosomes created are evaluated based on a fitness
function. The fitness value measures how well the maintenance schedules meet energy
and water demands and whether they minimize production interruptions caused by
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maintenance. More suitable maintenance plans create a more balanced production-
consumption relationship by improving the system’s operational efficiency.

One of the key components of genetic algorithms is the selection process, which en-
sures that individuals with high fitness are chosen to reproduce in the next generation.
Among the most commonly used selection methods are roulette wheel selection and
tournament selection, both of which aim to pass on high-performing chromosomes
through generations.

The crossover process is performed by exchanging genetic information between two
selected parent chromosomes. This operation enables the creation of potentially better
maintenance schedules and enhances genetic diversity, facilitating the exploration of
a broader solution space.

The mutation process is applied to prevent premature convergence of the genetic
algorithm and to allow further exploration of the solution space. By introducing
small changes in randomly selected chromosomes, genetic diversity is preserved, and
alternative solutions can be discovered.

Finally, the algorithm terminates when a predefined number of generations is
reached or when the fitness function converges to a certain level. At this point, the
best chromosome obtained is considered the final solution for maintenance scheduling.

4. NEW MODELS AND SOLUTIONS

In this study, a novel GA model based on Zeckendorf representation and Fibonacci
number decomposition is proposed to enhance the efficiency of preventive maintenance
scheduling (PMS). The primary objective of the proposed approach is to optimize
the scheduling of preventive maintenance activities for electricity generation and
water desalination units while minimizing deviations between production and demand.
Unlike traditional GA models that use direct encoding schemes, this study employs k-
Zeckendorf representation to structure maintenance schedules more efficiently, thereby
improving the search process and convergence speed.

The proposed model integrates three key components: (1) initial population gener-
ation using k-Zeckendorf representation, (2) a customized fitness function based on
production-demand deviation, and (3) genetic operations (selection, crossover, and
mutation) adapted to k-Zeckendorf-based scheduling.

Maintenance schedules for turbines and distillers are initialized using k-Zeckendorf
representation, which ensures that each maintenance period is uniquely encoded in
terms of Fibonacci numbers. This encoding reduces redundancy in schedule rep-
resentation and enables the algorithm to explore feasible solutions more efficiently.
Maintenance initiation weeks are selected based on k-Zeckendorf-decomposed values,
ensuring that units undergo preventive maintenance without clustering within the
same periods.
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In preventive maintenance scheduling, electricity and water production are affected
by maintenance periods, leading to fluctuations in meeting demand. Therefore, opti-
mal maintenance scheduling must ensure appropriate allocation of production capac-
ities. The fitness function evaluates the deviation between available electricity and
water production and demand values, defined as follows:

T
F = Z [we|Pe(t) - De(ﬂ’ + ww|Pw(t> - Dw(t)H )

t=1
where F' represents the fitness function, T' denotes the total number of weeks, P,
and D, are the electricity production and demand, respectively, P, and D,, are the
water production and demand, respectively, w, represents the weight coefficient for
the electricity production-demand deviation, and w,, denotes the weight coefficient
for the water production-demand deviation.

Electricity production may decrease due to maintenance on turbines. The total

electricity production per week is calculated as follows:

Nr
P(t) =Y (Ai(t) - Cra)
i=1
where Nr is the total number of turbines, A;(¢) is a binary variable indicating whether
the turbine is under maintenance (1 = operational, 0 = under maintenance), and Cr;
denotes the capacity (MW) of the i-th turbine. Similarly, water production decreases
due to maintenance on distillers. The weekly water production is calculated as follows:

Np
Py(t) = Zl (Bj(t) - Cpy)
i=
where Np is the total number of distillers, B;(t) is a binary variable indicating whether
the distiller is under maintenance (1 = operational, 0 = under maintenance), and Cp ;
represents the capacity (MIGD) of the j-th distiller.

Thus, the fitness function penalizes large production deficits, especially during
critical demand periods, guiding the genetic algorithm towards solutions that optimize
unit maintenance intervals while maintaining supply-demand balance.

The fitness function evaluates the difference between the available electricity and
water production and the corresponding demand values. It is defined as follows:

The proposed GA model is applied to a PMS problem that includes eight turbines
and sixteen distillers operating under predefined demand constraints. Each unit
undergoes scheduled maintenance for a predetermined period-four weeks for turbines
and five weeks for distillers. The numerical values for these units are presented in
Table 5, derived from literature to enable a fair and effective comparison [3].

The GA iterates over 100 generations with a population size of 50, dynamically
adjusting schedules based on varying fitness values.

To evaluate the effectiveness of the proposed approach, weekly electricity and water
production levels are analyzed in comparison with demand values. Additionally,
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TABLE 5. Numerical Values of Units

Unit | Number of Maintenance Production
Type Units Duration (Weeks) Capacity
Turbines 8 4 47,040 MW per unit
L 50.4 MIGD (12 units)
Distillers | 16 > 40.2 MIGD (4 units)
Support Only
Boilers 8 5 (No Direct Production)

total annual production, demand, and production surplus are calculated to assess
system performance. The resulting schedules demonstrate that maintenance activities
are well-distributed, production shortages are prevented, and resource utilization is
optimized.

5. EXPERIMENTAL RESULTS

This section evaluates the performance of the proposed genetic algorithm and
k-Zeckendorf representation-based PMS model. The production and consumption
values of electricity and water, total production surplus, and fitness function values
are analyzed.

5.1. Experimental Setup. The proposed genetic algorithm and k-Zeckendorf rep-
resentation based preventive maintenance scheduling model in this study was imple-
mented on a computer with an Intel Core i7-12700H processor and 16 GB of RAM. The
algorithm was implemented using Python 3.8 programming language, and libraries
such as NumPy and Matplotlib were utilized.

To assess the model’s performance, the optimization process was executed with a
population of 50 individuals over 100 generations. The core parameters of the genetic
algorithm are presented in Table 6.

TABLE 6. Key parameters of the proposed model

’ Parameter H Value \ Description ‘
Number of individuals evaluated
Population Size 50 simultaneously
Evolution cycles in the solution
Number of Generations 100 space
Probability of creating new generation
Crossover Rate 0.8 individuals
Probability of applying random
Mutation Rate 0.1 mutation
Tournament Method for selecting individuals
Selection Method Selection for crossover
Maintenance scheduling encoded using
Encoding Type k-Zeckendorf Zeckendorf representation
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Preventive maintenance schedules were generated for both electricity generation
units (turbines) and water treatment units (distillers). FEach turbine was assigned
a maintenance period of four weeks, while each distiller was assigned five weeks.
Using Zeckendorf representation, maintenance intervals were systematically planned in
Fibonacci-based sequences, ensuring a balanced distribution of maintenance operations
across the system.

5.2. Results and Analysis. This section analyzes the experimental results of the
proposed genetic algorithm and the k-Zeckendorf representation-based Preventive
Maintenance Scheduling model. The study evaluates key performance metrics, includ-
ing electricity and water production, supply-demand balance, total fitness function
value, and convergence analysis. Additionally, the proposed method is compared
with the conventional GA to assess the impact of Zeckendorf-based encoding on the
optimization process.

To evaluate the proposed model’s ability to optimize maintenance scheduling, the
weekly electricity and water production values were compared with demand values.
Figure 1 compares electricity production values against demand and also displays the
surplus production amount.

Electricity Production and Demand

350000 m /_\
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250000
z Fh ety
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150000 et WL e T § 98 i A
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— Electricity Production
----- Surplus =

100000

0 10 0 0 a0 50
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Fi1GURE 1. Comparison of electricity production values with demand

As seen in Figure 1, electricity production consistently meets demand; however,
short-term production declines occur during maintenance periods. Nevertheless, en-
coding maintenance scheduling using k-Zeckendorf representation ensures a balanced
distribution of maintenance periods across the system, preventing these declines from
causing disruptions.



1580

Similarly, Figure 2 presents the relationship between water production and demand.
Due to the proposed maintenance planning approach, fluctuations in water produc-
tion have been largely controlled outside critical maintenance periods, ensuring that
demand is met throughout the year. Production deficits during maintenance processes

have not led to any service interruptions.

Y. E. GOKTEPE, F. KOKEN, AND H. ERGUN

Water Production And Demand
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FiGurE 2. Comparison of Water Production with Demand

When the results of the proposed method are compared with studies that solve the
same problem using genetic algorithms, it is observed that the proposed approach
achieves superior outcomes. Table 7 provides a comparative evaluation of the results

obtained by the model.

TABLE 7. Comparative Results of the Proposed Model

Proposed | Improvement
Models GA+TS [3] Model Rate
Available Electricity (MW) || 17,687,040.00 | 19,568,640.00 11%
Electricity Demand (MW) 8,590,000.00 | 8,590,000.00 -
Surplus (MW) 9,097,040.00 | 10,978,640.00 21%
Reserve Percentage 51% 56% 9%
Available Water (MIGD) 36,321.60 39,811.20 10%
Water Demand (MIGD) 24,130.00 24,130.00 -
Surplus (MIGD) 12,191.60 15,681.20 29%
Reserve Percentage 34% 39% 17%
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The results presented in Table 7 demonstrate that the proposed k-Zeckendorf
representation-based genetic algorithm model provides significant performance im-
provements compared to the conventional Hybrid GA-TS model. According to the
comparisons made in terms of electricity and water production, the proposed model
was observed to increase existing electricity generation by 11% and water production
by 10%.

Notably, in terms of reserve capacity-i.e., the system’s production capacity beyond
demand-an improvement of 9% in electricity and 17% in water was achieved. This
indicates that the operational flexibility of the facility has increased due to a more
balanced distribution of maintenance processes and more effective management of
production interruptions.

Furthermore, the 21% increase in surplus electricity production and the 29% increase
in surplus water production reveal that the system possesses greater backup capacity
and that maintenance processes have a reduced impact on critical production periods.
This finding confirms that the proposed model minimizes production interruptions
and responds more effectively to demand fluctuations.

The findings indicate that the k-Zeckendorf representation-based maintenance sched-
uling enhances system production continuity by structuring maintenance planning
more efficiently. In particular, Zeckendorf encoding, which optimizes the search space
within the evolutionary process of genetic algorithms, has enabled systematic rather
than random scheduling of maintenance periods. Consequently, this has increased
reserve capacity and strengthened production reliability.

Based on these results, it can be concluded that the proposed model offers a feasible,
efficient, and high-performance solution for PMS problems.

6. CONCLUSION

This study proposed a genetic algorithm model incorporating Zeckendorf represen-
tation and Fibonacci-based encoding to address preventive maintenance scheduling
problems. Traditional methods relying on random or linear encoding approaches often
struggle to systematically plan maintenance periods, leading to production interrup-
tions. By optimizing maintenance scheduling using Zeckendorf encoding, the proposed
model effectively minimized production disruptions and improved the supply-demand
balance.

Experimental results demonstrated that the proposed model increased electricity
production capacity by 11% and water production capacity by 10%. Reserve capacity
improved by 9% for electricity and 17% for water, reinforcing production flexibility.

The optimization process achieved faster convergence than conventional methods,
reducing solution time. This study enhances the applicability of genetic algorithms
for PMS problems, improving their effectiveness in maintenance scheduling. The
integration of Zeckendorf representation with genetic algorithms has proven to be a
more balanced and effective solution, particularly for large-scale maintenance planning
problems. Future research will focus on applying this model to different energy plants,



1582

Y. E. GOKTEPE, F. KOKEN, AND H. ERGUN

production facilities, and infrastructure systems. Further development will explore
hybrid approaches and other metaheuristic optimization techniques to enhance model
performance.
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Y-HILFER-ATANGANA-BALEANU FRACTIONAL INTEGRAL
OPERATORS AND SOME FRACTIONAL INTEGRAL
INEQUALITIES
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ABSTRACT. We present new fractional integral operators known as the left- and
right-sided 1-Hilfer-Atangana-Baleanu fractional integral operators. These frac-
tional integrals generalize the Atangana-Baleanu and the ABK fractional integral
operators. As a practical application, we derive a generalization of the Hermite-
Hadamard inequality for s-convex functions in the second sense, utilizing the newly
defined integral operators. Additionally, we established several Hermite-Hadamard
type fractional integral inequalities for functions whose derivatives in absolute value
raised to some nonnegative powers are s-convex in the second sense, using the -
Hilfer-Atangana-Baleanu fractional integral operator. We also present some specific
cases of our main results.

1. INTRODUCTION

Fractional inequalities have a significant impact in the research of various fields of
mathematics, including mathematical analysis, probability theory, differential equa-
tions, and many more. These inequalities involve fractional derivatives or fractional
integrals of functions, which generalize the concept of differentiation and integration
to non-integer orders. Fractional inequalities are not only theoretical tools but also
have practical applications in fields such as physics, engineering, and biology, where
phenomena are often described by equations involving fractional derivatives. They are
essential for understanding the behavior of solutions to fractional differential equations

Key words and phrases. Hermite-Hadamard inequality, Atangana-Baleanu fractional integral op-
erators, fractional integral inequalities, convex functions, Holder’s inequality, power mean inequality,
s-convex functions.
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and for establishing the conditions under which such solutions exist and are unique.
Due to their potential applications, many researchers have studied and established
several fractional inequalities involving various fractional derivatives and fractional
integrals over the years. Most of these inequalities are generalizations, extensions or
refinements of the classical inequalities within the framework of fractional calculus. It
is well known that convex functions have a significant impact in the research of inequal-
ities. In the last few decades, many researchers have investigated several inequalities
involving convex functions and their numerous generalizations by employing different
fractional derivatives and/or fractional integral operators. For example, in [33], Tunc
et al. introduced the generalized fractional integrals of a function with respect to
another function and established the Hermite-Hadamard inequality as well as some
Hermite-Hadamard type inequalities involving the newly introduced fractional integral
operators for convex functions. In [29], Rahman et al. established some new fractional
integral inequalities for a certain class of n (n € N) positive continuous functions and
also for decreasing functions by utilizing the fractional proportional integral operators.
Rashid et al. in [30] defined a new fractional integral operator, which is known as
generalized proportional fractional (GPF) integral in the sense of another function,
and proved several fractional inequalities involving the newly defined GPF-integral
with respect to another function. By using some generalized fractional integrals, Du et
al. [9] derived some Bullen-type inequalities where the first derivative of the functions
under consideration are either Lipschitzian, bounded or generalized (s, m)-preinvex.
In [10], Du and Peng established some Hermite-Hadamard type inequalities for multi-
plicatively convex functions via multiplicative Riemann-Liouville fractional integrals.
In [32], Saleh et al. investigated some new Newton-type inequalities for functions
whose first derivatives are a-convex by utilizing the Riemann-Liouville fractional inte-
grals. Recently, Kermausuor and Nwaeze [21] introduced some new fractional integral
operators called the k-Atangana-Baleanu fractional integral operators and established
a generalization of the Hermite-Hadamard inequality as well as several other fractional
integral inequalities for functions whose derivatives are bounded and functions whose
derivative in absolute value is convex. For further details on the results mentioned
above and other related findings, we encourage interested readers to consult the papers
listed in [2-4,6,9,11,14-18,20,21,23-25,27,29-36] and the other related references
cited in this paper.

Motivated by the ongoing research on fractional inequalities and their applications,
this paper seeks to introduce new generalized fractional integral operators called the
left- and right-sided v-Hilfer-Atanga-Baleanu (¢-HAB) fractional integral operators.
We will subsequently establish Hermite-Hadamard type inequalities for functions that
are s-convex in the second sense and functions whose derivative in absolute value to
certain powers are s-convex in the second sense, all using the newly defined fractional
integral operators. In the next section, we present some preliminary definitions and
results, followed by the main results in Section 3 and a conclusion in Section 4.
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2. PRELIMINARIES

We highlight some basic concepts and results in the literature that will be useful
to our work. We start with the definitions of some fractional integrals.

Definition 2.1 ([13,26,28]). The left- and right-sided Riemann-Liouville fractional
integrals of a real-valued function G of order w > 0 are given by

I;’TS(r) b /j(r — 2)71G(2)dz

[(w) Ja
and
1500 =55 | 2= 1152,

where I' is the gamma function given by
[(w) ::/ 2 te*dz, Re(w) > 0.
0

The following definition is an important generalization of the Riemann-Liouville
fractional integrals known as the 1)-Riemann-Liouville fractional integrals.

Definition 2.2 ([22]). Let (di,ds), —oo < dy < dy < 400, be a finite or infinite
interval of the real line R and w > 0. Also, let @ be an increasing and positive
function on (dy,dsy], having a continuous derivative ¢’ on (di,ds). The left and
right-sided Riemann-Liouville fractional integrals of a function § with respect to the
function ¢ on [dy, ds] are defined by

I80) = iy [ 00 = v (9 s
and
1

[w)

The left- and right-sided Atangana-Baleanu fractional integrals are defined as fol-
lows.

1EY5(r) = o [ (0(2) — 00 (29 )

Definition 2.3 ([1,5]). The left- and right-sided Atangana-Baleanu fractional integral
of a real-valued function G of order w € (0,1) are defined by

and
1—w w

IS0 = B0+ g | ¢S

where B(w) > 0 is a normalization function and satisfies the property B(0) =
B(1) =1.
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In [19], Kashuri introduced the following generalization of the Atangana-Baleanu
fractional integral operators called the ABK-fractional integral operators.

Definition 2.4. The left- and right-sided ABK-fractional integral operators of a
real-valued function G of order w € (0,1) are given by

BKp w _l-w pw ' !
A d'l"]r 9(7’) = mg(r) + B(w)F(w) /dl (’I"p _ Zp)l—w

—1

9(2)dz, r>dy,

and

ABKo 1o l-w P vw dy 2P~
55£“*&wn“”*mwmwl (7 i)z T < dy,

where p > 0 and B(w) > 0 satisfies the property B(0) = B(1) = 1.

Recently, Kermausuor and Nwaeze also introduced another generalization of the
Atangana-Baleanu fractional integrals called the k-Atangana-Baleanu fractional inte-
grals as defined below.

Definition 2.5 ([21]). The left- and right-sided k-Atangana-Baleanu fractional inte-
gral operators of a real-valued function G of order w > 0, are defined as

/dr(r — 2)F1G(2)dz,  r>dy,

1

Ml S(r) = 1_;9(0 - kB(wL)UFk(w)

and

w

Pl S = ;@;9(7”) " /’ﬂB(c:)qu(W) /rdz(z — 1) 7'G(2)dz, T < dy,

where k£ > 0 and B(w) > 0 satisfies the property B(0) = B(1) = 1.

As mentioned in the introduction, several fractional integral inequalities have been
established by utilizing the aforementioned fractional integrals. For instance, by uti-
lizing the Atangana-Baleanu fractional integral operators, Fernandez and Mohammed
[12] established the following generalization of the Hermite-Hadamard inequality.

Theorem 2.1. If G : [dy,ds] — R is convex on [dy,d3] and G € L1([dy,ds]), then the

inequalities

9<%;@>Sm< S (715 (da) + 713 S(d)]

hold for w € (0,1).

Similarly, Kashuri presented the following generalization of the Hermite-Hadamard
inequality by utilizing the ABK-fractional integrals.
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Theorem 2.2. Let w € (0,1) and p > 0. Let G : [d},d5] — R with 0 < dy < dy be
a conver function. Then, the following inequalities for the ABK-fractional integrals

hold:

2(db — dy)” g di + dj
B(w)'(w+ 1)p?=r 2
<AL L S(ds) + PRI S(d7)

(05— 4 (L= ) (o
< (VAR A =D fo(a) + st

To end this section, we present the definition of s-convex functions in the second
sense.

Definition 2.6 ([7]). Let s € (0,1]. A function §: I C R — R is said to be s-convex
in the second sense on I, if

G(roy + (1 —7)d2) <r°G(d1) + (1 —r)*G(d2),
for all 41,8 € I and r € [0, 1].

1—w o o
) + e 9(a0) + S(@)

Remark 2.1. If s = 1 in Definition 2.6, then we have the classical definition of a convex
function.

3. MAIN RESULTS

We commence by defining the new fractional integrals that generalize the Atangana-
Baleanu fractional integrals.

Definition 3.1. Let di,dy; € R with d; < dy and let ¥ be a strictly increasing and
positive function on [dy, ds], having a continuous derivative ¢’ on (dy,dy). The left-
and right-sided -Hilfer-Atangana-Baleanu (HAB) fractional integral operators of a
real-valued function G of order w > 0, are defined as
1 —w w r
TAB L I2G(r) = m%r} + B@)l(@) /d1 (W(r) = ()W (2)S(2)dz, 1> di,
and

HEIES() = TS0+ gy | ) TS <

where B(w) > 0 is a normalization function and satisfies the property B(0) =
B(1) =1.
Remark 3.1. If ¢(t) = t in Definition 3.1, then we have the Atangana-Baleanu frac-

tional integral operators, and if ¢(t) = %, p > 0, then we have the ABK-fractional
integral operators.

Next, we investigate the Hermite-Hadamard inequality by utilizing the -Hilfer-
Atangana-Baleanu fractional integral operators. In what follows, we assume that 1
meets the requirements of Definition 3.1.
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Lemma 3.1. For p < v, we have
(3.1)

Dot — T:B(W)F(W) HAB jw o 1w y
[ 9t (= = SR a5 (G 007 0) - 90
and
(3.2)

[t = = ZE s g (0070 50

0 wv —p)« vTe)T B(w) '

Proof. By using change of variables with x = ru + (1 — r)v, we have

1 1 v
3.3 / w=lG(py + dr = / v— ) 'S(x)dz.
(3.3) ; (rp+ (1 —ry) (V—M)“’u( )*75(x)
Since 1) is strictly increasing on [u, v] and hence has an inverse, we deduce that for
any x € [, v], © = (z) for some z € [u, v]. So using change of variables again with
x =1(z) in (3.3) and Definition 3.1, we have
1 1 v

/ ™ 1G(rp+ (1 —r)v)dr = / (v —2)* 'G(x)dx
0 M

(v = p)*
s [ ) — R DS

_B@Iw) [HABM;;W@ 0 ) (4 (v))

w(v —p)*
1—w

- Lo nw )]

This proves the identity in (3.1). The identity in (3.2) is obtained by using a similar
argument. U

Theorem 3.1. Let 0,¢ € R with § < € and G : [§,¢] — R be an s-convex function in
the second sense. Then, the inequalities

2°(e —0) (€46 1—w
st (7)) + e 90+ 50

<TAB LI a5 (S o)W (e) + TP ULy (- (S o) (w™1(0))

'
w(e—0) (1 1-w
(34) = | B(w)I'(w) <w + s + Blw,s+ 1)) * B(CU)] 510+ 50)

Gt 25 1)

<Ay (S o)W () + TP uIy - (S o) (v™1(9))
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W

<[ty (s + B+ 1) + 55| 15600+ 500

(3:5) B(w)I'w) \w+ s B(w)

hold for w € (0,1), where B(-,-) is the beta function defined by

B(x,y) /tml t)vtdt.

Proof. Under the condition of s-convexity in the second sense of G on [4, €], it follows
that for any py,pe € [6, €

(3.6) ; >

If we take p; = re+ (1 —r)d and p; = (1 —r)e+rd for r € [0,1] in (3.6), then we get

g <p1 +pz> < S(p1) + S(p2)

(3.7) 2°G <€;5> < G(re+ (1—1)8) + (1 — r)e + r4).

w—1

Multiply (3.7) by 3 B! and integrate with respect to 7 over [0, 1] to obtain

A e+ 6 w 1 1 . . )
B(W)F(w)9< 2 ) SB(w)p(w)/o r“7G(re + (1 = 1)d)d
> i (wa(w)/ r71G((1 = r)e+ ro)dr.

Using Lemma 3.1 and the inequality in (3.8), we get
25(e—0)Y  [e+ 4 1-—w
BTt (7)o + 5ol
(3.9) <HAB LIS 5+ (G o) (7€) + AP LI - (G o ) (171(0)).

This proves the first inequality in (3.4). Now, since § is s-convex in the second sense,

we have G (6”) < W. Hence, from (3.9), we have

2°(e—9)Y  2°(1 —w) €+0
o w85
<HAB LIS 5y (S o ) (W) + AP LT (- (S o ) (11 (0)).

This establishes the first inequality in (3.5). To estabhsh the second inequality in both
(3.4) and (3.5), we note that, if G is s-convex in the second sense, then for r € [0, 1],
it follows that

(3.10) G(re+ (1 —r)0) <r°Y(e) + (1 —r)°G(0)
and
(3.11) G((1 —r)e+rd) < (1 —r)*S(e) +r*35(0).

Adding (3.10) and (3.11), we obtain
(3.12) Glre+(1—=7)0)+G((L =r)e+7rd) < (r*+ (1 —1r)*)[9(5) + S(e)].
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Multiply (3.12) by %r“’_l and integrate with respect to r over [0, 1] to get

B(w)Nw
—W[9(5)+9(6)]/0 rL s 4 (1 — ) dr
(3.13)
w 1
= 5 50+ 5 (W +Bw, s+ 1)) |

Using Lemma 3.1, we deduce from (3.13) that
HAB 15 5+ (G o) (@H(€) + TP 4 I5 1 - (G o ) (¥ 1(0))

w(e—9)~ 1 l—w
By 190) + 8@ (G + Bl +1)) + FS1(6) + (0]
(3.14) = [;EZ};F?L) (w 1+ -+ B(w,s + 1)) 4 2@‘;] 15(8) + 5(e)].
This proves the second inequality in both (3.4) and (3.5). O

Corollary 3.1. Let 6,e € R withd < € and G : [d,¢] — R be a convex function. Then,
the inequalities

20 =90 [e+0 l-—w
BT ( 2 ) T By 90 5L
SHAB IS (S o) () + B LI (G 0 ) (6 (8))

(=06 1-w
| B(w)T'(w) * B(w)] [S(7) + S(w)]

(3.15) <

and

o a8 (%)

AP LIS 5y+ (G o ) (@7 (€)) + APy I5-1 - (S 0 ) (v 1(0))

[ (e—0)* 1—w
| B(w)I'(w) T B(w)] 1G(6) + S(e)]

hold for w € (0,1).
Proof. Take s =1 in Theorem 3.1. O

(3.16) <

Remark 3.2. If we take ¢ (t) =t in Corollary 3.1, then the inequality (3.16) reduces
to the inequality in Theorem 2.1 and if we take ¥(t) = %, p > 0, in Corollary 3.1,
then the inequality (3.15) reduces to the inequality in Theorem 2.2 with some slight
modification to the endpoints of the interval.
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Below, we introduce some new inequalities of the midpoint and trapezoidal types for
functions whose derivatives, in absolute value raised to certain nonnegative powers,
are s-convex in the second sense, using the -Hilfer-Atangana-Baleanu fractional
integrals. To accomplish this, we first establish the following key identities involving
these fractional integrals.

Lemma 3.2. Let §,e € R with § < € and G : [§,w] — R be a function. If G is
differentiable and §' € L1([d, €]), then the equality

(€e—0)“+ (1 —w)l'(w)
(o) low+ 5]

4B 516y (G 0 V) (UTHE) + TP T - (G 0 ) (7 (6))

(3.17) :%/o [(1—7)* =79 (réd + (1 —r)e)dr

holds for all w > 0.

Proof. Utilizing the technique of integration by parts, change of variables and
Lemma 3.1, we get

/01(1 — )G (8 + (1 — r)e)dr

=500 - P8 + (1 — r)e)dr
:eiég(e) _5/0 G (te + (1 — t)6)dt
— L5500 - PO G o 0 - o)
Thus.
[ = s+ (1= rear
318 =550 - (I I L (G0 uw6) - T 50

Using a similar reasoning, we can conclude that

/01 G (rd + (1 — r)e)dr

_ 1 B)'(W) |gap o -1
319) == 590) + R [T (S0 )0 - 500

The identity in (3.17) can be achieved by multiplying the identities in (3.18) and
(3.19) by B )r(+)v and then subtracting the resulting equations. 0
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Lemma 3.3. Let §,e € R with § < € and G : [6,¢] — R be a function. If G is
differentiable and §' € Li([d, €]), then the equality

A LT sy (G 0 D)) + AP, sy (G0 0) (67 (6))]

(o (7)o oo+ s

:SBE(;)(SF)Z) l/om PG+ (1 — r)e)dr — /1;(1 PGS+ (1 — r)e)dr]

holds for all w > 0.

