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NONLINEAR LEFT BI-SKEW LIE TYPE DERIVATIONS ON
*-ALGEBRAS

MOHAMMAD ASHRAF!, MD ARSHAD MADNI**, AND MUZIBUR RAHMAN MOZUMDER/!

ABSTRACT. Let A be a unital x-algebra over C (the field of complex number). For
any «, 8 € A, define ao8 = a*—[*a. In this article, it is shown that a map 9 : A —
A (need not be linear) satisfies 9( P, (A1, A2, ..., An)) = Doy Pa(A1, oo s Xic1, 9(N),
Xitly -y An) forall Ay, Aa, ..., A\, € A if and only if ¥ is an additive x-derivation. As
applications, we apply our main result to various special classes of unital *-algebras,
such as prime *-algebras, factor von Neumann algebras and von Neumann algebra
with no central summands of type I.

1. INTRODUCTION

Let A be a x-algebra on the complex field C. A map ¥ : A — A is called an
additive derivation if ¥(a + ) = () + 9(F) and J(af) = J(a)B + ad(B) hold for
all a, 8 € A. An algebra with an involution ‘x’ is called *x-algebra, then an additive
derivation ¥ : A — A is called an additive *-derivation, if ¥(a*) = ¥(a)* hold for
all « € A. For a, 8 € A, describe the skew Lie product and bi-skew Lie product of
a and § by [a, Bl = af — fa* and [«, f]y = af* — Sa*, respectively. A map ¢ :
A — A (need not be linear) is said to be nonlinear skew Lie derivation (resp. nonlinear
skew Lie triple derivation) if ¥([a, ]«) = [P(«), B« + [, D(B)]« (resp. V([[a, B, V]«) =
[P(), Bls, V]« + [, H(B)]s, Vs + [, Bls, F(7)]4), holds for all a, 5, € A. Analogously,
a map ¥ : A — A (not necessarily linear) is called nonlinear bi-skew Lie derivation
(resp. nonlinear bi-skew Lie triple derivation) if ¥([a, 8]v) = [J(«), Blv + [, H(5)]v
(resp. ([, Bl,71v) = [[0(@), Ble,]s + [l 9(B)lv; 7w + [, B, 9(7)]v) holds for
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all a, 8,7 € A. Many mathematicians have spent the last decade to the studying
mappings involving different products on various types of rings and algebras. Yu et
al. in [15], proved that every *-Lie derivation on factor von Neumann algebras is an
additive x-derivation. Li et al. [9] discussed the skew Lie triple derivation between
factor von Neumann algebras and showed that it is an additive *-derivation. Kong et
al. [7], extended the results of [15] to prime *-rings. Similarly, skew Jordan derivations,
skew Jordan triple derivations and skew Jordan-type derivations have been studied
under certain conditions on various types of algebras such as factor von Neumann
algebras, von Neumann algebras and *-algebras (see [8,10,14,16,17]).

For any A\, Ag,..., A\, € A and integer n > 2, define a sequence of polynomials as
follows: Pr(A1) = A, Pa(Aq, Ag) = Ajode = Mo —AsA and Py (A, Ag, oo, A1, An) =
Po1(M, A2, ..o, Au—1) © Ao The polynomial P, (A1, Aa, ..., Au_1, Ay) is called the left
bi-skew Lie n-product of elements Ai, Ag, ..., \,. Now, we define a map ¢ : A — A
(not necessarily linear) is said to be nonlinear left bi-skew Lie n-derivation if

n

V(Py(A1, Ay Ap)) = ZPn()\l, e N, (A, Ny -5 An)
i=1

holds for all Ay, Ag, ..., A, € A. Obviously, a nonlinear left bi-skew Lie 2-derivation is
a nonlinear left bi-skew Lie derivation and a nonlinear left bi-skew Lie 3-derivation is
a nonlinear left bi-skew Lie triple derivation. Nonlinear left bi-skew Lie 2-derivations,
nonlinear left bi-skew Lie 3-derivations and nonlinear left bi-skew Lie n-derivations
are collectively known as nonlinear left bi-skew Lie-type derivations. In 2018, Lin [11],
studied nonlinear *-Lie type derivations on standard operator algebras and proved
that every nonlinear *-Lie n-derivation on a standard operator algebra is an additive
x-derivation. In the same year Lin [12], proved that every nonlinear *-Lie n-derivation
on von Neumann algebras is an additive *-derivation. Recently Madni et al. [13],
proved that if A is a unital x-algebra and 9 : A — A is a skew Lie n-derivation, then
¥ is additive. Moreover, if () is self-adjoint, then ¢ is a *-derivation. Kong et al.
in [5], proved that if A is a factor von Neumann algebra and a map ¢ : A — A (need
not be linear) satisty J([a, 5]v) = [J(«), B]v + [a, I(B)]y if and only if ¥ is an additive
s-derivation. Khan [4], proved that every nonlinear bi-skew Lie triple derivation on
factor von Neumann algebra is an additive x-derivation. Ashraf et al. [1], generalized
the result of [4] and proved that every nonlinear bi-skew Lie n-derivation on factor
von Neumann algebra is an additive x-derivation.

