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THE PERFECT LOCATING SIGNED ROMAN DOMINATION OF

SOME GRAPHS

ABOLAPE DEBORAH AKWU1, TAYO CHARLES ADEFOKUN2, AND OPEYEMI OYEWUMI3

Abstract. In this paper, we introduce the concept of Perfect locating signed
Roman dominating functions in graphs. A perfect locating signed Roman dominating
PLSRD function of a graph G = (V, E) is a function f : V (G) → ¶−1, 1, 2♢
satisfying the conditions that for (i) every vertex v with f(v) = −1 is adjacent
to exactly one vertex u with f(u) = 2; (ii) any pair of distinct vertices v, w with
f(v) = f(w) = −1 does not have a common neighbor u with f(u) = 2 and (iii)
f(v) +

∑

u∈N(v) f(u) ≥ 1 for any vertex v. The weight of PLSRD- function is the

sum of its function values over all the vertices. The perfect locating signed Roman
domination number of G denoted by γP

LSR
(G) is the minimum weight of a PLSRD-

function in G. We present the upper and lower bonds of PLSRD- function for trees.
In addition, for grid graph G, we show that γP

LSR
(G) ≤ 3

4 ♣G♣.

1. Introduction and Preliminaries

In this paper, we continue the study of variant of Roman dominating function. Let
G = (V, E) be an undirected graph with vertex set V and edge set E. The order
and size of graph G is the number of vertices and edges in G, respectively. The open
neighborhood of vertex u in G is the set of all neighbors of u in G; that is NG(u) =
¶v ∈ V ♣ uv ∈ E(G)♢. The closed neighborhood of u in G is G[u] = ¶u♢ ∪ NG(u).
The degree of u is dG(u) = ♣NG(u)♣. We write Pn for the path of order n.

A leaf of a tree is a vertex of degree one and the support vertex is a vertex adjacent
to a leaf. Let S(T ) and L(T ) denotes the set of all support vertices and the set of

Key words and phrases. Perfect Roman domination, locating Roman domination, signed Roman
domination, Cartesian product graph.
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leaves in T , respectively. We denote ♣L(T )♣ = l(T ) and s(T ) = ♣S(T )♣. Let L(u)
denote the set of all leaves adjacent to a support vertex u and l(u) = ♣L(u)♣.

Let G1 and G2 be two graphs. The cartesian product of graphs G1 and G2,
denoted by G1□G2 is the graph with vertex set V (G1) × V (G2) and two vertices
(u1, v1), (u2, v2) ∈ G1□G2 are adjacent if either

• u1, u2 ∈ E(G1) and v1 = v2, or
• v1, v2 ∈ E(G2) and u1 = u2.
The graph Pn□Pm has n rows and m columns. If G = Pn□Pm, then ♣G♣ = ♣nm♣.
A subset D ⊂ V is a dominating set of G if every vertex in V \ D has a neighbor

in D. The domination number γ(G) is the minimum cardinality of a dominating set
of G. Let α ∈ ¶−1, 1, 2♢ and for any vertex u ∈ G, we denote the set of vertices with
f(u) = α by Vα.

The study of locating dominating sets in graphs was first studied by Slater [19, 20]
whereby many graph related problems with various types of protection are studied.
The objective of the work is to locate the intruder. A locating dominating set D ⊂
V (G) is a dominating set with the property that for each vertex u ∈ V (G) − D, the
set N(u) ∩ D is unique. The locating dominating set of G with minimum cardinality
is known as locating domination number of G. The concept of locating domination
has been considered for several domination parameters, for more result, see [6, 8–10].

A function f : V (G) → ¶0, 1, 2♢ is a Roman dominating function (RDF ) on G if
for every vertex v ∈ V (G) with f(v) = 0 is adjacent to at leaast one vertex u with
f(u) = 2. The weight of RDF denoted by w(f) is the value f(V (G)) =

∑

v∈V (G) f(v).
The RDF on G with minimum weight is known as Roman domination number and
denoted by γR(G). Cockayne et al. [13] introduced Roman domination which was
motivated by the work of Re Velle and Rosing [18] and Stewart [21]. More results on
Roman domination can be found in [11,12].

A perfect Roman dominating function (PRD-function) is a Roman dominating
function f : V (G) → ¶0, 1, 2♢ such that for every vertex v ∈ V (G) with f(v) = 0
is adjacent to exactly one vertex u with f(u) = 2. The weight of f is the sum
∑

v∈V (G) f(v) denoted by w(f). The perfect Roman domination number denoted by

γP
R(G) is the PRD-function with minimum weight. Henning et al. [14] first study

perfect Roman domination. More work on PRD can be found in [5, 16,17].
A signed Roman dominating function (SRD-function) on a graph G is a function

f : V (G) → ¶−1, 1, 2♢ with the condition that for every v ∈ V (G), f(N [v]) ≥ 1.
This concept was introduced by Abdollahzadeh Ahangar in [3]. Further results on
SRD-function can be found in [1, 2].

A RD-function is called a locating Roman dominating function (LRD-function)
if for any pair of vertices u, v with f(u) = f(v) = 0, N(u) ∩ V2 ̸= N(v) ∩ V2 where
w ∈ V (G). The minimum weight of LRD-function is known as the locating Roman
domination number denoted as γL

R(G). See [15] for more result on LRD-function.
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In this paper, we consider the case whereby there will be optimal security control,
that is, the whole empire will be secured in case of multiple attacks at the same time.
This lead to the study of perfect locating signed Roman dominating function.

A perfect locating signed Roman dominating function of a graph G, abbrevated
PLSRD-function is a function f : V (G) → ¶−1, 1, 2♢ satisfying the conditions that
(i) every vertex v with f(v) = −1 is adjacent to exactly one vertex u with f(u) = 2;
(ii) for any pair of distinct vertices v, w of V−1, N(v) ∩ V2 ≠ N(w) ∩ V2 and (iii)
f(v) +

∑

u∈N(v) f(u) ≥ 1 for any vertex v ∈ G. In Section 2, we present the lower and
upper bonds of PLSRD-functions for trees and in Section 3, we present the upper
bond of PLSRD-functions for the grid graph.

2. Perfect Locating Signed Roman domination of trees

In this section, we presents the lower and upper bounds of PLSRD-functions for
trees. We begin with the following observations and existing result.

Observations.

• For any star graph Sn, γP
LSR(Sn) = n − 1.

• If f is a PLSRD-function, then ♣D♣ = ♣V2♣, where D is a minimum dominating
set in T .

Theorem 2.1 ([6]). For any tree T of order n ≥ 2, γL(T ) ≥ ⌈n+1
3

⌉.

Lemma 2.1. If T is a tree with l leaves, s support vertices and f : V (T ) → ¶−1, 1, 2♢
is a perfect locating signed dominating function, then ♣V1♣ ≥ l − s.

Proof. For any support vertex u and an arbitrary vertex x ∈ T with f(x) = 1, we
have ♣L(u) ∩ V1♣ ≥ l(u) − 1, then

♣V1♣ ≥
∑

u∈S

(l(u) − 1) =
∑

u∈S

l(u) −
∑

u∈S

1 = l − s. □

Lemma 2.2. For any tree T of order n ≥ 2 with minimum dominating set D, l leaves

and s support vertices, the ♣D♣ ≥ n−l+2s
3

.

Proof. Consider the PLSRD-function on the vertices of T by assigning 2 to each
support vertex u and −1 to only one leaf adjacent to support vertex u. Also, assign
1 to the remaining leaves adjacent to support vertex u. The assigned values on the
support vertices and leaves in T follows from the definition of PLSRD-function.

Next, let T ′ be a tree of order n′ obtained from T by deleting all support vertices
and leaves, then n′ = n − l − s. Next, divide the vertices in T ′ into q connected sets
of cardinality 3, i.e. n′ = 3q + r, where q ≥ 0 and 0 ≤ r ≤ 2. Assign 2 to at least one
vertex in each q set. Let the vertices ¶x, v, w♢ ∈ T ′ such that r contains one vertex,
say w and ¶v, w♢ ∈ E(T ′). If f(v) = ¶1, 2♢, then assign 1 to vertex w. Also, assign
2 to vertex w if f(v) = −1 and there is no vertex x adjacent to v with label 2. If
f(x) = 2 and f(v) = −1, then assign w with label 1.

Let r contain two vertices say ¶w, y♢ and ¶x, v, w, y♢ is a path in T ′. Set f(w) = −1
and f(y) = 2 if f(v) = 1. Also, set f(w) = −1 and f(y) = 1 if f(v) = 2 and there
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is no adjacent vertex x to v with f(x) = −1, otherwise set f(w) = f(y) = 1. Set
f(w) = 1 = f(y) if f(v) = −1.

The assigned values produces PLSRD-function f . Let V ′

2 denote the set of vertices
in T ′ with label 2. Also for an arbitrary vertex u ∈ T ′ with f(u) = 2, ♣V ′

2 ♣ ≥ n′

3
, Now,

for an arbitrary vertex u ∈ T with f(u) = 2, we have

♣V2♣ ≥
n′

3
+ s =

n − l − s

3
+ s =

n − l + 2s

3
.

Applying observation 2 above, we have ♣D♣ = ♣V2♣ ≥ n−l+2s
3

. □

Theorem 2.2. For any tree T of order n ≥ 2 with l leaves and s support vertices,

γP
LSR(T ) ≥ n+2l−s

3
.

Proof. Let T be the tree of order n and f : V (T ) → ¶−1, 1, 2♢ be a PLSRD-function
defined on T . The set V2 is a minimum dominating set of T . Clearly, D is the locating
dominating set for T , i.e. γL(T ) ≤ ♣D♣. By Lemma 2.2, ♣D♣ ≥ n−l+2s

3
which implies

that ♣V2♣ ≥ n−l+2s
3

. Also, ♣V2♣ = ♣V−1♣ since f is perfect and locating dominating
function. Let x ∈ V (T ) such that f(x) = 1, then by Lemma 2.1, ♣V1♣ ≥ l − s. Hence,

γP
LSR(T ) =♣V−1♣ + ♣V1♣ + ♣V2♣ = 2♣V2♣ + ♣V1♣ (since ♣V2♣ = ♣V−1♣)

≥♣V2♣ + ♣V1♣ ≥
n − l + 2s

3
+ l − s =

n + 2l − s

3
. □

Corollary 2.1. For any tree T of order n ≥ 2, γP
LSR(T ) ≥ n

3
.

Proof. The proof follows from Theorem 2.2. □

Theorem 2.3. If T is a tree of order n ≥ 4, then γP
LSR(T ) ≤ 3

4
n, where T does not

contain a star of order greater than 4.

Proof. We proof the result by induction on the order n of the tree. If n = 3, then
γP

LSR(T ) = 2 ≤ 3
4
n. Now, let n ≥ 4, if T is a star graph Sn with maximum degree 3,

then γP
LSR(T ) = 3 ≤ 3

4
n. Observation 1 applies if maximum degree in Sn is greater

than 3. Assume that T ∗ and T are trees of order n∗ and n respectively, with n∗ ≥ 3
and n∗ < n. Then, γP

LSR(T ∗) ≤ 3
4
n∗.

Let the diam(T ) ≥ 3. Suppose diam(T ) = 3, let T be a double star S(r, t), where
r ≥ t ≥ 1 with maximum degree 4. Let v, w be the vertices of T that are not
leaves such that v and w has r and t leaf neighbors, respectively. The function f

assign 2 to each vertices v and w, −1 to only one leaf neighbor of each vertex v

and w, 1 to the remaining leaves in T is a PLSRD-function with weight r + t. So,
γP

LSR(T ) = r + t ≤ 3
4
(r + t + 2) = 3

4
n. Hence, assume that diam(T ) ≥ 4.

Let v and w be two vertices in T with maximum distance apart. This implies that
v and w are leaves and d(v, w) = diam(T ). Let root the tree at the vertex w and let
¶v, u, x, y, r, . . . , w♢ be a path in T . Note that if diam(T ) = 4, then r = w; otherwise
r ̸= w. The remaining part of the theorem is split into the following claims.

Claim 1. If dT (u) ≤ 4, then γP
LSR(T ) ≤ 3

4
n.
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Suppose dT (u) ≤ 4. Let T ∗ be the tree obtained from T by deleting vertex u and
its children. Let T ∗ be of order n∗, then n∗ = n − dT (u). Note that n∗ ≥ 3 since
diam(T ) ≥ 4. Apply induction on tree T ∗, γP

LSR(T ∗) ≤ 3
4
n∗ ≤ 3

4
(n − 3). Let f ∗ be a

γP
LSR(T ∗)-function. If f ∗(x) ∈ ¶1, 2♢, then f ∗ can be extended to a PLSRD-function f

of T by assigning 2 to vertex u, weights −1 and 1 to vertex v and other leaf neigbhor
of u respectively. Furthermore, if f ∗(x) = −1, this implies that there exist a neighbor
vertex of x (say y) with weight 2. Then f can be obtained from f ∗ as follows:

If dT ∗(y) = 1, re-assigning weights 2, −1 to vertices x, y respectively. If dT ∗(y) ≥ 2
and f ∗(r) = 1, re-assign f ∗(x), f∗(y), f∗(r) with weights 1, −1, 2 respectively and
leave the weight of the remaining vertices under f ∗ unchanged. If dT ∗(y) ≥ 2 and
f ∗(r) = 2, re-assign f ∗(x) and f ∗(y) with 1 and leave the weights of the remaining
vertices under f ∗ unchanged.

Also, if dT ∗(y) ≥ 2 and y has a leaf neighbor, re-assign one of the leaf neighbor of
y with −1 and re-assign vertex x with weight 1, leave the weight of the remaining
vertices under f ∗ unchanged.

From the illustration above, f ∗(x) = −1 has been reassign weight 1. Next, extend
f ∗ to a PLSRD-function f as given above whenever f(x) ∈ ¶1, 2♢. Therefore, we
have

γP
LSR(T ) = w(f) ≤ w(f ∗) + dT (u) − 1

≤
3

4
(n − dT (u)) + dT (u) − 1

=
3

4
n +

dT (u)

4
− 1

≤
3

4
n.

Next, assume that every child of vertex x in T has at most degree 3. For i = 1, 2, 3,
let qi be the number of children of x with degree i. The leaf neighbor of vertex x is
q1. Note that q2 + q3 ≥ 1 since vertex u has degree 2 or 3.

Claim 2. If q3 ≥ 1, then γP
LSR(T ) ≤ 3

4
n.

Suppose that q3 ≥ 1, let T ∗ be the tree obtained from T by deleting q3 children of
vertex x and their leaf neighbors. Let n∗ ≥ 3 be the order of tree T ∗ and n∗ = n − 3q3.
Applying induction on T ∗, γP

LSR(T ∗) ≤ 3
4
n∗ = 3

4
(n − 3q3).

If f ∗(x) ∈ ¶1, 2♢, then we can extend f ∗ to a PLSRD-function f of T by assigning
weight 2 to each child of x with degree 3 and weight 1 and −1 to the leaf neighbors
of each child of x. The resulting function f is a PLSRD-function of T since each
vertex with weight −1 is adjacent to exactly one neighbor with weight 2, vertices with
weight −1 do not have a common vertex with weight 2 and the sum of weights of
each vertex and its neighbors is greater than 1. The weight w(f) = w(f ∗) + 2q3 ≤
3
4
(n − 3q3) + 2q3 = 3

4
n − q3

4
≤ 3

4
n.

If f ∗(x) = −1, only one leaf of x can have weight 2 and each child of x with degree 3
and their leaf neigbhors will have weight 1. Furthermore, if f ∗(x) = −1, one child of x
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with degree 3 can be assign weight 2 and the remaining child of x of degree 3 and their
leaves neighbors will have weight 1 each. This will produce another γP

LSR(T ∗)-function
that assign larger weight than when f ∗(x) ∈ ¶1, 2♢. Hence, vertex x cannot have
weight −1.

Claim 3. If q3 = 0, then γP
LSR(T ) ≤ 3

4
n.

Suppose q3 = 0, then every child of x is a support vertex of degree 2 or a leaf. Let
T ∗ be the tree obtained from T by deleting the vertex x and all its descendants. Let
n∗ be the order of the tree T ∗ where n∗ = n − q1 − 2q2 − 1. Note that n∗ ≥ 2 since
¶y, r♢ ⊆ V (T ∗).

Suppose q1 = 0, then the tree T has the order n = n∗ + 2q2 + 1, assign 1, 2, −1
to vertex x, support vertex adjacent to x and the leaf adjacent to the child of x,
respectively. The assigned weight produces a PLSRD-function f of T of weight

w(f) = w(f ∗) + q2 + 1 =
3

4
(n − 2q2 − 1) + q2 + 1 =

3

4
n −

q2

2
+

1

4
≤

3

4
n.

Suppose q2 ≥ q1 ≥ 1, then the tree T has the order n = n∗ + 2q2 + q1 + 1. Assign 2
to vertex x and all the support vertices adjacent to x. Also, assign −1 to only one
leaf adjacent to x and the leaf adjacent to child of x. Assign 1 to the remaining leaf
adjacent to x. The assigned weight produces a PLSRD-function f of T of weight

w(f) =w(f ∗) + q2 + q1 =
3

4
(n − 2q2 − q1 − 1) + q2 + q1 =

3

4
n −

q2

2
+

q1

4
−

3

4
≤

3

4
n.

Suppose q2 = 0 and 0 < q1 ≤ 3, then the tree T has the order n = n∗ + q1 + 1. Assign
2 to vertex x, −1 to only one leaf adjacent to x and 1 to the remaining leaf adjacent
to x. The assigned weight produces a PLSRD-function f of T of weight

w(f) = w(f ∗) + q1 =
3

4
(n − q1 − 1) + q1 =

3

4
n +

q1

4
−

3

4
≤

3

4
n.

Claim 4. If q2 = 0, then γP
LSR(T ) ≤ 3

4
n.

Suppose q2 = 0, then every child of x has a vertex with degree 3 or a leaf. Let T ∗

be the tree obtained from T by deleting the vertex x and all its descendants. Let n∗

be the order of the tree T ∗ with n∗ = n − 3q3 − q1 − 1. We consider the claim for
q3 ≥ q1 ≥ 1. Assign 2 to vertex x and each child of x with degree 3. Also assign −1
to only one leaf adjacent to vertex x and one leaf adjacent to child of x with degree 3.
Assign 1 to the remaining leaves adjacent to vertex x and the child of x with degree
3. The assigned weight produces a PLSRD-function f of T of weight

w(f) = w(f ∗) + 2q3 + q1 =
3

4
(n − 3q3 − q1 − 1) + 2q3 + q1 =

3

4
n −

q3

4
+

q1

4
−

3

4

≤
3

4
n.

Suppose q1 = 0, then claim 2 holds. If q3 = 0, claim 3 holds.
Claim 5. If q1 = 0, then γP

LSR(T ) ≤ 3
4
n.

Suppose q1 = 0, then every child of x has vertices of degree 2 and 3. Let T ∗ with
order n∗ be the tree obtained from T by deleting the vertex x and its descendants.
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Then n∗ = n − 3q3 − 2q2 − 1. Assign 1 to vertex x and 2 to the child of x with degree
2 and degree 3. Also assign −1 to only one leaf adjacent to child of x and 1 to the
remaining leaf adjacent to child of x. The assigned weights produced PLSRD-function
f of T of weight

w(f) = w(f ∗) + q2 + 2q3 + 1

=
3

4
(n − 3q3 − 2q2 − 1) + 2q3 + q2 + 1 =

3

4
n −

q3

4
−

q2

2
−

1

4

≤
3

4
n.

Suppose q2 = 0, then claim 2 holds. If q3 = 0, then claim 3 holds.
In all these cases, w(f) ≤ 3

4
n. Hence, for n ≥ 3, γP

LSR(T ) ≤ 3
4
n. This complete the

proof. □

3. Perfect Locating Signed Roman Domination of Cartesian Product
Graph

In this section, we present an upper bond for the perfect locating signed Roman
domination number of the Grid graph G = Pn□Pm. Let i, 1 ≤ i ≤ n and j, 1 ≤ j ≤ m

denotes the rows and columns in the graph Pn□Pm We denote the vertex in the row
i and column j by uij.

Theorem 3.1. Let n > 5 and m ≥ 2. If G = Pn□Pm, then γP
LSR(G) ≤ 3

4
♣G♣.

Proof. Define the function f : V (G) → ¶−1, 1, 2♢ as shown in figure 1 as follows: For
vertex uij ∈ V (G), we have

f(uij) =







































1, if i ≡ 0 or 1 (mod 6) and j even,

1, if i ≡ 3 or 4 (mod 6) and j odd,

−1, if i ≡ 0 or 1 (mod 6) and j odd,

−1, if i ≡ 3 or 4 (mod 6) and j even,

2, if i ≡ 2 (mod 3) for all j.

The function f has a pattern that reoccur at every six rows and every two columns.
The above function f define on the vertices of G gives the PLSRD-function on G,
since each vertex with label −1 is adjacent to only one vertex with label 2, any pair
of vertices uij, vij with label −1 does not have a common neighbor vertex with label
2 and f(uij) +

∑

vij∈N(uij) f(vij) ≥ 1. The result will be prove in the following cases.
Case 1: when n ≡ 0 (mod 6) and m a positive integer.
From the above function f , the total sum of labels on each column j is 4n

6
. Therefore,

we have

w(f) =
4nm

6
≤

2

3
nm +

1

12
nm =

3

4
nm =

3

4
♣G♣.

Case 2: when n ≡ 1 (mod 6) and m a positive integer.
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−1

1

1

1

2

−1

1

2

−1

−1

2

1

−1

2

1

1

2

−1

1

2

−1

−1

2

1

−1

2

1

1

2

−1

1

2

−1

−1

2

1

−1

2

1

1

2

−1

(a) n ≡ 0 (mod 6)

1

2

−1

−1

2

1

1

2

−1

−1

2

1

1

2

−1

−1

2

1

1

2

−1

−1

2

1

1

2

−1

−1

2

1

1

2

−1

−1

2

1

1

2

−1

−1

2

1

1

2

−1

−1

2

1

1

2

−1

−1

2

1

1

2

−1

−1

2

1

1

2

−1

−1

2

1

1

2

−1

−1

2

1

(b) n ≡ 3 (mod 6)

Figure 1. The function f , m odd in (a) and m even in (b)

Define a function f ∗ : V (G) → ¶−1, 1, 2♢ as follows:

f ∗(uij) =







1, if i = n and j odd,

f(uij), otherwise.

The above function f ∗ gives PLSRD-function which follows from the definition of
PLSRD-function. From the function f ∗, the total sum of the labels on each column
j is 4(n−1)

6
+ 1.

Hence, we have

w(f ∗) = m



4(n − 1)

6
+ 1



≤
2

3
nm +

1

12
nm =

3

4
nm =

3

4
♣G♣.

Case 3: when n ≡ 2 (mod 6) and m a positive integer.
Define a function f ∗ : V (G) → ¶−1, 1, 2♢ as follows:

f ∗(uij) =







1, if i = n and j even,

f(uij), otherwise.

The above function f ∗ gives PLSRD-function. From the function f ∗, the total sum
of the labels on each odd column j is 4(n−2)

6
+ 1 and 4(n−2)

6
+ 2 on even column j.
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If m is odd, we have

w(f ∗) =
m + 1

2



4(n − 2)

6
+ 1



+
m − 1

2



4(n − 2)

6
+ 2



=
2

3
nm +

1

6
m −

1

2

≤
2

3
nm +

1

12
nm

=
3

4
nm =

3

4
♣G♣.

If m is even, we have

w(f ∗) =
m

2



4(n − 2)

6
+ 1



+
m

2



4(n − 2)

6
+ 2



=
2

3
nm +

1

6
m

≤
2

3
nm +

1

12
nm

=
3

4
nm =

3

4
♣G♣.

Case 4: when n ≡ 3 (mod 6) and m a positive integer.

From the above function f , the total sum of the labels on each column j is 4(n−3)
6

+2.

Therefore, we have

w(f) = m



4(n − 3)

6
+ 2



≤
2

3
nm +

1

12
nm =

3

4
nm =

3

4
♣G♣.

Case 5: when n ≡ 4 (mod 6) and m a positive integer.
Define a function f ∗ : V (G) → ¶−1, 1, 2♢ as follows:

f ∗(uij) =







1, if i = n and j even,

f(uij), otherwise.

The above function f ∗ gives PLSRD-function. From the function f ∗, the sum of the
labels on each column j is 4(n−4)

6
+ 3.

Hence, we have

w(f ∗) = m



4(n − 4)

6
+ 3



=
2

3
nm +

1

3
m

≤
2

3
nm +

1

12
nm

=
3

4
nm =

3

4
♣G♣.

Case 6: when n ≡ 5 (mod 6) and m a positive integer.
Define a function f ∗ : V (G) → ¶−1, 1, 2♢ as follows:

f ∗(uij) =







1, if i = n and j odd,

f(uij), otherwise.
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The above function f ∗ gives PLSRD-function which follows from the definition. From
the function f ∗, if j is odd, the sum of the labels on each column j is

4(n − 5)

6
+ 4 and

4(n − 5)

6
+ 3.

for each even column j.
Therefore, if m is odd, we have

w(f ∗) =
m + 1

2



4(n − 5)

6
+ 4



+
m − 1

2



4(n − 5)

6
+ 3



=
2

3
nm +

1

6
m +

1

2

≤
2

3
nm +

1

12
nm

=
3

4
nm =

3

4
♣G♣.

Also, if m is even, we have

w(f ∗) =
m

2



4(n − 5)

6
+ 4



+
m

2



4(n − 5)

6
+ 3



=
2

3
nm +

1

6
m

≤
2

3
nm +

1

12
nm

=
3

4
nm =

3

4
♣G♣.

Hence, the result follows. □
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STUDY OF A STOCHASTIC DIFFERENTIAL SYSTEM OF

ARBITRARY ORDER UNDER G-BROWNIAN MOTION

EL-HACÈNE CHALABI1, AMAR OUAOUA2, AND SALIM MESBAHI3

Abstract. In this paper, we study the existence and uniqueness of the solution
for a class of stochastic differential systems of arbitrary order driven by G-Brownian
motion. We prove under certain suitable conditions that our system has a unique
solution. We also prove a stability theorem for our system.

1. Introduction

The theory of nonlinear expectations are a generalization of the classical mathe-
matical concept of expectation. Unlike the classical expectation, which is linear, the
nonlinear expectation allows for nonlinearity, which makes it a useful tool in modeling
situations involving uncertainty and risk. Nonlinear expectations have found many
applications in finance, where they are used to model and measure risk. In particular,
they are used in the context of super-hedging, which is a risk management strategy
used to minimize the potential losses of an investment portfolio. By using them,
investors can account for the possibility of extreme market events, which may not
be captured by traditional linear models. They also have applications in other fields,
such as decision theory, statistics, and machine learning. They are used to model
situations where the outcome depends on a combination of factors, rather than just
a single factor, and where there is uncertainty about the relationship between these
factors and the outcome. We find models and applications in different fields in Denis
et al. [2], Y. Lin [9], Peng [13], Ren et al. [15, 16], Soumana-Hima [17], Yang [18] and

Key words and phrases. G-expectation, G-Brownian motion, G-stochastic differential equations,
G-ItoŠs integral.
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corresponding references therein; where we also find techniques and methods used to
discuss such problems.

Peng [14] (for more details see Peng [11]-[13]) introduced the theory of nonlinear
expectation, G-Brownian motion and defined the related stochastic calculus, especially
stochastic integrals of Itô’s type with respect to G-Brownian motion and derived the
related Itô’s formula. Also, the notion of G-normal distribution plays the same
important role in the theory of nonlinear expectation as that of normal distribution
with the classical probability. Gao [5] studied pathwise properties and homeomorphic
property with respect to the initial values for stochastic differential equations driven
by G-Brownian motion. Later Faizullah et al. extended this theory, see for example
[3] and [4].

The existence and uniqueness theorem for some stochastic differential equations
under G-Brownian motion (G-SDEs) with Lipschitz continuous coefficients was de-
veloped by Peng and Gao. This theorem is established by using the stated method
under the Lipschitz and the linear growth conditions.

X (t) =X (0) +
∫ t

0
f (s, X (s)) ds +

d
∑

i,j=1

∫ t

0
gi,j (s, X (s)) d

〈

Bi, Bj
〉

(s)(1.1)

+
d
∑

j=1

∫ t

0
hj (s, X (s)) dBj (s) , t ∈ [0, T ] ,

where T is a positive constant.
The existence and uniqueness of the solution X (t) for G-SDEs (1.1) under different

conditions was proved by Bai and Y. Lin [1], Faizullah [3,4], Gao [5], Q. Lin [7], Y. Lin
[8], Peng and Falei [10], Ren et al. [16], Zhang and Chen [19]. In this paper, we study
the existence, uniqueness and stability of the solution for the following stochastic
differential system driven by G-Brownian motion (SG-SDEs)

(1.2)























































































X1 (t) = X1(0) +
∫ t

0 f1 (s, X1 (s) , . . . , Xn (s)) ds

+
d
∑

i,j=1

∫ t
0 f1,i,j (s, X1 (s) , . . . , Xn (s)) d ⟨Bi, Bj⟩ (s)

+
d
∑

j=1

∫ t
0 f1,j (s, X1 (s) , . . . , Xn (s)) dBj (s) ,

...
Xn (t) = Xn (0) +

∫ t
0 fn (s, X1 (s) , . . . , Xn (s)) ds

+
d
∑

i,j=1

∫ t
0 fn,i,j (s, X1 (s) , . . . , Xn (s)) d ⟨Bi, Bj⟩ (s)

+
d
∑

j=1

∫ t
0 fn,j (s, X1 (s) , . . . , Xn (s)) dBj (s) ,

where (X1 (0) , . . . , Xn (0)) is a given initial condition, (⟨Bi, Bj⟩ (t))t≥0 is the qua-
dratic variation process of the G-Brownian motion (B (t))t≥0 and all fk (t, x1, . . . , xn),
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fk,i,j (t, x1, . . . , xn), fk,j (t, x1, . . . , xn) for t ∈ [0, T ] , k = 1, 2, . . . , n and i, j =
1, 2, . . . , d are the integral-Lipschitz coefficients with respect to (x1, . . . , xn).

The paper is organized as follows. In the following section, we provide some
definitions, remarks and lemmas necessary to fully understand the content of this
work. The third section is devoted to our first contribution, where we prove the
existence and uniqueness of the solution of System (1.2). The last section is devoted
to our second contribution, where we prove another important result on the stability
of solutions.

2. Preliminaries

In this section, we recall some of the basic concepts, definitions, and lemmas that
we will use in this work. More details can be found in Gao [5], Hu and Li [6].

Let Ω be a given non-empty set and let H be a linear space of real valued functions
defined on Ω such that any arbitrary constant is an element of H, and if X ∈ H then
♣X♣ ∈ H. We consider that H is the space of random variables.

Definition 2.1 ([14]). A functional E : H → R is called sublinear expectation, if for
all X, Y in H, c in R and λ ≥ 0, the following properties are satisfied:

(i) (Monotonicity): if X ≤ Y , then E [X] ≤ E [Y ];
(ii) (Constant preserving): E [c] = c;
(iii) (Sub-additivity): E [X + Y ] ≤ E [X] + E [Y ];
(iv) (Positive homogeneity): E [λX] = λE [X].
The triplet (Ω,H,E) is called sublinear expectation space.

We assume that if X1, X2, . . . , Xn ∈ H, then φ(X1, X2, . . . , Xn) ∈ H for each
φ ∈ Cl,Lip(Rn), where Cl,Lip(Rn) is the space of linear functions φ defined as follows,
for all x, y ∈ R

n

Cl,Lip(Rn) = ¶φ : Rn → R : ♣φ (x) − φ (y)♣ ≤ C (1 + ♣x♣m + ♣y♣m) ♣x − y♣♢ ,

where C is a positive constant and m ∈ N
⋆ dependent only on φ.

Definition 2.2 ([13]). Let X, Y be two n-dimensional random vectors defined on
nonlinear expectation spaces (Ω1,H1,E1) and (Ω2,H2,E2), respectively. They are

called identically distributed, denoted by X
d
= Y , if E2 [φ (Y )] = E1 [φ (X)] for each

φ ∈ Cl,Lip(Rn).

Definition 2.3 ([6]). In a sublinear expectation space (Ω,H,E), a random vector Y

∈ H
n is said to be independent from another random vector X ∈ H

m if

E [φ (X, Y )] = E [E [φ (x, Y )]x=X ] , for all φ ∈ Cl,Lip(Rm × R
n).

X̃ is called an independent copy of X, if X̃
d
= X and X̃ is independent from X.

Remark 2.1. Under a sublinear expectation space, Y is independent from X means
that the distributional uncertainty of Y does not change after the realization of
X = x. Or, in other words, the conditional sublinear expectation of Y knowing X is
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E [φ (x, Y )]x=X . In the case of linear expectation, this notion of independence is just
the classical one.

Remark 2.2. It is important to note that Y is independent from X does not imply
that X is independent from Y .

Let Sd be the space of d × d symmetric matrices. Γ is a given non-empty, bounded
and closed subset of Sd. For A = (Ai,j)

d

i,j=1 ∈ Sd given, we define G : Sd → R by

G (A) =
1

2
sup
γ∈Γ

tr


γγT rA
)

,

where γT r is the transpose matrix of γ, and tr


γγT rA
)

is the trace of a matrix


γγT rA
)

.

Definition 2.4 ([8]). In a sublinear expectation space (Ω,H,E), a d-dimensional vec-
tor of random variables X ∈ H

d is G-normal distributed, if for each φ ∈ Cl,Lip(Rd), the

function u (t, x) = E



φ


x +
√

tX
))

is the unique viscosity solution of the following

parabolic equation called the G-heat equation

∂u

∂t
= G



D2u
)

, with u (0, x) = φ (x) , (t, x) ∈ R+ × R
d,

where D2u =


∂2
xixj

u
)d

i,j
is the Hessian matrix of u.

Remark 2.3. In fact, if d = 1 we have G (α) = 1
2

(σ2α+ − σ2α−), where σ2 =
E[X2], σ2 = −E[−X2], α+ = max ¶α, 0♢ and α− = max ¶−α, 0♢. We write X ∼
N (0; [σ2, σ2]).

Definition 2.5 ([14]). A process (B (t))t≥0 in a sublinear expectation space (Ω,H,E)
is called a G-Brownian motion if the following properties are satisfied:

(i) B (0) = 0;
(ii) for each t, s ≥ 0, the increment B (t + s) − B (t) is N(0; [σ2s, σ2s])-distributed

and is independent from (B (t1) , . . . , B (tn)) for each n ∈ N and 0 ≤ t1 ≤ · · · ≤ tn ≤ t.

Remark 2.4. For any a ∈ R
d, Ba (t) :=

d
∑

k=1
akBk (t) is a one-dimensional Ga-Brownian

motion, where

Ga (β) =
1

2
sup
γ∈Γ

tr


βγγT raaT r
)

=
1

2



σaaT rβ+ + σ−aaT rβ−
)

, β ∈ R,

and
σaaT r = sup

γ∈Γ
tr


γγT raaT r
)

, σ−aaT r = −sup
γ∈Γ

tr


−γγT raaT r
)

.

We denote by Ω = C0(R) the space of all R-valued continuous functions ω defined on
R+ such that ω (0) = 0, equipped with the distance

ρ(ω1, ω2) =
+∞
∑

k=1

1

2k
max
t∈[0,k]

[♣(ω1 (t) − ω2 (t))♣ ∧ 1] .
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For each fixed T > 0, let ΩT = ¶ω (·∧T ) : ω ∈ Ω♢,

Lip(ΩT ) = ¶φ(B (t1) , . . . , B (tm)) : m ≥ 1, t1, . . . , tm ∈ [0, T ], φ ∈ Cl,Lip(Rm)♢,

and let

Lip(Ω) =
+∞
⋃

n=1

Lip (Ωn) .

Peng [13] constructs a sublinear expectation E on (Ω, Lip(Ω)) under which the
canonical process (B (t))t≥0 (i.e., B(t, ω) = ω (t)) is a G-Brownian motion. In what
follows, we consider this G-Brownian motion.

We denote by L
p
G(ΩT ), p ≥ 1, the completion of Lip(ΩT ) under the norm ♣♣X♣♣p =

(E[♣X♣p]) 1

p . Similarly, we denote L
p
G(Ω) the completion of Lip(Ω). We can represent

this sublinear expectation by the following theorem.

Theorem 2.1 ([13]). In a sublinear expectation space (Ω,H,E), a sublinear expecta-

tion E [·] has the following representation: there exist a family of probability measures

P on Ω such that

E (X) = sup
P ∈P

EP [X] , for X ∈ L1
G (Ω) ,

where EP stands for the linear expectation under the probability P .

For a finite partition of [0, T ], πT = ¶t0, t1, . . . , tN♢, we set

µ(πT ) = max¶♣tk+1 − tk♣ : k = 0, 1, . . . , N − 1♢.

Consider the collection M
p,0
G (0, T ) of simple processes defined by

ηt(ω) =
N−1
∑

k=0

ξk(ω)I[tk,tk+1[(t),

where ξk ∈ L
p
G(Ωtk

), k = 0, 1, . . . , N − 1, and p ≥ 1.

The completion of M
p,0
G (0, T ) under the norm

∥η∥ =



1

T

∫ T

0
E (♣ηt♣p) dt


1

p

is denoted by M
p
G(0, T ). Note that M

q
G(0, T ) ⊂ M

p
G(0, T ) for 1 ≤ p ≤ q.

Definition 2.6. For each η ∈ M
2,0
G (0, T ), the G-Itô’s integral is defined by

I(η) =
∫ T

0
η (s) dBa (s) :=

N−1
∑

k=0

ξk(Ba (tk+1) − Ba (tk)).

The mapping η 7→ I(η) can be extended continuously to M2
G(0, T ).

Definition 2.7. The increasing continuous process (⟨Ba⟩ (t))t≥0, with ⟨Ba⟩ (0) =
0 defined by

⟨Ba⟩ (t) := lim
µ(πN

t )→0

N−1
∑

k=0



Ba


tN
k+1

)

− Ba


tN
k

))2
= (Ba (t))2 − 2

∫ t

0
Ba (s) dBa (s)
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is called the quadratic variation process of (Ba (t))t≥0.

Definition 2.8. Define a mapping Q0,T : M
1,0
G (0, T ) → L1

G (ΩT ) as follows

Q0,T (η) =
∫ T

0
η (s) d ⟨Ba⟩ (s) :=

N−1
∑

k=0

ξk(⟨Ba⟩ (tk+1) − ⟨Ba⟩ (tk)).

Then Q0,T can be uniquely extended to M1
G (0, T ). We still denote this mapping by

Q0,T (η) =
∫ T

0
η (s) d ⟨Ba⟩ (s) , η ∈ M1

G (0, T ) .

Burkholder-Davis-Gundy (BDG) inequalities play an important role in the study
of G-stochastic differential equations. There has been an increased interest in the
following lemmas, see Gao [5].

Lemma 2.1 ([5]). Let p ≥ 1, η ∈ M
p
G (0, T ), a, a ∈ R

d and 0 ≤ s ≤ t ≤ T . Then

E



sup
s≤u≤t

∣

∣

∣

∣

∫ u

s
η (r) d

〈

Ba, Ba
〉

(r)
∣

∣

∣

∣

p
]

≤


σ(a+a)(a+a)T r + σ(a−a)(a−a)T r

4

p

(t − s)p−1
∫ t

s
E [♣η (u)♣p] du.

Lemma 2.2 ([5]). Let p ≥ 2, η ∈ M
p
G (0, T ), a ∈ R

d and 0 ≤ s ≤ t ≤ T . Then

E



sup
s≤u≤t

∣

∣

∣

∣

∫ u

s
η (r) dBa (r)

∣

∣

∣

∣

p
]

≤ Cpσ
p

2

aaT r ♣t − s♣
p

2
−1
∫ t

s
E [♣η (u)♣p] du,

where Cp > 0 is a constant independent of η and a.

In the following, we also need the following two important lemmas.

Lemma 2.3 (Bihari’s inequality, [1]). Let φ : R+ → R+ be a continuous and in-

creasing function that φ (0+) = 0 and
∫ 1

0
ds

φ(s)
= +∞. Let u be a measurable and

nonnegative function defined on R+ that satisfies

u (t) ≤ a +
∫ t

0
α (s) φ (u (s)) ds,

where a ∈ R
+ and α is a positive function and Lebesgue integrable. We have the

following.

i) If a = 0, then u (t) = 0, t ∈ R
+.

ii) If a > 0, then

u (t) ≤ v−1
(

v (a) +
∫ t

0
α (s) ds

)

,

where

v (t) :=
∫ t

0

ds

φ (s)
, t ∈ R

+.

Lemma 2.4 ([11]). Let φ : R → R be a continuous increasing concave function, then

for each X ∈ L1
G (Ω) and t ≥ 0, we have the following Jensen inequality holds

φ (E [X ♣ Ωt]) ≥ E [φ (X) ♣ Ωt] .
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3. Existence and Uniqueness Result

In this section, we will present our first contribution to this paper, which results
from the study of the existence and uniqueness of the solution of SG-SDEs (1.2), where

(X1 (0) , . . . , Xn (0)) ∈


R
d
)n

, and for k = 1, . . . , n and i, j = 1, . . . , d, fk, fk,i,j, fk,j ∈
M2

G



0, T ;Rd
)

the completion of the collection M2
G



0, T ;Rd
)

of simple processes de-

fined by

ηt(ω) =
N−1
∑

k=0

ξk(ω)I[tk,tk+1[(t), ω ∈ Ωd,

under the norm

∥η∥ =



1

T

∫ T

0
E



♣ηt♣2
)

dt


1

2

,

where ξk ∈ L2
G(Ωtk

), k = 0, 1, . . . , N − 1.
We assume the following assumptions (A1) and (A2) about J = fk, fk,j or fk,i,j,

k = 1, . . . , n and i, j = 1, . . . , d.
(A1)

♣J (t, x1, x2, . . . , xn)♣2 ≤ ♣α1 (t)♣2 + α2
2



n
∑

k=1

♣xk♣2


,

for each x1, . . . , xn ∈ R
d, t ∈ [0, T ], α1 ∈ M2

G (0, T ) and α2 ∈ R+.
(A2)

♣J (t, x1, . . . , xn) − J (t, y1, . . . , yn)♣2 ≤ ♣α (t)♣2 φ



n
∑

k=1

♣xk − yk♣2


,

for each x1, y1, . . . , xn, yn ∈ R
d and t ∈ [0, T ], α is a positive function square integrable

on [0, T ] and φ : R+ → R+ is a continuous, increasing and concave function satisfying

φ


0+
)

= 0,

∫ 1

0

ds

φ (s)
= +∞.

The space of processes in


M2
G



0, T ;Rd
))n

equipped with the norm

♣♣(X1, . . . , Xn)♣♣ = E
1

2



sup
0≤t≤T



n
∑

k=1

♣xk (t)♣2
]

is a Banach space.
Now we can state our first contribution of this work, it is the following theorem.

Theorem 3.1. Under assumptions (A1) and (A2), System (1.2) has a unique solution

(X1 (t) , . . . , Xn (t)) ∈


M2
G



0, T ;Rd
))n

.

Proof. We will prove the theorem in four steps.
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Step 1. Suppose that (X1 (t) , . . . , Xn (t)) and (Y1 (t) , . . . , Yn (t)) are two solutions
of System (1.2) with initial conditions (X1 (0) , . . . , Xn (0)) and (Y1 (0) , . . . , Yn (0)),
respectively. Then, we have for 1 ≤ k ≤ n

Xk (t) − Yk (t)

=Xk (0) − Yk (0) +
∫ t

0
[fk (s, X1 (s) , . . . , Xn (s)) − fk (s, Y1 (s) , . . . , Yn (s))] ds

+
d
∑

i,j=1

∫ t

0
[fk,i,j (s, X1 (s) , . . . , Xn (s)) − fk,i,j (s, Y1 (s) , . . . , Yn (s))] d

〈

Bi, Bj
〉

(s)

+
d
∑

j=1

∫ t

0
[fk,j (s, X1 (s) , . . . , Xn (s)) − fk,j (s, Y1 (s) , . . . , Yn (s))] dBj (s) .

By using the inequality, (a + b + c + d)2 ≤ 4 (a2 + b2 + c2 + d2) , we obtain

♣Xk (t) − Yk (t)♣2

≤4 ♣Xk (0) − Yk (0)♣2 + 4
∣

∣

∣

∣

∫ t

0
[fk (s, X1 (s) , . . . , Xn (s)) − fk (s, Y1 (s) , . . . , Yn (s))] ds

∣

∣

∣

∣

2

+ 4

∣

∣

∣

∣

∣

∣

d
∑

i,j=1

∫ t

0
[fk,i,j (s, X1 (s) , . . . , Xn (s)) − fk,i,j (s, Y1 (s) , . . . , Yn (s))] d

〈

Bi, Bj
〉

s

∣

∣

∣

∣

∣

∣

2

+ 4

∣

∣

∣

∣

∣

∣

d
∑

j=1

∫ t

0
[fk,j (s, X1 (s) , . . . , Xn (s)) − fk,j (s, Y1 (s) , . . . , Yn (s))] dBj

s

∣

∣

∣

∣

∣

∣

2

.