(3.20)

Proof. Utilizing the technique of integration by parts, we get

1/2
/0 r“G'(réd + (1 —r)e)dr

w 1/2

=58 (=) = [ (1=
1 0+e w 2
:2w(5_6>9< ] >_ (5_6)/0 r1G(rd + (1 — 1)e)dr

1 0+e€ w € ot
:2‘“((5—6)9< 2 >+(6_5)w+1 /5;5(6—2’) §(2)dz
1 0+e€
:_2“(6—5)9< 2 )

! m [HABw%W%w@ o) (¥ (€)) - 9(6)] .

So,
(3.21)

/01/2 G (rd + (1 —r)e)dr
T 2“’(61— J) 9 <5 ; E) - i(f);g [HABWEU —1(3ke)) H(Go) (W (e) — 1_;09(6)] .
Similarly,
(3.22)

[ =S5 + (1= )eydr

/2
B 1 0+e B B(w)f‘(w) HAB v ) B - 1_700
= Qw(e — 5)9 ( 2 > (6 — 5>w+1 [ w] CD) (9 ¢)(¢ ((5)) B( )9( )1

The identity in (3.20) can be achieved by multiplying the identities in (3.21) and

(3.22) by % and then taking the difference between the resulting equations. [
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Now, employing Lemma 3.2 and Lemma 3.3, we derive the following Hermite-
Hadamard type inequalities.

Theorem 3.2. If § meets the conditions of Lemma 3.2 and |9'| is s-convex in the
second sense, then the inequality

(i) s +s0)

850§ 0 007 + 45T (G0 )60

(e = )< [15'(9)] + 19" (o)
- B(w)l(w)

1 1
3.23 —
(3:23) +w+s+1 2w+8(w+s+1)>

holds for w € (0,1), where B, (-,-) is the incomplete beta function stated as
(3.24) B, (z,y) :/ =11 — )L,
0

(w+1,s+1)

1
2

(IB%; (s+1l,w+1)—B

Proof. Utilizing the identity in (3.17) and the s-convexity in the second sense of ||,
we derive

(2 [s0) -+ 500)

— | "B Iy 5y (S0 ) (W (€) + AP L1 - (G o ¢)(¢_1(5))} ‘

(6 — 5)w+1 ! w w s|e! s|e!
(3.25) gw/o (1= ) = | (]S (0)] + (1= )19 (0)] ) dr
Now, we observed that for r € [0,1],

>
(1= — >0, forrel0,1/2],
<0, forre(1/2,1],

and hence
1

1 1/2
J A e e A (S e Tl B (e (RO WA
0 0 1/2
1/2 1/2
e R e e e A (e A (RO
0 0
) 1
20t (w 4 54 1)
. 1 1
wt+s+1 29tstl(w+s+1)
:B%(s—i—l,wjtl)—]B% (w+1,s+1)

1
2

- B

(w+1,s+1)

1
2
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(3.26) P !
' wH+s+1 2¢t(w4s+1)
Similarly,
1
/|(1—r)°’—r“’|(1—r)sdr:IB%%(s+1,w+1)—E%(w—i—l,s%—l)
0
1 1
3.27 _ .
(3:27) +w—|—s+1 29t (w+ s+ 1)

The desired inequality in (3.23) is obtained by substituting (3.26) and (3.27) in
(3.25). O
Corollary 3.2. If G meets the requirements of Lemma 3.2 and |9'| is convezx, then
the following inequality holds:

(e—0)“+ (1 —w)l(w)
(o) lo0+ 5]

— |TAP LI 5y (G o) (U (€) + APy I 1 - (G o w(wl(é))} |
(e =)~ *! {|9/(5)| + |9/(€)|} 1 1
( ;)

3.28 < _
(3.28) - B(w)l'(w) w1l 29w+1
for w e (0,1).
Proof. Take s =1 in Theorem 3.2. O

Theorem 3.3. If G meets the requirements of Lemma 3.2 and |§'|?, ¢ > 1, is s-convex
in the second sense, then inequality

(e—0)“+ (1 —-w)l(w)
(e ) loo s

= [ L+ (8 0 )W) + AL - (S 0 ) (7 ()] ]

<<e5>w+1(9'<6>q+9'<e>q)3< S )

- B(w)I'(w) w+1l 2¢w+1)
><(B;(s+1,w—l—1)—B;(w+l,s+1)

3.29 ! ! '

(3:29) +w+s+1_2‘“+5(w—l—s—|—1)>

holds for w € (0,1), where B,(-,-) is the incomplete beta function defined in (3.24).
Proof. Utilizing the identity in (3.17) and the power-mean inequality, we derive

(=90 + (1 —w)l(w)
( Bl (@) ) 5 +5e)
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A8 (90 907 + 5T G0 )60

sm (/01\(1—7”)“’—7‘“’\(17“) E
(3.30) « (/01 (=) =g/ (75 + (1 = r)e)rar )

Using the s-convexity of |§/|9 and a reasoning similar to the one in the proof of
Theorem 3.3, we can conclude that

[0 =0 =158 + (1 = o ar

<(I5@G)1" + 5'(e)l) <]B%é (s+Lw+1)—Bi(w+1,s+1)

(3.31) + ! ! )

wHs+1 2 (w4 s+1)

1
2

In addition,

(3.32) /01‘(1—r)“’—r“"dr:2<w_1i_1—2w(w1+ 1)>.

The desired inequality in (3.29) is obtained by substituting (3.31) and (3.32) in (3.30).
U

Corollary 3.3. If G meets the requirements of Lemma 3.2 and |9'|%, ¢ > 1, is conver,
then the inequality

(e—=90)+ (1 —w)l(w)
( Bl (@) ) 9 +5(0)

- [HAsz]fZl(w(S o) (¢~ (e)) + AP I8 (- (Go w><w—1(6>>} |

2175 — 5wt "5\ / q %
cay <9 IS@I+5©1) (1 1
B(w)I'(w) w+1l 2¢w+1)
holds for w € (0,1).
Proof. Take s = 1 in Theorem 3.3. O

Theorem 3.4. If G meets the requirements of Lemma 3.3 and |9'| is s-convex in the
second sense, then the inequality

HAR L s (G0 ) T(E) + AT sy (G0 0)(071(6))]

2

(s () s+ 00 )
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san < O (1'(0)] +19' (o)1) ( 1

B(w)I'(w) 2utstl(w 4+ s+ 1)
holds for w € (0,1), where B,(-,-) is the incomplete beta function defined in (3.24).

+ B (w+1,3+1)>

Proof. Using Lemma 3.3 and the s-convexity in the second sense of |G|, we obtain

HAR L s (G0 D)) + AT sy (G0 0)(071(6))]

<2w EB( ; o )9<6+5)+;@°;[9<6>+9<e>])|

(6_5)w+1 1/2 w+s| ! s . wlo!
<o L s @l el

. / (1= PRI+ (= gl

w+1 1
[|9’ ( rtdr + | (1-— T)“rsdr>

1/2

1/2 s w ! w+s
+ 19/ (e (/0 - dr + 1/2(1—7“) dr)]
w+1
[|9/ ( w+sdr+/ tw t)sdt>
+15'(e (/1/2 (1—7)° ‘”dr+/ t“*sdtﬂ
0

w+1(|91 )+ |G/ (e > 1

B
B(w)T () <2w+5+1(w st

N|=

(w+1,s+1)).

O

Corollary 3.4. If G meets the requirements of Lemma 3.3 and |9'| is convez, then
the inequality

HAR L s (G0 D)) + AT ssey (G0 0)(07(0))]

<2w SB( )) o )9(635)+;?w°;[9<5>+9<e>])|

(=91 (196) + 19/0)1)
- 2t (w+1) Bw)(w)
holds for w € (0,1).

(3.35)

Proof. Take s =1 in Theorem 3.4. O
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Theorem 3.5. If G meets the requirements of Lemma 3.3 and |9'|?, ¢ > 1, is s-convex
in the second sense, then the following inequality holds:

HAR L g (G 0 D)) + AT ssey (S0 0)(07(0))]
B (e =) €+ 0 1—w .
(o () Ferlso+se))]

§5§<;>F)Z; <2w+1<c1u T 1>>1_;

(2

0%t (w454 1) 2

Q=

(wt1s+1) |9’<e>|q)

(336)  + (IB%; (+1,5+1)|9(8) + 2w+5+|15(336148 ; 1)) s ]

forw € (0,1), where B,(-,-) is the incomplete beta function defined in (3.24).

Proof. Utilizing Lemma 3.3, the power-mean inequality and the s-convexity in the
second sense of |§'|?, we derive

HAB 1 e (G0 0 0) + PUET se (5 0 0)w )|
<2w SB(j;;( )9(6‘2“5) " 2@;[9(5“9(6)})‘

" ( / ;2<1 _ r)wdr>1é ( L, ((1 G @)+ (1 r>w+319'<e>\q)dr)q]
G () [(£ (e

+ ( /1; ((1 |G (6)]7 + (1 — T)w+5|9,(€)|q>dr> ; ]

:g(w)?:; <2w+1(clu n 1))1 q l<2w+s+1(i )fs - 1)1+JB%

T (B W+ 1s+1)|9@)+ 2+9<fj1 T 1>) E ]

1

(ot 1st1) |9'<e>rq)"

N

N
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Corollary 3.5. If § meets the requirements of Lemma 3.3 and |5'|,q > 1, is conver,
then the inequality

HAR L s (G 0 D)) + AT ssey (S0 0)(07(8))]
(=i (557) + lo 50|

<o (0 1>>11
" K?“E/((j)f 2) " <2w+1 (iu 1) e (i, ¥ 2)> I9’<e>IQ>

! 1 , IO
_ ¢ _J\I17
S <<2w+1 W+l 7 (wr 2)) SO 1)
holds for w € (0,1).
Proof. Take s =1 in Theorem 3.5. O

Theorem 3.6. If G meets the requirements of Lemma 3.3 and |9'|?, ¢ > 1, is s-convex
in the second sense, then the inequality

HAB I8 s, L(Go) (Wl (e) + 4B, Iy (90¢)(¢ ())}

<2w (lB<w>>r< & (6—55> + B8O+ M) ‘
(3.38)

Sg(;)ér)z; <2wp+1(i;p+ 1))117 [(?El(f)fl) i (s i 1 28“(i + 1)) ‘9/(€)|q>

1 1 N LGOIk @
+ ((s—l—l - 2s+1(s+1)> 1560)] +25+1(s+1>> ]

holds for w € (0,1) and p > 1 such that % + % =1.

1

1

Proof. Using Lemma 3.3, the Holder’s inequality and the s-convexity in the second
sense of |99, we have
[HAB ¢

sy (GO VW) + LI L (G0 0)((0))]
(e —d)W €+0 1 —w
<2w D)l >9< )* B(w) {9“”9(6’}”

([ ) ([ (1500 0 i)
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+([ 0 r)Wpdr)’l’ ([, (5@ +a- r>5\9’<e>\q)dr)3]
:g(;)ar):; (2“’1’“(@1019—1— 1)>p K%E/((ﬁql) " <si1 a 25“(2 + 1)) |9/(6)|q>

(- tor 5] |

Corollary 3.6. If G meets the requirements of Lemma 3.3 and |9'|?, ¢ > 1, is conver,
then the inequality

2=

HAR I s (G 0 D)) + AT ssey (S0 0)(07(0))]

(& 53( M >9<€+6>+zzwc;[g(‘;”g(g)])‘
(€ —d)*! ( 4 )’1’[(\9’<5>P+3!9’<6>|")

<
213 B(w)I'(w) \wp +1

(339 +(390)+ |9’<e>|q)3]

Q=

holds for w € (0,1) and p > 1 such that }% + % =1.
Proof. Take s = 1 Theorem 3.6. O

4. CONCLUSION

In this study, we first introduced the definitions of some new fractional integral
operators referred to as 1-Hilfer-Atangana-Baleanu (¢-HAB) fractional integral op-
erators. As indicated in Remark 3.1, these newly defined fractional integrals are
generalizations of the Atangana-Baleanu and ABK fractional integrals. Next, we es-
tablished a generalized version of the Hermite-Hadamard inequality for functions that
are s-convex in the second sense via the ¥-HAB fractional integral operators. Finally,
we investigated some fractional integral inequalities of the Hermite-Hadamard type
involving the ¢-HAB fractional integrals for functions whose derivatives in absolute
value to some nonnegative powers are s-convex in the second sense. Some particular
cases of the main result were presented.

Acknowledgements. The authors express deep gratitude to the anonymous referees
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manuscript.
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NONLINEAR LEFT BI-SKEW LIE TYPE DERIVATIONS ON
*-ALGEBRAS

MOHAMMAD ASHRAF!, MD ARSHAD MADNI**, AND MUZIBUR RAHMAN MOZUMDER/!

ABSTRACT. Let A be a unital x-algebra over C (the field of complex number). For
any «, 8 € A, define aof = a*—[*a. In this article, it is shown that a map ¥ : A —
A (need not be linear) satisfies 9( P, (A1, A2, -+, An)) = iy Pa(A1, ooy X1, 9(N),
Xitly -y An) forall Ay, Aa, ..., A\, € A if and only if o is an additive x-derivation. As
applications, we apply our main result to various special classes of unital *-algebras,
such as prime *-algebras, factor von Neumann algebras and von Neumann algebra
with no central summands of type I.

1. INTRODUCTION

Let A be a x-algebra on the complex field C. A map 9 : A — A is called an
additive derivation if ¥(a + ) = Y(«) + 9(B) and J(af) = J(a)B + ad(B) hold for
all a, 8 € A. An algebra with an involution ‘%’ is called x-algebra, then an additive
derivation ¥ : A — A is called an additive *-derivation, if J(a*) = ¥(a)* hold for
all « € A. For a, 8 € A, describe the skew Lie product and bi-skew Lie product of
a and § by [a, ]« = af — fa* and [«, f]y = aff* — Sa*, respectively. A map ¥ :
A — A (need not be linear) is said to be nonlinear skew Lie derivation (resp. nonlinear
skew Lie triple derivation) if ¥([a, ]«) = [P(@), B« + [, V(B)]« (resp. V([[a, B, V]«) =
[P(), Bls, V]« + [, H(B)]s, Vs + [, Bls, F(7)]4), holds for all a, 5, € A. Analogously,
a map ¥ : A — A (not necessarily linear) is called nonlinear bi-skew Lie derivation
(resp. nonlinear bi-skew Lie triple derivation) if ¥([a, 8]v) = [J(«), Blv + [, F(5)]v
(resp. I([[a, B],71v) = [[9(@), Ble, s + [l 9(B)lv; e + [, B, 9(v)]v) holds for

Key words and phrases. Additive *-derivation, -algebras, left bi-skew Lie derivation, factor von
Neumann algebra.
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all a, 8,7 € A. Many mathematicians have spent the last decade to the studying
mappings involving different products on various types of rings and algebras. Yu et
al. in [15], proved that every *-Lie derivation on factor von Neumann algebras is an
additive x-derivation. Li et al. [9] discussed the skew Lie triple derivation between
factor von Neumann algebras and showed that it is an additive *-derivation. Kong et
al. [7], extended the results of [15] to prime *-rings. Similarly, skew Jordan derivations,
skew Jordan triple derivations and skew Jordan-type derivations have been studied
under certain conditions on various types of algebras such as factor von Neumann
algebras, von Neumann algebras and *-algebras (see [8,10,14,16,17]).

For any A\, Ag,..., A\, € A and integer n > 2, define a sequence of polynomials as
follows: Pr(A1) = A1, Pa(Aq, Ag) = Adjode = Mo —AsA and Py(A, Ag, oo, A1, An) =
Po1(AM, A2, ..o, An—1) © Ao The polynomial P, (A1, Aa, ..., Ay_1, Ay) is called the left
bi-skew Lie n-product of elements Ai, Ag, ..., \,. Now, we define a map ¢ : A — A
(not necessarily linear) is said to be nonlinear left bi-skew Lie n-derivation if

n

V(P A1, Ay ooy Ap)) = ZPn()\l, e N, (A, Ny - An)
i=1

holds for all Ay, Ag, ..., A, € A. Obviously, a nonlinear left bi-skew Lie 2-derivation is
a nonlinear left bi-skew Lie derivation and a nonlinear left bi-skew Lie 3-derivation is
a nonlinear left bi-skew Lie triple derivation. Nonlinear left bi-skew Lie 2-derivations,
nonlinear left bi-skew Lie 3-derivations and nonlinear left bi-skew Lie n-derivations
are collectively known as nonlinear left bi-skew Lie-type derivations. In 2018, Lin [11],
studied nonlinear x-Lie type derivations on standard operator algebras and proved
that every nonlinear *-Lie n-derivation on a standard operator algebra is an additive
x-derivation. In the same year Lin [12], proved that every nonlinear *-Lie n-derivation
on von Neumann algebras is an additive *-derivation. Recently Madni et al. [13],
proved that if A is a unital x-algebra and 9 : A — A is a skew Lie n-derivation, then
¥ is additive. Moreover, if (%) is self-adjoint, then ¢ is a *-derivation. Kong et al.
in [5], proved that if A is a factor von Neumann algebra and a map ¢ : A — A (need
not be linear) satisty J([a, 5]v) = [J(«), B]v + [a, I(B)]v if and only if ¥ is an additive
x-derivation. Khan [4], proved that every nonlinear bi-skew Lie triple derivation on
factor von Neumann algebra is an additive x-derivation. Ashraf et al. [1], generalized
the result of [4] and proved that every nonlinear bi-skew Lie n-derivation on factor
von Neumann algebra is an additive x-derivation.

Inspired by the above-mentioned works, our focus will be on providing a description
of nonlinear left bi-skew Lie n-derivations on x-algebras. More accurately, we show
that, under mild assumptions, every nonlinear left bi-skew Lie n-derivation on a unital
x-algebra is an additive x-derivation.

2. MAIN RESULTS

The main result of this article is as follows.
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Theorem 2.1. Let A be a unital x-algebra with the unity I and containing a non-
trivial projection Py. Write P, = I — Py and suppose that A satisfies

(M) XAP,=0=X=0 (k=1,2),
where X € A. Then a map ¥ : A — A (not necessarily linear) satisfies

I(Puhs Az M) = 3 P s At OO, At -+ M),
=1

for all Ay, o, ... Ny € A if and only if ¥ is an additive *-derivation.

Proof. Assume A;; = P,AP; for i,j = 1,2. Then, by Peirce decomposition of A,
we have A = A1 @ Aia @ Ag @ Agy. Clearly, any I1 € A can be written as I =
I1y1 + Ilyo + 1oy + oo, where Hij S ‘Azj for 1,] = 1,2. Let AT = {A ceA:A* = A}
and A-={AecA: A*=—-A}, A, ={PIAP,+ RAP, : Ac A}, A, = PA P,
k = 1,2. Thus, for every A € A™, we have A = A;; + A1p + Age, where Ay €
A, Ap € Al and Ay € Asy. Obviously, we only need to prove the necessity part.
To complete the proof of the theorem stated above, several lemmas are required.
These lemmas are presented as follows. 0]

Lemma 2.1. 9(0) = 0.
Proof. 1t is obvious that
9¥(0) = J(P,(0,0,...,0))
= P,(9(0),0,...,0) + P,(0,9(0),...,0) +---+ P,(0,0,...,9(0))

=0. O
Lemma 2.2. 9(H)* = —9(H) for any H € A™.
Proof. We have the relation P, (H, —é, ey —%) = H and
1 1
IH)=v|P,(H, —=,...,—=
1) =0 (P (# =5 =3))
I 1 I 1
=P, H),——, . .., —= P,|H — =), —=
n(ﬁ( )7 27 ) 2>+ TL< 7/L9< 2)7 ) 2)

I I
o+ P (H -2, 9 =2
ot Pa(H=5 0= 3))

:é(ﬁ(H) —9(H)) + (—19(— ;)*H_Hﬁ(_ ;))

s (oAl -3)
-4 ) o= —o( - - (1),

On solving further we get
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Lemma 2.3. For any Hy; € Ay, Hio € Ay and Hyy € Ayy, we have
V(Hyy + Hyz) = 9(Hyp) + 9(Hyo)
and

V(Hyo + Hao) = 9(Hia) + 9(Hag).
Proof. Let T = ¥(Hy1 + Hyz) — 9(Hyy) — ¥(Hia). We need to demonstrate this 7' = 0.

Utilizing the reality P,(P», Hy1,—I,—1I,...,—I) =0 and Lemma 2.1, we have
V(P (Py, Hyy + Hio,—1,—1,...,—1))
=9(P,(Py, Hy1,—1,—1,..., )) V(Py(Py, Hyg, —I,—1I,...,—1))
=P,(V(P),Hn,—1,—1,...,—1)+ P,(Py,¥(Hy),—1,—1,...,—1I)
+ P,(Py, Hyp,9(— ), ])—i— -+ P,(Py, Hyy, —1,—1,...,9(—1))
+ P,(0(Py), Hig, —1I,..., 1)+ P,(P2,¥(H12),—1,—1,...,—1I)
+ P, (Py, Hyz,V(— ), —I)+ -+ Py(Py,Hyo,—I,—1,...,9(—1))
=P, (V(P), (H11 + Hy2), —I, —1,...,=1)
+ P (P, (O(Hyy) +9(Hy)), —1,—1,...,—1)
+ P, (P2, (Hy1 + Hy2),9(—1),—1I,...,—1I)

+ o+ Po(Po, (Hiy + Hig), —1,—1,...,9(=1)).
Further, we have
W(Pp(Py, Hyy + Hyo,—1,—1,...,—1))
=P,(V(P), (Hi1 + Hy2),—I,—1I,...,—1)+ Py(P, (V(Hy + Hi2)),—1,—1,...,—1I)
+ P (Py, (Hyy + Hy2),9(—1),—1,...,—1)
+ -+ Py(Po, (Hin + Hi2), —1,—1,...,9(=1)).
On equating the above two expressions, we obtain that P,(P,T,—1I,...,—1) = 0.
This gives us Tis = Ty = Thy = 0.
Invoking the fact P, (P, — P, His,—1I,...,—1I) = 0 and using Lemma
IP,((Py — P,), Hyy + Hio, —1, ..., —1))
—I((Po(Py — P1), Hiy,—1,...,—1)) + 9(Po((Py — P1), Hip, —1,...,—1))
=P,(V(P,— P),Hy1,—1,...,—1)+ P,((P,— P,),9(Hy),—1I,...,—1I)
+ P,(Py,— Py), Hyy,9(=1I),....,—I)+ -+ P,(P,— P,),Hy1,—1I,...,9(—1))
+ Py(I(Py — Py), Hip, —1, ..., —I) + Po((Py — P,),0(Hy2), —1,..., 1)
+P,(Py,— P),Hy,9(—1),....,—1)+---+ P,(P,— P1),Hi2, —1,...,9(—1))
—P,()(Py — P,), Hyy + Hya, —1,...,~I) + Pu((Po — P,),9(Hy1) + 9(Hya),
—1I,....,- D+ P,(P,— P)),Hy1 + Hp2,9(—1),..., =)+ -+ P,((P,— P),
Hu + Hig,—1,...,0(=1)).
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On the other hand, we have

WP,((Py— Py),Hy1 + Hip,—1,...,—1))
=P,(V(P, — P\),Hy1 + Hia,—1,...,—I)+ P,((P, — P\),9(Hy1 + Hi2),—1I,...,—1I)
+ P,((Py— Py),Hy + Hi2,9(=1),...,—1)+ -+ P,((P» — P1), Hi1 + Hya,
—1I,...,9(=1)).
When comparing the two expressions above, we obtain that
P,(Py,—P),T,—1I,...,—1)=0.

This further implies that T1; = 0. Hence T' = 0, that is,
V(Hy + Hig) = 9(Hi1) + 9(Hia).
Similarly, we can show that J(His + Hay) = 9(Hi2) + 9(Haz). O
Lemma 2.4. For any Hy, € Ay, Hia € Ay and Hey € Ay, we have
V(Hy + Hip + Hyo) = 9(Hu) +9(Hiz) +9(Ha).
Proof. Let T'= ¥(Hy1 + Hig+ Hog) — V(Hy1) — V(Hia) — ¥(Hag). We show that 7' = 0.

Using the fact that P,(P;, Hoo, —I,...,—I) = 0 and Lemmas 2.1 and 2.3, we find
that
V(P (P, Hyy + Hig+ Hop, —1I,...,—1))
I(Po(Py, Hiy + Hig, —1,...,—1)) +9(Pu(Py, Hyp, —1,. .., —1))
n((ﬁ( 1), Hi1 + Hio, —I, oo, =0))+ Py(P,9(Hy + Hyo), —1,...,—1)
+ Py(P, Hiy + Hig, (=), ..., —I) + -+ Py(Py, Hyy + His, —1,...,9(=1))
+ Py(9(Py), Hoy, —1, ..., —I) + Po(Py,9(Ha), —1, ..., —1)
+ P (P, Ho, W(—1),...,—1)+ -+ P,(P1,Hy,—1,...,9(—1))
n((19(P1) Hy+ Hyo,—1,...,—1))+ P,(P,0(Hy) + 9(Hya),—1,...,—1)
4 Py(PL, Hiy + Hig, (=), ..., —I) + -+ Py(Py, Hiy + His, —1,... . 9(=1))
+ Po(0(Py), Hag, =1, ..., —1I) + Po(Py,9(Hag), —1I,...,—1)
+ P,(Py, Hyo, ¥(=1I),...,=I)+ -+ P,(P1, Hy,—1I,...,0(=1))
n((z?(Pl) Hyy+ Hio+ Hy,—1,...,—1))
+ P, (P, 0(Hyy) +9(Hia) + V(Ha), —1,...,—1I)
n(Pl, Hyy + Hip + Hop, 9(—1), ..., —1I)

<+ Py(Py, Hjy + Hig + Hoo, —1, ..., 9(—1)).
On the other hand, we have
V(P (Pr, Hyy + Hio+ Hy, —1,...,—1))
=P, ((¥(P1), Hi1 + Hioa + Hoo,—1,...,—1))
+ P,(P,9(Hy + His + Hy),—1,...,—1)
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+ P,(Py, Hyy + Hig + Hoo, O(—1),...,—1I)
+ o4 Po(P, Hiy + Hyp + Hop, —1, ..., 0(=1)).
On solving the above two expressions for V(P,(Py, Hiy + Hio + Hyo, —1, ..., —1)), we
obtain that P,(P,T,—1I,...,—1) =0 which futher implies that 77, = T15 = T5; = 0.
Using the fact that P,(P, Hi1,—1I,...,—1) = 0 and Lemmas 2.1 and 2.3, we find
that
V(P (P2, Hiy + Hig+ Hoo, —1I,...,—1))
—I(Py(Po, Hity—1, ..., —1)) + O(Pu(Py, Hio + Hogy —1,...,—1I))
:Pn((ﬁ(Pg) Hu,—l, . .,—I)) 4 Py(Pyyd(Hyy), 1. .., —1)
n<P27H117 ( I)u _[) +"'+Pn<P2,H117—[7-~->79(_[))
+ P,(V(Py), Hia+ Hog, —1, ..., —1) + P,(Ps,V(Hi2) + V(Hae),—1I,...,—1)
+ Py(Py, Hig + Hoy,O(—=1),...,—I)+ -+ Py(P2, His + Hyy, —1I,...,9(—1))
n((z?(Pg) Hyy + Hyg+ Hyp,—1I,...,—1))
+ P(Py,9(Hy1) + 9(H1a) + V(Ha),—1,...,—1)
+ P,(Py, Hyy + Hio + Hop, V(—1),...,—1I)

"+Pn(P2,H11+H12+H22,—],...,19(—])).
On the other hand, we have

V(Pp(Py, Hyy + Hig + Hog, —1,...,—1))
=P, (N P), H1n + Hig + Hy,—1,...,—1))

+ P,((Py,9(Hy1) + Hig + Ha),—1,...,—1)

+ P, (P, Hyy + Hio + Hyp, O(—1),...,—1)

+ -+ Py(Po, Hiy + Hig + Hoo, —1, ..., 9(=1)).
On comparing the above two expressions, we obtain that P,(P, T, —1I,...,—I) =0
which further implies that T55 = 0. Thus, T' = 0, that is,

U(Hyy + Hig + Hy + Hy) = O(Hiy) + 0(Hig) + 0(Hz) +9(Ha). O

Lemma 2.5. For any Hyy, H,, € Aj, we have
O(Hs + Hyp) = 9(Hio) + 9(Hiy).