Inspired by the above-mentioned works, our focus will be on providing a description
of nonlinear left bi-skew Lie n-derivations on x-algebras. More accurately, we show
that, under mild assumptions, every nonlinear left bi-skew Lie n-derivation on a unital
x-algebra is an additive x-derivation.

2. MAIN RESULTS

The main result of this article is as follows.
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Theorem 2.1. Let A be a unital x-algebra with the unity I and containing a non-
trivial projection Py. Write P, = I — Py and suppose that A satisfies

(W) XAP,=0=X=0 (k=1,2),

where X € A. Then a map ¥ : A — A (not necessarily linear) satisfies
I(Pa(s Aoy M) = 30 Pl At OO0, At -5 A,
i=1

for all Ay, o, ... Ny € A if and only if ¥ is an additive *-derivation.

Proof. Assume A;; = P,AP; for i,j = 1,2. Then, by Peirce decomposition of A,
we have A = A1 @ Aia @ Ag @ Agy. Clearly, any I1 € A can be written as I =
I1y1 + Ilyo + 1oy + oo, where Hij S ‘Azj for 1,] = 1,2. Let AT = {A ceA:A* = A}
and A-={AecA: A*=—-A}, A, ={PIAP,+ RAP, : Ac A~ }, A, = PA P,
k = 1,2. Thus, for every A € A~, we have A = Ay; + Aip + Age, where Ay €
A, Ap € Al and Ay € Asy. Obviously, we only need to prove the necessity part.
To complete the proof of the theorem stated above, several lemmas are required.
These lemmas are presented as follows. 0]

Lemma 2.1. 9(0) = 0.
Proof. 1t is obvious that
¥(0) = J(P,(0,0,...,0))
= P,(9(0),0,...,0) + P,(0,9(0),...,0) +---+ P,(0,0,...,9(0))

=0. O
Lemma 2.2. 9(H)* = —9(H) for any H € A™.
Proof. We have the relation P, (H, —é, ey —%) = H and
1 1
IH)=v|P,(H, —=,...,—=
) =0 (P (# =5 =5))
I 1 I 1
=P, H),——, . .., —= P,|H — =), —=
n(ﬁ( )7 27 ) 2>+ TL< 7/l'9< 2)7 ? 2)

+...+PH<H,—£,...,19<—5>)*
:é(ﬁ(H) —9(H)) + (—19(— ;) H_Hﬁ(_ ;))

s (oAl -5)
-4 ) o= —o( - - mo( 1),

On solving further we get
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Lemma 2.3. For any Hy; € Ay, His € Ay and Hyy € Ayy, we have
V(Hy + Hy2) = 9(Hyp) +9(Hyo)
and

V(Hyo + Hao) = 9(Hiz) + 9(Has).
Proof. Let T = ¥(Hy1 + Hyo) — 9(Hyy) — ¥(Hia). We need to demonstrate this 7' = 0.

Utilizing the reality P,(P», Hy1,—I,—1I,...,—I) =0 and Lemma 2.1, we have
V(Py(Py, Hyy + Hio,—1,—1,...,—1))
=9(P,(Py, Hy1,—1,—1,..., )) W Pp(Py, Hyg, —I,—1I,...,—1))
=P,(V(P),Hy1,—1,—1,...,—1)+ P,(Py,9(Hy),—1,—1,...,—1I)
+ P,(Py, Hyp,9(— ), ])—i— -+ P,(Py, Hyy, —1,—1,...,9(—1))
+ P,(0(Py), Hig, —1I,..., 1)+ P,(P2,¥(H12),—1,—1,...,—1I)
+ P, (Py, Hyz,V(— ), —I)+ -+ Py(Py,Hyo,—1,—1,...,9(—1))
=P, (V(P), (H11 + Hy2), —I, —1,...,=1)
+ P (P, (O(Hyy) +9(Hy)), —1,—1,...,—1)
+ P, (P2, (Hi1 + Hy2),9(—1),—1I,...,—1I)