We use the fact that



d
∑

i=1
ai

2

≤ d
d
∑

i=1
a2

i , for each positive constants ai, i = 1, . . . , d,

we have

♣Xk (t) − Yk (t)♣2

≤4 ♣Xk (0) − Yk (0)♣2 + 4
∣

∣

∣

∣

∫ t

0
[fk (s, X1 (s) , . . . , Xn (s)) − fk (s, Y1 (s) , . . . , Yn (s))] ds

∣

∣

∣

∣

2

+4d2
d
∑

i,j=1

∣

∣

∣

∣

∫ t

0
[fk,i,j (s, X1 (s) , . . . , Xn (s))−fi,j,j (s, Y1 (s) , . . . , Yn (s))] d

〈

Bi, Bj
〉

(s)
∣

∣

∣

∣

2

+ 4d
d
∑

j=1

∣

∣

∣

∣

∫ t

0
[fk,j (s, X1 (s) , . . . , Xn (s)) − fk,j (s, Y1 (s) , . . . , Yn (s))] dBj (s)

∣

∣

∣

∣

2

.

Taking the supremum and the G-expectation, we have

E



sup
0≤s≤t

♣Xk (s) − Yk (s)♣2
]

≤4 ♣Xk (0) − Yk (0)♣2
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+ 4E



sup
0≤s≤t

∣

∣

∣

∣

∫ s

0
[fk (r, X1 (r) , . . . , Xn (r)) − fk (r, Y1 (r) , . . . , Yn (r))] dr

∣

∣

∣

∣

2
]

+ 4d2
d
∑

i,j=1

E

[

sup
0≤s≤t

∣

∣

∣

∣

∫ s

0
[fk,i,j (r, X1 (r) , . . . , Xn (r)) − fk,i,j (r, Y1 (r) , . . . , Yn (r))]

d
〈

Bi, Bj
〉

(r)
∣

∣

∣

2 ]

+ 4d

d
∑

j=1

E



sup
0≤s≤t

∣

∣

∣

∣

∫ s

0
[fk,j (r, X1 (r) , . . . , Xn (r)) − fk,j (r, Y1 (r) , . . . , Yn (r))] dBj (r)

∣

∣

∣

∣

2
]

By the Hölder inequality and Lemmas 2.1 and 2.2, we have

E



sup
0≤s≤t

♣Xk (s) − Yk (s)♣2
]

≤4 ♣Xk (0) − Yk (0)♣2

+ 4T

∫ t

0
E

[

♣fk (s, X1 (s) , . . . , Xn (s)) − fk (s, Y1 (s) , . . . , Yn (s))♣2 ds
]

+ 4C1Td2
d
∑

i,j=1

∫ t

0
E

[

♣fk,i,j (s, X1 (s) , . . . , Xn (s)) − fk,i,j (s, Y1 (s) , . . . , Yn (s))♣2 ds
]

+ 4C2d
d
∑

j=1

∫ t

0
E

[

♣fk,j (s, X1 (s) , . . . , Xn (s)) − fk,j (s, Y1 (s) , . . . , Yn (s))♣2 ds
]

,

and by assumption (A2), we obtain

E



sup
0≤s≤t

♣Xk (s) − Yk (s)♣2
]

≤4 ♣Xk (0) − Yk (0)♣2 + 4T

∫ t

0
♣α (s)♣2 E



φ



n
∑

k=1

♣Xk (s) − Yk (s)♣2
]

ds

+ 4C1Td2
d
∑

i,j=1

∫ t

0
♣α (s)♣2 E



φ



n
∑

k=1

♣Xk (s) − Yk (s)♣2
]

ds

+ 4C2d
d
∑

j=1

∫ t

0
♣α (s)♣2 E



φ



n
∑

k=1

♣Xk (s) − Yk (s)♣2
]

ds.

Then

E



sup
0≤s≤t

♣Xk (s) − Yk (s)♣2
]

≤4 ♣Xk (0) − Yk (0)♣2 + 4


T + C1Td4 + C2d2
)

∫ t

0
♣α (s)♣2 E



φ



n
∑

k=1

♣Xk (s) − Yk (s)♣2
]

ds
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and

E



n
∑

k=1

♣Xk (t) − Yk (t)♣2
]

≤
n
∑

k=1

E



sup
0≤s≤t

♣Xk (s) − Yk (s)♣2
]

≤4
n
∑

k=1

♣Xk (0) − Yk (0)♣2 + 4


T + C1Td4 + C2d
2
)

n

×
∫ t

0
♣α (s)♣2 E



φ



n
∑

k=1

♣Xk (s) − Yk (s)♣2
]

ds.

Since, φ is a concave function, by Lemma 2.4, we have

E



n
∑

k=1

♣Xk (t) − Yk (t)♣2
]

≤4
n
∑

k=1

♣Xk (0) − Yk (0)♣2 + 4


T + C1Td4 + C2d
2
)

n

×
∫ t

0
♣α (s)♣2 φ



E



n
∑

k=1

♣Xk (s) − Yk (s)♣2


ds.

Taking (X1 (0) , . . . , Xn (0)) = (Y1 (0) , . . . , Yn (0)), we get

4
n
∑

k=1

♣Xk (0) − Yk (0)♣2 = 0.

By Lemma 2.3, we see that for t ∈ [0, T ]

E



n
∑

k=1

♣Xk (t) − Yk (t)♣2
]

= 0,

which implies

(X1 (t) , . . . , Xn (t)) = (Y1 (t) , . . . , Yn (t)) , for each t ∈ [0, T ] .

Step 2. We define a Picard sequence (Xm
1 (·) , . . . , Xm

n (·))m∈N
in


M2
G



0, T ;Rd
))n

by the following


X0
1 (t) , . . . , X0

n (t)
)

= (x1, . . . , xn) ,

and for each integer k = 1, . . . , n and t ∈ [0, T ]

Xm+1
k (t) =xk +

∫ t

0
fk (s, Xm

1 (s) , . . . , Xm
n (s)) ds

+
d
∑

i,j=1

∫ t

0
fk,i,j (s, Xm

1 (s) , . . . , Xm
n (s)) d

〈

Bi, Bj
〉

(s)

+
d
∑

j=1

∫ t

0
fk,j (s, Xm

1 (s) , . . . , Xm
n (s)) dBj (s) .

We will prove that is a Cauchy sequence for each t ∈ [0, T ]. First, we prove an a

priory estimate for
(

E

[

n
∑

k=1
♣Xm

k (t)♣2
)

m∈N

. By the same arguments, we have for each
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m ∈ N,

E

[

∣

∣

∣Xm+1
k (t)

∣

∣

∣

2


≤4 ♣xk♣2 + 4


T + C1Td2 + C2d
)

(
∫ t

0
E

[

♣α1 (s)♣2
]

ds

+ α2
2

∫ t

0
E

[

♣Xm
k (s)♣2

]

ds

)

,

then

E

[

∣

∣

∣Xm+1
k (t)

∣

∣

∣

2


≤ C

(

♣xk♣2 +
∫ t

0
E

[

♣α1 (s)♣2
]

ds + α2
2

∫ t

0
E

[

♣Xm
k (s)♣2

]

ds

)

,

where C = max ¶4, 4 (T + C1Td2 + C2d)♢ .

Let

q (t) = CeCα2
2
t

(

♣xk♣2 +
∫ t

0
E

[

♣α1 (s)♣2
]

ds

)

,

then q (·) is a solution of the following ordinary differential equation

q (t) = C

(

♣xk♣2 +
∫ t

0
E

[

♣α1 (s)♣2
]

ds + α2
2

∫ t

0
p (s) ds

)

.

By induction, it is easy that for each m ∈ N

E



n
∑

k=1

♣Xm
k (t)♣2

]

≤ nq (t) .

Suppose for each m, E
[

♣Xm
k (t)♣2

]

≤ q (t), then

E

[

∣

∣

∣Xm+1
k (t)

∣

∣

∣

2


≤C

(

♣xk♣2 +
∫ t

0
E

[

α2
1 (s)

]

ds + α2
2

∫ t

0
E

[

♣Xm
k (s)♣2

]

ds

)

≤C

(

♣xk♣2 +
∫ t

0
E

[

α2
1 (s)

]

ds + α2
2

∫ t

0
p (s) ds

)

= q (t)

and

E



n
∑

k=1

♣Xm
k (t)♣2

]

≤
n
∑

k=1

E

[

♣Xm
k (t)♣2

]

≤ nq (t) .

Step 3. For each l, m ∈ N, by the definition of (Xm
1 (.) , . . . , Xm

n (·)), we have

X l+1+m
k (t) − X l+1

k (t)

=
∫ t

0

[

fk



s, X l+m
1 (s) , . . . , X l+m

n (s)
)

− fk



s, X l
1 (s) , . . . , X l

n (s)
)]

ds

+
d
∑

i,j=1

∫ t

0

[

fk,i,j



s, X l+m
1 (s) , . . . , X l+m

n (s)
)

−fk,i,j



s, X l
1 (s) , . . . , X l

n (s)
)]

d
〈

Bi, Bj
〉

(s)

+
d
∑

j=1

∫ t

0

[

fk,j



s, X l+m (s) , . . . , X l+m
n (s)

)

− fk,j



s, X l
1 (s) , . . . , X l

n (s)
)]

dBj (s) .

Using the inequality, (a + b + c)2 ≤ 3 (a2 + b2 + c2) , we obtain
∣

∣

∣X l+1+m
k (t) − X l+1

k (t)
∣

∣

∣

2
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≤3
∣

∣

∣

∣

∫ t

0

[

fk



s, X l+m
1 (s) , . . . , X l+m

n (s)
)

− fk



s, X l
1 (s) , . . . , X l

n (s)
)]

ds

∣

∣

∣

∣

2

+3

∣

∣

∣

∣

∣

∣

d
∑

i,j=1

∫ t

0

[

fk,i,j



s, X l+m
1 (s) , . . . , X l+m

n (s)
)

−fk,i,j



s, X l
1 (s) , . . . , X l

n (s)
)]

d
〈

Bi, Bj
〉

(s)

∣

∣

∣

∣

∣

∣

2

+ 3

∣

∣

∣

∣

∣

∣

d
∑

j=1

∫ t

0

[

fk,j



s, X l+m (s) , . . . , X l+m
n (s)

)

− fk,j



s, X l
1 (s) , . . . , X l

n (s)
)]

dBj (s)

∣

∣

∣

∣

∣

∣

2

Taking the supremum and the G-expectation, by using the Hölder inequality and
lemmas 2.1, 2.2, 2.4 and assumption (A2), we obtain

E



sup
0≤s≤t

[

∣

∣

∣X l+1+m
k (s) − X l+1

k (s)
∣

∣

∣

2




≤3


T + C1Td4 + C2d
2
)

∫ t

0
♣α (s)♣2 φ



n
∑

k=1

∣

∣

∣X l+m
k (s) − X l

k (s)
∣

∣

∣

2


ds.

Let

hn,l (t) = sup
m∈N



E



sup
0≤s≤t

n
∑

k=1

∣

∣

∣X l+m
k (s) − X l

k (s)
∣

∣

∣

2
]

, 0 ≤ t ≤ T,

0 ≤ hn,l+1 (t) ≤ C3

∫ t

0
♣α (s)♣2 φ (hn,l (s)) ds.

We define

(3.1) g (t) := lim
l→+∞

sup
0≤t≤T

hn,l (t) ,

which is uniformly bounded by 4nq (t). By using the Fatou-Lebesgue theorem to (3.1),
we deduce

0 ≤ g (t) ≤ C3

∫ t

0
♣α (s)♣2 φ (g (s)) ds.

By Lemma 2.3, we obtain

g (t) = 0, 0 ≤ t ≤ T,

which implies that (Xm
1 (·) , . . . , Xm

n (·))m∈N
is a Cauchy sequence under the norm

sup
0≤t≤T



E



n
∑

k=1

♣Xk (·)♣2
]

1

2

.

Step 4. We will prove that the limite (X1 (t) , . . . , Xn (t)) in


M2
G



0, T ;Rd
))n

of

(Xm
1 (t) , . . . , Xm

n (t)) is the solution of system (1.2). By the same arguments as those
used in Step 1, we have for each m ∈ N

sup
0≤t≤T



E



n
∑

k=1

♣Xm
k (t) − Xk (t)♣2

]

≤C3

∫ T

0
♣α (t)♣2 φ



E



n
∑

k=1

♣Xm
k (t) − Xk (t)♣2



dt

≤C3

∫ T

0
♣α (t)♣2 φ



sup
0≤t≤T

E



n
∑

k=1

♣Xm
k (t) − Xk (t)♣2



dt



STOCHASTIC SYSTEM UNDER G-BROWNIAN MOTION 199

≤Cφ



sup
0≤t≤T

E



n
∑

k=1

♣Xm
k (t) − Xk (t)♣2



.

By the continuity of φ and φ (0+) = 0, we know that

φ



sup
0≤t≤T

E



n
∑

k=1

♣Xm
k (t) − Xk (t)♣2



→ 0,

and sup
0≤t≤T

[

E

(

n
∑

k=1
♣Xm

k (t) − Xk (t)♣2
)

converge to 0. Thus, (Xm
1 (·) , . . . , Xm

n (·))m∈N

is a successive approximation to (X1 (t) , . . . , Xn (t)), which is a solution to SG-SDEs

(1.2) in


M2
G



0, T ;Rd
))n

. □

4. Stability Theorem

In this section, we prove another important result on the stability of the solutions
of (1.2). We consider the following perturbed SG-SDEs (4.1) whith a parameter ϵ ≥ 0,
for 0 ≤ t ≤ T

(4.1)























































































Xϵ
1 (t) = Xϵ

1 (0) +
∫ t

0 f ϵ
1 (s, Xϵ

1 (s) , . . . , Xϵ
n (s)) ds

+
d
∑

i,j=1

∫ t
0 f ϵ

1,i,j (s, Xϵ
1 (s) , . . . , Xϵ

n (s)) d ⟨Bi, Bj⟩ (s)

+
d
∑

j=1

∫ t
0 f ϵ

1,j (s, Xϵ
1 (s) , . . . , Xϵ

n (s)) dBj (s) ,

...
Xϵ

n (t) = Xϵ
n (0) +

∫ t
0 f ϵ

n (s, Xϵ
1 (s) , . . . , Xϵ

n (s)) ds

+
d
∑

i,j=1

∫ t
0 f ϵ

n,i,j (s, Xϵ
1 (s) , . . . , Xϵ

n (s)) d ⟨Bi, Bj⟩ (s)

+
d
∑

j=1

∫ t
0 f ϵ

n,j (s, Xϵ
1 (s) , . . . , Xϵ

n (s)) dBj (s) ,

where (Xϵ
1 (0) , . . . , Xϵ

n (0)) ∈


R
d
)n

and fk, fk,i,j, fk,j ∈ M2
G



0, T ;Rd
)

.

Now, we make the following assumptions.

For any ϵ ≥ 0, xk ∈ R
d, J ϵ = f ϵ

k, f ϵ
k,i,j or f ϵ

k,j ∈ M2
G



0, T ;Rd
)

, Xk (0) ∈ R
d,

1 ≤ k ≤ n and 1 ≤ i, j ≤ d

(B1)

♣J ϵ (t, x1, . . . , xn)♣2 ≤ ♣α1 (t)♣2 + α2
2



n
∑

k=1

♣xk♣2


,

for each x1, . . . , xn ∈ R
d, where α1 ∈ M2

G (0, T ) and α2 ∈ R+.
(B2)

♣J ϵ (t, x1, . . . , xn) − J ϵ (t, y1, . . . , yn)♣2 ≤ ♣α (t)♣2 φ



n
∑

k=1

♣xk − yk♣2


,
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for each x1, y1, . . . , xn, yn ∈ R
d, where α is a positive and square integrable function

on [0, T ] and φ : R+ → R+ is a continuous, increasing and concave function satisfying
φ (0+) = 0,

∫ 1
0

ds
φ(s)

= +∞.

(B3)

(i) For all t ∈ [0, T ] ,

lim
ϵ→0

∫ t

0
E

[

∣

∣

∣J ϵ


s, X0
1 (s) , . . . , X0

n (s)
)

− J0


s, X0
1 (s) , . . . , X0

n (s)
)
∣

∣

∣

2


ds = 0.

(ii) lim
ϵ→0

(Xϵ
1 (0) , . . . , Xϵ

n (0)) = (X0
1 (0) , . . . , X0

n (0)) .

Remark 4.1. Assumptions (B1) and (B2) guarantee, for any ϵ ≥ 0, the existence of

unique solution (Xϵ
1 (t) , . . . , Xϵ

n (t)) ∈


M2
G



0, T ;Rd
))n

of our system while assump-

tion (B3) will allows us to deduce the following stability theorem for the system.

Theorem 4.1. Under assumptions (B1), (B2) and (B3) we have

lim
ϵ→0

E



n
∑

k=1

∣

∣

∣Xϵ
k (t) − X0

k (t)
∣

∣

∣

2
]

= 0, for all t ∈ [0, T ] .

Proof. For all 1 ≤ k ≤ n, we have






















































































Xϵ
k (t) = Xϵ

k (0) +
∫ t

0 f ϵ
k (s, Xϵ

1 (s) , . . . , Xϵ
n (s)) ds

+
d
∑

i,j=1

∫ t
0 f ϵ

k,i,j (s, Xϵ
1 (s) , . . . , Xϵ

n (s)) d ⟨Bi, Bj⟩ (s)

+
d
∑

j=1

∫ t
0 f ϵ

k,j (s, Xϵ
1 (s) , . . . , Xϵ

n (s)) dBj
s (s) ,

...
X0

k (t) = X0
k (0) +

∫ t
0 f 0

k (s, X0
1 (s) , . . . , X0

n (s)) ds

+
d
∑

i,j=1

∫ t
0 f 0

k,i,j (s, X0
1 (s) , . . . , X0

n (s)) d ⟨Bi, Bj⟩ (s)

+
d
∑

j=1

∫ t
0 f 0

k,j (s, X0
1 (s) , . . . , X0

n (s)) dBj (s) ,

and

Xϵ
k (t) − X0

k (t)

=Xϵ
k (0) − X0

k (0) +
∫ t

0

[

f ϵ
k (s, Xϵ

1 (s) , . . . , Xϵ
n (s)) − f 0

k



s, X0
1 (s) , . . . , X0

n (s)
)]

ds

+
d
∑

i,j=1

∫ t

0

[

f ϵ
k,i,j (s, Xϵ

1 (s) , . . . , Xϵ
n (s)) − f 0

k,i,j



s, X0
1 (s) , . . . , X0

n (s)
)]

d
〈

Bi, Bj
〉

s

+
d
∑

j=1

∫ t

0

[

f ϵ
k,j (s, Xϵ

1 (s) , . . . , Xϵ
n (s)) − f 0

k,j



s, X0
1 (s) , . . . , X0

n (s)
)]

dBjs.

We have
∣

∣

∣Xϵ
k (t) − X0

k (t)
∣

∣

∣

2
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≤4
∣

∣

∣Xϵ
k (0) − X0

k (0)
∣

∣

∣

2
+ 4

∣

∣

∣

∣

∫ t

0

[

f ϵ
k (s, Xϵ

1 (s) , . . . , Xϵ
n (s)) − f ϵ

k



s, X0
1 (s) , . . . , X0

n (s)
)]

ds

∣

∣

∣

∣

2

+ 4

∣

∣

∣

∣

∣

∣

d
∑

i,j=1

∫ t

0

[

f ϵ
k,i,j (s, Xϵ

1 (s) , . . . , Xϵ
n (s)) − f ϵ

k,i,j



s, X0
1 (s) , . . . , X0

n (s)
)]

d
〈

Bi, Bj
〉

(s)

∣

∣

∣

∣

∣

∣

2

+ 4
d
∑

j=1

∣

∣

∣

∣

∫ t

0

[

f ϵ
k,j (s, Xϵ

1 (s) , . . . , Xϵ
n (s)) − f ϵ

k,j



s, X0
1 (s) , . . . , X0

n (s)
)]

dBj (s)
∣

∣

∣

∣

2

and
∣

∣

∣Xϵ
k (t) − X0

k (t)
∣

∣

∣

2

≤4
∣

∣

∣Xϵ
k (0) − X0

k (0)
∣

∣

∣

2
+ 4

∣

∣

∣

∣

∫ t

0

[

f ϵ
k (s, Xϵ

1 (s) , . . . , Xϵ
n (s)) − f ϵ

k



s, X0
1 (s) , . . . , X0

n (s)
)]

ds

∣

∣

∣

∣

2

+ 4d2
d
∑

i,j=1

∣

∣

∣

∣

∫ t

0

[

f ϵ
k,i,j (s, Xϵ

1 (s) , . . . , Xϵ
n (s))−f ϵ

k,i,j



s, X0
1 (s) , . . . , X0

n (s)
)]

d
〈

Bi, Bj
〉

(s)
∣

∣

∣

∣

2

+ 4d

d
∑

j=1

∣

∣

∣

∣

∫ t

0

[

f ϵ
k,j (s, Xϵ

1 (s) , . . . , Xϵ
n (s)) − f ϵ

k,j



s, X0
1 (s) , . . . , X0

n (s)
)]

dBj (s)
∣

∣

∣

∣

2

.

Taking the supremum and the G-expectation, we have

E



sup
0≤s≤t

∣

∣

∣Xϵ
k (s) − X0

k (s)
∣

∣

∣

2
]

≤4E
[

∣

∣

∣Xϵ
k (0) − X0

k (0)
∣

∣

∣

2


+ 4E sup
0≤s≤t

∣

∣

∣

∣

∫ s

0

[

f ϵ
k (r, Xϵ

1 (r) , . . . , Xϵ
n (r)) − f ϵ

k



r, X0
1 (r) , . . . , X0

n (r)
)]

dr

∣

∣

∣

∣

2

+ 4d2
d
∑

i,j=1

E sup
0≤s≤t

∣

∣

∣

∣

∫ s

0

[

f ϵ
k,i,j (r, Xϵ

1 (r) , . . . , Xϵ
n (r))

−f ϵ
k,i,j



r, X0
1 (r) , . . . , X0

n (r)
)]

d
〈

Bi, Bj
〉

(r)
∣

∣

∣

2

+ 4d

d
∑

j=1

E sup
0≤s≤t

∣

∣

∣

∣

∫ s

0

[

f ϵ
k,j (r, Xϵ

1 (r) , . . . , Xϵ
n (r))

∣

∣

∣−f ϵ
k,j



r, X0
1 (r) , . . . , X0

n (r)
)]

dBj (r)
∣

∣

∣

∣

∣

∣

∣

2

.

By lemmas 2.1, 2.2 and Hölder’s inequality, we have

E



sup
0≤s≤t

∣

∣

∣Xϵ
k (s) − X0

k (s)
∣

∣

∣

2
]

≤ 4E
[

∣

∣

∣Xϵ
k (0) − X0

k (0)
∣

∣

∣

2


+ 8T

∫ t

0
E

∣

∣

∣

[

f ϵ
k (s, Xϵ

1 (s) , . . . , Xϵ
n (s)) − f ϵ

k



s, X0
1 (s) , . . . , X0

n (s)
)]∣

∣

∣

2
ds

+ 8T

∫ t

0
E

∣

∣

∣

[

f ϵ
k



s, X0
1 (s) , . . . , X0

n (s)
)

− f0
k



s, X0
1 (s) , . . . , X0

n (s)
)]∣

∣

∣

2
ds
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+ 8C1Td2
d
∑

i,j=1

E

∫ t

0

∣

∣

∣f ϵ
k,i,j (s, Xϵ

1 (s) , . . . , Xϵ
n (s)) − f ϵ

k,i,j



s, X0
1 (s) , . . . , X0

n (s)
)
∣

∣

∣

2
ds

+ 8C1Td2
d
∑

i,j=1

E

∫ t

0

∣

∣

∣f ϵ
k,i,j



s, Xϵ
1 (s) , . . . , X0

n (s)
)

− f0
k,i,j



s, X0
1 (s) , . . . , X0

n (s)
)∣

∣

∣

2
ds

+ 8C2d

d
∑

j=1

E

∫ t

0

∣

∣

∣f ϵ
k,j (s, Xϵ

1 (s) , . . . , Xϵ
n (s)) − f ϵ

k,j



s, X0
1 (s) , . . . , X0

n (s)
)
∣

∣

∣

2
ds

+ 8C2d

d
∑

j=1

E

∫ t

0

∣

∣

∣f ϵ
k,j



s, Xϵ
1 (s) , . . . , X0

n (s)
)

− f ϵ
k,j



s, X0
1 (s) , . . . , X0

n (s)
)
∣

∣

∣

2
ds,

then by assumption (B2) we obtained

E



sup
0≤s≤t

∣

∣

∣Xϵ
k (s) − X0

k (s)
∣

∣

∣

2
]

≤Ck,ϵ (T ) + Cd (T )
∫ t

0
♣α (s)♣2

× E



φ



n
∑

k=1

∣

∣

∣Xϵ
k (s) − X0

k (s)
∣

∣

∣

2
]

ds,

where

Ck,ϵ (t)

=4E
[

∣

∣

∣Xϵ
k (0) − X0

k (0)
∣

∣

∣

2


+ 8T

∫ t

0
E

∣

∣

∣f ϵ
k



s, X0
1 (s) , . . . , X0

n (s)
)

− f 0
k



s, X0
1 (s) , . . . , X0

n (s)
)
∣

∣

∣

2
ds

+ 8C1Td2
d
∑

i,j=1

E

∫ t

0

∣

∣

∣f ϵ
k,i,j



s, X0
1 (s) , . . . , X0

n (s)
)

− f 0
k,i,j



s, X0
1 (s) , . . . , X0

n (s)
)∣

∣

∣

2
ds

+ 8C2d
d
∑

j=1

E

∫ t

0

∣

∣

∣f ϵ
k,j



s, X0
1 (s) , . . . , X0

n (s)
)

− f ϵ
k,j



s, X0
1 (s) , . . . , X0

n (s)
)∣

∣

∣

2
ds,

and Cd (t) = 8 (t + C1td
2 + C2d) , then

E



n
∑

k=1

∣

∣

∣Xϵ
k (t) − X0

k (t)
∣

∣

∣

2
]

≤
n
∑

k=1

E

∣

∣

∣Xϵ
k (t) − X0

k (t)
∣

∣

∣

2 ≤
n
∑

k=1

E



sup
0≤s≤t

∣

∣

∣Xϵ
k (s) − X0

k (s)
∣

∣

∣

2
]

≤Cn,ϵ (T ) + nCd (T )
∫ t

0
♣α (s)♣2 E



φ



n
∑

k=1

∣

∣

∣Xϵ
k (s) − X0

k (s)
∣

∣

∣

2
]

ds,

where Cn,ϵ (T ) =
n
∑

k=1
Ck,ϵ (T ).
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Since φ is a continuous concave function, by Lemma 2.4, we have

E



n
∑

k=1

∣

∣

∣Xϵ
k (t) − X0

k (t)
∣

∣

∣

2
]

≤Cn,ϵ (T ) + nCd (T )
∫ t

0
♣α (s)♣2 φ



E



n
∑

k=1

∣

∣

∣Xϵ
k (s) − X0

k (s)
∣

∣

∣

2
]

ds.

Since Cn,ϵ (T ) → 0 when ϵ → 0, we get by Lemma 2.3

lim
ϵ→0

E





n
∑

j=1

∣

∣

∣Xϵ
j (t) − X0

j (t)
∣

∣

∣

2



 = 0, for all t ∈ [0, T ] ,

that is what we want to prove. □
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CERTAIN SUBCLASSES OF BI-UNIVALENT FUNCTIONS

DEFINED BY LINEAR MULTIPLIER FRACTIONAL

q-DIFFERENTIAL OPERATOR

C. R. KRISHNA1, N. RAVIKUMAR2, AND B. A. FRASIN3

Abstract. This paper introduces a novel subclass of analytic and bi-univalent
functions that are linked to a linear multiplier fractional q-differential operator,
deĄned in the open unit disk D. The authors establish the upper bounds for the
coefficients |a2| and |a3| for the functions that belong to this new subclass and its
subclasses.

1. Introduction and preliminaries

Let the class of functions A be of the form:

(1.1) η(z) = z +
+∞
∑

k=2

akzk,

which are analytic on the open unit disk D = {z ∈ C : |z| < 1}. Also let S indicates
the functions of all subclasses in A, which are univalent in D. Since univalent functions
are one-to-one, they are invertible. Although the inverse functions of single-valued
functions are inverse functions, they do not need to be deĄned for the entire unit
disk D. Certainly, according to KoebeŠs quarter theorem [1], the disk with radius 1

4

is in the image D. Thus, every univalent function η has an inverse η−1 that satisĄes
η−1(η(z)) = z, z ∈ D, and ζ(w) = η−1(η(w)) = w, |w| < r0(η), r0(η) ≥ 1

4
, where

(1.2) η−1(w) = w − a2w
2 + (2a2

2 − a3)w
3 − (5a3

2 − 5a2a3 + a4)w
4 + · · · .

Key words and phrases. Analytic function, univalent function, bi-univalent function, starlike
function, convex function, q-derivative operator.
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A function η ∈ A is bi-univalent in D if both η(z) and η−1(z) are univalent D. Let
Σ be the class of bi-univalent functions on D given by (1.1). Example of functions in
the class Σ are

z

1 − z
, log

1

1 − z
, log

√

1 + z

1 − z
.

However, the familiar Koebe function is not a member of Σ. Other common
examples of functions in D such as

2z − z2

2
and

z

1 − z2

are also not members of Σ.

The widely-cited by Srivastava et al. [2] actually revived the study of analytic and
bi-univalent functions in recent years, and it has also led to a Ćood of papers on the
subject by (see, for example, [3Ű23]).

If |q| < 1, the q-shifted factorial, also known as the q-Pochhammer symbol, is
deĄned for all n ∈ N by

(a; q)n =
n−1
∏

k=0

(1 − aqk),

where a and q are complex numbers. When n = +∞, the product becomes

(a; q)+∞ =
+∞
∏

k=0

(1 − aqk).

If |q| < 1, then the product converges absolutely, and we can deĄne the q-shifted
factorial for n = +∞ as the limit of the sequence of partial products

(a; q)+∞ = lim
n→+∞

(a; q)n = lim
n→+∞

n−1
∏

k=0

(1 − aqk).

Therefore, when |q| < 1, the q-shifted factorial remains meaningful for n = +∞ as a
convergent inĄnite product.

The q-gamma function is a q-analogue of the gamma function, deĄned by the
recurrence relation Γq(y + 1) = [y]qΓq(y), where [y]q = (1−qy)

(1−q)
is the q-analogue of y.

JacksonŠs [24] q-derivative and q-integral of a function η deĄned on a subset of C
are given by

Da
q η(x) =

η(qax) − η(x)

(1 − qa)x − x
, Ia

q η(x) = (1 − qa)x
+∞
∑

n=0

qanη(qnx),

where a ∈ C is a Ąxed parameter. These operators are also known as the q-difference
and q-integral operators, respectively. The theory of q-calculus operators are used in
describing and solving various problems in applied science such as ordinary fractional
calculus, optimal control, q-difference and q-integral equations, as well as geometric
function theory of complex analysis. The application of q-calculus was initiated by
Jackson [24]. Recently, many researchers studied q-calculus such as Srivastava et al.
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[25], Muhammad and Darus [26], Kanas and Răducanu [27], (see also, [28Ű33]) and
also the reference cited therein.

Definition 1.1 ([34]). The fractional integral operator Iδ
q,z of order δ > 0, for the

function η(z) is deĄned by

Iδ
q,z = D−δ

q,zη(z) =
1

Γq(δ)

∫ z

0
(z − rq)1−δη(r)dqr,

where η(z) is the analytic of the simply connected regions of the z plane containing
the origin. Here, the term (z − rq)δ−1 is a q-binomial function deĄned by

(z − rq)δ−1 = zδ−1
+∞
∏

k=0



1 − ( rq

z
)qk

1 − ( rq

z
)qδ + k − 1

]

= zδ
1ϕ0



q−δ+1; −; q,
rqδ

z

]

.

Definition 1.2. The fractional q-derivative operator Dδ
q,z of a η(z) of order 0 ≤ δ < 1,

is deĄned by

Dδ
q,zη(z) = Dq,zI1−δ

q,z η(z) =
1

Γq(1 − δ)
Dq

∫ z

0
(z − rq)−δη(r)dqr,

where η(z) is suitably constrained and the multiplicity of (z − rq)−δ is removed as in
DeĄnition 1.1 above.

Definition 1.3. Under the hypotheses of DeĄnition 1.2, the fractional q-derivative
for the function η(z) of order δ is deĄned by

Dδ
q,zη(z) = Dn

q,zIn−δ
q,z η(z),

where n − 1 ≤ δ < n, n ∈ N0 = N ∪ {0}.

Definition 1.4 ([35]). The deĄnition of the fractional q-differintegral operator Ωδ
q,z

is as follows. For a function η(z) of the form (1.1), we deĄne

Ωδ
qη(z) = Γq(2 − δ)zδDδ

q,zη(z),

where Dδ
q,z denotes the fractional δ order of the q-integral η(z) when −∞ < δ < 0

and the fractional δ order q-derivative of η(z) if 0 < δ < 2.

The expression for Ωδ
qη(z) in terms of the coefficients ak of the power series expansion

of η(z) is given by

Ωδ
qη(z) = z +

+∞
∑

k=2

Γq(k + 1)Γq(2 − δ)

Γq(k + 1 − δ)
akzk.
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Definition 1.5 ([34]). A linear multiplier fractional q-differintegral operator is deĄned
as

L
δ,0
q,λη(z) =η(z),

L
δ,1
q,λη(z) =(1 − λ)Ωδ

qη(z) + λzLq

(

Ωδ
qη(z)



,

L
δ,2
q,λη(z) =L

δ,1
q,λ

(

L
δ,1
q,λη(z)



,

...

L
δ,n
q,λη(z) =L

δ,1
q,λ

(

L
δ,n−1
q,λ η(z)



.(1.3)

We note that if f ∈ A is given by (1.1), then by (1.3), we have

L
δ,n
q,λη(z) = z +

+∞
∑

k=2

C (k, δ, λ, n, q) akzk,

where

C (k, δ, λ, n, q) =





Γq(k + 1)Γq(2 − δ)

Γq(k + 1 − δ)

[

([k]q − 1) λ + 1
]





n

.

We deĄne two new subclasses of the function class Σ by utilizing the linear multiplier
fractional q-differential operator of a function η ∈ A. Then, we provide coefficient
estimates for |a2| and |a3| for functions belonging to these new subclasses of the
function class Σ.

First, we have to follow the lemma to get the main results.

Lemma 1.1 ([36]). Let H be the family of all functions h that are analytic in the

open unit disk D and satisfy h(0) = 1 and R(h(z)) > 0 for all z ∈ D. If a function

h ∈ H is given by h(z) = 1 + d1z + d2z
2 + · · · for z ∈ D, then |dk| ≤ 2 for all k ∈ N.

2. Coefficient Bounds for the Function Class MΣ (q, α, τ, δ, λ, n)

Definition 2.1. A function η(z) given by (1.1) is said to be in the class
MΣ (q, α, τ, δ, λ, n) if the following conditions are satisĄed: η ∈ Σ and

∣

∣

∣

∣

∣

∣

zDq

(

L
δ,n
q,λη(z)



τzDq

(

L
δ,n
q,λη(z)



+ (1 − τ)Lδ,n
q,λη(z)

∣

∣

∣

∣

∣

∣

<
απ

2
,

where 0 < α ≤ 1, 0 ≤ τ < 1, δ ≤ 2, λ > 0, n ∈ N0, z ∈ D, and
∣

∣

∣

∣

∣

∣

wDq

(

L
δ,n
q,λζ(w)



τwDq

(

L
δ,n
q,λζ(w)



+ (1 − τ)Lδ,n
q,λζ(w)

∣

∣

∣

∣

∣

∣

<
απ

2
,

where 0 < α ≤ 1, 0 ≤ τ < 1, δ ≤ 2, λ > 0, n ∈ N0, w ∈ D and function ζ is given by

(2.1) ζ(w) = w − a2w
2 + (2a2

2 − a3)w
3 − (5a3

2 − 5a2a3 + a4)w
4 + · · · .

We note that the following hold.
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(a) When we set δ = 0, λ = 1, and q → 1−, the class MΣ (q, α, τ, δ, λ, n) reduces
to the class S

n,τ
Σ (α), where 0 < α ≤ 1, 0 ≤ τ < 1, and n ∈ N0. This class was

previously introduced and studied by Jothibasu [37].
(b) If we set δ = 0, λ = 1, q → 1−, n = 0, and τ = 0 in the class MΣ (q, α, τ, δ, λ, n),

it reduces to the class of strongly bi-starlike functions S⋆
Σ(α) of order α intro-

duced and studied by Brannan and Taha [38], where 0 < α ≤ 1 .

Theorem 2.1. Let η(z) given by (1.1) be in the class MΣ (q, α, τ, δ, λ, n), 0 < α ≤ 1,

0 ≤ τ < 1, δ ≤ 2, λ > 0. Then

(2.2) |a2| ≤ 2α
√

2αY q(q + 1) (1 − τ) − 2X2αq (1 − τ)
[

τq + 1
]

+ X2 (1 − α)2 (1 − τ)2

and

(2.3) |a3| ≤ 4α2

X2q2 (1 − τ)2 +
2α

Y q(q + 1) (1 − τ)
,

where X = C (2, δ, λ, n, q) and Y = C (3, δ, λ, n, q).

Proof. It follows from the DeĄnition 2.1

(2.4)
zDq

(

L
δ,n
q,λη(z)



τzDq

(

L
δ,n
q,λη(z)



+ (1 − τ)Lδ,n
q,λη(z)

=
[

s(z)
]α

and

(2.5)
wDq

(

L
δ,n
q,λζ(w)



τwDq

(

L
δ,n
q,λζ(w)



+ (1 − τ)Lδ,n
q,λζ(w)

=
[

t(w)
]α

,

respectively, where s(z) and t(w) satisfy the following inequalities: R(s(z)) > 0,
z ∈ D, and R(t(w)) > 0, w ∈ D.

Furthermore, the functions s(z) and t(w) have the forms

s(z) = 1 + s1z + s2z
2 + s3z

3 + · · · ,(2.6)

t(w) = 1 + t1w + t2w
2 + t3w

3 + · · · .(2.7)

Now, equating the coefficients in (2.4) and (2.5), we get

a2Xq (1 − τ) =αs1,(2.8)

a3Y q(q + 1) (1 − τ) − a2
2X

2q (1 − τ) [τq + 1] =αs2 +
α (α − 1)

2
s2

1,(2.9)

−a2Xq (1 − τ) =αt1(2.10)

and

− a3Y q(q + 1) (1 − τ) + 2a2
2Y q(q + 1) (1 − τ) − a2

2X
2q (1 − τ) [τq + 1](2.11)

=αt2 +
α (α − 1)

2
t2
1.
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From (2.8) and (2.10), we get

(2.12) s1 = −t1

and

(2.13) 2a2
2X

2q2 (1 − τ)2 = α2
(

s2
1 + t2

1



.

From (2.9), (2.11) and (2.13), we obtain

a2
2 =

α2 (s2 + t2)

2αY q(q + 1) (1 − τ) − 2X2αq (1 − τ)
[

τq + 1
]

+ X2 (1 − α) q2 (1 − τ)2
.

Applying Lemma 1.1 to the coefficients s2 and t2, we immediately get

|a2| ≤ 2α
√

2αY q(q + 1) (1 − τ) − 2X2αq (1 − τ)
[

τq + 1
]

+ X2 (1 − α) q2 (1 − τ)2
.

This gives the value of |a2| as shown in (2.2)
Next, in order to Ąnd the bound on |a3|, by subtracting (2.11) from (2.9), we get

2a3Y q(q + 1) (1 − τ) − 2a2
2Y q(q + 1) (1 − τ)(2.14)

=α (s2 − t2) +
α (α − 1)

2

(

s2
1 − t2

1



.

It follows from (2.12), (2.13) and (2.14) that

|a3| =
α2 (s2

1 + t2
1)

2X2q2 (1 − τ)2 +
α (s2 − t2)

2Y q(q + 1) (1 − τ)
.

Applying Lemma 1.1 again to the coefficients s1, s2, t1 and t2, we easily get

|a3| ≤ 4α2

X2q2 (1 − τ)2 +
2α

Y q(q + 1) (1 − τ)
.

This end the proof of Theorem 2.1. □

Utilizing the parameters setting of DeĄnition 2.1 in the Theorem 2.1, we get the
following corollaries.

Corollary 2.1. If η(z) given by (1.1) be in the class S
n,τ
Σ (α), 0 < α ≤ 1, 0 ≤ τ < 1

and n ∈ N0. Then

|a2| ≤ 2α
√

4α (1 − τ) 3n +
[

2α (τ 2 − 1) − (α − 1) (1 − τ)2
]

22n

and

|a3| ≤ α

3n (1 − τ)
+

4α2

22n (1 − τ)2 .

Corollary 2.2. If η(z) given by (1.1) and in the class S⋆
Σ(α), 0 < α ≤ 1. Then

|a2| ≤ 2α√
α + 1

and |a3| ≤ 4α2 + α.
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3. Coefficient Bounds for the Function Class BΣ (q, γ, τ, δ, λ, n)

Definition 3.1. A function η(z) given by (1.1) is said to be in the class
BΣ (q, γ, τ, δ, λ, n) if the following conditions are satisĄed: η ∈ Σ and

R





zDq

(

L
δ,n
q,λη(z)



τzDq

(

L
δ,n
q,λη(z)



+ (1 − τ)Lδ,n
q,λη(z)



 > γ,

where 0 ≤ γ < 1, 0 ≤ τ < 1, δ ≤ 2, λ > 0, n ∈ N0, z ∈ D, and

R





wDq

(

L
δ,n
q,λζ(w)



τwDq

(

L
δ,n
q,λζ(w)



+ (1 − τ)Lδ,n
q,λζ(w)



 > γ,

where 0 ≤ γ < 1, 0 ≤ τ < 1, δ ≤ 2, λ > 0, n ∈ N0, w ∈ D.
The function ζ is deĄned as given in equation (2.1).

(a) If we set δ = 0, λ = 1, and q → 1− in the class BΣ (q, γ, τ, δ, λ, n), it reduces to
the class S

n,τ
Σ (γ) introduced and studied by Jothibasu [37], where 0 ≤ γ < 1,

0 ≤ τ < 1 and n ∈ N0.
(b) When δ = 0, λ = 1, q → 1−, n = 0 and τ = 0, the class BΣ (q, γ, τ, δ, λ, n) sim-

pliĄes to the class of strongly bi-starlike functions S⋆
Σ(γ) of order γ introduced

and studied by Brannan and Taha [38].

Theorem 3.1. Let η(z) given by (1.1) be in the class BΣ (q, γ, τ, δ, λ, n), 0 ≤ γ < 1,

0 ≤ τ < 1, δ ≤ 2, λ > 0. Then

(3.1) |a2| ≤
√

√

√

√

2 (1 − γ)

Y q(q + 1) (1 − τ) − X2q (1 − τ) [τq + 1]

and

(3.2) |a3| ≤ 4 (1 − γ)2

X2q2 (1 − τ)2 +
2 (1 − γ)

Y q(q + 1) (1 − τ)
,

where X = C (2, δ, λ, n, q) and Y = C (3, δ, λ, n, q).

Proof. It follows from the DeĄnition 3.1 that there exist s(z) and t(w) ∈ H such that

zDq

(

L
δ,n
q,λη(z)



τzDq

(

L
δ,n
q,λη(z)



+ (1 − τ)Lδ,n
q,λη(z)

=γ + (1 − γ) s(z),(3.3)

wDq

(

L
δ,n
q,λζ(w)



τwDq

(

L
δ,n
q,λζ(w)



+ (1 − τ)Lδ,n
q,λζ(w)

=γ + (1 − γ) t(w),(3.4)

where s(z) and t(w) in H and have the forms (2.6) and (2.7), respectively.
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Equating the coefficients in (3.3) and (3.4) yields

a2Xq (1 − τ) = (1 − γ) s1,(3.5)

a3Y q(q + 1) (1 − τ) − a2
2X

2q (1 − τ) [τq + 1] = (1 − γ) s2,(3.6)

−a2Xq (1 − τ) = (1 − γ) t1(3.7)

and

− a3Y q(q + 1) (1 − τ) + 2a2
2Y q(q + 1) (1 − τ) − a2

2X
2q (1 − τ) [τq + 1](3.8)

= (1 − γ) t2.

From (3.5) and (3.7), we get s1 = −t1 and

(3.9) 2a2
2X

2q2 (1 − τ)2 = (1 − γ)2
(

s2
1 + t2

1



.

Also, from (3.6) and (3.8), we Ąnd that

2a2
2Y q(q + 1) (1 − τ) − 2a2

2X
2q (1 − τ) [τq + 1] = (1 − γ) (s2 + t2) .