Proof Take H12 = A12 — A12 and Hiz = 312 — By, for Ayy, Bis € Aqz. Using the facts
Where Hio(H,,)* — Hy Hiy = (AT, By — BI2A12) + (A2 B}, — Bi2Aj,) and making use
of Lemma 2.4, we have

9(Hiz + Hyp) + 0(Hyo(Hyp)* — HyyH)

219(]’-’12 + Hyy + His(Hy,)" — H12Hf2)



NONLINEAR LEFT BI-SKEW LIE TYPE DERIVATIONS ON x-ALGEBRAS 1611

I I
:ﬁ(Pn(@'PI+¢A12+iA;2,¢P2+¢Blg+z‘B;*2,—2,...,—2>)
I I
_P, (19(1’191) +9(idia + A7), 1Ps + 1Bia + 1By, ~ 5, . —2)
I I
L P, (z’Pl i + A1y, O(iPy) + V(iBra + iBly), ~ 5, - —2>
I I
+Pn(z'P1+iA12+iA’{2,iP2+iB12+iB’f2,z9(—2),...,—2)
I I
+---+Pn(iP1+z’A12+z’A*{2,z’P2+iBlg+iBf2,—2,...,19<—2))
o I I o T I
:?9<Pn<ZP1,ZP2,—2,...,—2>>+19<PH(ZP1,ZB12+ZB12,—2,...,—2>)
. . I I
+79(Pn<ZA12+ZA12,ZP2,—2,...,—2>>
. e N I
:ﬁ(HH) + 19<H12> + ﬁ(H12(H12)* - HiQHTZ)'
Hence, 9(Hi + Hy,) = 9(Hyo) + 9(H,,) for any Hyy, H;y € Ap. O

Lemma 2.6. For any H;;, H;i € A;; fori=1,2, we have
O(Hu + Hy) = 9(Hn) +9(Hy,)  and  9(Hay + Hyy) = 0(Has) + 0(Hay,).
Proof. Let T = 9(Hy, + H,,) — 9(Hy,) — 9(H;,), we show that T = 0. Using the

fact that P,(Py, Hyy,—1...,—1) = P,(Py, H;;,—1,...,—I) = 0 and making use of
Lemma 2.1, we obtain

O(Py(Py, Hyy 4+ Hyyy —1 ..., —1))
=(P,(Py, Hyy, —I...,—1)) +9(Py(Po, Hyy, —1 ..., —1))

=P,(9(Py), Hyy, —1,...,—I) + Py(Po, 9(Hy), —1,...,—1I)

+ Po(Py, Hyy,O(=1), ..., —I) + -+ Py(Py, Hyy, —1,...,9(—1))

+ Py ((Py), Hyy, =1, ..., —I) 4 Py(Py,9(Hyy), —1,...,—1I)

+ Pu(Po, Hyy, 9(=1), .y —=I) 4 4 Po(Py, Hyyy — 1, .. 9(=1))
=P,(9(Py),Hyy + Hyy, —1,..., 1) + Po(Py, 0(Hyy) + 0(Hy, ), —1,...,—1)

+ Py(Py, Hyy + Hy, O(=1), ..., —I) + -+ Py(Py, Hyy + Hyy, — 1, .., 9(=1)).

On the other hand, we have
O(P,(Py, Hyy + Hyy,—1...,=1))
=P,((Py), Hiy + Hyy, —1,..., 1)+ Po(Py,0(Hyy + Hyy), —1,...,—1I)
+ Po(Po, Hyy + Hy (1), ..o, —1) + -+ Py(Po, Hy + Hyy, —1, ..., 9(=1)).
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Comparing the above two expressions, we find that P, (P, T, —1,...,—I) = 0, which
giVGS us T12 = T21 = T22 = 0.
Next, we show that T7; = 0 Let X = Ay — A12 for any A € A9 and it is easy

to observe that P, (X, Hy1, — ,...,— D P,(X, Hyy, — ,...,—%) € Aiz. Thus, using
Lemma 2.5, we find that
I I
( <X H11+H11, 2,,—2>>
I / I I
—ﬁ(P <X Hll’ 2’...,_2)> +19<Pn(X7H11,_2,...7_2>)
I I I I
(9(X), Hity —=o o == )+ P (X, 9(H ), ==, =
(19( th g 2) * I(Hn), =3 2)
I I I I
+pn(X7H11779<_2>77_2>++Pn(X7H117_27719(_2)>
/ I I / I I
+Pn<19(X),H117_27...,_2)+Pn<X719(H11>,_2,...,_2>
/ I I / I I
+Pn(X7H11,’l9< 2)7 7_2> + "+Pn<X7H11,—2,...719(—2)>
/ I / I I
_ P, (9(X), Hyy + H.,, —=, ,—) 4P, (X O(Hi) + 0(H]), — 5, ,—2)
/ I I
+Pn(X,HH+H11,z9<—2),...,—2>
/ I I
+ --+Pn<X,H11+H11,—2,...,z9(—2)).

On the other hand, we have

, 1 1
19(Pn(X,H11+H11,_2,...7—2>>

/ I 1 / 1 I

:Pn<q9(X),H11 + Hyq, —gre —2) + Pn<X,z9(HH + Hy,), —gr —2>

/ 1 1

et A~ D)D)
2 2
/ I 1
+"'+Pn<X7H11+H11,_2,...’19<_2)).
From the last two expressions, we get P,(X,T, —é, ce —%) = 0, on solving further,

we obtain —X7T' + TX = 0. Multiplying by P and P, from left and right, we obtain
PTP,AP, =0 for all A € A. Application of the condition (#) yields T3; = 0. Hence,
T =0, that is, 9(Hyy + Hy,) = 9(Hy) + 9(H,,). Symmetrically, we can prove that
O(Has + Hyy) = 0(Haz) + 0(Hyy). D

Lemma 2.7. ¢ is additive on A~.
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PT‘OOf. For any H,K c .A_, we have H = HH +H12 +H22 and K = KH +K12 +K22.
With the help of Lemmas 2.4, 2.5 and 2.6, we obtain
Q9(H + K) :19(H11 ‘|‘ H12 + HQQ + KH + K12 + K22)
=0(Hy1 + K1) + 0(Hig + Kia) + 9(Hae + Ka2)

(
=0(Hi1) + V(K1) + V(Hiz) + 9(Kq2) + 9(Hag) + V(Ka2)
(
(

=0(Hyy + Hyg + Ha) + V(K1 + Ko + Ka))
=v(H) + J(K). O
Lemma 2.8. J(—1) =
Proof. Using Lemmas 2.2 and 2.7, it follows that 2"~V = P, (V, -1, —1,...,—I) for
any V € A~, we have
2" (V) =9(P(V, —1,—1,...,—1)).
=P,(0(V),—1,—1,....,—1)+ P,(V,9(=1I),—1,...,1)
+ P, (V,—-1,9(-I),....,—-I)+---+ P, (V,—I,—1I,...,9(=1))
=2""19(V) + 2" % (n — D){—-AI(~1) —I(-1)*V}.

On simplifying further, we obtain
0=Vi(=I)+I9(-1)V.

Taking V' = il in the above expression, we obtain ¥(—1) = —¢(—1)*, which implies
V(—=1I) € A~. We have now ViI(—1I) = 9(—I)V for all V € A~. For every F € A,
we have F' = F| + 1F5, where I} = F’ZF* c A” and F, = % € A~. Thus, we get
Fy(—1I) =9(—I)F for all F' € A, this further implies that

(2.1) W-=I)e Z(A)NA".
Using Lemmas 2.1 and 2.2, it follows that 0 = P,(V,—il,—I,...,—I) forany V € A~
we have
0 =0(P,(V,—il,—1I,...,—1))
=P,(0(V),—il,—1I,...,=1)+ P,(V,9(=1),—1I,...,I)
+ P,(V,—-1,9(—il),...,—I)+---+ P, (V,—il,—1,...,9(—1))

=2"" 2=V I(—il) — I(—il)*V).
By following similar steps as done earlier, we get
(2.2) (—il) e Z(A)NA™.
Assume ¥(P;) = Ly + iLs, where Ly, Ly € AT, with the help of equation (2.1) and

fact P,(—1I, P, —é, ce —é) =0, we get

1 1
=9(P,( ~IP,—=,... —=
0 19( n( sy L1 27 ) 2))
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I i I I
:Pn(ﬁ(—l),Pl,—Q,...,—2> +Pn<—l,19(P1),—2,...,—2>
I I I i
+Pn<—I,P1,19(—2),...,—2> +~~+Pn<—I,P1,—2,...,19<—2))

— —20(—=1)P, — 2iL,.

Thus, we obtain

(2.3) W(P) = Ly — 9(—=1)P;.
With the help of equations (2.2) and (2.3) and fact P,(—il, Py, —1I,...,—1) =2""14%P,
we obtain
2" 1P =9(P,(—il, P, —1I,...,—1))
=P,(W(=il), P,,—1,...,—I)+ P,(—il,9(P),—1I,...,—1I)
+ P (=i, P,9(=1),...,— 1)+ -+ Py(—il, P,,—1,...,9(—1))

= - 2" W(—i )P, + 2" YL,

On solving further, we obtain

(2.4) V(iPy) = —9(—il )Py +iLy.
Applying (2.3) and (2.4), we get
2" Y(iP) =9(P,(Py,iP,,—1,...,—1))
=P,(9(Py),iP,,—1I,...,—I)+ P,(P,0(iP),—1,...,—I)
+ Py(Py,iPL (=), =)+ + Po(Pr,iPy, —1, ..., 0(=1))

== 2" (—il) P+ 2" Yi(P Ly + Ly Py).
Therefore, we get
(2.5) V(iP) = —9(—=il)P, +i(P Ly + L1 Py).
Comparing (2.4) and (2.5), we obtain Ly = Py L1+ L, Py, implies P, L1 P; = P, P, = 0.
Invoking the last relation in (2.3), we obtain
(2.6) WP) = P L1Py+ Pl Py — 9(—1)Py.

Taking X = Ay — A}, for any Ao € Ao, then X € A™. Invoking Lemmas 2.2
and 2.7, we possess

2" 29(X) =9(P,(P, X, —1I,...,—1I))
=P,(0(P), X, —1I,...,—1)+ P,(P,0(X),—1I,...,—1I)
+ P(P, X, 9(=1),...,—I)+ -+ P, (P, X,—1,...,9(—1))
=2"2(I(P)* X + XI(P)) + 2" 3(Pd(X) + 9(X)Py).

Accordingly, we get
(2.7) HX) =09(P)* X + X9(P) + Pd(X) + 9(X)Py.
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Multiplying (2.7) by P, and P, from left and right, respectively, and applying (2.6),
we obtain ¥(—1)Aj. Implementation of the condition (#) gives us ¥(—1)P; = 0,
employing (2.1) and condition (#) in the last relation, we get J(—I1)P, = 0, finally
we obtain J(—1) = 0. O

Lemma 2.9. For any S,S;,5, € AT
(1) 9(S)" = 0(9);
(2) 9(iS) = i9(S) — IH(—il)S;
(3) ¥ is additive on A™;
(4) 9(Sy 4+ iS2) = ¥(S1) +i9(S2) — H(—il)S,.

Proof. (1) Using the fact that P,(—I,S,—1,...,—I) = 0 and Lemma 2.8, where
S € AT, we obtain

0=0(P(—1,5,—1,...,—1)) = Po(=1,9(5),—1,...,—I) =2"2((S)" = 9(9)),
which allows us 9(5)* = 9(9).

(2) Using the fact that P,(—il,S,—1I...,—I) = 2""1S, together with Lemmas 2.7,

2.8 and equation (2.2), where S € A", we obtain
2" 19(iS) =0(P,(—il, S, —1I...,—1I))

—Py(I(—il), S, — 1, ..., )+ Po(—il,0(S), —1,..., 1)
=2""1(9(S) — I(—il)9),

which gives us

(2.8) 9(2S) = i9(S) — I(—iI)S.

(3) For any S1, S, € A', invoking Lemma 2.7 and (2.8), we have
9(iSy +iSs) =0(iS1) + 9(iSs) = i0(Sy) — V(—il)Sy + i9(Ss) — I(—il)Ss.

On the other hand, we have 9(i(S, +.52)) = 19(S1 +S2) —(—il)(S; + S2). Comparing
the above two expressions for 9(i(S; + S2)), we obtain ¥(S; + S3) = ¥(S1) + V¥(Ss).

(4) Using the fact that P,(S; + @Sy, —I,—1I,...,—I) = 2"714S,, together with
Lemmas 2.7, 2.8 and (2.8), where 51,52 € AT, we obtain
2" 1(i9(Sy) — I(—il)Sy) =2""19(iSy) = V(Pp(Sy + 1S, —1,—1,...,—1I))
=P, (9(S) +iSs), I, —1,...,—1I)

=2""2(9(S) +iSy) — V(S +iS)%).
Thus, we have
(2.9) 2" (19(Sy) — I(—il)Sy) = 2" 2(I(S) +iSy) — I(S; +iSy)*).
Invoking the fact that P,(—il,S; + iSe, —1I,...,—I) = 2"7%S; and using Lem-
mas 2.7, 2.8 and (2.2), (2.8), where S, S, € AT, we obtain
2" 1 (i9(Sy) — I(—il)Sy) =2""19(iS,)
=0(P,(—il,S1 4+ 1Ss,—1,...,—1))



1616 M. ASHRAF, M. A. MADNI, AND M. R. MOZUMDER

=P, (¥(—il),S; +iSa, —1I,...,—1I)
+ P, (—il,9(S1 +iS3),—1,...,—1I)
= — 2" 1Y(—i) Sy + 2" %(V(S) +iSs) +9(Sy +iS2)*).
On solving further, we obtain
By adding (2.9) and (2.10), we get 9(S; + iS3) = 9¥(S1) + i(S2) — ¥(—il)Ss. O
Lemma 2.10. For all A€ A
(1) 9(A") = I(A)";
(2) ¥ is additive on A.
Proof. (1) For A € A, we have A = A;+iA,, where Ay, Ay € AT and using Lemma 2.9
and (2.2), we obtain
V(A)" =0(A1 +iAs)" = (J(A1) + id(A2) — I(—il)Az)"
=0(A;) — i¥(Ag) + ¥(—il) Ay = V(A1 +i(—Ay)) = V(A — i) = ¥(AY).
(2) For A, B € A, then A = A; +iAy; and B = By + iBy, where Ay, Ay, By, By € A™.
Using Lemma 2.9, we obtain
YA+ B) =0(A; + 1Ay + By +iBsy)
=0(A; + By) + i0(Ay + By) — 9(—il) (A + By)
=0(A1) + I(By) + i¥(Az) + id(Bg) — H(—il) Ay — I (—il)(B2)
=(0(A1) +10(As) = V(—il)Az) + (J(Br) + 10(Bs) — O(—il) By)
=9(A) + I(B). O
Lemma 2.11. Forall Ac A
(1) 9(—il) = 0;
(2) V(iA) =i9(A).

Proof. (1) Equation (2.4) implies

(2.11) V(iP) = —9(—il) Py + i(P L1 P, + P,L1 Py).
Observe that P, (iPy, (Aja—AL,), =1, ..., —1) = —=2"%i(A;p+ A},), for any Ajy € Apo.
Using Lemmas 2.8,2.9 and 2.10, we find that
—=2"729(i(Are + Al)) =O(Pu(iPy, (Arg — ATp), =1, —1))
=P, (V(iP), (A — Aly),—1I,...,—1I)
+ P, (iP,0(A1s — AYy), —1,...,—1I).

Using (2.11), in the above expression, we obtain

—2n_219(i(A12 + ATQ)) :2n—2 (19(—@])1412 - iPQLlAlg + Z.PlLlATQ —|— iA12L1P1
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+ Aj0(—il) — 1Al L1 Py — iP19(Aqa) + i Py (Age)”
— i)( A1) Py + i0(A1) Py).
On the other hand, we have
—2"2(i(Arg + ATp)) = — 2" 20 (Ary + ATy) + 9(—il)(Arg + Aly).
Comparing the above two expressions, we obtain
—i9(Aa) — i0(Ara)* + I(—il) Ay + I(—il) A},
=0(—il)A1g —iPaL1Ayg +iP L1 Aly + 1 A1o Ly Py + Aj,0(—i)
— @AY, L1 Py — iPyY(Ass) + iP19(An)" —id (A1) Pr + id(Ag2) P

Multiplying the above expression by P, and P, from left and right, respectively, we
obtain

(2.12) P9(A2)*Py = 0.
Alternatively observed that P,(iPy,i(A + A3y), —1,...,—I) = 2" 2(Ap — A}y), for
any Ajs € Ajs. Using Lemmas 2.8,2.9 and 2.10, we find that
2" 29( Ay — ALy) =0(P,(iPy,i(Ap + ALy, —1,...,—1))
=P,(0(iP),i(Aia+ A%y),—1,...,—1I)
+ P, (iPy, 9(i( A1 + AYp)), —1, ..., —=1).

Using (2.11) in the above expression, we obtain
19(1412 — ATQ) :Zﬁ(—ZI)Am + P2L1A12 + P1L1A>{2 — ’L'A12L1P1
— 1AL (—il) — 1A, L1 Po 4+ Pid(Asg) + Pro(Are)”
+ ZP119(—Z])A12 — 19(A12)P1 — 19(A12)*P1 — 219(—21)14;2
Multiplying the above expression by P; and P, from left and right, respectively, and
applying (2.12), we obtain J(—il)A;2 = 0. Implementation of the condition (&)
gives us J(—il)P; = 0, employing (2.2) and condition (#) in J(—il)A;s = 0, we get
Y(—1)P, = 0, hence we obtain J(—il) = 0.
(2) Applying the fact ¥9(—il) = 0 in the Lemma 2.9 (2), we obtain 9(iS) = i9(S)
for all S € A*. Let any A € A then A = Ay + 1Ay, where Ay, Ay € AT
V(iA) =0(iA) — Ag) = V(1A;) + V(—Az) = 19(A1) — 9(A,)
Lemma 2.12. Y(AB) = 9(A)B + AY(B), for all A, B € A.

Proof. For any A, B € A, applying the fact
P.(AiB,—1I,...,—I) =2""%(A*B + B*A),
and using Lemmas 2.8, 2.10 (2) and 2.11 (2), we obtain
2" 209(A*B + B*A) =0(P,(A,iB,—1,...,—1))
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=P,(V(A),iB,—1,...,—1)+ P,(A,9(iB),—1,...,—1I)

=2""%{(9(A)*B + B*9(A)) + 2" %i(A*I(B) + 9(B)* A).
Hence, we obtain
(2.13) V(A*B + B*A) =0(A)*B + B*Y(A) + A"J(B) + J(B)*A.
Implementing the fact P,(A, B,—I,...,—I) = 2" %(A*B — B*A) and using Lem-
mas 2.8 and 2.10 (2), we obtain

2" 2Y(A*B — B* A) V(P.(A,B,—I,...,—1))
P,(¥(A), B ..,—I)+Pn(A,19(B),—[,...,—I)
=2"" 2(19(A) B - B*q?(A)) + 2" (A*(B) — 9(B)*A).

Therefore, we obtain

(2.14) 9(A*B — B*A) =9(A)*B — B*Y(A) + A*0(B) — 0(B)* A.
Adding equations (2.13) and (2.14) and adopting Lemma 2.10 (1), we obtain
V(A*B) =9(A")B + A™J(B). O

Accordingly, we obtain ¥(AB) = ¥(A)B + AJ(B).

Invoking Lemmas 2.10 and 2.12, we obtain that 1 is an additive *-derivation on A.
Hence, the proof of Theorem 2.1, is completed.

3. COROLLARIES

Recall that an algebra A is prime if for any o, € A, aAf = {0} implies that
either « = 0 or § = 0. It is simple to check that every prime *-algebra satisfies (#).
Hence, as a direct significance of Theorem 2.1, we have the following result.

Corollary 3.1. Let A be a unital prime *-algebra containing a nontrivial projection.
Then, a map ¥ : A — A (need not be linear) satisfies

Py (M, Aoy oy A ZP ALy At 9O, Aty -5 An),

for all Ay, Ao, ... Ny, € A if and only if 9 is an additive x-derivation.

It is commonly known that a factor von Neumann algebra is prime, thus, it always
satisfies (#). Thus, due to the quick aftereffects of Corollary 3.1, we obtain the
subsequent result.

Corollary 3.2. Let A be a factor von Neumann algebra with dim(A) > 2. Then, a
map ¥ : A — A satisfies

H(Py(A, Azy oy A ZP Ay Ay OO, At -+ An),

for all Ay, Na, ..., N\, € A if and only if 9 is an additive x-derivation.
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Further, it is well-known that every von Neumann algebra with no central summands
of type I; satisfies (#) (see [3,8] for details). Therefore, applying Theorem 2.1, we
have the following result.

Corollary 3.3. Let A be a von Neumann algebra with no central summands of type
I;. Then, a map ¥ : A — A satisfies

IPO Ao A)) =3 PaChi o A, 9O, A A,
i=1
for all Ay, Ao, ... Ny € A if and only if ¥ is an additive x-derivation.

4. CONCLUSION

In this paper, we have studied nonlinear left bi-skew Lie n-derivations on arbitrary
x-algebras. In fact, it is shown that, under certain assumptions, every nonlinear left
bi-skew Lie n-derivation on a unital x-algebra is an additive x-derivation.
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SELECTION PRINCIPLES IN TOPOLOGICAL VECTOR SPACES
ULUKBEK SAKTANOV! ELNURA ZHUSUPBEKOVA?, AND BEKBOLOT KANETOV?

ABSTRACT. This paper investigates bounded, M-bounded, H-bounded, R-bounded
topological vector spaces. The most important properties and characteristics of
these classes of topological vector spaces are established.

1. INTRODUCTION

Recently the theory of selection principles has been intensively developing in topo-
logical spaces, in topological groups, in uniform spaces etc.

Significant contributions to the theory of selection principles of choice were made
in [1,3,6-13] and others.

A good overview of the very extensive literature on selection principles is contained
in [3,10].

Lj.D.R. Koc¢inac [3] found uniform analogues of the most important properties of the
selection principles: uniformly Menger spaces, uniformly Hurewicz spaces, uniformly
Rothberger space etc. These properties are considered as types of totally bounded
uniform spaces, for example, the uniformly Menger space occupies an intermediate
place between totally bounded and w-bounded spaces. To each selection property of
a uniform structure defined above can correspond game.

In this paper we study important properties of the bounded, M-bounded, H-
bounded and R-bounded topological vector spaces.

Key words and phrases. Boundedness, M-boundedness, H-boundedness, R-boundedness.
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2. PRELIMINARIES AND DENOTATIONS

For covers o and 8 of a set X, we have: a A = {ANB : A € a,B € [}.
a(z) = USt(a,x), Stlayz) = {A € a: Asz}, v € X, a(H) = USt(a, H),
St(a, H) = {A € a: ANH # 0}, H C X. For covers a and 3 of the set X, the
symbol a > [ means that the cover « is a refinement of the cover 3, i.e., for any
A € «a there exists B €  such that A C B and, the symbol a* > J means that the
cover « is a strongly star refinement of the cover 3, i.e., for any A € « there exists
B € 3 such that a(A) C B.

Recall that a uniform space (X, U) is called:

(a) totally bounded, if each o € U has a finite set H C X such that a(H) = X [2];

(b) precompact, if the uniformity U has a base consisting of finite covers [2];

(c) w-bounded, if the uniformity U has a base consisting of countable cover [2,3];

(d) uniformly locally compact, if the uniformity of U contains a uniform cover

consisting is compact sets [2];

(e) has the uniform Menger property, if for each sequence («, | n € N) C U there
is a sequence (f3, | n € N) such that for each n € N, 3, is a finite subset of «,
and Upen B is a cover of X [3];

(f) has the uniform Hurewicz property if for each sequence (v, | n € N) C U there
is a sequence (3, | n € N) such that each 5, is a finite subset of a,, and for
each x € X we have x € J 8, for all but finitely many n [3];

(g) has the uniform Rothberger property if for each sequence (o, | n € N) C U

there is a sequence (A, | n € N) such that for each n € N, A, € «, and

Uner A = X [3].

Let f: (X,U) = (Y,V) be a uniformly continuous mapping of a uniform space
(X,U) onto a uniform space (Y, V). The mapping f is called precompact, if for each
a € U there exist a uniform cover § € V and a finite uniform cover v € U such that
fIB Ay = a2

For the uniformity U by 7y we denote the topology generated by the uniformity.

A topological vector space L is said to be

(a) M-bounded if for each sequence (U, | n € N) of 0-neighborhoods in L there
exists a sequence (A, | n € N) of finite subsets of L such that L = U, ey An+Un;

(b) H-bounded if for each sequence (U, | n € N) of 0-neighborhoods in L there
exists a sequence (A, | n € N) of finite subsets of L such that each z € L
belongs to all but finitely many A,, + U,;

(¢) R-bounded if for each sequence (U, | n € N) of 0-neighborhoods in L there is
a sequence (A, | n € N) of elements of L such that L = U, en(zn + U.,).

In other words topological vector space L is said to be M-bounded (H-bounded, R-
bounded), if (L, U) a uniformly Menger (uniformly Hurewicz, uniformly Rothberger)
space with respect to the uniformity U.
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3. RESULTS
Let L be a topological vector space (TVS).
Proposition 3.1. Any totally bounded TVS L is M-bounded.

Proof. Let L be a TVS. We will prove that it is M-bounded. Let (ayw, | n € N) C U be
an arbitrary sequence of uniformly cover, where W,, is O-neighborhood in L. Then, for
any 0-neighborhood W, there exist a 0-neighborhood W)/, such that W) + W/ C W,,.
Clearly, Bw:* = aw,. Therefore, for each n € N there exists a finite set M, C L,
such that Bw. (M,) = L. Put Bw,(M,) = Ule{ﬁwé(mi) :x; € M,}. For each
ﬁWi/(x) choose W,, + z; € aw,, such that By (x;) C W, + 24, 4 = 1,2,... k. Let
oy, = Wn+x; | i =1,2,...,k). Since for each n € N the finite family af, is a
cover, then U,cy oy, = L. Therefore, TVS L is M-bounded. O

Corollary 3.1. Any compact TVS L is M-bounded.

The space of real numbers R is M-bounded TVS, but it is not totally bounded, i.e.,
not compact.

Proposition 3.2. Any M-bounded TVS L is w-bounded.

Proof. Let L be a M-bounded TVS. We will prove that it is w-bounded. It suffices
to show that the uniform space (L, U) is a w-bounded. Let ay € U be an arbitrary
uniform cover, where W, is a 0-neighborhood in L. For each n € N put aw, = aw.
Then, (ayw, | n € N) is a sequence of uniform covers. Therefore, there exists a
sequence of finite subfamilies (ay, | n € N), such that for each n € N we have
oy, C o, and U,ey oy, = X. Since for each n € N the family o), is finite, then
the family of, = (aw,, vy, .-, w,,...) is subcover of ay,. Therefore, TVS L is
w-bounded. O

Theorem 3.1. If a TVS L’ is a linearly continuous image of a M-bounded (H -
bounded, R-bounded) TVS L, then L' is also M-bounded (H-bounded, R-bounded)
TVS.

