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ABSTRACT. This paper introduces two new biparametric families of generalized
Fubini-type polynomials of level-m 4247271’&] (x,y,a) and mﬁ?;’l’a} (z,y,a). We
give some algebraic and differential properties, as well as relationships between
these classes of polynomials with other polynomials and numbers. In addition,
we introduce the new generalized biparametric Fubini-type polynomials matrices

C[mfl’a] (z,y;a) and @s[mfl’o‘} (z,y;a). As a result, we derive the product formula
for %mfl’“] (z,y;a) and ‘@Lm*l’a] (z,y;a) and provide some factorizations of bi-
parametric Fubini-type polynomials matrix m—1.a] (z,y;a) and glm=1el (x,y;a),
which involve the generalized Pascal matrix.

1. INTRODUCTION

This section presents some generating functions that are well-known Fubini numbers
and Fubini polynomials, which have many applications in several fields of mathematics,
physics, and engineering. The Fubini numbers w,(n), were studied, and are given by
the following generating function (see, [3, p. 11, Eq. (1)]):

L S ), o <o
= Wwi,\n)—- z n
2_ez = g n‘7 9

where wy(0) = 1.
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On the other hand, the Fubini-type numbers were defined and are given by the
following generating function (see, [10, p. 397, Eq. (10.21))):
ec—1 I

—ZU)M —, |zl <In2.

Also, a new family of numbers a,, was deﬁned, which are obtained by modifying
the numbers wy(n), give by (see, [4, p. 1609, Eq. (14)]):

2

+o00 P
m:;)anH’ |Z| <In2.

Recently, the generalized Fubini-type polynomial a{®)(z) of order a, was defined by
means of the following generating function (see, [4, p. 1611, Eq. (18)]):

P ) =T e <me
— | =) a7 ()=, |z/<ln
(2 —e)? =" n!’ ’
where o € Ny. Observe that a{®(0) = a{® denotes the Fubini-type numbers of order a.

Two new families of biparametric Fubini-type polynomials were defined, which are
given by the following generating function (see, [14, Eq. (2.2) and Eq. (2.3)]):

(1.1) <(2_262)2>ae cos(yz) Zaca) (z y

2 “ z
_ Sa) il
(1.2) <(2 — ez)2> #sin(yz) E a,> (x,y) ok

Another important family in this area of study is the Genocchi polynomials G, (), a
sequence of polynomials related to a generalization of the Genocchi numbers. These
polynomials arise in number theory and are related to the Riemann zeta function and
Fourier series. Their generating function is given (see, [12, Eq. (2)]):

X Gp(x) 2te

n __ xt
nz::O oy t—6t+1e, |t] <.

In the past, some authors have introduced and studied new families of biparametric
polynomials in which they demonstrate interesting properties and presented useful
applications in this area of mathematics (see, [1,5,7,8,13,14]). One of the applications
introduced by a large number of authors in various contexts is the matrix approach
of several families of polynomials [6,16,17]. This paper will introduce two new classes
of biparametric Fubini-type polynomials of level-m (see, [4,11,14,17]). Finally, we
will show the relationships between these polynomials and other polynomials and
numbers, as well as the generalized biparametric Fubini-type polynomials matrices.

This paper will be organized as follow. Section 2 contains the definitions and
some auxiliary results. Section 3 will define the generalized biparametric Fubini-
type of level-m polynomials and proved some algebraic and differential properties of
them, as well as their relationships with other families of polynomials and the Stirling
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numbers of the second kind. Part 4 will introduce the generalized biparametric Fubini-
type polynomial matrix derived a product formula for it. In Section 5 we will give
some factorizations for such a matrix, which involves summation matrices and the
generalized Pascal matrix of the first kind, respectively. Finally, the conclusion of the
paper will be presented.

2. PREVIOUS DEFINITIONS AND NOTATIONS

Throughout this paper, we use the following standard notions by: N, Ny, R and
C the sets of natural, nonnegative integer, real and complex numbers, respectively.
Furthermore, we denote the symbol of Pochhammer by

M= AA+DA+2) - (A +k—1),

where (A\)g = 1 and k € Ny, A € C. For the complex logarithm, we consider the
principal branch. All matrices are in M, 1(K), the set of all (n+1) x (n+ 1) matrices
over the field K, with K = R. Also, for ¢, j any nonnegative integers we adopt the
following convention (;) = 0, whenever j > i. Aditionally, we take that 0° = 1 and
0" =0ifn e N.

