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THE PERFECT LOCATING SIGNED ROMAN DOMINATION OF
SOME GRAPHS

ABOLAPE DEBORAH AKWU!, TAYO CHARLES ADEFOKUN?2, AND OPEYEMI OYEWUMI?

ABSTRACT. In this paper, we introduce the concept of Perfect locating signed
Roman dominating functions in graphs. A perfect locating signed Roman dominating
PLSRD function of a graph G = (V, E) is a function f : V(G) — {-1,1,2}
satisfying the conditions that for (i) every vertex v with f(v) = —1 is adjacent
to exactly one vertex u with f(u) = 2; (ii) any pair of distinct vertices v, w with
f(v) = f(w) = —1 does not have a common neighbor u with f(u) = 2 and (iii)
f0) + X en(w) f(u) = 1 for any vertex v. The weight of PLSRD- function is the
sum of its function values over all the vertices. The perfect locating signed Roman
domination number of G denoted by 7¥¢(G) is the minimum weight of a PLSRD-
function in G. We present the upper and lower bonds of PLSRD- function for trees.
In addition, for grid graph G, we show that 77 ¢z(G) < 2|G|.

1. INTRODUCTION AND PRELIMINARIES

In this paper, we continue the study of variant of Roman dominating function. Let
G = (V,E) be an undirected graph with vertex set V' and edge set E. The order
and size of graph G is the number of vertices and edges in G, respectively. The open
neighborhood of vertex u in G is the set of all neighbors of v in G; that is Ng(u) =
{veV]uw e E(G)}. The closed neighborhood of v in G is G[u] = {u} U Ng(u).
The degree of u is dg(u) = |[Ng(u)|. We write P, for the path of order n.

A leaf of a tree is a vertex of degree one and the support vertex is a vertex adjacent
to a leaf. Let S(T') and L(T') denotes the set of all support vertices and the set of

Key words and phrases. Perfect Roman domination, locating Roman domination, signed Roman
domination, Cartesian product graph.
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leaves in T, respectively. We denote |L(T)| = I(T') and s(T) = |S(T")|. Let L(u)
denote the set of all leaves adjacent to a support vertex u and I(u) = |L(u)].

Let G; and G5 be two graphs. The cartesian product of graphs G; and Ga,
denoted by G10G is the graph with vertex set V(Gy) x V(G3) and two vertices
(ug,v1), (ug, v2) € G1OGs are adjacent if either

e uj,uy € E(Gq) and vy = vy, or

e v, vy € E(G3) and uy = us.

The graph P,[0P,, has n rows and m columns. If G = P,00P,,, then |G| = |nm].

A subset D C V is a dominating set of G if every vertex in V' \ D has a neighbor
in D. The domination number v(G) is the minimum cardinality of a dominating set
of G. Let a € {—1,1,2} and for any vertex u € G, we denote the set of vertices with
f(u) = a by V.

The study of locating dominating sets in graphs was first studied by Slater [19, 20]
whereby many graph related problems with various types of protection are studied.
The objective of the work is to locate the intruder. A locating dominating set D C
V(G) is a dominating set with the property that for each vertex u € V(G) — D, the
set N(u) N D is unique. The locating dominating set of G with minimum cardinality
is known as locating domination number of G. The concept of locating domination
has been considered for several domination parameters, for more result, see [6,8-10].

A function f: V(G) — {0,1,2} is a Roman dominating function (RDF) on G if
for every vertex v € V(G) with f(v) = 0 is adjacent to at leaast one vertex u with
f(u) = 2. The weight of RDF' denoted by w(f) is the value f(V(G)) = X,ev ) f(v).
The RDF on G with minimum weight is known as Roman domination number and
denoted by vg(G). Cockayne et al. [13] introduced Roman domination which was
motivated by the work of Re Velle and Rosing [18] and Stewart [21]. More results on
Roman domination can be found in [11,12].

A perfect Roman dominating function (PRD-function) is a Roman dominating
function f : V(G) — {0, 1,2} such that for every vertex v € V(G) with f(v) =0
is adjacent to exactly one vertex u with f(u) = 2. The weight of f is the sum
Yvev(a) f(v) denoted by w(f). The perfect Roman domination number denoted by
7vE(Q) is the PRD-function with minimum weight. Henning et al. [14] first study
perfect Roman domination. More work on PRD can be found in [5,16,17].

A signed Roman dominating function (SRD-function) on a graph G is a function
f: V(G) = {—1,1,2} with the condition that for every v € V(G), f(N[v]) > 1.
This concept was introduced by Abdollahzadeh Ahangar in [3]. Further results on
S RD-function can be found in [1,2].

A RD-function is called a locating Roman dominating function (LRD-function)
if for any pair of vertices w,v with f(u) = f(v) = 0, N(u) N Vo # N(v) NV, where
w € V(G). The minimum weight of LRD-function is known as the locating Roman
domination number denoted as v5(G). See [15] for more result on L RD-function.
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In this paper, we consider the case whereby there will be optimal security control,
that is, the whole empire will be secured in case of multiple attacks at the same time.
This lead to the study of perfect locating signed Roman dominating function.

A perfect locating signed Roman dominating function of a graph G, abbrevated
PLSRD-function is a function f : V(G) — {—1, 1,2} satisfying the conditions that
(i) every vertex v with f(v) = —1 is adjacent to exactly one vertex u with f(u) = 2;
(ii) for any pair of distinct vertices v,w of V_;, N(v) N Vo # N(w) NV, and (iii)
f(v) + Xuen@) f(u) > 1 for any vertex v € G. In Section 2, we present the lower and
upper bonds of PLSRD-functions for trees and in Section 3, we present the upper
bond of PLSRD-functions for the grid graph.

2. PERFECT LOCATING SIGNED ROMAN DOMINATION OF TREES

In this section, we presents the lower and upper bounds of PLSRD-functions for
trees. We begin with the following observations and existing result.
Observations.
e For any star graph S,,, ¥ ¢p(S,) =n — 1.
o If f is a PLSRD-function, then |D| = |V4|, where D is a minimum dominating
set in T'.

Theorem 2.1 ([6]). For any tree T of order n > 2, v,(T) > [%].

Lemma 2.1. If T is a tree with [ leaves, s support vertices and f : V(T) — {—1,1,2}
is a perfect locating signed dominating function, then |Vi| > 1 — s.

Proof. For any support vertex u and an arbitrary vertex = € T with f(x) = 1, we
have |L(u) N Vi| > l(u) — 1, then
Vil > ()~ 1) = Y lw) - Y1 =15 a
uesS uesS uesS
Lemma 2.2. For any tree T of order n > 2 with minimum dominating set D, | leaves
and s support vertices, the |D| > %

Proof. Consider the PLSRD-function on the vertices of T" by assigning 2 to each
support vertex u and —1 to only one leaf adjacent to support vertex u. Also, assign
1 to the remaining leaves adjacent to support vertex u. The assigned values on the
support vertices and leaves in T follows from the definition of PLSRD-function.

Next, let 7" be a tree of order n’ obtained from T by deleting all support vertices
and leaves, then n’ = n — [ — s. Next, divide the vertices in 7" into ¢ connected sets
of cardinality 3, i.e. n’ = 3¢+ r, where ¢ > 0 and 0 < r < 2. Assign 2 to at least one
vertex in each ¢ set. Let the vertices {z,v,w} € T" such that r contains one vertex,
say w and {v,w} € E(T"). If f(v) = {1,2}, then assign 1 to vertex w. Also, assign
2 to vertex w if f(v) = —1 and there is no vertex x adjacent to v with label 2. If
f(z) =2 and f(v) = —1, then assign w with label 1.

Let r contain two vertices say {w, y} and {z,v, w,y} is a path in 7". Set f(w) = —1
and f(y) = 2if f(v) = 1. Also, set f(w) = —1 and f(y) = 1 if f(v) = 2 and there
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is no adjacent vertex z to v with f(x) = —1, otherwise set f(w) = f(y) = 1. Set
flw)=1=f(y)if f(v) = -1.

The assigned values produces PLSRD-function f. Let V3 denote the set of vertices
in 7" with label 2. Also for an arbitrary vertex u € T’ with f(u) = 2, |V3| > %, Now,
for an arbitrary vertex u € T with f(u) = 2, we have

n' n—I1l—s n—1+2s
> — = = -\
V| > g TS g s 3
Applying observation 2 above, we have |D| = V5| > 2=bi2s, O

Theorem 2.2. For any tree T' of order n > 2 with | leaves and s support vertices,
P (T) > n+2l—s
YLSR = 3 -

Proof. Let T be the tree of order n and f : V(T) — {—1,1,2} be a PLSRD-function
defined on 7T'. The set V5 is a minimum dominating set of 7". Clearly, D is the locating
dominating set for T, i.e. v,(T) < |D|. By Lemma 2.2, |D| > "=L£2¢ which implies
that |Vo] > =482 Also, |Va| = |V_4| since f is perfect and locating dominating
function. Let x € V(T) such that f(x) =1, then by Lemma 2.1, |V}| > [ — s. Hence,

Yosr(T) =IVorl + Vil + [Va| = 2[Va| + [Vi] - (since [Vo] = [Vo4])

—1+2 20 —
AR | 1 P e s Y B L 0
3 3
Corollary 2.1. For any tree T of order n > 2, 4 op(T) > 3.
Proof. The proof follows from Theorem 2.2. O

Theorem 2.3. If T is a tree of order n > 4, then vEgx(T) < %n, where T does not
contain a star of order greater than 4.

Proof. We proof the result by induction on the order n of the tree. If n = 3, then
VP p(T) =2 < 371. Now, let n > 4, if T is a star graph S,, with maximum degree 3,
then v/ gx(T) = 3 < 3n. Observation 1 applies if maximum degree in S, is greater
than 3. Assume that 7" and T are trees of order n* and n respectively, with n* > 3
and n* < n. Then, v/ g5(T*) < 3n*.

Let the diam(7") > 3. Suppose diam(7T") = 3, let T' be a double star S(r,t), where
r >t > 1 with maximum degree 4. Let v,w be the vertices of T' that are not
leaves such that v and w has r and t leaf neighbors, respectively. The function f
assign 2 to each vertices v and w, —1 to only one leaf neighbor of each vertex v
and w, 1 to the remaining leaves in T is a PLSRD-function with weight r 4+ ¢. So,
Yisr(T) =7+t < 3(r+t+2) = 3n. Hence, assume that diam(7) > 4.

Let v and w be two vertices in 7" with maximum distance apart. This implies that
v and w are leaves and d(v, w) = diam(T'). Let root the tree at the vertex w and let
{v,u,z,y,r,...,w} be a path in T. Note that if diam(7") = 4, then r = w; otherwise
r # w. The remaining part of the theorem is split into the following claims.

Claim 1. If dp(u) < 4, then v g(T) < 3n.
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Suppose dr(u) < 4. Let T* be the tree obtained from T by deleting vertex u and
its children. Let T be of order n*, then n* = n — dp(u). Note that n* > 3 since
diam(T’) > 4. Apply induction on tree T*, v[gp(T*) < 2n* < 2(n —3). Let f* be a
VEop(T*)-function. If f*(x) € {1,2}, then f* can be extended to a PLSRD-function f
of T by assigning 2 to vertex u, weights —1 and 1 to vertex v and other leaf neigbhor
of u respectively. Furthermore, if f*(x) = —1, this implies that there exist a neighbor
vertex of x (say y) with weight 2. Then f can be obtained from f* as follows:

If dr«(y) = 1, re-assigning weights 2, —1 to vertices x,y respectively. If dp«(y) > 2
and f*(r) = 1, re-assign f*(x), f*(y), f*(r) with weights 1, —1,2 respectively and
leave the weight of the remaining vertices under f* unchanged. If dr«(y) > 2 and
f*(r) = 2, re-assign f*(z) and f*(y) with 1 and leave the weights of the remaining
vertices under f* unchanged.

Also, if dr«(y) > 2 and y has a leaf neighbor, re-assign one of the leaf neighbor of
y with —1 and re-assign vertex x with weight 1, leave the weight of the remaining
vertices under f* unchanged.

From the illustration above, f*(x) = —1 has been reassign weight 1. Next, extend
f* to a PLSRD-function f as given above whenever f(z) € {1,2}. Therefore, we
have

sn(T) = wlf) < w(F) + dr(w) ~ 1
< 0= dr(w) + dr(u) - 1
3 dT(u)
=" + 1 1
3
< -n.
— 4

Next, assume that every child of vertex x in T has at most degree 3. For i = 1,2, 3,
let ¢; be the number of children of x with degree i. The leaf neighbor of vertex x is
q1- Note that ¢o + g3 > 1 since vertex u has degree 2 or 3.

