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SELECTION PRINCIPLES IN TOPOLOGICAL VECTOR SPACES

ULUKBEK SAKTANOV1, ELNURA ZHUSUPBEKOVA2, AND BEKBOLOT KANETOV2

Abstract. This paper investigates bounded, M -bounded, H-bounded, R-bounded
topological vector spaces. The most important properties and characteristics of
these classes of topological vector spaces are established.

1. Introduction

Recently the theory of selection principles has been intensively developing in topo-
logical spaces, in topological groups, in uniform spaces etc.

Significant contributions to the theory of selection principles of choice were made
in [1, 3, 6–13] and others.

A good overview of the very extensive literature on selection principles is contained
in [3, 10].

Lj.D.R. Kočinac [3] found uniform analogues of the most important properties of the
selection principles: uniformly Menger spaces, uniformly Hurewicz spaces, uniformly
Rothberger space etc. These properties are considered as types of totally bounded
uniform spaces, for example, the uniformly Menger space occupies an intermediate
place between totally bounded and ω-bounded spaces. To each selection property of
a uniform structure defined above can correspond game.

In this paper we study important properties of the bounded, M -bounded, H-
bounded and R-bounded topological vector spaces.
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2. Preliminaries and Denotations

For covers α and β of a set X, we have: α ∧ β = {A
⋂

B : A ∈ α, B ∈ β}.
α(x) = ⋃

St(α, x), St(α, x) = {A ∈ α : A ϶ x}, x ∈ X, α(H) = ⋃
St(α, H),

St(α, H) = {A ∈ α : A
⋂

H ̸= ∅}, H ⊂ X. For covers α and β of the set X, the
symbol α ≻ β means that the cover α is a refinement of the cover β, i.e., for any
A ∈ α there exists B ∈ β such that A ⊂ B and, the symbol α∗ ≻ β means that the
cover α is a strongly star refinement of the cover β, i.e., for any A ∈ α there exists
B ∈ β such that α(A) ⊂ B.

Recall that a uniform space (X, U) is called:

(a) totally bounded, if each α ∈ U has a finite set H ⊂ X such that α(H) = X [2];
(b) precompact, if the uniformity U has a base consisting of finite covers [2];
(c) ω-bounded, if the uniformity U has a base consisting of countable cover [2, 3];
(d) uniformly locally compact, if the uniformity of U contains a uniform cover

consisting is compact sets [2];
(e) has the uniform Menger property, if for each sequence (αn | n ∈ N) ⊂ U there

is a sequence (βn | n ∈ N) such that for each n ∈ N, βn is a finite subset of αn

and ⋃
n∈N βn is a cover of X [3];

(f) has the uniform Hurewicz property if for each sequence (αn | n ∈ N) ⊂ U there
is a sequence (βn | n ∈ N) such that each βn is a finite subset of αn and for
each x ∈ X we have x ∈ ⋃

βn for all but finitely many n [3];
(g) has the uniform Rothberger property if for each sequence (αn | n ∈ N) ⊂ U

there is a sequence (An | n ∈ N) such that for each n ∈ N, An ∈ αn and⋃
n∈N An = X [3].

Let f : (X, U) → (Y, V ) be a uniformly continuous mapping of a uniform space
(X, U) onto a uniform space (Y, V ). The mapping f is called precompact, if for each
α ∈ U there exist a uniform cover β ∈ V and a finite uniform cover γ ∈ U such that
f−1β ∧ γ ≻ α [2].

For the uniformity U by τU we denote the topology generated by the uniformity.
A topological vector space L is said to be

(a) M-bounded if for each sequence (Un | n ∈ N) of 0-neighborhoods in L there
exists a sequence (An | n ∈ N) of finite subsets of L such that L = ⋃

n∈N An+Un;
(b) H-bounded if for each sequence (Un | n ∈ N) of 0-neighborhoods in L there

exists a sequence (An | n ∈ N) of finite subsets of L such that each x ∈ L
belongs to all but finitely many An + Un;

(c) R-bounded if for each sequence (Un | n ∈ N) of 0-neighborhoods in L there is
a sequence (An | n ∈ N) of elements of L such that L = ⋃

n∈N(xn + Un).

In other words topological vector space L is said to be M -bounded (H-bounded, R-
bounded), if (L, U) a uniformly Menger (uniformly Hurewicz, uniformly Rothberger)
space with respect to the uniformity U .
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3. Results

Let L be a topological vector space (TVS).

Proposition 3.1. Any totally bounded TVS L is M-bounded.