For real parameters x and y the Taylor series representation in z = 0 of the following
functions e™ cos(yz) and e**sin(yz) are given by (see, [14]):

+o0 Zk
Fu(3:) =e" cos(yz) = 3 Ci(r0) 5y
k=0 :
+o0 Zk
Fy(z;2;y) =™ sin(yz) = Z Sk(x,y)y,
k=0 :
where the expressions Ci(z,y) and Si(z,y) are given by:
I o
Cr(2;y) ZZ(—l)J< .)w’“‘%fﬂ
= 27
J
[55]
Sk(x' y) — (_1)9‘ k zk—zj—1y2j+1.
T 2j + 1

Proposition 2.1. For n € N, let {a!*(z,y)} >0 and {al*® (z,y)} >0 be the se-
quences of Fubini-type biparametric polynomials of order «, respectively. Then, the
following statements hold (see, [4,14]).

(a) Special values. For a, 3 € N,

Ao _ 3° (Z) NERCN

k=0
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(b) Summation formulas:

C.Qx n C,CY n—
a%’)(x+y,y)zz<k>ai "o,y ", aeN,

(N (sa -
agsza)(x +y7 y) :Z (kj>a¢](€7 )(xay)yn k? «@ e N07

om o
axim %a)(m) =m! (TZ CL( Jm(x)a n,m & N,n = m,
1 n—m (o)
(@) do — n—m a,
/oa”‘m(x)‘” ,;( k >n+1—k—m'

For n € Ny and x € C, the Stirling numbers of second kind S(n, k) are defined by
means to of the following expansion (see, [2, p. 207]):

" = kzn% (2) kIS (n, k).

The Jacobi polynomial of the degree n and order (o, 3), with a, 8 > —1, P{®#)(x)
may be defined through Rodrigues’ formula (see, [11, p. 395]):

PE@) = (1 —a) (1 +2) C0 L pg a4 gyeral

" 2nnl  dan
The relationship between the n-th monomial ™ and the n-th Jacobi polynomial
P9 (z) may be written as

n_ e (e, o A+ta+B+2k) Sap .
(2.1) x —n!];)<n_k>( 1) (1+oz—|—5+k)n+lpk (1—2x).

Proposition 2.2. For A € C and m € N, let {B™(2)},50, {Gn(2)}nzo and
{&n(z;X) }nso be the sequences of generalized Bernoulli polynomials of level-m, Genoc-
chi polynomials and Apostol-Euler polynomials, respectively. Then, we have the rela-
tionships:

(a) [15, Eq. (4)]
n__ i n k! [m—1]
(2.2) = kZ:,; (k;) mBn_k (),
(b) [12, Eq. (8)]
1 n+1

(2.3) = [Z (n;; 1) Gulz) + Gn+1(az)1 7

2(n+1) =
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(c) [9, Eq. (32)]
(2.4) = ; l)\kz; (Z) Er(z; N) + &z N) | -

Let « be any nonzero real number. The generalized Pascal matrix of first kind P[x],
is an (n+ 1) x (n + 1) matrix whose entries are given by (see, [17, Definition 1]):

pij(x) = { SD (z)7, 1>,

otherwise.

Let the (n+1) x (n+ 1) Fibonacci matrix be .# = [f; ], 4,7 = 0,1,2,...,n, whose
entries are given by (see, [18, Eq. (16)]):

f_ E—j—i—la 1fl_j+1207
i = o, ifi—j4+1<0,

where F), is the n-th Fibonacci number. Also, they gave the inverse of .% as follows.
If 7" =[f},], where i, = 0,1,2,...,n, then

1, ifi=j
(2.5) fij=9-1, ifi=j+1i=j+2,
0, otherwise.

Let {L,},>1 be the Lucas numbers sequence, i.e., L,12 = Ly41 + L, for n > 1 with
initial conditions L; = 1 and Ly = 3. The Lucas matrix . € M, 1(R) is the matrix
whose entries are given by (see, [19, Eq. (2)]):

- Li*j+17 le—j 2 07
=0, ifi—j <0,

where L,, is the n-th Lucas number.

3. GENERALIZED BIPARAMETRIC FUBINI TYPE POLYNOMIALS OF LEVEL-m

In this section, we introduce two new biparametric family of Fubini type polynomials
of level-m and prove some algebraic and differential properties of them.