Claim 2. If g3 > 1, then v/ ¢z(T) < 3n.

Suppose that g3 > 1, let T* be the tree obtained from 7' by deleting ¢3 children of
vertex x and their leaf neighbors. Let n* > 3 be the order of tree T* and n* = n — 3¢s.
Applying induction on T*, 77 5x(T*) < 3n* = 3(n — 3¢3).

If f*(z) € {1,2}, then we can extend f* to a PLSRD-function f of T' by assigning
weight 2 to each child of x with degree 3 and weight 1 and —1 to the leaf neighbors
of each child of z. The resulting function f is a PLSRD-function of T since each
vertex with weight —1 is adjacent to exactly one neighbor with weight 2, vertices with
weight —1 do not have a common vertex with weight 2 and the sum of weights of
each vertex and its neighbors is greater than 1. The weight w(f) = w(f*) + 2¢3 <
8(n—3qs) +2¢3 = dn— L < in.

If f*(x) = —1, only one leaf of x can have weight 2 and each child of x with degree 3
and their leaf neigbhors will have weight 1. Furthermore, if f*(x) = —1, one child of =
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with degree 3 can be assign weight 2 and the remaining child of x of degree 3 and their
leaves neighbors will have weight 1 each. This will produce another v, (T™)-function
that assign larger weight than when f*(z) € {1,2}. Hence, vertex x cannot have
weight —1.

Claim 3. If g3 = 0, then 71 (T) < 3n.

Suppose g3 = 0, then every child of z is a support vertex of degree 2 or a leaf. Let
T™ be the tree obtained from T by deleting the vertex x and all its descendants. Let
n* be the order of the tree T where n* = n — ¢ — 2¢gs — 1. Note that n* > 2 since
fy.r} C V().

Suppose ¢; = 0, then the tree T has the order n = n* + 2¢, + 1, assign 1,2, —1
to vertex x, support vertex adjacent to x and the leaf adjacent to the child of =z,
respectively. The assigned weight produces a PLSRD-function f of T of weight

w(f):w<f*)+Q2+1:i(N—QQ2—1)+Q2+1=in—q22+i < in
Suppose ¢» > ¢; > 1, then the tree T" has the order n = n* 4+ 2¢o + g1 + 1. Assign 2
to vertex x and all the support vertices adjacent to x. Also, assign —1 to only one
leaf adjacent to x and the leaf adjacent to child of z. Assign 1 to the remaining leaf

adjacent to x. The assigned weight produces a PLSRD-function f of T' of weight

) 3 3 @ @ 3 _3
wif)=0(fteta=0-2¢-a-+e+ta= “n—o 4+ -2<n
Suppose g2 = 0 and 0 < ¢; < 3, then the tree T" has the order n = n* 4 ¢; + 1. Assign
2 to vertex x, —1 to only one leaf adjacent to x and 1 to the remaining leaf adjacent

to z. The assigned weight produces a PLSRD-function f of T of weight

= = — — — = - — — - < —n.
w(f) =w(f")+a 4(n -1 +a At IS

Claim 4. If g = 0, then vEo(T) < %n.

Suppose ¢ = 0, then every child of x has a vertex with degree 3 or a leaf. Let T
be the tree obtained from 7' by deleting the vertex z and all its descendants. Let n*
be the order of the tree T with n* = n — 3¢g3 — ¢1 — 1. We consider the claim for
g3 > q1 > 1. Assign 2 to vertex x and each child of x with degree 3. Also assign —1
to only one leaf adjacent to vertex x and one leaf adjacent to child of x with degree 3.
Assign 1 to the remaining leaves adjacent to vertex x and the child of z with degree
3. The assigned weight produces a PLSRD-function f of T" of weight

. 3 3
w(f) (f)+23+a=-n—-3—a—-1)+2¢s3+qa=-n— "+ ——

4

IN

w
3
Zn.
Suppose ¢; = 0, then claim 2 holds. If ¢35 = 0, claim 3 holds.

Claim 5. If ¢, = 0, then v} ¢z(T) < 3n.

Suppose g; = 0, then every child of z has vertices of degree 2 and 3. Let T™* with
order n* be the tree obtained from T by deleting the vertex x and its descendants.
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Then n* =n —3q3 —2g2 — 1. Assign 1 to vertex x and 2 to the child of  with degree
2 and degree 3. Also assign —1 to only one leaf adjacent to child of  and 1 to the
remaining leaf adjacent to child of x. The assigned weights produced P LS RD-function
f of T of weight

w(f) =w(f")+q+2¢+1

3 3 g g 1
= S(n—3¢— 22— 1) +2 l=Sp-B_2_Z
4(n qs3 q2 ) +2g3 + g2 + 4n 1 5 "1
<§n
_4 .

Suppose g2 = 0, then claim 2 holds. If g3 = 0, then claim 3 holds.
In all these cases, w(f) < %n. Hence, for n > 3, 445 (T) < %n. This complete the
proof. O

3. PERFECT LOCATING SIGNED ROMAN DOMINATION OF CARTESIAN PRODUCT
GRAPH

In this section, we present an upper bond for the perfect locating signed Roman
domination number of the Grid graph G = P,JP,,. Let 7,1 <i<nand j,1 <j<m
denotes the rows and columns in the graph P,[JF,, We denote the vertex in the row
¢ and column j by wu;.

Theorem 3.1. Let n >5 and m > 2. If G = P,00P,,, then v15x(G) < 3|G].

Proof. Define the function f : V(G) — {—1,1,2} as shown in figure 1 as follows: For
vertex u;; € V(G), we have

1, ifi=0orl (mod 6)and j even,

1, ifi=3o0r4 (mod6)and j odd,
flu;) =4—1, ifi=0o0or1l (mod 6)and j odd,

—1, ifi=3o0r4d (mod6)and j even,
2, ifi=2 (mod 3) for all j.

The function f has a pattern that reoccur at every six rows and every two columns.
The above function f define on the vertices of G gives the PLSRD-function on G,
since each vertex with label —1 is adjacent to only one vertex with label 2, any pair
of vertices w;;,v;; with label —1 does not have a common neighbor vertex with label
2 and f(uiz) + X0, en(u;) f(vij) = 1. The result will be prove in the following cases.

Case 1: when n =0 (mod 6) and m a positive integer.

From the above function f, the total sum of labels on each column j is %”. Therefore,
we have

4 2 1
w(f) = %m < —nm+ 13 = inm = i|G|
Case 2: when n =1 (mod 6) and m a positive integer.
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2 2 12 2 2 2 2 |2

1 +1 1 +1 1 +1 71 +1

1 #1011 +1 1 +1 431 +1
R L T o bbb b
PP 100 #1001 +1 1 +1 1
1 =170 +1 03 +11
L1l b L -1 -1 1 11 1
1. D 92 2 1 b 9 2 2 2 2 2 2 2 ]2
=10 #1010 10 +1 1 +1 1 +1 1 +1 1 41

(a) n =0 (mod 6) (b) n =3 (mod 6)

F1GURE 1. The function f, m odd in (a) and m even in (b)

Define a function f*: V(G) — {—1,1,2} as follows:

. 1, if i =n and j odd,
/ (Uzg) = .
f(usj), otherwise.

The above function f* gives PLSRD-function which follows from the definition of
PLSRD-function. From the function f*, the total sum of the labels on each column
jis 2y g

Hence, we have

4(n—1) 2 1 3 3
w(f*) m( 5 + 1> < 3nm+ Tgm = m 4|G|

Case 3: when n =2 (mod 6) and m a positive integer.
Define a function f*: V(G) — {—1, 1,2} as follows:

1
f(u;j), otherwise.

, if i =mnand j even,

fr(uy) = {

The above function f* gives PLSRD-function. From the function f*, the total sum

of the labels on each odd column j is 4("7_2) + 1 and @ + 2 on even column j.



THE PERFECT LOCATING SIGNED ROMAN DOMINATION 183

If m is odd, we have

w(f*):erl <4(n—2)+1>+m—1 (4(n—2)+2> :gnerlm_l

2 6 2 6 3 6 2
< 2 n 1
3 3

If m is even, we have

w(f*):% 4<n_2)+1>+m<4<n_2)+2>:2nm+1m

6 2 6 3 6
< 2 . 1
—nm —nm
-3 12
3 3

Case 4: when n =3 (mod 6) and m a positive integer.

From the above function f, the total sum of the labels on each column j is @ +2.

Therefore, we have
4(n—3 2 1 3 3
w(f)=m ((716) + 2) < 3nm + T3hm = gnm = 1|G\

Case 5: when n =4 (mod 6) and m a positive integer.

Define a function f*: V(G) — {—1,1,2} as follows:

. 1, if i =n and j even,
[ (uy) = .
f(u;j), otherwise.

The above function f* gives PLSRD-function. From the function f*, the sum of the

labels on each column 7 is % + 3.

Hence, we have

w(f*)—m<4(n_4)+3> — i+ im

6 3 3
< 2 L 1
3 3

Case 6: when n =5 (mod 6) and m a positive integer.
Define a function f*: V(G) — {—1, 1,2} as follows:

1, if 1 =n and j odd,

f(u;;), otherwise.

[ (uij) = {
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The above function f* gives PLSRD-function which follows from the definition. From
the function f*, if 7 is odd, the sum of the labels on each column j is

A(n — _
6 6
for each even column j.

Therefore, if m is odd, we have

m+1 (4(n—75) m—1 (4(n—15) 2 1 1
) = 4 3) = Znm+ —m+ =
w(f*) 5 < 5 + >+ 5 ( 5 + 3nm+6m+2

< 2 . 1
—nm+ —nm
-3 12

3 3
= m = 1|G\

Also, if m is even, we have

w(f*):?<4(”_5)+4> +";<4<"_5>+3> _ i+ im

6 6 3 6
< 2 n 1
< 3nm T5nm
3 3
Hence, the result follows. O
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STUDY OF A STOCHASTIC DIFFERENTIAL SYSTEM OF
ARBITRARY ORDER UNDER G-BROWNIAN MOTION

EL-HACENE CHALABI', AMAR OUAOUA2, AND SALIM MESBAHI?

ABSTRACT. In this paper, we study the existence and uniqueness of the solution
for a class of stochastic differential systems of arbitrary order driven by G-Brownian
motion. We prove under certain suitable conditions that our system has a unique
solution. We also prove a stability theorem for our system.

1. INTRODUCTION

The theory of nonlinear expectations are a generalization of the classical mathe-
matical concept of expectation. Unlike the classical expectation, which is linear, the
nonlinear expectation allows for nonlinearity, which makes it a useful tool in modeling
situations involving uncertainty and risk. Nonlinear expectations have found many
applications in finance, where they are used to model and measure risk. In particular,
they are used in the context of super-hedging, which is a risk management strategy
used to minimize the potential losses of an investment portfolio. By using them,
investors can account for the possibility of extreme market events, which may not
be captured by traditional linear models. They also have applications in other fields,
such as decision theory, statistics, and machine learning. They are used to model
situations where the outcome depends on a combination of factors, rather than just
a single factor, and where there is uncertainty about the relationship between these
factors and the outcome. We find models and applications in different fields in Denis
et al. [2], Y. Lin [9], Peng [13], Ren et al. [15,16], Soumana-Hima [17], Yang [18] and

Key words and phrases. G-expectation, G-Brownian motion, G-stochastic differential equations,
G-Ito’s integral.
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corresponding references therein; where we also find techniques and methods used to
discuss such problems.

Peng [14] (for more details see Peng [11]-[13]) introduced the theory of nonlinear
expectation, G-Brownian motion and defined the related stochastic calculus, especially
stochastic integrals of 1t6’s type with respect to G-Brownian motion and derived the
related It6’s formula. Also, the notion of G-normal distribution plays the same
important role in the theory of nonlinear expectation as that of normal distribution
with the classical probability. Gao [5] studied pathwise properties and homeomorphic
property with respect to the initial values for stochastic differential equations driven
by G-Brownian motion. Later Faizullah et al. extended this theory, see for example
[3] and [4].

The existence and uniqueness theorem for some stochastic differential equations
under G-Brownian motion (G-SDEs) with Lipschitz continuous coefficients was de-
veloped by Peng and Gao. This theorem is established by using the stated method
under the Lipschitz and the linear growth conditions.