Applying Lemma 1.1 to the coefficients s2 and t2, we immediately get

|a2| ≤
√

√

√

√

2 (1 − γ)

Y q(q + 1) (1 − τ) − X2q (1 − τ) [τq + 1]
,

which is the bound on |a2| as given in (3.1). Then, to get the limit of |a3| by subtracting
(3.8) from (3.6),

2a3Y q(q + 1) (1 − τ) − 2a2
2Y q(q + 1) (1 − τ) = (1 − γ) (s2 − t2) ,

or, equivalently

a3 = a2
2 +

(1 − γ) (s2 − t2)

2Y q(q + 1) (1 − τ)
.

Substituting the values of a2
2 into (3.9), we get

a3 =
(1 − γ)2 (s2

1 + t2
1)

2X2q2 (1 − τ)2 +
(1 − γ) (s2 − t2)

2Y q(q + 1) (1 − τ)
.

After applying Lemma 1.1 to the coefficients s1, s2, t1 and t2, we get

|a3| ≤ 4 (1 − γ)2

X2q2 (1 − τ)2 +
2 (1 − γ)

Y q(q + 1) (1 − τ)
.

This completes the proof of Theorem 3.1. □

Utilizing the parameters setting of DeĄnition 3.1 in the Theorem 3.1, we get the
following corollaries.

Corollary 3.1. If η(z) given by (1.1) is in the class S
n,τ
Σ (γ), 0 ≤ γ < 1, 0 ≤ τ < 1

and n ∈ N0, then

|a2| ≤
√

√

√

√

2 (1 − γ)

22n (τ 2 − 1) + 2 (1 − τ) 3n
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and

|a3| ≤ 4 (1 − γ)2

22n (1 − τ)2 +
(1 − γ)

3n (1 − τ)
.

Corollary 3.2. If η(z) given by (1.1) and in the class S⋆
Σ(γ), 0 ≤ γ < 1, then

|a2| ≤
√

2 (1 − γ) and |a3| ≤ 4 (1 − γ)2 + (1 − γ) .

4. Conclusions

The main contribution of this paper is the introduction of new subclasses of bi-
univalent functions deĄned by the linear multiplier fractional q-differential operator.
Additionally, we provide upper bounds for the coefficients |a2| and |a3| for functions
belonging to this new subclass and its subclasses.
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LIPSCHITZ p-APPROXIMATE SCHAUDER FRAMES

K. MAHESH KRISHNA1 AND P. SAM JOHNSON2

Abstract. With the aim of representing subsets of Banach spaces as an
infinite series using Lipschitz functions, we study a variant of metric frames
which we call Lipschitz p-approximate Schauder frames (Lipschitz p-ASFs). We
characterize Lipschitz p-ASFs and their duals completely using the canonical
Schauder basis for classical sequence spaces. Similarity of Lipschitz p-ASF is
introduced and characterized.

1. Introduction

Grochenig in 1991 introduced the notion of Banach frames [17] as a generaliza-
tion of notion of frames for Hilbert spaces introduced by Duffin and Schaeffer in
1952 [11]. This notion originated from the study of atomic decompositions and
coorbit spaces arising from square integrable representations of locally compact
groups developed by Feichtinger and Grochenig in 1980’s [13–15]. Casazza, Han
and Larson in 2000 explored the connection between Banach frames and atomic
decompositions and introduced the notion of (unconditional) Schauder frames [8].
In 2001, Aldroubi, Sun and Tang introduced the notion of p-frames and p-Riesz
bases for Banach spaces, 1 ≤ p < +∞ [1]. These notions have been generalized
by Casazza, Christensen and Stoeva by introducing the notion of Xd-frames [5,9].
A slight variant notion of Xd-frames for Banach spaces was given by Terekhin
[24–26]. In 2014, Thomas, Freeman, Odell, Schlumprecht and Zsak [16, 27, 28]
introduced the notion of approximate Schauder frames as a generalization of
notion of Schauder frames by Casazza, Dilworth, Odell, Schlumprecht and Zsak
[4] (also see [10]). In 2021, Krishna and Johnson characterized some classes of

Key words and phrases. Frame, Lipschitz map, bi-Lipschitz map.
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approximate Schauder frames [21]. In 2022, Krishna and Johnson introduced
metric frames which have surprising connections with subsets of Banach spaces
using Lipschitz-free Banach spaces [22]. We now ask the following question which
is the main motivation for writing the paper.

Can we represent a subset (which need not be a subspace) of a Banach
space as an infinite series using Lipschitz maps and elements of the set?

(1.1)

Note that we can not demand linear functionals in the above problem as we
are not considering subspaces. Motivated from 1.1 we study representation of
subsets (need not be subspaces) of Banach spaces using Lipschitz functions.

The paper is organized as follows. We introduce the notion of Lipschitz p-
approximate Schauder frame (Lipschitz p-ASF) for subsets of Banach spaces in
Definition 2.1. Followed by interesting Examples 2.1, 2.2 and 2.3, factorization
property of Lipschitz frame map is derived in Theorem 2.1. Lipschitz p-ASFs are
characterized in Theorem 2.2. Next we introduce the notion of dual frames in
Definition 2.2 and classify them in Theorem 2.4. Definition 2.3 introduces the
notion of similarity and Theorem 2.5 gives an operator-theoretic characterization
for similarity. Orthogonality of frames is introduced in Definition 2.4 and interpo-
lation result is derived in Theorem 2.6. We end by formulating an open Problem
in Section 3.

2. Lipschitz p-Approximate Schauder Frames

Let X be a real or complex Banach space and M be a non-empty subset of X.
The identity operator on M is denoted by IM. The set of all Lipschitz functions
from M to X is denoted by Lip(M,X). For 1 ≤ p < +∞, the canonical Schauder
basis for ℓp(N) is denoted by ¶en♢n and its coordinate functionals are denoted by
¶ζn♢n. We introduce the following important notion as a first step in answering
Motivation 1.1.

Definition 2.1. For 1 ≤ p < +∞, let X be a Banach space and M be a subset
(need not be a subspace) of X. Let ¶τn♢n be a sequence in M and ¶fn♢n be
a sequence in Lip(M,X). The pair (¶fn♢n, ¶τn♢n) is said to be a Lipschitz

p-approximate Schauder frame (we write Lipschitz p-ASF) if the following
conditions hold.

(i) The map (analysis map)

θf : M ∋ x 7→ θfx := ¶fn(x)♢n ∈ ℓp(N)

is a well-defined Lipschitz map.
(ii) The map (synthesis operator)

θτ : ℓp(N) ∋ ¶an♢n 7→ θτ ¶an♢n :=
+∞
∑

n=1

anτn ∈ X

is a well-defined bounded linear operator.
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(iii) The map (Lipschitz frame map)

Sf,τ : M ∋ x 7→ Sf,τ x :=
+∞
∑

n=1

fn(x)τn ∈ M

is a well-defined invertible bi-Lipschitz map and

x =
+∞
∑

n=1

fn(x)S−1
f,τ τn, for all x ∈ M.(2.1)

If Sf,τ = IM, then we say that (¶fn♢n, ¶τn♢n) is a Lipschitz p-Schauder frame

(we write Lipschitz p-SF). If we do not impose the condition ‘invertible bi-Lipschitz’
and Equation (2.1) in (iii), then we say that (¶fn♢n, ¶τn♢n) is a Lipschitz p-

Bessel sequence (we write Lipschitz p-BS) for M.

Whenever M = X, and fn’s are all linear, Definition 2.1 reduces to definition of
p-ASF given in [21]. It is important to note that the partial sums of series in (iii)
of Definition 2.1 need not be inside M (which may not be as it is only a subset)
but only demanding limit has to be inside M. Definition 2.1 says that there are
a, b, c, d > 0 satisfying following:

a∥x − y∥ ≤

∥

∥

∥

∥

∥

+∞
∑

n=1

(fn(x) − fn(y))τn

∥

∥

∥

∥

∥

≤ b∥x − y∥, for all x, y ∈ M,



+∞
∑

n=1

♣fn(x) − fn(y)♣p


1
p

≤ c∥x − y∥, for all x, y ∈ M,

∥

∥

∥

∥

∥

+∞
∑

n=1

anτn

∥

∥

∥

∥

∥

≤ d



+∞
∑

n=1

♣an♣p


1
p

, for all ¶an♢n ∈ ℓp(N).

We call a as lower Lipschitz frame bound, b as upper Lipschitz frame bound, c

as Lipschitz analysis bound and d as Lipschitz synthesis bound. We give various
interesting examples of Lipschitz p-ASFs.

Example 2.1. Let X := C, p = 1 and

M :=


z ∈ C : ♣z♣ ≤
1

2
♣z + 1♣



=

{

x + iy : x, y ∈ R,



x −
1

3

2

+ y2 ≤


2

3

2
}

.

For n ∈ N, define

fn : M ∋ z 7→ fn(z) :=


z

1 + z

n

∈ C, τn := 1 ∈ M.

We first show that fn is Lipschitz for all n. For z ∈ M,

1 − ♣z + 1♣ ≤
∣

∣

∣1 − ♣z + 1♣
∣

∣

∣ ≤
∣

∣

∣1 − (z + 1)
∣

∣

∣ = ♣z♣ ≤
1

2
♣z + 1♣.
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Hence,

♣z + 1♣ ≥
2

3
, for all z ∈ M.

Let z, w ∈ M. Then for each n ∈ N,

♣fn(z) − fn(w)♣ =
∣

∣

∣

∣



z

1 + z

n

−


w

1 + w

n∣
∣

∣

∣

=
∣

∣

∣

∣

z

1 + z
−

w

1 + w

∣

∣

∣

∣

·

∣

∣

∣

∣

∣



z

1 + z

n−1

+ · · · +


w

1 + w

n−1
∣

∣

∣

∣

∣

≤
♣z − w♣

♣1 + z♣ · ♣1 + w♣
·

n

2n−1

≤
9

4
·

n

2n−1
♣z − w♣.

Therefore, each fn is Lipschitz. Set

r :=
+∞
∑

n=1

n

2n−1
< +∞.

We then see that for z, w ∈ M,

∥θfz − θfw∥ =
+∞
∑

n=1

♣fn(z) − fn(w)♣ =
+∞
∑

n=1

∣

∣

∣

∣



z

1 + z

n

−


w

1 + w

n∣
∣

∣

∣

≤
+∞
∑

n=1

9

4
·

n

2n−1
♣z − w♣ =

9

4
r♣z − w♣.

Therefore, θf is Lipschitz. Clearly,

θτ : ℓ1(N) ∋ ¶an♢n 7→
+∞
∑

n=1

an · 1 ∈ C

is a well-defined bounded linear operator. Finally, we observe that for z ∈ M, we
have ♣z♣

♣z+1♣
< 1 and hence

Sf,τ z =
+∞
∑

n=1

fn(z)τn =
+∞
∑

n=1



z

1 + z

n

· 1 =
1

1 − z
1+z

− 1 = z, for all z ∈ M.

Thus, we proved that (¶fn♢n, ¶τn♢n) is a Lipschitz 1-SF for M.

Example 2.2. Let X := R, p = 1 and M := [1, +∞) For n ∈ N ∪ ¶0♢, define
fn : M → R by

f0(x) := 1, for all x ∈ M,

fn(x) :=
(log x)n

n!
, for all x ∈ M, for all n ≥ 1
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and τn := 1 ∈ M. Then f ′
n(x) = (log x)(n−1)

(n−1)!x
, for all x ∈ M, for all n ≥ 1. Since f ′

n

is bounded on M for all n ≥ 1, fn is Lipschitz on M for all n ≥ 1. For x, y ∈ M,

with x < y, we see that

∥θfx − θfy∥ =
+∞
∑

n=0

♣fn(x) − fn(y)♣ =
+∞
∑

n=0

(log y)n

n!
−

+∞
∑

n=0

(log x)n

n!

= elog y − elog x = y − x = ♣x − y♣.

Therefore, θf is Lipschitz. It is clear that θτ is a well-defined bounded linear
operator. For x ∈ M,

Sf,τ x =
+∞
∑

n=1

fn(x)τn =
+∞
∑

n=0

(log x)n

n!
· 1 = x.

Hence, (¶fn♢n, ¶τn♢n) is a Lipschitz 1-SF for M.

Example 2.3. For 1 ≤ p < +∞, let X be a Banach space and M be a subset of X.
Assume that there is a Lipschitz map U : M → ℓp(N), a bounded linear operator
V : ℓp(N) → X such that V U(M) ⊆ M, V en ∈ M for all n ∈ N, V U : M → M is
an invertible bi-Lipschitz map and

x =
+∞
∑

n=1

ζn(Ux)(V U)−1V en, for all x ∈ M.

Let ¶en♢n denote the canonical Schauder basis for ℓp(N) and let ¶ζn♢n denote the
coordinate functionals associated with ¶en♢n. Define

fn := ζnU, τn := V en, for all n ∈ N.

Then (¶fn♢n, ¶τn♢n) is Lipschitz p-ASF for M. If V U = IM, then (¶fn♢n, ¶τn♢n)
is a Lipschitz p-SF for M.

We show in the sequel that (in Theorem 2.2) every Lipschitz p-ASF can be
written in the form of Example 2.3. Following theorem gives various fundamental
factorization properties of Lipschitz p-ASFs whose proof is a direct calculation.

Theorem 2.1. Let (¶fn♢n, ¶τn♢n) be a Lipschitz p-ASF for M ⊆ X. Then the

following hold.

(i) We have

x =
+∞
∑

n=1

(fnS−1
f,τ )(x)τn, for all x ∈ M.(2.2)

(ii) (¶fnS−1
f,τ ♢n, ¶S−1

f,τ τn♢n) is a Lipschitz p-ASF for M.

(iii) The analysis map θf is injective.

(iv) The synthesis operator θτ is surjective.

(v) Lipschitz frame map Sf,τ factors as Sf,τ = θτ θf .

(vi) Pf,τ := θfS−1
f,τ θτ : ℓp(N) → ℓp(N) is a Lipschitz projection onto θf (M).
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Holub characterized frames for Hilbert spaces using standard orthonormal basis
for the standard Hilbert space [20]. This result has been derived for Banach spaces
in [21]. We show that such a result can be derived for Lipschitz p-ASFs.

Theorem 2.2. A pair (¶fn♢n, ¶τn♢n) is a Lipschitz p-ASF for M ⊆ X if and only

if

fn = ζnU, τn = V en, for all n ∈ N,

where U : M → ℓp(N) is a Lipschitz map, V : ℓp(N) → X is a bounded linear

operator such that V U(M) ⊆ M, V en ∈ M for all n ∈ N, V U : M → M is an

invertible bi-Lipschitz map and

x =
+∞
∑

n=1

ζn(Ux)(V U)−1V en, for all x ∈ M.

Proof. (⇐) Clearly θf is Lipschitz and θτ is a bounded linear operator. Now let
x ∈ M. Then

Sf,τ x =
+∞
∑

n=1

fn(x)τn =
+∞
∑

n=1

ζn(Ux)V en = V



+∞
∑

n=1

ζn(Ux)en



= V Ux.(2.3)

Hence, Sf,τ is an invertible bi-Lipschitz map.
(⇒) Define U := θf , V := θτ . Then (ζnU)(x) = (ζnθf )(x) = ζn(¶fk(x)♢k) =

fn(x), for all x ∈ M, V en = θτ en = τn, for all n ∈ N and V U = θτ θf = Sf,τ

which is an invertible bi-Lipschitz map. □

Corollary 2.1. (i) A pair (¶fn♢n, ¶τn♢n) is a Lipschitz p-SF for M ⊆ X if and

only if fn = ζnU, τn = V en, for all n ∈ N, where U : M → ℓp(N) is a Lipschitz

map, V : ℓp(N) → X is a bounded linear operator such that V U(M) ⊆ M,

V en ∈ M for all n ∈ N and V U = IM.

(ii) A pair (¶fn♢n, ¶τn♢n) is a Lipschitz p-BS for M ⊆ X if and only if fn =
ζnU, τn = V en, for all n ∈ N, where U : M → ℓp(N) is a Lipschitz map, V :
ℓp(N) → X is a bounded linear operator such that V U(M) ⊆ M and V en ∈ M for

all n ∈ N.

Equations (2.1) and (2.2) lead us to define the notion of dual frame as follows.

Definition 2.2. Let (¶fn♢n, ¶τn♢n) be a Lipschitz p-ASF for M ⊆ X. A Lipschitz
p-ASF (¶gn♢n, ¶ωn♢n) for M ⊆ X is said to be a dual for (¶fn♢n, ¶τn♢n) if

x =
+∞
∑

n=1

gn(x)τn =
+∞
∑

n=1

fn(x)ωn, for all x ∈ M.

We can give a characterization of dual frames by using analysis map and
synthesis operator.

Proposition 2.1. Given two Lipschitz p-ASFs (¶fn♢n, ¶τn♢n) and (¶gn♢n, ¶ωn♢n)
for M ⊆ X, the following are equivalent:
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(a) (¶gn♢n, ¶ωn♢n) is a dual for (¶fn♢n, ¶τn♢n);
(b) θτ θg = θωθf = IM.

Equations (2.1) and (2.2) show that the Lipschitz p-ASF (¶fnS−1
f,τ ♢n, ¶S−1

f,τ τn♢n)

is a dual for (¶fn♢n, ¶τn♢n). We call (¶fnS−1
f,τ ♢n, ¶S−1

f,τ τn♢n) as the canonical dual

for (¶fn♢n, ¶τn♢n). With this notion, the following theorem is evident.

Theorem 2.3. Let (¶fn♢n, ¶τn♢n) be a Lipschitz p-ASF for M ⊆ X with frame

bounds a and b. Then the following statements hold good.

(a) The canonical dual for the canonical dual for (¶fn♢n, ¶τn♢n) is itself.

(b) 1
b
, 1

a
are frame bounds for the canonical dual for (¶fn♢n, ¶τn♢n).

(c) If a, b are optimal frame bounds for (¶fn♢n, ¶τn♢n), then 1
b
, 1

a
are optimal

frame bounds for its canonical dual.

In 1995, Li derived a characterization of dual frames using standard orthonormal
basis for ℓ2(N) [23]. For Banach spaces, such a characterization using canonical
Schauder basis for ℓp(N) is derived in [21]. Now we derive such characterization
for Lipschitz p-ASF.

Lemma 2.1. Let (¶fn♢n, ¶τn♢n) be a Lipschitz p-ASF for M ⊆ X. Then a

Lipschitz p-ASF (¶gn♢n, ¶ωn♢n) for M is a dual for (¶fn♢n, ¶τn♢n) if and only if

gn = ζnU, ωn = V en, for all n ∈ N,

where U : M → ℓp(N) is a Lipschitz right-inverse of θτ and V : ℓp(N) → X is a

linear bounded left-inverse of θf such that V U(M) ⊆ M, V en ∈ M for all n ∈ N,

V U is an invertible bi-Lipschitz map and

x =
+∞
∑

n=1

ζn(Ux)(V U)−1V en, for all x ∈ M.

Proof. (⇐) Using the ‘if’ part of proof of Theorem 2.2, we get that (¶gn♢n, ¶ωn♢n)
is a Lipschitz p-ASF for M. We check for duality of (¶gn♢n, ¶ωn♢n): θτ θg = θτ U =
IM, θωθf = V θf = IM.

(⇒) Let (¶gn♢n, ¶ωn♢n) be a dual Lipschitz p-ASF for (¶fn♢n, ¶τn♢n). Then
θτ θg = IM, θωθf = IM. Define U := θg, V := θω. Then U : M → ℓp(N) is a
Lipschitz right-inverse of θτ and V : ℓp(N) → X is a linear bounded left-inverse
of θf such that the operator V U = θωθg = Sg,ω is invertible. Further,

(ζnU)x = ζn



+∞
∑

k=1

gk(x)ek



=
+∞
∑

k=1

gk(x)ζn(ek) = gn(x), for all x ∈ M,

and V en = θωen = ωn, for all n ∈ N. □

Lemma 2.2. Let (¶fn♢n, ¶τn♢n) be a Lipschitz p-ASF for M ⊆ X. Then,
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(i) R : M → ℓp(N) is a Lipschitz right-inverse of θτ if and only if

R = θfS−1
f,τ +



Iℓp(N) − θfS−1
f,τ θτ



U

where U : M → ℓp(N) is a Lipschitz map;

(ii) L : ℓp(N) → X is a bounded left-inverse of θf if and only if

L = S−1
f,τ θτ + V



Iℓp(N) − θfS−1
f,τ θτ



,

where V : ℓp(N) → X is a bounded linear operator.

Proof. (i) (⇐) θτ



θfS−1
f,τ +



Iℓp(N) − θfS−1
f,τ θτ



U


= IM + θτ U − IMθτ U = IM.

Therefore, θfS−1
f,τ +



Iℓp(N) − θfS−1
f,τ θτ



U is a Lipschitz right-inverse of θτ .

(⇒) Define U := R. Then,

θfS−1
f,τ +



Iℓp(N) − θfS−1
f,τ θτ



U =θfS−1
f,τ +



Iℓp(N) − θfS−1
f,τ θτ



R

=θfS−1
f,τ + R − θfS−1

f,τ = R.

(ii) (⇐)


S−1
f,τ θτ + V



Iℓp(N) − θfS−1
f,τ θτ



θf = IM + V θf − V θfIM = IM. There-

fore, S−1
f,τ θτ + V



Iℓp(N) − θfS−1
f,τ θτ



is a bounded left-inverse of θf .

(⇒) Define V := L. Then,

S−1
f,τ θτ + V



Iℓp(N) − θfS−1
f,τ θτ



=S−1
f,τ θτ + L



Iℓp(N) − θfS−1
f,τ θτ



=S−1
f,τ θτ + L − S−1

f,τ θτ = L. □

Theorem 2.4. Let (¶fn♢n, ¶τn♢n) be a Lipschitz p-ASF for M ⊆ X. Then a

Lipschitz p-ASF (¶gn♢n, ¶ωn♢n) for M is a dual for (¶fn♢n, ¶τn♢n) if and only if

gn = fnS−1
f,τ + ζnU − fnS−1

f,τ θτ U,

ωn = S−1
f,τ τn + V en − V θfS−1

f,τ τn, for all n ∈ N,

such that

S−1
f,τ + V U − V θfS−1

f,τ θτ U

is an invertible bi-Lipschitz map, where U : M → ℓp(N) is a Lipschitz map,

V : ℓp(N) → X is a bounded linear operator, V U(M) ⊆ M, V en ∈ M for all

n ∈ N and
+∞
∑

n=1

ζn



θfS−1
f,τ +



Iℓp(N) − θfS−1
f,τ θτ



U


x
[

S−1
f,τ + V U − V θfS−1

f,τ θτ U
]−1

×


S−1
f,τ θτ + V



Iℓp(N) − θfS−1
f,τ θτ



en = x, for all x ∈ M.

Proof. Lemmas 2.1 and 2.2 give the characterization of dual frame as

gn = ζnθfS−1
f,τ + ζnU − ζnθfS−1

f,τ θτ U = fnS−1
f,τ + ζnU − fnS−1

f,τ θτ U,

ωn = S−1
f,τ θτ en + V en − V θfS−1

f,τ θτ en = S−1
f,τ τn + V en − V θfS−1

f,τ τn, for all n ∈ N,
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such that


S−1
f,τ θτ + V



Iℓp(N) − θfS−1
f,τ θτ

 

θfS−1
f,τ +



Iℓp(N) − θfS−1
f,τ θτ



U


is an invertible bi-Lipschitz map, where U : M → ℓp(N) is a Lipschitz map,
V : ℓp(N) → X is a bounded linear operator, V U(M) ⊆ M, V en ∈ M for all
n ∈ N and for all x ∈ M

+∞
∑

n=1

ζn



θfS−1
f,τ +



Iℓp(N) − θfS−1
f,τ θτ



U


x

× W −1


S−1
f,τ θτ + V



Iℓp(N) − θfS−1
f,τ θτ



en = x,

where

W :=


S−1
f,τ θτ + V



Iℓp(N) − θfS−1
f,τ θτ

 

θfS−1
f,τ +



Iℓp(N) − θfS−1
f,τ θτ



U


.

Through expansion and simplification we get


S−1
f,τ θτ + V



Iℓp(N) − θfS−1
f,τ θτ

 

θfS−1
f,τ +



Iℓp(N) − θfS−1
f,τ θτ



U


=S−1
f,τ + V U − V θfS−1

f,τ θτ U. □

Balan introduced the notion of similarity for frames for Hilbert space which
gives an equivalence relation on frames [3]. It has been done for Banach spaces by
Krishna and Johnson in [21]. We define the same for Lipschitz p-ASF as follows.

Definition 2.3. Two Lipschitz p-ASFs (¶fn♢n, ¶τn♢n) and (¶gn♢n, ¶ωn♢n) for
M ⊆ X are said to be similar or equivalent if there exist invertible bi-Lipschitz
map Tf,g : M → M and an invertible bounded linear operator Tτ,ω : X → X such
that Tτ,ω(M) ⊆ M and

gn = fnTf,g, ωn = Tτ,ωτn, for all n ∈ N.

Since maps giving similarity are invertible, similarity is an equivalence rela-
tion on the set ¶(¶fn♢n, ¶τn♢n) : (¶fn♢n, ¶τn♢n) is a Lipschitz p-ASF for M♢. Ob-
serve that for every Lipschitz p-ASF (¶fn♢n, ¶τn♢n), both (¶fnS−1

f,τ ♢n, ¶τn♢n) and

(¶fn♢n, ¶S−1
f,τ τn♢n) are Lipschitz p-ASFs and are similar to (¶fn♢n, ¶τn♢n). Balan

gave an operator algebraic characterization of similarity in Hilbert spaces [3]
and it is extended to Banach spaces by Krishna and Johnson in [21]. We derive
Lipschitz version in the following theorem.

Theorem 2.5. For two Lipschitz p-ASFs (¶fn♢n, ¶τn♢n) and (¶gn♢n, ¶ωn♢n) for

M ⊆ X, the following are equivalent:

(a) gn = fnTf,g, ωn = Tτ,ωτn, for all n ∈ N, for some invertible bi-Lipschitz

map Tf,g : M → M, for some invertible linear map Tτ,ω : X → X such that

Tτ,ω(M) ⊆ M;

(b) θg = θfTf,g, θω = Tτ,ωθτ , for some invertible bi-Lipschitz map Tf,g : M → M,

for some invertible linear map Tτ,ω : X → X such that Tτ,ω(M) ⊆ M;
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(c) Pg,ω = Pf,τ .

If one of the above conditions is satisfied, then invertible maps in (i) and (ii)
are unique and given by Tf,g = S−1

f,τ θτ θg, Tτ,ω = θωθfS−1
f,τ . In the case that

(¶fn♢n, ¶τn♢n) is a Lipschitz p-SF, then (¶gn♢n, ¶ωn♢n) is a Lipschitz p-SF if

and only if Tτ,ωTf,g = IM if and only if Tf,gTτ,ω = IM.

Proof. (i) ⇒ (ii) Let x ∈ M and ¶an♢n ∈ ℓp(N). Then

θgx =¶gn(x)♢n = ¶fn(Tf,gx)♢n = θf (Tf,gx),

θω(¶an♢n) =
+∞
∑

n=1

anωn =
+∞
∑

n=1

anTτ,ωτn = Tτ,ωθτ ¶an♢n.

(ii) ⇒ (iii) Sg,ω = θωθg = Tτ,ωθτ θfTf,g = Tτ,ωSf,τ Tf,g and

Pg,ω = θgS−1
g,ωθω = (θfTf,g)(Tτ,ωSf,τ Tf,g)−1(Tτ,ωθτ ) = Pf,τ .

(ii) ⇒ (i)
∑+∞

n=1 gn(x)en = θg(x) = θf (Tf,gx) =
∑+∞

n=1 fn(Tf,gx)en, for all x ∈ M.

This gives (i).
(iii) ⇒ (ii) θg = Pg,ωθg = Pf,τ θg = θf(S−1

f,τ θτ θg) and θω = θωPg,ω = θωPf,τ =

(θωθfS−1
f,τ )θτ . We show that S−1

f,τ θτ θg and θωθfS−1
f,τ are invertible. For,

(S−1
f,τ θτ θg)(S−1

g,ωθωθf ) = S−1
f,τ θτ Pg,ωθf = S−1

f,τ θτ Pf,τ θf = IM,

(S−1
g,ωθωθf )(S−1

f,τ θτ θg) = S−1
g,ωθωPf,τ θg = S−1

g,ωθωPg,ωθg = IM

and

(θωθfS−1
f,τ )(θτ θgS−1

g,ω) = θωPf,τ θgS−1
g,ω = θωPg,ωθgS−1

g,ω = IM,

(θτ θgS−1
g,ω)(θωθfS−1

f,τ ) = θτ Pg,ωθfS−1
f,τ = θτ Pf,τ θfS−1

f,τ = IM.

Let Tf,g, Tτ,ω : M → M be invertible bi-Lipschitz maps and gn = fnTf,g, ωn =
Tτ,ωτn, for all n ∈ N. Then θg = θfTf,g says that θτ θg = θτ θfTf,g = Sf,τ Tf,g

which implies Tf,g = S−1
f,τ θτ θg. Similarly, θω = Tτ,ωθτ says that θωθf = Tτ,ωθτ θf =

Tτ,ωSf,τ . Hence, Tτ,ω = θωθfS−1
f,τ . □

In Definition 2.2 we defined the notion of dual frames [2,18,19] and for Banach
spaces in [21]. We can define the orthogonality for Lipschitz p-ASFs as follows.

Definition 2.4. Let (¶fn♢n, ¶τn♢n) be a Lipschitz p-ASF for M ⊆ X. A Lipschitz
p-ASF (¶gn♢n, ¶ωn♢n) for M is said to be orthogonal for (¶fn♢n, ¶τn♢n) if

0 =
+∞
∑

n=1

gn(x)τn =
+∞
∑

n=1

fn(x)ωn, for all x ∈ M.

Similar to Proposition 2.1 we have the following proposition.

Proposition 2.2. Given two Lipschitz p-ASFs (¶fn♢n, ¶τn♢n) and (¶gn♢n, ¶ωn♢n)
for M ⊆ X, the following are equivalent:

(a) (¶gn♢n, ¶ωn♢n) is orthogonal for (¶fn♢n, ¶τn♢n);
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(b) θτ θg = θωθf = 0.

Using orthogonality we derive following interpolation result. For the Hilbert
space frames this is derived by Han and Larson in [19] and for Banach spaces
in [21].

Theorem 2.6. Let (¶fn♢n, ¶τn♢n) and (¶gn♢n, ¶ωn♢n) be two Lipschitz p-SF for

M ⊆ X which are orthogonal. If A, B : M → M are bi-Lipschitz maps, C, D : X →
X are bounded linear operators, C(M) ⊆ M, D(M) ⊆ M and CA + DB = IM,

then (¶fnA + gnB♢n, ¶Cτn + Dωn♢n) is a Lipschitz p-SF for M. In particular, if

scalars a, b, c, d satisfy ca+db = 1, then (¶afn +bgn♢n, ¶cτn +dωn♢n) is a Lipschitz

p-SF for M.

Proof. We find

θfA+gBx = ¶(fnA + gnB)(x)♢n = ¶fn(Ax)♢n + ¶gn(Bx)♢n

= θf (Ax) + θg(Bx), for all x ∈ M

and

θCτ+Dω¶an♢n =
+∞
∑

n=1

an(Cτn + Dωn)

= Cθτ ¶an♢n + Dθω¶an♢n, for all ¶an♢n ∈ ℓp(N).

So

SfA+gB,Cτ+Dω = θCτ+DωθfA+gB = (Cθτ + Dθω)(θfA + θgB)

= Cθτ θfA + Cθτ θgB + DθωθfA + DθωθgB

= CSf,τ A + 0 + 0 + DSg,ωB = CIMA + DIMB = IM. □

We use Theorem 2.5 to relate three notions duality, similarity and orthogonality.

Proposition 2.3. Let (¶fn♢n, ¶τn♢n) be a Lipschitz p-ASF for M ⊆ X. Then

the canonical dual (¶fnS−1
f,τ ♢n, ¶S−1

f,τ τn♢n) is the only dual Lipschitz p-ASF that is

similar to (¶fn♢n, ¶τn♢n).

Proof. Let (¶gn♢n, ¶ωn♢n) be a Lipschitz p-ASF for M ⊆ X which is both sim-
ilar and dual for (¶fn♢n, ¶τn♢n). Then there exist invertible bi-Lipschitz maps
Tf,g, Tτ,ω : M → M such that gn = fnTf,g, ωn = Tτ,ωτn, for all n ∈ N. Theorem
2.5 then gives

Tf,g = S−1
f,τ θτ θg = S−1

f,τ IM = S−1
f,τ and Tτ,ω = θωθfS−1

f,τ = IMS−1
f,τ = S−1

f,τ .

Hence, (¶gn♢n, ¶ωn♢n) is the canonical dual for (¶fn♢n, ¶τn♢n). □

Proposition 2.4. Let (¶fn♢n, ¶τn♢n) and (¶gn♢n, ¶ωn♢n) be two similar Lipschitz

p-ASFs for M ⊆ X. Then (¶fn♢n, ¶τn♢n) is not orthogonal for (¶gn♢n, ¶ωn♢n).
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Proof. Since (¶fn♢n, ¶τn♢n) and (¶gn♢n, ¶ωn♢n) similar, there exist invertible bi-
Lipschitz maps Tf,g, Tτ,ω : M → M such that gn = fnTf,g, ωn = Tτ,ωτn, for all n ∈
N. Theorem 2.5 then says θg = θfTf,g, θω = Tτ,ωθτ . Therefore,

θτ θg = θτ θfTf,g = Sf,τ Tf,g ̸= 0.

Orthogonality condition demands θτ θg = 0 whereas above equation says it is not
true. □

Another use of orthogonal frames is to take direct sum. Given Lipschitz maps
f, g : M → K, we define f ⊕ g : M ⊕ M ∋ x ⊕ y 7→ f(x) + g(y) ∈ K.

Theorem 2.7. Let (¶fn♢n, ¶τn♢n) and (¶gn♢n, ¶ωn♢n) be two Lipschitz p-ASFs

for M ⊆ X which are orthogonal. Then (¶fn ⊕ gn♢n, ¶τn ⊕ ωn♢n) is a Lipschitz

p-ASF for M ⊕ M ⊆ X ⊕ X.

Proof. Let x ⊕ y ∈ M ⊕ M. Then,

Sf⊕g,τ⊕ω(x ⊕ y) =
+∞
∑

n=0

(fn ⊕ gn)(x ⊕ y)(τn ⊕ ωn)

=



+∞
∑

n=0

fn(x)τn +
+∞
∑

n=0

gn(x)τn



⊕



+∞
∑

n=0

fn(x)ωn +
+∞
∑

n=0

gn(x)ωn



= (Sf,τ x + 0) ⊕ (0 + Sg,ωy) = (Sf,τ ⊕ Sg,ω)(x ⊕ y). □

3. An Open Problem

Motivated from the approximation properties of Banach spaces (Schauder basis
problem) [6,12] and from the failure of atomic decompositions for (even separable)
Banach spaces (see [7]), we formulate the following interesting (high-end) problem:
Can anyone classify subsets of a Banach space having a Lipschitz p-ASF, for some
1 ≤ p < +∞? In particular, does every subset of a Banach space have Lipschitz
p-ASF, for some 1 ≤ p < +∞?

4. Conclusions

In the literature, only frames coming from inner products and linear functionals
are studied. The paper [22] is the first one to introduce and make a systematic
study of frames for metric spaces by using Lipschitz functions. In this paper, we
define a class of non-linear frames for subsets (need not be subspaces) of Banach
spaces which can be characterized using standard Schauder basis and Lipschitz
functions on sequence spaces. We derived Holub’s theorem [20] in non-linear form.
Duals and similar frames in non-linear form are also characterized.
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TOPOLOGICAL DEGREE METHOD FOR A CLASS OF

Ψ-CAPUTO FRACTIONAL DIFFERENTIAL LANGEVIN

EQUATION

HAMID LMOU1∗, KHALID HILAL1, AND AHMED KAJOUNI1

Abstract. This paper deals with the existence and uniqueness of solution for a
new class of Ψ-Caputo fractional differential Langevin equation. The suggested
study is based on some basic definitions of topological degree theory and fractional
calculus. We established the existence result by using the topological degree method
for condensing maps, and by means of Banach’s fixed point theorem we obtained the
uniqueness result. As application, we give an illustrative example to demonstrate
our theoretical result.

1. Introduction

Newly, fractional differential equations have attracted the interest of many math-
ematicians, because it can represent and verified to be effective modeling of many
phenomena in several fields of science as physics, mechanics, biology, chemistry, and
control theory, and other domains for exemple, see [8, 13,16,19,27,33].

In 1908 Paul Langevin, introduced the Langevin equation of the form md2w
dτ2 =

−λdw
dτ

+ η(τ) where, dw
dτ

is the velocity of the particle, and m is its mass and a noise
term η(τ) representing the effect of the collisions with the molecules of the fluid. For
the removal of the noise term, mathematicians used fractional order differential equa-
tions, for this reason it is very important to study Langevin equations via fractional
derivatives, for more details see [3, 4, 22–25,28,31].

Key words and phrases. Ψ-Caputo fractional derivative, Langevin equations, condensing maps, Ψ-
Caputo fractional differential Langevin equations, topological degree method, fractional differential
Langevin equations.
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There are several definitions of fractional integrals and derivatives, the popular
definitions are the Riemann-Liouville and the Caputo fractional derivatives, in [15],
Almeida introduce the generalization of these derivatives under the name of Ψ-Caputo
fractional derivative, for more details for Ψ-Caputo fractional derivative, we direct
readers to the papers [2,17,20,21,29,30]. Furthermore, distinct version of fixed point
theorems are commonly utilized to prove the existence and uniqueness of solutions for
various classes of fractional differential equations, Isaia [12] proved a new fixed theorem
that was obtained via coincidence degree theory for condensing operators. This fixed
point theorem due to Isaia was utilized by researchers to establish the existence of
solutions for several classes of nonlinear differential equations [1, 5, 11,14,18].

Recently, Baitiche et al. [6], discussed the existence and uniqueness of solutions
to some nonlinear fractional differential equations involving the Ψ-Caputo fractional
derivative with multi-point boundary conditions based on the technique of topological
degree theory for condensing maps and the Banach contraction principle. Faree and
Panchal [9], investigated the existence and uniqueness of solutions to boundary value
problems involving the Caputo fractional derivative in Banach space by topological
structures with some appropriate conditions. Hilal et al. [10], discussed the existence
and uniqueness of solution for a boundary value problem for the Langevin equation and
inclusion, based on Krasnoselskii’s fixed point theorem, Banach’s contraction principle
and Leray-Schauder’s alternative. Rizwan [26], considered a non local boundary value
problem of nonlinear fractional Langevin equation with non-instantaneous impulses.
Baitiche et al. [32], proved the Ulam-Hyers stability of solutions for a new form of
nonlinear fractional Langevin differential equations involving two fractional orders in
the Ψ-Caputo sense.

Motivated by the mentioned works, and by using topological degree methods we
investigate the existence and uniqueness result for the following problem

(1.1)















C
D

p;Ψ
a+

[C

D
q;Ψ
a+ + λ

]

w(τ) = φ(τ, w(τ)), τ ∈ Υ := [a, b],

w(a) = 0, w′(a) = 0, w(b) =
n
∑

i=1

ιiI
βi;Ψ
a+ w(κi).

The originality of this work is studing a new and a challenging case of fractional
derivative named the Ψ-Caputo fractional derivative [15], this kind of fractional
derivative generalize the well-known fractional derivatives, for different values of
function Ψ such as the following.

⋆ If Ψ(τ) = τ , then Problem (1.1) reduces to Caputo-type fractional derivative.
⋆ If Ψ(τ) = log(τ), then Problem (1.1) reduces to Caputo-Hadamard-type frac-

tional derivative.
⋆ If Ψ(τ) = τ ρ, then Problem (1.1) reduces to Caputo-Katugampola-type frac-

tional derivative.

The rest of the paper is organized as follows. In Section 2, we recall some theorems,
notations, lemmas, and definitions from fractional calculus and important results of
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topological degree method that will be used throughout this study. In Section 3, based
on the application of topological degree method, we discuss the existence result for
the problem (1.1), and by making use of Banach’s contraction principle we prove the
uniqueness of solution. In Section 4, we give an example to support the main result.

2. Preliminaries

In this section, we introduce some definitions, lemmas and useful notations that
we can used throughout this paper.

Denote by X a Banach space and ΓX the class of non-empty and bounded subsets
of X. C(Υ,R) denote the Banach space of all continuous functions from Υ into R

with the norm defined by ∥φ∥ = supτ∈Υ¶♣φ(τ)♣♢. We denote by Cn(Υ,R) the n-times

absolutely continuous functions given by Cn(Υ,R) =
{

φ : Υ → R : φ(n−1) ∈ C(Υ,R)
}

.

Bρ(0) denote the closed ball centered at 0 with radius ρ.

Definition 2.1 ([15]). For p > 0, φ ∈ L
1(Υ,R) and Ψ ∈ Cn(Υ,R), with Ψ′(τ) > 0,

for all τ ∈ Υ, the Ψ-Riemann-Liouville fractional integral of order p of a function φ

is defined by

(2.1) I
p;Ψ
a+ φ(τ) =

1

Γ(p)

∫ τ

a
Ψ

′

(τ)(Ψ(τ) − Ψ(s))p−1φ(s)ds,

where Γ(·) represents the gamma function.

Definition 2.2 ([15]). For p > 0, φ ∈ Cn−1(Υ,R) and Ψ ∈ Cn(Υ,R), with Ψ′(τ) > 0,
for all τ ∈ Υ, the Ψ-Caputo fractional derivative of order p of a function φ is defined
by

C
D

p;Ψ
a+ φ(τ) = I

n−p;Ψ
a+ φ

[k]
Ψ (τ) =

1

Γ(n − p)

∫ τ

a
Ψ

′

(τ)(Ψ(τ) − Ψ(s))n−p−1φ
[k]
Ψ (s)ds,

where φ
[k]
Ψ (τ) =

(

1
Ψ′ (τ)

· d
dτ

)n
, n − 1 < p < n, n = [p] + 1 and [p] denotes the integer

part of the real number p.

Lemma 2.1 ([15]). Let p, q > 0. Then we have the following semigroup property

given by

(2.2) I
p;Ψ
a+ I

q;Ψ
a+ φ(τ) = I

p+q;Ψ
a+ φ(τ), τ > a.

Proposition 2.1 ([15]). Let p > 0, υ > 0 and τ ∈ Υ. Then

(i) I
p;Ψ
a+ (Ψτ) − Ψ(a))υ−1 = Γ(υ)

Γ(υ+p)
(Ψ(τ) − Ψ(a))υ+p−1;

(ii) C
D

p;Ψ
a+ (Ψ(τ) − Ψ(a))υ−1 = Γ(υ)

Γ(υ−p)
(Ψ(τ) − Ψ(a))υ−p−1;

(iii) C
D

p;Ψ
a+ (Ψ(τ) − Ψ(a))k = 0, for all k < n ∈ N.

Lemma 2.2 ([15]). If φ ∈ Cn(Υ,R), n − 1 < p < n, then

(2.3) I
p;Ψ
a+ (CDp;Ψ

a+ φ)(τ) = φ(τ) −
n−1
∑

k=0

φ
[k]
Ψ

k!
(Ψ(τ) − Ψ(a))k,
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for all τ ∈ Υ, where φ
[k]
Ψ (τ) :=

(

1
Ψ

′
(τ)

· d
dτ

)k

φ(τ).

Definition 2.3 ([7]). The Kuratowski measure of non-compactness is the mapping ϑ :
ΓX → R+ defined by ϑ(B) = inf¶ξ > 0 : B can be covered by finitely many sets with
diameter less or equal to ξ♢.

Proposition 2.2 ([7]). The Kuratowski measure of noncompactness ϑ satisfies the

following properties

1. ϑ(A) = 0 if and only if A is relatively compact;

2. A ⊂ B ⇒ ϑ(A) ≤ ϑ(B);
3. ϑ(A) = ϑ(A) = ϑ(conv(A)), where A and conv(A) denote the closure and the

convex hull of A, respectively;

4. ϑ(A + B) ≤ ϑ(A) + ϑ(B);
5. ϑ(kA) = ♣k♣ϑ(A), k ∈ R.

Definition 2.4. Let F : A → X be a continuous bounded map. The operator F is
said to be ϑ-Lipschitz if there exists l ≥ 0 such that

(2.4) ϑ(F(B)) < lϑ(B), for every B ⊂ A.

Furthermore, if l < 1, then F is a strict ϑ-contraction.

Definition 2.5. F : A → X is called ϑ-condensing if

(2.5) ϑ(F(B)) < ϑ(B),

for every bounded and nonprecompact subset B of A, with ϑ(B) > 0.

Definition 2.6. We say that the function F : A → X is Lipschitz if there exists l > 0
such that

(2.6) ∥F(w) − F(v)∥ ≤ l∥u − v∥, for all w, v ∈ A,

Furthermore, if l < 1, then F is a strict contraction.

Proposition 2.3 ([7,12]). If F,Y : A → X are ϑ-Lipschitz mapping with constants l1
and l2 respectively, then F + Y : A → X is ϑ-Lipschitz mapping with constant l1 + l2.