Definition 3.1. For m € N, o € Ny, a € R and 2z € C\ {0}, the generalized
biparametric Fubini-type polynomials in the variable x and y, parameter a order «
and level-m, are defined through the following generating functions

wd (zlna)h ] “
; h! + R 2"
(3.1) =0 " cos(yz) = > A" (25 y5a) |z| <In2,

(2 - 62)2 n=0 7 H’
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! (zIna)" ] “
— h! = 2"
(3.2) h=0 5 e sin(yz) =Y A (zyra) =, |z] < In2.
(2 - ez) n=0 ’ n!

For x =0,y = 0in (3.1) and 2 = 0, y = 5 in (3.2) we obtain the generalized

biparametric Fubini-type numbers of parameter a order a and level-m

1) 0) =03 0: ),
szfn[”;_l’a}(a) ::%[m_l’a]((); 1; a).

n,s 22

(1.2) we have
F @ yse) = aloV(x,y),
A0 (y;€) =l (x, y).

Ezxample 3.1. Using (3.3) for any m = 2 and a = 2, the first generalized biparametric
Fubini-type numbers, order v and level-m are:

A (0:0:2) = 2%,
42272111787129327
'2{1[,10704(0' 0: 2) — 9o < )

By comparing Definition 3.1 with (1.1) and

18014398509481984 "
orf1(0:0:2) — 2 <1786931434943558184171171423472929> )
e TS\ 324518553658426726783156020576256
o <1259095235339315236735153314706143>
324518553658426726783156020576256

Ezxample 3.2. Using (3.3) for any m = 2 and a = 2, the first generalized biparametric
Fubini-type polynomials in the variable x and y, order a and level-m are:

,@7[1 ] (x;y;2) =29,

bl (42272111787129327 . )
ZL’ = o T
1o (%42 18014308509481984 ’
el (H%%M%%%%BMHUH%M%%>2
x =
2e (132 324518553658426726783156020576256

5o ( 1523013335141436710453162369089536>

324518553658426726783156020576256
( 1259095235339315236735153314706 143>

324518553658426726783156020576256
+ 2¢ (x — y2) .
Example 3.3. Using (3.4) for any m = 4, and a = 3, the first generalized biparametric

Fubini-type polynomials in the variable x and y, order a and level-m are:

A (w;y;3) = 2%,
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Bal, .
s (23933) = 2% 03500627370496
395443816745477767287286587321675) ,

60847228810955011271841753858048
< 310236428546935464757768004567040 ) oy

60847228810955011271841753858048
(261748790139246927946484609051979)

60847228810955011271841753858048
20282409603651670423947251286016 >

60847228810955011271841753858048 7

(11481054201676165 >
Ty

a2 ;5 3) = 20 (

+ 2¢ <x2y —

Theorem 3.1. Form € N, let {1 (z;y; ) }oso and {771 (2555 a) Yo be the
sequence of generalized biparametric Fubini-type polynomials, with parameter a € RT,
order o and level-m. Then, the following statements hold.

(a) For every a =0 and n € Ny

%
(33) %’ZL—I ,0] 37 Sy a Z < > n— 2k:,y2k”
[m—1,0] LRTIJ k n 2k—1, 2k+1
3.4 M Jysa) = —1 e .
(3.4 e = 3 04, )

(b) For a € N and n, k € Ny, we have the relationship

- n m—1l,a
ANz ya) = <k> A" @) Oy, y)

-5 (2) (£

n 5]
" k j m—1L,a Coi .
=% ' <k> <2j + 1) (_1)J'Q{n[—k751, Va)ah=20-1q20 41,

(¢) Differential relationships. For m € N and n,k € Ny, with 0 < k < n, we have

o [m—1,0] n! [m—1,0]

or ak {Q{n c ($7 Y3 a)] = (n . k)' %nfk,c (xa Y; G),
o m—1,« n! m—1,«
Dk EAlCT0)] T Ay sy ).
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(d) Integral formulas. For m € N, is fulfilled

e Ny a) — a0 (o ys )]
n+1

s s ysa) — 0 (w0 g5 )]
n+1 '

9

/ ,Qf[m Lel(z;y:a) do = [

/ %[m Lel(z;y:a) do = {

(e) Addition theorem of the argument

NE

(35) (e 4 yiyia) = (”)szf,ifz**“%x;y;a)d[m 1140, a),

k

> (1) (4 i
A GO
0 =0 k) \2j5 k
n m—1,« m—1,—«
el el 0ca),
(

)l s ) (%2 a)