(1.1) X (t) =X (0) + /Otf(s,X (s))ds + Z /Ot gij(s, X (s))d<Bi,Bj> (s)

+§;/Othj (5, X (5))dB’ (s), tel0,7T],

where T' is a positive constant.

The existence and uniqueness of the solution X (¢) for G-SDEs (1.1) under different
conditions was proved by Bai and Y. Lin [1], Faizullah [3,4], Gao [5], Q. Lin [7], Y. Lin
8], Peng and Falei [10], Ren et al. [16], Zhang and Chen [19]. In this paper, we study
the existence, uniqueness and stability of the solution for the following stochastic
differential system driven by G-Brownian motion (SG-SDEs)

X (t) = Xl(dO) + 5 fils, X1 (8),. .., X, (s))ds
+,Zlfg fl,i,j (87 Xl (5) y oot 7Xn (8)) d <BZJ BJ> (S)

3 00 (55X ()Xo ) B (5),

(1.2) :
Xy ()= X (0)+ fL fu (5, X1 (5), ..., X (5)) ds

3 0 i (5. X0 (8), o X () d (B B) ()

Z?j:

ﬂé JE s (5, X1 () 10023 X () dBY (s) |

where (X (0),..., X, (0)) is a given initial condition, ((B*, B7)(t)),s, is the qua-
dratic variation process of the G-Brownian motion (B (t)),s, and all fy. (¢, 21, ..., Ty),
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frij (t 1, xy), fuoj(toy,... x,) for t € [0, T], k =1, 2,...,n and i,j =
1, 2,...,d are the integral-Lipschitz coefficients with respect to (z1,...,z,).

The paper is organized as follows. In the following section, we provide some
definitions, remarks and lemmas necessary to fully understand the content of this
work. The third section is devoted to our first contribution, where we prove the
existence and uniqueness of the solution of System (1.2). The last section is devoted
to our second contribution, where we prove another important result on the stability
of solutions.

2. PRELIMINARIES

In this section, we recall some of the basic concepts, definitions, and lemmas that
we will use in this work. More details can be found in Gao [5], Hu and Li [6].

Let € be a given non-empty set and let H be a linear space of real valued functions
defined on €2 such that any arbitrary constant is an element of H, and if X € H then
| X| € H. We consider that 3 is the space of random variables.

Definition 2.1 ([14]). A functional E : H{ — R is called sublinear expectation, if for
all X, Y in H, ¢ in R and A > 0, the following properties are satisfied:

(i) (Monotonicity): if X <Y, then E[X] <E[Y];

(ii) (Constant preserving): E [c] = ¢;

(iii) (Sub-additivity): E[X + Y] <E[X]|+ E[Y];

(iv) (Positive homogeneity): E [AX] = AE [X].

The triplet (2, 3, E) is called sublinear expectation space.

We assume that if Xi, Xs,..., X, € H, then (X, Xs,...,X,) € H for each
¢ € CrLip(R™), where Cy1ip(R™) is the space of linear functions ¢ defined as follows,
for all z,y € R”

CipR") ={p : R" > R: (@) o) <CQA+ 2"+ y|") |z — yl},
where C' is a positive constant and m € N* dependent only on ¢.
Definition 2.2 ([13]). Let X, Y be two n-dimensional random vectors defined on
nonlinear expectation spaces (€, Hi,E;) and (Qq, Hy, Es), respectively. They are
called identically distributed, denoted by X < Y, if E, [0 (Y)] = E; [¢ (X)] for each
% € Cl,LipGRn)-

Definition 2.3 ([6]). In a sublinear expectation space (2, H,E), a random vector Y
€ H"™ is said to be independent from another random vector X € H™ if

Elp(X,Y)] =E[E[p(5,Y)],_y], forall € Cprp(R™ x R").
X s called an independent copy of X, if X L X and X is independent from X.

Remark 2.1. Under a sublinear expectation space, Y is independent from X means
that the distributional uncertainty of Y does not change after the realization of
X =z. Or, in other words, the conditional sublinear expectation of ¥ knowing X is
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E[p(z,Y)],_x. In the case of linear expectation, this notion of independence is just
the classical one.

Remark 2.2. It is important to note that Y is independent from X does not imply
that X is independent from Y.

Let S¢ be the space of d x d symmetric matrices. I is a given non-empty, bounded
and closed subset of S%. For A = (Am-)d € S? given, we define G : S — R by

,j=1

G(A) = ;sup tr (fwT’"A) :

vyer

where 47" is the transpose matrix of v, and tr (VVT’"A> is the trace of a matrix
(1"4).
Definition 2.4 ([8]). In a sublinear expectation space (€2, H,E), a d-dimensional vec-
tor of random variables X € H¢ is G-normal distributed, if for each ¢ € Cj 1;,(R?), the
function u (t,z) = E (90 (x +VtX )) is the unique viscosity solution of the following
parabolic equation called the G-heat equation

ou

i G (D2u> . withu(0,2) = ¢ (z), (t,r) € Ry x RY,

d
where D%y = (8;1;]“) _is the Hessian matrix of u.
/L?-]

Remark 2.3. In fact, if d = 1 we have G (a) = 5 (o™ —o’a™), where 52 =
E[X?], ¢ = —E[-X?], a™ = max{«,0} and o~ = max{—a,0}. We write X ~
N(0; [2?,77]).
Definition 2.5 ([14]). A process (B (t)),s in a sublinear expectation space (€2, 3, E)
is called a G-Brownian motion if the following properties are satisfied:

(1) B(0) = 0;

(ii) for each ¢, s > 0, the increment B (t + s) — B (t) is N(0; [0?s, 7%s])-distributed
and is independent from (B (t1),...,B (t,)) foreachn e Nand 0 <¢; <-.- <t, <t

d
Remark 2.4. For any a € RY, B (t) := 3 a;B* (t) is a one-dimensional G,-Brownian
k=1

motion, where

G, (6) - ;Sup tr (677TTGGTT> - ; (O-aaTT6+ + O-faaTTﬁ_) ) 5 € Ru

~yel’
and
OgqTr = SUP tr (nyraaTT) , O_gqTr = —suptr (—WWTTaaTT) )
~ver ~yel

We denote by Q = Cy(R) the space of all R-valued continuous functions w defined on
R, such that w (0) = 0, equipped with the distance

+m>1

plwi,wz) = ];27%% [H{ws (t) — w2 ()] A 1]
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For each fixed T' > 0, let Q7 = {w (A7) 1 w € Q},

Lip(Qr) ={@(B (t1),...,B(tm)) :m>1, t1,...,tn € [0,T], ¢ € CrLip(R™)},
and let

Lip(Q2) = DO Lip (©2

Peng [13] constructs a sublinear expectation E on (€2, Lip(€2)) under which the
canonical process (B (t)),s, (i-e., B(t,w) = w (t)) is a G-Brownian motion. In what
follows, we consider this G-Brownian motion.

We denote by L¢(Qr), p > 1, the completion of Lip(Qr) under the norm ||X||, =

(E[|X |p]) Similarly, we denote L7(Q) the completion of Lip(Q2). We can represent
this sublinear expectation by the following theorem.

Theorem 2.1 ([13]). In a sublinear expectation space (Q, H,E), a sublinear expecta-

tion E[-] has the following representation: there exist a family of probability measures
P on Q such that
E(X) =supE” [X], for X € L§ (%),
PeP

where BT stands for the linear expectation under the probability P.

For a finite partition of [0, T, mr = {to,t1,...,tn}, We set

,LL(7TT) = max{]tkﬂ — tk‘ k= 0, 1, . ,N — 1}
Consider the collection MZ° (0, T) of simple processes defined by

Zﬁk [[tk tk+1[( )

where &, € L% (Q,), k=0,1,...,N — 1, and p > 1.
The completion of M%° (0, T) under the norm

il = (7 )

is denoted by ME(0,T). Note that MA(0,T) C M&(0,T) for 1 <p <gq.

B =

Definition 2.6. For each n € M2’0(0 T), the G-It6’s integral is defined by

100 = [ 0(6) 48 (5 = 6B () = B (1)

The mapping n — (1) can be extended contlnuously to MZ(0,T).

Definition 2.7. The increasing continuous process ((B%) (t)),>q, with (B%) (0) =
0 defined by -
N—1

(BY) ()= lim > (B () - B (1)) = (B (1)) -2 /0 "B () dB° (s)

,u,(ﬂ‘iN)%O k=0
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is called the quadratic variation process of (B (t)),-

Definition 2.8. Define a mapping Qo1 : M5’ (0,T) — L% (Qr) as follows

T N—-1
Qor (1) = /O n(s)d(B) (s) == Y_&(B") (trs1) — (B) (tr))-
k=0
Then Qo7 can be uniquely extended to M} (0,7). We still denote this mapping by

Qur () = [ n()d(BY) (5), neM;0T).

Burkholder-Davis-Gundy (BDG) inequalities play an important role in the study
of G-stochastic differential equations. There has been an increased interest in the
following lemmas, see Gao [5].

Lemma 2.1 ([5]). Letp>1,n€ M5 (0,T), a, a € R and 0<s<t<T. Then
u _ p

‘A n(r)d (B, B7) (r) ]

O (ata)ata)™ + Oa—a)(a-a)7" ) 1 !

<< etmera” ¥ Ty >T> (t— sy 1/5 E [n (u)"] du.

Lemma 2.2 ([5]). Letp>2,n€ ME(0,T),a € R and 0 < s <t <T. Then

s | [ nyaze )

where C, > 0 is a constant independent of n and a.

Elsup

s<u<t

p
2

p p_q [t )
<Gt t=s* [ Elln )] du,

In the following, we also need the following two important lemmas.

Lemma 2.3 (Bihari’s inequality, [1]). Let ¢ : R, — Ry be a continuous and in-
creasing function that ¢ (07) = 0 and fol % = +o00. Let u be a measurable and

nonnegative function defined on Ry that satisfies

zmwga+éﬂugwm@»@,

where a € RY and « is a positive function and Lebesgue integrable. We have the
following.

i) Ifa=0, thenu(t) =0, t € RT.

i1) If a > 0, then

u(t) <ot (v(a)—l—/otoz(s)ds>,

where

v (t) ::/otgpd(i)’ teR".

Lemma 2.4 ([11]). Let ¢ : R — R be a continuous increasing concave function, then
for each X € L{, (Q) and t > 0, we have the following Jensen inequality holds

e(E[X |Q]) > Ep(X) | Q.
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3. EXISTENCE AND UNIQUENESS RESULT

In this section, we will present our first contribution to this paper, which results
from the study of the existence and uniqueness of the solution of SG-SDEs (1.2), where

(X1(0),..., X, (0) € (R))", and for k=1,...,nand i,j =1,....d, fi, frij fr; €

ME (0, T: ]Rd) the completion of the collection Mg (O, T: ]Rd) of simple processes de-
fined by

N-1
n(w) = Y &) iy p(t), w e QY
k=0

Inll = (; [ E () dt)é,

where & € LZ(Q, ), k=0,1,...,N — 1.

We assume the following assumptions (Al) and (A2) about J = f, fx; or fr.ij.
k=1,...,nandi,j=1,...,d.

(A1)

under the norm

9t < o (OF + o (Sl
k=1

for each zy,...,7, € R4, t € [0,T], oy € MZ(0,T) and a5 € R,
(A2)

() — I () < Ja (O (Z - —ykﬁ) ,
k=1

for each w1, y1, ..., 7, yo € RYand t € [0, 7], a is a positive function square integrable
on [0,7] and ¢ : Ry — R, is a continuous, increasing and concave function satisfying

n 1 ds
e (07) =0, /O(p(s)=+oo

The space of processes in (MCQ; (O, T, Rd»n equipped with the norm

(X1, X)) = B3 [Sup (z”: 2 (t>l2>]

0<t<T \}—1

is a Banach space.
Now we can state our first contribution of this work, it is the following theorem.

Theorem 3.1. Under assumptions (A1) and (A2), System (1.2) has a unique solution
(X1 (1), ..., Xu (1) € (M (0,T;RY))"

Proof. We will prove the theorem in four steps.
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Step 1. Suppose that (X (¢),..., X, (¢)) and (Y1 (t),...,Y, (t)) are two solutions
of System (1.2) with initial conditions (X3 (0),...,X,(0)) and (Y1 (0),...,Y,(0)),
respectively. Then, we have for 1 < k <n

X () — Y5 (2)
=X} (0) — Y% (0) —I—/t [fr (5, X1 (8),. ., X0 (8) — fu(s,Y1(s),...,Yn(s))]ds

+2/ i (5. X1 (8) 1+ X (8)) = frag (5.1 (5) ... Yo ()] d (B, BY) (s)

3,7=1

+;/0 s (5, X1 (5) 1oy X (8)) = fus (5, Y (). Yo ()] dB (s).

