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SELECTION PRINCIPLES IN TOPOLOGICAL VECTOR SPACES
ULUKBEK SAKTANOV! ELNURA ZHUSUPBEKOVA?, AND BEKBOLOT KANETOV?

ABSTRACT. This paper investigates bounded, M-bounded, H-bounded, R-bounded
topological vector spaces. The most important properties and characteristics of
these classes of topological vector spaces are established.

1. INTRODUCTION

Recently the theory of selection principles has been intensively developing in topo-
logical spaces, in topological groups, in uniform spaces etc.

Significant contributions to the theory of selection principles of choice were made
in [1,3,6-13] and others.

A good overview of the very extensive literature on selection principles is contained
in [3,10].

Lj.D.R. Koc¢inac [3] found uniform analogues of the most important properties of the
selection principles: uniformly Menger spaces, uniformly Hurewicz spaces, uniformly
Rothberger space etc. These properties are considered as types of totally bounded
uniform spaces, for example, the uniformly Menger space occupies an intermediate
place between totally bounded and w-bounded spaces. To each selection property of
a uniform structure defined above can correspond game.

In this paper we study important properties of the bounded, M-bounded, H-
bounded and R-bounded topological vector spaces.
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2. PRELIMINARIES AND DENOTATIONS

For covers o and (8 of a set X, we have: a A = {ANB : A € a,B € [}.
a(x) = USt(a,x), Stlayz) = {A € a: Asz}, v € X, a(H) = USt(a, H),
St(a, H) = {A € a: ANH # 0}, H C X. For covers a and 3 of the set X, the
symbol a > [ means that the cover « is a refinement of the cover 3, i.e., for any
A € « there exists B €  such that A C B and, the symbol a* > J means that the
cover « is a strongly star refinement of the cover 3, i.e., for any A € « there exists
B € 3 such that a(A) C B.

Recall that a uniform space (X, U) is called:

(a) totally bounded, if each o € U has a finite set H C X such that a(H) = X [2];

(b) precompact, if the uniformity U has a base consisting of finite covers [2];

(c) w-bounded, if the uniformity U has a base consisting of countable cover [2,3];

(d) uniformly locally compact, if the uniformity of U contains a uniform cover

consisting is compact sets [2];

(e) has the uniform Menger property, if for each sequence («, | n € N) C U there
is a sequence (3, | n € N) such that for each n € N, 3, is a finite subset of «,
and Upen Bn 1s a cover of X [3];

(f) has the uniform Hurewicz property if for each sequence (o, | n € N) C U there
is a sequence (8, | n € N) such that each 3, is a finite subset of «,, and for
each x € X we have x € J 8, for all but finitely many n [3];

(g) has the uniform Rothberger property if for each sequence (o, | n € N) C U

there is a sequence (A, | n € N) such that for each n € N, A, € «, and

Uner A = X [3].

Let f: (X,U) = (Y,V) be a uniformly continuous mapping of a uniform space
(X, U) onto a uniform space (Y, V). The mapping f is called precompact, if for each
a € U there exist a uniform cover § € V and a finite uniform cover v € U such that
fB Ay = a2

For the uniformity U by 7y we denote the topology generated by the uniformity.

A topological vector space L is said to be

(a) M-bounded if for each sequence (U, | n € N) of 0-neighborhoods in L there
exists a sequence (A, | n € N) of finite subsets of L such that L = U, ey An+Un;

(b) H-bounded if for each sequence (U, | n € N) of 0-neighborhoods in L there
exists a sequence (A, | n € N) of finite subsets of L such that each z € L
belongs to all but finitely many A, + U,;

(c) R-bounded if for each sequence (U, | n € N) of 0-neighborhoods in L there is
a sequence (A, | n € N) of elements of L such that L = U, en(zn + Us,).

In other words topological vector space L is said to be M-bounded (H-bounded, R-
bounded), if (L, U) a uniformly Menger (uniformly Hurewicz, uniformly Rothberger)
space with respect to the uniformity U.
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3. RESULTS
Let L be a topological vector space (TVS).
Proposition 3.1. Any totally bounded TVS L is M-bounded.