=
n\( k

A IO
=0 (’f) <2j+1> ks (Y3 A)Y

n [m—1,a] [m—1, a]( 1 )
i Do s (z;y;a )42% y,QZ,a )

B
Il
o

(3.6) Aol (1 4+ yyyia) =

[z

o

(3.7) Culr +y,y) =
AL (g yiyia) =

n,s

M- IM-
R
=~

(]
=

A (2 4 yiyia) =

n,s

i

ol

-
(e}

Ve ~N <

0

N——

Sp(x+y,y) =

Proof. For (3.5), from Definition 3.1, we have

+00 n m— 1 (zlna)* 7+
+1
S et 4y ya) = = Zi e cos(yz)
n=0 7 n. ( ) ]
Z zln'a) + 1 .
= (2 ey e** cos(yz)
h
Zm 1 ( zlna) +1 .
X [ = 62)2 e’? cos(0)
:Zﬂ[m la l’ "Jioﬁm lﬁ] Oa)ﬁ
y? ‘ y’ Y n|
+too n n

z

=>.D. ( )%f?l’“](m;y; a)et)" M (y: 0;a) -

n=0 k=0
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Proof. We give proof of (3.7)

n Z zlna + 1_ (a+5)
m—1,x < X z
2%% FNw +yysa) S = @_y) el T2 cos(yz)
Z lea) + 1 @ .
= (2 mpep e™* cos(yz)
m—1 (zlna)? B
= +1
X [ h_(OZ — ’:z)Q e¥? cos(0)
n +0o n
==§:@ﬂm1“]$yﬂﬂff§:&fm_“ﬂW%0ﬂﬂff
nl = " n!
= e(”y)z cos(yz)

n

—+o00o =
p— On 5 —_—
2% (x+yy%“
O

From (2.1) and Proposition 2.2, we have deduced some algebraic relationship con-
necting the polynomials 7" ~1l(z; y; a) and @Z!™1*)(z;y; a), with other families of
polynomials.

Theorem 3.2. For m € N, the generalized biparametric Fubini-type polynomials of
level-m 10Nz y; a) and 71 (x5 y;a), are related with the Jacobi polynomials
PR (y), by means of the fOZlowing identity:

(3.8) @@ + i y;a) 232322 Cﬁ(;)(n—k+a>

k=0 j=0 v=0 n—k—v

(1+a+5+2v)
14+ a+B4+v)n—k1

(3.9) @77 @ +yryia Z Lij Zk ( ) <2j]i 1) <n i a)

A (s a) PP (1 - 2y),

n—k—v
a+a+6+%)
(1+a+ B+ v)n_
Proof. By replacing (2.1) into the right-hand side of (3.6), we obtain
L5

> (2) (&) a0

j=

A (s a) PO (1 - 2y).

AN @ yiya) =)
k=0

n—

E —-1)° PP (1 —2
X UZO( ) <n—k—v> (1+a+6+v)n b1 v ( y)
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S () () Th e

(I+a+B+20) mia
(I+a+B+v)nrk

Therefore, (3.8) holds. The proof of (3.9) is similar. O

n |

N

]

(z,y;0) P (1 2).

Theorem 3.3. For m € N, the generalized biparametric Fubini-type polynomials
of level-m 42771[7;_1’&} (z;y;a), and ﬁﬁ?_l’a](x;y;a), are related with the generalized
m=11(x), by means of the following identity:

Bernoulli polynomials of level-m B

(3.10)
%[m—l,a} (lL' + Yy, a) _ zn: |—§J zk: Uil n k k %[m—l,a] (ZL’ . B[m_l]
" . k=0 j=0 v=0 (U + m)' <k> (2]) (U) n—ke Y CL) k—v (y)a
(3.11)
L(Zf[m—l,oz}(l’ + Y5 Y; a) — i |~§J k vil <n> (k) <l€> %[m—l,a] (1‘ _a)B[m_H( )
" o k=0 j=0 =0 (U +m)‘ k 2] v n—k,s Y k—v \Y)-

Proof. By substituting (2.2) into the right-hand side of (3.6) and making the corre-
sponding modifications, we obtain (3.10). The proof of (3.11) is similar. O