By using the inequality, (a + b+ ¢ + d)2 <4(a®>+V*+ c® + d*), we obtain
| X () = Y ()]

§4|Xk(0)—Yk(0)|2+4’/0t[fk(s,X1(s),...,Xn(s))—fk(s,Yl(s),...,Yn(s))]ds

2

d ' . .
+4 21/0 [frig (5, X1 (8),..., X (s ))—fk,@-,j(s,Yl(s),...,Yn(s))]d<Bz,BJ>s
+4 zzl/ot[fkvj(s’Xl(S>7"'7Xn(3))_fk,j(S,E(S),...,Yn(s))]ng

2
d d

We use the fact that (Z ai> Z 2 for each positive constants a;, i = 1,...,d,
i=1

we have
RAGESAGI

§4|Xk(0)—Yk(0)|2—1—4’/0t[fk(s,X1(s),...,Xn(s))—fk(s,Yl(s),...,Yn(s))]ds

Y

ijl

/Ot iy (X0 (8) o, X (8) = fig (5, Y1 (5) ., Ya ()] d (B, BY) (s)

2

(8),- s Xn (8)) = frg (5, Y1(s) ..., Yo ()] dB (s)

Taking the supremum and the G-expectation, we have

. l sup | X (s) — Vi (3)’21

0<s<t
<4|X; (0) — Y5 (0)?
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+ 4E l sup

0<s<t

d
425" E
+ad 5B s

a(B.57) () |

d
+4d» E | sup
jzl L<s<t

/OS frij (X (r), ..., X0 (r) = foi; (Y (r),..., Y, ()]

By the Holder inequality and Lemmas 2.1 and 2.2, we have

= g k(0 Y

<4|X;, (0) — Y (0)[?

+4T/0tE “fk: (5, X1(8),..., Xn(s) = fu(s,Y1(s),..., Yz (5))|2d5}

+ 4C,Td? > /OtE [|szj (5, X1(8) .-, Xn(8) = frij(s,Yi(s),...,Y, (s))|2 ds}

ij=1

d st
+ 402d2/0 E |:|fk,] (S7X1 (S) y oo 7Xn (S>) - fk,j <S7)/1 (S) yor e 7YTL (S>>|2 d8:| )
j=1
and by assumption (A2), we obtain

B s, 1306) -V ]

0<s<t

<410 =3 OF 47 [ (9 E o (31509 =i 0

ey [aGFE o (3166 - v 0F) | a

+ 40dz/ P E [ (32 140 = Vi (9 .
Then

E l sup |Xg (s) — Yy (5)|2]

0<s<t

t
<4|X; (0) — Y (0)]2 +4(T+01Td4+02d2)/ la (s)2E
0

. (Z X () - i <s>|2>] s
k=1
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and

E im(w—wﬂ S [sup X () — Yk<s>|2]
DA

0<s<t

()] +4 (T + C1Td* + Cod?) n

< [las |E[ (321009~ vi ) .

Since, ¢ is a concave function, by Lemma 2.4, we have

n

E Y 1Xk(t) = Y (1))

k=1

<4Z X5 (0) = Vi (0) +4 (T + C1Td* + Cod?) m

<[Py (E (32100 = Vo) ) .

Taking (X7 (0),..., X, (0)) = (Y1 (0),...,Y,(0)), we get

4ki X, (0) = Y (0)% = 0.

By Lemma 2.3, we see that for ¢ € [0, T
| (310 - v o) | =0
k=1
which implies

(X1 (t),.... X, () =M1 (t),..., Y (t)), foreachte[0,T].

n

Step 2. We define a Picard sequence (X" () ,..., X" (+)),,en iR (Mé (O, T; Rd))n
by the following

(XY ), X0 (1) = (@1, )

and for each integer k =1,...,nand ¢t € [0, T

X (f) =+ /t Fo (s, X (), X™ (5)) ds

+ Z/fm (5. X" () - X7 (3)) d{B", B (s)

+ ;/0 fei (5, X7 (5) -, X () dBY (s)

We will prove that is a Cauchy sequence for each ¢t € [0,7]. First, we prove an a

priory estimate for <E {Z | X (t)|2D . By the same arguments, we have for each
k=1 meN
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m e N,
[leﬂ]gﬂﬁ+4&#0ﬁf+@@(fE%ﬂﬂﬂ@

+ad [(E (X7 ()] ds).

then
¢
m+1 2 2 m 2
[V' )”<com|f/ mln}%+%éﬁﬂm(m}@)
where C' = max {4,4 (T + Ci1Td* + Cyd)} .

Let
0() = ¥ (janf + [ B[ ()] ds).

then ¢ (-) is a solution of the following ordinary differential equation

q(t) <]ku +/ |a1 ds—l—%/o (s) ds).
By induction, it is easy that for each m € N
B | ¢ (0F < na).
k=1
| <a@)

Suppose for each m, E UX,T () t), then

UXm“ )’ ] <C <|xk| +/ a )} ds + a3 /OtE“X,Q” (s)ﬂ ds)
<C’(|xk| +/ a )}ds—l—ozz/otp(s)ds):q(t)

and
E [Z X <t>|2] < SE[x7 0F] < na(t).
k=1 k=1
Step 3. For each [,m € N, by the definition of (X7"(.),..., X" (-)), we have

n
X]l€+1+m (t) o X,lg—H (t)

:/Ot [ (5, X1 (5) ., X5 (5)) = fi (5. XD (5) o, X (9))] ds

+Z/ fk” sX{J“m() ...,X,lfm(S))—fk,z‘,j (iji(s),_..,Xfl(s))}d<Bi,BJ'>(s)

1,j=1
+ Z/Ot [fk,j (s,Xum (8),...,X5m (s)) — frj (s,Xﬁ (8),..., X} (3))} dB (s).
j=1

Using the inequality, (a + b+ ¢)* < 3 (a? 4+ b* 4 ¢2) , we obtain

2
[ XEF (@) - X ()]
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2

<3 ’/Ot [ (5. X0 (5) . X5 (5) = i (5, X0 () XL ()] ds

2

d_ ot
+3 Z/O [fk,i,j (s,X{+m (s),...,xkm (s))_fkm (S,X{ (8),..., XL (3>)}d<Bi’Bj> (s)

1,j=1

2

+3

d
S [ [ (5. X857 () X (5)) = fig (5.6 (9), 0 X0 (90)] B9 (9
=1

Taking the supremum and the G-expectation, by using the Holder inequality and
lemmas 2.1, 2.2, 2.4 and assumption (A2), we obtain

e (o, i o) - i )
0<s<t

<3 (T + CyTd" + Cad?) /0 t la (s)* ¢ <§nj\x,g+m (s) — X! <s)\2> ds.
k=1

Let
By, (t) = sup [E ( sup > ‘X}jm (s) — X} (5)‘2” , 0<t<T,
meN 0<s<t p—1
t
0 < bt (6) < Cs [ Jas)” ¢ (s (5)) ds.
We define
(3.1) g(t) = lm sup hy,y(t),

l—+o00 0<t<T

which is uniformly bounded by 4ng (t). By using the Fatou-Lebesgue theorem to (3.1),
we deduce

t
0<g(t) <Gy [ fa()plg(s)ds.
By Lemma 2.3, we obtain
g(t)=0, 0<t<T,

which implies that (X7 (-),..., X]" (*)),,en is @ Cauchy sequence under the norm

o (g

Step 4. We will prove that the limite (X; (¢),..., X, (t)) in (M(Q; (0, T, Rd))n of
(X7 (t),..., X (t)) is the solution of system (1.2). By the same arguments as those
used in Step 1, we have for each m € N

S, [E (é [ X5 (1) = X (t)lgﬂ éCg/OT!a(t)\Q ¢ <E (i [ X5 (1) = Xk (t)\2>>dt

k=1
<C /Tya(t)|2 sup B3 IX7 (6) - Xe (0 ) )
=3 0 v ogth =1 g g
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<Cyp ( sup E (Z | XF (t) — X <t>|2>> :

0<t<T  \;3

By the continuity of ¢ and ¢ (0%) = 0, we know that

(s e (3o 1xE @) - %0 ) o

0<t<T \j—1

and sup
0<t<T

is a successive approximation to (Xi (¢),..., X, (t)), which is a solution to SG-SDEs

(1.2) in (M2 (0,T;RY))". 0

E (él X (1) — X, (t)|2>} converge to 0. Thus, (X" (-),..., X ())

meN

4. STABILITY THEOREM

In this section, we prove another important result on the stability of the solutions
of (1.2). We consider the following perturbed SG-SDEs (4.1) whith a parameter € > 0,
for0<t<T

Xi(t) = ng())+f5ff(s,Xf(8),--->X5(S))d8
+‘Zlfg flﬁ,z’,j (Sva (S) )t ’sz (S)) d <Bi’ Bj) (5)

Z)-]:

S (5 X (5) o X3 () 4 ().

(4.1) ;
X (1) = XZCSO)+f5fﬁ(8,Xf(8),---7X£(S))ds
+ij2:1 fg ;,i,j (57)(16 (S> 9 7XT€L (8)) d<B17 Bj> (S)

503 12 (5, X () oo XS () BT (5),

where (X5 (0),..., X5 (0)) € (RY)" and fi, fuij, fu; € M2 (0,T;RY).

Now, we make the following assumptions.

For any € > 0, a, € RY, J< = f& fi,; or fi; € MZ(0,T;RY), X (0) € RY,
1<k<nand1<i,j<d

(B1)

() < o (O + a2 (Z |xk|2) ,
k=1

for each zy, ..., 7, € R% where oy € MZ (0,7) and oy € Ry
(B2)

|<]e (t7x17"'7xn) - J (t7y17"'7yn)|2 S |Oé(t)|2go (Z ’Ik _yk|2> )
k=1
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for each x1,y1,...,Tn, yn € R? where « is a positive and square integrable function
on [0,7] and ¢ : Ry — R, is a continuous, increasing and concave function satisfying
@ (0M) =0, [ % = +o00.
(B3)
(i) For all t € [0, T7,

lim OtIE{JE (5, X7 (5),..., X2 (s)) = J° (S,X{’(s),...,Xg(s))ﬂ ds = 0.
(i) lim (X7 (0),..., X5 (0)) = (X7 (0),..., X5 (0)).

Remark 4.1. Assumptions (B1) and (B2) guarantee, for any € > 0, the existence of
unique solution (X (¢),..., XS (1)) € (Mé (O, T; Rd))n of our system while assump-
tion (B3) will allows us to deduce the following stability theorem for the system.

Theorem 4.1. Under assumptions (B1), (B2) and (B3) we have

lim E [fj X5 (1) — X} (t)ﬂ =0, foralltel0,T].
k=1

e—0

Proof. For all 1 < k < n, we have
Xi(t) = X;ic(lo)+f(ff;§(8,Xf(8),.-',XE(S))dS
_’_.Zlf(l)t flf;,z’,j (S7Xf (5) o ’sz (S)) d <Bi’ Bj) (S)

17.]:

5503 (5 X5 0), o, X5 () B ().

XO() = XP(0) 4+ fESY (5, X0 (s),..., X0 (s)) ds
d . .
+ Zlf(f fl(c),'i,j <S7X? (8) s 7X2 (S)) d<Bl7 B]> (8)

1,j=

F5 L (5, X0 () o XD () B (5),

and

Xi (1) — X, (1)

=Xz<0>—X2<0>+/Ot fE (5, X5 (5) s X5 () = f2 (5, XD (), ..., X0 (5))] ds

+ 3 /Ot [f,gm (5, X5 (5),..., X5 (s) — fris (s,Xf (s),..., X" (s))} d<Biij>

,j=1

s

d ¢ |
+ 2_:/0 fe, (5. X1 (s), oo, X0 (5) = £ (s, XD (s), ., X0 ()| dBYs.