Proposition 2.4 ([7, 12]). If F : A → X, is compact, then F is ϑ-Lipschitz mapping

with constant l = 0.

Proposition 2.5 ([7, 12]). If F : A → X is Lipschitz mapping with constant l, then

F is ϑ-Lipschitz mapping with the same constant l.

Theorem 2.1 ( [12]). Let W : A → X be ϑ-condensing and

(2.7) Πϵ = ¶w ∈ X : w = ϵWw, for some 0 ≤ ϵ ≤ 1♢.

If Πϵ is a bounded set in X, so there exists r > 0, such that Πϵ ∈ Br(0), then the

degree

(2.8) deg (I − ϵW,Br(0), 0) = 1, for all ϵ ∈ [0, 1].
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Consequently, W has at least one fixed point and the set of the fixed points of W lies

in Br(0).

3. Main Result

Definition 3.1. A function w ∈ C(Υ,R) is said to be a solution of Problem (1.1),

if w satisfies the equation C
D

p;Ψ
a+

[

C
D

q;Ψ
a+ + λ

]

w(τ) = φ(t, w(τ)), a.e. on Υ with the

conditions w(a) = 0, w′(a) = 0, w(b) =
n
∑

i=1
ιiI

βi;Ψ
a+ w(κi).

Lemma 3.1. Let a ≥ 0, 0 < p ≤ 1, 0 < q ≤ 2 and h ∈ C(Υ,R). Then the function

w is a solution of the following boundary value problem

(3.1)















C
D

p;Ψ
a+

[

C
D

q;Ψ
a+ + λ

]

w(τ) = h(τ), τ ∈ Υ := [a, b],

w(a) = 0, w′(a) = 0, w(b) =
n
∑

i=1

ιiI
βi;Ψ
a+ w(κi), a < κi < b,

if and only if

w(τ) =I
p+q;Ψ
a+ h(τ) − λI

q;Ψ
a+ w(τ) +

(Ψ(τ) − Ψ(a))q

∆Γ(q + 1)

(

I
p+q;Ψ
a+ h(b)

− λI
q;Ψ
a+ w(b) −

n
∑

i=1

ιiI
p+q+βi;Ψ
a+ h(κi) + λ

n
∑

i=1

ιiI
q+βi;Ψ
a+ w(κi)

)

,(3.2)

where

(3.3) ∆ =
n
∑

i=1

ιi

(Ψ(κi) − Ψ(a))q+βi

Γ(q + βi + 1)
−

(Ψ(b) − Ψ(a))q

Γ(q + 1)
̸= 0.

Proof. Applying the Ψ-Riemann-Liouville fractional integral of order p to both sides
of (3.1) and by using Lemma 2.2 we get

(3.4) C
D

q;Ψ
a+ w(τ) + λw(τ) = I

p;Ψ
a+ h(τ) + d0, τ ∈ Υ,

where d0 is a constant, applying the Ψ-Riemann-Liouville fractional integral of order
q to both sides of (3.4) we obtain by using Lemma 2.2

(3.5) w(τ) = I
p+q;Ψ
a+ h(τ) − λI

q;Ψ
a+ w(τ) + d0

(Ψ(τ) − Ψ(a))q

Γ(q + 1)
+ d1 + d2(Ψ(τ) − Ψ(a)),

where d1 and d2 are constants, next by using the boundary condition w(a) = 0 in
(3.5) we obtain that d1 = 0. Then, we get

(3.6) w(τ) = I
p+q;Ψ
a+ h(τ) − λI

q;Ψ
a+ w(τ) + d0

(Ψ(τ) − Ψ(a))q

Γ(q + 1)
+ d2(Ψ(τ) − Ψ(a)).

It follows that

(3.7) w′(τ) =
(

I
p+q;Ψ
a+ h(τ)

)′
− λ

(

I
q;Ψ
a+ w(τ)

)′
+ d0

qΨ′(τ)(Ψ(τ) − Ψ(a))q−1

Γ(q + 1)
+ d2Ψ

′(τ),
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by using w′(a) = 0, in (3.7) we find d2 = 0 (Definition 2.2: Ψ′(τ) > 0, for all τ ∈ Υ).
Then,

(3.8) w(τ) = I
p+q;Ψ
a+ h(τ) − λI

q;Ψ
a+ w(τ) + d0

(Ψ(τ) − Ψ(a))q

Γ(q + 1)
.

By making use of the boundary condition w(b) =
n
∑

i=1
ιiw(κi), in (3.8) we find

(3.9)

d0 =
1

∆

(

I
p+q;Ψ
a+ h(b) − λI

q;Ψ
a+ w(b) −

n
∑

i=1

ιiI
p+q+βi;Ψ
a+ h(κi) + λ

n
∑

i=1

ιiI
q+βi;Ψ
a+ w(κi)



.

Substituting the value of d0 in (3.8) we obtain the integral equation in (3.2). The
converse follows by direct computation. □

In this part, we deal with the existence and uniqueness of solution for the problem
(1.1), for that to simplify the computations, we use the following notation

Λ1 =
(Ψ(b) − Ψ(a))p+q

Γ(p + q + 1)

+
(Ψ(b) − Ψ(a))q

♣∆♣Γ(q + 1)

(

(Ψ(b) − Ψ(a))p+q

Γ(p + q + 1)
+

n
∑

i=1

♣ιi♣
(Ψ(κi) − Ψ(a))p+q+βi

Γ(p + q + βi + 1)



,(3.10)

Λ2 =♣λ♣







(Ψ(b) − Ψ(a))q

Γ(q + 1)

+
(Ψ(b) − Ψ(a))q

♣∆♣Γ(q + 1)





(Ψ(b) − Ψ(a))q

Γ(q + 1)
+

n
∑

i=1

♣ιi♣
(Ψ(κi) − Ψ(a))q+βi

Γ(q + βi + 1)











.(3.11)

Assume that the following hold.

(H1) There exists a constant Lφ > 0 such that

(3.12) ♣φ(τ, w) − φ(τ, v)♣ ≤ Lφ♣w − v♣, for each τ ∈ Υ and w, v ∈ C(Υ,R).

(H2) There exist two constants Kφ,Nφ > 0 and α ∈ (0, 1) such that

(3.13) ♣φ(τ, w)♣ ≤ Kφ♣w♣α + Nφ, for each τ ∈ Υ and w ∈ C(Υ,R).

From Lemma 3.1 we define the operators F,Y : C(Υ,R) → C(Υ,R) by

Fw(τ) =I
p+q;Ψ
a+ φ(τ, w(τ)) +

(Ψ(τ) − Ψ(a))q

∆Γ(q + 1)

×

(

I
p+q;Ψ
a+ φ(b, w(b)) −

n
∑

i=1

ιiI
p+q+βi;Ψ
a+ φ(κi, w(κi))



, τ ∈ Υ,(3.14)

and

(3.15) Yw(τ) = −λI
q;Ψ
a+ w(τ)+

(Ψ(τ) − Ψ(a))q

∆Γ(q + 1)

(

−λI
q;Ψ
a+ w(b) + λ

n
∑

i=1

ιiI
q+βi;Ψ
a+ w(κi)



,
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then, the fractional integral equation (3.2) can be written as follows

(3.16) Ww(τ) = Fw(τ) + Yw(τ), τ ∈ Υ.

Theorem 3.1. Suppose that (H1) and (H2) are satisfied, then Problem (1.1) has at

least one solution w ∈ C(Υ,R) as long as Λ2 < 1. Moreover, the set of the solution

of Problem (1.1) is bounded in C(Υ,R).

As a way to prove Theorem 3.1, we will demonstrate it in several lemmas.

Lemma 3.2. Y is ϑ-Lipschitz with the constant Λ2, where Λ2 is given by (3.11).

Proof. Let w, v ∈ C(Υ,R), then we get

♣Yw(τ) − Yv(τ)♣ ≤♣λ♣Iq;Ψ
a+ ♣w(τ) − v(τ)♣ +

(Ψ(τ) − Ψ(a))q

♣∆♣Γ(q + 1)

(

♣λ♣Iq;Ψ
a+ ♣w(b) − v(b)♣

+ ♣λ♣
n
∑

i=1

♣ιi♣I
q+βi;Ψ
a+ ♣w(κi) − v(κi)♣

)

≤♣λ♣
(Ψ(b) − Ψ(a))q

Γ(q + 1)
♣w(τ) − v(τ)♣ +

(Ψ(b) − Ψ(a))q

♣∆♣Γ(q + 1)

×



♣λ♣
(Ψ(b) − Ψ(a))q

Γ(q + 1)
♣w(b) − v(b)♣

+ ♣λ♣
n
∑

i=1

♣ιi♣
(Ψ(κi) − Ψ(a))q+βi

Γ(q + βi + 1)
♣w(κi) − v(κi)♣





≤♣λ♣







(Ψ(b) − Ψ(a))q

Γ(q + 1)
+

(Ψ(b) − Ψ(a))q

♣∆♣Γ(q + 1)

×

(

(Ψ(b) − Ψ(a))q

Γ(q + 1)
+

n
∑

i=1

♣ιi♣
(Ψ(κi) − Ψ(a))q+βi

Γ(q + βi + 1)









∥w − v∥,

≤Λ2∥w − v∥,

where Λ2 is given by (3.11). Taking the supremum over τ , we obtain

∥Yw − Yv∥ ≤ Λ2∥w − v∥.

Then, Y is Lipschitz with the constant Λ2 and by Proposition 2.5, Y is ϑ-Lipschitz
with the same constant Λ2. □

Lemma 3.3. F is continuous and satisfies the inequality given below

(3.17) ∥Fw∥ ≤ Λ1

(

Kφ∥w∥α + Nφ

)

,

where Λ1 is given by (3.10).

Proof. Let wn, w ∈ C(Υ,R) such that wn converging to w in C(Υ,R), implies that
there exists µ > 0 such that ∥wn∥ ≤ µ for all n ≥ 1, in addition by taking limits, we
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get ∥w∥ ≤ µ. By using the fact that φ is continuous and (H2), for every τ ∈ Υ we
have

♣φ(τ, wn(τ)) − φ(τ, w(τ))♣ ≤ ♣φ(τ, wn(τ))♣ + ♣φ(τ, w(τ)♣ ≤ 2(Kφµα + Nφ).

The function s 7→ 2(Kφµα + Nφ) is integrable for s ∈ [0, τ ], τ ∈ Υ by making use of
Lebesgue dominated convergence theorem we get

♣Fwn(τ) − Fw(τ)♣ ≤I
p+q;Ψ
a+ ♣φ(τ, wn(τ)) − φ(τ, w(τ))♣ +

(Ψ(τ) − Ψ(a))q

♣∆♣Γ(q + 1)

×
(

I
p+q;Ψ
a+ ♣φ(b, wn(b)) − φ(b, w(b))♣

+
n
∑

i=1

♣ιi♣I
p+q+βi;Ψ
a+ ♣φ(κi, wn(κi)) − φ(κi, w(κi))♣

)

→ 0 as n → ∞.

Then, ∥Fwn − Fw∥ → 0 as n → ∞, implies that F is continuous.
In addition, for every τ ∈ Υ we get

♣Fw(τ)♣ ≤I
p+q;Ψ
a+ ♣φ(τ, w(τ))♣ +

(Ψ(τ) − Ψ(a))q

♣∆♣Γ(q + 1)

×

(

I
p+q;Ψ
a+ ♣φ(b, w(b))♣ +

n
∑

i=1

♣ιi♣I
p+q+βi;Ψ
a+ ♣φ(κi, w(κi)♣



,

≤







(Ψ(b) − Ψ(a))p+q

Γ(p + q + 1)
+

(Ψ(b) − Ψ(a))q

♣∆♣Γ(q + 1)

×

(

(Ψ(b) − Ψ(a))p+q

Γ(p + q + 1)
+

n
∑

i=1

♣ιi♣
(Ψ(κi) − Ψ(a))p+q+βi

Γ(p + q + βi + 1)









(

Kφ∥w∥α + Nφ

)

,

implies that ∥Fw∥ ≤ Λ1

(

Kφ∥w∥α + Nφ

)

. □

Lemma 3.4. F is compact, as a consequence F is ϑ-Lipschitz with zero constant.

Proof. To prove that F is compact, let M be a bounded set, such that M ⊂ Bρ.
It remain to prove that F(M) is relatively compact in C(Υ,R). For this reason let
w ∈ M ⊂ Bρ and by making use of (3.17), we obtain

(3.18) ∥Fw∥ ≤ Λ1

(

Kφρα + Nφ

)

:= υ.

Then, F(M) ⊂ Bυ, as a consequence, F(M) is bounded.
For the equicontinuity of F, let τ1, τ2 ∈ Υ with τ1 < τ2 and for w ∈ M we have

♣Fw(τ2) − Fw(τ1)♣

≤I
p+q;Ψ
a+ ♣φ(τ2, w(τ2)) − φ(τ1, w(τ1))♣ +

(Ψ(τ2) − Ψ(a))q − (Ψ(τ1) − Ψ(a))q

♣∆♣Γ(q + 1)

×

(

I
p+q;Ψ
a+ ♣φ(b, w(b))♣ +

n
∑

i=1

♣ιi♣I
p+q+βi;Ψ
a+ ♣φ(κi, w(κi)♣


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≤
(Kφρα + Nφ

)

Γ(p + q)

∣

∣

∣

∣

∫ τ1

a
Ψ′(s)

(

(Ψ(τ2) − Ψ(s))p+q−1

− (Ψ(τ1) − Ψ(s))p+q−1
)

ds +
∫ τ2

τ1

Ψ′(s)(Ψ(τ2) − Ψ(s))p+q−1ds

∣

∣

∣

∣

+
(Ψ(τ2) − Ψ(a))q − Ψ(τ1) − Ψ(a))q

♣∆♣Γ(q + 1)

×

(

(Ψ(b) − Ψ(a))p+q

Γ(p + q + 1)
+

n
∑

i=1

♣ιi♣
(Ψ(κi) − Ψ(a))p+q+βi

Γ(p + q + βi + 1)



(

Kφρα + Nφ

)

,

By using the continuity of the function Ψ, the right hand side of the above inequality
tends to 0 as τ2 tends to τ1, this implies that F(M) is equicontinuous. It follows by
using Arzelá-Ascoli’s theorem that F is compact as a consequence of Proposition 2.4,
F is ϑ-Lipschitz with zero constant. □

Since all the conditions are satisfied we demonstrate the validity of our main result
as Theorem 3.1.

Proof of Theorem 3.1. Let F, Y and W, be the operators given by (3.14), (3.15), (3.16),
respectively. These operators are continuous and bounded. Furthermore, by making
use of Lemma 3.2 , Y is is ϑ-Lipschitz with constant Λ2, and by using Lemma 3.4, F
is ϑ-Lipschitz with constant zero, hence W is a strict ϑ-contraction with constant Λ2,
finally W is ϑ-condensing because Λ2 < 1.

Next, let us consider the following set

(3.19) Πϵ = ¶w ∈ X : w = ϵWw, for some 0 ≤ ϵ ≤ 1♢.

It remains to show that the set Πϵ is bounded in C(Υ,R), for that let w ∈ Πϵ then
we have w = ϵWw = ϵ(Fw + Yw). It follows, by using Lemma 3.3 and 3.2,

∥w∥ = ϵ∥Fw + Yw∥,

≤ ∥Fw∥ + ∥Yw∥ ≤ Λ1

(

Kφ∥w∥α + Nφ

)

+ Λ2∥w∥ ≤
Λ1

(

Kφ∥w∥α + Nφ

)

1 − Λ2

,

where Λ1 and Λ2 are given by (3.10) and (3.11), respectively. Then, the set Πϵ is
bounded in C(Υ,R). If the set Πϵ is not bounded, then we suppose that χ := ∥w∥ →
+∞ and by using the above inequality we get

(3.20) 1 ≤ lim
χ→+∞

Λ1

(

Kφχα + Nφ

)

χ(1 − Λ2)
= 0,

which is a contradiction. Thus by using Theorem 2.1, W has at least one fixed point
which is the solution of Problem (1.1). Moreover, the set of solution of Problem (1.1)
is bounded in C(Υ,R). □

To deal with the uniqueness of solution for Problem (1.1), we use Banach’s contrac-
tion principle.
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Theorem 3.2. Assume that (H1) hold. If LφΛ1 + Λ2 < 1, then Problem (1.1) has a

unique solution on C(Υ,R).

Proof. For every w, v ∈ C(Υ,R) and τ ∈ Υ we have

♣Ww(τ) − Wv(τ)♣

≤♣Fw(τ) − Fv(τ) + Yw(τ) − Yv(τ)♣

≤♣Fw(τ) − Fv(τ)♣ + ♣Yw(τ) − Yv(τ)♣

≤I
p+q;Ψ
a+ ♣φ(τ, w(τ)) − φ(τ, v(τ))♣ +

(Ψ(τ) − Ψ(a))q

♣∆♣Γ(q + 1)



I
p+q;Ψ
a+ ♣φ(b, w(b)) − φ(b, v(b))♣

+
n
∑

i=1

♣ιi♣I
p+q+βi;Ψ
a+ ♣φ(κi, w(κi)) − φ(κi, v(κi))♣





+ ♣λ♣Iq;Ψ
a+ ♣w(τ) − v(τ)♣ +

(Ψ(τ) − Ψ(a))q

♣∆♣Γ(q + 1)



♣λ♣Iq;Ψ
a+ ♣w(b) − v(b)♣

+ ♣λ♣
n
∑

i=1

♣ιi♣I
q+βi;Ψ
a+ ♣w(κi) − v(κi)♣





≤







(Ψ(b) − Ψ(a))p+q

Γ(p + q + 1)
+

(Ψ(b) − Ψ(a))q

♣∆♣Γ(q + 1)

×

(

(Ψ(b) − Ψ(a))p+q

Γ(p + q + 1)
+

n
∑

i=1

♣ιi♣
(Ψ(κi) − Ψ(a))p+q+βi

Γ(p + q + βi + 1)









Lφ♣w(τ) − v(τ)♣

+ ♣λ♣







(Ψ(b) − Ψ(a))q

Γ(q + 1)
+

(Ψ(b) − Ψ(a))q

♣∆♣Γ(q + 1)

×

(

(Ψ(b) − Ψ(a))q

Γ(q + 1)
+

n
∑

i=1

♣ιi♣
(Ψ(κi) − Ψ(a))q+βi

Γ(q + βi + 1)









♣w(τ) − v(τ)♣

≤(LφΛ1 + Λ2)∥w − v∥,

where Λ1 and Λ2 are given by (3.10) and (3.11), respectively. Then, by taking the
supremum over τ , we get ∥Ww − Wv∥ ≤ (LφΛ1 + Λ2)∥w − v∥. Using the fact that
LφΛ1 + Λ2 < 1, it follows that W is a contraction. Finally, by the Banach fixed point
theorem, W has a unique fixed point which is a unique solution of Problem (1.1). □

4. Example

Consider the following problem

(4.1)











C
D

1

2
;eτ

0+

(

C
D

3

2
;eτ

0+ + 1
5

)

w(τ) = e−τ

eτ +10

(

1 + ♣w(τ)♣
1+♣w(τ)♣

)

, 0 ≤ τ ≤ 1,

w(0) = 0, w′(0) = 0, w(1) = 3
5
I

2

7
;eτ

0+ w
(

1
4

)

+ 4
5
I

2

5
;eτ

0+ w
(

1
2

)

,
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where p = 1
2
, q = 3

2
, λ = 1

5
, a = 0, b = 1, Υ = [0, 1], n = 2, ι1 = 3

5
, ι2 = 4

5
, β1 = 2

7
,

β2 = 2
5
, κ1 = 1

4
, κ2 = 1

2
and Ψ(τ) = eτ .

For (τ, w) ∈ Υ × R+, we define φ(τ, w) = e−τ

eτ +10

(

1 + w(τ)
1+w(τ)

)

. Function φ is a

continuous function, in addition for every τ ∈ Υ and for every w, v ∈ R+ we have

♣φ(τ, w) − φ(τ, v)♣ ≤

∣

∣

∣

∣

∣

e−τ

eτ + 10

∣

∣

∣

∣

∣

·

∣

∣

∣

∣

∣

w − v

(1 + w)(1 + v)

∣

∣

∣

∣

∣

≤
1

11
♣w − v♣.

Then, Hypotheses (H1) holds with Lφ = 1
11

> 0. In addition, for every τ ∈ Υ and
w, v ∈ R+ we have

♣φ(τ, w)♣ ≤

∣

∣

∣

∣

∣

e−τ

eτ + 10

∣

∣

∣

∣

∣

(

1 + ♣w♣
)

≤
1

11

(

1 + ♣w♣
)

.

Then, Hypotheses (H2) holds with Kφ = Nφ = 1
11

> 0 and α = 1 moreover Λ2 =
0.70263036 < 1. Finally, all the conditions of Theorem 3.1 are satisfied, consequently
Problem (4.1) has at least one solution defined on [0, 1].

To deal with the uniqueness we use the data given above, we get, ♣∆♣ ≃ 1.74138859,
Λ1 = 2.9745821, Λ2 = 0.70263036 < 1, and Lφ = 1

11
= 0.09. Then, LφΛ1 + Λ2 =

0.09 × 2.9745821 + 0.70263036 = 0.97034275 < 1.
Accordingly, by Theorem 3.2, Problem (4.1) has a unique solution on [0, 1].

5. Conclusion

In this article, we have studied and discussed the existence and uniqueness of solu-
tion for a class of Ψ-Caputo fractional differential Langevin equation. The suggested
study is based on some basic definitions of fractional calculus and topological degree
theory. The novelty of this work is that it is more general than the works based on
the well-known fractional derivatives such as (Caputo fractional derivative, Caputo-
Hadamard fractional derivative and Caputo-Katugampola fractional derivative) for
different values of function Ψ. Additionally, as a scope of future direction, by studying
this specific case of fractional derivative, it can be used as an overview to studying the
general case known by the Ψ-Hilfer fractional derivative. In this paper we proved the
existence and uniqueness results for Problem (1.1), by using the topological degree
method and Banach’s fixed point theorem. Finally, a numerical example is presented
to clarify the theoretical result.

Acknowledgements. The authors would like to thank the referees for the valuable
comments and suggestions that improve the quality of our paper.
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A FINITE DIFFERENCE TECHNIQUE FOR NUMERICAL

SOLUTION OF THE BOUNDARY VALUE PROBLEM IN ODES OF

ORDER THREE

PRAMOD KUMAR PANDEY

Abstract. In the article, we study the approximate numerical solution to the
boundary value problem in ordinary differential equations. In the present article,
a third-order two-point boundary value problem is considered for discussion. We
developed a second order accurate finite difference method for the approximate
numerical solution of the considered problem. We took a special boundary condition;
we did not find this boundary condition in the literature. We have discussed the
standard convergence analysis of the proposed method. Numerical experiments on
linear, nonlinear, and obstacle problems approve the order of accuracy and efficiency
of the method.

1. Introduction

The present article is aimed at finite difference method for the numerical solution
of the third-order boundary value problems of the following form

(1.1) u′′′(x) = f(x, u), a < x < b,

subject to the boundary conditions

u(a) = α, u′(b) = β and u′′(b) = γ,

where α, β and γ are real constants.
The importance of third order boundary value problems is well-established in the

physical and natural sciences. The analytical solution to such problems is subject

Key words and phrases. Boundary value problem, difference method, differential equation of order
three, convergence analysis, quadratic order.
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to a variety of boundary conditions, and restricted forcing function f(x, u) has been
studied by many researchers. But for an arbitrary forcing function f(x, u), it is
difficult to find closed-form analytical solution.

The theory on the existence and uniqueness of the solution of higher order boundary
value problems can be found in [1]. The existence and uniqueness of the solution,
especially for the third order boundary value problem (1.1) in detail are discussed in
[2–5] and references therein. So, we have assumed the existence and uniqueness of
the solution for problem (1.1) with the considered boundary conditions.

There are a variety of approximation techniques available in the literature for
numerical solutions to third-order two-point boundary value problems. But not many
researchers considered the problem with the boundary conditions as described in this
article. For instance, among a substantial number of works, we refer to work reported
by [6, 7] and references therein for numerical approximation of the solution using the
finite difference method with different boundary conditions.

Based on the idea in [8], the purpose of the present article is to develop an algorithm
using the finite difference method to deal with the numerical solution of the third-order
boundary value problems that is accurate, inexpensive, and simple in its computational
efforts. We hope the present technique will supplement the existing literature on the
solution of third-order boundary value problems.

In this article, we have organised our work as follows. In Section 2, we have
derived our finite difference method. In Section 3, we have discussed and analysed the
standard convergence of the proposed method. The computational work presented in
Section 4 and a discussion on the computational performance of the proposed method
is presented in Section 5.

2. The Difference Method

We define a ≤ x0 < x1 < x2 < · · · < xN ≤ b, N − 1 number of nodal points
in the domain [a, b] of the problem (1.1). In this domain we wish to determine an
approximate numerical solution of the problem (1.1), using uniform step length h such
that xi = a+ih, i = 0, 1, 2, . . . , N . We wish to determine the numerical approximation
of the theoretical solution u(x) of the problem (1.1) at these discrete nodal points
xi, i = 1, 2, . . . , N . We denote the numerical approximation of u(x) by ui and source
function f(x, u(x)) by fi at nodes x = xi, i = 1, 2, . . . , N . Thus, the boundary value
problem (1.1) at node x = xi may be written as

(2.1) u′′′
i = fi, a ≤ xi ≤ b,

subject to the boundary conditions

u0 = α, u′
N = β and u′′

N = γ.

Let we define nodes xi± 1

2

= xi ± h
2
, i = 1, 2, . . . , N − 1, and denote the solution of the

problem (1.1) at these nodes as ui± 1

2

. Following the idea in [8] and using method of
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undetermined coefficients and Taylor series expansion, we discretize problem (2.1) at
these nodes in [a, b] as follows

15ui− 1

2

− 10ui+ 1

2

+ 3ui+ 3

2

= 8ui−1 +
h3

16
(15fi− 1

2

+ 25fi+ 1

2

) + Ti, i = 1,(2.2)

− ui− 3

2

+ 3ui− 1

2

− 3ui+ 1

2

+ ui+ 3

2

=
h3

2
(fi− 1

2

+ fi+ 1

2

) + Ti, 2 ≤ i ≤ N − 2,

− ui− 3

2

+ 2ui− 1

2

− ui+ 1

2

= −h2u′′
i+1 −

h3

24
(25fi− 3

2

− 61fi− 1

2

) + Ti, i = N − 1,

− ui− 3

2

+ ui− 1

2

= hu′
i − h2u′′

i −
h3

24
(36fi− 3

2

− 49fi− 1

2

) + Ti, i = N,

where Ti, i = 1, 2, . . . , N are truncating terms. Also, in discretization we have used
boundary conditions in a natural way.

After neglecting the terms Ti in (2.2), at nodal points xi− 1

2

, i = 1, 2, . . . , N we will

obtain the N linear or nonlinear system of equations in N unknown namely ui− 1

2

which depends on the source function f(x, u). We have applied Gauss Seidel and
Newton-Raphson iterative method to solve system of linear and system of nonlinear
equations, respectively.

We compute numerical value of ui, i = 1, 2, . . . , N by using following second order
approximation

(2.3) ui =







1
2
(ui+ 1

2

+ ui− 1

2

), 1 ≤ i ≤ N − 1,
1
2
(3ui− 1

2

− ui− 3

2

), i = N .

3. Convergence Analysis

We will consider following linear test equation for convergence analysis of the
proposed method (2.2)

(3.1) u′′′(x) = f(x, u), a < x < b,

subject to the boundary conditions

u0 = α, u′
N = β and u′′

N = γ.

Let ui− 1

2

and Ui− 1

2

for i = 1, 2, . . . , N are, respectively approximate and exact solution

of (2.2). Let us define

Fi− 1

2

= f(xi− 1

2

, Ui− 1

2

), i = 1, 2, . . . , N,

and error that occur in approximate solution

ϵi− 1

2

= Ui− 1

2

− ui− 1

2

, i = 1, 2, . . . , N.
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Let we linearize source function f(xi− 1

2

, Ui− 1

2

) by application of Taylor series expansion,
i.e.,

f(xi− 1

2

, Ui− 1

2

) − f(xi− 1

2

, ui− 1

2

) = (Ui− 1

2

− ui− 1

2

)

(

∂f

∂u

)

i− 1

2

, i = 1, 2, . . . , N.

Thus, using these above definitions and boundary condition, we can write an equation
in (2.2) as follows

15ϵi− 1

2

− 10ϵi+ 1

2

+ 3ϵi+ 3

2

=
h3

16



128

(

∂f

∂u

)

i− 1

2

+ 25

(

∂f

∂u

)

i+ 1

2



+ Ti, i = 1.

Similarly we can write remaining equations in (2.2). Thus, we can write proposed
method (2.2) in the matrix form as

(3.2) JE = T,

where J, E and T are matrices. These matrices are defined as

J = A + L,

A =























15 −10 3 0
−1 3 −3 1

. . . . . . . . . . . .
−1 3 −3 1

−1 2 −1
0 −1 1























N×N

,

L = −
h3

48

























384δ 1

2

75δ 3

2

0

24δ 3

2

24δ 5

2

. . . . . .
24δN− 5

2

24δN− 3

2

−50δN− 5

2

122δN− 3

2

0 −72δN− 3

2

98δN− 1

2

























N×N

,

where δ = ∂f

∂u
,

E =
(

ϵ 1

2

, ϵ 3

2

, . . . , ϵN− 3

2

, ϵN− 1

2

T
and T = (T1, T2, . . . , TN−1, TN)T ,

where

Ti =



































−19
40

h5u
(5)

i− 1

2

, i = 1,

1
240

h7u
(7)

i− 1

2

, 2 ≤ i ≤ N − 2,

−13
12

h5u
(5)

i− 1

2

, i = N − 1,

−27
40

h5u
(5)

i− 1

2

, i = N .
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Thus, we note from (3.2) that the convergence of the difference method (2.2) depends
on matrix J. So, we have determined A−1 = (ai,j) explicitly where

(3.3) ai,j =







































(4j−1)+4(i−1)(2j−i)
8

, i < j < N,
2i−1

2
, i ≤ j = N,

1
8
, 1 = j ≤ i ≤ N,

4j2−1
8

, 1 < j < i ≤ N,
4j2−1

8
, 1 < j = i < N .

We observed that ai,j > 0 for all i and j. Also, we have calculated the row sum of
A−1 which are given as

Ri =
4i3 − 12i2 + 32i − 18

24
+

(N − 1)(2i − 1)(2N − 2i + 1)

8
.

Thus, we have obtained

(3.4) RN = max
1≤i≤N

|Ri| =
4N3 − N2 + 23N − 15

24
.

Hence, it is easy from (3.4) to prove that

(3.5) ||A−1|| <
(b − a)3

6h3
.

Let square matrix M and identity matrix I have the same order and ||M|| < 1. Then
square matrix (I + M) is invertible [9–11] and

||(I + M)−1|| <
1

1 − ||M||
.

Let us assume ||A−1L|| < 1. Thus, from (3.2), we have

(3.6) ||E|| <
1

1 − ||A−1L||
||A−1|| · ||T||.

Let V = maxx∈[a,b] |u(5)(x)|, v = maxx∈[a,b] δi− 1

2

and v > 0. Thus, from (3.5) and (3.6)

we obtained

(3.7) ||E|| <
52(b − a)3V h2

9(32 − 51v(b − a)3)
.

From equation (3.7), we conclude ||E|| is bounded above and as h → 0 implies
||E|| → 0. Thus, we have established the convergence of our proposed method (2.2).
The order of convergence of the proposed method is at least quadratic.
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4. Numerical Results

To test the computational efficiency and validity of the theoretical development of
the proposed method (2.2), we have considered two linear, a nonlinear, and an obstacle
model problem. In each model problem, we took a uniform step size h. In Table 1–4,
we have shown the maximum absolute error MAE in the computed solution u(x)
of the problem for different values of N. We have used the following formula in the
computation of MAE

MAE = max
1≤i≤N

|U(xi) − ui|,

where U(x) is the exact solution of the problem. All computations were performed on a
Windows 2007 Ultimate operating system in the GNU FORTRAN environment version
99 compilers (2.95 of gcc) on Intel Core i3-2330M, 2.20 GHz PC. The solutions are
computed on N nodes and iteration is continued until either the maximum difference
between two successive iterates is less than 10−10 or the number of iterations reached
106.

Problem 4.1. The linear model problem in [12] with different boundary conditions is
given by

u′′′(x) = xu(x) + (x3 − 2x2 − 5x − 3) exp(x), 0 < x < 1,

subject to boundary conditions

u(0) = 0, u′(1) = 1 and u′′(1) = −4 exp(1).

The analytical solution of the problem is u(x) = x(1−x) exp(x). The MAE computed
by method (2.2) for different values of N are presented in Table 1.

Table 1. Maximum absolute error in solution of Problem 1.1.

N

128 256 512 1024

MAE .21027867e-3 .61334344e-4 .15507685e-4 .38828002e-5

Problem 4.2. The linear model problem in [13] with different boundary conditions is
given by

u′′′(x) = −u(x) + (7 − x2) cos(x) + (x2 − x − 1) sin(x), 0 < x < 1,

subject to boundary conditions

u(0) = 0, u′(1) = 2 sin(1) and u′′(1) = 2 sin(1) + 4 cos(1).

The analytical solution of the problem is u(x) = (x2 − 1) sin(x). The MAE computed
by method (2.2) for different values of N are presented in Table 2.
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Table 2. Maximum absolute error in solution of Problem 2.1.

N

128 256 512 1024

MAE.98107150e-4 .22081891e-4 .55033015e-5 .34570694e-5

Problem 4.3. The nonlinear model problem in [14] with different boundary conditions
is given by

u′′′(x) = −2 exp(−3u(x)) + 4(1 + x)−3, 0 < x < 1,

subject to boundary conditions

u(0) = 0 , u′(1) =
1

2
and u′′(1) = −

1

4
.

The analytical solution of the problem is u(x) = ln(1 + x). The MAE computed by
method (2.2) for different values of N are presented in Table 3.

Table 3. Maximum absolute error in solution of Problem 2.2.

N

32 64 128 256

MAE.70750713e-4 .24229288e-4 .68414956e-5 .19595027e-5

Problem 4.4. Let consider the following third-order obstacle problems [15]

u′′′(x) =















0, 0 ≤ x ≤ 1
4
,

u(x) − 1, 1
4

≤ x ≤ 3
4
,

0, 3
4

≤ x ≤ 1,

subject to boundary conditions

u(0) = 0, u′(1) = 0 and u′′(1) = a5.

The analytical solution of the problem is

u(x) =















1
2
a1x

2, 0 ≤ x ≤ 1
4
,

1 + a2 exp(x) + exp(−x
2

)
(

a3 cos
(√

3
2

x


+ a4 sin
(√

3
2

x


, 1
4

≤ x ≤ 3
4
,

1
2
a5x(x − 2) + a6,

3
4

≤ x ≤ 1,

where ai, i = 1, 2, . . . , 6 are constants. To determine these constants, we apply a
continuity condition to the solution, first and second derivatives of the solution of
the problem. Hence, we shall get a system of linear equations and solve the system
of equations in variable ai, i = 1, 2, . . . , 6. The maximum absolute error in domain
D1 = [0, 1

4
], D2 = [1

4
, 3

4
] and D3 = [3

4
, 1] in computed solution are presented in Table 4,

by the proposed method (2.2) for the different values of N. Hence, we presented the
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maximum absolute error in the computed solution in the considered domain D = [0, 1]
of the problem in Table 4.

Table 4. The maximum absolute error in solution of Problem 4.4.

Maximum Absolute Error in

N D1 D2 D3 D

16 .10749675e -3 .97104762e -4 .35469564e -3 .35469564e -3

32 .28237705e -4 .27046958e -4 .88673911e -4 .88673911e -4

64 .72459166e -5 .71096102e -5 .22168478e -4 .22168478e -4

128.18359854e -5 .18398562e -5 .55421195e -5 .55421195e -5

256.46230928e -6 .48803843e -6 .13855249e -5 .13855249e -5

512.14240736e -6 .14589006e -6 .34638247e -6 .34638247e -6

We have tested our finite difference method for the approximate numerical solution
of linear and nonlinear model problems. Observing the numerical result in the tables,
we found error in the computed solution decreases with a decrease in step size h in each
considered model problem. The order of accuracy in computed solution of Problem
4.1, 4.2 is quadratic, and the order of accuracy computed solution of Problem 4.3
is non quadratic. We observed from the tabulated result for Problem 4.4, that the
order of accuracy in the computed solution in the domain is quadratic. Hence, the
maximum absolute error in the computed solution is in the domain D3. We have noted
in numerical experiments that our method is efficient, convergent, and consistent with
theoretical development.

5. Conclusion

We considered a third-order two-point boundary value problem in ordinary differen-
tial equations for the approximate numerical solution. There are numerous techniques
for the approximate solution in the literature of numerical analysis. Hence, we have
developed an algorithm of quadratic order exact using the finite difference method
for the approximate numerical solution of third order boundary value problems. The
main concern in the present article is the boundary conditions. Some work with
these boundary conditions has been reported in the literature for a closed analytical
solution of the problem, but no algorithm or technique has been developed for an
approximate solution of the problem. We converted a differential equation, a contin-
uous problem, into a difference equation, a discrete problem, i.e., we discretized the
problem at discrete nodal points in the domain of the considered problem. Hence,
we have obtained a system of algebraic equations (2.2) and the solution of system
of equations (2.2) is an approximate numerical solution of the considered problem
(1.1). We considered four model problems, including an obstacle problem, to test the
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efficiency and accuracy of the proposed method (2.2). The numerical experiments
produced a good approximate numerical solution for model problems. The numerical
experiments approved the theoretical discussion on the order of accuracy and efficiency
of the proposed method (2.2). Thus, we arrived at the conclusion that our method is
computationally efficient and the order of accuracy is quadratic. The idea presented
in this article is simple and leads to the possibility of developing higher order finite
difference methods. Work in these directions and areas is in progress.
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FUNCTIONALS
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Dedicated to Academician Gradimir V. Milovanović on the occasion of his 75th birthday

Abstract. In this note we prove a monotonicity result with respect to the param-
eter ν of the cumulative distribution function for the McKay Iν Bessel distribution
and uniform upper bounds for a bilinear expression containing modiĄed Bessel func-
tion of the Ąrst kind Iν . Certain implications, among others with the Horn function
Φ2 and for the Gaussian hypergeometric function close the exposition.

1. Introduction

The Ąrst results about probability distributions involving Bessel functions can be
traced back to the early work of McKay [4] in 1932 who considered two classes of
continuous distributions called Bessel distributions.

For reader’s convenience, let us recall the deĄnition of the modiĄed Bessel function
of the Ąrst kind Iν of the order ν [6, p. 249, Eq. 10.25.2]

Iν(z) =
∑

k≥0

1

Γ(ν + k + 1) k!



z

2

2k+ν

, Re (ν) > −1, z ∈ C .

On a standard probability space (Ω,F, P) we consider a random variable (r.v.) ξ
which follows a distribution which is a McNolty’s variant of the McKay Iν Bessel law.

Key words and phrases. ModiĄed Bessel function of the Ąrst kind, McKay Iν Bessel distribution,
Horn function Φ2, Moments, Gaussian hypergeometric function 2F1, Turán inequality.
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This means that ξ is a nonnegative r.v. with the following probability density function
(density in short) [5, p. 496, Eq. (13)]

fI(x; a, b; ν) =

√
π(b2 − a2)ν+1/2

(2a)νΓ


ν + 1
2

 e−bxxνIν(ax), x ≥ 0.

The density fI depends on three real parameters a, b, ν, where ν > −1/2 and b > a > 0.
The corresponding distribution function of ξ is as follows:

(1.1) FI(x; a, b; ν) =

√
π(b2 − a2)ν+1/2

(2a)νΓ


ν + 1
2



∫ x

0
e−bttνIν(at) dt, x ≥ 0.

In the sequel we use any of the notations ξ ∼ McKayI(a, b, ν), ξ ∼ fI(x; a, b; ν),
ξ ∼ FI(x; a, b; ν).

Recently, Jankov Maširević and Pogány [2] reported on the expression of the distri-
bution function FI , see (1.1), in terms of the Horn confluent hypergeometric function
[8, p. 25, Eq. (17)]

Φ2(b, b′; c; x, y) =
∑

m,n≥0

(b)m(b′)n

(c)m+n

· xm yn

m! n!
, max¶♣x♣, ♣y♣♢ < +∞ .

So, for all ν > −1/2, b > a > 0 and for all x ≥ 0 this result is [2, p. 149, Theorem 3]

(1.2) FI(x; a, b; ν) =
(b2 − a2)ν+1/2x2ν+1

Γ(2ν + 2)
Φ2



ν + 1
2
, ν + 1

2
; 2ν +2; (a− b)x, −(a+ b)x



.

It is natural to ask about important characteristics of the Bessel distribution (1.1).
While, as we know, the positive integer order moments play a great role in Probability
and Statistics, here we can Ąnd an explicit expression for the moment ms of order s,
for s ∈ C. Thus,

ms = E [ξs] =

√
π(b2 − a2)ν+1/2

(2a)νΓ


ν + 1
2



∫ +∞

0
e−bxxν+s Iν(ax)dx .

We see that up to a constant factor, ms is the Laplace transform of the input function
xν+s Iν(ax). Applying a result [7, p. 313, Eq. 3.15.1.2.] for complex valued µ, ν, p, α,
we obtain
∫ +∞

0
e−pxxµ Iν(αx) dx =

αν Γ(µ + ν + 1)

2νpµ+ν+1Γ(ν + 1)
2F1

 1
2
(µ + ν + 1), 1

2
(µ + ν) + 1

ν + 1

∣

∣

∣

∣

α2

p2



.

This formula is valid for all µ, ν, p, α, provided Re (µ + ν) > −1, Re (p) > ♣Re (α)♣.
Now together with the Legendre duplication formula for the gamma function, we
conclude that for all Re (s) > −2ν − 1 there holds

(1.3) ms =
(b2 − a2)ν+1/2Γ(2ν + s + 1)

Γ(2ν + 1) b2ν+s+1 2F1



ν + 1
2
(s + 1), ν + s

2
+ 1

ν + 1

∣

∣

∣

∣

a2

b2



.

One of our goals is to prove the monotonicity of the distribution function FI with
respect to ν. This result implies an attractive uniform bound upon a bilinear function
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built with modiĄed Bessel functions of the Ąrst kind which orders are contiguous with
the input parameter ν occuring in McKayI(a, b, ν). We end the presentation with
Turán type inequalities for Gauss hypergeometric function derived by certain moment
inequalities.

2. Main Results

Sun et al. in [9] proved the next integral inequality. Let X and Y be positive
independent random variables (r.v.), where X is absolutely continuous with density
function fX , while Y is arbitrary, either continuous or discrete; no density at the latter
case. Let further, g : (0, +∞) → (0, +∞) be a nondecreasing positive function. Then,
provided FY (0) < 1 and the integrals exist, compare [9, p. 1169, Lemma 1] (actually,
this inequality is a consequence of the fact that if X and Y are positive r.v.s, X + Y
is stochastically larger than X), the following inequality holds true for each x > 0:

(2.1)
∫ +∞

x
g(t) fX+Y (t) dt >

∫ +∞

x
g(t) fX(t) dt.

With the help of this inequality we prove a strict monotonicity of the generalized
distribution function (1.2) and two consequences of this monotone behaviour of FI .

Theorem 2.1. For all ν1 > −1
2
, ν2 > −1

2
and b > a > 0 there holds

(2.2) FI



x; a, b; ν1 + ν2 +
1

2



< FI(x; a, b; ν1), x ≥ 0 .

Moreover, for the same parameter range, the following inequality holds true

Iν1+ν2+1/2(ax) ∓ Iν1+ν2+3/2(ax)

Iν1
(ax) ∓ Iν1+1(ax)

<
Γ(ν1 + ν2 + 2)

Γ(ν1 + 3
2
)



2a

(b2 − a2)x

ν2+1/2

.

Finally, for all x > 0 we have

(2.3) x2ν2+1 Φ
[ν1+ν2+1]
2 (x)

Φ
[ν1+ 1

2
]

2 (x)
<

Γ(2ν1 + 2ν2 + 3)

(b2 − a2)ν2+ 1

2 Γ(2ν1 + 2)
,

where we have used the quantity

Φ
[η]
2 (x) = Φ2



η, η; 2η + 1; (a − b)x, −(a + b)x


.

Proof. The moment generating function of the r.v. ξ ∼ McKayI(a, b; ν) equals

Mξ(s) = E [esξ] =
∫ +∞

0
esxfI(x; a, b; ν) dx

=

√
π(b2 − a2)ν+1/2

(2a)νΓ


ν + 1
2



∫ +∞

0
e−(b−s)xxνIν(ax) dx

=


1 − s(2b − s)

b2 − a2

−ν− 1

2

, s ∈ R, ♣b − s♣ > a,
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see again the Laplace transform [7, p. 313, Eq. 3.15.1.3]. Clearly, the moment
generating function Mξ exists if we Ąnd a proper interval of zero, say (−sl, sr), where
sl > 0, sr > 0, such that for all s ∈ (−sl, sr) it is Mξ(s) < +∞.