+ o+ Po(Po, (Hiy + Hig), —1,—1,...,9(=1)).
Further, we have
W(Pp(Py, Hyy + Hyo,—1,—1,...,—1))
=P,(V(P), (Hi1 + Hi2),—I,—1I,...,=1)+ P,(P, (O(Hy + Hi2)),—1,—1,...,—1I)
+ P (Py, (Hyy + Hy2),9(—1),—1,...,—1)
+ -+ Py(Po, (Hi1 + Hi2), —1,—1,...,9(=1)).
On equating the above two expressions, we obtain that P,(P,T,—1I,...,—1) = 0.
This gives us Tis = Ty = Thy = 0.
Invoking the fact P, (P, — P, Hi2,—1I,...,—1I) = 0 and using Lemma
I(Py((Py — P,), Hyy + His, —1, ..., —1))
—I((Po(Py — P1), Hiy,—1,...,—1)) + 9(Po((Py — P1), Hip, —1,...,—1))
=P,(V(P,— P),Hy1,—1,...,—1)+ P,((P,— P,),9(Hy),—1,...,—1I)
+ P,(Py,— Py), Hyy,9(=1I),...,—I)+ -+ P,(P,— P,),Hy1,—1I,...,9(—1))
+ Py(I(Py — Py), Hip, —1, ..., —I) + Po(Py — P,),0(Hy2), —1,..., 1)
+P,(Py,— P),Hy,9(—1),....,—I)+---+ P,(P,— P),Hio, —1,...,9(—1))
—P,((Py — P,), Hyy + Hya, —1,...,—I) + Pu((Po — P,),9(Hy1) + 9(Hyo),
—1I,....,- )+ P,(P,— P)),Hy1 + Hp2,9(—1),...,= 1)+ -+ P,((P,— P),
Hyi + Hyg, —1,...,9(=1)).
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On the other hand, we have

W P,(Py— Py),Hy1 + Hip,—1,...,—1))
=P,(0(P,— P1),Hy1 + Hia,—1,...,—I)+ P,((P, — P\),9(Hy1 + Hi2),—1I,...,—1I)
+ P,((Py— Py),Hy + Hi2,9(=1),...,—1)+ -+ P,((Po — P1), Hi1 + Hya,
—1I,...,9(=1)).
When comparing the two expressions above, we obtain that
P,(P,—P),T,—1I,...,—1)=0.

This further implies that T1; = 0. Hence T = 0, that is,
V(Hy + Hig) = 9(Hi) + O(Hia).
Similarly, we can show that ¥(His + Hay) = 9(Hiz) + 9(Haz). O
Lemma 2.4. For any Hy; € Ay, Hia € Ay and Hay € Ay, we have
V(Hy + Hip + Hyo) = 9(Hi) +9(Hiz) + 9(Haa).
Proof. Let T'= ¥(Hy1 + Hig+ Hao) — V(Hy1) — V(Hia) — ¥(Hag). We show that 7' = 0.

Using the fact that P,(P;, Hos, —I,...,—I) = 0 and Lemmas 2.1 and 2.3, we find
that
V(P.(Pr,Hyy + Hig+ Hop, —1I,...,—1))
I(Po(Py, Hiy + Hig, 1, ..., —1)) +9(Pu(Py, Hyp, —1,...,—1))
n((ﬁ( 1), Hi1 + Hio, —I, oo, =0))+ Py(P,9(Hyy + Hyo), —1,...,—1I)
+ Po(P, Hyy + Hig,O(=1),...,—I) + -+ Py(Py, Hyy + His, —1,...,9(=1))
+ Py(9(Py), Hoy, —1, ..., —I) + Po(Py,9(Ha), —1, ..., —1)
+ P (P, Ho, ¥(—1),...,—1)+ -+ P,(P,Hyp,—1,...,9(—1))
n((19(P1) Hy+ Hyo,—1,...,—1))+ P,(P,0(Hy1) + 9(Hys),—1,...,—1)
4 Py(PL, Hiy + Hig, O(=1),...,—I) + -+ Py(Py, Hiy + His, —1,...,9(=1))
+ Po(0(Py), Hag, =1, ..., —1I) + Po(Py,9(Hag), —1I,...,—1)
+ P,(Py, Hyo, ¥(=1I),...,—=I)+ -+ P,(P1, Hy,—1I,...,0(=1))
n((z?(Pl) Hyy+ Hyo+ Hy,—1,...,—1))
+ P, (P, 0(Hyy) +9(Hia) + V(Ha), —1,...,—1I)
n(Pl, Hyy + Hip + Hop, 9(—1), ..., —1I)