Proof. Let us consider only the M-bounded case and the remaining cases proceed
similarly. Let f : L — L' be an linearly continuous mapping of the M-bounded TVS
L to the TVS L. Since every linearly continuous mapping is uniformly continuous,
the mapping f : (L,U) — (L',U’) is uniformly continuous. Let (fBy, | n € N) be
an arbitrary sequence of elements of U’, where V,, is 0-neighborhoods in L’ and put
By, = aj-1y,, n € N. It is easily seen that we have: if V}, is O-neighborhoods
in L then f~'V, is a O-neighborhoods in L. Since (L,U) is uniformly Menger, then
there exists a sequence of finite subfamilies (a(}_lvn | n € N) such that for each n € N
a}ry, C agpy, and Upey 0}y, = L. For each n € N put fab ., = By, . Then,
f(Unen a?_lvn) = Unen foz[}_lvn = Unen By, = L', n € N. This means that (L',U’)
has indeed the uniform Menger property. Therefore, L' is M-bounded. 0J
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A TVS L is called o-totally bounded, if it can be represented as the union of
countably many totally bounded subspaces.

Proposition 3.3. Any o-totally bounded TVS is H-bounded.

Proof. Let L be a o-totally bounded TVS. We proof that L is H-bounded. Let (ay, |
n € N) C U be an arbitrary sequence of uniform covers, where V,, is 0-neighborhoods
in L and L = U Ly,en, where Ly, is totally bounded. For each n € N put a2, = ay, A
{L,}, VE» =V, N L,. Then, (OéVnLn | n € N) C Uyg, is sequence uniform covers of the
space (L,,Ur,) and V.E» is O-neighborhood in L,. Let W» be 0-neighborhood such
that WEr +Wkn C VEr. Then, Byin* = ayr.. For each n € N choose a finite subset
My, C L, such that BW#,,, (M) = U{BW#H, (%)ﬁwgn(mz),---,ﬁmfn (m)} = L,
where z; € My, , i = 1,2,...,m. Therefore, there is V.I» + z; from oz, such that
Byn (i) C Vin 42,4 =1,2,...,m. For each n € N put oz?/nLn = (Vi 42, | i =
0

y,In

each x € L is an element of |J a?/Ln for all but finitely many n. Thus, L is H-bounded.
' O

1,2,...,m). It is easy to see that each « is finite subfamily of the cover oy, ., and

Corollary 3.2. Any o-totally bounded TVS is M-bounded.
Theorem 3.2. Any countable discrete TVS is a R-bounded.

Proof. Let L be a countable discrete TVS and (aw, | n € N) C U be a sequence of
uniform covers. Since the TVS L is a countable discrete space, there exists a base
B = (aw) consisting of a countable cover ay = ({0} + z,, | x,, € L) and for each
n € N, aw > ay,. Then, we choose one {0} +x,, € ayy such that {0} 4z, C W, +x,
and U,en({0} + x,) = L. Hence, TVS L is a R-bounded. O

Theorem 3.3. For a locally compact TVS L the following are equivalent:
(1) L is M-bounded;
(2) L is w-bounded.

Proof. (1) = (2) It is evident. So, we have prove only (2) = (1). Let (aw, | n €
N) C U be a sequence uniform covers in U. We apply (2) to the countable uniform
cover By = (W + z,, | n € N) consisting of compact sets. For each n € N there
exists a finite subfamily o), C aw, such that W+ z,, C Uady, . It is casy to see that
Unen @y, = L. Consequently, L is a M-bounded. O

Proposition 3.4. Any locally compact TVS L is strongly paracompact.

Proof. Let L be a locally compact TVS and W be a compact 0-neighborhood. Then,
aw = {W + 2 : xz € L} is a uniform cover consisting of compact subsets, i.e., a
uniform space (L, U) is uniformly locally compact. Since (L, U) is strongly uniformly
paracompact [16]. Then, TVS L is locally compact and paracompact, i.e., strongly
paracompact. 0

Corollary 3.3. Any locally compact TVS L is complete.
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Proposition 3.5. The completion of M-bounded (H-bounded, R-bounded) TVS is a
M -bounded (H-bounded, R-bounded).

Proof. Let’s consider only the R-bounded case and the remaining cases proceed sim-
ilarly. Let L be a completion of the R-bounded space L and (G, | n € N) € U be
an arbitrary sequence. For each n € N, ayy,, = aw, A {L}. Then, (aw, |n € N) is a
sequence uniform covers in U. Since L is a R-bounded space, there exists a sequence
(W, + 2z | n € N) of such that for any n € N, W, + = € aw, and U,en(W,, + ) is a
cover of the space L. It is easy to see that U,cn(W, + #) = L. Thus, the completion
L is R-bounded. O

Let f: L — L’ be a linear continuous mapping of a TVS L onto a TVS L’. The
mapping f is called precompact, if the mapping f : (L,U) — (L', U’) of a uniform
space (L, U) to uniform space (L', U’) is precompact.

Theorem 3.4. Let [ : L — L' be a precompact mapping. If TVS L' is H-bounded,
then a TVS L is also H-bounded.

Proof. Let f : L — L' be a precompact mapping of a TVS L onto a TVS L' and
(o, | m € N) C U be an arbitrary sequence of uniform covers. Then, for any n € N
there exists a finite cover vy, € U and fy, € U’, such that =By, A Yw: = Qw,.
Apply to the sequence (fy, | n € N) C U’ the fact that the space (L',U’) has a
uniformly Hurewicz property we find a sequence (3}, | n € N) of finite subfamilies
such that for each y € L' we have y € U, for all but finitely many n. Note, that
for any n € N the family f~'8), A ~w; is finite and U{f~'8). Ay} = U f16) .
Next, for any f~(V,, + ;) N W) + x; € f~1 By A vn choose W, + z; € ayy,, such that
[T Ve +y) AW, + 2, C W, + ;. Put oy, = {W,, + 21, W, + 29,..., W, + 2},
f(zi) = y;. It is easy to see that for each z € L we have z € Uayy, , f(z) =y for all
but finitely many n. Therefore, L is H-bounded. 0

As it is well known, to each selection principle for topological spaces it is naturally
associated the corresponding game and often selection principles can be characterized
game-theoretically. In TVS case to each selection principle one can assign also the
corresponding game. The game M LG associated to the M-bounded property is
defined in the following way. Two players, ONE and TWO, play a round for each
positive integer. In the n-th round ONE chooses a 0-neighborhood U,, and TWO
responds choosing a finite subset A,,. TWO wins a play Uy, Ay;Us, Ao, ..., if X =
Unen An + U, and otherwise ONE wins. The games H LG and RLG associated to
the H-bounded and R-bounded properties are defined in the following way.
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LIMIT POINT ANALYSIS OF THE BROWDER SPECTRUM FOR
OPERATOR MATRICES

AYMEN BAHLOUL!

ABSTRACT. In this paper, we investigate the limit point set of the Browder spectrum
for upper triangular operator matrices M on Banach spaces. Utilizing the robust
tools and comprehensive framework of local spectral theory, we offer a detailed
analysis of this spectral feature. We establish that the relationship between the
accumulation points of the Browder spectrum o g, (M) of M and those of its diagonal
entries is encapsulated by the equation:

3
Accop,(M)UWaccoy, = U Accopr(4;),
i=1

where Wacc o, denotes a specific union of "holes* in Acc o g, (M), comprising sub-
sets within the intersection ﬂ?zl Accopy(A;). Furthermore, we delineate sufficient
conditions under which the limit points of the Browder spectrum for a 3 x 3 upper
triangular block operator matrix are precisely characterized as the union of the
limit points of the spectra of its diagonal entries. Our findings significantly advance
the understanding of the spectral properties of operator matrices, offering crucial
insights into their structure within the context of local spectral theory. Moreover,
this work extends and refines the results of A. Tajmouati et al., as presented in
[17], contributing to the ongoing development and enhancement of operator matrix
theory.

1. INTRODUCTION

Browder operators and their associated derivative sets serve as generalizations
of Fredholm and semi-Fredholm operators, as well as their derivative sets, within

Key words and phrases. Browder spectrum, upper triangular operator matrices, local spectral
theory, accumulation points.
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the framework of linear operators. This area has been extensively explored in the
literature, leading to numerous significant advancements. For a deeper understanding,
readers are encouraged to consult the references [4,9].

In recent years, operator matrix theory has gained substantial attention in both
pure and applied mathematics. As a result, numerous researchers have focused on the
spectral properties of 2 x 2 upper triangular block operator matrices, including works
by [1-7,10,17,18]. This area of study is closely tied to the exploration of Browder
operators and the development of local spectral theory.

In the field of mathematical physics, many linear evolution equations can be refor-
mulated as a Cauchy problem governed by 3 x 3 block operator matrices. For example,
such reformulations are common in equations arising from linear thermo-viscoelasticity
[14] and fluid dynamics [15]. Our motivation for this paper is to investigate why the
results presented by A. Tajmouati et al. [17] remain valid for 3 x 3 upper triangular
operator matrices derived from systems of linear evolution equations.

Accordingly, after considering on the direct sum of Banach spaces, the following
bounded 3 x 3 upper triangular operator matrix

A By O
M := 0 A2 B2
0 0 Az

This raises an important question.

Under what conditions on the entries of the operator matrices M can we obtain
a relation between the limit point set for the Browder spectrum of M and the limit
point set for the Browder spectrum of the operator entries A;, 1 < i < 3, in the form:

3
Accop, (M) C U Accop,.(A;)?

i=1
To address this question, we propose leveraging the results of A. Tajmouati et al.
in [17] after reducing the matrix form M into the the form of block 2 x 2 operator

matrix
_ (X 9
M._<Z AS),
_ (A B _ [ G _
wherex._< 0 Ag),y.—<32>and2.—<0 0).

While this approach might appear somewhat contrived and limited in scope, it is
critical to refine our analysis to achieve more comprehensive and significant results. To
achieve the best of this paper, our main objective in this work is to extend the results
obtained by A. Tajmouati et al. in [17] to the case of the 3 x 3 block operator matrix.
Specifically, we found some sufficient conditions on the entries of the operator matrices
M to assure our interest and to prove an improvement in the theory of operators
matrices and a continuation and an amelioration of the results of A. Tajmouati et al.
in [17].
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The paper’s remaining sections are arranged as follows. In Section 2, we collect
certain notes and required terminology throughout the paper and we remember some
classic definitions introducing Browder’s operator theory. The purpose of the work
presented in Section 3 is dedicated to investigate the limit point set for Browder
spectrum of a bounded 3 x 3 upper triangular operator matrix M. After checking
that the assertion Accop, (M) C U2, Accop,(A;) is always true, we investigate the
local spectral theory to prove that

Acc UBT(M) U HSVQP(A ) U Svep(A )} N Svep Ag ] U Acc UBT(AZ)

for all bounded linear operators By, By and C;. In addition, we impose sufficient
conditions on A;, for i = {1,2,3} under which the following equality Accop,(M) =

le Accop.(A;) is guaranteed. Furthermore, we prove that the passage from
Accop,. (M) to U, Accop,(A;) can be presented as well:

3
Accop, (M) UWpce oo U ccop, (A

where Wy ., is the union of certain holes in Acc o,(M), that occur to be subsets of

3 Accop,.(A;). Finally, we give sufficient conditions to reassure our desired equality.

2. PRELIMINARIES

In this section, we revisit several well-known definitions and mathematical tools
that are essential for the subsequent discussions. Throughout this paper, E denotes
an infinite-dimensional complex Banach space, and T' € L(FE), where L(F) represents
the set of bounded linear operators on E. We will use the following notations and

concepts:
A : the adjoint of T
< N(T) : the null space of T
«R(T) . the range of T

a(T) =dimN(T)  : the dimension of the null space of T}
« B(T = codimR(T)) : the codimension of the range of T}
.o(T) : the spectrum of 7.
Let us consider T a given subset of C. The following notations will be clarified:
« AccT : the set of all points of accumulation of T;
. [soY  : the set of all isolated points of T;

. T : the complement of T

. 0T : the boundary of T;

. T : the closure of T;

.Y : the polynomially convex hull of T.

Before passing to introduce the notion of Browder operators and their derivative
sets, the local spectral theory of linear operators on a Banach space is discussed in the
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following basic results, which will be utilized in the rest of this work. For additional
details, we may refer to [12,13].

Definition 2.1. Let T' € L(F).

T is said to have the single-valued extension property (SVEP for short) at 7 € C if
for every open neighborhood §, of 7, the constant function g = 0 is the only analytic
solution of the equation:

(M —T)g(\) =0, forall A €gF,.
We denote by Syep(T'), the open set of 7 € C where T fails to have SVEP at 7.
Remark 2.1. We would like to note also that 7" has SVEP if Syep(T') = 0.

Now, we introduce an important class of operators which involves the concept of
Fredholm theory.

Definition 2.2. Let E be a Banach space, we define the following.
(i) The set of upper semi-Fredholm operators on E as:
O, (E)={T € L(F) : a(T) < +o0 and R(T) is closed in E}.
(ii) The set lower semi-Fredholm operators on E as:
O_(B)={T € L(E): B(T) < +oo and R(T') is closed in E}.
Accordingly to Definition 2.2, the set of Fredholm operators on E is defined by:
O(FE) =2, (E)ND_(F)
={T € L(E): B(T) < 400, R(T) is closed in FE and B(T") < +0o0}.

Before moving to introduce some sets of Browder operators, the following quantities
will be omitted for 7' € L(E):
e the ascent of T, denoted by a(7") and defined as:

a(T) :=inf{q € N : N(T?) = N(T7)};
e the descent of 7', denoted by d(T") and defined as:
d(T) := inf{g € N: R(T7) = R(T"*")}.
Before proceeding further, we introduce the following definition.
Definition 2.3. (i) Set of upper semi-Browder operators on E is defined as:
Bry(E)={Te€L(E):Tecd (E): a(T) < +oo}.
(ii) Set of lower semi-Browder operators on E is defined as:
Br (E) ={Te€L(E):Ted_(F): dT) < +oo}.
(iii) Set of Browder operators on E' is defined by:
Br(E) :=Br_(E)N Br.(F)
={T € L(E): T € ®(E),a(T) < +o0 and d(T) < +o0}.
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Continuing in this context, we introduce the definitions of the upper semi-Browder
spectrum, the lower semi-Browder spectrum, and the Browder spectrum.

Definition 2.4. Let T' € L(F). Then, we define the following spectra:
op+(T) :={r€C:7] —T ¢ Br.(E)} — upper semi-Browder spectrum of T’
o~ (1) ={re€C:71 =T ¢ Br_(E)} — lower semi-Browder spectrum of T,
o (T):={r€C:71 =T ¢ Br(E)} — Browder spectrum of 7.
Remark 2.2. (i) It is important to point out that oz,+(T) = op,- (T*) and op,- (T) =
o+ (T*), where T* € L(E*) and 0p,.(T) = op,+(T) U og,-(T). This proves that
O'BT(T) = O'BT(T*>.
(ii) On the basis of Theorem 3.52 in [4], we have:
05r(T) = 0+ (T) USvep(T™) = o,- (T') U Svep(T).

At the moment, we introduce the following upper triangular block 3 x 3 operator
matrix defined on the direct sum of Banach spaces F @& F & G as well:

Al Bl Cl
M := 0 A2 BQ
0 0 Aj

Each operator entry of such kind of operator matrix is bounded and act on their
corresponding spaces as:

Al E—E, Ay :F—F, A;:G— G,
BliF—)E, BQZG—>F, ClG—)E

Considering the case of infinite dimensions, it is widely acknowledged that the in-
clusion, (M) C U_, o(4;), can be strict. Many mathematicians have drawn the
attention to study the defect set (Uf’zl 6(Ai)) \ (M), where & goes through various
types of spectra.

The subsequent analysis requires a crucial conclusion that stems from the following
theorem, whose formulation is inspired by the framework developed in [9].

Theorem 2.1. Let (A1, Ay, A3) € (L(E), £(F),£(G)). Then,

3
750 (M) U | [Suen(47) U Suep (43)] 01 Suep ()| = U 75,40,
i=1
for every By € L(F,E), By € L(G, F) and C, € L(G, E).

3. MAIN RESULTS AND PROOFS

In order to obtain our first result. We start by introducing the following diagonal
operator matrix denoted by Mg expressed as well: My := diag (A, As, A3).
Our first lemma reads as follows.
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Lemma 3.1. Let (A1, Ay, As) € (L(E), £(F), £(G)). Then, for every By € L(F, E),
By € L(G,F) and Cy € L(G, E) we have:

o (M) C o, (Maq) = L_J opr(4).

Proof. We start with the following factorization of the operator matrices M% written
as follows:

(3.1) M% =91 M D5, for every k € N*
I 0 0 I 0 0

where: ©,:=1 0 kI 0 and ®q:= | 0 %I 0 )
0 0 kI 0 0 I

Since ||[My/, — Mq|| — 0 as k — +o0, and given that the Browder spectrum op, is
upper semi-continuous (see Theorem 2 in [16]), it follows that op,.(M) C op,(Ma).
The second equality is evident. 0

Currently, we express the following proposition which will be widely used in the
sequel.

Proposition 3.1. Presume that:
(1) (A1, Ag, A3) € (L(E), £(F), L(G));
(ii) (By, By, C1) € (L(F, E), £(G, F),£(G, E)).

Then, we have:

3
Accop, (M) C Accop,(Mq) = U Accop(4;).
i=1
Proof. Tt is obvious that Accop,(Mq) = U?_; Accop,(A;), since we have og,(Mq) =
UL, o5,(A;). Without loss of generality, let consider 0 € U2, Acc op,(A;), then, there
exists a > 0 such that 71 — Ay, 7] — Ay and 71 — A3 are Browder operators for every

7, 0 < || < . Furthermore, according to Lemma 3.1, we get 71 — M is Browder for
every 7, 0 < |7| < a. This concludes that 0 & Accopg,(M). O

The presented example illustrates that the inclusion Acc o, (M) C U?_; Accop,(A;)
can indeed be strict, meaning that the accumulation points of the Browder spectrum
of M may not coincide with the union of those of its diagonal entries.

Example 3.1. Let Ay, Ay, A3, Cy € L£(?) be defined by:
Alek = Azek = €41, Bl = BQ = 0, Ol =¢ ® €o, Ag = AT,

where {e }ren is the canonical orthonormal basis of the Hilbert space 2,
It is well known that op,. (A1) = 0p,(A2) = {7 € C: |7| < 1}, hence

Accop, (A1) = Accop.(Ay) = {r € C:|1] < 1}.
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Since the operator matrix M constructed from these entries is unitary, it follows
that Accop,(M) C {7 € C: |r| = 1}. This implies that 0 ¢ Accop,(M), although
0 € UL, Accop(4;).

We also remark that the operator A3 = A} does not possess the Single-Valued
Extension Property (SVEP).

In what follows, we introduce the following definition and we state our next lemma
which plays a crucial role in proving our next result.

Definition 3.1. Let 7' € L(FE). We say that the operator T has the property (Br®)
at 7 € Cif 7 ¢ Accop,(T).

Lemma 3.2. If any three of operators Ay, As, As, and N have the property (Br®) at
0, then the fourth does as well.

Proof. (i) If the operators A;, Ay and Az have the property (Br®) at 0, then, according
to Proposition 3.1, M has the property (Br®) at 0.

(ii) If the operators A;, A2 and M have the property (Br?) at 0, this means 0 ¢
Accop, (A1), 0 € Accop,(As) and 0 € Accop,(M). Hence, there exists a > 0 such
that 7/ — Ay, 71 — Ay and 71 — M are Browder operators for every 7, 0 < |7| < a.
Thus, by combining Proposition 3.5 in [8] and Corollary 5 in [11], we obtain that
71 — Aj is Browder operator for every 7, 0 < |7| < «, that is 0 € Accop,(A3).

(iii) If the operators As, A3 and M have the property (Br?) at 0, then A; has also
the property (Br®) at 0. We adopt the same reasoning treated in the previous case.

(iv) If Ay, A3 and M have the property (Br®) at 0, then A, has the property (Br®)
at 0. The proof is similar to (ii). O

Our next aim in this section is to prove our first main result by means of localized
SVEP. This theorem will guide us to a sufficient condition that guaranties the desired
equality shown in Corollary 3.1.

Theorem 3.1. Assume that:
(i) (A1, Az, As) € (L(E), £(F),£(G));
(i) (By, By, C1) € (L(F, E), £(G, F),£(G, E)).

Then, we have:

_ - 3
Acc O’Br(M) U [Svep (AI) U Svep(Ap} N Svep(Ag) = U Acc UBr(Ai)-
i =
Proof. Theorem 2.1 shows that

1 3

[SVGP(AD U Svep(A;ﬂ N Svep(A3) = Ql O'Br(Ai>7

for every By € L(F, E), By € L(G, F) and C; € £L(G, E). Hence,

O'BT(M) U

U Accon(49) = {75 (M) U [ (Suep (A7) USuep(45)) N Suep ()] }

=1
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(3.2) N {CJ ISOUBT(AZ»)}C.

=1

In addition, it is obvious that

(3.3) [ (Svep(A}) U Syep(43)) N Syep(As)] € L_J cca(A;) C | Accop,(A))

and N
[ (Suep (A7) U Suep(43)) N Svep(As)| = [ (Svep (A7) U Suep(A45)) N Syep(A3))]

(3.4) N { CJ Iso UBT(Ai)}C .

i=1

First, we need to demonstrate that

{omn00) U [[Bvepca) USven(45)] nvep()] } {U IsooBr<Ai>}c

gACC O'B,«(M) U [[Svep(A ) U Svep(A )} N Svep<A ):|

As a matter of fact, let 7 & Accopg,(M)U HSVGP(A{) U Svep(Ag)} N Svep(Ag):| . With-
out loss of generality, we can suppose that 7 = 0. Hence, 0 ¢ Accopg,(M) and

0¢& Hsvep( 1) U Svep(45 )} N Svep(Ag)} . Thus, there exists a > 0 such that 77 — M
is Browder for every 0 < |7| < a. Therefore, for every 0 < |7| < «, 7] — Aj3 is lower

semi-Browder operator and 71 — A; is upper semi-Browder operator. Consequently,
0¢ {Acc o+ (A1) NAccog,+ (Ag)} U Accop,-(Asz). On the other side

0¢ [[Svep( 1) U Svep (45 )} N Svep(As)}

There are two possible cases.

e CASE 1: 0 ¢ SVGP(AT) N Svep(Ag).

.0 € O—BT‘<AT) N OBT(A3>'

We keep into account that op, (A7) = Svep(A]) Uog,-(A]). So, if 0 € op,(A]) then
0 € op,-(A}). Since 0 € Accog,+(A1) = Accop,-(A}), we obtain that 0 is an isolated
point of op,- (A7). Furthermore, Svep (A7) C op,(A]) = 0p,- (A}) U Svep(A}), thus
OSvep(A7) € op,-(A}). Since O'BT(A ) = Svep(A}) Uop,—(A}) and 0 € Isoop,- (A}).
Therefore, 0 is an isolated point of op,.(A;) = op.(A}). On the other side, if 0 €
opr(As) then 0 € og,-(A3). As 0 € Accop,-(As), it follows that 0 € Isoog,-(As).
This shows that 0 € Isoop,(As3).

0 §Z O'BT<AT) N O'BT(A3>.

If 0 € op-(A}) Nopr(As). Then, 0 & op,.(A}) = 0p-(A1) and 0 € op,(A;3). Hence,
0 & Accop,(A1) and 0 & Accop,(A;s). This proves that 0 € Accop,(As). So either
0¢& op.(Ay) or 0 € Isoop,(As), i.e., 0 & op,.(M) or 0 € Isoop,(As).

e CASE 2: 0 §Z Svep(Aé) N Svep(Ag).
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We adopt the same reasoning treated in the first case. It suffices to replace A; by
As.
On the basis of Proposition 3.1, (3.2), (3.3) and (3.4), we get:

U Accom () {7300 U [ (Suep(A]) USuep(45)) N S (43)] 1 { U Tso o (A1) }

i=1 =1

C Acco (M) U [ (Suep (A7) U Suep(A5)) N Suep(As)]

3
C U Accop,(A;).
i=1
Thus, we complete the proof. 0

Taking into account the previous theorem, the following corollary provides a suffi-
cient condition which ensures that Accopg,(M) = U:_, Accop,(4;) for every bounded
operators (By, B, Cy) € (L(F, E), L(G, F), £(G, E)).

Corollary 3.1. Suppose that:

(i) (A1, Az, As) € (L(E), L(F),£(@));

(1) [Suep (A7) U Seep(43)] N Suep(As) = 0.

Then, for every By € L(F, E), By € L(G, F) and C, € L(G, E) we have:

3
Accop, (M) = U Accop,(4;).

i=1
Remark 3.1. The above result makes it easy to confirm that the limit point set of the

Browder spectrum of the operator matrix M is the union of the limit point set of the
Browder spectrum of its diagonal entries if A3 has SVEP or A} and A} have SVEP.

The efficacy of the previously presented result is illustrated by the following example,
which serves as a direct application of Corollary 3.1.

Ezample 3.2. Let consider 8, the simple unilateral shift operator defined on ¢?(N).
We define also the following operators as follows:

A= (8, ®8,) +21, Ay:=8,®8," and Az:=(8,®8,") -2l
Then,
op(A) ={reC:0<|r -2/ <1},
ope(Ay) ={reC:0< || <1},
op(A3) i ={reC:0<|r+2| <1}.
It follows that:
Svep(A1) :={r€C:0< |t -2 <1},
Svep(Ag) == {7 €C:0< || <1},
Svep(A3) :={re€C:0< |7+ 2| < 1}.
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Consequently, [Svep(A ) U Svep (A5 )} N Svep(As) = (0. This proves that

Accop,. (M) = U Accop.(A;).

i=1
The next two lemmas are the key to our second main outcome and are founded
in [17]. We consider two compact subsets U,V C C such that U C V.
Lemma 3.3. Assume further that OV C U. Then, 0AccV C AccU.
Lemma 3.4. Assume further that n(U) = n(V). Then, n(AccU) = n(Acc V).

Finally, we are in a position to prove the following theorem which says that
the passage from U} , Accop,(A;) to Accop,.(M) is the punching of some set in
N2_, Accop,(4;).

Theorem 3.2. Imply that:
() (A1, A5, 4g) € (L(B), £(F),L(G));
(ii) (By, B2, C1) € (L(F, E), £(G, F),L(G, E)).

Then, we obtain:
3
Accop (M) UWp o om = U Accop,(4;),
i=1

where WACCUB is the union of certain holes in Accop, (M), that occur to be subsets
of N2_, Acc op,(4;).

Proof. First notice that the inclusion

Accop, (M {ﬂ Accop,(A; } C U Accop,(A;)

=1 =1
holds for every By € L(F, E), By € L(G, F) and C; € L(G, E).
The reverse inclusion follows from the following equivalence:

T & Accop,. (M) U {ﬂ Acc UBr(Ai>}

i=1

& 7€ {Accop, (M) NAccop (A1)} or 7€ {Accop,(M)°NAccop.(A2)}
or 7€ {Accop,(M)°N Accop,(A3)°}

& 7€ Accop, (A1) and T € Accop,(A2)° and T € Accop,(A3)¢ (Lemma 3.2)

< 7¢ | JAccop, (A).

=1

We deduce that
(3.5) Accop,(M { ﬂ Accop,(4A; } U Accop,(A;).

=1 =1
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Moreover, getting inspired by the proof of Theorem 2.6 in [18] and by applying
Lemmas 3.3 and 3.4, we get

0 <ﬂ O-BT<A’£>> Copr (M),

(3.6) n (Accop,(M)) =n (O Acc OBT(Ai)> :

i=1
Consequently, (3.6) proves that the passage from Accog, (M) to UL, Accop,(4;) is
the filling in certain of the holes in Acc op,(M). But, ( 3 Acc UBT(Ai))\Acc o (M)
is contained in N?_, Accop.(A;), according to (3.5). This shows that the filling in
certain of the holes in Acc o, (M) should take place in N;_, Accop,(4;). d

Nevertheless, we have the following corollary.

Corollary 3.2. Suppose that:
(i) (A1, 4o, A5) € (£(E), £(F), £(G));
(ii) N?_, Accop.(A;) has no interior points.
Then, for every By € L(F,E), By € L(G,F) and C, € L(G, E) we have:

3
Accop, (M) = | Accop,(A)).
i=1

We would like to finish this work with the following question.