Now, letting X ∼ fI(x; a, b; ν1) and Y ∼ fI(x; a, b; ν2) be two independent r.v.s.
Hence, the moment generating function of the r.v. X + Y becomes

MX+Y (s) = MX(s)MY (s) =


1 − s(2b − s)

b2 − a2

−ν1−ν2−1

, ♣b − s♣ > a,

which implies that r.v. X + Y ∼ fI(x; a, b; ν1 + ν2 + 1/2). Rewriting the inequality
(2.1) in the form

(2.4)
∫ x

0
g(t)fX+Y (t) dt <

∫ x

0
g(t)fX(t) dt,

and taking g(x) = 1 for all x > 0 we conclude
∫ x

0
fI(t; a, b; ν1 + ν2 + 1/2) dt <

∫ x

0
fI(t; a, b; ν1) dt,

which is equivalent to the Ąrst stated result.
As to the second inequality, observe that from (2.4) there follows

(b2 − a2)ν2+1/2Γ(ν1 + 1/2)

(2a)ν2+1/2Γ(ν1 + ν2 + 1)

∫ x

0
g(t)e−bt tν1+ν2+1/2Iν1+ν2+1/2(at) dt

<
∫ x

0
g(t)e−bt tν1Iν1

(at) dt,

and choosing the positive non-decreasing function g(x) = e(b±a)x we conclude

(b2 − a2)ν2+1/2Γ(ν1 + 1/2)

(2a)ν2+1/2Γ(ν1 + ν2 + 1)

∫ x

0
e±attν1+ν2+1/2Iν1+ν2+1/2(at) dt

<
∫ x

0
e±attν1Iν1

(at) dt.

By virtue of [6, p. 259, Eq. 10.43.7]

∫ x

0
e±ttνIν(t) dt =

e±xxν+1

2ν + 1
(Iν(x) ∓ Iν+1(x)), Re (ν) > −1/2 ,

and applying the substitution at 7→ u it follows that

Γ(ν1 + 3/2)

Γ(ν1 + ν2 + 2)



(b2 − a2)x

2a

ν2+1/2


Iν1+ν2+1/2(ax) ∓ Iν1+ν2+3/2(ax)


<Iν1
(ax) ∓ Iν1+1(ax).

The rest is obvious.
Finally, inserting the Horn function representation (1.2) of the distribution function

FI into (2.2), we arrive at (2.3). □
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To close the exposition we apply the well-known Turán inequality for the raw
moments ms = E[ξs], s > 0, of non-negative random variables [3, p. 28, Eqs. (1.4.6)]
m2

s+r ≤ ms ms+2r, s, r > 0, which is an immediate consequence of the CBS inequality.
Firstly, we deĄne the Turánian ratio for the moment ms with respect to the increment
r > 0 as

Tr(ms) :=
m2

s+r

ms · ms+2r

,

which one transforms the previous inequality into

(2.5) Tr(ms) ≤ 1.

To establish the bounding inequality for the Gaussian hypergeometric function 2F1,
we insert into (2.5) the expression (1.3).

Proposition 2.1. For all b > a > 0, ν > −1/2 and s, r > 0 we have
{

2F1[s + r]
}2

2F1[s] · 2F1[s + 2r]
≤ Γ(2ν + s + 1)Γ(2ν + s + 2r + 1)

Γ2(2ν + s + r + 1)
,

where the abbreviation

2F1[s] := 2F1



ν + 1
2
(s + 1), ν + s

2
+ 1

ν + 1

∣

∣

∣

∣

a2

b2



.

However, to derive another bound for 2F1[s] we take into account the integral
moment inequality [1, p. 143, Theorem 192]

(2.6) Mr(h, p) < Ms(h, p), 0 < r < s,

where

Mr(h, p) =
∫ β

α
hr(t) p(t) dt ,

for a suitable, integrable non-negative input function h, the integration interval
(α, β) is either Ąnite or inĄnite, and the non-negative weight function p has inte-
gral

∫ β
α p(t) dt = 1. In our case the shorthand Ms(x

s, fI) = (ms)
1/s is adopted to

the McKayI(a, b, ν) distribution, (α, β) = R+. Inserting ms from (1.3) into moment
inequality (2.6) we obtain the following result.

Proposition 2.2. For all b > a > 0, ν > −1/2 and s > r > 0 there holds true
{

2F1[r]
}1/r

{

2F1[s]
}1/s

≤


1 − a2

b2

(ν+1/2)(1/s−1/r) (2ν + 1)1/s
s

(2ν + 1)
1/r
r

,

where the hypergeometric terms remain the same as in the previous proposition.

Remark 2.1. According to Lukacs [3, p. 393, a)] for all 0 < r ≤ s there holds the
moment inequality m2

s+r ≤ m2s · m2r. We notice that this inequality is implied by
virtue of the CBS inequality, using re-scaling of the integrand in ms+r. However, to
imply another bound for 2F1[s] via this inequality and/or the Lyapunov inequality we
leave to the interested reader.
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STABILITY OF A SOLUTION FOR A HYBRID FRACTIONAL

DIFFERENTIAL EQUATION

MOHAMED HANNABOU1, MOHAMED BOUAOUID2, AND KHALID HILAL2

Abstract. This study focuses on examining the existence, uniqueness, and U-lam
stability of a solution for a hybrid fractional equation by utilizing the derivative
of Caputo-Hadamard (C-H). The primary tools used in our research are the Ba-
nach contraction mapping principle (BCMP) and Schaefer’s fixed point theorem.
Additionally, we provide an example to demonstrate our results.

1. Introduction

The definitions like Riemann-Liouville (1832), Grunwald-Letnikov (1867), Hada-
mard (1891, [14]) and Caputo (1997) are used to model problems in engineering and
applied sciences and the formulations are used to model the physical systems and
has given more accurate results. In 1891, Hadamard introduced the new derivative.
For more details one can refer [6, 23, 25, 27] and the references cited therein. A
new approach called Caputo-Hadamard derivative [22], obtained from the Hadamard
derivative and is applied to solve for physically interpretable initial condition problems.
For the recent results in Caputo-Hadamard derivative, one can cite [2,7,12,16,34–36]
and the references therein.

The theory of fractional calculus is an interesting field to be explored in recent years.
Also, this theory has many applications to describe many events in the real world
and deal with a group of phenomena in several fields such as blood flow phenomena,
mechanics, biophysics, automatic, aerodynamics, some branches of medicine, and
electronics. For instance, the authors [10] discussed the applicability of fractional
differential equations in electric circuits, and in 2019 M. Saqib et al. applied the

Key words and phrases. Existence, uniqueness, fractional derivative, stability.
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fractional differential equation to heat transfer in hybrid nanofluid see [26]. For more
details, one can refer to [24,25,37]. In addition to the great importance of studying
the existence of solutions to fractional differential equations using the many theories
of the fixed point, several studies have been conducted over the years to investigate
how stability concepts such as the Mittag-Leffler function, exponential, and Lyapunov
stability apply to various types of dynamic systems. Ulam and Hyers, on the other
hand, identified previously unknown types of stability known as Ulam-stability [1].
This example is not exclusive, many similar works can be found in [3, 5, 11,17,31].
In 2008, Benchohra et al. [13], discussed the following boundary value problem

cDpφ(ϑ) = f1(ϑ, ϑ(t)), for ϑ ∈ [0, T ], 0 < p ≤ 1,

a1ϑ(0) + b1ϑ(T ) = c1,

where cDp denotes the Caputo fractional derivative of order p, f1 : [0, T ] × R → R is
a given continuous function and a1, b1, c1 ∈ R such that a1 + b1 ̸= 0.

In 2017, Arioua et al. [9] proved the existence of solution for the boundary value
problem of nonlinear differential equation of fractional order

cD
p
1+ϑ(t) + f1(t, ϑ(t)) = 0, for 1 < t < e, 2 < p ≤ 3,

with the fractional boundary conditions:

ϑ(1) = ϑ
′

(1) = 0, (cD
p−1
1+ ϑ)(e) = (cD

p−2
1+ ϑ)(e) = 0,

where cDp denotes the Caputo-Hadamard (C-H) fractional derivatives of order p, a
continuous function f1 : [1, e] × R → R.

In 2018, Benhamida et al. [14] investigated the following Caputo-Hadamard frac-
tional differential equations with the boundary conditions:

c
HDpϑ(t) = f1(t, ϑ(t)), for t ∈ [1, T ], 0 < p ≤ 1,

a1ϑ(1) + b1ϑ(T ) = c1,

where c
HDp denotes the Caputo-Hadamard (C-H) fractional derivative of order p, a

given continuous function f1 : [1, T ] ×R → R and the real constants a1, b1 and c1 such
that a1 + b1 ̸= 0.

The present paper is a continuation of the work see [19], we consider the system of
hybrid nonlinear Caputo-Hadamard (C-H) fractional differential equations:

c
HDγ1





ξ(κ̂)

ϖ(κ̂, ξ(κ̂))



 = Λ(κ̂, ξ(κ̂)), κ̂ ∈ [1, T ], 0 < γ1 ≤ 1,(1.1)

supplemented with the boundary condition;

λ
ξ(1)

ϖ(1, ξ(1))
+ µ

ξ(T )

ϖ(T, ξ(T ))
= ν,(1.2)

where c
HDγ1 , denote the Caputo-Hadamard (C-H) fractional derivatives of orders

γ1. The given continuous functions Λ : [1, T ] × R → R, with λ, µ and ν ∈ R, ϖ :
[1, T ] × R → R \ ¶0♢.
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The paper is organized as follows. Section 2 provides an overview of preliminary
concepts and an auxiliary lemma related to the problem. Section 3 presents the main
proof for the existence of solutions to Problem (1.1)–(1.2). Section 4 examines the
Ulam-Hyers stability of the fractional differential equations (1.1)–(1.2). In Section
5, an example is presented to further illustrate the findings of the study. Lastly, in
Section 6, we conclude and discuss future work that can be done in this area.

2. Preliminaries

Definition 2.1 ([23]). Let h1: [1, +∞) → R be an integrable function. The Hadamard
fractional integral of h1 of order q1 is defind by

HIq1h1(κ̂) =
1

Γ(q1)

∫

κ̂

1

(

ln
κ̂

s

)q1−1 h1(s)

s
ds, q1 > 0, κ̂ > 1.

Definition 2.2 ([22]). The C-H fractional derivative of order q1 where q1 ≥ 0, n−1 <

q1 < n, with n = [q1] + 1 and h1 ∈ ACn
δ [1, +∞)

(c
HDq1h1)(κ̂) =

1

Γ(n − q1)

∫

κ̂

1

(

log
κ̂

s

n−q1−1

δnh1(s)
ds

s
=H In−q1(δnh1)(κ̂).

Lemma 2.1 ([22]). Let h1 ∈ ACn
δ [1, +∞) and q1 > 0. Then

HIq1(c
HDq1h1)(κ̂) = h1(κ̂) −

n−1
∑

i=0

δix(1)

i!
(log t)i.

Lemma 2.2. Let the function h1 : [1, +∞) → R. The function ξ is a solution of the

following equation

ξ(κ̂) =ϖ(κ̂, ξ(κ̂))
(

1

Γ(γ)

∫

κ̂

1

(

log
κ̂

s

γ−1

h1(s)
ds

s
(2.1)

−
µ

Γ(γ)(λ + µ)

∫ T

1

(

log
T

s

)γ−1

h1(s)
ds

s
+

ν

λ + µ

)

(2.2)

if and only if

c
HDγ1



ξ(t)

ϖ(κ̂, ξ(t))

]

=h1(κ̂), 0 < γ1 < 1,(2.3)

and

λ
ξ(1)

ϖ(1, ξ(1))
+ µ

ξ(T )

ϖ(T, ξ(T ))
= ν.(2.4)

Proof. Suppose that ξ satisfies (2.3). Then


ξ(κ̂)

ϖ(κ̂, ξ(κ̂))

]

=H Iγ1h1(κ̂) + α1,(2.5)
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when we apply the boundary condition (2.4), we get

ξ(1)

ϖ(1, ξ(1))
=α1,

ξ(T )

ϖ(T, ξ(T ))
=HIγ1h1(T ) + α1,

λ
ξ(1)

ϖ(1, ξ(1))
+ µ

ξ(T )

ϖ(T, ξ(T ))
=ν,

λα1 + µ



HIγ1h1(T ) +
ξ(1)

ϖ(1, ξ(1))

]

=ν,

λ
ξ(1)

ϖ(1, ξ(1))
+ µHIγ1h1(T ) + µ

ξ(1)

ϖ(1, ξ(1))
=ν,

(λ + µ)
ξ(1)

ϖ(1, ξ(1))
+ µHIγ1h1(T ) =ν,

ξ(1)

ϖ(1, ξ(1))
=

ν − µHIγ1h(T )

(λ + µ)
,

which leads to the solution (2.1) that

ξ(t) = ϖ(κ̂, ξ(κ̂))
(

H
Iγ1h1(κ̂) −

µ

(λ + µ)H

Iγ1h1(T ) +
ν

λ + µ

)

.

Conversely, ξ has to satisfy equation (2.1) and then equation (2.3)–(2.4) hold. □

3. Main Results

Let us now consider the Banach space S of all continuous functions f : [1, T ] → R

endowed with the norm ∥ξ̃∥∞ = sup¶♣ξ̃(κ̂)♣ : 1 ≤ κ̂ ≤ T♢.
Let consider thr following assumtions:

(F1) The function ξ 7→ ξ
ϖ(κ̂,ξ)

is increasing for every κ̂ ∈ [1, T ].

(F2) There is numbers L > 0 such that ♣ϖ(κ̂, ξ)♣ ≤ L for all (κ̂, ξ) ∈ [1, T ] × R.
(F3) Let Λ : [1, T ] × R → R be continuous and bounded functions and there is

constants π, such that, for all κ̂ ∈ [1, T ] and ρ, ϱ ∈ R

♣Λ(κ̂, ρ) − Λ(κ̂, ϱ)♣ ≤ π♣ρ − ϱ♣.

(F4) sup
κ̂∈[1,T ]

Λ(κ̂, 0) = M < +∞.

(F5) There is N > 0 such that ♣Λ(κ̂, ξ(κ̂))♣ ≤ N. For ease of computation, we set

τ =
(

1 +
♣µ♣

♣λ + µ♣

)

(log T )γ1

Γ(γ1 + 1)
, Q =

♣ν♣

♣λ + µ♣
< 1.
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Let consider the operator Θ : S → S associated with Problem (1.1)–(1.2) as
follows:

Θ(ξ, ϑ)(κ̂) =ϖ(κ̂, ξ)
(

1

Γ(γ1)

∫

κ̂

1

(

log
κ̂

s

)γ1−1

Λ(s, ξ(s), ϑ(s))
ds

s

−
µ

Γ(γ1)(λ + µ)

∫ T

1

(

log
T

s

)γ1−1

Λ(s)
ds

s
+

ν

λ + µ

)

.(3.1)

Theorem 3.1. Suppose that conditions (F1) to (F5) hold. Then ΘB̄r ⊂ B̄r, where

B̄r = ¶ξ ∈ S : ∥(ξ)∥∞ ≤ r♢ is a closed ball with r = Lτπ < 1. Problem (1.1)–(1.2)
has a unique solution on [1, T ].

Proof. For ξ ∈ B̄r and κ̂ ∈ [1, T ], it follows by (F3) that

♣Λ(κ̂, ξ(κ̂))♣ ≤ ♣Λ(κ̂, ξ(κ̂)) − Λ(κ̂, 0)♣ ≤ π♣♣ξ♣♣∞.

Then we have

♣Θ(ξ)(κ̂)♣ ≤L max
κ̂∈[1,T ]





1

Γ(γ1)

∫

κ̂

1

(

log
κ̂

s

)γ1−1∣
∣

∣

∣

Λ(s, ξ(s)) − Λ(s, 0)) + Λ(s, 0)
∣

∣

∣

∣

ds

s

−
♣µ♣

Γ(γ1)♣λ + µ♣

∫ T

1

(

log
T

s

)γ1−1

♣Λ(s, ξ(s)) − Λ(s, 0) + Λ(s, 0)♣
ds

s

+
♣ν♣

♣λ + µ♣





≤L





1

Γ(γ1)

∫

κ̂

1

(

log
κ̂

s

)γ1−1

(π♣ξ♣ + M)
ds

s

+
♣µ♣

Γ(γ1)♣λ + µ♣

∫ T

1

(

log
T

s

)γ1−1

(π♣ξ♣ + M)
ds

s
+ Q





≤L
(log T )γ1

Γ(γ1 + 1)

(

1 +
♣µ♣

♣λ + µ♣

)

(

π♣ξ♣ + M

)

+ LQ.

Thus,

∥Θ(ξ, ϑ)∥∞ ≤L
(log T )γ1

Γ(γ1 + 1)

(

1 +
♣µ♣

♣λ + µ♣

)

(

π♣ξ♣ + M

)

+ LQ

≤L
(

τ(π∥ξ∥∞ + M) + Q
)

≤ L
(

τπr + τM + Q
)

≤ L
(

τπr + τM + Q
)

.
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From the foregoing estimates for Θ it follows that ♣♣Θ(ξ)(κ̂)♣♣∞ ≤ r. Next, for
ξ1, ξ2 ∈ S and κ̂ ∈ [1, T ], we get

♣Θ(ξ2)(κ̂) − Θ(ξ1)(κ̂)♣ ≤L1





1

Γ(γ1)

∫

κ̂

1

(

log
κ̂

s

γ1−1

♣Λ(s, ξ2(s)) − Λ(s, ξ1(s))♣
ds

s

+
♣µ♣

Γ(γ1)♣λ + µ♣

∫ T

1

(

log
T

s

)γ1−1

♣Λ(s, ξ2(s)) − Λ(s, ξ1(s))♣
ds

s





≤L

(

1 +
µ

λ + µ

)

(log T )γ1

Γ(γ1 + 1)

(

π∥ξ2 − ξ1∥∞

)

=Lτπ∥ξ2 − ξ1∥∞,

which implies that

∥Θ(ξ2)(κ̂) − Θ(ξ1)∥∞ ≤ Lτπ∥ξ2 − ξ1∥∞.(3.2)

In view of condition Lτπ < 1, it follows that the operator Θ possesses a unique fixed
point. This leads to the conclusion that Problem (1.1)–(1.2) has a unique solution on
[1, T ]. □

The fixed point theorem of Schaefer can now be used to demonstrate the existence
of solutions to Problem (1.1)–(1.2).

Theorem 3.2. Suppose the hypothesis (F1)-(F4). Then the boundary value Problem

(1.1)–(1.2) has at least one solution on [1, T ].

Proof. Several steps will be involved in the proof.
Step I. Θ : S → S is continuous. Notice that continuity of Λ and ϖ show that Θ

is bounded. Let ξn be a sequence of points in S converging to a point ξ ∈ S. We get

♣Θ(ξn)(κ̂) − Θ(ξ)(κ̂)♣

≤L





1

Γ(γ1)

∫

κ̂

1

(

log
κ̂

s

)γ1−1

♣Λ(s, ξn(s)) − Λ(s, ξ(s))♣
ds

s

−
♣µ1♣

Γ(γ1)♣λ + µ♣

∫ T

1

(

log
T

s

)γ1−1

♣Λ(s, ξn(s)) − Λ(s, ξ(s))♣
ds

s





≤L1

(

1 +
♣µ♣

♣λ + µ♣

)

(log T )γ1

Γ(γ1 + 1)
∥Λ(·, ξn(·)) − Λ(·, ξ(·))∥∞,

since Λ is continuous, we have ∥Θ(ξn) − Θ(ξ)∥∞ → 0 as n → +∞ for all κ̂ ∈ [1, T ].
Hence, it follows from the foregoing inequalities satisfied by above that Θ is continuous.
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Step II. Θ : S → S maps bounded sets into bounded sets. Let ξ ∈ Bν∗

1
:= ¶ξ ∈

S : ∥ξ∥∞ ≤ ν∗
1}, certainly for any ν∗

1 > 0, we have

♣Θ(ξ)(κ̂)♣ ≤L





1

Γ(γ1)

∫

κ̂

1

(

log
κ̂

s

)γ1−1

♣Λ(s, ξ(s))♣
ds

s

+
♣µ♣

Γ(γ1)♣λ + µ♣

∫ T

1

(

log
T

s

)γ1−1

♣Λ(s, ξ(s))♣
ds

s
+

ν

λ + µ



,

∥Θ(ξ)∥∞ ≤L





(

1 +
♣µ♣

♣λ + µ♣

)

(log T )γ1

Γ(γ1 + 1)
N1 +

♣ν♣

♣λ + µ♣



 := L.

Thus, we deduce that ∥Θ(ξ)∥∞ ≤ L. Hence, it follows from the foregoing inequalities
above hence the operator Θ is uniformly bounded.

Step III. Next we prove that Θ is equicontinuous sets. Let r1, r2 ∈ [1, T ] with
r1 < r2,

♣Θ(ξ(r2)) − Θ(ξ(r1))♣ ≤L

[

1

Γ(γ1)

∫ r1

1

(

(log
r2

s
)γ1−1 − (log

r1

s
)γ1−1

)

♣Λ(s, ξ(s))♣
ds

s

+
1

Γ(γ1)

∫ r2

r1

(log
r2

s
)γ1−1 ♣Λ(s, ξ(s))♣

ds

s



≤
LN

Γ(γ1 + 1)

(

(log r2)
γ1 − (log r1)

γ1

)

→0 as r1 → r2.

Therefore, the operator Θ is equicontinuous and hence the operator Θ(ξ) is com-
pletely continuous.

Step IV . To show that the set P = ¶ξ ∈ S : ξ = γΘ(ξ), 0 < γ < 1♢ is bounded
(Apriori bounds). Let ξ ∈ P and κ̂ ∈ [1, T ]. Then it follows from ξ(κ̂) = γΘ(ξ)(κ̂)
that

♣ξ(κ̂)♣ ≤L





1

Γ(γ1)

∫

κ̂

1

(

log
κ̂

s

)γ1−1

♣Λ(s, ξ(s))♣
ds

s

−
♣µ♣

Γ(γ1)♣λ + µ♣

∫ T

1

(

log
T

s

)γ1−1

♣Λ(s, ξ(s))♣
ds

s
+

ν

λ + µ





≤L





(

1 +
♣µ♣

♣λ + µ♣

)

(log T )γ1

Γ(γ1 + 1)
N +

♣ν♣

♣λ + µ♣



 := R

and

∥ξ(t)∥∞ ≤ R.(3.3)

Hence, P is bounded and therefore by Theorem 3.2, Θ has a fixed point, then Problem
(1.1)–(1.2) has at least one solution on [1, T ]. The proof is completed. □
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4. Stability Results for the Problem

We analyse the Ulam-Hyers stability for Problem (1.1)–(1.2) in this section. Con-
sider the following definitions of nonlinear operators Z1 ∈ C([1, T ],R) → C([1, T ],R),
where ξ is defined by (2.1)

c
HDγ1





ξ(κ̂)

ϖ(κ̂, ξ(κ̂))



− Λ(κ̂, ξ(κ̂)) = Z1(ξ)(κ̂), κ̂ ∈ [1, T ], 0 < γ1 ≤ 1.

For some ς1 > 0, we consider the following inequality:

♣♣Z1(ξ)♣♣∞ ≤ ς1.(4.1)

Definition 4.1. The system (1.1)–(1.2) is U-H stable if M1 > 0, for every solution
ξ∗ ∈ C([1, T ],R) of inequality (4.1) there exists a unique solution on ξ ∈ C([1, T ],R),
of Problem (1.1)–(1.2) with ♣♣ξ − ξ∗♣♣∞ ≤ M1ς1.

Theorem 4.1. Suppose that (F4) is satisfied, then the BVP (1.1)–(1.2) is U-H stable

if Lτπ > 1.

Proof. Let ξ ∈ C([1, T ],R), be the solution of the BVP (1.1)–(1.2) satisfying (3.1).
Let ξ be any solution satisfying (4.1):

c
HDγ1





ξ(κ̂)

ϖ(κ̂, ξ(κ̂))



 = Λ(κ̂, ξ(κ̂)) + Z1(ξ)(κ̂), κ̂ ∈ [1, T ], 0 < γ1 ≤ 1.

Therefore,

ξ∗(κ̂) =Θ(ξ∗)(κ̂) + ϖ(κ̂, ξ(κ̂))





1

Γ(γ1)

∫

κ̂

1

(

log
κ̂

s

γ1−1

Z1(ξ)(κ̂)
ds

s

−
µ

Γ(γ1)(λ + µ)

∫ T

1

(

log
T

s

)γ1−1

Z1(ξ)(κ̂)
ds

s
+

ν

λ + µ



,

it follows that

♣ξ∗(κ̂) − Θ(ξ∗)♣ ≤ϖ(κ̂, ξ(κ̂))





1

Γ(γ1)

∫

κ̂

1

(

log
κ̂

s

γ1−1

Z1(ξ)(κ̂)
ds

s

−
µ

Γ(γ1)(λ + µ)

∫ T

1

(

log
T

s

)γ1−1

Z1(ξ)(κ̂)
ds

s
+

ν

λ + µ





≤L
(log T )γ1

Γ(γ1 + 1)

(

1 +
♣µ♣

♣λ + µ♣

)

ς1.
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Consequently, based on the fixed point property of the operator Θ, provided in (3.1),
we derive that

♣ξ(κ̂) − ξ∗(κ̂)♣ = ♣ξ(κ̂) − Θ(ξ∗)(κ̂) + Θ(ξ∗)(κ̂) − ξ∗(κ̂)♣

≤ ♣Θ(ξ)(κ̂) − Θ(ξ∗)(κ̂)♣ + ♣Θ(ξ∗)(κ̂) − ξ∗(κ̂)♣

≤ Lτπ∥(ξ) − (ξ∗)∥ + Lτς1.(4.2)

From (4.2) it follows that

∥ξ − ξ∗∥ ≤ Lπτ∥ξ − ξ∗∥ + Lτς1 ≤
Lτς1

1 − Lτπ
≤ M1ς1,

with

M1 =
Lτ

1 − Lτπ
.

Hence, Problem (1.1)–(1.2) is U-H stable. □

5. Example

Example 5.1. Consider the following system of coupled fractional differential equations:

cD1/2
(

ξ(κ̂)

ϖ(κ̂, ξ(κ̂))

)

=
1

100

(

ξ(κ̂) +
1

2

)

+
5

200
·

ξ(κ̂)

1 + ξ(κ̂)
+ e−2,

ξ(1)

ϖ(1, ξ(1))
+

ξ(e)

ϖ(e, ξ(e))
= 0.

(5.1)

Here γ1 = 1
2
, T = e, λ = µ = 1, ν = 0 and ϖ(κ̂, ξ) = ξ+1)

100

(

sin ξ + |ξ|
1+|ξ|

+ 3
)

+ e−1,

Λ(κ̂, ξ(κ̂)) = 1
100

(

ξ(κ̂) + 1
2

)

+ 5
200

· ξ(κ̂)
1+ξ(κ̂)

+ e−2, π = 2
53

.

From the given data, we find that τ = 1.6930 and Lτπ = 0.123456987 < 1. By the
Theorem (3.1), Problem (1.1)–(1.2), with the given Θ(κ̂, ξ) has at least one solution
on [1, T ].

Conclusion

Fractional differential equations are commonly used to model various natural phe-
nomena, and their diverse types enable us to study the integration of many phenomena
in different fields. In this study, we focused on examining the existence, uniqueness,
and stability of solutions for Caputo-Hadamard hybrid fractional differential equa-
tions. Additionally, we extended our results for new classes of fractional boundary
conditions by utilizing the Hadamard-Caputo sequential derivative and author fixed
point theorem. For future research, we recommend exploring other types of fractional
derivative operators such as the generalized Hilfer fractional derivative. Furthermore,
those interested in this subject can also investigate the existence and uniqueness of
solutions for coupled systems.
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GENERALISATION OF COMPANION OF OSTROWSKI’S TYPE

INEQUALITY VIA RIEMANN-LIOUVILLE FRACTIONAL

INTEGRAL FOR MAPPINGS WHOSE 1st DERIVATIVES ARE

BOUNDED WITH APPLICATIONS

FARAZ MEHMOOD∗1,2, ASIF R. KHAN3, MUHAMMAD AWAIS SHAIKH3,
AND MOHAMMAD W. ALOMARI4

Abstract. We apply Riemann-Liouville fractional integral to get generalisation
of companion of OstrowskiŠs type integral inequality for differentiable mappings
whose 1st derivatives are bounded. The present article recapture all results of M.
W. AlomariŠs article and also for one more article of different authors. Applications
are also deduced for numerical integration, probability theory and special means.

1. Introduction

In the development of mathematics, inequalities are one of the most powerful tools.
From two decades back, scholars researched on fractional calculus because of its
importance in inequalities.

We quote from [4]: “The subject of fractional calculus (that is, calculus of integrals
and derivatives of an arbitrary real or complex order) was planted over 300 years ago.
Since that time the fractional calculus has drawn the attention of many researchers
in. In recent years, the fractional calculus has played a significant role in many areas
of science and engineering.”

Due to worth of fractional integral inequalities, many scholars have mentioned
certain generalisations of fractional integral inequalities (see [3, 17–19]).
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In 1938, A. M. Ostrowski gave an inequality (see [16]). Now-a-days this inequality is
called Ostrowski inequality and this result had obtained by applying the Montgomery
identity. For more discussion about Ostrowski inequality (see [9–12]).

Here, we present an inequality from article [6] that is given below. Throughout the
article I ⊂ R and I◦ is the interior of the interval I.

Proposition 1.1. Suppose g : I → R is a differentiable mapping in the interval Io

such that g′ ∈ L[a, b], where a, b ∈ I and a < b. If ♣g′(θ)♣ ≤ M for all θ ∈ (a, b), where

M > 0 is constant. Then
∣

∣

∣

∣

∣

g(θ) − 1

b − a

∫ b

a
g(τ)dτ

∣

∣

∣

∣

∣

≤ M(b − a)





1

4
+

(

θ − a+b
2

)2

(b − a)2



.

The value 1
4

is the best possible constant that this can not be replaced by the smallest

one.

The following integral inequality which establishes a connection between the integral
of the product of two functions and the product of the integrals of the two functions
is well known in the literature as Grüss inequality [9, 14].

Proposition 1.2. Let f, g : [a, b] → R be both integrable functions such that m1 ≤
f(τ) ≤ M1 and m2 ≤ g(τ) ≤ M2 for all τ ∈ [a, b], where m1, M1, m2, M2 are real

constants, then
∣

∣

∣

∣

∣

∣

1

b − a

∫ b

a
f(τ)g(τ)dτ − 1

b − a

∫ b

a
f(τ)dτ · 1

b − a

∫ b

a
g(τ)dτ

∣

∣

∣

∣

∣

∣

≤ 1

4
(M1 − m1)(M2 − m2).

In [7], S. S. Dragomir has derived the following companion of the Ostrowski inequal-
ity.

Proposition 1.3. Let g : I → R be an absolutely continuous function on [a, b], where

a, b ∈ I. Then we have the inequalities
∣

∣

∣

∣

∣

g(θ) + g(a + b − θ)

2
− 1

b − a

∫ b

a
g(τ)dτ

∣

∣

∣

∣

∣

≤























































































1

8
+ 2

(

θ − 3a+b
4

b − a

)2


 (b − a)∥g′∥∞, g′ ∈ L∞[a, b],

2
1

q

(q + 1)
1

q





(

θ − a

b − a

)q+1

+

(

a+b
2

− θ

b − a

)q+1




1

q

(b − a)
1

q ∥g′∥[a,b],p ,

p > 1, 1
p

+ 1
q

= 1, and g′ ∈ Lp[a, b],

[

1

4
+

∣

∣

∣

∣

∣

θ − 3a+b
4

b − a

∣

∣

∣

∣

∣

]

∥g′∥[a,b],1,

(1.1)

for all θ ∈ [a, a+b
2

].
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In 2011, M. W. Alomari has proved the following result about a companion inequal-
ity for differentiable functions whose derivatives are bounded (see [1]).

Proposition 1.4. Let g : I → R be a differentiable function in the interval I◦ and

let a, b ∈ I with a < b. If g′ ∈ L1[a, b] and m2 ≤ g′(θ) ≤ M2, for all θ ∈ [a, b], then

the following inequality holds

∣

∣

∣

∣

∣

g(θ) + g(a + b − θ)

2
− 1

b − a

∫ b

a
g(τ)dτ

∣

∣

∣

∣

∣

≤ (b − a)





1

16
+

(

θ − 3a+b
4

b − a

)2


 (M2 − m2),

for all θ ∈ [a, a+b
2

].

We need here to define Riemann-Liouville fractional integral (RLFI) (see [8]) for
proving our next main result in the second section.

Definition 1.1. The Riemann-Liouville fractional integral operator of order γ > 0 is
stated as

Jγ
a g(θ) =

1

Γ(γ)

∫ θ

a
(θ − τ)γ−1g(τ)dτ, J0

ag(θ) = g(θ),

where gamma function Γ(γ) is defined as

Γ(γ) =
∫

∞

0
θγ−1e−θdθ.

In 2009, Z. Liu [13] introduced some companions of an Ostrowski type inequality
for functions whose second derivatives are absolutely continuous. In 2009, Barnett
et. al [5] have derived some companions for Ostrowski inequality and the generalised
trapezoid inequality. In 2012, M. W. Alomari [2] obtained a companion inequality of
Ostrowski’s type using Grüss result with applications. Recently, authors [15] gave a
companion of weighted Ostrowski’s type inequality using Grüss result with application.

In the present article we would prove a companion of weighted Fractional Ostrowski’s
type inequality by applying Grüss result and then we would give its applications.

2. Generalisation of Companion of Ostrowski’s Type Inequality Via
Riemann-Liouville Fractional Integral

Under present section we would give our results about companion of Ostrowski’s
type inequality which are as follow.

Theorem 2.1. Suppose g : [a, b] → R is a differentiable mapping in the interval (a, b)
and a < b and w : [a, b] → R is a probability density function. If g′ ∈ L1[a, b] and
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m2 ≤ g′(τ) ≤ M2, for all τ ∈ [a, b], then
∣

∣

∣

∣

∣

∣

g(θ)
∫ a+b

2

a
w(τ)dτ + g(a + b − θ)(b − θ)1−γ(θ − a)γ−1

∫ b

a+b
2

w(τ)dτ

− (b − θ)1−γΓ(γ)Jγ
a (w(b)g(b)) + (γ − 1)Jγ−1

a (P (θ, b)g(b))

∣

∣

∣

∣

∣

∣

≤ 1

8Γ(γ)
(b − a)(M2 − m2)(2.1)

holds for all θ ∈ [a, a+b
2

].

Proof. For the sake of proof we state the weighted kernel as

(2.2) P (θ, τ) = (b − θ)1−γΓ(γ)



































∫ τ

a
w(u)du, if τ ∈ [a, θ],

∫ τ

a+b
2

w(u)du, if τ ∈ (θ, a + b − θ],

∫ τ

b
w(u)du, if τ ∈ (a + b − θ, b],

for all θ ∈ [a, a+b
2

].
Applying RLFI operator and by parts formula of integration, obtain

Jγ
a (P (θ, b)g(b)) =

1

Γ(γ)

∫ b

a
(b − τ)γ−1P (θ, τ)g′(τ)dτ

=g(θ)
∫ a+b

2

a
w(τ)dτ + g(a + b − θ)(b − θ)1−γ(θ − a)γ−1

∫ b

a+b
2

w(τ)dτ

− (b − θ)1−γΓ(γ)Jγ
a (w(b)g(b)) + (γ − 1)Jγ−1

a (P (θ, b)g(b)).

It is clear that for all τ ∈ [a, b] and θ ∈ [a, a+b
2

], we have

θ − a + b

2
≤ P (θ, τ) ≤ θ − a.

Applying Proposition (1.2) to the mappings P (θ, ·) and (b − ·)γ−1g′(·), we obtain

∣

∣

∣

∣

∣

∣

1

Γ(γ)





∫ b

a
(b − τ)γ−1P (θ, τ)g′(τ)dτ −

∫ b

a
P (θ, τ)dτ · 1

b − a

∫ b

a
(b − τ)γ−1g′(τ)dτ





∣

∣

∣

∣

∣

∣

(2.3)

≤ 1

4Γ(γ)

(

θ − a −
(

θ − a + b

2

))

=
1

8Γ(γ)
(b − a)(M2 − m2),

for all θ ∈ [a, a+b
2

]. Since
∫ b

a P (θ, τ)dτ = 0, then (2.3) implies

(2.4)

∣

∣

∣

∣

∣

∣

1

Γ(γ)

∫ b

a
(b − τ)γ−1P (θ, τ)g′(τ)dτ

∣

∣

∣

∣

∣

∣

≤ 1

8Γ(γ)
(b − a)(M2 − m2).
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Finally, we obtain desired result (2.1) from (2.4). □

Remark 2.1. If we put γ = 1 and w = 1
b−a

in Theorem 2.1, then we recapture the
Theorem 2.1 of [2].

Remark 2.2. If we put γ = 1 in Theorem 2.1, then we recapture the result of Theo-
rem 2.1 of [15].

Corollary 2.1. In the inequality (2.1), select

(i) θ = a+b
2

to obtain the following:
∣

∣

∣

∣

∣

∣

g

(

a + b

2

)

∫ b

a
w(τ)dτ −

(

b − a

2

)1−γ

Γ(γ)Jγ
a (w(b)g(b))

+ (γ − 1)Jγ−1
a

(

P

(

a + b

2
, b

)

g(b)

)

∣

∣

∣

∣

∣

∣

≤ 1

8Γ(γ)
(b − a)(M2 − m2);

(ii) θ = 3a+b
4

to obtain the following:
∣

∣

∣

∣

∣

∣

g

(

3a + b

4

)

∫ a+b
2

a
w(τ)dτ + 31−γg(

a + 3b

4
)
∫ b

a+b
2

w(τ)dτ

−
(

3

4
(b − a)

)1−γ

Γ(γ)Jγ
a (w(b)g(b)) + (γ − 1)Jγ−1

a

(

P

(

3a + b

4
, b

)

g(b)

)

∣

∣

∣

∣

∣

∣

≤ 1

8Γ(γ)
(b − a)(M2 − m2);(2.5)

(iii) θ = 2a+b
3

to obtain the following:
∣

∣

∣

∣

∣

∣

g

(

2a + b

3

)

∫ a+b
2

a
w(τ)dτ + 21−γg(

a + 2b

3
)
∫ b

a+b
2

w(τ)dτ

−
(

2

3
(b − a)

)1−γ

Γ(γ)Jγ
a (w(b)g(b)) + (γ − 1)Jγ−1

a

(

P

(

2a + b

3
, b

)

g(b)

)

∣

∣

∣

∣

∣

∣

≤ 1

8Γ(γ)
(b − a)(M2 − m2).

In the following we present special case of (iii) of Corollary 2.1.
Special Case. If put w = 1

b−a
and γ = 1 in (iii) of Corollary 2.1, then we get

∣

∣

∣

∣

∣

∣

g(2a+b
3

) + g(a+2b
3

)

2
− 1

b − a

∫ b

a
g(τ)dτ

∣

∣

∣

∣

∣

∣

≤ 1

8
(b − a)(M2 − m2).
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Remark 2.3. (i) First by putting γ = 1 and w = 1
b−a

in Theorem 2.1 and then put
θ = a in obtained inequality, we recapture Corollary 2.1 (a) of [2].

(ii) By putting γ = 1 and w = 1
b−a

in (i) of Corollary 2.1, we recapture Corollary 2.1
(c) of [2].

(iii) By putting γ = 1 and w = 1
b−a

in (ii) of Corollary 2.1, we recapture Corollary 2.1
(b) of [2].

Remark 2.4. (i) First by putting γ = 1 in Theorem 2.1 and then put θ = a in obtained
inequality, we recapture Corollary 2.3 (i) of [15].

(ii) By putting γ = 1 in (i) of Corollary 2.1, we recapture Corollary 2.3 (ii) of [15].
(iii) By putting γ = 1 in (ii) of Corollary 2.1, we recapture Corollary 2.3 (iii) of

[15].
(iv) By putting γ = 1 in (iii) of Corollary 2.1, we recapture Corollary 2.3 (iv) of

[15].

Ostrowski’s type inequality can be defined in the form of following corollary.

Corollary 2.2. Let the suppositions of Theorem 2.1 be valid. Further, if g is sym-

metric about the θ-axis, i.e., g(a + b − θ) = g(θ), then
∣

∣

∣

∣

∣

∣

g(θ)
∫ a+b

2

a
w(τ)dτ + g(θ)(b − θ)1−γ(θ − a)γ−1

∫ b

a+b
2

w(τ)dτ

− (b − θ)1−γΓ(γ)Jγ
a (w(b)g(b)) + (γ − 1)Jγ−1

a (P (θ, b)g(b))

∣

∣

∣

∣

∣

∣

≤ 1

8Γ(γ)
(b − a)(M2 − m2)(2.6)

holds.

Remark 2.5. First by putting γ = 1 and w = 1
b−a

in Corollary 2.2 and then put θ = a

in obtained inequality, we recapture Corollary 2.2 of [2].

Remark 2.6. First by putting γ = 1 in Corollary 2.2 and then put θ = a in obtained
inequality, we recapture Corollary 2.5 of [15].

3. Application to Numerical Integration

Let In : a = θ0 < θ1 < · · · < θn = b be division of interval [a, b] and hi = θi+1 − θi,
i = 0, 1, 2, . . . , n − 1.

Consider the quadrature formula

Qn(In, g) :=
n−1
∑

i=0



g(
3θi + θi+1

4
)
∫

θi+θi+1

2

θi

w(τ)dτ + 31−γg

(

θi + 3θi+1

4

)

×
∫ θi+1

θi+θi+1

2

w(τ)dτ + (γ − 1)Jγ−1
θi

(

P

(

3θi + θi+1

4
, θi+1

)

g(θi+1)

)



.
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We give following result.

Theorem 3.1. Suppose g : I → R is a differentiable mapping in interval I◦ and

w : [a, b] → R is a probability density function, where a, b ∈ I with a < b. If

g′ ∈ L1[a, b] and m2 ≤ g′(θ) ≤ M2, for all θ ∈ [a, b], then the following holds

(3.1) Γ(γ)
n−1
∑

i=0

(

3

4
hi

)1−γ

J
γ
θi

(w(θi+1)g(θi+1)) = Qn(In, g) + Rn(In, g),

where Qn(In, g) is stated as above and the following remainder Rn(In, g) satisfies the

estimates

(3.2) ♣Rn(In, g)♣ ≤ 1

8Γ(γ)
(M2 − m2)hi.

Proof. Applying inequality (2.5) on the intervals [θi, θi+1], we get

Ri(Ii, g) =Γ(γ)
(

3

4
hi

)1−γ

J
γ
θi

(w(θi+1)g(θi+1))

(3.3)

−


g

(

3θi + θi+1

4

)

∫

θi+θi+1

2

θi

w(τ)dτ + 31−γg

(

θi + 3θi+1

4

)

∫ θi+1

θi+θi+1

2

w(τ)dτ

+ (γ − 1)Jγ−1
θi

(

P

(

3θi + θi+1

4
, θi+1

)

g(θi+1)

)



.

Summing (3.3) over i from 0 to n − 1, then

Rn(In, g) =Γ(γ)
n−1
∑

i=0

(

3

4
hi

)1−γ

J
γ
θi

(w(θi+1)g(θi+1))

−
n−1
∑

i=0



g

(

3θi + θi+1

4

)

∫

θi+θi+1

2

θi

w(τ)dτ + 31−γg

(

θi + 3θi+1

4

)

×
∫ θi+1

θi+θi+1

2

w(τ)dτ + (γ − 1)Jγ−1
θi

(

P

(

3θi + θi+1

4
, θi+1

)

g(θi+1)

)



,
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which follows the form of (2.5), i.e.,

♣Rn(In, g)♣ =

∣

∣

∣

∣

∣

∣

Γ(γ)
n−1
∑

i=0

(

3

4
hi

)1−γ

J
γ
θi

(w(θi+1)g(θi+1))

−
n−1
∑

i=0



g

(

3θi + θi+1

4

)

∫

θi+θi+1

2

θi

w(τ)dτ + 31−γg

(

θi + 3θi+1

4

)

×
∫ θi+1

θi+θi+1

2

w(τ)dτ + (γ − 1)Jγ−1
θi

(

P

(

3θi + θi+1

4
, θi+1

)

g(θi+1)

)





∣

∣

∣

∣

∣

∣

≤ 1

8Γ(γ)
(M2 − m2)

n−1
∑

i=0

hi.

This completes the required proof. □

Remark 3.1. By putting γ = 1 and w = 1
b−a

in Theorem 3.1, we recapture the result
of Theorem 3.1 of [2].

Remark 3.2. By putting γ = 1 in Theorem 3.1, we recapture the result of Theorem 3.1
of [15].