<+ Py(Py, Hjy + Hig + Hoo, —1, ..., 0(=1)).
On the other hand, we have
V(P (Pr, Hyy + Hio+ Hy, —1,...,—1))
=P, (¥(P1), Hi1 + Hioa + Hoo,—1,...,—1))
+ P,(Py,9(Hy + His + Hy),—1,...,—1I)
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+ P,(Py, Hyy + Hig + Hoo, O(—1),...,—1I)
+ -4 Po(P, Hiy + Hyp + Hop, —1, ..., 0(=1)).
On solving the above two expressions for V(P,(Py, Hiy + Hio + Hyo, —1, ..., —1)), we
obtain that P,(P,T,—1I,...,—1) =0 which futher implies that 77, = T15 = T5; = 0.
Using the fact that P,(P, Hi1,—1I,...,—1) = 0 and Lemmas 2.1 and 2.3, we find
that
V(P (P2, Hiy + Hig+ Hog, —1I,...,—1))
—I(Py(Po, Hity—1, ..., —1)) + O(Pu(Py, Hio + Hogy 1, ..., —1I))
:Pn((ﬁ(Pg) Hu,—l, . .,—I)) 4 Py(Py,9(Hyy), 1, .., 1)
n<P27H117 ( I)u _[) +"'+Pn<P27H117—[7~~->79(_[))
+ P,(V(Py), Hia + Hog, —1,...,—1) + P,(Po,V(Hi2) + V(Ha),—1I,...,—1)
+ Py(Py, Hioa+ Hoy,O(—=1),...,—I)+ -+ Py(P2, Hio + Hyy, —1I,...,9(—1))
n((z?(Pg) Hy1 + Hig+ Hyp,—1I,...,—1))
+ P(Py,9(Hy1) + 9(Hia) + V(Ha),—1,...,—1)
n(Pg,Hll + Hio + Hop, V(—1),...,—1I)

o4 Py(Po, Hin + Hia + Hy, —1, ..., 9(—1)).
On the other hand, we have

V(Pp(Py, Hyy + Hig + Hog, —1,...,—1))
=P, (N P), Hn + Hig + Hy,—1,...,—1))

+ P,((Py,9(Hy1) + Hig + Ha),—1,...,—1)

+ P (Py, Hyy + Hio + Hyp, O(—1),...,—1)

+ -+ Py(Po, Hiy + Hig + Hoo, —1, ..., 9(=1)).
On comparing the above two expressions, we obtain that P, (P, T, —1I,...,—I) =0
which further implies that T55 = 0. Thus, T = 0, that is,

U(Hyy + Hig + Hy + Hy) = O(Hiy) + 0(Hig) +9(Hz) +9(Ha). O

Lemma 2.5. For any Hyy, H,, € Aj, we have
O(Hys + Hyp) = 9(Hio) + 9(Hiy).

Proof Take H12 = A12 — A12 and Hiz = 312 — By, for Ayy, Bis € Aqo. Using the facts
Where Hio(H,)* — Hy Hiy = (At By — BI2A12) + (A2 B}, — Bi2Aj,) and making use
of Lemma 2.4, we have

9(Hiz + Hyy) + 0(Hyo(Hyy)* — HyyH)

219(]’-’12 + Hyy + His(Hy,)" — H12Hf2)
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I I
:19<Pn<@'P1 + i+ ALy, iPy + iBra + By~ .,—2>)
I I
_P, (19(1’191) +9(idia + A7), 1Ps + 1Bia + 1By, ~ 5, —2)
I I
L P, (z’Pl i + A1y, 0(iPy) + V(iBra + iBly), ~ 5, - —2>
I I
+ Pn(z'Pl + Ay + A%y, iPs+ iBus + iBly, 19( - 2), L —2)
I I
P Pn(iPl iy + ALy, 0Py + By + By =5, ,19< _ 2))
o I I o T I
:?9<Pn<ZP1, ZPQ, —57 ceey —2>> + ﬂ(Pn(Zpl, ZB12 + ZB12, —5, N —2>)
. . I I
+ ﬁ(Pn<ZA12 + ZA127ZP27 —5, ceey —2>)
. e T I
:ﬁ(HH) + 19<H12> + ﬁ(H12(H12)* - HiQHTZ)'
Hence, 9(Hi + Hy,) = 9(Hyo) + 9(H,,) for any Hyy, H;y € Ap. O

Lemma 2.6. For any H;;, H;i € A;; fori=1,2, we have
O(Hu + Hy) = 9(Hu) +9(Hy,)  and  9(Hay + Hyy) = 0(Has) + 0(Hay,).
Proof. Let T = 9(Hy, + H,,) — 9(Hy,) — 9(Hy,), we show that T = 0. Using the

fact that P,(Py, Hyy,—1...,—1) = P,(Py,H,,,—1I,...,—I) = 0 and making use of
Lemma 2.1, we obtain

O(Py(Py, Hyy 4+ Hyy, —1 ..., —1))
= (P, (Py, Hyy, I ..., —1)) +9(Py(Po, Hyy, —1 ..., —1))

=P,(9(Py), Hyy, —1,...,—I) + Py(Po, 9(Hy1), —1,...,—1I)

+ Po(Py, Hyy,O(=1), ..., —I) + -+ Py(Py, Hyy, —1,...,9(—1))

+ Py ((Py), Hyy, =1, ..., —I) 4 Py(Po,9(Hyy), —1,...,—1I)

+ Pu(Po, Hyy, 9(=1), .y —I) 4 4 Po(Py, Hyyy — 1, ... 9(=1))
=P,(9(Py),Hyy + Hyy, —1,..., 1)+ Py(Py, 0(Hyy) + 0(Hy, ), —1,...,—1)

+ Py(Py, Hyy + Hy,O(=1), ..., —I) + -+ Py(Py, Hyy + Hyy, —1, .., 9(=1)).