Theorem 3.4. For m € N, the generalized biparametric Fubini-type polynomials of
level-m 42{,1[3?*1’“] (x;y,a)and ;27;1[??*1’0‘] (x;y,a), are related with the Genocchi polynomi-
als Gp(x), by means of

n L5] k1
1 1 n\ [ k\[(k+1 _
[m—1,a] . i [m—1,a]
ANty =53 g 20 (k) <2j> ( . ),;zfnk’c (235 0) Gy (1)
k=0 7=0 v=0
n L%J k+1
1 1 n k [m—1,a]
(312) +5 7.1 Z ( ) ( ) dn—k c (IL‘, Y3 a)Gerl(y)v
2 k:ok+1 =S k) \2j
n I_%J k+1
1 1 n k _
[m—1,q] . _ = [m—-1,a], . .
VQ{” s (x+y,y,a) 2 k+1 Z (k-) (2]+ 1>Mn—k7s (x7yaa)Gv+1(y)
k=0 j=0 v=0
(3.13) _|_1 - L L%J -— n k k+1 ﬂ[m—l,a]( Ly;a) Gy (y)
. 9 s kot 1 ~ k 2] +1 v n—k,s T;Y;a)Gqy\Y).

Proof. By substituting (2.3) into the right-hand side of (3.6), we obtain the proof
(3.12). The proof of (3.13) is similar. O

Theorem 3.5. For m € N, the generalized biparametric Fubini-type polynomials of
level-m and /"1 (z;y;a), and "1 (z; y; a)are related with the Apostol-Euler
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polynomials &, (x; \), by means of the following identity:
(3.14)

e o+ yiysa) =

n,c

<k> A @y a) 6 (y; M)
) A0 (255 a) &y M),

k=0 j=0 v=0
(3.15)
[_1] )\HL%JICTL kf k [_1]
" (x+y;y;a)=§];) ;) E_%(k) <2j+1> <U>~@fn,s (z;y;0)E0(y; N)
k—1
()

+ 5 : A0 (155 a) S (y; N).

2];) oy gg] k)\25+1 '

Proof. By substituting (2.4) into the right-hand side of (3.6), it suffices to follow the
proof given in Theorem 3.2, making the corresponding modifications. The proof of
(3.14) and (3.15) sre similar. O

Proposition 3.1. For m € N, a € Ny, a € RT and n € Ny, we have

n [g} k n T
izl = 33 () (o) () et oo o),

k=0 j=0 v=0 v

[%] k n k T [m—1,a]

>N o (k‘) <2j N 1) (v) Ay (w,y;a)S(k,v).
7=0 v=0

4. THE GENERALIZED BIPARAMETRIC FUBINI-TYPE POLYNOMIALS MATRIX

AN e+ yiya) = 0
k=0

Inspired by [17], in which the authors introduce the generalized Euler polynomial
matrix, in this section we addressed the generalized biparametric Fubini-type polyno-
mials matrix and we will show you some of their properties.

Definition 4.1. The generalized (n+1) x (n+1) biparametric Fubini-type polynomials
matrices 2™ 1 (z;y;a) and 2™ 1 (2;y; a) with m € N, o € N and a positive real
numbers are defined by

7 m—1,« . .
g0l gy = | )70 wga), 02
be T 0, otherwise,

7 m—1,« . .
Dy sy a) = ()l wyia), i 2,
6358 T 0, otherwise.
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Since, 424’72*1’0} (z;0;a) = 2™ and ,an[f?*l’o] (ZL'; 5 a) = 2™, we have

2" (230;0) =P[a],

gm-10] (:c; %; a) =Plz].

Theorem 4.1. The generalized biparametric Fubini-type polynomials matrices
P15 a) and 21 (255 a) satisfy the following product formula

.@C[m_l’aw] (x 4+ y;y;a) :9(?”_1’0‘] (x;y;a) @im_l’ﬁ](y; 0;a)
(4.1) =9z y:a

Proof. Let V™2 l(q)(z,y) be the (i,j)-th entry of the matrix product

Z?]?C

D=1l y;a) 2P (y: 0;a). Then, by the addition formula (3.5) we have

7

m—1,a, S . .
Vz‘!j,c L 6](a)(x,?/) = (k) »in[_k,cl ](x;y; a) <j>!%[_j’cl 8] (:0: a)
(4 [m—1,al/ . . k m—1,8], .
:Z <k>%k,c (.T,y,&) (]-)”Q{kj,c (y,(]’a)
1\ (1—7 el -
( ) <Z B /{:) ﬁfi[,k701 ](Q;; y; a)ﬂfk[fnl 8] (:0: a)
J
i\ I (i — _— N
:< ) < k j) %[ﬁji};’c] (.’L’, Y, a)éyk[,c b (y; 07 a)