4. Applications to Probability Theory

Throughout this section we consider w : [a, b] → [0, 1]. Suppose Y is a random
variable taking values in the finite interval [a, b] with probability density function
g : [a, b] → [0, 1] and with cumulative distribution function G : [a, b] → [0, 1] is
introduced and defined by us, i.e.,

G(θ) = P (Y ≤ θ) = Γ(γ)Jγ
a (w(θ)g(θ)) =

∫ θ

a
(θ − τ)γ−1w(τ)g(τ)dτ, a ≤ θ ≤ a + b

2
,

and

E(Y ) =
∫ b

a
τg(τ)dτ, Ew(Y ) =

∫ b

a
τw(τ)g(τ)dτ,

Ewf (Y ) =Γ(γ)Jγ
a (bw(b)g(b)) =

∫ b

a
τ(b − τ)γ−1w(τ)g(τ)dτ,

Ewf1(Y ) =Γ(γ)Jγ−1
a (bw(b)g(b)) =

∫ b

a
τ(b − τ)γ−2w(τ)g(τ)dτ,

Ewf2(Y ) =Γ(γ)Jγ
a (bw′(b)g(b)) =

∫ b

a
τ(b − τ)γ−1w′(τ)g(τ)dτ,

Ewf3(Y ) =Γ(γ)Jγ
a (bw(b)g′(b)) =

∫ b

a
τ(b − τ)γ−1w(τ)g′(τ)dτ,

are the expectation, weighted expectation and weighted fractional expectation of
random variable ‘Y ’ in interval [a, b], respectively. Then we can write the following
theorem.



GENERALISATION OF COMPANION OF OSTROWSKI INEQUALITY 281

Theorem 4.1. Suppose g : [a, b] → R is a differentiable mapping in the interval (a, b)
and a < b. If g′ ∈ L1[a, b] and m2 ≤ g′(τ) ≤ M2, for all τ ∈ [a, b]. Further, suppose

that function w is differentiable, then

∣

∣

∣

∣

∣

∣

G(θ)
∫ a+b

2

a
w(τ)dτ + G(a + b − θ)(b − θ)1−γ(θ − a)γ−1

∫ b

a+b
2

w(τ)dτ

(4.1)

− (b − θ)1−γ

(

(γ − 1)Ewf1(Y ) − Ewf2(Y ) − Ewf3(Y )

)

+ (γ − 1)Jγ−1
a (P (θ, b)G(b))

∣

∣

∣

∣

∣

∣

≤ 1

8Γ(γ)
(b − a)(M2 − m2)

holds for all θ ∈ [a, a+b
2

].

Proof. Select g = G, we obtain (4.1), by applying the identity

Γ(γ)Jγ
a (w(b)g(b)) =

∫ b

a
(b − τ)γ−1w(τ)g(τ)dτ

= (γ − 1)Ewf1(Y ) − Ewf2(Y ) − Ewf3(Y ).

Since G(a) = 0 and G(b) = 1.
We left the details to research scholars. □

Corollary 4.1. Select γ = 1 in Theorem 4.1. Then get the following
∣

∣

∣

∣

∣

∣

G(θ)
∫ a+b

2

a
w(τ)dτ + G(a + b − θ)

∫ b

a+b
2

w(τ)dτ + Ew(Y )+
∫ b

a
τw′(τ)G(τ)dτ − bw(b)

∣

∣

∣

∣

∣

∣

≤1

8
(b − a)(M2 − m2)

holds for all θ ∈ [a, a+b
2

], where Ew(Y ) is the weighted expectation of Y .

Remark 4.1. If we put w = 1
b−a

in Corollary 4.1 and taking the expectation E(Y ) =
∫ b

a τG(τ)dτ = b − ∫ b
a G(τ)dτ , we recapture Theorem 4.1 of [2].

Corollary 4.2. Select θ = 3a+b
4

in Theorem 4.1, we get
∣

∣

∣

∣

∣

∣

G

(

3a + b

4

)

∫ a+b
2

a
w(τ)dτ + G

(

a + 3b

4

)(

3

4
(b − a)

)1−γ(

b − a

4

)γ−1
∫ b

a+b
2

w(τ)dτ

−
(

3

4
(b − a)

)1−γ(

(γ − 1)Ewf1(Y ) − Ewf2(Y ) − Ewf3(Y )

)

+ (γ − 1)Jγ−1
a

(

P

(

3a + b

4
, b

)

G(b)

)

∣

∣

∣

∣

∣

∣

≤ 1

8Γ(γ)
(b − a)(M2 − m2).
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Remark 4.2. By putting γ = 1 and w = 1
b−a

in Corollary 4.2, we recapture Corollary 4.1
of [2].

Corollary 4.3. In Theorem 4.1, if G is symmetric about the θ−axis, i.e., G(a+b−θ) =
G(θ), then
∣

∣

∣

∣

∣

∣

G(θ)
∫ a+b

2

a
w(τ)dτ + G(θ)(b − θ)1−γ(θ − a)γ−1

∫ b

a+b
2

w(τ)dτ

− (b − θ)1−γ

(

(γ − 1)Ewf1(Y ) − Ewf2(Y ) − Ewf3(Y )

)

+ (γ − 1)Jγ−1
a (P (θ, b)G(b))

∣

∣

∣

∣

∣

∣

≤ 1

8Γ(γ)
(b − a)(M2 − m2)

holds for all θ ∈ [a, a+b
2

].

Remark 4.3. By putting γ = 1 and w = 1
b−a

in Corollary 4.3, we recapture Corollary 4.2
of [2].

Before application to special means, we would present some special means and these
means will apply in the 5th section.

Special Means. These means can be found in [20].
(a) The Arithmetic Mean

A(a, b) =
a + b

2
, a, b ≥ 0.

(b) The Geometric Mean

G = G(a, b) =
√

ab, a, b ≥ 0.

(c) The Harmonic Mean

H = H(a, b) =
2

1
a

+ 1
b

, a, b > 0.

(d) The Logarithmic Mean

L = L(a, b) =

{

a, if a = b,
b−a

ln b−ln a
, if a ̸= b,

a, b > 0.

(e) Identric Mean

I = I(a, b) =



















a, if a = b,

ln







(

bb

aa

) 1
b−a

e





 , if a ̸= b,
a, b > 0.

(f) p-Logarithmic Mean

Lp = Lp(a, b) =







a, if a = b,
(

bp+1
−ap+1

(p+1)(b−a)

)
1

p
, if a ̸= b,
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where p ∈ R\¶−1, 0♢, a, b > 0. It is known that Lp monotonically increasing over
p ∈ R, L0 = I and L−1 = L.

5. Application to Special Means

Example 5.1. Consider γ = 1, g(θ) = θp, p ∈ R\¶−1, 0♢. Then for a < b, we have

1

(b − a)

∫ b

a
g(τ)dτ = Lp

p(a, b),
g(a) + g(b)

2
= A(ap, bp),

and a+b
2

= A(a, b), where θ ∈ [a, a+b
2

]. Therefore, (2.1) becomes
∣

∣

∣

∣

∣

∣

θp + (2A − θ)p

2
− Lp

p(a, b)

∣

∣

∣

∣

∣

∣

≤ 1

8
(b − a)(M2 − m2).

If we choose θ = a (or θ = b) in (2.1), we get
∣

∣

∣

∣

∣

∣

A(ap, bp) − Lp
p(a, b)

∣

∣

∣

∣

∣

∣

≤ 1

8
(b − a)(M2 − m2).

Example 5.2. Consider γ = 1, g(θ) = 1
θ
, θ ̸= 0. Then

1

b − a

∫ b

a
g(τ)dτ = L−1(a, b),

g(a) + g(b)

2
=

A

G2
,

and a+b
2

= A(a, b), where θ ∈ [a, a+b
2

] ⊂ (0, ∞).
Therefore, (2.1) becomes

∣

∣

∣

∣

∣

∣

A

θ(a + b − θ)
− L−1(a, b)

∣

∣

∣

∣

∣

∣

≤ 1

8
(b − a)(M2 − m2).

If we choose θ = a (or θ = b) in (2.1), we get
∣

∣

∣

∣

∣

∣

A

G2
− L−1(a, b)

∣

∣

∣

∣

∣

∣

≤ 1

8
(b − a)(M2 − m2).

Example 5.3. Consider γ = 1, g(θ) = ln θ, θ ∈ (0, ∞). Then

1

b − a

∫ b

a
g(τ)dτ = ln(I(a, b)),

g(a) + g(b)

2
= ln G,

and a+b
2

= A(a, b), where θ ∈ [a, a+b
2

] ⊂ (0, ∞). Therefore, (2.1) becomes
∣

∣

∣

∣

∣

∣

ln





[θ(2A − θ)]
1

2

I(a, b)





∣

∣

∣

∣

∣

∣

≤ 1

8
(b − a)(M2 − m2).

If we choose θ = a (or θ = b) in (2.1), we get
∣

∣

∣

∣

∣

∣

ln





G

I(a, b)





∣

∣

∣

∣

∣

∣

≤ 1

8
(b − a)(M2 − m2).
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Example 5.4. Consider γ = 1, g(θ) = eθ, θ ∈ (−∞, ∞). Then

1

b − a

∫ b

a
g(τ)dτ =

eb − ea

b − a
,

g(a) + g(b)

2
= A(ea, eb),

and a+b
2

= A(a, b), where θ ∈ [a, a+b
2

]. Therefore, (2.1) becomes
∣

∣

∣

∣

∣

∣

eθ + e(2A−θ)

2
− eb − ea

b − a

∣

∣

∣

∣

∣

∣

≤ 1

8
(b − a)(M2 − m2).

If we choose θ = a (or θ = b) in (2.1), we get
∣

∣

∣

∣

∣

∣

A(ea, eb) − eb − ea

b − a

∣

∣

∣

∣

∣

∣

≤ 1

8
(b − a)(M2 − m2).

Example 5.5. Consider γ = 1, g(θ) = tan θ, θ ̸= π
2

± nπ. Then

1

b − a

∫ b

a
g(τ)dτ = ln

[

sec b

sec a

]b−a

,
g(a) + g(b)

2
= A(tan a, tan b),

and a+b
2

= A(a, b), where θ ∈ [a, a+b
2

]. Therefore, (2.1) becomes
∣

∣

∣

∣

∣

∣

tan θ + tan(2A − θ)

2
− ln

[

sec b

sec a

]b−a
∣

∣

∣

∣

∣

∣

≤ 1

8
(b − a)(M2 − m2).

If we choose θ = a (or θ = b) in (2.1), we get
∣

∣

∣

∣

∣

∣

A(tan a, tan b) − ln

[

sec b

sec a

]b−a
∣

∣

∣

∣

∣

∣

≤ 1

8
(b − a)(M2 − m2).

6. Conclusion

In this article our target was to generalise the results of [2] and [15]. We have
obtained generalisation of companion of Ostrowski’s type integral inequality for differ-
entiable mappings whose 1st derivatives are bounded by using the Riemann-Liouville
fractional integral. By applying suitable substitutions we have recaptured all results
of M. W. Alomari’s article [2] and also recaptured all results of one more article [15]
of different authors. Moreover, we have given applications to numerical integration,
probability theory and special means.
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EVALUATION SUBGROUPS OF A MAP BETWEEN RATIONAL

FINITE H-SPACES

ABDELHADI ZAIM

Abstract. We use the theory of Sullivan minimal models and derivation to com-
pute the evaluation subgroups and moreover the relative evaluation subgroups of a
map f : X → Y between rational finite H-spaces. As a consequence, we show that
the G-sequence is exact if f induces a zero map on rational homotopy groups.

1. Introduction

In this paper all spaces are assumed to be simply connected CW-complex and are
of finite type over Q, that is, have finite dimensional rational cohomology in each
degree.

An important problem in homotopy theory is the computation of the Gottlieb
groups. It is often difficult to describe these groups fully and the best that can be
hoped for is some partial information about them. As is well known, the homotopy
theory of rational spaces, i.e., spaces whose homotopy groups are vector spaces over
Q, is equivalent to the homotopy theory of minimal commutative differential graded
algebras over Q. More precisely, there is an equivalence between the homotopy
category of rational spaces and the homotopy category of minimal cdgas. However, it
is known that the category of continuous map between rational spaces is equivalent
to the category of morphism between corresponding models.

Now, let us recall the definition of Gottlieb groups. Given a based space X,
the n-th Gottlieb group or the n-th evaluation subgroups of X is the subgroup
of πn (X) consisting of homotopy classes of map h : Sn → X such that the wedge

Key words and phrases. Sullivan minimal models, relative evaluation subgroups, derivation, H-
space, G-sequence.
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(h ∨ IdX) : Sn ∨ X → X extends to a map H : Sn × X → X. Alternately, it is known
that

Gn (X) = Im (ev♯ : πn (aut1 (X)) → πn (X)) ,

where aut1 (X) is the set of self-homotopy equivalences of X which are homotopic to
the identity map. These groups were discovered and studied by Gottlieb in the early
1960’s (the interested reader may consult [4]). They have led to many interesting
results in algebraic topology, especially, in theory of fibrations.

The generalization of Gottlieb groups was initiated by Woo and Kim [10]. Let
f : X → Y be a based map of spaces, then the n-th evaluation subgroups of f , also
called the n-th generalized Gottlieb group is given by:

Gn (Y, X; f) = Im (ev♯ : πn (map (X, Y ; f)) → πn (Y )) .

Here map(X, Y ; f) means that the space of all maps from X to Y that are homotopic
to f . Note that

Gn (X, X; IdX) = Gn (X) ,

and in general we have Gn (Y ) ⊂ Gn (Y, X; f).
The Gottlieb groups and the generalized Gottlieb groups play a profound role in

the homotopy theory of fibrations. But, until now, there are not many explicit compu-
tations of G∗ (X) and G∗ (Y, X; f). Since a map of spaces does not necessarily induce
a corresponding homomorphism of Gottlieb groups, Woo and Lee was introduced the
n-th relative evaluation subgroups Grel

n (Y, X; f), also called the n-th relative Gottlieb
group [11]. The authors showed also that these groups fit in the following G-sequence

(1.1) · · · → Grel

n+1 (Y, X; f) → Gn (X) → Gn (Y, X; f) → Grel

n (Y, X; f) → · · ·

The computation of rational relative evaluation subgroups have been receiving a
growing attention and have become a popular subject of study with a lot of progresses
(see [3, 6, 12,13] for instance). Our goal in this paper is to compute these subgroups
in some new cases. So, by using Sullivan minimal models and other invariants in
rational homotopy theory we compute the relative Gottlieb groups of a map between
rational finite H-spaces. These spaces form a very well-studied and interesting class
of spaces which appear abundantly in geometry and topology. They include products
of rational spheres.

The paper is organized as follows. In Section 2, we introduce our notation and
recall some background of rational homotopy theory, namely Sullivan minimal models,
derivations and mapping cone. Next, we use them to recall the algebraic version of
all terms involved in the G-sequence (1.1). Section 3 is devoted to our results and
their proofs.

2. Preliminaries

We will work with Q as ground field and our principal tools are Sullivan minimal
models. A detailed description of these and the standard tools of rational homotopy
theory can be found in [1]. For our purposes, we recall the following.
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A commutative differential graded algebra (abbreviated cdga) (A, d) consists of
graded vector spaces A = ⊕i≥0A

i with a multiplication Ai ⊗Aj → Ai+j satisfying ab =

(−1)ij
ba and a map d : Ai → Ai+1, such that d2 = 0 and d (ab) = d (a) b + (−1)i

ad (b)
for all a ∈ Ai and b ∈ Aj. A cdga (A, d) is called simply connected if H0(A, d) = Q

and H1(A, d) = 0. Denote by

V even = ⊕i≥1V
2i and V odd = ⊕i≥1V

2i+1.

We say that a simply connected cdga (A, d) is a Sullivan minimal algebra if it is of
the form

(ΛV, d) = (S(V even) ⊗ E(V odd), d),

such that dV ⊂ Λ≥2V .
For a simply connected CW-complex X of finite type, there is a cdga APL(X)

verifying

H∗(APL(X)) ∼= H∗(X;Q).

Then the Sullivan minimal model of X is defined to be the Sullivan minimal model
of APL(X) which is unique up to isomorphism [1]. Moreover, the rational homotopy
type of X is completely determined by its Sullivan minimal model (ΛV, d), that is,
Hom(V,Q) ∼= π∗(X) ⊗ Q as graded vector spaces.

Now, we go to generalize this situation to any map f : X → Y of simply connected
spaces. A Sullivan model of f is a morphism of cdga’s

ϕ : (ΛW, dW ) → (ΛV, dV ) ,

where (ΛV, dV ) and (ΛW, dW ) are the Sullivan minimal models of X and Y , respec-
tively.

Next, consider ϕ : (ΛW, dW ) → (ΛV, dV ) a morphism of cdga’s. A ϕ-derivation θ of
degree n is a linear map

θ : (ΛW )m → (ΛV )m−n

verifying θ (xy) = θ (x) ϕ (y)+(−1)n|x|
ϕ (x) θ (y) for x and y are in W . In the following,

we denote by Dern (ΛW, ΛV ; ϕ) the vector space of ϕ-derivations of degree n and when
n = 1, we require additionally that all derivations are cycles, that is,

dV ◦ θ = −θ ◦ dW .

There is a differential

δ : Dern (ΛW, ΛV ; ϕ) → Dern−1 (ΛW, ΛV ; ϕ) ,

given by

δ (θ) = dV ◦ θ − (−1)n
θ ◦ dW .

Moreover, let

Der∗ (ΛW, ΛV ; ϕ) = ⊕nDern (ΛW, ΛV ; ϕ) ,

and in particular

Der∗ (ΛV, ΛV ; IdΛV ) = Der∗ (ΛV ) .
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Further, it is easy to see that there is an isomorphism of graded vector spaces

Der∗ (ΛW, ΛV ; ϕ) ∼= Hom∗ (W, ΛV ) .

Thus, we denote by (w, v) ∈ Der|w|−|v| (ΛW, ΛV ; ϕ) the unique ϕ-derivation sending
an element w ∈ W to v ∈ ΛV and the other generators to zero, and in particular
(w, 1) = w∗ for an element w ∈ W .

In the remainder of this section, we give a description in rational homotopy theory
of all terms involved in the G-sequence (1.1) (see [5]). For this, let us consider the aug-
mentation map ε : ΛV → Q which induces ε∗ : Der∗ (ΛW, ΛV ; ϕ) → Der∗ (ΛW,Q; ε).
Thus, the n-th evaluation subgroups of ϕ is given by

Gn (ΛW, ΛV ; ϕ) = Im ¶Hn (ε∗) : Hn (Der (ΛW, ΛV ; ϕ)) → Homn (W,Q)♢ , for n ≥ 2.

So, an element w∗ in Homn (W,Q) is in Gn (ΛW, ΛV ; ϕ) if and only if w∗ extends to
a cycle-derivation θ of Dern (ΛW, ΛV ; ϕ).

A special case of the preceding that is of interest to us is the one in which ΛW ∼= ΛV

and ϕ = IdΛV . In this case, we get:

Gn (ΛV ) = Im ¶Hn (ε∗) : Hn (Der (ΛV )) → Homn (V,Q)♢ , for n ≥ 2,

which is called the n-th Gottlieb group of (ΛV, dV ).
The following result is due to S.B. Smith which shows that the rational evaluation

subgroups of a map are completely determined only by the graded vector space of
derivations (see [9]).

Theorem 2.1. Suppose ϕ : (ΛW, dW ) → (ΛV, dV ) is a Sullivan model of a map

f : X → Y between simply connected CW-complexes such that X is finite. Then

Gn (Y, X; f) ⊗ Q ∼= Gn (ΛW, ΛV ; ϕ) , n ≥ 2.

Next, let us remind the notion of mapping cone which is very useful to characterize
the rational relative evaluation subgroups in terms of derivations.

Suppose ϕ : (A, dA) → (B, dB) is a map of differential graded vector spaces. We
define differential graded vector spaces (Rel∗ (ϕ) , D), called the mapping cone of ϕ,
as follows

Reln (ϕ) = An−1 ⊕ Bn.

The differential

D : Reln (ϕ) → Reln−1 (ϕ)

is given by

D (a, b) = (−dA (a) , ϕ (a) + dB (b)) .

Furthermore, we define the following maps

J : Bn → Reln (ϕ) and P : Reln (ϕ) → An−1

by

J (b) = (0, b) and P (a, b) = a, for (a, b) ∈ A × B.
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Next, suppose given a differential graded algebra map ϕ : (ΛW, dW ) → (ΛV, dV ) of
a map f : X → Y . Then, we can constructed a map of chain complexes

ϕ∗ : Der∗ (ΛV ) → Der∗ (ΛW, ΛV ; ϕ) , given by ϕ∗(θ) = ϕ ◦ θ.

The consideration above induces the following commutative diagram

Der∗ (ΛV ) Der∗ (ΛW, ΛV ; ϕ) Rel∗(ϕ
∗)

Der∗ (ΛV,Q; ε) Der∗ (ΛW,Q; ε) Rel∗(ϕ̂∗)

ϕ∗

ε∗

J

ε∗
(ε∗,ε∗)

ϕ̂∗

Ĵ

.

In this diagram, ε denotes the augmentation of either ΛV or ΛW . So, the n-th relative
evaluation subgroups of ϕ is defined as follows

Grel

n (ΛW, ΛV ; ϕ) = Im
{
Hn (ε∗, ε∗) : Hn(Rel(ϕ∗)) → Hn(Rel(ϕ̂∗))

}
, for n ≥ 2.

We finish this section by some notations and conventions. The cohomology of a
cdga (A, d) is denoted H∗ (A, d) or just H∗ (A) and let [x] ∈ H∗ (A, d) stand for the
cohomolgy class of the cocycle x ∈ A. In the sequel, all spaces appearing in this paper
are assumed to be rational simply connected CW-complexes, i.e., all spaces satisfy
X = XQ.

3. Relative Evaluation Subgroups of a Map Between Rational Finite
H-Spaces

Our aim in this section is devoted to compute in terms of Sullivan minimal models
and derivations the rational evaluation subgroups and moreover the rational relative
evaluation subgroups of a map between finite H-spaces.

3.1. Evaluation subgroups of a map between rational finite H-spaces. In the
first place, we are interested in determining the evaluation subgroups of a rational
H-space.

Proposition 3.1. Suppose X is a rational H-space. Then G∗ (X) ∼= π∗ (X).

Proof. It is easy, but for the sake of completeness we write a proof. It is well known
that a rational H-space X has the rational homotopy type of a product of Eilenberg-
MacLane spaces, i.e., X ≃Q

∏
i K(Q, ni) (see [8, Corollary 1]). It follows that

G∗ (X) ∼= G∗

∏

i

K(Q, ni)


∼= ⊕iG∗ (K(Q, ni)) ∼= ⊕iπ∗ (K(Q, ni)) ∼= π∗(X),

as required. □

We note that Proposition 3.1 can also be showed by using the Sullivan minimal
model of a rational H-space.

Now let’s move on to evaluation subgroups of a map between rational finite H-spaces.
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Proposition 3.2. Let f : X → Y be a map between rational finite H-spaces, then

G∗ (Y, X; f) ∼= π∗ (Y ) .

Proof. From [1, Example 3, p. 143] we know that the Sullivan minimal model of Y is
given by

(ΛW, 0) = (Λ (y1, y2, . . . , yp) , 0)

and the Sullivan minimal model of X is of the form

(ΛV, 0) = (Λ (x1, x2, . . . , xq) , 0) ,

where p = dim π∗(Y ) and q = dim π∗(X). Now, denote by (yj, 1) the derivation θj in
Der|yj | (ΛW, ΛV ; ϕ) for 1 ≤ j ≤ p. Since the differential on ΛV and ΛW are trivial, it
follows that the differential δ on Der∗ (ΛW, ΛV ; ϕ) is trivial. It is therefore automatic
that θj is closed and not a boundary. Further, we consider

ε∗ : Der∗ (ΛW, ΛV ; ϕ) → Hom(W,Q),

which is given by ε∗(θj) = y∗
j for 1 ≤ j ≤ p. Hence, combining the preceding we

obtain

G∗ (ΛW, ΛV ; ϕ) = ⟨y∗
1, y∗

2, . . . , y∗
p⟩ ∼= Hom(W,Q),

which completes the proof. □

3.2. Relative evaluation subgroups of a map between rational finite H-

spaces. In this subsection, we will present our main result concerning the relative
evaluation subgroups of a map between rational finite H-spaces. First, we offer one
example to illustrate the general idea and then give a summary result.

Example 3.1. Suppose f : X → Y is a map of rational H-spaces which its Sullivan
model

ϕ : (ΛW, 0) = (Λ (x3, y4, z8) , 0) → (ΛV, 0) = (Λ (u3, v5, w9) , 0)

is given on generators by ϕ (x) = u, ϕ (y) = 0 and ϕ (z) = uv. In both Sullivan
minimal models, subscripts denote degrees. We compute Grel

∗ (ΛW, ΛV ; ϕ) as follows.
Let us consider

ϕ∗ : Der∗ (ΛV ) → Der∗ (ΛW, ΛV ; ϕ) ,

which is given by ϕ∗ (u∗) = x∗ + (z, v), ϕ∗ (v∗) = (z, u) and ϕ∗ (w∗) = 0. Thus, we
have immediately

D (u∗, 0) = (0, x∗ + (z, v)) , D (v∗, 0) = (0, (z, u)) and D (w∗, 0) = 0.

Further, it is easy to see that

D (0, x∗) = D (0, y∗) = D (0, z∗) = 0.

An easy argument shows that the elements [(w∗, 0)], [(0, y∗)] and [(0, z∗)] are nonzero
in H∗ (Rel (ϕ∗)). Next, denote by ε∗ (a∗) = â∗ for an element a in W or V . Since,
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we have H∗ (ε∗, ε∗) ([(w∗, 0)]) =
[

ŵ∗, 0
]

, H∗ (ε∗, ε∗) ([(0, y∗)]) =
[

0, ŷ∗
]

and also

H∗ (ε∗, ε∗) ([(0, z∗)]) =
[

0, ẑ∗
]

are nonzero in H∗


Rel


ϕ̂∗


. It follows that

Grel

∗ (ΛW, ΛV ; ϕ) =
〈[

ŵ∗, 0
]

,
[

0, ŷ∗
]

,
[

0, ẑ∗
]〉

.

The following discussion will fix our notation. Suppose f : X → Y is a map between
rational finite H-spaces and denote by ϕ : (ΛW, 0) → (ΛV, 0) the Sullivan model of
f . Let ¶y1, . . . , yr, yr+1, . . . , ys, ys+1, . . . , yp♢ be a basis for W and let us consider
¶x1, . . . , xr, xr+1, . . . , xt, xt+1, . . . , xq♢ be a basis for V . By using part (a) of ([2],
Proposition 2.2) and a change of KS-basis, we can write ϕ (yi0

) = xi0
for 1 ≤ i0 ≤ r,

ϕ (yi1
) ∈ Λ≥2 (x1, . . . , xt) -contains only decomposable elements- for r + 1 ≤ i1 ≤ s

and ϕ (yi2
) = 0 for s + 1 ≤ i2 ≤ p. Hence, it is easy to see that ϕ is well defined.

Now, we may extend the argument explained in Example 3.1 to give our main result
in this section.

Theorem 3.1. With the same notation as above, let f : X → Y be a map between

rational finite H-spaces and ϕ : (ΛW, 0) → (ΛV, 0) its Sullivan model. Then

Grel

∗ (ΛW, ΛV ; ϕ) =
〈[

x̂∗
j2

, 0
]

,
[

0, ŷ∗
i1

]
,
[

0, ŷ∗
i2

]〉
,

for t + 1 ≤ j2 ≤ q, r + 1 ≤ i1 ≤ s and s + 1 ≤ i2 ≤ p.

Proof. First, as recalled above denote by

ϕ : (Λ (y1, . . . , yp) , 0) → (Λ (x1, . . . , xq) , 0)

the Sullivan model of f in which is given by ϕ (yi0
) = xi0

for 1 ≤ i0 ≤ r, ϕ (yi1
) ∈

Λ≥2 (x1, . . . , xt) for r + 1 ≤ i1 ≤ s and ϕ (yi2
) = 0 for s + 1 ≤ i2 ≤ p. Thus, it induces

the following map

ϕ∗ : Der∗ (ΛV ) → Der∗ (ΛW, ΛV ; ϕ) ,

where ϕ∗

x∗

i0


= y∗

i0
+ (yi1

, vi1
) such that vi1

= x∗
i0

(ϕ (yi1
)) , ϕ∗


x∗

j1


= (yi1

, wi1
) such

that wi1
= x∗

j1
(ϕ (yi1

)) for r + 1 ≤ j1 ≤ t and finally, ϕ∗

x∗

j2


= 0 for t + 1 ≤ j2 ≤ q.

Here, since ϕ (yi1
) is decomposable, we note that the elements vi1

and wi1
are in

Λ+ (x1, . . . , xt). Further, an easy computation gives that

D

x∗

i0
, 0


=

0, y∗

i0
+ (yi1

, vi1
)


, D

x∗

j1
, 0


= (0, (yi1
, wi1

)) and D

x∗

j2
, 0


= 0.

Hence, for r + 1 ≤ i1 ≤ s and s + 1 ≤ i2 ≤ p, we have

D

0, y∗

i1


= D


0, y∗

i2


= 0.

Next, an easy argument by contradiction shows that

x∗

j2
, 0


,

0, y∗

i1


and


0, y∗

i2


are

not D-boundaries. This means that
[

x∗
j2

, 0
]

,
[

0, y∗
i1

]
and

[
0, y∗

i2

]
are non null

in H∗ (Rel (ϕ∗)) . Otherwise, we see that

Rel∗


ϕ̂∗


= Der∗−1 (ΛV,Q; ε) ⊕ Der∗ (ΛW,Q; ε) .
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Moreover, we recall that for a ∈ V

ε∗ : Der∗ (ΛV ) → Der∗ (ΛV,Q; ε) , ε∗ (a∗) = â∗,

and let also for b ∈ W

ε∗ : Der∗ (ΛW, ΛV ; ϕ) → Der∗ (ΛW,Q; ε) , ε∗ (b∗) = b̂∗

Next to determine H∗


Rel


ϕ̂∗


, we need to compute the differential D̂ in Rel∗

ϕ̂∗

.

For this, let

ϕ̂∗ : Der∗ (ΛV,Q; ε) → Der∗ (ΛW,Q; ε) ,

which is defined as follows: ϕ̂∗

x̂∗

i0


= ŷ∗

i0
and ϕ̂∗


x̂∗

j1


= ϕ̂∗


x̂∗

j2


= 0. Hence, in a

similar fashion as above, we prove that the elements

x̂∗

j2
, 0

,

0, ŷ∗

i1


and


0, ŷ∗

i2


are

cycles which are not D̂-boundaries. Then, by summarizing all the above we get

H∗ (ε∗, ε∗)
[

x∗
j2

, 0
]

=
[

x̂∗
j2

, 0
]

, for t + 1 ≤ j2 ≤ q,

H∗ (ε∗, ε∗)
[

0, y∗
i1

]
=
[

0, ŷ∗
i1

]
, for r + 1 ≤ i1 ≤ s,

and also

H∗ (ε∗, ε∗)
[

0, y∗
i2

]
=
[

0, ŷ∗
i2

]
, for s + 1 ≤ i2 ≤ p.

In summary, we have proved that

Grel

∗ (ΛW, ΛV ; ϕ) =
〈[

x̂∗
j2

, 0
]

,
[

0, ŷ∗
i1

]
,
[

0, ŷ∗
i2

]〉
,

for t + 1 ≤ j2 ≤ q, r + 1 ≤ i1 ≤ s and s + 1 ≤ i2 ≤ p. □

Proposition 3.3. Given a map f : X → Y of rational finite H-spaces. Suppose that

f induces an injective morphism on rational homotopy groups, then

Grel

∗ (Y, X; f) ∼= π∗ (Y )⧸π∗ (X) .

Proof. Denote by (ΛW, 0) and (ΛV, 0) the Sullivan minimal models respectively of
Y and X. Let ¶x1, . . . , xq♢ be a homogeneous basis for V . As f induces an injec-
tive morphism on rational homotopy groups, we may choose yq+1, . . . , yp such that
¶x1, . . . , xq, yq+1, . . . , yp♢ is a homogeneous basis for W . Further, let us denote by

ϕ : (Λ (x1, . . . , xq, yq+1, . . . , yp) , 0) → (Λ (x1, . . . , xq) , 0)

the Sullivan model of f which is defined as follows: ϕ(xi) = xi for 1 ≤ i ≤ q and
ϕ(yj) = 0 for q + 1 ≤ j ≤ p. Of course, we have ϕ∗(x∗

i ) = x∗
i for 1 ≤ i ≤ q. Then by

using a similar argument given in the proof of Theorem 3.1, we obtain that

Grel

∗ (ΛW, ΛV ; ϕ) =
〈[

(0, ŷj
∗)
]

for q + 1 ≤ j ≤ p
〉

∼=π∗ (Y )⧸π∗ (X) , as graded vector spaces. □

Various conditions are known under which the G-sequence of a map is exact [5, 7].
However, in general there is not information about the exactness of the G-sequence.
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Corollary 3.1. Let f : X → Y be a map between rational finite H-spaces in which f

induces an injective morphism on rational homotopy groups. Then the G-sequence of

f splits into short exact sequence

0 → G∗ (X) → G∗ (Y, X; f) → Grel

∗ (Y, X; f) → 0.

Proof. It follows directly from Proposition 3.1, Proposition 3.2 and Proposition 3.3
together with the G-sequence (1.1). □
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A STUDY OF FUNCTIONS ON THE TORUS AND
MULTI-PERIODIC FUNCTIONS

DHAOU LASSOUED1

Abstract. In this paper, we are concerned with functions defined on the cube
Qm = [−π, π]m and functions defined on the torus Tm. Especially, the harmonic
analysis of Sobolev-type spaces is carefully studied. We analyze in particular peri-
odic distributions and distributions on the torus. We introduce a space similar to
H1

0
, for which we prove a Poincaré-Wirtinger inequality. We prove that the usual

Rellich-Kondrachov result does not hold for these last space because of the lack of
compactness. A result of absolute continuity and density of regular functions is then
established and a theorem of traces is obtained.

1. Introduction

Functions which repeat themselves after a fixed length of their arguments, so-called
period, are called the periodic functions. Common examples of the periodic functions
are the trigonometric sine and cosine functions with period each. Geometrically,
a periodic function is the one whose graph displays a translational symmetry. In
particular, a function is periodic with period if the graph remains invariant under
translation in the direction by a distance.

Periodic functions appear in many practical problems. In most of the cases, they
are more complicated than the ordinary sine and cosine functions. Indeed, periodic
functions are a vital part of all scientific, engineering, technological and mathematical
processes. In all branches of mathematics, they have well-defined analogues. These
functions are used in modeling many dynamical, physical, and biological processes.
They have wide-range applications in different fields of science, mathematics and

Key words and phrases. Periodic functions, Sobolev spaces, trace theorem, absolute continuity.
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engineering to study and characterize phenomena like conduction of heat, mechanical
vibrations, electric circuits and electromagnetic waves etc.

Based on the periodic functions, there exist their periodic extensions. In fact,
periodic extensions of the periodic functions are another class of the functions which
are used in modeling more complex physical, biological and more advanced systems.
Most of the studies on the periodic functions and their extensions have been limited to
a single period. Their transformation to the functions called the periodic extension are
the half-wave rectification, full-wave rectifications in electrical engineering. The graph
of such a function is obtained by periodic repetition of its graph in any interval of the
length of its period. We call these periodic extensions as the multiperiodic functions.
Multiperiodic functions are commonly used to model complex dynamic systems in
applied and pure sciences such as population dynamics and weather forecasting.

Historically, the Fourier transform was first introduced by Joseph Fourier in his
study of the heat equation. In this context, Fourier showed how a periodic function
could be decomposed into a sum of sines and cosines which represent the frequencies of
the function. From a modern point of view, the Fourier transform is a transformation
which accepts a function and returns a new function, defined via the frequency data
of the original function. As a bridge between the physical domain and the frequency
domain, the Fourier transform seems to be the main tool of use in harmonic analysis.

Moreover, Sobolev spaces are the main tools in the modern theory of partial differen-
tial equations. They give a very natural functional analytical framework for the study
of existence, regularity and qualitative properties of the boundary value problems.
Indeed, Sobolev spaces are ubiquitous in harmonic analysis and Partial differential
equations, where they appear naturally in problems about regularity of solutions or
well-posedness. Tightly connected to these problems are certain embedding theorems
that relate the norms of Lebesgue and Sobolev spaces for appropriate indices. The
appeal of Sobolev spaces is due to the simplicity of their definition which captures
both the regularity and size of a distribution. On the other hand, an efficient tool
when dealing with Sobolev spaces and partial differential equations is the Poincaré-
Wirtinger inequality that provides norm equivalences under appropriate assumptions.
These inequalities usually provide Sobolev embeddings and compactness results (see
Adams [1]).

Besides, the Rellich-Kondrachov compactness theorem, which gives compact em-
beddings of Sobolev spaces [2, Theorem 6.2], is fundamental for the study of elliptic
boundary value problems.

On the other hand, due to its geometric and topological structure, the torus has
shown an interesting means to study periodicity/quasi-periodicity of solutions in many
applications. The interest of considering spaces of functions on the torus is because
these can be identified with periodic functions, so it is natural to look for solutions
of partial differential equations with periodic border conditions in these spaces. Now,
boundary conditions are understood in the sense of the trace, which is related to the
trace method and the trace spaces in the theory of interpolation.
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In this paper, we aim to study the functions defined on the cube [−π, π]m and
those defined on the torus Tm. That means the behaviours of multiperiodic functions
and functions on the torus are analyzed. We give a complete harmonic analysis of
Sobolev-type spaces. The distributions on the torus and the periodic distributions
are studied. Namely, we introduce a space similar to the classical space H1

0 and
we prove that on this introduced space, a Poincaré-Wirtinger inequality holds true
while the known Rellich-Kondrachov is no longer valid due to the lack of compactness.
We finally get a result on absolute continuity and density of regular functions and a
theorem of traces.

2. Notations and Preliminary results

Throughout this manuscript, we denote by N∗ or by Z+ the set of all positive
integers and by Z the set of all integers. The set of real numbers is denoted by R and
that of all complex numbers is denoted by C.

We shall fix an integer m ≥ 2 and a vector ω ∈ Rm whose components are linearly
independent on Z and are strictly positive. We denote also by Qm the cube of
dimension m, that is, Qm := [−π, π]m. The notation Tm shall be deserved for the
torus of dimension m, that is Tm := Rm/(2πZ)m.

For a vector x = (x1, . . . , xm) ∈ Rm, we denote by x−j the vector of Rm−1 defined by
x−j := (x1, . . . , xj−1, xj+1, . . . , xm). The couples (x−j, xj) and (xj, x−j) denote both x.

For x, y ∈ Km, we denote by x · y and by ♣x♣ respectively the usual inner product
of x and y and its associated euclidean norm:

x · y =
m∑

j=1

xjyj, ♣x♣ =
√
x · x.

The notation eν : Rm → C, for ν ∈ R, is reserved for the function defined for all
x ∈ Rm by eν(x) := exp(iν · x).

We shall denote by Z⟨u1, . . . , up⟩ (ui belongs to a linear space F over R) [9, p. 81],
Z-modulus generated by u1, . . . up, that is,

Z⟨u1, . . . , up⟩ :=
 p∑

j=1

kjuj : (kj)j ∈ Zp

.

We denote by τp(u), for a given function u : Rm → E and a given p ∈ Rm, the
translated function of u defined on Rm by τp(u)(x) := u(x+ p).

If the space E is a topological space, we use the standard notation, for a given
subset A ⊂ E, int(A) the interior of the set A.

Let us consider a linear normed space X over R of finite dimension m.

2.1. First notions. We give here the following definition that can be found for
example in [4, p. 55] or in [15, p. 64].
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Definition 2.1. A function F : X → E is said to be periodic if there exists a non
zero p ∈ X such that for all x ∈ X, we have F (x + p) = F (x). Such a vector p, as
well as 0, is called a period of F .

The set of all periods of a given function is an abelian subgroup of (X,+), which
becomes also a closed set if the function is continuous. We denote by Per(F ) the set
of periods of a function F .

Proposition 2.1. Let F : X → E be a periodic function, Y be a normed linear space of

dimension m and L be a linear isomorphism from Y into X. Let us define the function

G := F ◦ L : Y → E. Then, G is a periodic function, and Per(G) = L−1(Per(F )).

Proof. Take p one period of F and y ∈ Y . We haveG(z+L−1(p)) = F ◦L(z+L−1(p)) =
F (L(z) + p) = F (L(z)) = G(z), which shows that G is a periodic function and that
L−1(Per(F )) ⊂ Per(G). The converse inclusion can be obtained by interchanging F
and G. □

2.2. Lecture in a basis. We consider the canonical basis of X = Rm, denoted by
(ej)1≤j≤m. We denote (e∗

j)1≤j≤m its dual basis and χ the isomoprhism from X into
(Rm)∗ defined by:

χ(x) = (e∗
j(x))1≤j≤m.

We denote also:

χ−1(x1, . . . , xm) =
m∑

i=1

xiei.

We shall now analyze the link between the function F and the function f := F ◦χ−1

defined on Rm.

Definition 2.2. The function f is said to be 2π-periodic in each variable if for all
j = 1, . . . ,m, x−j ∈ Rm−1, and for all xj ∈ R, we have f(x−j, xj + 2π) = f(x−j, xj),
which is also equivalent to say that for all k ∈ Zm, and for any x ∈ Rm, we have
f(x+ 2πk) = f(x).

Therefore, we have the following.

Proposition 2.2. The following assertions are equivalent.

(a) F is periodic and Per(F ) ⊃ 2πZ⟨e1, . . . , em⟩.
(b) f is 2π-periodic in each variable.

Proof. We refer to Proposition 2.3 which is more general. □

2.3. Change of basis effects. Let actually take another basis of Rm, (bj)1≤j≤m. We
denote by (b∗

j)1≤j≤m its dual basis and by χ1 the isomorphism from X into (Rm)∗

defined for all x ∈ Rm as:
χ1(x) = (b∗

j(x))1≤j≤m.

Keeping the same previous notations, we set f1 := F ◦ χ−1
1 .

Proposition 2.3. The following assertions are equivalent.
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(a) F is periodic and Per(F ) ⊃ 2πbj.

(b) For all x−j ∈ Rm−1, f1(x−j, ·) is 2π-periodic from R into E.

Proof. (a) ⇒ (b) Let us fix arbitrarily x−j ∈ Rm−1.
Then, for all xj ∈ R, we have:

f1 (x−j, xj + 2π) = F ◦ χ−1
1 (x−j, xj + 2π) = F

(
2πbj +

m∑

i=1

xibi



= F

(
m∑

i=1

xibi


= F ◦ χ−1

1 (x−j, xj) = f1 (x−j, xj) .

Therefore, (a) implies (b).
(b) ⇒ (a) Now, we fix an arbitrary x ∈ Rm. We have

F (x+ 2πbj) = F ◦ χ−1
1

(
b∗

−j(x), b∗
j(x) + 2π



= f1

(
b∗

−j(x), b∗
j(x) + 2π


= f1

(
b∗

−j(x), b∗
j(x)



= F ◦ χ−1
1

(
b∗

−j(x), b∗
j(x)


= F (x) .

This completes the proof. □

Notation 2.1. We introduce Qm ⊂ X as:

Qm :=

{
m∑

i=1

xiei : for all i = 1, . . . ,m, xi ∈ [−π, π]

}
.

We have χ(Qm) = [−π, π]m. We denote by Km := χ1(Q
m).

2.4. Change of basis and integrals. We keep the previous notations, by assuming
in addition that both basis are orthonormal.

We set, for y−1 ∈ Rm−1,

K(y−1) := ¶y1 ∈ R : (y1, y−1) ∈ Km♢
and

D :=
{
y−1 ∈ Rm−1 : K(y−1) ̸= ∅

}
.

The theorem of change of variables consecutively with change of basis under the
integrals allow us to get the following.

Proposition 2.4. For any continuous function f : Rm → E, we have:

∫

[−π,π]m
f(x)dx =

∫

D

(∫

K(y−1)
f1(y)dy1


dy2 · · · dym.

Proof. The functions f , f1 and F are continuous. By Fubini’s theorem, we have:
∫

χ1(Qm)
f1(y)dy =

∫

D

(∫

K(y−1)
f1(y)dy1


dy2 · · · dym.
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Besides, since the isomorphisms χ and χ1 are orthogonal, their determinant is in
absolute value equal to 1, which gives the following identities by applying the change
of variables formula:

∫

χ1(Qm)
f1(y)dy =

∫

Qm
F (x)dx =

∫

χ(Qm)
f(x)dx.

We deduce the result then by comparison of these inequalities and by using χ(Qm) =
[−π, π]m. □

Lemma 2.1. For all y−1 ∈ D, K(y−1) is a closed interval of R with diameter equal

to 2π
√
m.

Proof. Let us fix y−1 ∈ D. K(y−1) is closed convex set of R, because it is the reciprocal
image of the convex set Km via the affine application ϕ(y1) = (y1, y−1). We deduce
that K(y−1) is a closed interval. Since K(y−1) ⊂ χ1(Q

m), we have:

diam[K(y−1)] ≤ diam[χ1(Q
m)].