Proof. Let L be a TVS. We will prove that it is M -bounded. Let (αWn | n ∈ N) ⊂ U be
an arbitrary sequence of uniformly cover, where Wn is 0-neighborhood in L. Then, for
any 0-neighborhood Wn there exist a 0-neighborhood W ′

n, such that W ′
n + W ′

n ⊂ Wn.
Clearly, βW ′

n
∗ ≻ αWn . Therefore, for each n ∈ N there exists a finite set Mn ⊂ L,

such that βW ′
n
(Mn) = L. Put βW ′

n
(Mn) = ⋃k

i=1{βW ′
n
(xi) : xi ∈ Mn}. For each

βW ′
i
(x) choose Wn + xi ∈ αWn , such that βW ′

n
(xi) ⊂ Wn + xi, i = 1, 2, . . . , k. Let

α0
Wn

= (Wn + xi | i = 1, 2, . . . , k). Since for each n ∈ N the finite family α0
Wn

is a
cover, then ⋃

n∈N α0
Wn

= L. Therefore, TVS L is M -bounded. □

Corollary 3.1. Any compact TVS L is M-bounded.

The space of real numbers R is M -bounded TVS, but it is not totally bounded, i.e.,
not compact.

Proposition 3.2. Any M-bounded TVS L is ω-bounded.

Proof. Let L be a M -bounded TVS. We will prove that it is ω-bounded. It suffices
to show that the uniform space (L, U) is a ω-bounded. Let αW ∈ U be an arbitrary
uniform cover, where Wn is a 0-neighborhood in L. For each n ∈ N put αWn = αW .
Then, (αWn | n ∈ N) is a sequence of uniform covers. Therefore, there exists a
sequence of finite subfamilies (α0

Wn
| n ∈ N), such that for each n ∈ N we have

α0
Wn

⊂ αWn and ⋃
n∈N α0

Wn
= X. Since for each n ∈ N the family α0

Wn
is finite, then

the family α0
W = (αW1 , αW2 , . . . , αWn , . . .) is subcover of αW . Therefore, TVS L is

ω-bounded. □

Theorem 3.1. If a TVS L′ is a linearly continuous image of a M-bounded (H-
bounded, R-bounded) TVS L, then L′ is also M-bounded (H-bounded, R-bounded)
TVS.

Proof. Let us consider only the M -bounded case and the remaining cases proceed
similarly. Let f : L → L′ be an linearly continuous mapping of the M -bounded TVS
L to the TVS L′. Since every linearly continuous mapping is uniformly continuous,
the mapping f : (L, U) → (L′, U ′) is uniformly continuous. Let (βVn | n ∈ N) be
an arbitrary sequence of elements of U ′, where Vn is 0-neighborhoods in L′ and put
f−1βVn = αf−1Vn

, n ∈ N. It is easily seen that we have: if Vn is 0-neighborhoods
in L then f−1Vn is a 0-neighborhoods in L. Since (L, U) is uniformly Menger, then
there exists a sequence of finite subfamilies (α0

f−1Vn
| n ∈ N) such that for each n ∈ N

α0
f−1Vn

⊂ αf−1Vn
and ⋃

n∈N α0
f−1Vn

= L. For each n ∈ N put fα0
f−1Vn

= β0
Vn

. Then,
f(⋃

n∈N α0
f−1Vn

) = ⋃
n∈N fα0

f−1Vn
= ⋃

n∈N β0
Vn

= L′, n ∈ N. This means that (L′, U ′)
has indeed the uniform Menger property. Therefore, L′ is M -bounded. □
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A TVS L is called σ-totally bounded, if it can be represented as the union of
countably many totally bounded subspaces.
Proposition 3.3. Any σ-totally bounded TVS is H-bounded.

Proof. Let L be a σ-totally bounded TVS. We proof that L is H-bounded. Let (αVn |
n ∈ N) ⊂ U be an arbitrary sequence of uniform covers, where Vn is 0-neighborhoods
in L and L = ⋃

Lnn∈N, where Ln is totally bounded. For each n ∈ N put αV Ln
n

= αVn ∧
{Ln}, V Ln

n = Vn
⋂

Ln. Then, (αV Ln
n

| n ∈ N) ⊂ ULn is sequence uniform covers of the
space (Ln, ULn) and V Ln

n is 0-neighborhood in Ln. Let W Ln
n be 0-neighborhood such

that W Ln
n + W Ln

n ⊂ V Ln
n . Then, βW Ln

n
∗ ≻ αV Ln

n
. For each n ∈ N choose a finite subset

MLn ⊂ Ln such that βW Ln
n

(MLn) = ⋃{βW Ln
n

(x1), βW Ln
n

(x2), . . . , βW Ln
n

(xm)} = Ln,
where xi ∈ MLn , i = 1, 2, . . . , m. Therefore, there is V Ln

n + xi from αV Ln
n

such that
βW Ln

n
(xi) ⊂ V Ln

n + xi, i = 1, 2, . . . , m. For each n ∈ N put α0
V Ln

n
= (V Ln

n + xi | i =
1, 2, . . . , m). It is easy to see that each α0

V Ln
n

is finite subfamily of the cover αV Ln
n

and
each x ∈ L is an element of ⋃

α0
V Ln

n
for all but finitely many n. Thus, L is H-bounded.

□

Corollary 3.2. Any σ-totally bounded TVS is M-bounded.

Theorem 3.2. Any countable discrete TVS is a R-bounded.