/I: m—1,a
:<J'> A" N @+ ysysa),

which implies (4.1). The second and third equalities of the theorem and (4.2), can
be derived in a similar way. OJ

Corollary 4.1. The generalized biparametric Fubini-type polynomials matrices
PI=1el(z;y;a) and P4 (25 y; a) satisfy the following relation

2N @+ yrysa) = 2@y a)Ply] = Plal 20 (ysy0)
!

= "Ny, y; a) Pla],

PN+ ysysa) = 20 s ysa) Ply) = Pla] 20 (y; v )

s



NEW GENERALIZED BIPARAMETRIC FUBINI-TYPE POLYNOMIALS OF LEVEL-m 1561

= 2! (y;y; 0) Pla],
2" Wz +y;y) = Pla] 20" Wy ysa) = Ply) 22" w1y, a).

Ezxample 4.1. Using (3.3), for m = 1, @ = 1 the first four polynomials szk[’l;l’a](x; y;a),
k=0,1,2,3 are

e (wiy,a) =
A (@ ysa >—2x+4
42%2[16 11](:6 y;a) =22° + 8z + 16 — 27,
,Qf[lc 11](m y;a) =22° + 122° 4 48z — 12y* — 6xy* + 88.
Hence, for n = 3 we have
20 4 5 0 0
e, z+
P 3y, a) = 222 + 8z + 16 — 242 4z +8 2 0
20° + 122 + 48z — 12y% — 62y + 88 622 + 24x + 48 — 6y> 6z +12 2

Example 4.2. Using (3.4), for m = 1, o = 1 the first four polynomials ,Qf,f[}s_l’a](:c; y;a),
k=0,1,2, 3 are:

z:y;a) =2yx® + 122%y + 48xy — 4y® — 2xy® 4 88y.

Hence, for n = 3, we have

2y 0 0 0
Sim-Ll, 2zy it 4y 2y 0 0
s (x7y7a) - 2.1‘ y+83)+ 16y— gy 43?y+8y 2y 0

2yx3 + 1222y + 48xy — 4y — 2293 + 88y 622y + 24x 4 48y — 2y%  6xy + 12y 2y

5. MATRIX FACTORIZATION OF THE NEwW FAMILY OF BIPARAMETRIC
FUBINI-TYPE POLYNOMIALS OF LEVEL-m TROUGH THE FIBONACCI AND
LucAs MATRICES

[m—1,q]

For m € N, a € R*, a € Ny and 0 < 4,5 < n, let Kg,, (x;y;a) and

Kﬁgé’a](as;y; a) be the matrices whose entries are defined as follows. Inspired by

the ideas of [17], the entries of our auxiliary matrices are (see, [17, Eq. (4.39)]):
it i\ meta i1\ ta
Py sy a) =<j>~<27[ e wiyia) - ( ; )%[_j_ll,c](x;y; a)

—( j )d[”ﬁ Y (235 a),
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~m—1, { m—1,a 1—1 m—1,a
i (@ ysa) =<j>~®4[_j,sl sy a)—( ; )%[_j_ll,s](:c;y; a)

1 —2 m—1,a
_< ] >”Q{Z[—j 28}(1‘ ysa )

On the other hand, #Zm=t)(z;y;a) and gZIm=19)(z;y;a) are the matrices whose
entries are given by (see, [17, Eq. (4.40)])

~m—1,a { m—1,a [ m—1,a
55 WﬁwwzQ)%bcV%%@—(TH>%Liﬂ%%®

i m—1,a
~m—1,« i m—1,a i m—1,a
Sg,j,s ](375% a) :<j> ‘%Ej,s ](3753/3 a) — ( )«in[jlm](x;y;a)

j+1
[ m—1a
- (J. +2> %[_j_lz’,s](x;y;a)'

Using the definitions of K%;}c’a}(x;y; a), K%Z’ls’a](x;y;a), /C[mfl’a](a:;y; a) and
FlIm=Lel(z:y:a), it is observed that