Since χ1 is orthogonal, we know, due to the formula of change of variable for the
integrals, that:

diam[χ1(Q
m)] = diam[Qm].

Now, if x, y ∈ Qm, we have:

♣x− y♣2 =
m∑

i=1

(xi − yi)
2 ≤ m(2π)2,

the upper bound is reached (for example) for x = (−π, . . . ,−π) and y = (π, . . . , π).
We conclude that:

diam[Qm] = 2π
√
m,

which completes the proof of the lemma. □

2.5. Change of basis and derivation. (ei)i denotes the canonical basis of X, and
we denote by (bj)j another orthonormal basis such that b1 = ω/♣ω♣.

Let U : Rm → E be a function which is 2π-periodic in each variable, F := U ◦ χ
and V := F ◦ χ−1

1 .

Definition 2.3 ([8, p. 251]). Let x ∈ Rm and ϕ be a function defined on an open
set U of Rm containing x and with values in E. The function ϕ admits a directional
derivative (called also Gâteaux-variation) in the direction v if

ϕ(x+ θv) − ϕ(x)

θ

has a limit when θ tends to 0.
This limit, denoted by D⃗ϕ(x, v), is called directional derivative (or also Gâteaux-

variation) of ϕ in the direction v.
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Definition 2.4. We define the Percival derivation operator (cf. [11, 12]) for U differ-
entiable in the direction of ω by:

dωU(x) := D⃗U(x, ω).

Remark 2.1. When U is in addition Fréchet-differentiable in x, we have

dωU(x) =
m∑

i=1

ωi
∂U

∂xi

(x).

The link between the notions of derivation is analyzed in the following proposition.

Proposition 2.5. Let U be differentiable in the direction of ω. Then, V is differen-

tiable with the respect to the first variable, and we have the relation

dωU(x1, . . . , xm) = ♣ω♣∂V
∂y1

(y1, . . . , ym).

Proof. Since ω = ♣ω♣b1, we have:

D⃗F (x, ω) = ♣ω♣D⃗F (x, b1).

Besides, we have D⃗F (x, ω) = dωU(x) and D⃗F (x, b1) = ∂V
∂y1

(y1, . . . , ym). This achieves
the proof of the proposition. □

3. Functions on the Torus and Functions on Qm

3.1. Functions defined on the torus. We give here a (non-geometric) definition of
the functions defined on the torus Tm and we study how to extend a function defined
on Qm into a function defined on the torus. Here, the torus is not seen as a geometric
object, but as a notation to specify the periodicity with respect to each variable of
the functions involved.

For ”regular“ functions, we therefore set, when k ∈ N ∪ ¶+∞♢:

• Ck(Tm,E) is the space of functions of Ck(Rm,E) which are 2π-periodic in each
variable;

• Ck
ω(Tm,E) is the space of continuous functions, k times continuously differen-

tiable in the direction of ω and 2π-periodic in each variable;
• Ck

c (Tm,E) is the space of functions of Ck(Tm,E) which vanish on an open
neighborhood of ∂Qm;

• Ck
c,ω(Tm,E) is the space of functions of Ck

ω(Tm,E) which vanish on an open
neighborhood of ∂Qm.

For the functions of Lebesgue spaces, we shall first define the notion of periodicity.

Definition 3.1. For a function u (strongly) measurable from Rm into E, we call that
u admits the vector p as a period if : τpu = u. We call u is periodic if it has a non
zero period and we denote

L0(Tm,E) :=
{
u ∈ L0(Rm,E) : 2πZ⟨(ei)i⟩ ∈ Per(u)

}
.

The space L0(Rm,E) denotes here the space of measurable functions.
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For the other Lebesgue spaces Lα, we set, when α ∈ [1,+∞]:

Lα(Tm,E) := ¶u ∈ Lα
loc(R

m,E) : 2πZ⟨(ei)i)⟩ ∈ Per(u)♢ .
We endow this space with the norm:

∥u∥Lα :=
∫

Qm
♣u(x)♣αEdx

1/α

,

if α is finite, and when α = ∞ with the norm:

∥u∥∞ = ess sup ♣u♣E := inf ¶α : ♣u♣E ≤ α a.e.♢ .
These spaces are Banach spaces. We remind that we note sup instead of ess sup.

Notation 3.1. In the sequel, we use the notation ∥ · ∥ instead of ∥ · ∥L2 .

Remark 3.1. For a given function u ∈ L1(Tm,E), the integral
∫
Tm u(x)dx denotes∫

Qm u(x)dx. The relation between this integral and the integral with respect to the
Haar measure on the torus is:

∫

Tm
u(x)dµm(x) =

1

(2π)m

∫

Tm
u(x)dx.

Moreover, we equip the space L2(Tm,H) with the following inner product

⟨u; v⟩ :=
∫

Tm
u(x) ·H v(x)dx.

L2(Tm,H) is then a Hilbert space.
We immediately have the following result.

Proposition 3.1. For all p ∈ Rm, the following assertions hold.

1. For all k ∈ N ∪ ¶+∞♢, τp(Ck(Tm,E)) ⊂ Ck(Tm,E).
2. For all α ∈ [1,+∞], τp(Lα(Tm,E)) ⊂ Lα(Tm,E).

3.2. Extension theorems. The extension of functions defined on Qm into functions
defined on the torus can be done using the following lemma.

Lemma 3.1. The following statements hold true.

1. For all x ∈ Rm, there exists k ∈ Zm, such that x− 2πk ∈ Qm.
2. The boundary of Qm is given by

∂Qm =

p ∈ Qm : there exists j ∈ ¶1, · · · ,m♢, pj ∈ ¶−π, π♢



and is Lebesgue-negligible in Qm and in Rm.

3. If f is 2π-periodic in each variable, f satisfies the following condition at the

boundary:

(CF) For all i ∈ ¶1, . . . ,m♢ and for all x−i ∈ Rm−1, f(x−i,−π) = f(x−i, π),
which can also be written as: for all ξ, ζ ∈ Qm, [for all i ∈ ¶1, . . . ,m♢, ξi = ζi

or (ξi ∈ ¶−π, π♢ and ζi ∈ ¶−π, π♢)], this implies that f(ξ) = f(ζ).
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Proof. 3. Results from the definition of periodicity.
For the assertion 1, given x ∈ Rm, we set for each j = 1, . . . ,m,

kj = E

xj + π

2π


,

where E denotes the integer function. We verify that k ∈ Zm and for all j = 1, . . . ,m,
we have −π ≤ xj − 2πkj < π, and so x− 2πk ∈ Qm.

Let us now prove 2. We shall show that IntQm = (−π, π)m.
Firstly, we have IntQm ⊃ (−π, π)m because (−π, π)m is an open set of Rm contained

in Qm. If the inclusion is strict, there is a p ∈ IntQm and a j0 such that pj0
∈ ¶−π, π♢.

Without loss of generality, we assume that pj0
= π.

The sequence
(
(pj + 1

n
)1≤j≤m


n

converges to p, but none of its elements are in Qm.

Therefore, p /∈ IntQm.
This ends the proof of this lemma. □

Let us start with the study of the extension in the case of Lebesgue spaces.

Proposition 3.2. The map J : Lα(Tm,E) → Lα(Qm,E) defined by: J(u) := u♣Qm is

an isometric isomorphism of Banach spaces (and even Hilbert if α = 2 and E = H).

Proof. J is obviously an isometric linear map.
We shall now prove that it is bijective.
Surjectivity. Let us take a function f ∈ Lα(Qm,E). Even if it means modifying f

on the boundary of Qm (which is Lebesgue-negligible), we can assume that f is zero
on ∂Qm.

Let x ∈ Rm. If there exists k, l in Zm, distinct, for which we simultaneously have
x − 2πk ∈ Qm and x − 2πl ∈ Qm ans so for all i such that ki ≠ li, we have (ki = 0
and li = 2π) or (ki = 2π and li = 0).

Therefore, by (CF), f(x − 2πk) = f(x − 2πl), and it is then possible to define
f̃(x) = f(x− 2πk) where k is arbitrarily chosen in Zm so that x− 2πk ∈ Qm.

Let us show now that the function f̃ previously defined is periodic. If p ∈ Zm

and x ∈ Rm are given, let us take k ∈ Zm such that: x − 2πk ∈ Qm. We have
(x + 2πp) − 2π(k + p) ∈ Qm. Hence, f̃(x + 2πp) = f((x + 2πp) − 2π(k + p)) =
f(x− 2πk) = f̃(x).

Finally, it remains to verify that it belongs to Lα. The restriction of f̃ to each
Qm + 2πk, where k ∈ Zm has the form of x 7→ f(x+ 2πk), and hence f̃ ∈ Lα

loc(R
m,E),

which shows that f̃ ∈ Lα(Tm,E) and verifies J(f̃) = f .
Injectivity. Let f ∈ Lα(Qm,E) and f1 and f2 be two functions such that J(f1) =

J(f2) = f . We may suppose that the two functions fi are equal on Qm.
Let x ∈ Rm. There exists k ∈ Zm such that x − 2πk ∈ Qm. We have then

f1(x) = f1(x− 2πk) = f2(x− 2πk) = f2(x).
The proposition is finally proved. □

We analyze now the case of continuous functions. We have precisely to study what
is happening on the border.
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Lemma 3.2. Let k and l be two different elements of Zm and let p ∈ (Qm + 2πk) ∩
(Qm + 2πl). Then,

p ∈ ∂(Qm + 2πk) ∩ ∂(Qm + 2πl) = (∂Qm + 2πk) ∩ (∂Qm + 2πl).

Proof. There exist ξ, ζ ∈ Qm such that p = ξ + 2πk = ζ + 2πl. Since k ≠ l, there
exists j such that ξj ̸= ζj. Besides, as ξi + 2πki = ζi + 2πli and ♣ξi − ζi♣ ≤ 2π, we have
♣ki − li♣ ≤ 1.

First case. ki = li. Then, ξi = ζi.
Second case. ki = li ± 1. Then, ξi = ζi ± 2π, that is, since ξ, ζ ∈ Qm, one of the

two is equal to −π and the other one is equal to π.
Therefore, we have shown that i ∈ ¶1, . . . ,m♢, ξi = ζi or ξi, ζi ∈ ¶−π; π♢ and there

exists j such that ξj ≠ ζj. Finally, p ∈ (∂Qm + 2πk) ∩ (∂Qm + 2πl) and the lemma is
proven. □

Proposition 3.3. Let f ∈ C0(Qm,E). The following statements are equivalent.

1. There exists a unique f̃ ∈ C0(Tm,E) such that f̃♣Qm = f .

2. f satisfies (CF).

Proof. The implication [1. implies 2.] is obvious.
We have to show the implication [2. implies 1.].
Existence. For x ∈ Qm+2πk, we set fk(x) = f(x−2πk). When (Qm+2πk)∩(Qm+

2πl) ̸= ∅, with k ̸= l, we have (Qm + 2πk) ∩ (Qm + 2πl) = (∂Qm + 2πk) ∩ (∂Qm + 2πl)
in virtue of the lemma.

Hence, thanks to (CF), we have fk(x) = fl(x). Let us introduce Ak := Qm + 2πk.
The family (Ak)k forms a recovery of Rm such that if Ak ∩Al ̸= ∅, fk(x) = fl(x). We
can define the function f̃ as f̃(x) = fk(x) if x ∈ Ak. Since each fk is continuous and
as the recovery (Ak)k is closed and locally finite, we know that f̃ is continuous (cf.
[13, p. 20]). Its periodicity is obvious. Therefore, the existence is shown.

Uniqueness. Two solutions take the same values on Qm, and so that, they are
equal on Rm, by periodicity. □

Proposition 3.4. For all function f ∈ Ck
c (Qm,E), there exists a unique f̃ ∈

Ck(Tm,E) such that f̃♣Qm = f .

Proof. Uniqueness is acquired by Proposition 3.3. Moreover, Proposition 3.3 gives

us, for all j ≤ k, a unique f̃j ∈ C0
(
Tm,Lj

sym ((Rm)j;E)


such that f̃j ♣Qm
= f (j). Let

f̃ = f̃0. We aim to prove that this function belongs to Ck(Tm,E).
Let x ∈ Rm and l ∈ Zm such that x ∈ Qm + 2πl. We can distinguish two cases.
First case. x ∈ Int (Qm + 2πl). In this case, near to x, f̃ = f ◦ τ−2πl is of class Ck

as composition of a map from Ck and an application from C∞.
Second case. x ∈ ∂ (Qm + 2πl). Let Λ := ¶λ ∈ Zm : x ∈ ∂Qm + 2πλ♢. Λ is a non

empty finite set and since λ ∈ Λ, we have supp
(
f̃♣Qm+2πλ


= supp(f) + 2πλ and since
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x ̸∈ supp
(
f̃♣Qm+2πλ


, we can consider

r := min
λ∈Λ

d(x; supp(f) + 2πλ),

which is a strictly positive real and obtain then that B(x; r), f̃ = 0. Therefore, it
belongs to Ck at the neighborhood of x.

This completes the proof. □

3.3. Some other properties of the spaces of functions defined on the torus.

Proposition 3.5. Each function of C0(Tm,E) is uniformly continuous on Rm.

Proof. Let r be a fixed positive real. The set K := ¶x ∈ Rm : d(x,Qm) ≤ r♢ is
compact, so that due to Lemma of Heine: for all ε > 0, there exists δ > 0 such that
for all x, z ∈ K, if ♣x− z♣ ≤ δ, then ♣f(x) − f(z)♣E ≤ ε.

We fix an arbitrary ε > 0 and a δ given by the previous inequality. We put
δ′ := min¶r; δ♢. Let x, z be such that ♣x − z♣ ≤ δ′. There exists k ∈ Zm such that
x− 2πk ∈ Qm and so z − 2πk ∈ K.

So, we have: ♣f(x) − f(z)♣E = ♣f(x− 2πk) − f(z − 2πk)♣E ≤ ε, which is exactly the
uniform continuity. □

We shall prove now some density theorems. For this aim, we introduce the convo-
lution product.

Proposition 3.6. Let j ∈ N ∪ ¶+∞♢, u ∈ Cj
c (Tm,A) and v ∈ Lα(Tm,B) with

α ∈ [1,+∞]. So, u ∗ v ∈ Cj(Tm,C).

Proof. Since v ∈ Lα(Tm,B), we get v ∈ L1
loc(R

m,B) and the convolution product u∗v
is given by:

u ∗ v(z) =
∫

Rm
u(x) ⋄ v(z − x)dx.

Moreover, it is well defined on Rm and u ∗ v ∈ Cj(Rm,C).
Let us verify that 2πZm ⊂ Per(u ∗ v), which will complete the demonstration.
Let p ∈ 2πZm. p is a period of v, and

u ∗ v(z + p) =
∫

Rm
u(x)v(z + p− x)dx =

∫

Rm
u(x)v(z − x)dx = u ∗ v(z).

This is what had to be demonstrated. □

Proposition 3.7. Let j ∈ N ∪ ¶+∞♢. Cj(Tm,E) and Cj
c (Tm,E) are dense in

L2(Tm,E).

Proof. It suffices to prove this result on Cj
c (Tm,E).

Indeed, we recall that C∞
c (Int(Qm),E) is dense in L2(Qm,E) (the proof in Brezis’s

book [3, p. 71] can be adapted to Banach spaces). Fixing u ∈ L2(Tm,E), we denote
by u its restriction to Qm. Hence, for a given ε > 0, there exists w ∈ C∞

c (Int(Qm),E)
such that ∫

Qm
♣w(x) − u(x)♣2Edx ≤ ε2.
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Moreover, using Proposition 3.4, we can extend in a unique way w to an element
z ∈ C∞

c (Tm,E). We get
∫

Tm
♣z(x) − u(x)♣2Edx =

∫

Qm
♣w(x) − u(x)♣2Edx ≤ ε2,

which completes the proof of our proposition. □

Lemma 3.3. Let f ∈ L1(Tm,E) and β ∈ Rm. So, we have
∫

Qm
f(x+ β)dx =

∫

Qm
f(x)dx.

Proof. We will prove the result by induction on m.
For m = 1, we have successively

∫ π

−π
f(t+ β)dt =

∫ β+π

β−π
f =

∫ −π

β−π
f +

∫ π

−π
f +

∫ π+β

π
f

= −
∫ β−π

−π
f +

∫ π

−π
f +

∫ β−π

−π
f(t+ 2π)dt =

∫ π

−π
f.

This is the desired result.
Now, suppose the result is true for 1 and m− 1. We have

∫

Qm
f(x+ β)dx =

∫ π

−π

∫

[−π,π]m−1

f(x1 + β1, x−1 + β−1)dx−1

]
dx1.

From the result at rank m− 1, the right side is
∫ π

−π

∫

[−π,π]m−1

f(x1 + β1, x−1)dx−1

]
dx1.

Due to Fubini’s theorem then from the result to row 1, this integral is equal to∫
Qm f(x)dx, which means that the proposition is proven. □

Proposition 3.8. Let consider u ∈ L2(Tm,E). The function from Rm into L2(Tm,E)
defined by β 7→ τβu is uniformly continuous.

Proof. Let us fix an ε > 0, and a function v ∈ C0
c (Tm,E) such that ∥u− v∥ ≤ ε/3.

Since v is uniformly continuous on Rm, β 7→ τβ is uniformly continuous from Rm

into C0(Tm,E). Hence, we can find η > 0 such that if γ and β are in Rm such that
♣γ − β♣ ≤ η, then

sup
x∈Rm

♣v(x+ γ) − v(x+ β)♣E ≤ ε

3(2π)m
.

Let choose γ and β. We then get

∥u(· + β) − u(· + γ)∥ ≤∥u(· + β) − v(· + β)∥ + ∥v(· + β) − v(· + γ)∥
+ ∥v(· + γ) − u(· + γ)∥

≤2∥u− v∥ + ∥v(· + β) − v(· + γ)∥,
using Lemma 3.3. This last term being less than ε, the proof is achieved. □
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4. Construction of Sobolev-type Spaces

We aim to present the construction of Sobolev type spaces adapted to our problems.
We will start by introducing a notion of weak derivative of Percival for the elements
of L2(Tm,E) as infinite generator of a (semi-)group of contractions. The domain of
this unbounded operator is the Sobolev type space that we build. We shall explain
the relation between distributions on the torus and 2π-periodic distributions in each
variable, and we shall show that the different ways of introducing the weak derivative
of Percival coincide.

4.1. Construction and first properties of the space H1
ω(Tm,E). Due to Propo-

sition 3.1, for each u ∈ L2(Tm,E) and all β ∈ Rm, we have τβu ∈ L2(Tm,E).
Thus, we can define, for all t ∈ R+, T (t) from L2(Tm,E) into L2(Tm,E) by setting

T (t)u := τtωu, for all t ∈ R+, for all u ∈ L2(Tm,RN).

It can be easily verified that T (t) is a linear isometry of L2(Tm,E).

Proposition 4.1. The following statements hold.

(1) For all s, t ∈ R+, T (s+ t) = T (t) ◦ T (s).
(2) T (0) = id.
(3) For all u ∈ L2(Tm,E), [t 7→ T (t)u] ∈ C0(R+, L2(Tm,E)).

Proof. (1) We have for all s, t ≥ 0,

T (t+ s)u = τ(s+t)ωu = u(· + (s+ t)ω) = τsωu(· + tω) = T (s)[T (t)u]

=[T (s) ◦ T (t)](u).

(2) is obvious.
(3) [t 7→ tω] is continuous, which implies that this assertion is a consequence of

Proposition 3.8. □

Hence, following [7, p. 614], the family (T (t))t∈R+ is a strongly continuous semi-
group of L(L2(Tm,E);L2(Tm,E)).

We denote by ∇ω the infinitesimal generator of this semi-group, and by H1
ω(Tm,E)

its domain. So, we have

H1
ω(Tm,E) :=

{
u ∈ L2(Tm,E) : lim

t→0+

T (t)u− u

t
exists in L2(Tm,E)

}

and for u ∈ H1
ω(Tm,E), this limit is denoted by ∇ωu.

We obtain from the theory of strongly continuous semi-groups, cf. [7].

Proposition 4.2. The following assertions are true.

1. H1
ω(Tm,E) is a linear subspace of L2(Tm,E) and ∇ω is a linear operator from

H1
ω(Tm,E) into L2(Tm,E).

2. If u ∈ H1
ω(Tm,E) and if t ∈ R+, then τtωu ∈ H1

ω(Tm,E) and

d

dt
(τtωu) = ∇ω(τtωu) = τtω(∇ωu).
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3. If u ∈ H1
ω(Tm,E) and if 0 ≤ s < t < +∞, then

τtωu− τsωu =
∫ t

s
τrω(∇ωu)dr.

4. If t ∈ R+ and if g ∈ L1(R,R) is continuous in t, then

lim
h→0

1

h

∫ t+h

t
g(s)τsωuds = g(t)τtωu.

5. H1
ω(Tm,E) is dense in L2(Tm,E) and ∇ω is of closed graph in L2(Tm,E) ×

L2(Tm,E).

Remark 4.1. The integrals considered in the previous proposition are integrals of
continuous functions with values in the Banach space L2(Tm,E).

The space H1
ω(Tm,E) is endowed with the norm

∥u∥H1
ω(Tm,E) =

√
∥u∥2 + ∥∇ωu∥2,

which we denote also by ∥u∥1,ω if there is no ambiguity on E.
If in addition E = H is a Hilbert space, the space H1

ω(Tm,H) is equipped with the
following bi-linear form

⟨u; v⟩H1
ω(Tm,H) := ⟨u; v⟩ + ⟨∇ωu; ∇ωv⟩.

Again, if there is no ambiguity on H, we shall denote ⟨u; v⟩1,ω instead of ⟨u; v⟩H1
ω(Tm,H).

Proposition 4.3. Equipped with the bi-linear form ⟨·, ·⟩1,ω, H1
ω(Tm,H) is a Hilbert

space.

Proof. We have only to prove the completeness of this space. Now, if (un)n is a Cauchy
sequence in H1

ω(Tm,H), each of the sequences (un)n and (∇ωun)n is also of Cauchy
in the complete space L2(Tm,H), hence, they converge. We denote by u and v their
respective limits. Since ∇ω is of closed graph, we deduce that v = ∇ωu, and then the
sequence (un)n converges in H1

ω(Tm,H). □

We now verify that we correctly recover the usual notion for regular functions.

Proposition 4.4. If u ∈ C1(Tm,E), then u ∈ H1
ω(Tm,E), and ∇ωu(x) = u′(x) · ω

for Lebesgue-almost all x.

Proof. Since u′ is continuous on Tm, it is uniformly continuous, and so if we give
and ε > 0, there exists η > 0 such that: for all ξ, ζ ∈ Rm, if ♣ξ − ζ♣ ≤ η, we have
♣u′(ζ) − u′(ξ)♣E ≤ ε

♣ω♣ .

Let us fix a such η, x ∈ Rm and let t ∈ (0, η/♣ω♣). By the mean inequality applied
to the function y 7→ u(y) − u′(x) · y between x and x+ tω, we get

♣u(x+ tω) − u(x) − u′(x) · (tω)♣E ≤ ε

♣ω♣t♣ω♣.
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We divide by t, and we integrate the square of the inequality on Qm. It comes, for all
t ∈ (0, η/♣ω♣) ∥∥∥∥

τtωu− u

t
− u′(·) · ω

∥∥∥∥ ≤ ε(2π)m/2,

which completes the proof of our proposition. □

4.2. Convolution and density theorems. We call a regularizing sequence a se-
quence (ρj)j≥0 of functions of C∞

c (Rm,R) verifying

1. for all x ∈ Rm, for all j ∈ N, ρj(x) ≥ 0;
2. for all j ∈ N,

∫
Rm ρj = 1;

3. for all j ∈ N, supp(ρj) ⊂ Int(Qm) and limj→+∞ diam[supp(ρj)] = 0.

Proposition 4.5. Let u ∈ H1
ω(Tm,E) and ρ ∈ C1

c (Rm,K) such that supp(ρ) ⊂
Int(Qm). We have (dωρ) ∗ u = ρ ∗ (∇ωu).

Proof. First step. Let t > 0. We firstly remark that
∫

Rm
ρ(x)


τtωu− u

t


(z − x)dx =

∫

Rm
u(z − x)


τtωρ− ρ

t


(x)dx.

Second step. Let us prove that, as t tends to 0,
∫
Rmρ(x)

[
τtωu−u

t

]
(z − x)dx tends

to ρ ∗ (∇ωu)(z). Indeed, since
∫
Rm ρ = 1, the difference between this integral and

ρ ∗ (∇ωu)(z) is equal to
∫

Rm
ρ(x)


τtωu− u

t
− ∇ωu


(z − x)dx =

∫

Qm
ρ(x)


τtωu− u

t
− ∇ωu


(z − x)dx,

which is dominated by (if we denote by I =
[∫

Qm ρ2
]1/2

)

I

∫

Qm

∣∣∣∣
τtωu− u

t
− ∇ωu

∣∣∣∣
2

E

(z − x)dx

]1/2

≤ I

∥∥∥∥
τtωu− u

t
− ∇ωu

∥∥∥∥

and this last term tends to 0 as t tends to 0.
Third step. We aim to prove that, if t tends to 0,

∫
Rm u(z − x)[ τtωρ−ρ

t
](x)dx tends

to (dωρ) ∗ u. Since supp(ρ) ⊂ IntQm, there exists a real r > 0 such that if t ≤ r, then
supp(τtωρ) ⊂ IntQm.

Since supp(ρ′) is compact, ρ′ is uniformly continuous so by using the mean inequality,
for all ε > 0, there exists t′ < r such that if t ∈ (0; t′), we have

∣∣∣∣
τtωρ− ρ

t
(x) − dωρ(x)

∣∣∣∣ ≤ ε♣ω♣.

We integrate Rm this inequality multiplied before by u(z−x), and we get, taking into

account supp
[

τtωρ−ρ
t

]
⊂ Qm

∣∣∣∣
∫

Rm


τtωρ− ρ

t
(x) − dωρ(x)


u(z − x)dx

∣∣∣∣
E

≤
∫

Qm
ε♣ω♣ · ♣u(z − x)♣E.

Hence, the result of this step is valid.
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Fourth step. Conclusion, we take the limit in the inequality of the first step to
end the proof. □

Proposition 4.6. Let (ρj)j regularizing sequence and u ∈ L2(Tm,E). Then,

lim
j→+∞

∥ρj ∗ u− u∥ = 0.

Proof. Since ρj is positive and with support contained in Qm, we have for all z ∈ Rm

♣ρj ∗ u(z)♣E ≤
∫

Qm
ρj(x)♣u(z − x)♣Edx ≤

√∫

Qm
ρj(x)♣u(z − x)♣2Edx,

where the last inequality is obtained using the inequality of Cauchy-Schwarz. Hence,
increasing to the square, integrating over Tm then using Fubini’s theorem, we get

∥ρj ∗ u− u∥2 ≤
∫

Qm
ρj(x)

∫

Tm
♣u(z − x)♣2Edz


dx.

But, due to Lemma 3.3, the inside integral is equal to ∥u∥2, and so that we get

∥ρj ∗ u− u∥2 ≤ ∥u∥2.

As C0
c (IntQm,E) is dense in L2(Qm,E), we know that C0

c (Tm,E) is dense in L2(Tm,E)
and so that for a given ε > 0, there is φ ∈ C0

c (Tm,E) such that ∥u − φ∥ < ε. Also,
we have ∥ρj ∗ u− ρj ∗ φ∥ ≤ ε. We deduce then

∥ρj ∗ u− u∥ ≤ 2ε+ ∥ρj ∗ φ− φ∥.
It remains to show that ∥ρj ∗ φ− φ∥ ≤ ε for j large enough. The uniform continuity
of φ allows us to find an η > 0 such that if ♣ξ − ζ♣ ≤ η, then ♣φ(ξ) − φ(ζ)♣E ≤ ε. Let
j be large enough in order to get z ∈ supp(ρj) implies ♣z♣ ≤ η. Consider then an
arbitrary z ∈ Rm. So, from

ρj ∗ φ(z) − φ(z) =
∫

Rm
ρj(x) (φ(z − x) − φ(z)) dx,

as the integral only relates to supp(ρj), we deduce

♣ρj ∗ φ(z) − φ(z)♣E ≤ ε
∫

supp(ρj)
ρj(x)dx ≤ ε.

For j large enough, we obtain finally ∥ρj ∗ u− u∥ ≤ 3ε, which achieves the proof. □

Proposition 4.7. Let u ∈ L2(Tm,E) and ρ ∈ C1
c (Rm,K). Then

dω(ρ ∗ u) = (dωρ) ∗ u.
Proof. Thanks to (cf. [17, p. 122]), we know that

∂

∂xi

(ρ ∗ u) =

(
∂

∂xi

ρ


∗ u.

We multiply by ωi and add up over i to get the result. □
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Proposition 4.8. C1(Tm,E) is dense in H1
ω(Tm,E).

More precisely, if u ∈ H1
ω(Tm,E), then the sequence (ρj ∗u)j tends to u in H1

ω(Tm,E)
for every regularizing sequence (ρj)j.

Proof. By Proposition 3.6, we have ρj ∗ u ∈ C1(Tm,E) and ρj ∗ (∇ωu) ∈ C1(Tm,E).
Now, by Proposition 4.6, we have

lim
j→+∞

∥ρj ∗ u− u∥ = 0 and lim
j→+∞

∥ρj ∗ (∇ωu) − (∇ωu)∥ = 0.

But, due to Propositions 4.5 and 4.7, we get ρj ∗ (∇ωu) = ∇ω(ρj ∗ u) and finally
limj→+∞ ∥ρj ∗ u− u∥1,ω = 0. □

Proposition 4.9. The following assertions are true.

1. For all f ∈ C1(Tm,E),
∫
Tm ∂ωf(x)dx = 0.

2. For all u ∈ H1
ω(Tm,E),

∫
Tm ∇ωu(x)dx = 0.

Proof. 1. By periodicity, we have for all i
∫

Tm

∂f

∂xi

(x)dx = 0,

from which we deduce the assertion 1. by linearity.
2. By density, we can find, for all ε > 0, a function f ∈ C1(Tm,E) such that

∥f − u∥1,ω < ε.
Therefore, ∥dωf − ∇ωu∥ < ε, and so that ∥dωf − ∇ωu∥L1(Tm,E) < ε(2π)m. Hence,

using 1, it can be seen that ♣∫Tm ∇ωu(x)dx♣E < ε(2π)m. □

Proposition 4.10. Let φ ∈ C1(Tm,A) and u ∈ H1
ω(Tm,B). Then, φ ·u ∈ H1

ω(Tm,C)
and we have ∇ω(φ ⋄ u) = (dωφ) ⋄ u+ φ ⋄ (∇ωu).

Proof. First case. (A,B) = (E′,E) (or (E,E′) which can be treated in the same
manner).

First step in this first case. We show that

lim
t→0

∥∥∥∥
τtωφ− φ

t
·E′×E τtωu− (dωφ) ·E′×E u

∥∥∥∥ = 0.

Let us fix an ε > 0. Thanks to the uniform continuity φ′, there exists t0 > 0 such
that if ♣t♣ < t0, for all x ∈ Rm and for all ξ ∈ [x, x+ tω], ♣φ′(ξ) − φ′(x)♣E′ ≤ ε♣ω♣−1.

Besides, using the mean inequality, we have
∣∣∣∣∣
φ(x+ tω) − φ(x)

t
·E′×E u(x+ tω) − (dωφ(x)) ·E′×E u(x+ tω)

∣∣∣∣∣

≤ sup
ξ∈[x;x+tω]

♣φ′(ξ) − φ′(x)♣E′♣ω♣♣u(x+ tω)♣E.

Therefore, if ♣t♣ < t0, this term is less than ε♣u(x + tω)♣E. Taking the square and
integrating, due to Lemma 3.3, we deduce

∥∥∥∥

τtωφ− φ

t
− dωφ


·E′×E τtωu

∥∥∥∥ ≤ ε∥u∥.
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Thus, we have shown that

(4.1) lim
t→0

∥∥∥∥

τtωφ− φ

t
− dωφ


·E′×E τtωu

∥∥∥∥ = 0.

Moreover, we have

∥(dωφ) ·E′×E (τtωu− u)∥2 ≤ (2π)m∥dωφ∥2
∞∥τtωu− u∥2,

and by Proposition 3.8, this term tends to 0 as t → 0.
Due to this result, we deduce that

∥∥∥∥
τtωφ− φ

t
·E′×E τtωu− (dωφ) ·E′×E u

∥∥∥∥

≤
∥∥∥∥

τtωφ− φ

t
− dωφ


·E′×E τtωu

∥∥∥∥+ ∥(dωφ) ·E′×E (τtωu− u)∥.

The inequality (4.1) allows to deduce the result.
Second step of first case. We prove that

lim
t→0

∥∥∥∥φ ·E′×E

τtωu− u

t
− φ ·E′×E ∇ωu

∥∥∥∥ = 0.

In fact, the term considered is less than

(2π)m/2∥φ∥∞

∥∥∥∥
τtωu− u

t
− ∇ωu

∥∥∥∥ ,

which tends to 0 as t → 0.
Conclusion. We get

τtω(φ ·E′×E u) − φ ·E′×E u

t
− (dωφ) ·E′×E u− φ ·E′×E (∇ωu)

=

τtωφ− φ

t
·E′×E τtωu− (dωφ) ·E′×E u


+

φ ·E′×E

τtωu− u

t
− φ ·E′×E ∇ωu


,

and so that it results from the two first steps that the right hand side member tends
to 0 when t tends to 0, and the assertion 1. is consequently proven.

Second case. (A,B) = (K,E) (or (E,K) which is the same).
Let e ∈ E′ and φe(x) := φ(x)e. Then, φe ∈ H1

ω(Tm,E′) and by assertion 1, we
obtain

∇ω[(φe) ·E′×E u] = dω(φe) ·E′×E u+ (φe) ·E′×E (∇ωu).

But, since e is constant, we have ∇ω[(φe)·E′×Eu] = (∇ωφ)e·E′×Eu and dω(φe) = (dωφ)e.
Therefore, we obtain e ·E′×E [∇ω(φ · u)] = e ·E′×E [(dωφ)u] + e ·E′×E [φ · (∇ωu)] . Since
the relation is true for all e ∈ E′, we conclude that

∇ω(φ · u) = (dωφ)u+ φ · (∇ωu). □

Proposition 4.11. We have the following integration formula by parts. For all

φ ∈ C1(Tm,A) and u ∈ H1
ω(Tm,B), we have
∫

Tm
φ ⋄ (∇ωu) = −

∫

Tm
(dωφ) ⋄ u.
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Proof. Using the previous proposition, we know that φ ⋄ u ∈ H1
ω(Tm,C) and that we

have
∇ω(φ ⋄ u) = (dωφ) ⋄ u+ φ ⋄ (∇ωu).

Integrating this equality, as in Proposition 4.9, the integral of the left hand side is
zero, we have ∫

Tm
φ ⋄ (∇ωu) +

∫

Tm
(dωφ) ⋄ u = 0,

and so that the proof is completed. □

4.3. The space H1
ω,0(T

m,E).

Definition 4.1. We define the space H1
ω,0(T

m,E) as the closure of C1
c (Tm,E) in

H1
ω(Tm,E).

Proposition 4.12. Endowed with the norm of H1
ω(Tm,E), H1

ω,0(T
m,E) is complete.

If in addition the space E = H is a Hilbert space, H1
ω,0(T

m,E) is a Hilbert space.

Proof. H1
ω,0(Tm,E) is a closed linear subspace of the complete space H1

ω(Tm,E). There-
fore, it is a complete space. □

Proposition 4.13. H1
ω,0(T

m,E) is also the closure of C1
c,ω(Tm,E) in H1

ω(Tm,E).

Proof. Let H̃ be the closure of C1
c,ω(Tm,E) in H1

ω(Tm,E).

The inclusion H̃ ⊂ H1
ω,0(T

m,E) is a consequence of C1
c (Tm,E) ⊂ C1

c,ω(Tm,E).

For the converse sens, we shall prove that the injection of C1
c (Tm,E) in C1

c,ω(Tm,E)

is dense for the norm of H1
ω(Tm,E). Let take φ ∈ C1

c,ω(Tm,E) and (ρn)n a regularizing

sequence. Since φ ∈ H1
ω(Tm,E), from the Proposition 3.7 applied on φ and ρn, we

get if ψn := ρn ∗ φ, we have ψn ∈ C1(Tm,E) and

lim
n→+∞

∥ψn − φ∥1,ω = 0.

Besides, we have
supp(ψn) ⊂ supp(φ) + supp(ρn),

and as limn→+∞ diam(supp(ρn)) = 0, for n large enough, we have supp(ψn) ⊂ IntQm.
We deduce that ψn ∈ C1

c (Tm,E) for n large enough, which ends the proof. □

Proposition 4.14. For all u ∈ H1
ω,0(T

m,H), we have the inequality of Poincaré-

Wirtinger

∥∇ωu∥ ≥ ♣ω♣
π

√
m

∥u∥.

Moreover, the map u 7→ ∥∇ωu∥ is a norm H1
ω,0(T

m,H) equivalent to H1
ω(Tm,H).

We denote ∥ · ∥1,ω,0 the norm given in proposition, which means that for all u ∈
H1

ω,0(T
m,H),

∥u∥1,ω,0 = ∥∇ωu∥.
The proof of this proposition is based essentially on the verification of the inequality

indicated for the regular functions, which is the main purpose of the following lemma.
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Lemma 4.1. We denote α = ♣ω♣
π

√
m

. Then, for all u ∈ C1
c (Tm,H), we have

∥dωu∥ ≥ α∥u∥.
Proof of the Proposition 4.14. Assume for the moment that Lemma 4.1 holds. Let
u ∈ H1

ω,0(T
m,H). Consider a sequence (un)n with values in C1

c (Tm,H) tending to u
and for which we apply the lemma. Hence, for all n, we have

∥∇ωun∥ ≥ α∥un∥.
But, since

lim
n→+∞

∥u− un∥ = 0 and lim
n→+∞

∥∇ωu− ∇ωun∥ = 0,

we can take the limit to obtain

∥∇ωu∥ ≥ α∥u∥.
From this inequality, we get for all u ∈ H1

ω,0(T
m,H)

∥u∥1,ω,0 ≤ ∥u∥1,ω ≤
√

1 + α2

α
∥u∥1,ω,0

which means the equivalence of the norms. This completes the proof of proposition.
□

Now, let us prove the lemma.

Proof of Lemma 4.1. We use the results and notations of Section 2.1. Let u ∈
C1

c (Tm,H) be a fixed function and v = u ◦ χ ◦ χ−1
1 . So, we have

∥∇ωu∥ = ♣ω♣2
∫

Km

∣∣∣∣∣
∂v

∂y1

(y)

∣∣∣∣∣

2

H

dy = ♣ω♣2
∫

D



∫

K(y−1)

∣∣∣∣∣
∂v

∂y1

(y)

∣∣∣∣∣

2

H

dy1


 dy−1.

Take y−1 ∈ D. We set [a, b] := K(y−1) (we remind that K(y−1) is a closed interval,
cf. Lemma 2.1). We put also φ(y1) = v(y1, . . . , ym). We notice that φ ∈ C1

c ([a, b],H)
and that

φ′(y1) =
∂v

∂y1

(y1, . . . , ym).

It comes then
∫

K(y−1)

∣∣∣∣∣
∂v

∂y1

(y)

∣∣∣∣∣

2

H

dy1 =
∫ b

a
♣φ′(t)♣2H dt.

But, since φ(a) = 0, we have

♣φ(t)♣2H =
∫ t

a

φ(s) ·H φ′(s)

2
ds ≤ ∥φ∥L2([a,b],H).∥φ′∥L2([a,b],H)

2
,

where we have used the inequality of Cauchy-Schwarz and dominated each integral
(of positive functions) by the integral on the integer segment. By integration on [a, b],
we deduce that

∥φ∥L2([a,b],H) ≤ b− a

2
∥φ′∥L2([a,b],H),
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and since b− a = diamK(y−1) ≤ 2π
√
m, we get

∥φ∥L2([a,b],H) ≤ π
√
m∥φ′∥L2([a,b],H).

Going back to v, we obtain

∫

K(y−1)

∣∣∣∣∣
∂v

∂y1

(y)

∣∣∣∣∣

2

H

dy ≥ 1

mπ2

∫

K(y−1)
♣v(y)♣2H dy,

or, taking into account u

∥dωu∥ ≥ ♣ω♣
π

√
m

∥u∥.

This ends the proof of the lemma. □

Remark 4.2. The fact that a constant non zero function does not verify the relation
of Poincaré-Wirtinger shows that H1

ω,0(T
m,H) is different of H1

ω(Tm,H).

Notation 4.1. We denote by αP W (m) (or αP W if there is no ambiguity on m), the best
Poincaré-Wirtinger constant, that is to say

αP W (m) := inf
u∈H1

ω,0(Tm,H)\¶0♢

∥∇ωu∥
∥u∥

= sup
{
α > 0 : for all u ∈ H1

ω,0(T
m,H), ∥∇ωu∥ ≥ α∥u∥

}
.

We have then, for all m,

αP W (m) ≥ ♣ω♣
π

√
m
.

Proposition 4.15. The canonical injection of H1
ω,0(Tm,H) in L2(Tm,H) is not com-

pact.

Remark 4.3. In other words, the space H1
ω,0(T

m,H) does not verify a result of the
type Rellich-Kondrachov. This lack of compactness makes it more difficult to obtain
existence theorems in this space or in usual Sobolev’s space H1

0 (Ω).

Proof. Given the characterization of strong compacts, i.e., for the topology of the
norm of L2(IntQm) (cf. [3, p. 74]), to deny Rellich-Kondrachov, it suffices to remark
that: there exists ε > 0, there exists Ω ⊂⊂ IntQm, there exists δ0 > 0, such that
for all δ ∈ (0; δ0), we can find h ∈ Rm, and u ∈ ABH1

ω,0(Tm,H), such that ♣h♣ ≤ δ and

∥τhu− u∥ ≥ ε.
Before moving forward with the proof, let us make three remarks.

• It suffices to construct a counterexample with H = R.
• Of course, this does not contradict the continuity of translations in L2 because
u depends on δ.

• The fundamental idea to remember is that the absence of compactness is due
to the absence of control of the derivatives which are not in the direction of ω.
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We therefore take the case of H = R. Let (bj) be an orthonormal basis such that
b1 = ω

♣ω♣ . We put A ⊂ IntQm, Lj, j = 1, . . . ,m, m strictly positive reals such that if

K :=

{
A+

m∑

i=1

λiLibi : λ = (λ1, . . . , λm) ∈ [0, 1]m
}

and

TK :=
⋃

α∈[0, 2

3
L1]

ταK,

we have TK ⊂ IntQm. We can then find an open set Ω containing TK and so that
the closure is contained in IntQm (which means Ω ⊂⊂ IntQm). We set δ0 := 2

3
L1

and l = 1
3
L1.

First step. In this step (which we only do if m ≥ 3), we just have to treat the
case where m = 2.

Let ϕ ∈ C0(Rm−2,R+) be not identically zero, such that supp(ϕ) ⊂ ∏m
j=3[0, Lj]. We

denote

I :=
∫

Rm−2

ϕ2,

which is a strictly positive real.
We shall look for v = u ◦ χ ◦ χ−1

1 having the form

v(y1, . . . , ym) = v2(y1, y2)ϕ(y3, . . . , ym).

If supp(v) ⊂ K and if h = δb2 with δ ∈ (0, δ0), we have ∥(τhv − v)χΩ∥ = ∥τhv − v∥,
and using Fubini’s theorem we obtain the following identities

∥τhu− u∥2 = ∥τhv2 − v2∥2
L2(T2)I

and

∥∇ωu∥2 = ♣ω♣2∥∂1v2∥2
L2(T2)I,

and finally,

∥τhu− u∥2

∥∇ωu∥2
= ♣ω♣2

∥τhv2 − v2∥2
L2(T2)

∥∂1v2∥2
L2(T2)

.

We see from the previous equality that it is enough to build v2, which amounts to
doing the proof in the case m = 2.

Second step. We shall now construct v2.
Let us fix δ ∈ (0, δ0). For i, j ∈ ¶0, 1, 2♢, we denote

Ai,j = A+ i
L1

3
b1 + j

L2

3
· δ
δ0

b2.

For all λ ∈ R+, we define the function Pλ on [0, l] by

Pλ(x) = 2
λ

l2
x2χ[0,l/2](x) + λ

(
1 − 2


1 − x

l

2

χ[l/2,l](x).



A STUDY OF FUNCTIONS ON THE TORUS AND MULTI-PERIODIC FUNCTIONS 319

So, we introduce fλ as fλ(x) = Pλ(x)χ[0,l](x) + λχ[l,2l](x) + Pλ(3l − x)χ[0,l](x). The
function fλ is continuous and it is C1 piecewise. We calculate

∥f ′
λ∥∞ = 2

λ

l
.