We have
2
X5 (8) = xR (1)
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2
<4|x; (0) — X (0)] +4 0

L 2
+4Z /0 |:fk](8 Xl (3) 7777 Xn(s))_f]ij (S X?(S) ..... X ( ))} dBJ( )
j=1
and
‘Xk X3P (t)‘2
<4 X5 (0) = X2 (O) +4 /t [ (5. X5 (5) o X5 () = i (5. X0 (5) ... X0(s)) ] ds 2
d t
40 30| [ [ (5 X5 (5) s X ()= S (X0 )1 X0(9)) | d (B BY) (5) 2
3,0=1
d | rt
Fady | [ [fh o X0 X6 sy (5500, X2 (0) | 4B (0]
j=1

Taking the supremum and the G-expectation, we have

2
E [ sup ’Xk - X7 (s)‘ 1
0<s<t

<4E “Xk — X0 (o)ﬂ

s 2
+aEswp | [ [ XT () X2 ) = £ (R XD (), X2 (0)]
0<s<t [J0O
+ dd? ZlEoqut /0 (s XE () oy X5 ()

g (r X0 X0 )] (BB ()]
d

+4d» E su
jgl Ogsgt

/ s XS 0) s XS0 [y (XY @) X ()] aB ()

By lemmas 2.1, 2.2 and Hélder’s inequality, we have

2
E Liugt’Xk - X7 (s)’ ]
< 4E ka ) — X0 (O)ﬂ

+8T/ E|[ff (5. X5 (). X5 ()~ S5 (5. X0 (5) ..., X0())] [ ds

+8T/OE\ (s, X0 (), ..., X0(5)) = £ (5. X0(5) ... x0(9))] [ ds
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+801TdQZE/ i (5 X5 (8) ooy X5 (5) — fay (5. X0 (8) o X0 (9))| s

2,j=1

+801Td22E/ ‘fk” s, X5(s),.. ., XS(S))—]C]SJ‘J (s,X?(s),...,Xg(s))‘st

2,j=1

+802dZE/0 [f5 (5. X5 () X5 () — iy (5. XD (5) .. X0 (s))’2ds
j=1

03 5 (500 X0) 5y (3600, 3200)
j=1

then by assumption (B2) we obtained

2
<Ck’e / |OZ

n

<E [so S [ () - 2 <s>]2)] s

k=1

E [Sup ’Xk - X} (s)’

0<s<t

where

Chre (1)
B[ x; (0) - X2 )]

+8T/t]E ,g (5,X0(5), ..., X0(s)) = £2 (5, X0(5) ..., X0 (5))["ds
LSOTES (5. X0(5) ooy X0(8)) = S (5. X0 ()1 X0(s)) | ds
1,J=1
+8C, (s,xf (8) ey X0(8)) — Sy (5. X0 (). X2 (9)) s,
j=1

and Cd (t) =8 (t + Cltdz + ng) 3 then
£ [Z X (1) - X0 ()
n n 0 2
g it - xtef <y s |59 3200

<Cpe (T) +nCy (T /|a |]El (;]X;(s)—xg(g]?)]ds,

’ 2

where C, (T) = éc’“ (7).
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Since ¢ is a continuous concave function, by Lemma 2.4, we have
n 2
B |2 %30 - xp o
k=1

<o (1) o) [l ) ¢ (2[5 00 = 52 9] ) .

Since C,  (T') — 0 when ¢ — 0, we get by Lemma 2.3

e—0 J

lim E [30[X5 () - X0 )| | =0, forallte[0,7],
j=1
that is what we want to prove. [l
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CERTAIN SUBCLASSES OF BI-UNIVALENT FUNCTIONS
DEFINED BY LINEAR MULTIPLIER FRACTIONAL
¢-DIFFERENTIAL OPERATOR

C. R. KRISHNA! N. RAVIKUMAR?, AND B. A. FRASIN?®

ABSTRACT. This paper introduces a novel subclass of analytic and bi-univalent
functions that are linked to a linear multiplier fractional ¢-differential operator,
defined in the open unit disk . The authors establish the upper bounds for the
coefficients |as| and |as| for the functions that belong to this new subclass and its
subclasses.

1. INTRODUCTION AND PRELIMINARIES

Let the class of functions A be of the form:
+oo
(1.1) n(z)=z+> ax®,
k=2

which are analytic on the open unit disk D = {z € C: |z| < 1}. Also let S indicates
the functions of all subclasses in A, which are univalent in ID. Since univalent functions
are one-to-one, they are invertible. Although the inverse functions of single-valued
functions are inverse functions, they do not need to be defined for the entire unit
disk D. Certainly, according to Koebe’s quarter theorem [1], the disk with radius i
is in the image . Thus, every univalent function n has an inverse 7! that satisfies

n ' (n(z)) =z, z €D, and ((w) = 5 (n(w)) = w, [w| < ro(n), ro(n) > §, where

(1.2) 1 (w) = w — ayw? + (243 — az)w® — (5a; — Sasaz + ag)w' 4 - - .

Key words and phrases. Analytic function, univalent function, bi-univalent function, starlike
function, convex function, g-derivative operator.
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A function 7 € A is bi-univalent in D if both 7(z) and n~!(z) are univalent D. Let
Y. be the class of bi-univalent functions on D given by (1.1). Example of functions in

the class X are

z o 1 o 1+z2
12 gl_zv g

However, the familiar Koebe function is not a member of . Other common
examples of functions in D such as

1—2

2z — 22 z

d .
2 R e

are also not members of .

The widely-cited by Srivastava et al. [2] actually revived the study of analytic and
bi-univalent functions in recent years, and it has also led to a flood of papers on the
subject by (see, for example, [3-23]).

If |g] < 1, the g¢-shifted factorial, also known as the g-Pochhammer symbol, is
defined for all n € N by

n—1

(a;q)n = [T (1 —ag®),
k=0
where a and ¢ are complex numbers. When n = +o0, the product becomes

+0o0
(a; @)oo = [T (1 — ag®).
k=0
If |g| < 1, then the product converges absolutely, and we can define the g-shifted
factorial for n = 400 as the limit of the sequence of partial products

n—1

(@; @)oo = lim (a;)n = ngrpoo H (1 —ag").
Therefore, when |g| < 1, the g-shifted factorial remains meaningful for n = +o0 as a
convergent infinite product.
The g-gamma function is a g-analogue of the gamma function, defined by the
recurrence relation I'y(y + 1) = [y],I'y(y), where [y], = ((1 q)) is the g-analogue of y.
Jackson’s [24] g-derivative and g-integral of a function 7 defined on a subset of C
are given by

‘r) —n(x

Dyn(z) = W, Iin(z) = (1—¢%) Z q""n(q" )

where a € C is a fixed parameter. These operators are also known as the ¢-difference
and g¢-integral operators, respectively. The theory of ¢-calculus operators are used in
describing and solving various problems in applied science such as ordinary fractional
calculus, optimal control, g-difference and ¢-integral equations, as well as geometric
function theory of complex analysis. The application of g-calculus was initiated by
Jackson [24]. Recently, many researchers studied g-calculus such as Srivastava et al.
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[25], Muhammad and Darus [26], Kanas and Raducanu [27], (see also, [28-33]) and
also the reference cited therein.

Definition 1.1 ([34]). The fractional integral operator I?
function 7(z) is defined by

of order 6 > 0, for the

q,z

_ 1 z
Ig,z - Dq,gn(z) = Fq<5) ‘/0 (Z - TQ>1—57](T>qu

where 7(z) is the analytic of the simply connected regions of the z plane containing
the origin. Here, the term (z — rq)s_1 is a g-binomial function defined by

1—(%)61’“ _ _ g

Definition 1.2. The fractional ¢-derivative operator D? _ of a 7(z) of order 0 < § < 1,
is defined by

Dyan(z) = Dyelin(e) = g Da [ (2 = ra) -on(r)dr
where 7(z) is suitably constrained and the multiplicity of (z — rq)_s is removed as in
Definition 1.1 above.

Definition 1.3. Under the hypotheses of Definition 1.2, the fractional ¢-derivative
for the function n(z) of order § is defined by

Dy .n(z) = D 152" n(z),
where n —1 < § <n, n € Ny =NU{0}.

Definition 1.4 ([35]). The definition of the fractional ¢-differintegral operator QY
is as follows. For a function 7n(z) of the form (1.1), we define

Qon(z) = Tg(2 = 6)2°Dy (=),

where D! denotes the fractional 6 order of the g-integral 7(z) when —oco < 6 < 0
and the fractlonal d order g-derivative of n(z) if 0 < § < 2.

The expression for Qq (z) in terms of the coefficients ay, of the power series expansion
of n(z) is given by

00 (k+ 1)Ty(2 — 6)
5 _ q q k
Qqn(z) —2%—; Th+1—0) apz”.
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Definition 1.5 ([34]). A linear multiplier fractional ¢-differintegral operator is defined
as

Loin(2) =n(z),
Loan(z) =(1 = NQn(z) + AL, (AUn(2))
L£33n(2) =L (£33m(2))
(1.3) Lon(z) =Ly (£33 "n(=)) -
We note that if f € A is given by (1.1), then by (1.3), we have
+o00
L) =2+ 3 C (R0, A m,q) ax2”,
k=2

where
C(k,6,\n,q) = (quq&lfl"(fé_) %) [([k]q — DA+ 1}) .

We define two new subclasses of the function class > by utilizing the linear multiplier
fractional ¢-differential operator of a function n € A. Then, we provide coefficient
estimates for |as| and |as| for functions belonging to these new subclasses of the
function class .

First, we have to follow the lemma to get the main results.

Lemma 1.1 ([36]). Let 3 be the family of all functions b that are analytic in the

open unit disk D and satisfy H(0) = 1 and R(h(z)) > 0 for all z € D. If a function

h € H is given by h(z) =1+ diz + de2® + - -+ for z € D, then |di| < 2 for all k € N.
2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS My (q,, 7,0, A\, n)

Definition 2.1. A function 7(z) given by (1.1) is said to be in the class
My (q, c, 7,6, A\, n) if the following conditions are satisfied: n € ¥ and

2D, (LZZKU(ZD
72D, (£530(2)) + (1 - ) £53m(2)
where 0 < a<1,0<7<1,0<2, A >0,n €Ny, z€D, and
wDy (£45¢(w))
TwDy (L35C(w)) + (1 = 7) L35¢(w)
where 0 < a<1,0<7<1,0<2, A>0,n € Ny, we D and function ( is given by

aTr
27

T
27

(2.1) ((w) = w — ayw® + (205 — az)w® — (5a3 — bagas + ag)w’ 4 - - - .
We note that the following hold.
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(a) When we set § =0, A =1, and ¢ — 17, the class My (¢, o, 7,0, A, n) reduces
to the class Sg"(a), where 0 < @ <1, 0 <7 < 1, and n € Ny. This class was
previously introduced and studied by Jothibasu [37].

(b) If weset 6 =0, A=1,¢ — 17, n =0, and 7 = 0 in the class My, (¢, a, 7,0, A\, n),
it reduces to the class of strongly bi-starlike functions S%(«) of order « intro-
duced and studied by Brannan and Taha [38], where 0 < a <1 .

Theorem 2.1. Let n(z) given by (1.1) be in the class Mx (¢, a, 7,0, A, n), 0 < a <1,
0<7<1,6<2, A>0. Then

(22) Jas| < 20 : :
\/2an(q +1)(1—7)—2X%aq(1—71) [Tq + 1} +X*(1—a)(1-71)

and

(2.3) 402 20

az| < + ,
Jas| < X2@2(1—-7)? Yqg+1)(1-71)
where X = C'(2,0,\,n,q) andY = C (3,5, \,n,q).

Proof. 1t follows from the Definition 2.1

2D, (£45n(2))

2.4 = |s(z ¢
24 72D, (Lgﬁﬁ(z)) +(1—7) £9%n(2) { ( )}
and

wD, L7 (w o
(2.5) (£ae(v) = [t(w)]",

TwD, (L95¢(w)) + (1= 7) L3¢ (w)

respectively, where s(z) and ¢(w) satisfy the following inequalities: R(s(z)) > 0,
z €D, and R(t(w)) > 0, w € D.
Furthermore, the functions s(z) and ¢(w) have the forms

(2.6) s(2) =1+ 512+ 8592° + 8325 + -+

(2.7) t(w) =1+ tw + tow? + tsw® + - - - .