On the other hand, we have
O(P,(Py, Hyy + Hyy,—1...,=1))
=P,(9(Py), Hiy + Hyy, —1,..., 1)+ Po(Py,0(Hyy + Hyy), —1,...,—1I)
+ Po(Py, Hyy + Hy (1), ..o, —1) + -+ Py(Py, Hy + Hyy, —1, ..., 9(=1)).
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Comparing the above two expressions, we find that P, (P, T, —1,...,—I) = 0, which
giVGS us T12 = T21 = T22 = 0.
Next, we show that T7; = 0 Let X = Ay — A12 for any A5 € A2 and it is easy

to observe that P, (X, Hy1, — ,...,— D P,(X, Hyy,— ,...,—%) € Aiz. Thus, using
Lemma 2.5, we find that
I I
( <X H11+H11, 2,,—2>>
I / I I
—ﬁ(P <X H117 2’...,_2)> +19<Pn(X7H11,_2,...7_2>)
I I I I
(9(X), Hity —=o o == )+ P (X, 9(H), ==, =
(19( th g 2) + V(Hn), =3 2)
I I I I
+Pn(X7H11779<_2>77_2>++Pn(X>H117_27719(_2)>
/ I I / I I
+Pn<19(X),H117_27...,_2)+Pn<X719(H11>,_2,...,_2>
/ I I / I I
+Pn(X7H11,’l9< 2)7 7_2> + "+Pn<X7H11,—2,...719(—2)>
/ I / I I
_ P, (9(X), Hyy + H.,, —=, ,—) 4P, (X O(Hi) + 0(H]), — 5, ,—2)
/ I I
+Pn(X,HH+H11,z9<—2),...,—2>
/ I I
+ --+Pn<X,H11+H11,—2,...,z9(—2)).

On the other hand, we have

, 1 1
19(Pn(X,H11+H11,_2,...7—2>)

/ 1 1 / 1 I

:Pn<q9(X),H11 + Hyq, —gre —2) + Pn<X,19(HH + Hyy), —gr —2>

/ 1 1

I T AR
2 2
/ I 1
+"'+Pn<X7H11+H11,_2,...’19<_2)).
From the last two expressions, we get P,(X,T, —é, cee —%) = 0, on solving further,

we obtain — X7 + TX = 0. Multiplying by P and P, from left and right, we obtain
PTP,AP, =0 for all A € A. Application of the condition (#) yields T3; = 0. Hence,
T =0, that is, 9(Hyy + Hy,) = O9(Hy) +9(H,,). Symmetrically, we can prove that
O(Has + Hyy) = 0(Haz) + 0(Hyy). D

Lemma 2.7. ¢ is additive on A~.
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PT‘OOf. For any H,K c .A_, we have H = HH +H12 +H22 and K = KH +K12 +K22.
With the help of Lemmas 2.4, 2.5 and 2.6, we obtain
Q9(H + K) :19(H11 ‘|‘ H12 + HQQ + KH + K12 + K22)
=0(Hy1 + K1) + 0(Hig + Kia) + 9(Hag + Ka2)

(
=0(Hi1) + V(K1) + V(Hiz) + 0(Kq2) + 9(Hag) + V(Ka2)
(
(

=0(Hyy + Hyg + Hap) + V(K1 + Ko + K))
=v(H) + J(K). O
Lemma 2.8. J(—1) =
Proof. Using Lemmas 2.2 and 2.7, it follows that 2"~V = P, (V, -1, —1,...,—I) for
any V € A~, we have
2" (V) =9(P(V, —1,—1,...,—1)).
=P,(0(V),—1,—1,....,—1)+ P,(V,9(=1I),—1,...,1)
+ P, (V,—-1,9(-I),....,—-I)+---+ P, (V,—I,—1I,...,9(=1))
=2""19(V) + 2" % (n — D){—-AI(=1) —I(-1)*V}.

On simplifying further, we obtain
0=Vi(=I)+I9(-1)"V.