We set finally, v2(y1, y2) = fy2/δ(y1)χ[0,δ](y2) + f1(y1)χ[δ,2δ](y2) + f3−y2/δ(y1)χ[2δ,3δ](y2).
So, we have

∥τδb2
v2 − v2∥2

L2(T2) ≥
∫

co(A1,1;A1,2;A2,1;A2,2)
(1 − 0)2dy =

lδ

2

and

∥∂1v2∥2
L2(T2) ≤ 2


2
∫

co(A0,0;A1,0;A0,1;A1,1)

4.y2
2

l2δ2
dy +

∫

co(A0,1;A1,1;A0,2;A2,2)

4

l2
dy

]
=

17δ

4l
.

Finally, we have
∥τδb2

v2 − v2∥2
L2(T2)

∥∂1v2∥2
L2(T2)

≥ 2l2

17
,

hence we can take in the case arbitrary m

ε =
l

♣ω♣

√
2

17
.

This achieves the proof. □

5. Fourier Analysis and Comparison of the Different Notions of
Derivation

Remark 5.1. For convenience, we assume that K = C. In the real case, this consists
in working in the complexification of E, then in obtaining the Fourier coefficients of
opposite indices.

We denote, for u ∈ L2(Tm,E) and ν ∈ Zm, a(u; ν) the element of E

a(u; ν) :=
1

(2π)m

∫

Qm
e−ν(x)u(x)dx.

We also denote
u ∼

∑

ν∈Zm

a(u; ν)eν .

We recall the following.

Remind 5.1. The map u 7→ (a(u; ν))ν∈Zm is an isometric isomorphism from L2(Tm,H)
into ℓ2(Zm;H).

Remark 5.2. The function eν is of class C1(Tm,E) and

dωeν = i(ν · ω)eν .

Proposition 5.1. Let u ∈ H1
ω(Tm,E) and ν ∈ Zm. We have

a(∇ωu; ν) = i(ν · ω)a(u; ν).
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Proof. Fix ν ∈ Zm. The application a(·; ν) is linear continuous from L2(Tm,E) into
E, hence

a(∇ωu; ν) = lim
t→0

a(τtωu; ν) − a(u; ν)

t
.

By Lemma 3.3, we have a(τtωu; ν) = eν(tω)a(u; ν). □

Proposition 5.2. Let u ∈ L2(Tm,H) such that
∑

ν∈Zm

(ν · ω)2♣a(u; ν)♣2H < +∞.

Then, u ∈ H1
ω(Tm,H) and ∇ωu ∼ ∑

ν i(ν · ω)a(u; ν)eν.

Proof. We know (cf. (5.1)) that there exists v ∈ L2(Tm,H) such that v ∼ ∑
ν i(ν ·

ω)a(u; ν)eν . For k ∈ N∗, then form the trigonometric polynomial Pk(x) =∑
♣ν♣≤k a(u; ν)eν(x). Thus, limk→+∞ ∥u− Pk∥ = 0 and limk→+∞ ∥v − ∇ωPk∥ = 0.
Since (Pk; ∇ωPk) is in the graph ∇ω which is closed, so that we deduce that v = ∇ωu

and then u ∈ H1
ω(Tm,H). □

Proposition 5.3. Let u and v be two elements of L2(Tm,H) such that: for all

φ ∈ C1(Tm,C), ∫

Tm
(dωφ) ·H u = −

∫

Tm
φ ·H v,

or equivalently, for all φ ∈ C1(Tm,H),
∫

Tm
u ·H dωφ = −

∫

Tm
v ·H φ,

then u ∈ H1
ω(Tm,H) and ∇ωu = v.

Likewise, let u and v be two elements of L2(Tm,C) such that: for all φ ∈ C1(Tm,C),
∫

Tm
(dωφ)u = −

∫

Tm
φv,

or for all φ ∈ C1(Tm,H), ∫

Tm
u(dωφ) = −

∫

Tm
vφ,

then u ∈ H1
ω(Tm,C) and ∇ωu = v.

Remark 5.3. This way of defining the derivative of an element of L2(Tm,H) is analogous
to that of Sobolev. Also, we will say that v is the weak derivative of Sobolev. This
proposition thus shows that this weak derivative, when it exists, coincides with the
notion already introduced. We will show the reciprocal later.

Proof of Proposition 5.3. Taking φ = eν , we obtain that a(v; ν) = −i(ν · ω)a(u; ν).
Since v ∈ L2(Tm,H), we deduce that ((ν · ω)a(u; ν))ν ∈ ℓ2(Zm;H), and Proposition
5.2 allows us to conclude.

Let h ∈ H non zeros. Let φ ∈ C1(Tm,C). We apply the hypothesis with the
functions φh(x) := φ(x)h. We get the result.

It is a special case with H := C. □
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6. Link with Periodic Distributions and Distributions on the Torus

6.1. Preliminary on vector-valued distributions. We denote by D(Rm,K) the
vector space of class functions C∞ from Rm into K which vanish outside of a compact.

The space of distribution with values into E is by definition L(D(Rm,K),E). We
will note it D′(Rm,E).

Proposition 6.1. Each function f ∈ Lp
loc(R

m,E) defines a vector valued distribution

Tf , for all φ ∈ D(Rm,K) by

⟨Tf ;φ⟩ :=
∫

Rm
φ(x)f(x)dx.

Proof. Since f ∈ Lp
loc(R

m,E), we have f ∈ L1
loc(R

m,E) which shows in particular that
for all φ ∈ D(Rm,K), φf ∈ L1(Rm,E) and so that

∫
Rm φf ∈ E. Besides, we have for

all e′ ∈ E′

♣e′ ·E′×E f ♣ ≤ ♣e′♣E′♣f ♣E,
and so e′ ·E′×E f ∈ L1

loc(R
m,R) for all e′ ∈ E′. Due to [14, Proposition 19, p. 66], we

deduce that f define a vector distribution. □

6.2. Periodification. The main reference here is [18].

Proposition 6.2. Let φ : Rm → E be a function with compact support. Then, for all

x ∈ Rm,

ϖ(φ)(x) =
∑

λ∈2πZm

τλφ(x)

is well defined, the function ϖ(φ) : Rm → E is periodic, and 2πZm ⊂ Per(ϖ(φ)).

Proof. Existence. We will verify that the sum defining ϖ(φ)(x) is finite.
Let x be fixed. τλφ(x) ̸= 0 implies x + λ ∈ supp(φ) which gives λ ∈ (supp(φ) −

x) ∩ 2πZm and as this intersection is finite because the support of φ is bounded, we
deduce that the sum defining ϖ(φ) deals only with a finite number of terms, hence
the existence of ϖ(φ).

Periodicity. This property is a direct consequence of the fact that 2πZm is a
group. □

The operator ϖ extends to compactly supported distributions as follows. For
T ∈ E′(Rm,E), we set for all φ ∈ D(Rm,K)

⟨ϖT ;φ⟩ := ⟨T ;ϖφ⟩.
Proposition 6.3. ϖ applies continuously D(Rm,E) into E(Rm,E) and E′(Rm,E) in

D′(Rm,E).

Proof. Let K be a fixed compact of Rm. ϖ applies continuously DK(Rm,E) into
E(Rm,E), hence D(Rm,E) into E(Rm,E). The expression defining ϖ for distributions
allows to conclude at the end of the proposition, since ϖ is defined as being its
transpose (with an abuse of notations). □
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Proposition 6.4. The following statements are true.

1. For all T ∈ E′(Rm,E), ϖT is periodic and more exactly we have for all λ ∈
2πZm ϖ(τλT ) = τλ(ϖT ) = ϖT.

2. For all F ∈ D′(Tm,E) and ψ ∈ D(Rm,K), we have ϖ(Fψ) = (ϖψ).F.
3. For all f ∈ C∞(Tm,K) and T ∈ E′(Rm,E), we have ϖ(fT ) = f.(ϖT ).

Proof. We refer to [18, p. 62–63], where the proofs can be adapted without problems
to the Banach framework as arrival space.

The assertion 1. is immediate by transposition.
For the assertion 2., we have τλ(ψF ) = τλ(ψ)τλ(F ) = τλ(ψ)F as F is periodic. We

can conclude by passing to the sum.
The last assertion can be done as the second one. □

Proposition 6.5. The following statements hold true.

1. If φ ∈ C0
c (Rm,E), then ϖ(φ) ∈ C0(Tm,E).

2. If φ ∈ C1
c (Rm,E), then ϖ(φ) ∈ C1(Tm,E) and moreover, we have for all

i = 1, . . . ,m

ϖ

(
∂φ

∂xi


=
∂ϖ(φ)

∂xi

and ϖ(dωφ) = dωϖ(φ).

3. For all k ∈ N ∪ ¶+∞♢, if φ ∈ Ck
c (Rm,E), then ϖ(φ) ∈ Ck(Tm,E).

Proof. We notice that 3. is a consequence of 2. by iteration. We also notice that
supp(τλφ) = supp(φ) − λ.

Let fix an x. We shall prove that on a ball centered in x, we can choose a fix finite
set of indexes λ for which the terms of the sum are non zero. The assertions of the
proposition will follow immediately. Noticing K the compact supp(φ) − x, we remark
first that d(x; supp(τλφ)) = d(λ;K), and for some r > 0 being fixed, the set

Z := ¶λ ∈ 2πZm : d(x; supp(τλφ)) < r♢
is finite, and since Z = ¶λ ∈ 2πZm : IntB(x, r) ∩ supp(τλφ) ̸= ∅♢, we have over
IntB(x, r),ϖ(φ) =

∑
λ∈Z τλφ. Proposition is then proved. □

Remark 6.1. Previously, we have extended some functions u : IntQm → E to functions
ũ : Tm → E. Denoting by u0 the extension of u to Rm by 0, we have ũ = ϖ(u0).

6.3. Periodic distributions and distributions on the torus. Here also, the main
reference is [18] where the proofs can be adapted to the Banach framework. We begin
by a lemma of periodic partition of the unit.

Lemma 6.1. There exists a function θ ∈ D(Rm,R) such that ϖθ = 1.

Proof. See [18, p. 63]. □

Lemma 6.2 (Surjectivity Lemma). 1. For all f ∈ C∞(Tm,E), there exists φ ∈
D(Rm,E), such that f = ϖ(φ).

2. For all F ∈ (C∞)′(Tm,E), there exists T ∈ E′(Rm,E), such that F = ϖ(T ).
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Proof. Taking into account (6.5), we can take φ = θf and T = θF . □

Proposition 6.6. The spaces D′(Tm,E) and (C∞)′(Tm,E), equipped with the same

dual topologies (strong ones or week ones), are algebraically and topologically isomor-

phic.

Given the importance of this proposition, we demonstrate it in details.

Proof. 1. ϖ applies continuously D(Rm,K) in E(Rm,K), and so does apply D(Rm,K)
in E(Rm,K) ∩D′(Tm,K) = C∞(Tm,K). Its transpose, denoted as ϖT and defined for
all L ∈ (C∞)′(Tm,E), and all φ ∈ D(Tm,E) by

⟨ϖTL;φ⟩ = ⟨L;ϖφ⟩Tm

applies then continuously (C∞)′(Tm,E) in D′(Rm,E). But, ϖTL is a periodic distri-
bution, and ϖT sends continuously (C∞)′(Tm,E) to D′(Tm,E).

2. Let θ given by lemma of periodic partition of the unit. The application f 7→ θf
applies then continuously E(Rm,K) in D(Rm,K). Let Θ be the restriction of this
application to C∞(Tm,K). Θ applies also continuously C∞(Tm,K) in D(Rm,K), and
so its transpose continuously applies D′(Rm,E) in (C∞)′(Tm,E). Its restriction to
D′(Tm,E), again noted ΘT , applies D′(Tm,E) continuously in (C∞)′(Tm,E).

3. We check by a simple calculation that ϖT and ΘT are reciprocal. □

Remark 6.2. From now on, we will systematically do this identification.

Remark 6.3. We can explain this correspondence.

1. Given F ∈ D′(Tm,E) and T any distribution with compact verifying ϖT = F ,
we have for all f ∈ C∞(Tm,R) ⟨F, f⟩Tm = ⟨T ; f⟩.

2. If in addition F is locally integrable, we can take T = χQmF , and

⟨F, f⟩Tm =
∫

Qm
F (x)f(x)dx.

6.4. Link with the concepts previously introduced. We define Percival opera-
tors for the distributions.

Definition 6.1. We define the following.

1. The operator ∂ω on D′(Tm,E) in the following way. If T ∈ (C∞)′(Tm,E), we
set for all φ ∈ C∞(Tm,K) ⟨∂ωT ;φ⟩ = −⟨T ; dωφ⟩.

2. For T ∈ D′(IntQm,E), DωT , for all φ ∈ C∞(IntQm,K) by ⟨DωT ;φ⟩ =
−⟨T ; dωφ⟩.

Remark 6.4. The following assertions are true.

1. If φ ∈ C1(Tm,E), then φ ∈ D′(Tm,E) and ∂ωφ = dωφ.
2. If φ ∈ C1

c (IntQm,E), then φ ∈ D′(IntQm,E) and Dωφ = dωφ.

We now indicate a characterization of H1
ω(Tm,H) in terms of periodic distributions.
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Proposition 6.7. The following equality holds true

H1
ω(Tm,H) =

{
u ∈ L2(Tm,H) : ∂ωu ∈ L2(Tm,H)

}
,

and if u ∈ H1
ω(Tm,H), we have ∇ωu = ∂ωu.

Proof. We shall suppose that K = C for sake of simplicity.
Inclusion H1

ω(Tm,H) ⊃ ¶u ∈ L2(Tm,H) : ∂ωu ∈ L2(Tm,H)♢ .
Let u ∈ L2(Tm;H) such that ∂ωu ∈ L2(Tm,H). We remark first that we have for

all φ ∈ C∞(Tm,K) the following relation on ∂ω
∫

Tm
φ · ∂ωu = −

∫

Tm
dωφ · u.

By Proposition 5.3, we deduce that u ∈ H1
ω(Tm,H) and ∂ωu = ∇ωu.

Inclusion H1
ω(Tm,H) ⊂ ¶u ∈ L2(Tm,H) : ∂ωu ∈ L2(Tm,H)♢ .

From 4. of Proposition 4.11, if u ∈ H1
ω(Tm,H), we have for all φ ∈ C∞(Tm,K)

∫

Tm
φ∇ωu = −

∫

Tm
dωφ · u.

But, this means that ∇ωu = ∂ωu, and so ∂ωu ∈ L2(Tm,H). □

Each function f ∈ L1
loc(R

m,E) presents a distribution noted by Tf . We denote
Di the distributional partial derivatives on D′(Rm,E) and Dω the operator Dω =∑m

i=1 ωiDi. We recall that ∂ωu has been defined for u ∈ H1
ω(Tm,E).

Proposition 6.8. Let u ∈ H1
ω(Tm,E). Then, we have on D′(Rm,E)

DωTu = T∂ωu,

that is, Dωu is represented by ∂ωu.

To begin with, we notice that T∂ωu is well defined because

∂ωu ∈ L2(Tm,E) ⊂ L2
loc(R

m,E) ⊂ L1
loc(R

m,E).

Proof. Let φ ∈ C∞
c (Rm,K) be a fixed function. There exist λ1, . . . , λp such that

supp(φ) ⊂ ∪p
j=1(Q

m + λj). Let i ∈ ¶1, . . . ,m♢. We have

⟨DiTu;φ⟩ = −⟨Tu,
∂φ

∂xi

⟩ = −
∫

Rm

∂φ

∂xi

u,

and since if i ̸= j, (Qm + λi) ∩ (Qm + λj) is of zero measure, this integral is equal to

−
p∑

j=1

∫

(Qm+λj)

∂φ

∂xi

u = −
p∑

j=1

∫

Qm

∂φ(x+ λj)

∂xi

u(x+ λj)dx

= −
p∑

j=1

∫

Qm

∂φ(x+ λj)

∂xi

u(x)dx

= −
∫

Int Qm




p∑

j=1

τλj

∂φ

∂xi


u.
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But, if x ∈ IntQm and λ is not a λj, j = 1, . . . , p, we have φ(x+ λ) = 0 by definition
of λj. Thus, the obtained integral is equal to

−
∫

Int Qm
ϖ

(
∂φ

∂xi


u.

Therefore, we finally obtain

(6.1) ⟨DωTu;φ⟩ = −
∫

Int Qm
ϖ(dωφ)u.

Moreover, arguing in the same way, we have the following identities

∫

Rm
φ∂ωu =

p∑

j=1

∫

Qm+λj

φ∂ωu =
p∑

j=1

∫

Int Qm
(τλj

φ)∂ωu =
∫

Int Qm




p∑

j=1

τλj
φ


 ∂ωu

=
∫

Int Qm
(∂ωu)ϖ(φ) = −

∫

Int Qm
udω (ϖ(φ)) ∂ωu = −

∫

Int Qm
ϖ (dωφ)u.

Thus, we have shown that
∫

Rm
φ∂ωu = −

∫

Int Qm
ϖ (dω(φ))u.

Comparing this equality with the equality (6.1), we finally see that for all φ ∈
C∞

c (Rm,R)

⟨DωTu, φ⟩ =
∫

Int Qm
φ · ∂ωu,

which ends the proof of proposition. □

7. Sobolev Spaces on IntQm

Definition 7.1. We define

H1
ω(IntQm,E) :=

{
u ∈ L2(IntQm,E) : Dωu ∈ L2(IntQm,E)

}
,

which we endow with the norm

∥u∥ω :=

√∫

Int Qm
♣u♣2E + ♣Dωu♣2E.

We define an inner product on H1
ω(IntQm,H) by setting, for all u, v ∈ H1

ω(IntQm,H)

(u; v)ω :=
∫

Int Qm
u ·H v +Dωu ·H Dωv.

Proposition 7.1. H1
ω(IntQm,E) is a Banach space (Hilbert space if E = H).

Proof. Let (un)n be a Cauchy sequence with values in H1
ω(IntQm,E). Then, the

two sequences (un)n and (Dωun)n are of Cauchy with values in the complete space
L2(IntQm,E), and so convergent to u and v respectively. Besides, the operator Dω is
continuous, and so that we can say v = Dωu, which proves that u ∈ H1

ω(IntQm,E). □

Definition 7.2. We define H1
ω,0(IntQm,E) as being the closure of C1

c (IntQm,E) in

H1
ω(IntQm,E).
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Remark 7.1. We can define also H1
ω(Rm,E).

The following two propositions explain the links between Sobolev spaces on the
torus and Sobolev spaces on the cube.

Proposition 7.2. The following assertions hold true.

1. For all u ∈ H1
ω(Tm,E), u♣Int Qm ∈ H1

ω(IntQm,E).

2. For all u ∈ H1
ω,0(T

m,E), u♣Int Qm ∈ H1
ω,0(IntQm,E).

Proof. 1. Let u ∈ H1
ω(Tm,E). We set w = u♣Int Qm and z = ∇ωu♣Int Qm . Let φ ∈

C∞
c (IntQm,K). There exists ϕ ∈ C∞

c (Tm,K) such that ϕ♣Int Qm = φ. We then
successively have

∫

Int Qm
φz =

∫

Tm
ϕ · (∇ωu) = −

∫

Tm
(dωϕ)u = −

∫

Int Qm
(dωφ)w.

This shows that z = Dωw and so w ∈ H1
ω(IntQm,E).

2. Let u ∈ H1
ω,0(T

m,E). By 1, u♣Int Qm ∈ H1
ω(IntQm,E). Let (fj)j be a sequence of

elements of C1
c (Tm,E) converging to u in H1

ω(Tm,E). We denote by gj the restriction of
fj to IntQm and w = u♣Int Qm . We have then : ∥w−gj∥ω = ∥u−fj∥1,ω and so the term

in the left tends to 0 as j tends to infinity, which means that : w ∈ H1
ω,0(IntQm,E). □

Proposition 7.3. For all u ∈ H1
ω,0(IntQm,E), there exists a unique ũ ∈ H1

ω,0(Tm,E)
such that ũ♣Qm = u. Moreover, ∇ωũ♣Qm = Dωu.

Proof. Let u ∈ H1
ω,0(IntQm,E) and (fj)j be a sequence of C1

c (IntQm,E) converging

to u in H1
ω,0(IntQm,E). So, there exists a sequence (Fj)j of C1

c (Tm,E) such that the
restriction of Fj to IntQm coincides with fj. The sequence (Fj)j is of Cauchy in
H1

ω,0(T
m,E) and so converges to a function U . We denote v the restriction of U to

IntQm, which is a function of H1
ω,0(IntQm,E) due to the previous proposition.

Besides, we have ∥v − fj∥ω = ∥U − Fj∥1,ω. Since the right hand side term tends to
0 as j goes to ∞, the term of right so is, and then by uniqueness of the limit, we have
v = u, that is, u = U♣Int Qm and so we obtain the existence of ũ.

Let us now prove the uniqueness. Let U1 and U2 be two candidates. We have
∫

Tm
♣U1 − U2♣2E =

∫

Int Qm
♣U1 − U2♣2E =

∫

Int Qm
♣u− u♣2E = 0,

which ends the proof. □

Remark 7.2. The two preceding propositions show in particular that the application of
H1

ω,0(Tm,E) to H1
ω,0(IntQm,E) which associates to u the value u♣Int Qm is an isometric

isomorphism. That allows to identify the two Hilbert spaces.

8. Higher Order Spaces

Let us quickly point out that we can of course define higher order Sobolev spaces.
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Definition 8.1. Let p ∈ N∗. We define the space Hp
ω(Tm,E) as the space of u ∈

L2(Tm,E) such that for all j ≤ p, ∇j
ωu ∈ L2(Tm,E). It is endowed by the norm

∥u∥p,ω :=

√√√√
p∑

j=0

∥∇j
ωu∥2,

and is a Hilbert space when E = H.

Similarly, we define of course Hp
ω(IntQm,E). We can also define as well other spaces

built using Lp where p ≠ 2. Due to future needs, and since the study of H1
ω(Tm,E) is

already very detailed, we will not dwell more on these spaces.

9. On the Absolute Continuity of the Functions of Hp
ω(Tm,RN)

We suppose in this paragraph that E = RN .
Let u ∈ H1

ω(Tm,RN), and let g := u ◦ χ−1
1 . Then, g ∈ L2

loc(R
m,RN) and D1g ∈

D′(Rm,RN) ∩ L2
loc(R

m,RN). Let now Cm−1 be a convex set with non empty interior
of Rm−1, and Ξ := χ−1

1 (0 × Int(Cm−1)).
Fix an ε > 0. We introduce

Ωn := (n− ε, n+ 1 + ε) × Int(Cm−1),

this is an open convex subset of Rm, g♣Ωn
and D1(g♣Ωn

) are into L2(Ωn,R
N).

Set now

On :=
{
y−1 ∈ Int(Cm−1) : [y1 7→ g(y1, y−1)] ∈ AC( (n− ε, n+ 1 + ε) ,RN)

}
.

Due to Necas [10, p. 61], for each integer n, On is of full measure in Int(Cm−1). Since
a countable union of negligible set is a negligible set, we deduce that

⋂
n On is also of

full measure Int(Cm−1). But
⋂

n

On =
{
y−1 ∈ Int(Cm−1) : [y1 7→ g(y1, y−1)] ∈ ACloc

(
R,RN

}
.

By remarking that u(tω +
∑m

j=2 yjbj) = g(t♣ω♣, y−1) and that χ−1
1 is a linear isometry,

we have then established the following.

Lemma 9.1. Let u ∈ H1
ω(Tm,RN). Then

Ξ′ :=
{
ξ ∈ Ξ : [t 7→ u(tω + ξ)] ∈ ACloc(R,R

N)
}

is of full measure in Ξ.

We shall now establish the following proposition.

Proposition 9.1. Let u ∈ Hp
ω(Tm,RN).

1. There exists Ξp of full measure in Ξ such that if ξ ∈ Ξp, for Lebesgue-almost

every t ∈ R, the function t 7→ u(tω + ξ) is differentiable, and

dj

dtj
[u(tω + ξ)] = (∇j

ωu)(tω + ξ), j ∈ ¶0, . . . , p♢, [t 7→ u(tω + ξ)] ∈ Hp
loc(R,R

N).
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2. If u ∈ Hp
ω(Tm,RN) ∩ L∞(Tm,RN), then there exists Ξ′

p of full measure in Ξ
such that if ξ ∈ Ξ′

p

[t 7→ u(tω + ξ)] ∈ Hp
loc(R,R

N) and sup
t∈R

♣u(tω + ξ)♣ ≤ ∥u∥L∞(Tm,RN ).

Proof. First assertion when p = 1.
1. For y−1 ∈ Ξ′, the function y1 7→ g(y1, y−1) is locally absolutely continuous, and

so almost everywhere differentiable, and

D1g(y1, y−1) =
∂g

∂y1

(y1, y−1).

So, for almost every t ∈ R, we have

D1g(t♣ω♣, y−1) =
∂g

∂y1

(t♣ω♣, y−1).

Let t0 arbitrary such that these two members exist. By composition, t 7→ g(t♣ω♣, y−1)
is differentiable in t0, and we have in this point

d

dt
g(t♣ω♣, y−1) = ♣ω♣ ∂g

∂y1

(t♣ω♣, y−1).

Besides, since we have

d

dt
u


tω +

m∑

j=2

yjbj


 =

d

dt
g(t♣ω♣, y−1),

we deduce d
dt
u(tω +

m∑

j=2

yjbj) exists t-almost everywhere, and then:

d

dt
u


tω +

m∑

j=2

yjbj


 = ∇ωu


tω +

m∑

j=2

yjbj


 ,

which we looked for.
2. We write ξ =

∑m
j=2 yjbj. Since χ−1

1 is a linear isometry and ∇ωu ∈ L2
loc(R

m,RN),

D1g = ∇ωu ◦ χ−1
1 ∈ L2

loc(R
m,RN). Thus, ♣D1g♣2 ∈ L1

loc(R
m,R) and so by Fubini’

theorem, ♣D1g(·, y−1)♣2 ∈ L1
loc(R,R) whence D1g(·, y−1) ∈ L2

loc(R,R
N). From the

previous calculus, we get [t 7→ d
dt
u(tω + ξ)] ∈ L2

loc(R,R
N), and then [t 7→ u(tω + ξ)] ∈

H1
loc(R,R

N).
First assertion for any p. We shall proceed by induction. Let p ≥ 2, and assume

the assertion true for 1 and p− 1. By induction hypothesis for p− 1, there exists Ξp−1

of full measure in Ξ such that for all ξ ∈ Ξp−1, [t 7→ u(tω + ξ)] ∈ Hp−1
loc (R,RN) and

dj

dtj
[u(tω + ξ)] = (∇j

ωu)(tω + ξ), j ∈ ¶0, · · · , p− 1♢.
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Since ∇p−1
ω u ∈ H1

ω(Tm,RN), by induction hypothesis for the rank 1, there exists Ξ∗ of
full measure in Ξ such that for all ξ ∈ Ξ∗, [t 7→ (∇p−1

ω u)(tω + ξ)] ∈ H1
loc(R,R

N) and :

d

dt
[(∇p−1

ω u)(tω + ξ)] = (∇p
ωu)(tω + ξ), j ∈ ¶0, . . . , p− 1♢

which gives the rank p as on the set Ξp := Ξp−1 ∩ Ξ∗ we have

d

dt
[(∇p−1

ω u)(tω + ξ)] =
d

dt


dp−1

dtp−1
[u(tω + ξ)]

]
=

dp

dtp
[u(tω + ξ)].

Second assertion. Using the same technique as in the proof of the previous lemma
and the positive version of Fubini’s theorem, we see that all

¶ξ ∈ Ξ : ♣u(tω + ξ)♣ ≤ ∥u∥∞♢
is of full measure in Ξ, and so the assertion 2. results from the first one and taking into
account the fact that the intersection of two sets of full measures is of full measure,
too. □

10. Traces Theory

10.1. Description of the boundary of Qm. The assertion 2. of Lemma 3.1 de-
scribes the border of the cube. We can decompose it into parts of dimensions k = 0
to m− 1. The part of dimension k is :

¶p ∈ ∂Qm : card¶j : ♣pj♣ = π♢ = m− k♢ .
We denote Fm the part (open faces) of dimension m− 1. It corresponds to the regular
border of Qm (cf. [5, p. 77] and [6, p. 95]). Denoting, for (i, j) ∈ ¶1, . . . ,m♢ × ¶1, 2♢

F i
j := (−π, π)i−1 × ¶(2j − 3)π♢ × (−π, π)m−i,

we then have
Fm =

⋃

i,j

F i
j .

We introduce the following notations.

• R(∂Qm) := ∂Qm + 2πZm (network generated by ∂Qm).
• If p ∈ Fm, we denote ω(p) := ε(p) ω

♣ω♣ where ε(p) is equal to 1 or -1 so that

ω(p) is returning at p in Qm. F i
j being a relative open, this has a good sense

(If ω and −ω were simultaneously leaving (or returning) in p, ω would be
tangent, which is contradicted by the freedom of its components). If p, q ∈ F i

j ,
ω(p) = ω(q), we note ωi,j the common vector.

• We define an involution ρ on ∂Qm by setting

ρ(−π, x−j) = (π, x−j) and ρ(π, x−j) = (−π, x−j).

We remark that ρ(F i
j ) = F i

3−j and we call that these faces are opposite.

Remark 10.1. ω(ρ(p)) = −ω(p) and so ωi,3−j = −ωi,j.

Lemma 10.1. There exists γ0 > 0 such that if γ ∈ (0, γ0], we have the following.
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• At least one of the intersections is empty
(
p, p+ γ

ω

♣ω♣


∩R(∂Qm),

(
p, p− γ

ω

♣ω♣


∩R(∂Qm).

• If (p, p+ γω(p)) ∩R(∂Qm) ̸= ∅, then (ρ(p), ρ(p) − γω(p)) ∩R(∂Qm) = ∅.

• co¶F i
j ;F i

j + γωi,j♢ ∩ co¶F i
3−j;F

i
3−j + γωi,3−j♢ = ∅, where co¶A,B♢ :=

¶λa+ (1 − λ)b : (λ, a, b) ∈ [0, 1] × A×B♢.

Proof. Let ω̃ := ω
♣ω♣ .

First step. Let

γ(p) := sup

γ > 0 : (p, p− γω̃) ∩R(∂Qm) = ∅ or (p, p+ γω̃) ∩R(∂Qm) = ∅



and γ1 := infp∈Fm γ(p). It is clear that γ(p) is the upper bound of a nonempty set
plus strictly positive reals, it is then into R+ \ ¶0♢. We will find a strictly positive
real lowering all the γ(p), which shows that γ1 > 0.

For γ(p), let us introduce

γj(p) := sup

γ > 0 : (pj, pj − γω̃j) ∩ (π + 2πZ) = ∅

or (pj, pj + γω̃j) ∩ (π + 2πZ) = ∅

.

Since (p ∈ R(∂Qm)) if and only if exists j, pj ∈ π + 2πZ, we have γ(p) ≥ minj γj(p).
Let p ∈ Fm and assume without loss of generality that p1 = π. We calculate

γ1(p) = π
♣ω̃1♣ and if j ≥ 2,

γj(p) =
max ¶d(pj; π + 2πZ); d(2π − pj; π + 2πZ)♢

♣ω̃j♣
≥ π

♣ω̃j♣
.

We conclude that
γ(p) ≥ min

1≤j≤m

π

♣ω̃j♣
.

Therefore, we have proved that γ1 > 0, and all γ0 ≤ γ1 satisfying the first condition.
Second step. We shall show that γ0 ≤ γ1 satisfies the second condition.
In fact, the first condition being verified, if γ ≤ γ1 and if (p, p+ γω(p)) ∩R(∂Qm)

is non empty, then (ρ(p), ρ(p) − γω(p)) ∩R(∂Qm) is empty.
Third step. Let us fulfill the last condition.
We set Bi

j(γ) := co¶F i
j ;F i

j + γωi,j♢. Bi
j(γ) and Bi

3−j(γ) are two parallel bands, of
width less than γ♣ω♣; they don’t intersect if 2γ♣ω♣ < 2π. Setting γ2 := π

2♣ω♣ , we ensure

that
(γ ≤ γ2) ⇒ (Bi

j(γ) ∩Bi
3−j(γ) = ∅).

Thus, every γ ≤ γ2 permits to fulfill the third condition.
We may then set γ0 := min¶γ1; γ2♢ to conclude. □

Notations 10.1. We introduce now the following notations:

• Ki
j := ¶p ∈ F i

j : (p, p+ γωi,j) ∩ ∂Qm = ∅♢;
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• Li
j := F i

j ∩c Ki
j;

• Si
j := Ki

j + ωi,j[0, γ];

• K := ∪i,jK
i
j;

• L := ∪i,jL
i
j;

• S := ∪i,jS
i
j.

Remark 10.2. The last condition of the lemma ensures that ρ(Li
j) ⊂ F i

3−j.

10.2. Integration on the cube boundary. For sake of simplicity, we introduce the
following notations.

Notations 10.2. For u ∈ C0(∂Qm,E) and (i, j) ∈ Nm × N2, we put

• I i
j(u) :=

∫

[−π,π]m−1

u((2j − 3)π, x−i)dx−i;

•
∫

∂Qm
udσi := I i

2(u) − I i
1(u);

•
∫

∂Qm
udσω :=

m∑

i=1

ωi

∫

∂Qm
udσi.

By density, these continuous linear forms extend to L1(∂Qm,E). We set finally, for
u ∈ L2(∂Qm,E)

∥u∥L2(∂Qm,E) :=
√ ∑

1≤i,j≤m

I i
j(♣u♣2E).

Lemma 10.2. Let f ∈ C1(Qm,A) and g ∈ C1(Qm,B) with C = K. We have the

following.

1. For all i
∫

Qm

∂f

∂xi

⋄ g = −
∫

Qm
f ⋄ ∂g

∂xi

+
∫

∂Qm
f ⋄ gdσi.

2. ∫

Qm
(dωf) ⋄ g = −

∫

Qm
f ⋄ (dωg) +

∫

∂Qm
f ⋄ gdσω.

Proof. This is to use the Stokes formula for Qm. This is allowed (cf. [16, p. 343] or
[6, Chap. XXIV, n. 14]), and we have then, applying this formula to the differential
form f.g

∧
j ̸=i dxj

∫

Qm

∂

∂xi

(f ⋄ g) =
∫

∂Qm
f ⋄ gdσi,

and so that the first assertion is obtained by developing the derivative of product.
From there, the second assertion is immediate by linearity. □

10.3. Traces operators. We introduce the operator of traces T̃0 : C1(Qm,E) →
L2(∂Qm,E), which canonically extends into an operator T0 : C1(Tm,E) → L2(∂Qm,E).
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10.3.1. An intermediate estimate.

Proposition 10.1. There exists a constant C > 0 such that, for all u ∈ C1(Tm,E),
we have

∥T0(u)∥L2(∂Qm,E) ≤ C∥u∥1,ω.

To prove this proposition, we will start by proving the following lemma.

Lemma 10.3. There exists a constant C0 > 0 such that, for all u ∈ C1(Tm,E), we

have : ∫

K
♣T0(u)♣2Edσω ≤ C2

0

∫

S

[
♣u♣2E + ♣dωu♣2E

]
.

Proof. Fix u, and let i, j be given.
We choose on F i

j a system of local coordinates (ξ, η), where ξ ∈ Rm−1 is tangent to

Ki
j and η is the coordinate following ωi,j, such that

Ki
j ⊂

{
(ξ, 0) : ξ ∈ Rm−1

}
.

For the sake of simplicity, noting by uη := ∂u
∂η

, we have for t ∈ [0; γ]

u(ξ, 0) =
∫ 0

t
uη(ξ, η)dη + u(ξ, t)

and so,

♣u(ξ, 0)♣2E ≤ 2γ
∫ t

0
♣uη(ξ, η)♣2Edη + 2♣u(ξ, t)♣2E,

and thus,

♣u(ξ, 0)♣2E ≤ 2γ
∫ γ

0
♣uη(ξ, η)♣2Edη + 2♣u(ξ, t)♣2E.

We integrate over t between 0 and γ, to obtain

γ♣u(ξ, 0)♣2E ≤ 2
∫ γ

0

(
γ2♣uη(ξ, η)♣2E + ♣u(ξ, η)♣2E


dη.

Integrate overt ξ on Ki
j. It comes

∫

Ki
j

♣u(ξ, 0)♣2Edξ ≤ 2

γ

∫

Ki
j

∫ γ

0

(
γ2♣uη(ξ, η)♣2E + ♣u(ξ, η)♣2E


dηdξ.

Let ∆i,j be the absolute value of the Jacobian for the transformation (ξ, η) 7→
(x1, . . . , xm). We have

∫

Ki
j

♣u(ξ, 0)♣2Edξ ≤ 2

γ
∆i,j max

{
1,

γ2

♣ω♣2
}∫

Si
j

♣uη♣2E + ♣u♣2E.

Multiply by ωj and sum over (i, j).
Denoting ∆ := max

(i,j)
¶ωi∆i,j♢ since each point of S is into at most 2m sets Si

j, we

have ∑

i,j

ωi∆i,j

∫

Si
j

≤ 2m∆
∫

S
,
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and finally we get
∫

K
♣u♣2Edσω ≤ 4

γ
m∆ max

{
1,

γ2

♣ω♣2
}∫

S
♣uη♣2E + ♣u♣2E.

We can then take

C0 :=

√√√√4

γ
m∆ max

{
1,

γ2

♣ω♣2
}
. □

Proof of Proposition 10.1. By periodicity of u and by Remark 10.2, we have
∫

L
♣T0(u)♣2Edσω ≤

∫

K
♣T0(u))♣2Edσω.

Since in addition∫

∂Qm
♣T0(u)♣2Edσω =

∫

L
♣T0(u)♣2Edσω +

∫

K
♣T0(u)♣2Edσω,

the periodicity of u and the lemma allow to conclude with C = C0

√
2. □

10.3.2. Extension to H1
ω(Tm,E).

Proposition 10.2. The map T0 can be extended to a linear continuous map

γ0 : H1
ω(Tm,E) → L2(∂Qm,E).

Proof. By the previous proposition, the application T0 is linear and continuous of
(C1(Tm,E); ∥ · ∥H1

ω(Tm,E)) into L2(∂Qm,E) and since C1(Tm,E) is dense in H1
ω(Tm,E),

T0 can be extended in a unique way to a linear continuous application γ0 from
H1

ω(Tm,E) into L2(∂Qm,E). □

Remark 10.3. T̃0 extends

γ̃0 : H1
ω(Qm,E) → L2(∂Qm,E),

which is linear and continuous.

10.4. Theorem of traces. The main purpose here is to prove the theorem of traces,
which gives

H1
ω,0(T

m,E) = Ker γ0.

Let u ∈ L2(Qm,E). u can be canonically extended to

• û ∈ L2(Tm,E);
• ũ := χQm .u.

Lemma 10.4. We have the following.

1. If u ∈ L2(Qm,E), then ũ ∈ L2(Rm,E).
2. If u ∈ H1

ω(Qm,E) and γ̃0(u) = 0, then, for all φ ∈ C1(Qm,K), we have
∫

Qm
φ · ∇ωu = −

∫

Qm
(dωφ) · u.

3. If u ∈ H1
ω(Qm,E) and γ̃0(u) = 0, then ũ ∈ H1

ω(Rm,E) and ∇ωũ = ∇̃ωu.
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Proof. 1. Since u is measurable, ũ is obviously measurable. We have
∫

Rm
♣ũ♣2E ≤

∫

Qm
♣ũ♣2E ≤

∫

Qm
♣u♣2E < +∞,

and so that ũ ∈ L2(Rm,E).
2. There exists (un)n with values into C1(Qm,E) converging to u.
Since γ0 is linear continuous, we see that (γ̃0(un))n is of Cauchy in L2(Qm,E) and

so converges, and that the limit is γ̃0(u) = 0.
Stokes formula immediately gives that

∫

Qm
φdωun = −

∫

Qm
(dωφ)un +

∫

∂Qm
φ · γ̃0(un)dσω.

Taking the limit, we get the desired result.
3. Let φ ∈ C1(Qm,K). We have

∫

Rm
φ · ∇ωũ = −

∫

Rm
(dωφ)ũ,

due to derivation within the meaning of distributions; but the first term is

−
∫

Qm
(dωφ)u =

∫

Qm
φ.(∇ωu) =

∫

Qm
φ · (̃∇ωu),

because of 2.
Thus, for all φ ∈ C1(Qm,K), we have

∫

Rm
φ · ∇ωũ =

∫

Qm
φ · (̃∇ωu),

which gives the assertion 3. □

Lemma 10.5. Let u ∈ L2(Qm,E). We define for α > 1, ũα : Rm → E by

ũα(x) := ũ(αx).

Then

1. ũα ∈ L2(Rm,E);
2. supp(ũα) ⊂ IntQm;

3. limα→1+ ∥ũα − ũ∥L2(Rm,E) = 0;

4. If in addition ũ ∈ H1
ω(Rm,E), then ũα ∈ H1

ω(Rm,E) and

lim
α→1+

∥ũα − ũ∥H1
ω(Rm,E) = 0.

Proof. 1. It is a consequence of the previous lemma.
2. Since supp(ũ) ⊂ Qm, it comes that

supp(ũα) ⊂ 1

α
Qm ⊂ IntQm.

3. Suppose, first, that u is in addition continuous.
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There exists then in R the number M := sup
x∈Rm

♣ũ(x)♣E. Besides,

∥ũα − ũ∥2
L2(Rm,E) ≤

∫

Qm
♣ũα(x) − ũ(x)♣2Edx.

For a fixed x, ♣ũα(x) − ũ(x)♣2E tends to 0 as α tends to 1, and this function is less than
the constant 4M2, which is integrable on Qm. Lebesgue’s dominated convergence
theorem allows us to conclude.

Now, let us move on to the general case. Let us fix ε > 0. By density, there exists
φ ∈ C0(Qm,E) such that ∥ũ − φ̃∥L2(Rm,E) ≤ ε/3. Since φ is continuous, there exists
α0 > 1 such that if α ∈ (1, α0), we have ∥φ̃α − φ̃∥L2(Rm,E) ≤ ε/3. We have then if
α ∈ (1, α0)

∥ũα − ũ∥L2(Rm,E) ≤ ∥φ̃− ũ∥L2(Rm,E) + ∥φ̃α − φ̃∥L2(Rm,E) + ∥φ̃α − ũα∥L2(Rm,E) ≤ ε.

4. Due to Lemma 10.4, we know that ũα ∈ H1
ω(Rm,E). By 3, it suffices to show

that

lim
α→1+

∥∂ω (ũα − ũ) ∥L2(Rm,E) = 0.

But, we have

∥∂ω (ũα − ũ) ∥L2(Rm,E) ≤ ∥(∂ωũ)α − ∂ωũ∥L2(Rm,E) + ∥(∂ωũ)α − ∂ω(ũα)∥L2(Rm,E).

Besides, by 3, the first term of the right hand side tends to 0. For the second, we may
write

∥(∂ωũ)α − ∂ω(ũα)∥L2(Rm,E) = (αm − 1)∥∂ω(ũα)∥L2(Rm,E),

which is the product of a term tending to 0 by a term bounded at the neighborhood
to the right of 1, so the limit is 0, which ends the proof of the lemma. □

Theorem 10.1 (Theorem of traces). We have H1
ω,0(T

m,E) = Ker γ0.

Proof. We shall prove firstly that H1
ω,0(T

m,E) ⊂ Ker γ0.

Let û ∈ H1
ω,0(T

m,E), u ∈ H1
ω,0(Q

m,E) associated to and (φn)n be a sequence of

C1
c (Tm,E) converging to u in H1

ω,0(T
m,E). We have for all integers n

γ0(φn) = T0(φn) = 0,

and so by continuity of γ0, we have γ0(u) = 0, and so that γ0(û) = 0 and the inclusion
is therefore proven.

Conversely, we aim to prove that H1
ω,0(T

m,E) ⊃ Ker γ0.

Let û ∈ Ker γ0, u ∈ H1
ω(Qm,E) associated and ε > 0. By Lemma 10.5, there exists

α0 > 1 such that ∥ũ− ũα0
∥H1

ω(Rm,E) ≤ ε/2. Let (ρn)n be a regularizing sequence. Then,
for all n, ρn ∗ ũα0

∈ C1
c,ω(Rm,E).

Moreover, since supp(ũα0
) ⊂ IntQm and diam(supp ρn) tends to 0 as n goes to

+∞, we know that for n large enough, supp(ρn ∗ ũα0
) ⊂ IntQm. There exists a

φ ∈ C1
c,ω(Qm,E) such that ∥φ− ũα0

∥1,ω ≤ ε/2. Finally, we get ∥φ− u∥1,ω ≤ ε, which

proves that u ∈ H1
ω,0(Q

m,E), i.e., û ∈ H1
ω,0(T

m,E). □
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11. Conclusion

In this work, we have completely studied the relations between functions on the
torus and the functions defined on the m-dimensional cube Q = [−π, π]m.

We have in particular presented the spaces derived from Percival’s formalism and
adapted to them the usual results. We have noticed that whether some results extend,
some do not: for example, the Rellich-Kondrachov theorem is no longer valid here.

This study has a number of direct and indirect applications in the search for
almost/quasi- periodic solutions of an ordinary differential equation and transforming
it to the search of periodic solutions in each variable of a partial differential equation.

Acknowledgements. The author would like to thank the referees for their comments
and suggestions on the manuscript.
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