Now, equating the coefficients in (2.4) and (2.5), we get

(2.8) asXq(l —71)=as,

(2.9) asYq(g+1) (1 —7) —a3X?q(1 —7) [rq + 1] =asy + Ws%,

(2.10) —as Xq (1 —7) =at;

and

(2.11) —a3Yq(g+1) (1 —7)+2a3Yq(g+ 1) (1 —7) — a3 X?q (1 — 7) [rq + 1]
=aty + Mt%

2
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From (2.8) and (2.10), we get

(212) S1 = —tl
and
(2.13) 2a3X%¢* (1—7)* = o® (s} +13) .
From (2.9), (2.11) and (2.13), we obtain
2
t
a% _ « (82 + 2)

20Y q(q+1) (1 —7) —2X%aq (1 —7) [Tq—i— 1] LT X2(1-a)P(1 _7_)2'

Applying Lemma 1.1 to the coefficients sy and t5, we immediately get
2c

\/2an(q+ D(1—-7)—2X?%aq(1—7) [Tq—i- 1] +X*(1—a)g* (1 —7')2'

las| <

This gives the value of |as| as shown in (2.2)
Next, in order to find the bound on |as|, by subtracting (2.11) from (2.9), we get

(2.14) 2a3Yq(q+1) (1 —7) — 2a5Yq(g+ 1) (1 —7)
ala—1)
= (82 - tz) + T (S% - t%) .
It follows from (2.12), (2.13) and (2.14) that
03] = a? (s? +12) a(sy —ta)
T ox22(1—1)?  2Vq(g+1)(1-7)

Applying Lemma 1.1 again to the coefficients s1, so, t; and t,, we easily get

lag| < 402 n 2c

a )

T xe(1-1)?  Yalg+1)(1-7)

This end the proof of Theorem 2.1. O

Utilizing the parameters setting of Definition 2.1 in the Theorem 2.1, we get the
following corollaries.

Corollary 2.1. If n(z) given by (1.1) be in the class S3" (o), 0 <a<1,0<7< 1
and n € Ny. Then
2a

\/4a(1 — )30+ 20 (72 — 1) — (@ — 1) (1 — 7)* 220

las| <

and
@ 4do®

as| < + .
| 3| = 3n (1_7_) 22n (1 _7_)2
Corollary 2.2. If n(z) given by (1.1) and in the class S%(a), 0 < a < 1. Then

2a

va+1

las| < and |az| < 4a® + a.
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3. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS By (q,7, 7,0, A, n)

Definition 3.1. A function 7(z) given by (1.1) is said to be in the class
Bs. (q,7, 1,9, A,n) if the following conditions are satisfied: n € ¥ and

o ( 2D, (£95m(2)) )
72D, (L050(2)) + (1= 7) £23n(2)
where 0 <7< 1,0<7<1,6§<2, A>0,n€Np, z€D, and
%( Dy (£35¢(w)) ) -
rwD, (L5¢(w)) + (1 —7) £25¢(w) )~

where 0 <7< 1,0<7<1,6<2, A>0,n€Ny, weD.
The function ( is defined as given in equation (2.1).

>

(a) If weset § =0, A =1, and ¢ — 1~ in the class By (q,7, 7,0, A, n), it reduces to
the class Syv" () introduced and studied by Jothibasu [37], where 0 < v < 1,
0<7<1landnéeN.

(b) When 6 =0, A\=1,¢ — 17, n=0and 7 = 0, the class By (¢,7, 7,5, \,n) sim-
plifies to the class of strongly bi-starlike functions S§(y) of order 7 introduced
and studied by Brannan and Taha [38].

Theorem 3.1. Let n(z) given by (1.1) be in the class By, (¢,7,7,0,A\,n), 0 < v <1,
0<7<1,6<2, A>0. Then

2(1—1)
(3.1) 2] SJYq(q%—l) (1—7)—X2q(1—7)[rq+1]
and
5.2 ool < =) BT

X2@2(1—71) Yqlg+1)(1—71)

where X = C(2,0,\,n,q) andY = C (3,5, \,n,q).

Proof. 1t follows from the Definition 3.1 that there exist s(z) and t(w) € H such that
2Dy (£330(2)

2D, (Li%( ) + (1= 1) £55n(2)

3.4 Daf£y3ctw)
TwD, (£ §<< )) + (1= 7) L35 (w)

where s(z) and t(w) in H and have the forms (2.6) and (2.7), respectively.

(3.3)

=7+ (1 - 7) S(Z)a

=7+ (1 =) t(w),
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Equating the coefficients in (3.3) and (3.4) yields

(3.5) asXq(1l—7)=(1—7)s,

(3.6) a;Yq(q+1) (1= 7) = a3X%q(1 = 7) [rg + 1] =(1 = 7) 52,

(3.7) —Xq(l-71)=1-7)t

and

(3.8) —a3Yq(g+1) (1 —7)+2a3Yq(qg+1) (1 —7) — a3 X?q(1 — 7) [rq + 1]
=(1 =)t

From (3.5) and (3.7), we get s; = —t; and

(3.9) 203X (1—7)° = (1—9)° (s1+14).

Also, from (3.6) and (3.8), we find that
203Yq(q + 1) (1 = 7) = 2a3X%q (1 = 7) [rq + 1] = (1 =) (s2 + t2) .
Applying Lemma 1.1 to the coefficients sy and t5, we immediately get

2(1-17)
|a/2| S 2 )
Yolg+1) (1 —7) = X2q(1 = 7) [rq+ 1]
which is the bound on |as| as given in (3.1). Then, to get the limit of |as| by subtracting
(3.8) from (3.6),

2a5Yq(q+1) (1 = 7) =243V q(g + 1) (1 = 7) = (1 = 7) (52 — t),

or, equivalently

1—7) (52— )
as = a3 + ( .
ST T oy g(g+1)(1—1)
Substituting the values of a3 into (3.9), we get
_ (1—7)% (2 +83) (1—7)(s2 —t2)
2X2¢2(1—7)°  2Yq(g+1)(1—7)

5 =
After applying Lemma 1.1 to the coefficients sy, sq, t; and o, we get

4(1—9)* 2(1-1)
|as| < 2 :
X (1-17  Yalg+ (-7
This completes the proof of Theorem 3.1. U

Utilizing the parameters setting of Definition 3.1 in the Theorem 3.1, we get the
following corollaries.

Corollary 3.1. If n(z) given by (1.1) is in the class Sy (), 0 <~y <1,0<7< 1
and n € Ny, then

2(1-1)
a2 S¢22n(72—1)+2(1—7)3n




CERTAIN SUBCLASSES OF BI-UNIVALENT FUNCTIONS... 213

and
4(1-7)* (1 — )
22n (1 —7)" 3r(1—7)

Corollary 3.2. If n(z) given by (1.1) and in the class S%(7), 0 <y < 1, then
jas| < \/2(1=7) and |ag| <4(1=7)"+ (1 7).

4. CONCLUSIONS

|CL3| =

The main contribution of this paper is the introduction of new subclasses of bi-
univalent functions defined by the linear multiplier fractional g-differential operator.
Additionally, we provide upper bounds for the coefficients |as| and |as| for functions
belonging to this new subclass and its subclasses.
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LIPSCHITZ p-APPROXIMATE SCHAUDER FRAMES
K. MAHESH KRISHNA! AND P. SAM JOHNSON?

ABSTRACT. With the aim of representing subsets of Banach spaces as an
infinite series using Lipschitz functions, we study a variant of metric frames
which we call Lipschitz p-approximate Schauder frames (Lipschitz p-ASFs). We
characterize Lipschitz p-ASFs and their duals completely using the canonical
Schauder basis for classical sequence spaces. Similarity of Lipschitz p-ASF is
introduced and characterized.

1. INTRODUCTION

Grochenig in 1991 introduced the notion of Banach frames [17] as a generaliza-
tion of notion of frames for Hilbert spaces introduced by Duffin and Schaeffer in
1952 [11]. This notion originated from the study of atomic decompositions and
coorbit spaces arising from square integrable representations of locally compact
groups developed by Feichtinger and Grochenig in 1980’s [13-15]. Casazza, Han
and Larson in 2000 explored the connection between Banach frames and atomic
decompositions and introduced the notion of (unconditional) Schauder frames [8].
In 2001, Aldroubi, Sun and Tang introduced the notion of p-frames and p-Riesz
bases for Banach spaces, 1 < p < 400 [1]. These notions have been generalized
by Casazza, Christensen and Stoeva by introducing the notion of Xy4-frames [5,9].
A slight variant notion of Xj-frames for Banach spaces was given by Terekhin
[24-26]. In 2014, Thomas, Freeman, Odell, Schlumprecht and Zsak [16,27, 28]
introduced the notion of approximate Schauder frames as a generalization of
notion of Schauder frames by Casazza, Dilworth, Odell, Schlumprecht and Zsak
[4] (also see [10]). In 2021, Krishna and Johnson characterized some classes of
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approximate Schauder frames [21]. In 2022, Krishna and Johnson introduced
metric frames which have surprising connections with subsets of Banach spaces
using Lipschitz-free Banach spaces [22]. We now ask the following question which
is the main motivation for writing the paper.

(1.1) Can we represent a subset (which need not be a subspace) of a Banach
"/ gspace as an infinite series using Lipschitz maps and elements of the set?

Note that we can not demand linear functionals in the above problem as we
are not considering subspaces. Motivated from 1.1 we study representation of
subsets (need not be subspaces) of Banach spaces using Lipschitz functions.

The paper is organized as follows. We introduce the notion of Lipschitz p-
approximate Schauder frame (Lipschitz p-ASF) for subsets of Banach spaces in
Definition 2.1. Followed by interesting Examples 2.1, 2.2 and 2.3, factorization
property of Lipschitz frame map is derived in Theorem 2.1. Lipschitz p-ASFs are
characterized in Theorem 2.2. Next we introduce the notion of dual frames in
Definition 2.2 and classify them in Theorem 2.4. Definition 2.3 introduces the
notion of similarity and Theorem 2.5 gives an operator-theoretic characterization
for similarity. Orthogonality of frames is introduced in Definition 2.4 and interpo-
lation result is derived in Theorem 2.6. We end by formulating an open Problem
in Section 3.

2. LIPSCHITZ p-APPROXIMATE SCHAUDER FRAMES

Let X be a real or complex Banach space and M be a non-empty subset of X.
The identity operator on M is denoted by I¢. The set of all Lipschitz functions
from M to X is denoted by Lip(M, X). For 1 < p < 400, the canonical Schauder
basis for ¢?(N) is denoted by {e,}, and its coordinate functionals are denoted by
{C}n- We introduce the following important notion as a first step in answering
Motivation 1.1.

Definition 2.1. For 1 < p < +o0, let X be a Banach space and M be a subset
(need not be a subspace) of X. Let {7,}, be a sequence in M and {f,}, be
a sequence in Lip(M,X). The pair ({fu}n,{7n}n) is said to be a Lipschitz
p-approximate Schauder frame (we write Lipschitz p-ASF) if the following
conditions hold.

(i) The map (analysis map)
O M3 x— 0z = {fn(x)}n € P(N)

is a well-defined Lipschitz map.
(ii) The map (synthesis operator)

“+o00
0, : (°(N) 3 {an}n = 0-{an}t, =D a,7, € X

n=1

is a well-defined bounded linear operator.
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(iii) The map (Lipschitz frame map)

+oo
Spr M3z S x=> folz)r,eM

n=1

is a well-defined invertible bi-Lipschitz map and
+o0o
(2.1) =" fol@)S; m, forallz e M.
n=1

If St = Iy, then we say that ({f,}n, {7w}n) is @ Lipschitz p-Schauder frame
(we write Lipschitz p-SF). If we do not impose the condition ‘invertible bi-Lipschitz’
and Equation (2.1) in (iii), then we say that ({f.}n, {7 }») is a Lipschitz p-
Bessel sequence (we write Lipschitz p-BS) for M.

Whenever M = X, and f,,’s are all linear, Definition 2.1 reduces to definition of
p-ASF given in [21]. It is important to note that the partial sums of series in (iii)
of Definition 2.1 need not be inside M (which may not be as it is only a subset)
but only demanding limit has to be inside M. Definition 2.1 says that there are
a,b,c,d > 0 satisfying following:

—+o00

all =yl < |3 (a(@) = £o@))ra]| < blle =yl for all 2,y €,
n=1

400 %

(Z fole) — fn(y)\p> <clo—yl, forallzyeM,

n=1

+oo
> anTa

n=1

+o00 %
<d <Z \an|p> , forall {a,}, € /°(N).

n=1

We call a as lower Lipschitz frame bound, b as upper Lipschitz frame bound, ¢
as Lipschitz analysis bound and d as Lipschitz synthesis bound. We give various
interesting examples of Lipschitz p-ASFs.