Question 3.3. Let consider the following bounded full 3 x 3 block operator matrix

- A1 Bl BQ
M := Cl A2 Bg
Cy C5 As

The following question is being asked: what are the conditions that will be placed
on the input parts of the operator matrices M to achieve that

3
Accop, (M) = | Accop,(A;)?

=1
4. CONCLUSION

In this paper, we investigated the accumulation points of the Browder spectrum
for 3 x 3 upper triangular operator matrices acting on Banach spaces. By applying
the tools of local spectral theory, we established a precise relationship between the
accumulation set of the matrix and those of its diagonal entries. In particular, we
described the structure of a supplementary set of “holes” that appear within the
intersection of the accumulation points of the diagonal Browder spectra, allowing us
to characterize the accumulation behavior of the full matrix spectrum. Our results
provide a refined description that extends the work of A. Tajmouati et al. [17] by
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considering a more general setting and offering a deeper analysis of the spectral
accumulation structure. This contribution enhances the understanding of spectral
properties of operator matrices and may serve as a foundation for further developments
in the theory.

Acknowledgements. I would like to express my sincere gratitude to the editor and
both reviewers for their careful reading and insightful suggestions, which have greatly
contributed to improving the clarity and overall quality of this paper.
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ERROR ANALYSIS OF THE SEMI-DISCRETIZED DOUBLY
NONLINEAR NON-LOCAL THERMISTOR PROBLEM

IBRAHIM DAHI! AND MOULAY RCHID SIDI AMMI*

ABSTRACT. In this paper, we study a doubly nonlinear parabolic equation obtained
from the reduction of the wellknown nonlocal thermistor problem. Therefore, we
focus our study on proving the existence of the solution to the semi-discrete problem.
We also establish the stability and error estimates for a family of time discretization
schemes. We investigate a time discretization of the continuous problem by the
backward Euler scheme.

1. INTORDUCTION

Thermistors are a type of resistor that can be found in a variety of goods and
applications in our modern society. They have been around since the 1830s, when
the industrial revolution came to an end. Back then, they were used to measure
temperature sensing, as self-resetting over current protection and to limit inrush
current, among other things. Thermistors were first discovered by Michael Faraday, a
British scientist and chemist, who is credited with inventing the first NTC thermistor.
Faraday is also known for his contributions to electrochemistry and electromagnetic
induction. In 1833, Faraday wrote a treatise on the behavior ( semiconducting ) of
Ag2S (silver sulfide), which is said to be the first thermistor ever.

There are two types of thermistors PTC and NTC, which have Positive and Nega-
tive Temperature Coefficient, respectively. In the former, the electrical conductivity
decreases with increasing temperature, while in the latter it increases with increasing
temperature. PTC thermistors can be found in a variety of applications, including

Key words and phrases. Existence, nonlinear parabolic equation, nonlocal, semi-discretization,
Thermistor problem, backward Euler method.
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switches and electric surge protection devices. The PTC electric surge device operates
in the following manner: upon a sudden increase in current in the circuit, there is a
rise in temperature that leads to a significant reduction in the electrical conductivity
of the device. As a result, the circuit is effectively switched off. Once the current
surge subsides, the device cools down, its electrical conductivity increases and the
circuit resumes normal operation, as stated by Bartosz in [3]. However, it has been
found that the rapid rise in temperature can generate large thermal stresses that can
compromise the integrity of the device [19,23] which can lead to breakage and failure
of the device. Since the nonlinearities of the system were in the electrical conductivity,
Joule heating and viscous heating terms, it was assumed that the constitutive behavior
of the material was linear. The "Thermistor Problem* can be roughly defined as a non-
linear parabolic equation describing the temperature coupled with an elliptic equation
describing the quasi-static evolution of the electric potential. The non-linearity of the
problem is primarily due to the coupling between these equations, which is partly due
to the significant influence of temperature on electrical conductivity. Mathematically,
the problem can be expressed as follows:

vy =V (k(v)Vv) + p(v)| V|2,
(L) V- () V) = 0.

In the above model, x denotes the thermal conductivity and p(v) the electrical con-
ductivity, which is normally a positive function of real values. Furthermore, the
temperature of the conductor is represented by v, while the electric potential is rep-
resented by 1. The first equation describes heat diffusion, while the second governs
charge conservation. Here, x(v) and o represent the thermal and electrical conduc-
tivity respectively, with their specific functional forms determined by the physical
properties of the system. Under suitable conditions, this coupled system can be re-
formulated as a parabolic problem if it is supplemented by suitable boundary and
initial conditions. For detailed treatments of such systems we refer to[7,20,26]. In
this paper, we will deal with the following non-local model

b(v) Ag(v)

—Av=—"T"— inQ,
' v(x,0) = vy, in Q,
v =0, on I'x]0, M|,

which is considered as a generalization of the problem from the work of A. A. Lacey
23], where g(v) is the electrical resistance of the conductor and —2—; represents

(f g(v)dz)
the non-local term of (1.2). Whereas() is defined as follows @) := Q) x 0, M] where

is an open bounded subset of R™, m > 2, and T is a positive constant. The literature
on the problems (1.1) and (1.2) is extensive (see [1,5,9-12,15-18,21,24,25,27,30,32)).
Our motivation is stimulated by various applications. A thermistor has been widely
used in electronic circuits to protect, control and compensate temperature. On the
other hand, b is a nonlinear function that can grow faster than any function at infinity
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b(v) = e for example). Furthermore, it does not have to be strictly growing on
any part of R. Thus, the evolution equation can become stationary in a subdomain of
Qx]0, M|, where ]0, M| denotes the time horizon. Our aim is to prove the existence of
a solution to the problem (1.2). We will also prove some stability results and provide
error estimates.

The rest of the paper is organised as follows. Section 2 starts with a brief reminder
of some notations and hypotheses that we need in this paper. In Section 3 we show
the existence and uniqueness of a solution to a semi-discrete problem. In Section 4
we prove some stability results. Section 5 is dedicated to error analysis. Finally, in
Section 6 we present conclusions and perspectives for future research.

2. NOTATIONS AND HYPOTHESES

Throughout this paper, we assume the following.
(H1) g : R — R is a Ly-Lipschitzian function.
(H2) There exists a positive constant o such that for all s € R, we have

(2.1) o < g(s).

(H3) b is an increasing Lipchitz function with b(0) = 0.
(H4) We assume that exists C, € }0, M{ such that

(2.2) l9(z) = 9(y)| < Colb(x) — b(y)|.
Throughout this paper, we will choose \ large enough to get that
(0 - meas(Q))?
TA
(H5) vp € L>(£2). We define for r € R

< 1.

Then, the Legendre transform U* of W is defined by
U*(r) = sup{rs — ¥(s)}.

seR

Note that U*(b(r)) + U(r) = rb(r). © will denote an open bounded set of R™, m > 2
with smooth boundary and (-,-) denotes the duality between H{(2) and H'(Q).
Throughout this paper, C; and C' will denote various positive constants.

Remark 2.1. Under hypotheses (H1), we can see that g(s) < Ci|s| + Cs. Indeed,
(2.3) 9(s) < lg(s) — g(0)] + g(0) < Li|s| + g(0) < Cils| + Cs,
where L; = C and ¢(0) = Cs.
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3. EXISTENCE OF SOLUTION FOR A SEMI-DISCRETE PROBLEM

For the time discretization of the problem (3.1) we will use the following notations.
We denote the time step 7 = T/N,t" = n7, and J, := (t"" 1, t") forn=1,...,N. We
consider the corresponding discrete scheme (backward Euler scheme) related to (1.2),
which is represented by

TAG(vp) )
b(v,) — TAv, =b(vp_1) + ———————, in Q,
’ vn(2,0) = Vg p, in €,
vy = 0, on I'x]0, M].

Theorem 3.1. Suppose that hypotheses (H1)-(H4) hold. Then, for each integer n,
there exists a solution v, to (3.1).

Proof. To show the existence of a solution, Schauder fixed point theorem will be
applied. For simplicity, putting v = v,, substituting in the first equation of the system
(3.1), we get that for a fixed w in H}(Q)

TAg(w)

b(v) — TAv =blv,_1) + — .

) )+ glw)dop
Taking the inner product with the function v to get
(3.2) (b(v),v) = 7(Av,v) = p(h(w),v),
where ()

TAg(w
h(w) =b(v,—1) + ———————— and € |0,1].

Let us consider the operator A(u,w) = v, for all u € [0, 1], being the solution to the
following problem

b(v) — TAv = ph(w), in Q,

(3.3) v(x,0) = vy, in Q,
v =0, on I'x]0, M.
If v > b(v), by using (3.2), we obtain that
(3.4) /Q(b(v))2 do +T/Q IVo? da < plh(w), v).

Using hypothesis (H2) and Young’s inequality, we get the following estimates
b()[l5 + 7 [[Voll; < /Q (Cs + Cylwl) [v|dx
< Cyllwlly llv]ly + Cs [[oll

< Co llwll gy 10l 3y + Cs ol

T 2 1 2
< 2 0l + 5-C8 ol ey + Cs vl
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Then,
T 1
()5 + 3 Vo5 < 5062 Hwa{g(m + Cs [Jv]], -
It follows that

2 2 1 2
2[[b()lz + 7 [IVolly < ~C5 lwlligy @) +2Cs [0l -
Hence,
b(v)|/ 2 Loy, 2C;
lo(w)llz + 7 Vol < —Co l[wliy ) +2Cs llvll, -

Using again Poincaré’s inequality, we obtain
1
2 2 2
o) + 7 IVoll; < =G5 [[wlligy o) +2C5C7 [Vell,

By using Young’s inequality, we get that

(2C5C7)?

1 T
2 2 2 2
[b(v)l3 + 7 [[ Vo3 < ;062 [0l 1) + + 3 Vel

Then,

2 T 9 1 2 (20507)2
IIb(v)Ilz+§IIWIIQS;CEIIwIIHg(QﬁiT ;

2 2(2C5Cr)?
I3 + 7 19013 <2 613 + 7 IV < 208 fulfzy oy + 202

-
Then, there exist positive constants Cy and Cy, such that

(3.5) o)z + 7V olly < Cs llwllz ) + Co.

Then,

(3.6) 1o()1l5 < Cs l[wllz q) + Co-

Since w is bounded in Hj(£2), then there exists a positive constant Cjo such that
(37) o2 < Cuo

Recall from (3.5), that

(3.8) 7Vl < 615 + 7 [Voll; < Cs llwllz q) + Co-

Combining (3.7) and (3.8), we get

(3.9) oll3 + 7 [IVoll; < Cs llwllzq) + Cu.

Else we have v < b(v), then from (3.2), we get
ol + 7 [[Voll; < /Q (Cs + Cylw]) [v]dz

< Cyllwlly [[oll, + Cs [vll,

3.10
(3.10) < G lJwll gy o 10l a0y + Cs llvll;

T 2 1 2
< 2 Iolga + 5208 Il + Cs o]l
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Then,
2 T 2 1 2
llly + 5 Voll; < 503 [l g + Cs vl -

Hence,
1
2 2 2 2 2
[olly + 7 IVolly < 2{olly + 7 ([Voll; < ;C@? [0l ) +2C5 (vl -

Using together Poincaré’s inequality with Young’s inequality, we obtain

2(C5Cr)?

1 T
2 2 2 2
[vlly + 7 [[Voll; < ;CGQHU)”H&(Q)_’_ + 5 Vol

It follows that
2(Cs 6’7)2

2 T 2 1 2
lolly + 5 1915 < ~GF llwlli o) + =

Then,

2 2 2 2 2 2 (0507)2
[olly + 7 [IVolly < 2{jvlly + 7 [[Voll; < ;062 lollry @) + 4——

Then, there exist positive constants Ci5 and Ci3, such that

(3.11) ol + 7 [Voll; < Cuz l[wlzyq) + Ca.

From (3.9) and (3.11), there exist positive constants C4 and C}5 such that
(3.12) loll + 7 Vol < Cua llwlzs ) + Chs.

We can see that p+— A(u,v) is a continuous function and we have that A(0,v) =V
for any v if and only if V = 0. By using the theory of degree topology, we get that
v € Hy () and satisfies Problem (3.1). O

The following lemmas play a key role in the proof of Theorem 4.1.
Lemma 3.1. If vy € L™(Q), then v, € L>*(Q) for alln=1,2,3,...,N.

The proof of Lemma 3.1, is similar to the one used by de Thelin in [6] in a different
problem; we shall give here only a sketch. Suppose m > 2 and define

2m o ifm > 2,
’}/:
4, if m = 2.

Let p; = v and let
7\ gl
=<(= -2 k> 2.

Dir1 = pk%, for all k£ € N*.

Then, we have

Lemma 3.2. For k in N*, v, € LP*(Q2) and

(3.13) |vnll = kgrfoo sup [[vnl[,, < +oo.
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Proof. For simplicity, we write V' = v, K(z) = b(v,—1). From (3.1), we have

TAg(V)
— = H(V).
(g7~ 1)
Multiplying the above identity by |V|P*=2V | to obtain

(3.14) /Q b(V)|V[Pe2V de’—T/ NG 2Vd:zc—/H VP2V da,

b(V)—17AV = K(x) +

In view of the fact that
- T/QAV|V|”‘“_2V dz = r/ﬂvv YV da

:T/Q IVVR[VIP2 de + T/Q(pk VPV da

= [ (= DIVV PV 2 da,

and from (3.14), we get that

1647

(315) 7 [ = DIVVEVIP do < = [oV)VPRV 4 [ HO)VPY do
Q

Keeping (3.15) in mind and using the fact that H(V') < Cy|V| 4+ C}, we obtain that

™[ e = DIVVEV 2 d
(3.16)
<= [ VPRV do + [ (ColVI+ Co)VI d.

Let us deal with the first term on the right side of the inequality (3.16).
If (V) <V then we get

- /Q bV)IVI"?V de < — /ﬂ (b(V))*[V[~2 da < 0,
else we have (V') >
—/ V)IVIP=2V da < — /V2|V\pk 2 dx < 0.
In both cases, we have
— [V dr <o,
This implies that
T/Q(pk = D[VVPVP da < /Q(OO|V| + OV da

(3.17) < OO/Q VP do + C /Q Vi da

< Co/Q VP de + Cy /Q VPt g,

Using Young’s inequality, we get that

(31 G
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Combining (3.17) with (3.18), we get

—1
T/Q(pk — DIVV - [V de < Ci6 + pkp IVI[pr + CO/Q \V|PE dx
k

< Cig + Che|[V| .

(3.19)

On the other hand, by using Poincaré’s inequality, we have for all V € H,(Q) the
following inequality
V5 < CuslIVV][ 2@

Hence,

Pk

2
HVH§: = (/ Hv||pk+1 dl’) Phtl (/ HVH% dx)w
+ Q Q
2
Pr.—2 Y ; P
(3.20) =(J () ) <t

2 P |2
< ClS/Q‘V (|V’ ? )
< (BY oz [ |ovpvpd
iy 5 18 0 Z.
From (3.19) and (3.20), it follows that
VI, < pi (Cro + CoolVIEE) -

Pk+1

2
Y

By induction on k, we get that V' € LP*(Q2), 1 < k < m + 1. Then, we have the
following

(3.21) (Iv] pm“)% < (Cho+ Coo [V [[27) 12

Pm+1

The rest of the proof follows the same lines as in [29]. As follows: for § =: p;, we

remark that
5 m—1
< — .

Setting a =: 2, b =: $logmax {1,Cig + Cao}, Ep = pim log max{1,||V]|,.} and r,, =
b+ 6(m — 1) log a. We obtain that

Bt <rm+aBy <rp+arm+--+a" vy +a"Ey,

" b dloga "
E.i1 <a {E1+a—1+ (a_1)2}::da .

From which we conclude that

. Em . dam—l d
Voo < limsupexp | —= | < limsupexp <exp ().

m——+o00 m m——+oo m

This concludes the proof of (3.13). O
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4. STABILITY RESULTS

In this section, we focus on the stability analysis for the semi-discretized problem.
For this purpose, we consider Vj in L*(€2).

Theorem 4.1. Under hypotheses (H1)-(H3) there ezists positive constants C' (M, Vy)
and C; (M, Vy), i = 1,2, such that

(4.1 IValloo <C (M V),
(42) IR dxwzuw <Cy (M, V),
(4.3) Z [6(Vi) = b (Vien)l5 <C2 (M, Vo).

Proof. From Lemma 3.2, we have that V,, € L*(€Q2). Multiplying the first equation of
(3.1) by [6(V,)|"b(V;,), we get

RSINAVAL: dx—T/AVn\b (VI*b(V,) do

_/ Vo) [b(V, dx+/ V)b (V,) da.

It can be shown that

(45) — [ Ava b b(v) <.
Q
Combining (4.4) with (4.5), we get

b (VIIES < [ b (Vo) Ib(Va) b (Vi) do+
It follows that
(4.6)
k+2 k+1 TA k1
I IS <10 VIR 10 Vallss + (e 9 ) VI

To deal with the second term on the above inequality, using hypotheses (H3)-(H4),
we obtain

| g oVl do < [ (19(Va)) = ()] + g(0))b(Va)| " da

< [ 19(V) = g(0)] - [o(Va) " da + 9(0) [ [b(Va)[**" da

k+1

dx

(4.4)

ity Jo 9 V) O

< Co [ 1b(Va) = b(O)|- o (V) do 4 9(0) [ 1oV,

<Co [ VI do+g(0) [ b (1V3) [ da

< Collb (VI3 +9(0) [ b (V3) [+ da.
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Then, inequality (4.6) becomes
16 (VIS < 10 (VIS 1 (Vi) ey + Co 1D V) 53+ 9(0) [ 10(V2) 441 d
Under the hypothesis (H4), we get that

(1= Co) (Vs < 1o (Vi s 1 (Ve ) llya + Con 116 (V)50

Then, there exists a positive constant C' such that

CHb( )Hk+2 < Hb( n— 1)Hk+2 + Caa.
By induction, we get that

1 N
00z < (5) 1008 sa + Caal.
We tend k to infinity, we get

0@l < (5) 100+ o,

This implies that
Valleo < C (M, V5).

Now, we prove the second inequality (4.2) in Theorem 4.1. Toward this end, multi-
plying (3.1) by Vi and integrating over 2, we get

(4.7) /Q(b(Vk) —b(Vi—1)) - Vi dﬂS—T/ AVVy dx = /\/ m
Q Xz

Since
(4.8) /xp (Vi) d:c—/ U (b (Vier)) do < (b (Vi) = b(Vir) Vi) gy -

Keeping (4.7)-(4.8) and hypotheses on ¢ in mind, we obtain

/xp* (Vi) dar— /¢ (Ver)) da+7 [V Vil o < /|g Vi) |- Vil da.

(ameas
On the other hand, we have
TA
JLo el do < [t 19V = g0) - Vil + 19O)] - Vil) o
(0 meas(2))
AL
< o el [Vl d -+ g(0)] [ (Vi da
(o meas(£2

<Cy ||Vk||L2(Q) + Cos || Vel 1 (@)

From the above inequality and Héder’s inequality combining with (4.9), it yields that

(4.10) /qf (Vi) dx—/\lf (Vie1)) dz + 7 [ VVal 2ay < Cos 1Vl 2 -
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Summing (4.10) from k& = 1 to n, we obtain

znj[/xp (Vi) dx—/\lf (Vir))da

+T Z IVVell; < Cas Z IVl -

k=0
Then,
/\11* dx—/ U (Ve))dz + 73 IIVVAIE < Cas 3 Vi
k=0 k=0
Hence,
/xp* dx+72|yvvk||2 <C%Z\|Vk|]2+/ W (b (V) da.

Keeping this in mind and using (4.1), there exists a positive constant Cy (M, Vp) such
that

(4.11) / U (V) de+ 7S [V < O (M, V).
k=0

Now, let us prove that
> vty -5 (V)< ¢ (0a, ).
k=1

To this end, multiplying the first equation of (3.1) by b(V}) and integrating over £2,
we get that

/Q<b(vk) —b(Vie1)) b (Vi) do 4 7(—=AVi, b (Vi) :m/ (g V)b (Vi)

@ (Jo9(Vi)dr)?

Applying the following identity 2a(a — b) = a* — b* + (a — b)? in the first term on the
above identity, we get that

(L (Vk)||§ - IIb (VIH)Hg + 115 (Vi) = 0 (Ve () — T/QAW? (Vi)

A/ d.
ng Vk dm

Knowing that
—7/ AVib (Vi) dz = r/ VVV (b(V3)) dx = T/ IVVi2 6 (Vi) da > 0.
Q Q Q

It yields that

1) b (Vi)

(4.12) b (VI = 11 (Vi) 12 4 115 (Vi) = b (Vi) g <AM/‘bgVD oz
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On the other hand, by using hypotheses on g, we get that
L a0 ilde < [ 1lg (Vi) = g(O)| +1g(0)1]- b (Vi) da

<Cy [ Vi) P da+ 9O [ 1b(Vi) | da

< Co b (Vi)lls + [9(0)] - 116 (Vi)ll 11 e
Then,

(4.13) /Qg (Vi) [b (Vi) dz < Co (1 (Vi)llz + 19 (O] - 116 (Vi) 1y -
From (4.12) and (4.13), we get
16 (Villz = 116 Vi)l + 116 (Vi) = b (Ve )l 720

MCo 2 Mlg(O)\
S o meas(Q))} 16 (Villz + (o meas()]? 16 (Vi1 e -

We know that (V)i is a bounded sequence in L*(£2). Furthermore, we have that b is
a Liptshitz function, then there exists a positive constant Cy; such that

15 (VI = 15 Vi) I3+ 16 (V) — b (Ve )22y < Cor.
This implies that

n

S (BRI = (G I2) + 3 160V = b (Vi) < nCar

k=1 k=1
It follows that

1o (Va3 = 15 (Vo)ll5 + 3 116(Va) = b (Vien) I3 < nCr.
k=1

Hence,
1B (Va)lls + D 11(V) = b (Via) 15 < nCor + [ (Vo)[5 -
k=1
Then, there exists a positive constant Cy (M, V;) such that

S v — b (V)| < s (01, 1)
k=1
This concludes the proof. 0

5. ERROR ESTIMATES FOR SOLUTIONS

In this section, we will study the error estimate. If y is a continuous function (resp.,
summable), defined in ]0, M|, with values in H'(Q) or L*(2) or H}(f2), we define
yr =y "), gt = 1)) [, y(t,)dt, §° = y° = y(0,-) and the error e, = v(t) — V,,
ep =b(v(t)) —b(V,) forallt € I",n=1,...,N. For notational simplicity, we denote
u, = b(v,) and U, = b(V,) and introduce the local errors e and e}, defined by

en =0, —Vy, e =b(v,) —b(V,)=u,—U,.

v
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Let’s (—A)™! be the Green operator satisfying

(5.1) <V(—A)_1v, Vw> = (v,w), forallve H)(Q),we H Q).
By arguments inspired from [4,13,28], we get the following result hold.
Theorem 5.1. Assume that the hypotheses (H1)-(H5) holds. Then,

(5:2) i -0y <Cos7*”,
2 M 2
(53) €1 o an sy + |, Nl 3 dt <Coor,
m 2
HV/ €vdt §030T1/4.
0 L2(Q)

Proof. The discrete problem (3.1) has the following variational formulation

(b(vn) — b (V1) ,80>L2(Q) + 7 (Vuy, VS0>L2(Q)

(54) _—T)\ (Y or a !

Integrating the continuous problem (1.2) over .J,,, we obtain that its solution verifies
the following variational identity with respect to the notation introduced in the

introduction
_ g (Va)
b(Va) —b(Vat)— A (/ mt) _ A/Jn ANTUATTE
Then,
(5.5) b(V,) — b (Vi) — TAV, = A 9 (Vn) _dt.

Multiplying (5.5) by ¢ and integrating over ), we get

: 9 (Va)
<b (Vn) —b (Vn—l) ) 90> - T AVn7 )= <)‘ —dt> S0> )
< > /J" (Jog (Vn) dx)Q
for all p € H}(€). From Green’s formula, we obtain
- g (Va) >
b(V) —b(Vir), @) +7(VV,, Vi) = A / ANV
B08) = 0o (T e = [ e
for all ¢ € H}(Q). Then,
_TA
(Jo 9(Va)dx)?
for all ¢ € Hy(Q). Substracting (5.6) from (5.4), we get
(b(0n) = b (vn1) = (0(Va) =b(Var)), @) sy ey + 7 {VVa = Vo, Vip)

=T g (vn) _ g(Va)
M T ™ T )

(5:6)  (b(Va) = b(Varr),9) +7(VV,, Vo) = (9(Va), o),

()
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Then,
S (b~ )+ 7Y (Ver, Vo)
(5.7) . = .
<Cyr|Y (9(v) —g(Vn)7<,0)’ +Car (> (9(V
n=1 n=1
We set
=(b(v ) b(Va) = (b(vn-1) = 0(Va1)) , ©) r-1(), 3 (@)
< ’ > H-1(Q),H)(Q)’
T(Vev, V(p)Lz ()
I3" = Cyi1 Z (mn —9(Va), ‘P)‘ + CaoT Z (g (Va), ‘P)| = I3y + I3,
n=1 n=1

Choosing ¢ = V(—A)"'e and adding from n = 1 to m with m < N, we have

S =S (VA ] VA ) L

n=1 n=1

(V=) V=2 L

3 AV (AT g =) V(A7 [ - 47))

||M3

1
27
1 2
m 2 n n—1
_5 ey r-10) + B Z:l Heb % HH*l(Q) '
From (5.1), we get
I =1(Vel, V)eq) =T <Ve V(- A)_16?>L2(Q) = (e, ) 12(q) -

Again adding from n = 1 to m with m < N, we obtain

Z Iy =7 Z (ey, 6?>L2(Q)
n=1 1

- Z/ — Vit — u(t)) 2 1
=1+ I

Since b is an increasing function, it follows that

= Z/ — 0, b(0()) = b(vn)) p2(@ = 0.
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Now, we split /" into two parts and we estimate each one separately
I *Z/ = Vi, un — u(t ))LQ(Q) dt
=3 [ wt),ult) = Un) g

n=1""n
_ Z/ (Vi — (1)) gy dt
n=1 n
=I™ + I,

We start by estimating I§"

S " Ou
HEY| <v(t), ds> »
L v0s  meua@
- | ou
= Z/J (/t Os ds) ' ”U(t)”Hl(Q) dt
(58) n=1"9n H-1(Q)
- |l ou
= / / s ds | - Jju(t 1oy dt
nz::l In ( ¢ ||0s H-1(Q) ) @)1l (©)
ob
[ o
88 LQ(O,th—l(Q))

In similar manner, to derive an estimate of 7", we use inequality (4.2) to get

1655

"9
| = Z/ < o “ds> dt
! H(),H~1(2)
(59) ab( ) m 1/2
ST H s (T > anlﬁié(fl))
L2(04mH-1(Q)) \ n=1
< Oy
From (5.8)—(5.9), we get that
(5.10) 1] < G
Next, we estimate I3 by using Holder’s, Young’s inequalities and hypotheses on g
) <35 ([t = g il (- )|
n=1 n

/2 m 5 1/2

<cur > (f Hg<v>—g<vn>|rzdt) [CA P
- 037 n

< ([, loto) =g (lde) + =% ZH,,HH



1656 I. DAHI AND M. R. SIDI AMMI

m

< Con 3 (f, Io0) =R ae) + S 3 el

Knowing that b is an increasing Lipschitz function, we get

I3 < Cam 3 [ [ (6(0) = (Vi) (v = Va)dadt + cn)r 3 g -1 0
n=1"Jn n=1
Moreover, we have

m e n 2
13y < Cr+ 7 Z b ||H*1(Q) :
n=1

From (5.7), we get

(5.11) > IT Z I3 + I
n=1 n=1
It follows that

i I -Cr+ fjl /J n /Q (b(v) — b(V,))(v — V) dadt
<Cs9n znj:l/Jn /Q(b(v) — b(V,)) (v — Vp,)dxdt + c(n Z |er ||H

Then choosing 7 small enough to absorb the first term of the rlght hand side of the
above estimate, we get that
(5.12)

e + 5 ZHeb—ez o+ 2, 00 = o) = Vi

<CT + Cyo1 Z ||62”%{*1(Q)'

n=1

Putting -
yr=2 |!62H}2q—1(g), y" =y <O+ Chg oy
and applying discretgi(l}ronwall’s inequality, we get that y™ < C(T)
el -1y < Cur'’?,
which proves the inequality (5.2). On the other hand, we have

n . 1/2< n (4n _ n
tes(})l}f)m) les (O -1 () — cn™ /" < max ey (") | -1 max leb | -1(q -

Thus,
||eg||L°°(O,T;H*1(Q)) —Cyr'? < 12}%?% ||eg||H*1(Q) :

From the above inequality, we obtain

N
lesll 2w o712y + 2 / (b(v(t)) = b (Vi) ,v(t) = Vi) 2y dt < ClaT.
n=1 n
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That achieve the proof of the second point in Theorem 5.3.