Taking V' = il in the above expression, we obtain ¥(—1) = —¢(—1)*, which implies
V(—=1I) € A~. We have now VI(—1I) = 9(=I)V for all V € A~. For every F € A,
we have F' = F| + 1F5, where I} = F’ZF* c A” and F, = % € A~. Thus, we get
Fy(—1) =9(—I)F for all F' € A, this further implies that

(2.1) W-=I)e Z(A)NA".
Using Lemmas 2.1 and 2.2, it follows that 0 = P,(V,—il,—I,...,—I) forany V € A~
we have
0 =0(P,(V,—il,—1I,...,—1))
=P,(0(V),—il,—1I,...,=1)+ P,(V,9(=1),—1I,...,I)
+ P,(V,—=1,9(—il),...,—I)+---+ P, (V,—il,—1I,...,9(—1))

=2"" 2=V I(—il) — I(—il)*V).
By following similar steps as done earlier, we get
(2.2) V(—il) e Z(A)NA™.
Assume Y(P;) = Ly + iLs, where Ly, Ly € AT, with the help of equation (2.1) and

fact P,(—1I, P, —é, ce —é) =0, we get

1 1
=9(P,( —IP,—=,... —=
0 19( n( sy L1 27 ) 2))
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I i I I
:Pn<19(—l),P1,—2,...,—2> +Pn<—l,19(P1),—2,...,—2>
I I I i
+Pn<—I,P1,19(—2),...,—2> +~~+Pn<—I,P1,—2,...,19<—2))

— —20(—1)P, — 2iL,.

Thus, we obtain

(2.3) W(P) = Ly — 9(—1)P;.
With the help of equations (2.2) and (2.3) and fact P,(—il, Py, —1I,...,—1) =2""14% P,
we obtain
2" (P =9(P,(—il, P, —1I,...,—1))
=P,(¥(=il), P,,—1,...,—I)+ P,(—il,9(P),—1I,...,—1I)
+ P (=i, P,9(=1),...,— 1)+ -+ Py(—il, P,,—1,...,9(—1))

= 2" W(—i )P, + 2" YL,

On solving further, we obtain

(2.4) V(iPy) = —9(—il )Py +iLy.
Applying (2.3) and (2.4), we get
2" 1(iP) =9(P,(Py,iP,,—1,...,—1))
=P,(9(P,),iP,,—1I,...,—I)+ P,(P,0(iP),—1,...,—I)
+ Py(Py,iPL (=), ., =I) + -+ Py(Pr,iPy, —1, ..., 0(=1))

== 2" (—il) P + 2" V(P Ly + Ly Py).
Therefore, we get
(2.5) V(iP) = —=9(—il)P, +i(P Ly + L1 Py).
Comparing (2.4) and (2.5), we obtain Ly = Py L1+ L, Py, implies P, L1 P; = P, P, = 0.
Invoking the last relation in (2.3), we obtain
(2.6) WP) = P L1P+ Pl Py — 9(—1)Py.

Taking X = Ay — A}, for any Ao € Ao, then X € A™. Invoking Lemmas 2.2
and 2.7, we possess

2" 29(X) =9(P, (P, X, —1I,...,—1I))
=P,(0(P), X, —1I,...,—1)+ P,(P,0(X),—1I,...,—1I)
+ P(P, X, 9(=1),...,—I)+ -+ P (P, X,—1,...,9(—1))
=2"2(I(P)* X + XI(P,)) + 2" 2(Pd(X) + 9(X)Py).

Accordingly, we get
(2.7) HX) =9(P)*' X + X9(P) + Pd(X) + 9(X)Py.
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Multiplying (2.7) by P, and P, from left and right, respectively, and applying (2.6),
we obtain ¥(—1)Ajs. Implementation of the condition (#) gives us ¥(—1)P; = 0,
employing (2.1) and condition (#) in the last relation, we get J(—1I1)P, = 0, finally
we obtain J(—1I) = 0. O

Lemma 2.9. For any S,S;,5, € AT
(1) 9(S)" = 0(9);
(2) 9(iS) = i9(S) — I(—il)S;
(3) ¥ is additive on A™;
(4) 9(Sy + iS2) = ¥(S1) +i9(S2) — H(—il)S,.

Proof. (1) Using the fact that P,(—I,S,—1,...,—I) = 0 and Lemma 2.8, where
S € AT, we obtain

0=0(P(—1,5,—1,...,—1)) = Po(=1,9(5),—1,...,—I) =2"2((S)" — 9(9)),
which allows us 9(5)* = 9(9).

(2) Using the fact that P,(—il,S,—1I...,—1I) = 2""%S, together with Lemmas 2.7,

2.8 and equation (2.2), where S € A", we obtain
2" 19(iS) =0(P,(—il, S, —1I ..., —1))

—Py(I(—il), S, — 1, ..., )+ Po(—il,0(S), —1,..., 1)
=2""1(9(S) — I(—il)9),

which gives us

(2.8) 9(2S) = id(S) — I(—il)S.

(3) For any S1, S, € A', invoking Lemma 2.7 and (2.8), we have
9(iSy +iSs) =0(iS1) + 9(iSs) = i0(Sh) — V(—il) Sy + i9(Ss) — I(—il)Ss.