FExample 2.1. Let X :=C, p=1 and

1 , N2, /2\?
M::{ZE(C:|Z|§2|2+1|}: $+2y:x,yER,<x—3> +y S() :
For n € N, define

fo M3z fulz) = (1+z

We first show that f,, is Lipschitz for all n. For z € M,

) eC, 7,=1eM

1—|z—|—1|S‘1—|z+1|‘§’1—(z+1)‘:\z|§;|Z+1|.
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Hence,

|2+ 1] > =, forall z € M.

Wl Do

Let z,w € M. Then for each n € N,
z n w n
)= sl = |(75) - (55%)

el &) ()
14z 14w 1+2 1+w

|z — w| n
14z 14w 277t

< 9
ST |z — wl.
Therefore, each f, is Lipschitz. Set
+o0 n
=y g1 < o0
n=1
We then see that for z,w € M,
0 6 +oo +o0 = n w n
1672 = 0wl = S 17u) = fuw)l = £ (755) - (1)
=9 9
§;4-2ﬁ1|z—w| = Zr|z—w|.

Therefore, 0 is Lipschitz. Clearly,
+oo
0, : ('(N) > {a,}n = > a,-1€C
n=1

is a well-defined bounded linear operator. Finally, we observe that for z € M, we

have |z|i‘1| < 1 and hence

+o00 +oo n 1
Sf’TZ:;fn(z>Tn:;(1j—z) 1= [ — 1=z forall ze M.

Thus, we proved that ({f,}n, {7n}n) is a Lipschitz 1-SF for M.

Ezample 2.2. Let X =R, p = 1 and M = [1,4+00) For n € N U {0}, define
fo: M =R by

fo(z) =1, forallzeM,
_

falz) - log.2)"

T for all x € M, for alln > 1
n!
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and 7, = 1 € M. Then f,(z) = 8952 for all 2 € M, for all n > 1. Since f,

is bounded on M for all n > 1, f,, is Lipschitz on M for all n > 1. For z,y € M,
with z < y, we see that

+00 (] | "
o=l = 3 (o) = Fulo)] = 3 EPE - 3° LOE )
n=0 n=0 . =0 .

ZGIOgy—GIng:y—{E:|I—y|.

Therefore, 6 is Lipschitz. It is clear that 0, is a well-defined bounded linear
operator. For x € M,

+o0 +oo IOgl‘ n
Sf,rl':an(Q})Tn:Z(m)lzx
n=1 n=0 :

Hence, ({ fn}n, {Tn}n) is a Lipschitz 1-SF for M.

Example 2.3. For 1 < p < 400, let X be a Banach space and M be a subset of X.
Assume that there is a Lipschitz map U : M — ¢?(N), a bounded linear operator
V : ?(N) — X such that VU(M) CM, Ve, e Mforalln e N, VU : M — M is
an invertible bi-Lipschitz map and

400
r =Y GUz)(VU) 'Ve,, forallzeM.

n=1
Let {e,}» denote the canonical Schauder basis for 7(N) and let {(,}, denote the
coordinate functionals associated with {e,},. Define

fo=6U, 1,=Ve, forallnelN
Then ({fn}n, {Tn}n) is Lipschitz p-ASF for M. If VU = I, then ({fn}n, {7n}n)
is a Lipschitz p-SF for M.

We show in the sequel that (in Theorem 2.2) every Lipschitz p-ASF can be
written in the form of Example 2.3. Following theorem gives various fundamental
factorization properties of Lipschitz p-ASFs whose proof is a direct calculation.

Theorem 2.1. Let ({fu}n,{Tn}tn) be a Lipschitz p-ASF for M C X. Then the
following hold.

(i) We have
(2.2) xr = Jio(fnS]?i)(x)Tn, for all x € M.

(i) ({fuS7itn: {S7imatn) is a Lipschitz p-ASF for M.

(iii) The analysis map Oy is injective.

(iv) The synthesis operator 0, is surjective.

(v) Lipschitz frame map Sy, factors as Sy, = 0,0;.

(Vi) Py, =075;10, : (°(N) — (*(N) is a Lipschitz projection onto 0;(M).
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Holub characterized frames for Hilbert spaces using standard orthonormal basis
for the standard Hilbert space [20]. This result has been derived for Banach spaces
in [21]. We show that such a result can be derived for Lipschitz p-ASFs.

Theorem 2.2. A pair ({fu}n, {Tn}n) is a Lipschitz p-ASF for M C X if and only
if
fn=06U, 1,=Ve,, forallneN,

where U : M — (P(N) is a Lipschitz map, V : ?(N) — X is a bounded linear
operator such that VU(M) C M, Ve, € M for alln € N, VU : M — M is an
invertible bi-Lipschitz map and

+o0

r=>Y G Ux)(VU) 'Ve,, forallzeM

n=1
Proof. («=) Clearly 6; is Lipschitz and 6, is a bounded linear operator. Now let
x € M. Then

(2.3) Sprx = io falz)T = —iocn(Ux)Ven =V ('io Qn(Ux)en> =VUz.
n=1 n=1 n=1

Hence, Sy, is an invertible bi-Lipschitz map.

(=) Define U == 0, V = 6,. Then (¢, U)(z) = ((.0y)(z) = G({fu(2)}k) =
fo(x), forallz € M, Ve, = 6.e, =7, foralln € Nand VU = 0,0y = Sy,
which is an invertible bi-Lipschitz map. U

Corollary 2.1. (i) A pair ({fu}n, {Tn}n) is a Lipschitz p-SF for M C X if and
only if fn = GU, 7, = Vey, foralln € N, where U : M — (P(N) is a Lipschitz
map, V . (P(N) — X is a bounded linear operator such that VU(M) C M,
Ve, e M foralln € N and VU = Iy.

(ii) A pair ({fu}n,{Tu}tn) is a Lipschitz p-BS for M C X if and only if f, =
GU, 1, = Vey, foralln € N, where U : M — (P(N) is a Lipschitz map, V :
(?(N) — X is a bounded linear operator such that VU(M) C M and Ve, € M for
alln € N.

Equations (2.1) and (2.2) lead us to define the notion of dual frame as follows.
Definition 2.2. Let ({ f,}n, {7n}») be a Lipschitz p-ASF for M C X. A Lipschitz
p-ASF ({gn}n, {wn }n) for M C X is said to be a dual for ({f,}n, {7 }n) if

+o0o +o0
r =Y go(2)Tn = fa(x)w,, forall z € M.
n=1 n=1

We can give a characterization of dual frames by using analysis map and
synthesis operator.

Proposition 2.1. Given two Lipschitz p-ASFs ({ fu}n, {7n}n) and ({gn}n, {wn}n)
for M C X, the following are equivalent:
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(2) ({gntns {wntn) is a dual for ({fu}n, {Ta}n):
(b) 0.0, =0,0; = L.

Equations (2.1) and (2.2) show that the Lipschitz p-ASF ({fnSJ?i}n, {S;}_Tn}n)
is a dual for ({f}n. {Ta}n). We call ({fnS7+}n, {S7+70}n) as the canonical dual
for ({fu}n, {7n}n). With this notion, the following theorem is evident.

Theorem 2.3. Let ({fn}n, {7n}n) be a Lipschitz p-ASF for M C X with frame
bounds a and b. Then the following statements hold good.

(a) The canonical dual for the canonical dual for ({fu}tn, {Tn}n) is itself.
(b) 3,% are frame bounds for the canonical dual for ({ fu}tn, {Tn}n)-
(¢) If a,b are optimal frame bounds for ({fu}tn,{Tn}n), then ¢, + are optimal

frame bounds for its canonical dual.

In 1995, Li derived a characterization of dual frames using standard orthonormal
basis for ¢2(N) [23]. For Banach spaces, such a characterization using canonical
Schauder basis for (?(N) is derived in [21]. Now we derive such characterization
for Lipschitz p-ASF.

Lemma 2.1. Let ({fu}tn, {7n}n) be a Lipschitz p-ASF for M C X. Then a
Lipschitz p-ASE ({gn }n, {wn}n) for M is a dual for ({fu}tn,{mn}n) if and only if

gn = CnU7 Wp = V@n, fOT' alln € N,

where U : M — (P(N) is a Lipschitz right-inverse of 0, and V : (P(N) — X is a
linear bounded left-inverse of 0y such that VU(M) C M, Ve, € M for all n € N,
VU is an invertible bi-Lipschitz map and

+oo

T = Z GU2)(VU) WVe,,  forallz € M.

n=1
Proof. (<) Using the ‘if” part of proof of Theorem 2.2, we get that ({gn }n, {wn}tn)
is a Lipschitz p-ASF for M. We check for duality of ({gn }n, {wn}n): 0:0, = 0, U =
I, 0,0f =V0; = Iy.

(=) Let ({gn}n, {wn}n) be a dual Lipschitz p-ASF for ({f.}n,{7n}n). Then
0.0, = Iy, 0,0 = Iy. Define U = 6,,V =6, Then U : M — (P(N) is a
Lipschitz right-inverse of 6, and V : ?(N) — X is a linear bounded left-inverse
of 0y such that the operator VU = 0,0, = S, is invertible. Further,

+o0
(GU)z =G, (Z gr(w)e ) ng; VCa(er) = gn(x), for all x € M,
k=1

and Ve, = 6,e, = w,, forall n € N. O
Lemma 2.2. Let ({fn}n, {Ta}n) be a Lipschitz p-ASF for M C X. Then,
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(i) R: M — (P(N) is a Lipschitz right-inverse of 0, if and only if
R=0;S;}+ (In) — 07720 ) U

where U : M — (P(N) is a Lipschitz map;
(ii) L:¢?(N) = X is a bounded left-inverse of 8 if and only if

L=836-+V (I — 615716:)
where V : P(N) — X is a bounded linear operator.

Proof. (i) (<) 0, (0;S7}+ (Twu) = 075720, ) U) = It + 0,U — Iy0,U = I
Therefore, Hfo_; + (I p(N) — QfS]?;QJ U is a Lipschitz right-inverse of 6.

(=) Define U := R. Then,

0787t + (I — 0pS720-) U =0,87 1 + (Iowy — 055710 ) R
—=0;S;1+ R—0;5;1=R.

(ii) (<) (5720, +V (Toow) — 05720,) ) 07 = I + V7 — VO; I = Inc. There-

fore, 5’2197 +V (Igp(N) — QfSJT;HT) is a bounded left-inverse of 0.

T

(=) Define V := L. Then,
S20: +V (Iqw) — 0457.20+) =S720, + L (Iwqry — 0757260+
=510, + L—S;.0, = L. 0

Theorem 2.4. Let ({fn}n,{Tu}n) be a Lipschitz p-ASF for M C X. Then a
Lipschitz p-ASE ({gn }n, {wn}n) for M is a dual for ({fu}tn,{mn}n) if and only if

Gn = IuSp7 + GU = fuS;76-U,

Wy, = S;}.Tn + Ve, — V&foTﬂl_Tn, for all n € N,
such that

Sit+ VU =V0;5;.0.U

is an invertible bi-Lipschitz map, where U : M — (P(N) is a Lipschitz map,
V i P(N) — X is a bounded linear operator, VUM) C M, Ve, € M for all
n € N and

+oo _
> G (0557 + (Toy — 045720,) U) e [S72+ VU — VoS5 10,0]
n=1
x (S730: +V (I — 055730, ) ) en =, for all z € M.

Proof. Lemmas 2.1 and 2.2 give the characterization of dual frame as

gn = gnefsﬁql- + CnU - CnefS;ﬂl-eTU = fnSJZ‘;l- + CnU - fnS;}-H‘r(L
Wy, = S;iQTen + Ve, — VQfS}?;@Ten = S;iTn + Ve, — V(ng;_}Tn, for all n € N,
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such that
(S720- +V (Tww) — 0757207) ) (0173 + (Tewqry — 07S720,) U)

is an invertible bi-Lipschitz map, where U : M — (P(N) is a Lipschitz map,
V : ?(N) — X is a bounded linear operator, VU(M) C M, Ve, € M for all
n € N and for all x € M

Jio Cn (efsf,i + (Iep(N) — @Sﬁi&) U) T
n=1

x W (S720: +V Iy = 0,5720,) ) €n =,
where
W= (S0 + V (I — 07S720:)) (0572 + (Twy — 0587260-) U).
Through expansion and simplification we get
(S720- +V (Twr) — 0757207) ) (04573 + (Tewqry — 045726,) U)
=S; 1+ VU - V;5;16,U. O

Balan introduced the notion of similarity for frames for Hilbert space which
gives an equivalence relation on frames [3]. It has been done for Banach spaces by
Krishna and Johnson in [21]. We define the same for Lipschitz p-ASF as follows.