Now, return to the inequality (5.7) and taking ¢ = >, el = 3" (v, — V,,) as
test function, to get
2

2| S° (5, — V3)

L*(Q)

Then,

2

2
T |

SOV (50 — Vi)

n=1

L(Q)

= Jl + JQ + J3.
We begin by estimating Jy

b= (/Q (52 / (9(v) = g(V2)) dt)zdx)
( I, (Z / dt) d:p) "
(i/ gt <Vn>”2>2df) : (i /(e - vnusdt)

1/2

1/2
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<1 (35 [ low) ot lar)

m 1/2
2
< (2o + 2 3 V1)

n=1

<Oyt

The above inequality follows by using respectively the L*-estimate of v(t), V™ and
the error bound given in Theorem 4.1. Arguing as in the previous estimate, we get

m 1/2 m 1/2
Jy <T7 (Z / Hg<vn>||3dt) (2 ||v||iz(0,T;H5(m>+2Tzuvnu§)
n=1""'n n=1

Combining (4.2) with the estimates above and using hypothesis (H1), to obtain
J3 S 0467_1/2 and

(5.13) Ji < ||62n”H*1(Q) Z [0 ()] 2 Q) dt"‘TZ HVnHHl(Q :
n=1 m 0( n=1 0 )
Finally, collecting these results, it follows that
T 2
v /0 endt]| < Cyor!/2,
2

By accumulating all of the previous results, the proof of Theorem 5.1 is completed. [

Remark 5.1. As an example of the application, we can take b(v) = v. If we then
choose a field that satisfies the hypotheses (H1)-(H5), we will apply Theorem 3.1 to
obtain the existence of a solution to the semi-discrete problem associated with the
continuous problem (1.2). This result is confirmed by the result obtained in [14] with
the appropriate value of ”b*“. We can also consider the following example:

g1(x) =/C222 + 5,

and the function b(z) = z. It can be shown that g; and b satisfy assumptions (H1) to
(H5).

We now exhibit an example showing that many functions satisfy (H1)-(H4).

Example 5.1. Consider b and g two functions such that:
e b(z) = kx (increasing, Lipschitz, b(0) = 0);
e g(z) = o + 4 tanh(z) (bounded below by o, Lipschitz).
Verification.
(a) (H1) g is Lipschitz because tanh(z) has derivative sech®(z) < 1, so L; =
Ly 1
51
(b) (H2) tanh(z) €] — 1,1], so g(z) > o — &L, To ensure g(z) > o, we must
pick L; small enough (e.g., L1 < 20 ).
(c¢) (H3) b is increasing, Lipschitz, and b(0) = 0.
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(d) (H4)
i) Since b(z) — b(y) = k(z — y), we have:

9(r) ~ 9(y)| = = tanh(x) — tanh(y)] < Zw — ]

ii) Meanwhile, |b(z) — b(y)| = k|x — y|.
iii) Thus, [g(z) — g(y)| < (5) [b(x) — b(y)].

Choose k small enough to ensure % < M

Observe that all hypotheses of the preceding theorem are satisfied, from which the
error estimates immediately follow.

6. CONCLUSION AND PERSPECTIVE

In this work, we have shown the existence and uniqueness of a solution to the
steadystate problem, which is the time discretization for the continuous problem (1.2).
We have also proved some stability results and error estimates for a family of time
discretization schemes. We would like to point out that this study is accompanied by
effective numerical computations.

Acknowledgements. We are very grateful to the anonymous reviewers for their
thorough and thoughtful feedback, which helped to improve the clarity, rigor, and
impact of this paper.
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NUMERICAL MODELING OF LAMINAR CASSON FLUID FLOW
IN ECCENTRIC ANNULAR ENTRANCE REGIONS

AMANY M. ATEIA! AND OSAMA H. GALAL?

ABSTRACT. The laminar flow of an incompressible Casson fluid in the entrance
region of an eccentric annulus was analyzed numerically. Such asymmetric annular
structures are critical in applications like drilling, heat exchangers and biomedical
simulations. The Casson fluid model, which is relevant for biological (e.g., blood),
industrial (e.g., drilling fluids) and environmental (e.g., mudflows) systems, was
investigated using the Finite Difference Method (FDM) with variable mesh size.
The Navier-Stokes equations in bipolar coordinates were solved to calculate pressure
gradients and axial velocities for varying radius ratios S, relative eccentricities e
and yield stress values 7p. The results for the entrance region, which were validated
against the literature on fully developed flow, showed an accuracy of 97.89% to
99.68%. The entrance region pressure gradient exceeded the fully developed zone
by 6.16 to 50.52 times, while the axial velocity ranged from 43.75% to 53.65% of its
fully developed value. These findings underscore the importance of entrance region
dynamics in engineering design.

1. INTRODUCTION

In heat exchangers, well drilling, and plastic extrusion, flow in the entrance region
of concentric and/or eccentric annuli is important from an industrial standpoint. In
engineering, however, the amount of power required to pump fluids through such
systems is critical. The two factors that determine how much power is required
to pump an incompressible fluid are the volumetric flow rate and the pressure drop.
However, the pressure drop in the entrance region is greater than in the fully developed
zone due to the acceleration of the fluid motion and the higher velocity gradients at the

Key words and phrases. Non-Newtonian flow, variable mesh size, eccentric annulus, Casson fluid,
entrance region.

https://doi.org/10.46793/KgIMat2610.1663A

Received: September 07, 2024.

Accepted: April 27, 2025.

1663


https://doi.org/10.46793/KgJMat2610.1663A

1664 A. M. ATEIA AND O. H. GALAL

wall within this region. Since the fully developed pressure drop for the entire flow zone
is used in the design calculations, the pumping power is underestimated. As a result,
estimating the excess pressure gradient at the entrance region relative to the fully
developed one is critical. In addition, the Casson fluid model is often used to describe
the flow behavior of non-Newtonian fluids with yield stress, such as blood, chocolate,
and certain industrial slurries [1]. It finds applications in biomedical engineering to
model blood flow in vessels [2], in food processing to optimize the handling of viscous
products such as chocolate [3] and in drilling operations to predict the behavior of
muds and cement pastes [4]. This model helps engineers design efficient systems by
accurately capturing the fluid’s resistance to flow until a critical stress is reached [5].

However, numerous studies on laminar incompressible flow have focused on the
entrance region of the concentric annular duct. For instance, an early work conducted
theoretical studies on the velocity distribution, pressure drop and hydrodynamic entry
length of pipes with annular space [6]. In addition, using the Casson stress-strain
relation as a guide, the Runge-Kutta method was used to ascertain how blood flows
in the entrance region of annuli [1]. The Finite Difference Method (FDM) was used
to solve the axial, incompressible, isothermal, laminar and steady flow of a power-
law fluid in a concentric annulus [3]. The entrance region for Herschel-Bulkley and
Bingham non-Newtonian fluids in concentric annuli with a rotating inner wall and a
stationary outer one was studied using the FDM [7,8]. Recent studies have extended
this focus to include advanced non-Newtonian models, such as the exploration of
temperature-dependent thermophysical properties under bioconvection effects [9] and
heat transport in Casson fluid flows within Darcy-Forchheimer media [10]. In addition,
the entrance effects in concentric rings with inner ring rotation for the blood model
Casson non-Newtonian fluid were also investigated [2]. They also investigated how the
Casson fluid affects heat and mass transmission as the inner walls of the concentric
annuli moved [11]. The non-Newtonian Bingham fluid was also investigated in the
entry region of the annular space between two rotating coaxial cylinders [12].

On the other hand, several researchers have studied the problem of eccentric annuli
in detail. Examples include the study of non-Newtonian fluid in eccentric annuli for
highpolymer aqueous solutions of CMC, HEC, and MC [13]. The yield-power law
fluids’velocity and viscosity profiles were derived using FDM by solving the governing
laminar flow equation [4]. In their innovative method [14], the laminar eccentric
annular flow of non-Newtonian fluids was investigated, where the eccentric annulus
is represented by an infinite number of concentric annuli with varied outer radii. A
fully developed laminar flow of a Newtonian fluid across an eccentric annulus was
investigated computationally and experimentally [15]. In addition, when Newtonian
and non-Newtonian fluids were examined in an eccentric annulus, the case of inner
cylinder rotation was also taken into consideration [16].

Current research has further explored complex flow phenomena in eccentric ge-
ometries, including bioconvection flows with triple stratification [17], irreversibility
analysis in porous media [18], and radiative mixed convection in hybrid nanofluids
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[19]. Furthermore, using an approximation of the velocity distribution, the eccentric
annulus was treated as a slit with variable height in order to assess the loss coefficient
for power-law and Bingham fluids [20]. Furthermore, the eccentric or concentric an-
nular duct provided a computational solution to the fully developed Casson model
problem [5]. The FDM was also used to solve the hydrodynamic entrance region prob-
lem for the eccentric annulus [21]. Other references have investigated related aspects,
such as non-Newtonian flow properties [22], slot-flow approximations for eccentric
annuli [23] and viscoplastic fluid dynamics in annular geometries [24]. More recent
advancements in non-Newtonian fluid dynamics, such as non-Fourier diffusion models
[25], entropy generation in 3D flows [26], magnetohydrodynamic Sutterby nanofluid
flows [27], stratified Carreau nanofluid studies [28], the dynamics of chemically re-
active magneto-hybrid nanomaterials with heat radiation in porous media [29] and
radiative convective flows with magnetic fields [30], underscore the ongoing relevance
of such studies.

Therefore, this study attempts to fill a gap in the literature by proposing a numerical
solution to the Casson model’s entrance problem in eccentric or concentric annuli
ducts. The fluid velocity and pressure gradients were evaluated at the entrance and
fully developed regions and the ratios between them were calculated. In addition,
comparisons of the calculated values with those found in the literature revealed a
high degree of consistency. In contrast to previous studies that focused primarily
on the fully developed flow or simpler concentric geometries, this work introduces a
novel approach by tackling the complex entrance region dynamics of Casson fluid flow
within eccentric annuli using a finite difference method with a variable mesh size. This
method, combined with the adoption of bipolar coordinates, enables a more precise
resolution of the non-uniform flow fields inherent to eccentric configurations. This
challenge was often overlooked in previous studies that focused on Newtonian fluids
or uniform annuli. Furthermore, the study’s emphasis on the Casson fluid, a non-
Newtonian model with yield stress relevant for industrial and biological applications,
distinguishes it from traditional analyses, offering new insights into the pressure and
velocity behaviors under varying radius ratios (S), relative eccentricities (e) and yield
stress values (7p). By quantifying these parameters in the entrance region, which has
been insufficiently explored in previous literature, this research provides a significant
advance. When validated against established work, accuracy rates of 97.89% to 99.68%
are achieved for fully developed regions, increasing the reliability of design predictions
for engineering systems.

Furthermore, this paper is divided into five sections. Section 2 provides the prob-
lem formulation and solution, while Section 3 introduces the numerical model and
application. Sections 4 and 5 include the results, along with discussion and conclusion,
respectively.
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2. PROBLEM FORMULATION

2.1. Governing Equations. Figure 1 shows the geometry of the problem. The
eccentric annulus comprises two cylindrical surfaces with inner radius R; and outer
radius Rs, which are offset by the eccentricity d. It does not involve rotating disks
or mechanical transmission; the study focuses on the transition of steady laminar
flow from the entrance region to the fully developed region. In the entrance region
of an eccentric or concentric annulus, the fluid is assumed to be laminar, steady,
incompressible and non-Newtonian, in particular a Casson fluid with constant physical
properties. The continuity (2.1) and momentum equations (2.2)—(2.4) in Cartesian

FIGURE 1. Geometry of studied eccentric annulus

coordinates are transformed into bipolar coordinates for the eccentric geometry, with
the focus on the axial flow (z-direction) as the primary, with transverse components
(u,v) secondary per boundary layer assumptions [21,31]. Neglecting the body forces,
the continuity equation is represented as follows

(2.1) V-w=0,
while the momentum equations are given by

(2.2) -
p (e oty ) = o+ (oule) o+ B )]+ e B 2),
(2.3)

p (u% + vg—; + w%)
(2.4) _
ooty +wte) = e (B 22)] e 2]+ 2 ),

GG )] g eg]+ &[G+ 3],




MODELING OF FLUIDS IN ECCENTRIC ANNULAR ENTRANCE REGIONS 1667

where the apparent viscosity, u, is given by:

[N

70
ow\? | (ow)?
\/ (%) +(5)
where K. is the model viscosity and 7y is the yield stress.

Considering the no-slip condition at the walls, and due to symmetry, the solution
can be evaluated for only one-half of the eccentric annulus. This yields the following

(2.5) p=| K.+

Inner conditions: w=w,, u=v=0,
Boundary conditions: w=u=v =0,
ow Ou Ov

Symmetry lines: o o 0.

2.2. Bipolar Coordinates System Formulation. It is convenient to represent the
governing equations in the bipolar coordinate system, (£, 7, z) when analyzing flow in
eccentric annuli. The eccentric annulus, which consists of sets of orthogonal circles,
is represented by the two coordinates (£, 7), while the z-axis is perpendicular to the
paper’s plane. The walls of the eccentric annulus are represented by & = & and £ = &.
Moreover, the relation between the rectangular coordinates x,y, z and the bipolar
coordinates &, 1, z is given by [22] as:

A Y 2
( ) + ( — coth§> = cschzf, for — oo < & < 400,
a

a

x 2 y\ 2
< — cot 77) + () = cscn, for 0 < n < 2m,
a a

asinh & asinn
xr = ) - 3
(G (8
where
z=2za, Rysinh& = Rysinh&,, 1 = cosh& — cosn,
1—5%2—M?
—cosh ' —2
(2.6) S1 = cos ( 25M ) ’
1— 5%+ M?
=cosh™ [ —————].
&9 = cos ( Wi
The relative displacement M = R% or the relative eccentricity e = ﬁ, with the

radius ratio S = %, are the two factors that characterize the annulus. Using the

values of S, e, and M, which are between 0 and 1.0, the preceding 2.6 can be used
to calculate & and &. Due to the problem’s symmetry, only one half, which lies
between n = 0 and n = 7, is taken into consideration. The bipolar coordinate system
is explained in further detail in [31,32], where the continuity equation and the three
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momentum equations can be expressed as:

(2.7) —(hu) + —(hv) + aaz(th) =0,

(u ou v Ou au) Op
o~

noE Th ey Yo '8“ <a(hv)+a(hm>_

3/3 on

p(u v v v av): op 1 0 [n (8(hv)- a(hu)ﬂ }1L ) { n ()]

Rt h o T o) T T Thae w\Tae T oy )] TR P oy
P2 (G 2
h 0z | n 9z )|’
u Jw v Ow ow op 1 0 ow  J(hu)
P(ﬁag*h'aﬂwaz)az m'ag[“(ag* oz ﬂ
1 0 d(hv)  Ow 0 ow
o (o 3 [
where
1/2\ 2
(2.8) =K.+ ol , h= .

S+ T e

Hughes and Gaylord [33] provided the general orthogonal curvilinear coordinate
formulas along with the required bipolar coordinate system for (2.7) to (2.8) and
(2.5). Feldman et al. [21] proposed an order of magnitude analysis that follows the
boundary layer assumptions assuming that the length of the entrance region to the
duct hydraulic diameter ratio is significantly greater than 1. As a result, the model
assumes a uniform entrance velocity profile and disregards the transverse pressure
gradient. Additionally, the continuity equation is unaffected by the order of magnitude
analysis, and all three scalar components are replaced by a simplified form of the axial
momentum equation. In bipolar coordinates, the continuity equation and the three
reduced momentum equations are

(2.9) gg(hu) + ;;(hv) + ;Z(hQM) =0,

(2.10)

hooe Th ey T e:) T Ta T |acee oyt an |

p(u ow v Ow 8w>_ dp 1[8 ow 0 JoJw

The pressure gradient, %, is a total derivative and a function of only z, whereas u,
v, and w in (2.9) and (2.10) are functions of £, 7, and z, respectively. Given that the
pressure gradient is only one of three unknown of velocitycomponents, a comprehensive
mathematical model cannot be formed by (2.9) and (2.10) only. Similar challenges
existed when Carlson and Hornbeck [34] solved the hydrodynamic entrance region of
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a square-sectioned duct. By assuming that all transverse flow was conducted along
straight lines that crossed the center of the duct, they were able to create a relationship
between the two transverse velocity components in the square cross-section. As stated
in Feldman et al. [21], a brief examination of the process that causes transverse flow
in an annular duct provides important insights into its behavior. When a flow with a
uniform axial profile and no transverse components enters a circular tube, the flow near
the wall is retarded, and the transverse flow is directed radially and symmetrically
toward the center. Similarly, external axial flow along a cylinder’s lateral surface
causes radially symmetrical transverse flow outward from the cylinder’s center. In a
concentric annulus formed by inserting a cylinder inside the tube, the two transverse
flows collide and vanish along a surface of revolution. If we consider two boundary
layers growing concurrently along the two walls, then this surface lies between the
two boundary layers, and the cylindrical surface with constant radius serves as a good
approximation. The ridge of maximum axial velocities for fully developed flow is cut
by this cylinder. This representation is accurate at axial points far from the duct inlet
and reasonable near the duct inlet.

Similar mechanisms operate in the eccentric case as well. The expected paths of
the transverse flow were described in Feldman et al. [21]. It would follow the radial
lines originating from its surface if the transverse flow of either surface could act
independently of the other one. The transverse flows of each surface, however, are
forced to curve away from their respective radial lines by the presence of the other
surface. As they approach each other, the two flows follow paths that tend to transfer
flow from the narrower side of the annulus to the wider side of the annulus. The
cylindrical surface that intersects the ridge of the maximum axial velocity for the
fully developed flow can be used to approximate the surface along which the two
transverse flows merge under conditions similar to those proposed for the concentric
case. This surface can be represented mathematically by one with a constant radius,
R*. However, as absolute eccentricity increases, this curve significantly deviates from
a constant radius, adopting an egg-shaped form. Fortunately, as will be shown later
in this paper, the solution’s sensitivity to the transverse flow prescription is negligible.
For a concentric annulus, the classical closed-form representation of R* is

V1-— 52
In(1/52)’

R = ];2, fore=10.9, S =0.1.

R =R, for e # 0.9, S # 0.1,

For all but the most eccentric geometry (e = 0.9, S = 0.1), this representation is
also used to approximate R*. The circle formed by the R* curve in this extreme case
does not contain the center of the curve defining the outer wall due to the use of
the chosen R* representation. Consequently, the model fails because the radial lines
originating from the inner and outer walls do not intersect as shown. R* is therefore
assumed in this case to be equal to 50% of the outer wall’s radius [21].
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Based on the above description and assumptions, a mathematical relationship for
the transverse velocity ratio, v/u, was developed as

(2.11) == Fﬁ‘tf;j E4E,
where
(2.12)
. CSC(fg) - CSch(f*) . B CSC(&) _ CSCh(&*) .
“osch(@) — (&) ESE T T Gag a7
B H(1— 5)sinh(¢) .
(2.13) b = s e cotl) — (L = SysmGy & = S (R*),

— H(1 — 5) sin(n) or
(2.14) 1 T H(1 - S)sinh(€) — cosh(&)

H(1— 95)sin(n)

t :H(l — §)sinh(§) — cosh(&;)’ ore =
B 0.5sinh (&)
(2.15) = 8 cosh(€) — cos(n)”
(2.16) for =&, u=0

A complete model of the hydrodynamic entrance region is provided by (2.9), (2.10),
and (2.11) to (2.16) along with zero-velocity boundary conditions and a uniform inlet
velocity profile. However, several hydrodynamic entrance region solutions, such as
those for parallel plates by Bodoia [35], a circular tube by Hornbeck [36], and a
square duct by Carlson and Hornbeck [34], have also used the integral form of the
continuity equation as noted by Hornbeck [36] and Feldman and Hornbeck [21]. These
solutions all contain the differential version of the continuity equation, a reduced axial
momentum equation in which the pressure gradient is a total derivative, and, in the
case of the square duct, a transverse flow model, making them identical to consistent
with the present model. Nevertheless, the integral form of the continuity equation
is mathematically redundant because it can simply be produced by applying the
divergence theorem to the differential form. This form is not represented in all nodal
regions close to the duct walls in the finite difference solution, avoidingredundancy.
The integral continuity equation has the following bipolar coordinate form

T &
(2.17) gaQ(l — S)2w,esch?(&) = / / wh*dédn,
0 J&

where w, represents the volume rate of flow per unit of cross-sectional area, was
calculated using the average axial velocity. Equation (2.17), which imposes a physical
constraint and excludes the transverse velocity components, is particularly useful [21].
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2.3. Method of Solution. Here, it is more convenient to represent the variables and
parameters in dimensionless form for the model as

UZURG, V:URE, w=2 p_P7P y__= H:i,
(2.18) We We We pw? DyR, Dy,
| plte Tt nd R = Zw.D
r = y Tb = an e — 7o We )
a pwe Dy, P pw? k2 "

where p. is the pressure at the entrance, R. is the Reynolds number, 7p is the
dimensionless yield stress, and Dy, is the hydraulic diameter given by

(2.19) Dy =2(Ry — Ry) = 2a(1 — S) csch &.

The following equations are obtained by substituting (2.18) and (2.19) into (2.5),
(2.9), (2.10) and (2.11) to (2.17).
Assumed by the dimensionless form of viscosity

1/2

N

Hr D
2 2
o o
V() + ()
The dimensionless forms continuity and momentum equations now take the form

0 0 Qo
55<HU)+%(HV)+&(H W) =0,

M = K.+

(2.20) u ow V. ow W@W_ ap 1 [8( 8W> 6( 8W>]‘

T oc "H op TV e T Taz e e \Mae ) g \May
All other variables in (2.12) to (2.16) are already dimensionless due to the dimen-
sionless nature of u and v in (2.18), which makes u/v equal to U/V. Thus, (2.11)

through (2.16) are not altered, except that (2.11) and (2.16) are updated to:

U to — 1t
2.21 —=F— f * d U=0, f =&
e U=FREU fese, wd U=0 fre=g
Then, the dimensionless integral form of the continuity equation (2.17) is as follows
8(1—-5) = & 2
2.22 S [ W dgan =10,
( ) 7T(1 + S) 0 Jé& 5 1

which employs the trapezoidal rule for the double integral. Moreover, the dimensionless
boundary conditions are:
U=V=W=0, atf=¢& and £ =&,
W=1, atZ=0,
ow

— =0, atn=0andn=nm.
on
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3. NUMERICAL MODEL AND IMPLEMENTATION

3.1. Numerical Model. A numerical marching technique that divides the hydrody-
namic entrance region into a number of parallel planes that are perpendicular to the
z-axis provides a finite difference solution to the model. To create a finite difference
grid that covers half of the symmetric annular cross section, sets of constant £ curves
(with index ¢) and constant 7 curves (with index j) are used to segment off the region
defined by & < £ < &. This grid was selected to be fine enough to produce solutions
with acceptably low truncation errors without requiring excessive computational cost
or storage. Starting from either wall, the £ interval from &; to £* and the one from &*
to & is divided into m variable segments. The steep velocity gradients near the walls
are accommodated very fine grid spacing. The 7 interval from 0 to 7 is divided into [
equal segments. Therefore, there are (2m — 1)[ interior grid points, with indices (i, ),
for which values of the three velocity components, U, ;, V; ;, and W, ;, are required,
while (14 1) points on each  boundary for which have all values of U, ;, V; ;, and W, ;
set to zero. Non-uniform step lengths in the £ direction (variable mesh size), uniform
step lengths in the 1 direction, and non-uniform step lengths in the z direction are each
represented by A¢; (where A& = &1 — &), An, and Az, respectively. Consequently,
the continuity equation, using central difference, takes the following form

H;;j 1Uij—ipsr — Hioi jUia jror — Hicjo1Uiza jo1 o1 + HijUs e
2084
n —H;; 1 Vijipm + Hioi jVieyjeyn — HicjaViej—i e + Hij Vi
2An
+ HEiWigienn + By jWimrgin + Hiy Wagorpe + By i Wimngoaien
4Nz
CHE Wi+ HEy jWisa g+ HE Wi, + HEy j  Wisrg-an
4Az
while the momentum equation in the finite difference form is:
(3.2)
Uijk [ Wivrgh+1  Wici ikt . dsW; j k41 4 Vijk <Wi,j+1,k+1 - Wi,j—l,k+1)
Hij \ d2(AG) (a2 ) d H;; 24
Wik
+ 12 Wik = Wigp)
_ap 1 Frip ikttt Winrgibr = Wigner) ey ikt (Wigets = Wicajika)
iz " HY, i (AE) d (A&1)
N U B okt t Wigetesr = Wigen) + by kit (Wiigsr — W1 541)
H12j AT/2 )

(3.1)

=0,

where

A&+ AE 1 1 1 1
(33) dl — gz + gl 1

2  h= Ag; * AV da = A, A
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3.2. Problem Implementation. The previously obtained results were coded in
MATLAB [37]. However, the established difference scheme generates a system of
linear algebraic equations in V, W, and 2. Subsequently, a set of (2m +1)({+1)+1
simultaneous linear algebraic equations in W and %2 are obtained by combining (2.22)
with (3.1) and (3.2) for i = 2 to 2m — 1 and j = 2 to [. At the first plane beyond
the inlet, the hydrodynamic model is solved independently of all subsequent planes.
The solution of the second plane depends only on the solution of the first one, and
the solution of the (k 4 1)-th plane depends only on the solution of the k-th plane,
which is its direct predecessor. As a result, the entire hydrodynamic entrance region
is resolved by successively solving each plane in turn. The matrix form of the linear
algebraic equations is as follows

(3.4) AX = B,

where X denotes the unknowns of the algebraic equations, A represents their coeffi-
cients, and B contains their residuals. Then the matrix form of (3.4) may be expressed
in the following way

Al A2 W . Bl
5 & ) 7] 5]
where A; is a (2m — 1) x (I + 1) matrix that includes the coefficients of W, ; in (3.2),

while Ay contains the coefficients of P in (3.2) and Aj has the coefficients of the axial
velocity W; ; derived from the integral (2.22). Also,

Ar=10 0].

Additionally, By is a (2m—1) x ({+1) vector representing the residuals of (3.2) whereas
B, is the vector that represents the residuals of (2.22). In order to solve nonsingular
linear systems with coefficient matrices, Keller [38] investigated the behavior of the
bordering algorithm (3.5). This algorithm has been used to solve a broad class of
differential equations boundary value problems that are discretized. The matrix form
(3.5) can be split into the following two equations using this technique

(3.6) AW 4+ Ay P =By,
(3.7) AsW + AyP =Bs.

In which, the unknown W may be put in the form
(3.8) W=WwW-WP.
Then (3.6) may be written as

(3.9) A (W — WP) + AP = By,
ie.,

(3.10) AW + P(Ay — A,W) = By.
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In order to eliminate P from (3.10), W is solved using
(3.11) AW = A,

and then W is obtained through solving

(3.12) AW = By.