On the other hand, we have 9(i(S, +.52)) = 19(S1 +S2) —(—il)(S; + S2). Comparing
the above two expressions for 9(i(S; + S2)), we obtain ¥(S; + S3) = ¥(S1) + V¥(Ss).

(4) Using the fact that P,(S; + @Sy, —I,—1I,...,—I) = 2"714S,  together with
Lemmas 2.7, 2.8 and (2.8), where 51,52 € AT, we obtain
2" 1 (i9(Sy) — I(—il)Sy) =2""19(iSs) = V(Pp(Sy + 1S, —I,—1,...,—1I))
=P (9(S) +iSs), I, —1,...,—1I)

=2""2(9(S) +iSy) — V(S +iS,)*).
Thus, we have
(2.9) 2" (19(Sy) — I(—il)Sy) = 2" 2(I(S) + iSy) — I(S; +iSy)*).
Invoking the fact that P,(—il,S; + iSe, —1I,...,—I) = 2"7%S; and using Lem-
mas 2.7, 2.8 and (2.2), (2.8), where S, S, € AT, we obtain
2" (19(Sy) — 9(—il)Sy) =2""19(iS,)
=0(P,(—iI,S1 + 1Sy, —1,...,—1))
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=P, (¥(—il),S; +iSa, —1I,...,—1I)
+ Py (—il,9(S +iS3),—1,...,—1I)
= — 2" 1Y(—i) Sy + 2" %(V(S) +iSs) +9(Sy +iS2)*).
On solving further, we obtain
By adding (2.9) and (2.10), we get 9(S1 + iS3) = 9(S1) + i(S2) — ¥(—il)Ss. O
Lemma 2.10. For all A€ A
(1) 9(A) = I(A)";
(2) ¥ is additive on A.
Proof. (1) For A € A, we have A = A;+iA,, where Ay, Ay € AT and using Lemma 2.9
and (2.2), we obtain
V(A)" =0(A1 +iAs)" = (J(A1) + 9 (A2) — I(—il)A2)"
=0(A1) — i¥(Ag) + ¥(—il) Ay = V(A +i(—Ay)) = V(A — iAy) = ¥(AY).
(2) For A, B € A, then A = A; +iAy; and B = By + iBy, where Ay, Ay, By, By € A™.
Using Lemma 2.9, we obtain
V(A4 B) =0(A; + 1Ay + By +iBsy)
=0(A; + By) + i0(Ay + By) — 9(—il) (A + Bo)
=0(A1) + H(By) + i¥(Az) + id(Bg) — H(—il) Ay — I (—il)(B2)
=(0(A1) +10(As) = V(—il)Az) + (9(B1) +10(Bs) — (—il) By)
=19(A) + I(B). O
Lemma 2.11. Forall Ac A
(1) 9(—il) = 0;
(2) V(iA) =i9(A).

Proof. (1) Equation (2.4) implies

(2.11) V(iP) = —=9(—il) Py + i(PLL1 P, + P,L1 Py).
Observe that P, (iPy, (Aja—AL,), —1I,...,—1) = —=2"%i(A;p+ A},), for any App € Apo.
Using Lemmas 2.8,2.9 and 2.10, we find that
—=2"729(i(Are + Al)) =O(Pu(iPy, (Arg — ALp), =1, —1))
=P, (¥(iP), (A — Aly),—1I,...,—1)
+ P,(iP,0(A1s — AYy), —1,...,—1I).

Using (2.11), in the above expression, we obtain

—2n_219(i(A12 + ATQ)) :2n—2 (19(—@])1412 - iPQLlAlg + Z.PlLlATQ —|— iA12L1P1
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+ Al0(—il) — 1Al L1 Py — iP19(Aqa) + i Py (Age)”
— i)(A12)" Py + i0(A1) P2).
On the other hand, we have
—2"2(i(Arg + ATp)) = — 2" 20 (Ary + ATy) + I(—il) (A + Aly).
Comparing the above two expressions, we obtain
—i9(Aa) — i0(Ara)* + I(—il) Ay + I(—il) A},
=0(—il)Ayg —iPoL1Ayg +iP L1 Aly + 1 A1o Ly Py + Aj,0(—i)
— @AY L1 Py — iPyY(Ass) + iP19(Ar)" —id(Arn)" Pr + id(Ag2) P

Multiplying the above expression by P, and P, from left and right, respectively, we
obtain

(2.12) P9(A2)*Py = 0.
Alternatively observed that P,(iPy,i(A + A3y), =1, ..., —I) = 2" 2(Ap — A}y), for
any Ajp € Ajs. Using Lemmas 2.8,2.9 and 2.10, we find that
2" 29( Ay — AL =0(P,(iPy,i( A + ALy, —1,...,—1))
=P, (0(iP), (A + Aly),—1,...,—1I)
+ P, (iPy, 9(i( A1 + AYp)), —1, ..., =1).