P ziysa) = i sy a) = 500, @y a)

= &N ayyia) = e N @y, a),
i N @ yia) = 30 Ny a) =0, 5> 1,
Ao N @yia) = 80, s ysa) = A0 N ayyra) — a3y 0)
AN @ yia) = 30 N @y =0, 5> 2,
Aoe Naryra) = o N wyia) — 4 N @y a) — T Ny ysa), 0> 2,
SNy ya) = 0N aysa) — 29 N @ ysa) — N ysa), 0> 2,
Poos wsysa) = A s yia) = S0, (w5 y5a)

= &N ayyia) = 4t @y, 0),
Foys Nayysa) = 505, s ysa) =0, 5> 1,
Ao N (@yia) = 870w ysa) = ANy a) — s 23y 0)
A @ yia) = 85 (ary,0) =0, 5> 2
Hos Naryra) = 0 N wyia) — A N @y a) — T N aryra), 0> 2,
sos N @yia) = AN ysa) — 2 N @ yia) — 5 N ryia), i > 2
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Form €N, a € RY, a €Ny, 0<14,5 <n, let flm Lol(2:y a) and f[m Lol a)
be the matrices Whose entries are given by

m—1,a] { m—1,« Z_j m—1,«
0 @y a) = (j.)ﬂé[j,c Wiyia) - 3( j )%[jl,c](x;y;a)
[

53 (—1ykpk? ( ])szf (1 a),
k=g

m—1,a Z m—1,a Z _] m o
Wy s ysa) = <j>"Q{i[—j,sl ](x;y;a)—i%( j )Jfﬂj 1@ y0)
+ 5 Z(_1)2k22k2<
k=]

Similarly, let ng[?_l’a] (z;y;a) and Z[m Yel(zy:a), (n+1) x (n+1) be the matrices
whose entries are given by

m—1,a l m—1,a 1 m—1,0
Z{i,j,2,lc ](xQ?J; a) = (]) @Zz[—j,cl ](x;y; a) — 3<j I 1) %Ej_ll’c](x;y; a)

2D <—1>“2’”2(11)&‘24%1”@;@/;@%

k=j+1

m—1,a i m—1,a { m—1,a
ﬁi,j,z,s N(23y;0) = (j) 527;[—3‘,5 W(z:y3a) - 3(]' N 1)%[—3‘—1,5](%;9; a)

k m—1,«
j>ﬂfk[j,s \(z;y; ).

+5 ) (—1)“2’”2(;)%%;1’01(93;?4;@).

k=j+1

Next we will show, factorizations of the matrices 2™ 19l(z;y;a) and
.@S[m_l’o‘] (x;y; a), involving the Fibonacci and Lucas matrices, respectively.

Theorem 5.1. The generalized biparametric Fubini-type polynomials matrices

G4l (z:y:a) and 21l (z;y;a) can be factored in terms of the Fibonacci matriz
F as follows:

(5.1) ZI Nz y0) =F Ko™ (2395 a),
(5.2) g (5 g3 a) mos @y a),
(5.3) .@(Em_l""] (x;y,a) —/c[m_l’a} (z;y;a)F,
(5.4) 2y, a) = g 2y a) 7

Proof. Tt sufﬁces to prove that .F '@t (z:y:a) = K%blca](x;y;a). Recall that

F 1 = f],, where f] is given in equation (2.5). Since f;; = 0 for j > 1, we have:

/ [m—1,a] [m—1,0q]

00%00c  (T3y,a) = . T (7;y;0)
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and

~[m—1,q]

m—1,a m la
Fooe (w553 0) = e (w53 a) ZfOk Die N @iy; a).
Since Qom Lol 4, a) = 0 and fo; =0 for j > 1, we obtain:

m 1a m—1,a m—1,a .
ZfOk lL]c [L'y, ) OO 0[7_76 ](xay7 ) ([),]c ](xvyaa)a fOI’jZl

Next, for fio=-1 fi;=1,and f{; =0 for j > 2, we have:

m—1,a m 1, m—1,a]
qug 1[c0c ]37,% a) = 10 00c ](5173% )+f1191[0c (93;%@)7

m—1,a m—1,a m—1,a] m—1,a
Zflk DN sy, a) = — e Naysa) + L N @y a) = 75 (s ).
From equation (2.5), for i = 2,3,...,n, we have:

Zfzk e Ny, a) = @y a) — T @y a) — T @y a)

=i (a5 a).