However, the five-band system represented by (3.11) and (3.12) can be solved using
the relaxation method to obtain both W and W. The sparsity of matrix A; with
many zero elements that are ignored during the solution steps makes this method
appropriate for solving such systems. Therefore, the relaxation equation is expressed
as
(3.13)

we
Qg5 = ;j (@ij102ij1 + Qijr100ij01 + QG101 + Qi1 Qi) + (1 — we)ouiy,
where o represents an element in the unknowns vectors W and W, the subscript 1
means the known values of the variables 1, and the subscript 2 means the unknown
values of the variables one. w, is the relaxation factor, a is an element of matrix
Ay, and b is an element of matrix Ay or matrix B;. Substitute (3.8) into (3.7) yields
As(W — WP) = B,. Then,

AsWP = AsW — By,

Equation (3.8) is used to determine W once P is known. Following the acquisition of
all W; ; for a plane, the unknown U, ; and V; ; in the plane are all directly evaluated
without any iterations using the numerical approximation to (3.1) and (2.21).

Starting with uniform axial velocity as a starting point, the flow in the annulus
develops during the computations. The process is repeated at the next plane after
resolving all unknowns at the (k + 1) plane. Repeating this process until the flow has
fully developed, the relaxation parameter and the mesh size (axial and transverse)
affect the stability and convergence speed. Furthermore, the model’s finite difference
equations are stable and consistent based on the available numerical findings. At
a certain axial position on z, the truncation error of the difference scheme in (3.2)
is O(AE + An?). As a result, since A¢ and An converge to zero, the difference
equation (3.2) tends to the differential equation (2.20). The very tiny axial step size
Az, no larger than 0.25 x 10°, was used near the inlet to account for the high axial
gradients typically occurring at the duct entrance. Z was increased to a maximum of
0.001 increased.

4. RESULTS AND DISCUSSION

The exact solution of Snyder and Goldstein [39] for the magnitude of discharge, @,
has been compared to the results of the current study while considering various values
of e. As shown in Table 1, the comparison has examined a fully developed Newtonian
fluid (7p = 0.0), with S = 0.5. Different dimensionless parameters were considered
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when calculating the discharge. Additionally, the accuracy of the current study was
evaluated, revealing that agreement with the exact solution increases as e increases.

TABLE 1. Comparison of numerical results of discharge, ) with the
exact solution of Synder and Goldstein

e | Present Study [ Snyder and Goldstein | Accuracy (%)
S=0.5

0.2 0.051157 0.05226 97.88940

0.4 0.060041 0.06054 99.17575

0.6 0.073739 0.074052 99.57732

0.8 0.092061 0.09236 99.67627

Moreover, Table 2 compares the discharge values to those reported by Ateia et al. [5]
at S = 0.5 considering various values of 7p and e. As e is increased or decreased, the
accuracy of the discharge values from the current study was evaluated and they were
found to be consistent.

TABLE 2. Comparison of numerical results of discharge with the nu-
merical solution of Ateia et al. for different values of 7p

Reference T =01|7p=0.025 | 7p = 0.05

Present study S = 0.5, e = 0.2 | 0.01197 | 0.020446 | 0.05116
[5] 0.01222 | 0.020845 | 0.05224

Accuracy (%) 97.9326 | 97.9542 98.0859

Present study S = 0.5, e = 0.4 | 0.01555 | 0.025390 | 0.06004
5] 0.01537 | 0.025310 | 0.06049

Accuracy (%) 99.6839 | 99.2561 98.8289

Present study S = 0.5, e = 0.6 | 0.02068 | 0.032686 0.07398
[5] 0.02110 | 0.033011 | 0.07415

Accuracy (%) 99.0155 | 99.7707 98.0095

Present study S = 0.5, e = 0.8 | 0.02801 | 0.042758 | 0.09232
[5] 0.02859 | 0.043263 | 0.09237

Accuracy (%) 98.8327 | 99.9459 97.9713

This study’s dimensionless entrance solution for pressure is contrasted with that
of Feldman and Hornbeck [21]. Figure 2 depicts e = 0.9 and S = 0.1 for Newtonian
fluid flow (7p = 0.0), and the current findings are in good agreement with the earlier
conclusion.

However, Figures 3, 4 and 5 examine the effect of S, e, and 7p on the pres-
sure gradient, respectively. Figure 3 illustrates the impact of the radius ratio (S =
0.1,0.5 and 0.9) on the pressure gradient —Z—g for constant values of relative eccen-
tricity e = 0.5 and yield stress 7p = 0. It showed that as S decreases, the pressure
gradient grows and quickly reaches its maximum. For S = 0.1,0.5 and 0.9, the ratio
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F1GUuRE 2. Comparison of the pressure gradient with the results of
Feldman and Hornbeck, e = 0.9, s = 0.1 and 7p = 0.0

of pressure gradient values at Z = 0 to those at Z = 1 was 6.16, 7.90, and 17.65 times,
respectively. This indicates how high the pressure gradient at the entrance region
is. These significant increases (up to 17.65 times the fully developed values) stem
from steep velocity gradients near the inlet. In Figure 3, the pressure gradient range
expands as S increases, due to narrower annular gaps intensifying wall shear effects.
Moreover, Figure 4 shows how the relative eccentricity (e = 0.3,0.5 and 0.7) affects
the pressure gradient —fl—g for constant values of the radius ratio S = 0.5 and 7p = 0.
As e decreases, the pressure gradient increases and quickly reaches its maximum. The
pressure gradient values at Z = 0 were 50.52, 35.44, and 21.99 times greater than
those at Z = 1 for e = 0.3,0.5 and 0.7, respectively. This reflects the significant
increase in the pressure gradient within the entrance region. For a Newtonian fluid
7p = 0, decreasing e narrows the annular gap, intensifying shear and resistance near
the inner wall, which sharply elevates the pressure gradient at the inlet. Additionally,
the pressure gradient —‘;—5 for fixed values of the radius ratio S = 0.5 and the relative
eccentricity e = 0.5 is affected by the yield stress 7p = 0.0,0.05,0.5 and 1, as shown
in Figure 5. It increases as 7p increases and gradually develops to its full value, which
is expected given increased viscosity and resulting elevation in pressure gradient. For
7p = 0.0,0.05,0.5 and 1, the pressure gradient ratios at the entrance region relative to
the steady fully developed zone were 10.64, 11.96, 14.83, and 16.86 times, respectively.
This draws the designers’ attention to the extremely high pressure in the entrance
areas. For a Casson fluid, higher 7 enhances the yield stress, requiring greater pres-
sure to initiate flow, particularly at the entrance, where undeveloped flow amplifies
viscous resistance.
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FIGURE 4. Distribution of the pressure gradient (—7-) versus Z for
different values of e for S = 0.5 and 7p = 0.0

On the other hand, Figures 6, 7, and 8 demonstrate the effects of S, e, and 7p on
the axial velocity. Figure 6 depicts the impact of the radius ratio (S = 0.1, 0.5, and
0.9) on the axial velocity for constant values of the relative eccentricity e = 0.5 and
the yield stress 7p = 0.0. As .S decreases, the axial velocity increases to accommodate
the increased area. The ratio of the entrance zone velocity to the fully developed one
was 0.443626, 0.47152, and 0.437509 for S = 0.1, 0.5, and 0.9, respectively. For a
Newtonian fluid 7p = 0, a lower S (smaller inner radius relative to the outer) widens
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the annular gap, reducing flow resistance and boosting axial velocity near the entrance.
However, as the flow develops, the velocity profile adjusts, leading to the observed
ratios reflecting the transition from entrance to fully developed conditions.
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FIGURE 5. Distribution of the pressure gradient (5Z2-) versus Z for
different values of e = 0.5 for S = 0.5 for different values of yield stress
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F1GURE 6. Distribution of the velocity, w versus Z for different values
of S for e=0.5and 7p = 0.0

Additionally, Figure 7 shows the influence of relative eccentricity, e = 0.3, 0.5
and 0.7 on axial velocity for fixed values of radius ratio, S = 0.5, and yield stress,
7p = 0. It was found that as e increases (due to an increase in area), the axial
velocity decreases. According to the results, the entrance zone velocity was 0.469391,
0.438141 and 0.437509 times its value in the fully developed region, respectively. For
a Newtonian fluid 7p = 0, increasing e shifts the inner cylinder off-center, narrowing
the gap on one side and widening it on the other. This asymmetry increases resistance
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in the narrow region, reducing the axial velocity near the entrance despite the larger
overall area, while the fully developed flow adjusts to a more uniform profile.

2.5
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e=0.7
I L
0.5 . . . .
0 0.2 0.4 0.6 0.8 1

Z-axis

Ficure 7. Distribution of the velocity, w versus Z for different values
ofeat S=0.5and 7p = 0.0

Furthermore, Figure 8 illustrates how the yield stress, 7p = 0,0.5 and 1.0 affects
the axial velocity for constant values of the radius ratio, S = 0.1 and relative eccen-
tricity, e = 0.9. As 7p increases, the viscosity rises and the axial velocity decreases
correspondingly . The ratios of the entrance region velocity to the fully developed
velocity were 0.496551714, 0.505679036 and 0.53654 for 7p = 0,0.5 and 1.0, respec-
tively. For a Casson fluid, higher 7 increases the yield stress, enhancing resistance
to flow initiation and reducing axial velocity, particularly near the entrance where
flow is undeveloped. This effect is pronounced at low S and high e, as the narrow
annular gap and eccentricity amplify viscous opposition, though the fully developed
flow partially mitigates this reduction.

5. CONCLUDING REMARKS

The numerical findings were reported for the three-dimensional, steady, laminar
fluid flow under hydrodynamically developed conditions. The fluid was assumed to be
either Newtonian or non-Newtonian flowing through concentric or eccentric annulus
duct. Computer software was developed that utilized two-dimensional storage and a
marching strategy for solving differential equations line-by-line using the relaxation
method. Subsequently, the effects of the axial position Z, the relative e, and the
radius ratio S on the axial velocity profiles were studied.

Through this work, it was found that the pressure gradient is directly proportional
to the yield stress; 7p, and inversely proportional to both the radius ratio; S, and the
relative eccentricity; e, whereas the axial velocity is inversely proportional to S, e, and
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Tp. It was observed that the pressure gradient in the entrance region is significantly
greater than the fully developed one. This ratio ranged from 6.16 for S = 0.1, e = 0.5
and 7p = 0 to 50.52 for S = 0.5, ¢ = 0.3 and 7p = 0. In contrast to the pressure
gradient, the axial velocity in the entrance region is consistently lower than in the
fully developed zone,with its ratio varying between 0.437509 for S = 0.5, e = 0.7 and
7p = 0 and 0.53654 for S = 0.1, e = 0.9 and 7p = 1. This emphasizes the importance
of investigating the entrance region for system designers.

The accuracy of the current results was compared to values reported in the literature
showing good agreement.

Notations. We have used the following list of notations.
Dimensionless velocity components U, V, W

Coefficient matrix A
Velocity components U, v, w
Coefficients sub-matrices Aq, Ag, A
Velocity vector |44
Residuals vector B
Intermediate matrices W, 144
Residuals sub-vectors B, By
Volume rate of flow per unit We
Hydraulic diameter Dy,
Eccentricity d
Dimensionless z component Z

Pressure gradient Z—p
z
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Greek Symbols

Model viscosity K?
Apparent viscosity 1
Plane number k
Dimensionless viscosity .
Relative eccentricity M
Bipolar system coordinates &,7),z
Dimensionless pressure P
Fluid density P

Entrance’s pressure gradient p,

Yield stress ™
Inner and outer radii R, Ry
Distance between two points A
Reynolds’s number R,
Gradient derivative \Y%
Radius ratio S
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ON UNIQUE MINIMAL SOBOLEV NORM ELEMENT OF
BANACH SPACES OF FUNCTIONS WHICH TAKES A GIVEN
VALUE IN A FIXED POINT

TOMASZ LUKASZ ZYNDA

ABSTRACT. First, it will be shown that some Banach spaces V of functions, which
are subspaces subspaces of Sobolev spaces satisfy the c-minimal norm property, i.e.,
in any set
Vz,c ::{fev ‘ f(Z):C},

if non-empty, there is exactly one element with ¢ minimal Sobolev norm. Later, it
will be proved that this element depends continuously on the deformation of the
norm and on an increasing sequence of domains in a precisely defined sense. We
conclude with applications to the theory of linear partial differential equations.

1. INTRODUCTION

Classical theory states that the solution of a partial differential equation is unique
in many cases if the boundary or initial conditions are given. Here we introduce
a different idea - if we want a solution of a homogeneous linear partial differential
equation to be unique, we can consider the solution with the minimal Sobolev norm
among the solutions which take given value at a fixed point.

First, we prove a theorem showing sufficient conditions for the Banach space of
functions to have the minimal norm property, i.e., the property of the existence of a
unique element with minimal norm in the subset of elements taking a certain value at
a fixed point. Then we show that some Banach spaces of functions with Sobolev norm
satisfy the assumptions of this theorem. Next, we prove our main results - theorems

Key words and phrases. Sobolev spaces, minimal norm element, continuous dependence, linear
partial differential equation
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stating that the unique minimal norm element of a Banach space of functions with
Sobolev norm continuously depends on an integration weight, i.e., on the deformation
of the norm and on an increasing sequence of domains.

2. PRELIMINARIES

It is known that a Hilbert space V' of functions defined on a domain D is a repro-
ducing kernel Hilbert space if and only if it satisfies the minimal norm property, e.g.,
in any set

Voi={feVi]flz) =1}

if it is not empty, there is exactly one element with the minimal norm. In fact, the
property of the minimal norm is equivalent to a formally stronger property: c-minimal
norm property, i.e., in every set

Vee ={f €V | [f(z) =c},

if non-empty, there is exactly one element with minimal norm. Indeed, if V' satisfies
the property of c-minimal norm, then it also satisfies the property of minimal norm.
On the other hand, if ¢, is unique element of V, with the minimal norm, then cyp, is
the unique element of V, . with the minimal norm.

For more details and proofs see e.g. [6]. For examples of Hilbert spaces that do not
satisfy the minimal norm property, i.e., are not reproducing kernel Hilbert spaces, see
e.g. [6] or [3].

The aim of this paper is to show that some subspaces of functions of Sobolev spaces,
which are not necessarily Hilbert spaces, also satisfy the minimal norm property.
Moreover, we will show that the unique minimal norm element in the set V, depends
continuously on a weight function and on the integration domain. These results can
be somehow treated as a continuation of the research introduced in [6] and [4].

Throughout the paper, the unique minimal norm element of V, will be denoted by
v, without further recalling.

3. PROOF THAT SOME SUBSPACES OF F'UNCTIONS OF SOBOLEV SPACES SATISFY
THE MINIMAL NORM PROPERTY

Let V be a Banach space of functions which is a subspace of a Sobolev space W*?(U),
U c R", U an open bounded domain with boundary of class C!, 1 < p < 400,
equipped with the same norm, i.e.,

A1 = 1 fllweew) = (Z ||Dif||]2pw>> )

ji|<k
where @ = (i1,49,...,0m), |i| =41 +i2+ -+ + i, and
, olil
Dif = /

Ox' 0z - - - Owin
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It is well-known that each space LP, 1 < p < 400, is strictly convex, therefore also V
is strictly convex as a closed subspace of LP. Moreover, the following theorem holds.

Theorem 3.1 ([1], Theorem 6 in Section 5.6.3.). If f € W*P(U), with additional as-
sumptions above and k > %, then f is also an element of Hélder’s space Cki[%]fm(U),

where v is equal to {%} +1-— %, Zf% ¢ 7 and is any positive number lower than 1,

otherwise.

Moreover, the following holds.

. n < 2(U)-
(3.1 171 g in g, < Oty

A direct consequence of this theorem is the fact that the functionals of the point
evaluation in V' are continuous if only its assumptions are fulfilled, i.e. for every z € U
there exists constant C',, such that

[F G < Celfllwrrw),

for any f € V.
Now we are ready to prove the main theorems of this section.

Theorem 3.2. Let V' be a Banach space of functions defined on U satisfying the
following conditions:

(1) functionals of point evaluation are continuous;

(i1) V' is strictly convex.

Then, for any z € U, if there exist f, € V such that f,(z) # 0, we have
(3.2) et =0,
Moreover, if the infimum is reached, then it is only reached for one function, i.e, then
V' satisfies the minimal norm property.

Proof. Let z € U be a point for which there exist functions in V' that take a nonzero
value at z, and let f € V be such a function. Then, by continuity of functionals of
the point evaluation we have

Therefore, (3.2) holds.
Now, let us assume that the infimum in (3.2) is reached for some functions f, g € V..
We will show that f = g. First, let us define

1
h:§(f+9)€vz,

i.e., h(z) = 1. Next, by the triangle inequality and the fact that || f|| = ||g]|, we obtain

0l = |5 £+ )| < 5 Q11+ 1iglh = 171,
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On the other hand, by our assumptions,

IRl = 11111,

therefore

(3:3) Al = 1I£1]-

Since V is strictly convex and the triangle inequality in the above case is in fact
equality, we conclude that there exists a € C, such that f = ag. Then,

L9 = 3@+ il

By (3.3) we get that @ = 1 and in conclusion f = g. O

[IAll =

Corollary 3.1. Let V' be a Banach space of functions equipped with the Sobolev norm,
which satisfies assumptions of Theorem 3.1. Then, V satisfies the minimal norm
property.

Proof. As it was stated before, V is strictly convex and functionals of point evaluation
for that space are continuous. Therefore,

flg\i [ llwer@y > 0,
and if it is reached, then it is reached only for one function. It is sufficient to show
that the infimum above is in fact minimum. Let {f,} C V, be a sequence which
approximates this infimum, i.e., such that

0 nllwsowy = Jof 11 lhwrn.

It is obvious that {f,,} is bounded in the || - [|yyt.p(;y norm. By Theorem 3.1, it is also
bounded in a Holder space. Therefore, the sequence {f,} satisfies the assumptions of
the Arzela-Ascoli theorem and there is a convergent subsequence of it. Let us denote
its limit by fo. By Fatou’s lemma || fo||w.s @) < infrev, || f|[wrr@), so fo is the unique
element of W*?(U), such that
I follwwr@w) = }Tél‘}l 1 flwwrw)-
O

Lemma 3.1. Let V' be a Banach space of functions defined on D which satisfies the
minimal norm property. Then, the functionals of the point evaluation for that space
are continuous. Moreover, for any z € D and any functional E, : V' 5 f+— f(z) € C,

.1
|E:|" = :
-]

Proof. By the minimal norm property for any z € D there exists C, > 0 such that for
any f € V for which f(z) # 0 we have

f
f(2)

o]
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Therefore,
|f(2)| < CIIfII

If f(z) =0, then the above inequality is trivially satisfied. Moreover, for any g such
that g(z) = 1, we have

1

For any function f € V, such that f(z) = ¢, ¢ # 0, 1 there exists function g € V', such
that g(z) = 1 and f = cg. So, we have

L el =
Cg =
el oo

Therefore, ||E.||* < IIsole' Since the above inequality for f = ¢, is in fact equality, we
conclude that ||E,||* = O

[F(2)] = leg(2)] < A1

ezl

4. DEPENDENCE OF MINIMAL NORM ELEMENT ON A WEIGHT OF INTEGRATION

Let pq, pio, - - -, jtr be measurable positive functions defined on a domain U such that
there exist positive constants ¢, co for which

(4.1) ¢ < pi(w) < ea,

for any i = 1,2,...,7. u = (u1,pa,...,u) will be called a weight. We will say

that a sequence of weights {1V} converges almost everywhere to the weight p if the

coefficients of iV converge almost everywhere to the corresponding coefficients of .
Let

iz, 0= ([, |f(w)|pui(w)dw>;.

Now let us define weighted Sobolev norm Wlf’p

li|<k

IUWﬂVWym=<ZHUth)-

It is clear that in Wf’p functionals of point evaluation are continuous. Indeed, using
Theorem 3.1, we get that

1
Il {512y < Clilreoy < O oy
1
A direct consequence of this inequality is the fact that any sequence that is bounded in
the weighted Sobolev norm has a convergent subsequence, by Arzela-Ascoli Theorem.
Therefore, by Theorem 3.2, Banach space of functions with weighted Sobolev norm
with the additional assumptions of Theorem 3.1 satisfies the minimal norm property.
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Theorem 4.1. Let u”V be a sequence of weights that converges to the weight u al-

most everywhere. Let Vi be a Banach space of functions with weighted Sobolev norm

IE HWk:,p(U) satisfying the assumptions of Theorem 3.1. For any N € N, let VN be the
n

U)

and analogously let V' be the same as a vector space as Vy but equipped with the

weighted Sobolev norm || - ||Wk,p(U). Let " denote the minimal norm element in the
H ;

set

same as a vector space as Vy, but equipped with the weighted Sobolev norm || - Hwk,p(
N

{fev¥|fz)=c},
and similarly ¥ . denote the minimal norm element in the set {f € V| f(z) = c}.
Then,
; wN o
MmOl =i
and the limit above is uniform on U.

By (4.1) all spaces VY, V and V? are the same as topological vector spaces. In
particular they are all complete, i.e., they are Banach spaces.

Note that by the minimal norm property it is sufficient to show this theorem for
c=1.

Lemma 4.1. If p' := (pi, pd, ..., pt) and p? == (u3, 143, ..., u?) are weights such that
,u,} < u? forany 1 <1 <r, then

1 2
||905,c||wjip(U) = ||‘Pg,c||Wf§p(U)‘

Proof. By its very own definition

1 2 2
H(Pg,cl Wﬁip(U) < Hﬂpg,cHW"fiP(U) < HSOZ,C”WE”(U)'

Now we are going to give the proof of the main theorem.
Proof. First, let us show that the limit of go’;N exists. Let us take
10 = (2co,2¢y, . .., 2¢5)
(see (4.1)). By (4.1) and Lemma 4.1,
et ko < ;H@zﬁww) <162 kg

So the sequence Hgo’Z‘NHWk,p(U) is bounded. Therefore, by (3.1) sequence gogfcv satisfies
the assumptions of the Arzela-Ascoli theorem and we conclude that there exists a
uniformly convergent subsequence of it. Without loss of generality, we can identify it
with the entire sequence. Let us denote its limit by g. By the property of the minimal
norm, it is sufficient to show that

(4.2) 19llwrrwy < 12l w)-
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By Fatou’s lemma

. . N
(4.3) 9llwyrwy < Hminf {05 |y @)

Note that since u¥ for any N and p are bounded from below and above by non-zero
constants, all spaces ij&’ (U) are equal as topological vector spaces (and in particular
as sets). Therefore, for any f that is an element of any of these spaces, by Lemma

3.1, we have
1
z) < k, .
f(z)] < Hgoé‘Nllwk,p(U)HfHW“;(U)
uN

Taking the limit on the right hand side we get that
1
[f(2)] <

— .. N
lim 400 | [0% ||w;;;5<v>

HfHWl’j’P(U)-

We can use Lebesgue dominated convergence theorem to show that |[f{|yrr;) —
uN
||f||W5,p(U). Moreover, by Lemma 3.1, again
1 1
-y Pl ~ T
Prllwprw) MMy [|¢% |‘W555(U)
Combining (4.3) with (4.4), we obtain (4.2). O

5. DEPENDENCE OF MINIMAL NORM ELEMENT ON INCREASING SEQUENCE OF
DoMAINS

Theorem 5.1. Let {Uyx} be an increasing sequence of domains with boundaries of
class C' and U = U2, Un. Let Vi be the Banach space of functions defined on U,
equipped with the Sobolev norm || - ||wr.ry) satisfying the assumptions of Theorem 3.1.
Let VN for N > 1 be the Banach space of functions equipped with the Sobolev norm
|- [lwwrwy), such that for any f € VN we have fuy , € Vi, fork=1,2,...,N —1.
Similarly, let V' be the Banach space of functions equipped with the Sobolev norm
|- llwrww), such that for any f € V we have fiu, € Vi for any N. Let ngUjCV denote
the unique minimal norm element of the set

{fev¥f(z)=c}

and similarly cpgc denote the unique minimal norm element of the set

{feVI]f(z)=c

Then,

U

. UN -
hm cpz,c - Soz,c

N—+o00
and the limit above is locally uniform on U.

As in the previous section, by the minimal norm property, it is sufficient to show
the above theorem only for ¢ = 1. We can also define goglcv (w) =0 forwe U\ UV,
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Lemma 5.1. If Uy and Uy are domains such that Uy C Us,, then ||¢ZZ||Wk,p(U1) <
2] lwer (1) -

. .. 1 .
Proof. By its very own definition [|¢.|lwrrw,) < o2 lwrewy) < 922l lwrrws), it
is clear that o2 € WH»(U). O

We will now prove the main theorem.

Proof of Theorem 5.1. First, let us show that the locally uniform limit of goZUN exists
on U. For any compact set X C U there exists j € N such that X C Uy for N > j.
By properties of the integral and Lemma 4.1 for N > j we have

o™ Nwrwxy < N lweawny < N0 e w)-

So, the sequence || ||k (x) is bounded. Therefore, by (3.1) sequence " satisfies
the assumptions of the Arzela-Ascoli theorem on X and we conclude that there exists
a locally uniformly convergent subsequence of it. Without loss of generality, we can
identify it with the entire sequence. Let us denote its limit by g. By the property of
the minimal norm, it is sufficient to show that

(5.1) gllwesw < e |lwrnw)-

By Fatou’s lemma
o N
(5:2) [lgllwer@) < diminf [l [lwerwy)-

Note that we have W*P(U) C W*P(U,,,1) C WHP(U;). Therefore, for any f €
WP (U), by Lemma 3.1, we have

1
f(2)] < o0

N | |kaP(UN) | |f| |Wk,P(UN) .

Taking the limit on the right hand side we get that

() < !

T limy oo HSOQN | |W’”’(UN

)Hf!lww(m-

(We can use Lebesgue dominated convergence theorem to show that

S wrwwyy = [Lf[lwee@)-

We just need to consider integrals [;; | f(w)[PLy, dw, where Ix is indicator function of
set X, and notice that the integrated functions can be dominated by |f|P.) Moreover,
by Lemma 3.1, again

1 1
< — .
HQOgHW’W(U) ~ limy e ||<P5N\|ka(UN)

Combining (5.2) with (5.3), we obtain (5.1). O

(5.3)




ON UNIQUE MINIMAL SOBOLEV NORM ELEMENT OF BANACH SPACES OF FUNCTIONS93

6. EXAMPLES OF APPLICATIONS

Usually, we want the solutions of differential equations to be elements of some
Sobolev spaces. Classical theory states that in many cases, if boundary or initial
conditions are given, then the solution is unique. If the only set of solutions of
the differential equation under consideration is a vector space that is closed in the
corresponding Sobolev norm, and we want to have a unique solution, we can look
for the solution with minimal possible Sobolev norm in the set of functions that take
given value at a fixed point.

In the rest of the section, we assume without further recalling that our Sobolev
norm satisfies the assumptions of Theorem 3.1. By solution we mean a classical
solution, i.e., a sufficiently smooth function.

Note also that the term 'minimal solution’ of a differential equation is usually used
in a different sense (see e.g. [2,5]).

Ezxample 6.1. Let us consider the set of solutions of Laplace’s equation that have a
finite Sobolev norm. It is clear that this set forms a vector space. We will show that
this vector space is closed in the Sobolev norm topology.

Let (f,) be a sequence of harmonic functions converging to f in the Sobolev norm
topology on a bounded domain U. Then, f, in particular converges to f in the LP(U)
topology. It is known that the LP-limit of harmonic functions implies a locally uniform
limit of the same sequence to the same limit. Indeed, by Mean Value Theorem for
subharmonic functions,

f@)P<C, /B o )P,

where B(x,r) is the ball with centre in x and sufficiently small radius » > 0 to lie
with its boundary in U. Moreover, C, = ﬁ, where L(r) is Lebesgue measure of a
ball of radius r, i.e. C, depends only on distance of x to the boundary. It means that
for any compact set X C U there is constant C'y, such that for any x € X

f(@)P < Cx /B o (@),

Therefore, if f,, converges to f in the topology LP(U), it also converges to the same
limit in the topology of locally uniform convergence. It is known that the locally
uniform limit of harmonic functions is also a harmonic function, therefore the vector
space of solutions of the Laplace equation with finite Sobolev norm is closed in the
topology W*P(U). This means that there is exactly one harmonic function which
takes a given value in a fixed point with minimal Sobolev norm. Moreover, that
extremal function depends continuously on a weight of integration and an increasing
sequence of domains in precisely defined sense. Note that V, . is never empty in this
example, since the constant function is always its element.