Using (2.11) in the above expression, we obtain
19(1412 — ATQ) :Zﬁ(—ZI)Am + P2L1A12 + P1L1A>{2 — ’L'Alngpl
— 1AL (—il) — 1A, L1 Po + Pid(Asg) + Pro(Are)”
+ ZP119(—Z])A12 — 19(A12)P1 — 19(A12)*P1 — 219(—21)14;2
Multiplying the above expression by P; and P, from left and right, respectively, and
applying (2.12), we obtain J(—il)A;2 = 0. Implementation of the condition (&)
gives us J(—il)P; = 0, employing (2.2) and condition (#) in J(—il)A;s = 0, we get
Y(—1)P, = 0, hence we obtain J(—il) = 0.
(2) Applying the fact ¥9(—il) = 0 in the Lemma 2.9 (2), we obtain 9(iS) = i9(S)
for all S € A*. Let any A € A then A = Ay + 1Ay, where Ay, Ay € AT
V(iA) =0(iA) — Ag) = V(1A;) + V(—Ar) = 10(A;) — 9(A,)
Lemma 2.12. Y(AB) = 9(A)B + AY(B), for all A, B € A.

Proof. For any A, B € A, applying the fact
P.(AiB,—1I,...,—I) =2""%(A*B + B*A),
and using Lemmas 2.8, 2.10 (2) and 2.11 (2), we obtain
2" 209(A*B + B*A) =0(P,(A,iB,—1,...,—1))
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=P, (0(A),iB,—I,...,—I)+ P,(A,9(iB),—1,...,—I)

=2""%{(J(A)*B + B*9(A)) + 2" %i(A*I(B) + 9(B)* A).
Hence, we obtain
(2.13) V(A*B + B*A) =0(A)"B + B*Y(A) + A"J(B) + J(B)*A.
Implementing the fact P,(A, B,—I,...,—I) = 2" %(A*B — B*A) and using Lem-
mas 2.8 and 2.10 (2), we obtain

2" 2Y(A*B — B* A) V(P.(A,B,—I,...,—1))
P,(¥(A), B ..,—I)+Pn(A,19(B),—[,...,—I)
=2"" 2(19(A) B - B*ﬁ(A)) + 2" (A*(B) — 9(B)*A).

Therefore, we obtain

(2.14) 9(A*B — B*A) =9(A)*B — B*Y(A) + A*0(B) — 0(B)*A.
Adding equations (2.13) and (2.14) and adopting Lemma 2.10 (1), we obtain
V(A*B) =0(A")B + A™J(B). O

Accordingly, we obtain ¥(AB) = ¥(A)B + AJ(B).

Invoking Lemmas 2.10 and 2.12, we obtain that 1 is an additive *-derivation on A.
Hence, the proof of Theorem 2.1, is completed.

3. COROLLARIES

Recall that an algebra A is prime if for any o, € A, aAf = {0} implies that
either « = 0 or § = 0. It is simple to check that every prime *-algebra satisfies (#).
Hence, as a direct significance of Theorem 2.1, we have the following result.

Corollary 3.1. Let A be a unital prime *-algebra containing a nontrivial projection.
Then, a map ¥ : A — A (need not be linear) satisfies

Py (M, Aoy ey A ZP ALy At 9O, Aty -5 An),

for all Ay, Ao, ... Ny € A if and only if 9 is an additive x-derivation.

It is commonly known that a factor von Neumann algebra is prime, thus, it always
satisfies (#). Thus, due to the quick aftereffects of Corollary 3.1, we obtain the
subsequent result.

Corollary 3.2. Let A be a factor von Neumann algebra with dim(A) > 2. Then, a
map 9 : A — A satisfies

D(Py(A, Azy oy A ZP Ay Ay OO, At -+ ),

for all Ay, Ao, ..., A\, € A if and only if 9 is an additive x-derivation.
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Further, it is well-known that every von Neumann algebra with no central summands
of type I; satisfies (#) (see [3,8] for details). Therefore, applying Theorem 2.1, we
have the following result.

Corollary 3.3. Let A be a von Neumann algebra with no central summands of type
I;. Then, a map ¥ : A — A satisfies

IPO Ao A)) =3 PaOhis o A, 9O, At A,
i=1
for all Ay, o, ... Ny € A if and only if ¥ is an additive x-derivation.

4. CONCLUSION

In this paper, we have studied nonlinear left bi-skew Lie n-derivations on arbitrary
x-algebras. In fact, it is shown that, under certain assumptions, every nonlinear left
bi-skew Lie n-derivation on a unital x-algebra is an additive x-derivation.
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