Proof. Let L be a TVS. We will prove that it is M-bounded. Let (ayw, |n € N) C U be
an arbitrary sequence of uniformly cover, where W, is 0-neighborhood in L. Then, for
any 0O-neighborhood W, there exist a 0-neighborhood W)/, such that W} + W/ C W,,.
Clearly, Bw:* = aw,. Therefore, for each n € N there exists a finite set M, C L,
such that By (M,) = L. Put Bw,(M,) = Ule{ﬁwé(mi) :x; € M,}. For each
ﬁWi/(x) choose W,, + z; € ay,, such that By (x;) C W, + x4, 4 = 1,2,... k. Let
oy, = Wn+x; | i =1,2,...,k). Since for each n € N the finite family af, is a
cover, then U,ey oy, = L. Therefore, TVS L is M-bounded. O

Corollary 3.1. Any compact TVS L is M-bounded.

The space of real numbers R is M-bounded TVS, but it is not totally bounded, i.e.,
not compact.

Proposition 3.2. Any M-bounded TVS L is w-bounded.

Proof. Let L be a M-bounded TVS. We will prove that it is w-bounded. It suffices
to show that the uniform space (L, U) is a w-bounded. Let ay € U be an arbitrary
uniform cover, where W, is a 0-neighborhood in L. For each n € N put aw, = aw.
Then, (ayw, | n € N) is a sequence of uniform covers. Therefore, there exists a
sequence of finite subfamilies (ay, | n € N), such that for each n € N we have
oy, C o, and U,ey oy, = X. Since for each n € N the family o), is finite, then
the family oY, = (aw,, vy, .-, qw,,...) is subcover of ay,. Therefore, TVS L is
w-bounded. O

Theorem 3.1. If a TVS L’ is a linearly continuous image of a M-bounded (H -
bounded, R-bounded) TVS L, then L' is also M-bounded (H-bounded, R-bounded)
TVS.

Proof. Let us consider only the M-bounded case and the remaining cases proceed
similarly. Let f : L — L' be an linearly continuous mapping of the M-bounded TVS
L to the TVS L'. Since every linearly continuous mapping is uniformly continuous,
the mapping f : (L,U) — (L',U’) is uniformly continuous. Let (fBy, | n € N) be
an arbitrary sequence of elements of U’, where V,, is 0-neighborhoods in L’ and put
By, = a1y, n € N. It is easily seen that we have: if V}, is O-neighborhoods
in L then f~'V, is a O-neighborhoods in L. Since (L,U) is uniformly Menger, then
there exists a sequence of finite subfamilies (a(}_lvn | n € N) such that for each n € N
a% 1y, C agpy, and Unpey @}y, = L. For each n € N put faj ., = By, . Then,
f(Unen a?_lvn) = Unen foz[}_lvn = Unen By, = L', n € N. This means that (L',U’)
has indeed the uniform Menger property. Therefore, L' is M-bounded. 0J
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A TVS L is called o-totally bounded, if it can be represented as the union of
countably many totally bounded subspaces.

Proposition 3.3. Any o-totally bounded TVS is H-bounded.

Proof. Let L be a o-totally bounded TVS. We proof that L is H-bounded. Let (v, |
n € N) C U be an arbitrary sequence of uniform covers, where V,, is 0-neighborhoods
in L and L = U Ly,en, where Ly, is totally bounded. For each n € N put a2, = ay, A
{L,}, VE» =V, N L,. Then, (OéVnLn | n € N) C Uyp, is sequence uniform covers of the
space (L,,Ur,) and V.E» is O-neighborhood in L,. Let W» be 0-neighborhood such
that Wi + Wl» C VEn Then, Byin* = ay .. For each n € N choose a finite subset
My, C L, such that BW#,,, (M) = U{BW#H, (%)ﬁwgn(mz),---,ﬁmfn (m)} = L,
where z; € My, , i = 1,2,...,m. Therefore, there is V.I» + z; from oz, such that
Byrn (i) C Vin 42,4 =1,2,...,m. For each n € N put oz?/nLn = (Vi 42, | i =
0

y,In

each x € L is an element of | a?/Ln for all but finitely many n. Thus, L is H-bounded.
' O

1,2,...,m). It is easy to see that each « is finite subfamily of the cover oy, ., and

Corollary 3.2. Any o-totally bounded TVS is M-bounded.
Theorem 3.2. Any countable discrete TVS is a R-bounded.