Now, for i > 2 and j > 1, using equation (2.5) and the definition of .@l[rjnc Lol (x;y,a),
we have:

m—1,« m—1,« m 1,
Zfzk IED,_]C ]:C Y, a ) fll‘@[,_jc ]($,y, )_'_fzz 1 i— 1,]c](x;y7a>

m 1,a]

+fzz 2 —2,7,¢ (x;y,a),

which simplifies to
m 1o¢ { m—1,a 1 —1 m—1,a
Zfzk l~[3]c xy’a'):(j)g{i[—j,c }(ZE,y,CI,)—< ] >£{[] 10}(1' y;a )

i —2 m—1,a
_< ] )%[j;:c}(x;y;a%

Z F2i s wsy, a) =i @y a),
Therefore, we conclude that
Fr PN 2y a) = Ky, 2w ys a).
The proof is complete. U

The proofs of (5.2), (5.3) and (5.4) follow an analogous path.
The expressions (5.1) (5.2), (5.3) and (5.4) allow us to deduce the following identity:

Ko (wys0) =771 g1y, a) 7



NEW GENERALIZED BIPARAMETRIC FUBINI-TYPE POLYNOMIALS OF LEVEL-m 1565

m—1,« — m—1,«
Ko s (@ y50) =F 1 gl =tl(z;y,0) 2.
An analogous reasoning used in the proof of Theorem 5.1, allows us to prove the

results below.

Example 5.1. For m = 1 and « = 1, the matrices, for n = 2, K%;i’u (z;y,a) and F
are

2 0 0
K%ﬁ’” (x;y,a) = 2¢ + 2 2 0],
_2x2+6x—|—10—2y2 dr+6 2
(1 0 0
F=|11 0|,
2 1 1
[ 2 0 0]
FRE M = 27 4 4 2 0
222 +8x + 16 — 2y* 4z +8 2
and
[ 2 0 0
gm= (g, y,a) = 20+ 4 2 0.
227 + 8z + 16 — 2y* 4z +8 2]

This is a particular case of the statement (5.1) of Theorem 5.1.

Ezample 5.2. For m = 1 and a = 1, the matrices, for n =2, #Zm1(z;y;a) and F#
are

2 0 0
gty a) = 2x + 2 2 0f,
_2x2—|—4x+6—2y2 dr +6 2
(1 0 0
F =111 0],
2 11
[ 2 0 0
/[m_l’u(x; y;a).F = 2 +4 2 0
_2x2—|—8w—|—16—2y2 dr +8 2
and
2 0 0
g1 = 2z + 4 2 0f.

c

202 + 8x + 16 — 2y*> 4x +8 2
This is a particular case of the statement (5.3) of Theorem 5.1.

Theorem 5.2. The generalized biparametric Fubini-type polynomials matrices
PI=1el(z;y;a) and 24 (2;y;a) can be factored in terms of the Lucas matriz
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Z of the following form:

(5.5) N sy a) =LA @53 a)
oIty a) =4 w02,
P (s a) =LA @5 y50)
g arysa) =7 @y 0

Ezxample 5.3. For m = 1 and a = 1, the matrices, for n = 2 .Zl[f?*l’l] (z;y;a) and £
are

2 0 0
fl[jg_l’ll(x; y,a) = 2x — 2 2 0],
_2;1:2+2.:E+14—2y2 dr +2 2
100
Z=13 1 0f,
4 3 1
[ 2 0 0
L @y yia) = 20 +4 20
222 + 8z + 16 — 2y* 4w +8 2
and
2 0 0
g1 = 2 + 4 2 0

202 +8x 4+ 16 — 2% 4x+8 2

This is a particular case of the statement (5.5) of Theorem 5.2.

6. CONCLUSION

In this paper, we have introduced two new biparametric families of generalized
Fubini-type polynomials of level-m, and explored their key algebraic and differential
properties. By leveraging these properties, we have derived several formulas and
identities that contribute to the understanding of these polynomials. Additionally, we
have presented a new matrix representation for the generalized biparametric Fubini-
type polynomials, offering a novel approach to their application. Given the broad
range of applications of special polynomials in mathematics, physics, and engineering,
the results of this study have significant potential for further development in these
fields. However, future research may focus on exploring the specific advantages and
limitations of these new polynomials in practical applications.
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