Ezxample 6.2. Now let p = 2, i.e., let our Sobolev norm be a norm generated by the
inner product. Moreover, let us consider any homogeneous elliptic partial differential
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equation with C'* coefficients. It is obvious that the set of solutions of such equation,
which have a finite W*2 norm, is a vector space. Let (f,) be a sequence of elements
of that space that converges to f in the topology W*?2(U), where U is a bounded
domain. Then, in particular, f, converges to f in L?(U). It can be shown that the
L2-limit of the classical solutions of an elliptic equation with smooth coefficients is
also a classical solution of the same equation (see [6] for the proof). Therefore, the
vector space of solutions with finite W*2 norm of the homogeneous elliptic equation
with C*coefficients is closed in W*?2(U) topology. This means that if we want our
solution of the elliptic homogeneous equation with C'* coefficients to be unique, we
may look for the solution with the minimal W*2(U) norm among the solutions which
take given value at a fixed point. Moreover, if the equation also has the form

Augy + Bugy + Cuyy + Duy, + Euy, = 0,

then V, . is never empty, because constant function is always its element.
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FURTHER REVERSE INEQUALITIES FOR THE NUMERICAL
RADIUS AND OPERATOR NORM OF HILBERT SPACE
OPERATORS

MOHAMMAD SABABHEH!?2 AND HAMID REZA MORADI?

ABSTRACT. The main purpose of this paper is to give some reverse inequalities for
the numerical radius of bounded linear operators on a Hilbert space, in a way that
complements many celebrated inequalities in the literature.

1. INTRODUCTION

Let B(H) be the C*-algebra of all bounded linear operators on Hilbert space H,
with identity I. For A € B (H), let r (4), w (A), and ||A|| denote the spectral radius,
the numerical radius and the operator norm of A, respectively. It is well known that
for every A € B(H),

r(A) Sw (4) <Al

Recall that r(A) = sup{|A| : A € 0(A)}, where o(A) is the spectrum of A, w(A) =
sup [(Az,x)| and ||A|| = sup |(Az,y)|. The Crawford number of A € B (H) is
ll=l|=1 l[zl[=llyll=1
defined by m (A) = ”iﬂlfl |(Az, ).

It is well known that w (-) defines a norm on B(H), which is equivalent to the
operator norm. In fact, the following more precise result holds for every A € B(H),
as one can find in [11, Theorem 1.3-1],

(1) SIAL < w(4) < 4]

Key words and phrases. Bounded linear operator, numerical radius, operator norm.
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The inequalities in (1.1) are sharp. Indeed, if A% = 0, then the first inequality becomes
an equality, while the second inequality becomes an equality if A is normal.

For recent reverses and refinements of the inequalities in (1.1), see [13-16,18,19,25,
27]. In addition, for a comprehensive account of the numerical radius, the reader is
referred to [11]. Finding reverse inequalities for already established results enhances
our understanding of these notions, and provides new tools and auxiliary results that
we might benefit from. The above references, and many others, have discussed several
forms of reverse inequalities.

While the operator norm is sub-multiplicavive in the sense that |AB|| < ||A]| - || B||
for all A, B € B(H), the numerical radius is not. However, the numerical radius enjoys
the power inequality stating that, for A € B(H),

(1.2) w (AP) < wP(A),
for p = 1,2,... This was first considered by Berger in [1]. However, the problem of
finding the smallest constant ¢ such that

W(A) <cw(AP), c>1,

is still unsolved.
A weaker version of sub-multiplicativity for the numerical radius asserts that [11,
Theorem 2.5-2]:

(1.3) W(AB) < 4w(A)w(B).

This paper presents a general discussion that leads to several relations in the above
setting. More precisely, we find some additive reverses of celebrated inequalities related
to the numerical radius and the operator norm. For example, we find a constant 7,
that depends on A, B € B(H), such that w(AB) < w(A)w(B) + 71. This provides a
weak sub-multiplicative behavior of the numerical radius.

Further, we show that

1
5 1A+ 1A = w? (4) < e,
for some constant ~y,, providing an additive reverse of the celebrated inequality [17]
1 *
(1.4) W (A) < 5 |1AF + 1A

Many other relations are proved similarly, covering a wide selection of celebrated
results in this direction.

We will need the following lemmas to achieve some of our results. The first lemma
presents a refinement and a reverse for the simple inequality a” < 0P, whenever a < b
and p > 1.

Lemma 1.1. Let a,b,m, M € R and let p > 1. Then,
a? +pm?~' (b —a) <P,

O<m<a<b< M = 1
W <al4+pMP~ (b—a).
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Proof. Applying Lagrange theorem (Mean Value Theorem) on the function f(t) = ¢?
implies
f(b) = f(a) = pb"~' (b — a),

for some 6 € (a,b). This immediately gives the desired conclusion. O

Lemma 1.2 (Buzano’s inequality [2]). Let a,b,e € H with |le|| = 1. Then,
1
[{a, e} (e, )] < 5 (llall - [1Bl} + (@, b1)

Lemma 1.3 (Holder-McCarthy inequality [22]). Let A € B (H) be a positive operator.
Then, for any unit vector x € H,

(Az,z)" < (A"z,z), r>1.

Lemma 1.4 (Mixed Schwarz inequality [12, pp. 75-76]). Let A € B(H) and let
x,y € H be any vectors. Then,

[(Az. )| < (1Al 2) (4] y, ).
For o, 5 € C and A € B (H), we define the following transform
Cap(A):= (A" —al) (Bl — A).

This transformation received some attention in the literature, as seen in [5,10]. In fact,
it was introduced in [5] as a tool for discussing some operator bounds. In [10], it was
discussed in further details as an indicator of some relations among different operator
forms. Also, in [23], it was applied to obtain certain Cassels type inequalities.

We recall that a bounded linear operator A on the complex Hilbert space (H, (-,-))
is called accretive if Re (Az,z) > 0 for any x € H, where Re(+) denotes the real part
operation.

It has been shown in [7, Lemma 86] that if A € B(H) is such that C,z(A) is
accretive, then

o — B
(1.5) <=

A_Oz+ﬁ[|
2

The Euclidean operator radius shows some benefits when dealing with the numerical
radius. We recall that if Ay,..., A, € B(H), then the Euclidean operator radius of
these operators is defined by [24]

1
n 2
We <A17A27"'7An> = sup (Z‘<A1$,I’>’2> :

lzl=1 \i=1
The following upper bound for the Euclidean operator radius is well known [3, Theo-
rem 1]

(1.6) w? (A, B) < |4 + B

Related inequalities that include a reversed version of this will also be discussed in
the sequel.
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2. UppER BOUNDS FOR [[A* + B[

First, we prove the following general form that provides a reversed version of the
simple inequality w?(A4) + w?(B) < || 4]|* + || B

Theorem 2.1. Let A, B € B (H). Then, for any o, 5, A\, u € C,
2 2
o — A—
e e

[lAF + 1B < w?(4) + w?(B) + =+
2 2
efa- o] -2

Proof. On account of [8, Theorem 3], we have

2 2
| 46! +Hx_ozwe

(2.1) lz]* = [{z, e)]” <

Y

2

where z,e € H, |le]| = 1 and a, f € C. Replacing x by Az and e by z, with ||z|| =1
in (2.1), we obtain

2 2

(2.2) 1Az < [(Az, 2)[> + 12 45’ 4 (A—O”ff)x .
Similarly, we can show that

A — pf? A 2

(2.3) |BalP < |[(Bx.z)[+ 4“‘ + (B—?I)x ,

for any pu, A € C. Combining (2.2) and (2.3) implies that
<(]A|2 + ]B|2> a:,x> = <\A]2x,w> + <\B]2:L’,w>
= ||| + || Bz

a—6\2+ A — pf?
1 1

(B— MI) x
2

2 2
Swz(A)—i—uﬂ(B)—l— |a 4B| 4 |)‘ 4M|

‘B_wj
2

< (A, 2)? + |(Ba, 2)* + |

(2.4) —|—H<A—a+5l>x2

2

2

i

2
+

a+p ?

2
where we have used the definitions of the numerical radius and the operator norm to

obtain the second inequality above. We deduce the desired inequality by taking the
supremum over z € H with [|z|| = 1. O

+ 1

Y

-

The approach we adopt in this work can be also applied to obtain bounds for
w? (JA| +1|BJ), as follows.
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Corollary 2.1. Let A, B € B(H). Then, for any «, 3, A\, u € C,
o — B N A —pf
4 4

A+

2
B-"2F1
o

w* (JA| +1]B]) < w* (4) +w* (B) +

+la-

Proof. This follows from Theorem 2.1 noting that w?(|A| +i|B|) < H|A|2 + |B|2H . O

Remark 2.1. Set a« =  and A = p, in Corollary 2.1, and then take the infimum over
a and A\, we get

w? (|A] +1|B]) < w? (A) +w* (B) + inf || A~ ol|]* + inf |5 — A2
In particular,
5@ (|A] +1]A47)) < w? (A) + inf [|A - aI|.

Notice that the above inequality provides a reverse for the first inequality in [20,
Corollary 2.2].

Another upper bound for H]A|2 + |B|2H in terms of w?(A) + w?(B) can be stated in
the following form.

Proposition 2.1. Let A, B € B (H). Then, for any o, B, A\, € C,
[l + 18P < i [1AP + 147 + 1B +|B*P| + ; (w(4%) +w (BY)

a =B [N —uf a+p | A+ p
—7 B—il
+ 4 + 4 2

+|a-

Proof. Let x € H be a unit vector. If we put a = Ax (resp. Bx), b = A*x (resp. B*x),
and e = z, in Lemma 1.2, we obtain

[(Az,z) | + [(Bz, )|
<= (IlAz] - |42 + |{ A%, 2)| + || Ba|| - | Bxl| + |( Bz, z)])

:; \/<\A12x,x> (|42, 2) + | (A%, 2)| + \/<|B|2x,x> (1B*[*z,x) + \(B%,@D
i<(|A|2 + A" +|Bf + |B"[*) z,2) + ; (|(A%2,2)| + (B, )]

<2 |14 + 1477 + |B]® + 1B || + ; (w(4?) +w(B?),

where the second inequality is obtained from the arithmetic-geometric mean inequality.
So, we obtain the desired result after adding (2.2) and (2.3) together and then taking
the supremum over all unit vectors z € H. O
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Remark 2.2. (i) If we set B = A and aw = f = A = p, in Proposition 2.1, we get
2 1 2 *2 1 2 . 2
JAIP < 3 [I4P + 47| + e (4%) + inf 14 — a1
(ii) If we set B = A* and v = 3, A = p = @, in Proposition 2.1, we get
1
SIAP + 14| < w (42) + 2inf [|A - aI|* < w (A)° + 2inf [|A - ||,
2 a€eC a€C
This provides a reverse and a refinement of the inverse of (1.4).

Remark 2.3. Both Theorem 2.1 and Proposition 2.1 provided upper bounds for
H|A\2 +|B \QH In this remark, we show that the two bounds are incomparable in
the sense that neither upper bound is always better than the other. For this, we
consider two choices of A, B.

. . 1 1
First, if we let A = [ 11

0 1

]andB—[_l 0

1 , we find that w?(A)+w?(B) = 2
and ) )
i AP + 14 + 1B + |B*P| + 5 (w (4%) +w (B%)) =25,
showing that Theorem 2.1 is sharper than Proposition 2.1 for these A, B.
On the other hand, letting A = l _02 _02 ] and B = [ _02 ;) ] , we find that
w?(A) + w?(B) ~ 15.3218 and

TAR 1477 1B 418 + 3 (w0 (47) + (B7)) » 144357

We point out that for A =

-1 0 11
0 1 1 and B = [ 10 1, the two bounds are equal.

Proposition 2.2. Let A, B € B(H). Then, for any o, B, A\, € C,

2 2
_ )\_
H|A|2+|B|2HSW(‘A’+i’B|)w(|A*’+i‘B*|)+‘O‘ 6| _'_| /L|

4 4
" HA— “*%Hz ¥ HB BTy
2 2
Proof. Let x € H be a unit vector. Then,
(2.5) |(Az, 2)[* + [(Bz, z)|*

<(|A|x,z) (|A"| z,x) + (|B| x,z) {|B*| z,z) (by Lemma 1.4)

s¢ (Al 2, 2)* + (| Bl 2, 2)*) ({|A*] @, 2)* + (|B*| 7, 7))
(by the Cauchy-Schwarz inequality)

=[(| Az, 2) +1(|B|z,2)| - [{|A"] 2, 2) +1(|B"| z, )]
(since |a + ib] = Va2 + b2, a,b € R)
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=[{(Al +1]B])z,2)| - [((|A"] + i B"]) z, 7))
<w (Al +i[B|)w (|A*] +1]B"]).

From (2.2) and (2.3) above we have
(2.6) Az < |{Az, 2)|? + 12 _5’ H(A—a—gﬁf>a:

Similarly, we can show that

2

2

A —pul? A
(2.7) |Bz|* < |<Bx,x>|2+|4“|+ H(B— ;”J>x

Noting that ||Az||* = (Az, Az) = (|A|*z, z) and that ||Bz||*> = (Bz, Bz) = (|B|*, 1),
then (2.6) and (2.7), and using (2.5) imply

((IA? + |B]?)z, x) <w (JA| +i|B[)w (|JA"| +1| B*])

o= o j+ﬂ>x
-2

Taking the supremum over all unit vectors x € H implies the desired conclusion. [J

2
N A — pf?
1

Remark 2.4. 1f we set B = A* and a = 5, A = u = @, in Proposition 2.2, we obtain

[IAP + 14| < w(JA] +i 1A ) w (A7 +1]A]) + 2]|A - o |
= w(JA]+i|A)w (i (|47 +i]A]) +2/|A - ||
= w(|A] +i|A)w (i|A"] = |A]) + 2]|A - aT||?
= w(JA] +i|A)w (47 = |A])") + 2[|A = aT||?
= w(JA] +i|A)w (=i 4| = [A]) + 2] A = oI |?
= w (Al +i|A)w (= (JA] +1]A"]) + 2] A — o |
=w? (JA| +i]A*]) +2||A - a[||2.

Namely,
|IAP + A7)

| <w?(lA]+i4%) + 2inf || A~ al|l”
ac
The above inequality provides a reverse for the second inequality in [20, Corollary 2.2].

Another upper bound for H|A|2 + |B|2H is found next. This bound relates the
two quantities H|A|2 + \B|2H and H|A*]2 + |B*|?
changing A to A* and B to B* in this result.

‘. A reversed version is obtained by
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Corollary 2.2. Let A, B € B(H). Then, for any o, 5, A\, u € C,
LS
2

+HB—A+“I

mA|+MﬂH<HMﬂ—HB|H+ cli

ol )

Proof. Direct calculations show that w?(|A| +i|B]|) < H|A[2 + |B[2H . Employing this
inequality in Proposition 2.2, we obtain

2

2
|lAP + |B] H<\/H|A| +|BP- [14* + 18] H+ ! \A—4uy
Jeb el
2

We obtain the desired result if we apply the arithmetic-geometric mean inequality on
the square root on the right side. O

Remark 2.5. If we set a = [, A = u, and then taking infimum over a and ), in
Corollary 2.2, we obtain

(2.8) Hmf+u#HgWﬁf+uwﬂha(mﬂm—anﬁ+mwB—Amﬂ.
acC AeC
Of course, if we replace A and B by A* and B*, in (2.8), we get
Hmﬂ%HBWHgWAE+M#H+QOMHAhﬂuW+nﬁW¥_Amﬁ.
acC AeC
Letting B = A, « = XA and 8 = p, in Theorem 2.1, we infer that
2
o = BI° ‘ ath,
4

(2.9) 1A* = w?(4) < HiA-—

In the following, we present an upper bound for the non-negative difference ||A||* —
w?(A). We remark that the fact of Corollary 2.3 was pointed out in [4, Corollary 1].

Corollary 2.3. Let A€ B(H). Then,
(2.10) JAIP = w*(4) < inf |4 = o]

Proof. Since «,  are arbitrary, we can choose o = /3 in (2.9) to get
JAII* = w?(A4) < [|A = al|*.
By taking infimum over a € C, we infer (2.10). O

Remark 2.6. We have seen that Proposition 2.2 has added a new upper bound for
H |A]* + |B\2H . This remark shows that this bound is independent of both bounds in
Theorem 2.1 and Proposition 2.1. For this purpose, let us use the notations

Ri(A, B) =w*(A) + w?*(B),
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Ro(A, B) :i AP + 14 + B + |B*F| + ; (w(4?) +w (BY))

and
R3(A, B) = w (|A] +1[B[)w (|A*] +1[B7]) .
If we let A = l 8 _21 ] and B = [ _03 _13 1 , then numerical calculations show

that, for these matrices,
Ri(A, B) =~ 21.1939, Ry(A, B) =~ 19.8777, R3(A, B) ~ 22.7987,
showing that Theorem 2.1 and Proposition 1.1 can be both better than Proposition

2.2. On the other hand, if we let A = [ _21 :21)) ] and B = [ g i) ] , we find that

Ry(A, B) = 30.3463, Ry(A, B) ~ 28.3897, R3(A, B) ~ 25.3546,
showing that Proposition 2.2 can be better than both Theorem 2.1 and Proposition 2.1.
Proposition 2.3. Let A € B(H) and p > 1. Then,
IAII = w? (A) < pl| AP inf A — o]

Proof. We know that w? (A) < ||A||>. We infer by substituting a = w? (4), b= M =
|A||?, in Lemma 1.1, that

A1 < w? (A) + pll AP (IA]* = w* (A))

< w? (A) + p[| AP inf [|A — o],

where the second inequality is obtained from Corollary 2.3. This completes the proof
of the theorem. 0

Remark 2.7. Let A € B (H). It can be easily seen that there is a scalar v € C such
that irelé |A—al| =|A—~I|. Put
r, = {7 €C: [[A—~T| = inf |14~ afu}.
Therefore, from Corollary 2.3, we have
14| = w*(A) < inf [|A — al||* = [A=~I||, v€Ta

Letting B = A*, in Theorem 2.1, we get
(2.11)

(1A 1472 < 202 () + 122 AL Poul HA

2
+

2
_a+fh, A*—A;“fl

2

4 4

In the following, we aim to find an upper estimate for the non-negative quantity
LIIAP + 1A% [ = w? (A), motivated by (1.4).
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Corollary 2.4 (26, Corollary 2.2]). Let A € B(H). Then,

1 . .

5 |[[AP A = o (4) < inf ||A —aI|)".
Proof. 1t follows from (2.11) that

1 k 1 %

(2.12) 5 1A+ 1A = 5 (14 = oI + 147" = MTJI") < w? (4).
We obtain the desired result if we put A = @ in (2.12). O
Proposition 2.4. Let A, B € B(H). Then, for any o, B, A\, € C,

o= 8" | A —pl”
B R
2

1417 + B <max {JA|%, | B]*} + w (B"A)
a+p
2

Proof. 1t follows from (3.239) in [7] that
( Az, 2)[* + |(Bz, 2)|* < max {||Az|)*, || Bz|*} + |(Az, Bx)]

2
A
IH + HB _ ;”1

+|a-

for any unit vector € H. Hence, by adding (2.2) and (2.3) together, we obtain

(2.13)
2 2
— )\ _
(1A + 1BP) ,2) < max {|[ 4], |1Ba |} + Az, Bay| + =00 A=

4 4
2
—l—“(A—a;BI)x ( —)\—;—M1>I

We deduce the desired result by taking the supremum over all unit vectors x € H. [

2
+

Remark 2.8. By setting o = 8 and A = p, in Proposition 2.4, we get
1147 + BI?| < max {||AI%, | BI*} + w (B*A) + A = oI |* + || B = AI|)*
If we put B = A*, we infer that
AP + AP < 1AI° +w (4%) + A = I | + | A* = AT,
for any a, A € C. The case A\ = @ implies that
[P + 147 < IAI* + w (47) + 2inf A - aI|)*.

Remark 2.9. If we let Ry(A, B) = max{||A||2, ||B||2} +w(B*A), we find that for

2 —1 -1 -3
A= 0 ]me [ ] aw

Ri(A,B) =16, Ry(A,B)~17.9142, Rs(A,B)~ 23.3246, R4(A, B) ~ 22.7967,

where Ry, Ry and R3 are as in Remark 2.6, showing that the bound in Proposition 2.4
can be weaker than those in Theorem 2.1, Proposition 2.1 and Proposition 2.2. On the
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-1 -3

other hand, letting A = [ _9 _9

25.698,
Ry(A, B) =~ 25.8801, R3(A, B) ~24.7839, R4(A,B) ~ 21.0623,
meaning that Proposition 2.4 can also be better than the three aforementioned results.

Proposition 2.5. Let A, B € B (H). Then, for any o, 3, A\, € C,

] and B = [ _12 _32 ] shows that R;(A, B) ~

(1417 +1BP| < 141 = 1BP| + 2w (B*4) + oA, Pl

2 2
2 [ ||A -
el

Proof. We can see from (2.13) that
((1AP +1B1") 2, 2)

2 2
_ N\ —
< max {]| Ao, ||Ba:||2}+|<Ax By + 12280 Ao n

s o)

o254

1
=5 (1 42]* + 11 Bz[* + \|1A:c||2 — ||B=|]*|) + [{Az, Bx)| +

a2 +|o-252)

:; (((14P + 1BR) 2,2) + [( (141 = |BP) 2,2)|) + [{Ax, Ba)| + ’“‘4@

2 2 2
LA (A—a;rﬂl>x (B—)\;MI>95

2
A
+HB—;“I

o= B Al
4 4

1 +

We deduce the desired result by taking the supremum over all unit vectors x € H. [

+ |

Remark 2.10. By setting a = 8 and A\ = p, in Proposition 2.13, we get
AP+ [BP| < ||l = |BP| + 2 (w(B*A) + (|4 = al|* + || B = AI|]*)) .
If we put B = A*, we infer that
1147 + 4P| < 147 = AP + 2 (w (42) + (14 = ad|* + | A" = AT|1%)),
for any a, A € C. The case A = @ implies that
[1AR + 1472 < 1A = 147 + 2 (w (4) +2in 14 - a[\|2) .

In connection with (1.6), we present the following upper bound for H |A]* + |B[2H -
w? (A, B).
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Theorem 2.2. Let A, B € B(H). Then, for any o, 5, A\, u € C,
(2.14)

R

In particular,

(2.15)

AP+ |BI?|| < w?(A, B) + inf | A — aI|* + inf || B — AI|]*
aeC AeC

Proof. It observes from the first inequality in (2.4) that

((IAP + |BP) z,z) <[(Az, )| + [( Bz, z)[* +|a_’| +|A—Ld

e ]

ja — B” |/\—u|
T+

e i |

2

<w?(A,B) +

B—il

We get the first inequality by taking the supremum over z € H with [|z|| = 1.
The second inequality follows from (2.14) by placing @ =  and A = g and then
taking the infimum over a and . O

If T'= ReT + ilmT is the Cartesian decomposition of T, then from Theorem 2.2,
we have the following reverse of (1.4).

Corollary 2.5. Let A € B(H). Then, for any a, A € C,
1 .
5 1A+ 1A

|~ w?(A) < inf [ReA — al|* + inf [[TmA — AT|]*
aeC AeC
Remark 2.11. If, in Corollary 2.5, ReA and ImA are scalar multiples of the identity,
we deduce that 1 H|A|2 + |A*|2H = w?(4).
3. UPPER BOUNDS FOR || B*A|| AND THE POWER INEQUALITY

Due to sub-multiplicativity of the operator norm, one has ||B*A|| < || B|| - ||A]] <
4w(B)w(A). In the following result, we present a new form for an upper bound of
| B*A|| in terms of the numerical radii.

Theorem 3.1. Let A, B € B (H). Then, for any o, 5, A\, u € C,

2 2
|BA| Ssz (A) + ’O‘_f' + ||A -

A—pf? A 2
XJMHUMHB_;M}
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Furthermore, the inequality is sharp.

Proof. We can show from (2.2) that

(31) 1Byl < |(By, ) + P H( My

for any unit vector y € H. So, by (2.2) and (3.1), we can write
[(B"Az,y)| = |(Az, By)|
< [[Az] - | By

§J|(Ax,x>|2 o —5I H(A—Q;LBI)x
XJ\(By,y>I2+|A_M’ +H<B—Mf>y
4 2
o — B a+p |
< e+ A= 25

4
2 2
XJWQ(BHW A-QHLI

We deduce the desired inequality by taking supremum over z,y € H with ||z| =
lyll = 1. m

Corollary 3.1. Let A, B € B(H). Then, for any a, A € C,
1B*A| < \/w2 (A) + inf |A — al|? Jw? (B) + inf | B — M|*
aeC xeC

2

)

2

2

+|B -

Proof. Letting o = 3 and A = p and then taking infimum over o and A, in Theorem
3.1, we obtain the desired inequality. ([l

Remark 3.1. We notice that if A = o1, B = 051, for some 01,09 € C, then by
selecting o = 01,7 = 05 in Corollary 3.1, the inequality becomes an equality with
both sides equal to o105.

We continue this section with the following result, which yields a reverse for the
inequality (1.2) in the case p = 2.

Theorem 3.2. Let A € B(H). Then, for any o, B, A\, € C,
2 2 2
w2<A)_w(A2)§J|Oé 3 ‘A_a;rB[MIA o +HA*_MI

2
Proof. Thanks to [8, Theorem 4], we have
1
2) 2

(32) 9) — (@, 2) <z,y>yg('a;m+\|x—a;%
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A —uf’ A+ p
X( 1 TP

1

2\ 2

for all z,y,z € H, with ||z|]| = 1, and for every «, 8, \,u € C. Applying (3.2) for
r = Au, y = A*u and z = u, we get

[(Au, u)|* — ‘<A2u, u>’
< ‘<A2u, u> — (Au, u)g‘

(!a—ﬁ\ H(A—O‘”I)u
2

1
2) 3
for any v € H with ||u|| = 1. Namely,

e e

atf

2

N IS AN A
4 2

2) 2
for any v € H with ||ul| = 1.
We conclude the result by taking the supremum over v € H with [ju]| = 1 in the
above inequality. 0

1
2)2
)

2
(M—m *H(A*‘HHO“
4 2
2\ 3
))

If we put @ =  and A = p, in Theorem 3.2, we get
(3.3) W (A) Sw (A?) +[|A—al| - A" = |
In particular, if A = @, in (3.3), we infer that [6]
2 . 2 < i _ 2.
W (A) —w (A%) < inf [|A—al|
When = € H is a unit vector, the Cauchy-Schwarz inequality asserts that |(Az, z)| <

|Az||. In the following, a reversed version of this inequality is presented.

Proposition 3.1. Let A € B(H) and let x € H be a unit vector. Then, for any

a,BeC,
2
(A—JFBI> —m2<A—a;ﬁI>,

where m(X) = ‘Hnlf | (Xz,z)|, for X € B(H).
Proof. Assume that ® is a unital positive linear map on B (H). From [21, (4.2)], we
know that for any A € B (H)

(3.4) ® (JAP) =@ (A =@ (JA—cI’) = |®(A=cD)]’, ceC.

14z ])* < [(Az,z)|” +
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Now, when = € H is a unit vector, the mapping ¢ : B(H) — B(H) defined by
®(A) = (Az, z) is a unital positive linear map. Consequently, (3.4) implies, for any
unit vector z € H and A € B(H),

|Az|* = [(Az, 2)* = (|APz,z) — |(Az, )
= (JA]) = | (A)

() el

2 2
(-2 )= [((a-5520) )
2 2
2 2
(=) =)o)
2
< <A—a+5l>x —m2<A—a+BI>,
2 2
as required. 0

The next result improves [9, Corollary 2.4].
Corollary 3.2. Let A € B(H). If Cy 5 (A) is accretive, then

2
“AHQ_WQ(A)Sla—fl_mZ(A atB, )

2
Proof. 1t follows from Proposition 3.1 and the relation (1.5) that
2
el < Ao+ (4- O‘;ﬁf) w (a5 )
a+p | a+
<w?(A
s fasty ] e (o)
2
4 2
We conclude the result by taking the supremum over x € H with ||z|| = 1 in the above
inequality. U
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