Proof. Let L be a countable discrete TVS and (aw, | n € N) C U be a sequence of
uniform covers. Since the TVS L is a countable discrete space, there exists a base
B = (aw) consisting of a countable cover ay = ({0} + z,, | z, € L) and for each
n € N, aw > ay,. Then, we choose one {0} +x,, € ayy such that {0} 4+, C W, +x,
and U,en({0} + x,) = L. Hence, TVS L is a R-bounded. O

Theorem 3.3. For a locally compact TVS L the following are equivalent:
(1) L is M-bounded;
(2) L is w-bounded.

Proof. (1) = (2) It is evident. So, we have prove only (2) = (1). Let (aw, | n €
N) C U be a sequence uniform covers in U. We apply (2) to the countable uniform
cover By = (W + z,, | n € N) consisting of compact sets. For each n € N there
exists a finite subfamily o), C aw, such that W+ z,, C Uady, . It is casy to see that
Unen @y, = L. Consequently, L is a M-bounded. O

Proposition 3.4. Any locally compact TVS L is strongly paracompact.

Proof. Let L be a locally compact TVS and W be a compact 0-neighborhood. Then,
aw = {W + 2 : xz € L} is a uniform cover consisting of compact subsets, i.e., a
uniform space (L, U) is uniformly locally compact. Since (L, U) is strongly uniformly
paracompact [16]. Then, TVS L is locally compact and paracompact, i.e., strongly
paracompact. 0

Corollary 3.3. Any locally compact TVS L is complete.
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Proposition 3.5. The completion of M-bounded (H-bounded, R-bounded) TVS is a
M -bounded (H-bounded, R-bounded).

Proof. Let’s consider only the R-bounded case and the remaining cases proceed sim-
ilarly. Let L be a completion of the R-bounded space L and (G, | n € N) € U be
an arbitrary sequence. For each n € N, ayy,, = aw, A {L}. Then, (aw, |n € N) is a
sequence uniform covers in U. Since L is a R-bounded space, there exists a sequence
(W, + 2z | n € N) of such that for any n € N, W, + = € aw, and U,en(W,, + ) is a
cover of the space L. It is easy to see that U,cny(W, + &) = L. Thus, the completion
L is R-bounded. O

Let f: L — L’ be a linear continuous mapping of a TVS L onto a TVS L’. The
mapping f is called precompact, if the mapping f : (L,U) — (L',U’) of a uniform
space (L, U) to uniform space (L', U’) is precompact.

Theorem 3.4. Let [ : L — L' be a precompact mapping. If TVS L' is H-bounded,
then a TVS L is also H-bounded.

Proof. Let f : L — L' be a precompact mapping of a TVS L onto a TVS L' and
(o, | m € N) C U be an arbitrary sequence of uniform covers. Then, for any n € N
there exists a finite cover vy, € U and fy, € U’, such that =By, A Ywr = Qw,.
Apply to the sequence (fy, | n € N) C U’ the fact that the space (L',U’) has a
uniformly Hurewicz property we find a sequence (3}, | n € N) of finite subfamilies
such that for each y € L' we have y € U, for all but finitely many n. Note, that
for any n € N the family f~'8), A ~w; is finite and U{f~'8). Ay} = U f16) .
Next, for any f~1(V,, + ;) NW/ + x; € f~1By A vn choose W, + z; € ayy,, such that
[T Ve +y) AW, + 2, C W, + ;. Put oy, = {W,, + 21, W, + 29,..., W, + 2},
f(zi) = y;. It is easy to see that for each z € L we have z € Uy, , f(z) =y for all
but finitely many n. Therefore, L is H-bounded. 0

As it is well known, to each selection principle for topological spaces it is naturally
associated the corresponding game and often selection principles can be characterized
game-theoretically. In TVS case to each selection principle one can assign also the
corresponding game. The game M LG associated to the M-bounded property is
defined in the following way. Two players, ONE and TWO, play a round for each
positive integer. In the n-th round ONE chooses a 0-neighborhood U, and TWO
responds choosing a finite subset A,,. TWO wins a play Uy, Ay;Us, Ao, ..., if X =
Unen An + U, and otherwise ONE wins. The games H LG and RLG associated to
the H-bounded and R-bounded properties are defined in the following way.
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