Proof. Let L be a countable discrete TVS and (αWn | n ∈ N) ⊂ U be a sequence of
uniform covers. Since the TVS L is a countable discrete space, there exists a base
B = (αW ) consisting of a countable cover αW = ({0} + xn | xn ∈ L) and for each
n ∈ N , αW ≻ αWn . Then, we choose one {0}+xn ∈ αW such that {0}+xn ⊂ Wn +xn

and ⋃
n∈N({0} + xn) = L. Hence, TVS L is a R-bounded. □

Theorem 3.3. For a locally compact TVS L the following are equivalent:
(1) L is M-bounded;
(2) L is ω-bounded.

Proof. (1) ⇒ (2) It is evident. So, we have prove only (2) ⇒ (1). Let (αWn | n ∈
N) ⊂ U be a sequence uniform covers in U . We apply (2) to the countable uniform
cover βW = (W + xn | n ∈ N) consisting of compact sets. For each n ∈ N there
exists a finite subfamily α0

Wn
⊂ αWn such that W + xn ⊂ ⋃

α0
Wn

. It is easy to see that⋃
n∈N α0

Wn
= L. Consequently, L is a M -bounded. □

Proposition 3.4. Any locally compact TVS L is strongly paracompact.

Proof. Let L be a locally compact TVS and W be a compact 0-neighborhood. Then,
αW = {W + x : x ∈ L} is a uniform cover consisting of compact subsets, i.e., a
uniform space (L, U) is uniformly locally compact. Since (L, U) is strongly uniformly
paracompact [16]. Then, TVS L is locally compact and paracompact, i.e., strongly
paracompact. □

Corollary 3.3. Any locally compact TVS L is complete.
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Proposition 3.5. The completion of M-bounded (H-bounded, R-bounded) TVS is a
M-bounded (H-bounded, R-bounded).

Proof. Let’s consider only the R-bounded case and the remaining cases proceed sim-
ilarly. Let L̃ be a completion of the R-bounded space L and (α̃Wn | n ∈ N) ⊂ Ũ be
an arbitrary sequence. For each n ∈ N, αWn = α̃Wn ∧ {L}. Then, (αWn | n ∈ N) is a
sequence uniform covers in U . Since L is a R-bounded space, there exists a sequence
(Wn + x | n ∈ N) of such that for any n ∈ N, Wn + x ∈ αWn and ⋃

n∈N(Wn + x) is a
cover of the space L. It is easy to see that ⋃

n∈N(W̃n + x̃) = L̃. Thus, the completion
L̃ is R-bounded. □

Let f : L → L′ be a linear continuous mapping of a TVS L onto a TVS L′. The
mapping f is called precompact, if the mapping f : (L, U) → (L′, U ′) of a uniform
space (L, U) to uniform space (L′, U ′) is precompact.

Theorem 3.4. Let f : L → L′ be a precompact mapping. If TVS L′ is H-bounded,
then a TVS L is also H-bounded.

Proof. Let f : L → L′ be a precompact mapping of a TVS L onto a TVS L′ and
(αWn | n ∈ N) ⊂ U be an arbitrary sequence of uniform covers. Then, for any n ∈ N
there exists a finite cover γW ′

n
∈ U and βVn ∈ U ′, such that f−1βVn ∧ γW ′

n
≻ αWn .

Apply to the sequence (βVn | n ∈ N) ⊂ U ′ the fact that the space (L′, U ′) has a
uniformly Hurewicz property we find a sequence (β0

Vn
| n ∈ N) of finite subfamilies

such that for each y ∈ L′ we have y ∈ ⋃
β0

Vn
for all but finitely many n. Note, that

for any n ∈ N the family f−1β0
Vn

∧ γW ′
n

is finite and ⋃{f−1β0
Vn

∧ γW ′
n
} = ⋃

f−1β0
Vn

.
Next, for any f−1(Vn + yi)

⋂
W ′

n + xi ∈ f−1β0 ∧ γn choose Wn + xi ∈ αWn , such that
f−1(Vn + yi)

⋂
W ′

n + xi ⊂ Wn + xi. Put α0
Wn

= {Wn + x1, Wn + x2, . . . , Wn + xi},
f(xi) = yi. It is easy to see that for each x ∈ L we have x ∈ ⋃

α0
Wn

, f(x) = y for all
but finitely many n. Therefore, L is H-bounded. □

As it is well known, to each selection principle for topological spaces it is naturally
associated the corresponding game and often selection principles can be characterized
game-theoretically. In TVS case to each selection principle one can assign also the
corresponding game. The game MLG associated to the M-bounded property is
defined in the following way. Two players, ONE and TWO, play a round for each
positive integer. In the n-th round ONE chooses a 0-neighborhood Un and TWO
responds choosing a finite subset An. TWO wins a play U1, A1; U2, A2, . . ., if X =⋃

n∈N An + Un, and otherwise ONE wins. The games HLG and RLG associated to
the H-bounded and R-bounded properties are defined in the following way.
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