Definition 2.3. Two Lipschitz p-ASFs ({fn}n, {7n}n) and ({gn}n, {wn}n) for
M C X are said to be similar or equivalent if there exist invertible bi-Lipschitz
map T, : M — M and an invertible bounded linear operator 7%, : X — X such
that 7', (M) C M and

On = [Ty, wn="Tru7,, forallneN.

Since maps giving similarity are invertible, similarity is an equivalence rela-
tion on the set {({fn}n, {7n}n) : {fu}n, {Tn}n) is a Lipschitz p-ASF for M}. Ob-
serve that for every Lipschitz p-ASF ({f,}n, {7 }n), both ({2571} n, {7n}n) and
({fn}n> {S717n}n) are Lipschitz p-ASFs and are similar to ({f, }n, {7a}»). Balan
gave an operator algebraic characterization of similarity in Hilbert spaces [3]
and it is extended to Banach spaces by Krishna and Johnson in [21]. We derive
Lipschitz version in the following theorem.

Theorem 2.5. For two Lipschitz p-ASFs ({fu}n, {Tn}n) and ({gn}n, {wn}n) for
M C X, the following are equivalent:

(@) gn = [T}y, wn = TrwTn, foralln € N, for some invertible bi-Lipschitz
map Tyg : M — M, for some invertible linear map T, : X — X such that
Tr,w(M) CM;

(b) 8, =6;T}%,, 0, =T,.,0-, for some invertible bi-Lipschitz map Ty, : M — M,
for some invertible linear map T, : X — X such that T’ ,,(M) C M;
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(¢) Pyw = Ppir.

If one of the above conditions is satisfied, then invertible maps in (i) and (ii)
are unique and given by Ty, = SJT;HTQ!], T, = OMHfS;i. In the case that
({futn, {m}n) is a Lipschitz p-SF, then ({gn}n,{wn}n) is a Lipschitz p-SF if
and only if T: ,Tsqy = Iy if and only if Tt T ., = Ix.

Proof. (i) = (ii) Let x € M and {a,}, € #(N). Then

Oy :{gn( Vin = {fn(Trg2)}n = 0p(Tyg),
400
{an} Z AnWy = Z anTT,an = TT,weT{an}n'

( ) (11) Sgw_ﬁ 9 —TTO_,G Gfog—TwaTng and
Pgw ‘9 S iﬁw = (Qfo,g)(TT,wavTTfyg) (TT,wQT) = Pfﬂ"

(i) = (1) a2 gn(@)en = Oy () = O0p(Tyg) = 3327 fulTygw)en, for all z € M.
This gives (i).

(ili) = (ii) 0, = Pyuby = Pr.0, = Hf(Sf19 f,) and 6, = 0,P;, = 0.,P;, =
(0.,0757.1)0:. We show that Sy 10,0, and 6,075} ] are invertible. For,
(S;iHTﬁg)(ngiewa) = S;iHTPgM@f = S;iHTPfJQf = Iy,
(S;i@wﬁf)(S;iHTeg) = S;i@wPfJQg = ng;eng,weg = I
and
(0,07S70)(0:0,5, L) = 0P 0,5, = 0,P;,0,5, 5 = In,
(0.0 S_l)(é GfSﬁ) =40 Pgoﬁij?i =0 PngfS;,ll, = Iy
Let Ty4,7T:. : M — M be invertible bi-Lipschitz maps and g, = f, T}, wn, =
T; Ty, foralln € N. Then 0, = 0;1}, says that 0.0, = 00,15, = S;.T},
which implies T, = SJT;QTQQ. Similarly, 0., =T, .0, says that 0,0, =T} ,0.0; =
T:.,Sf,.. Hence, T}, = QWHfSJZl. ]
In Definition 2.2 we defined the notion of dual frames [2,18,19] and for Banach
spaces in [21]. We can define the orthogonality for Lipschitz p-ASFs as follows.

Definition 2.4. Let ({f,}n, {7n}n) be a Lipschitz p-ASF for M C X. A Lipschitz
p-ASF ({gn}n, {wn}n) for M is said to be orthogonal for ({f,},, {mn}n) if

+oo +oo
0=> gn(x)7n =D fulz)w,, forall z e M.
n=1 n=1

Similar to Proposition 2.1 we have the following proposition.

Proposition 2.2. Given two Lipschitz p-ASFs ({ fu}n, {Tn}n) and ({gn}n, {wn}n)
for M C X, the following are equivalent:

(@) ({gn}n, {wn}n) is orthogonal for ({ fu}tn, {Tn}n);
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(b) 6,0, = 0,0, = 0.

Using orthogonality we derive following interpolation result. For the Hilbert
space frames this is derived by Han and Larson in [19] and for Banach spaces
in [21].

Theorem 2.6. Let ({fn}n, {Tn}n) and ({gn}n, {wn}n) be two Lipschitz p-SF for
M C X which are orthogonal. If A, B : M — M are bi-Lipschitz maps, C, D : X —
X are bounded linear operators, C(M) C M, D(M) C M and CA+ DB = Iy,
then ({fnA~+ 9uB}n, {C1 + Dwy}n) is a Lipschitz p-SF for M. In particular, if
scalars a, b, c,d satisfy ca+db = 1, then ({af,+bgn tn, {cTn+dw,}n) is a Lipschitz
p-SF for M.

Proof. We find

Orargpr = {(fuA+ g.B)(x)}n = {fu(A2) }r + {90 (Bx) }s
=0;(Ax) +60,(Bz), forallzeM

and
—+00
QCT+DOJ{GTL}7L - Z an<c7—n + Dwn)
n=1
=CO0{an}n + DO {an}n, forall {a,}, € (P(N).
So

SfAJrgB,CTJer = 9C7+Dw9fA+gB = (CGT + Dew)(efA + egB)
= 00,04+ C0,0,B + DI,0;A + DO,0,B
— S A+ 040+ DS,B =ClyA+ DIyB=Ly. O

We use Theorem 2.5 to relate three notions duality, similarity and orthogonality.

Proposition 2.3. Let ({fu}n, {7n}n) be a Lipschitz p-ASF for M C X. Then
the canonical dual ({ fnS}+}n, {S}1Tn}n) is the only dual Lipschitz p-ASF that is

similar to ({ futn, {Tntn)-

Proof. Let ({gn}n, {wn}n) be a Lipschitz p-ASF for M C X which is both sim-
ilar and dual for ({f,}n,{7n}n).- Then there exist invertible bi-Lipschitz maps
Ttg,Tr : M — M such that g, = f,T%4,wn = 17Ty, for all n € N. Theorem
2.5 then gives

Tyg=S;10:0, = S; 1Ly =S} and T, = 0,05, = InS; 1 = S;1.
Hence, ({gn}n, {wn}n) is the canonical dual for ({f,}n, {7 }n)- O

Proposition 2.4. Let ({f.}n, {7n}n) and ({gn}n, {wn}n) be two similar Lipschitz
p-ASFs for M C X. Then ({fntn, {7n}n) s not orthogonal for ({gn}n, {wn}n)-
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Proof. Since ({fu}n, {mn}n) and ({gn}n, {wn}n) similar, there exist invertible bi-
Lipschitz maps T 4, Tr., : M — M such that g, = .1}, wp = TruTn, for all n €
N. Theorem 2.5 then says 0, = 0,1}, 0, = T ,0,. Therefore,

0.0, =0.0,T;, = S;.Tsy # 0.

Orthogonality condition demands 6,0, = 0 whereas above equation says it is not
true. ]

Another use of orthogonal frames is to take direct sum. Given Lipschitz maps
frg: M=K, wedefine fg- MMz dy— f(z)+g(y) € K.

Theorem 2.7. Let ({fn}n, {mn}tn) and ({gn}n, {wn}n) be two Lipschitz p-ASFs
for M C X which are orthogonal. Then ({fn ® gn}n, {Th ® wntn) is a Lipschitz
p-ASF for MeM C X & X.

Proof. Let x @y € M & M. Then,

Srsaren(@®Y) = 3 (fa & 90)(x & ¥)(7 ® )

n=0

= (Ej:z fol2)T0 + z_oi;gn(x)ﬂz) S (i) fn(T)wn + Ej:zgn(x)wn>
= (St-2+0) & (04 Sgwy) = (Spr & Syw)(x D y). O

3. AN OPEN PROBLEM

Motivated from the approximation properties of Banach spaces (Schauder basis
problem) [6,12] and from the failure of atomic decompositions for (even separable)
Banach spaces (see [7]), we formulate the following interesting (high-end) problem:
Can anyone classify subsets of a Banach space having a Lipschitz p-ASF, for some
1 <p < +o? In particular, does every subset of a Banach space have Lipschitz
p-ASF, for some 1 < p < +00?

4. CONCLUSIONS

In the literature, only frames coming from inner products and linear functionals
are studied. The paper [22] is the first one to introduce and make a systematic
study of frames for metric spaces by using Lipschitz functions. In this paper, we
define a class of non-linear frames for subsets (need not be subspaces) of Banach
spaces which can be characterized using standard Schauder basis and Lipschitz
functions on sequence spaces. We derived Holub’s theorem [20] in non-linear form.
Duals and similar frames in non-linear form are also characterized.
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TOPOLOGICAL DEGREE METHOD FOR A CLASS OF
¥-CAPUTO FRACTIONAL DIFFERENTIAL LANGEVIN
EQUATION

HAMID LMOU, KHALID HILAL!, AND AHMED KAJOUNTI!

ABSTRACT. This paper deals with the existence and uniqueness of solution for a
new class of U-Caputo fractional differential Langevin equation. The suggested
study is based on some basic definitions of topological degree theory and fractional
calculus. We established the existence result by using the topological degree method
for condensing maps, and by means of Banach’s fixed point theorem we obtained the
uniqueness result. As application, we give an illustrative example to demonstrate
our theoretical result.

1. INTRODUCTION

Newly, fractional differential equations have attracted the interest of many math-
ematicians, because it can represent and verified to be effective modeling of many
phenomena in several fields of science as physics, mechanics, biology, chemistry, and
control theory, and other domains for exemple, see [8,13,16,19,27,33].

In 1908 Paul Langevin, introduced the Langevin equation of the form m‘fl%” =
—/\%T“ + n(7) where, ‘fi—‘: is the velocity of the particle, and m is its mass and a noise

term 7(7) representing the effect of the collisions with the molecules of the fluid. For
the removal of the noise term, mathematicians used fractional order differential equa-
tions, for this reason it is very important to study Langevin equations via fractional
derivatives, for more details see [3,4,22-25, 28, 31].

Key words and phrases. W-Caputo fractional derivative, Langevin equations, condensing maps, W-
Caputo fractional differential Langevin equations, topological degree method, fractional differential
Langevin equations.
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There are several definitions of fractional integrals and derivatives, the popular
definitions are the Riemann-Liouville and the Caputo fractional derivatives, in [15],
Almeida introduce the generalization of these derivatives under the name of W-Caputo
fractional derivative, for more details for W-Caputo fractional derivative, we direct
readers to the papers [2,17,20,21,29,30]. Furthermore, distinct version of fixed point
theorems are commonly utilized to prove the existence and uniqueness of solutions for
various classes of fractional differential equations, Isaia [12] proved a new fixed theorem
that was obtained via coincidence degree theory for condensing operators. This fixed
point theorem due to Isaia was utilized by researchers to establish the existence of
solutions for several classes of nonlinear differential equations [1,5,11,14,18].

Recently, Baitiche et al. [6], discussed the existence and uniqueness of solutions
to some nonlinear fractional differential equations involving the W-Caputo fractional
derivative with multi-point boundary conditions based on the technique of topological
degree theory for condensing maps and the Banach contraction principle. Faree and
Panchal [9], investigated the existence and uniqueness of solutions to boundary value
problems involving the Caputo fractional derivative in Banach space by topological
structures with some appropriate conditions. Hilal et al. [10], discussed the existence
and uniqueness of solution for a boundary value problem for the Langevin equation and
inclusion, based on Krasnoselskii’s fixed point theorem, Banach’s contraction principle
and Leray-Schauder’s alternative. Rizwan [26], considered a non local boundary value
problem of nonlinear fractional Langevin equation with non-instantaneous impulses.
Baitiche et al. [32], proved the Ulam-Hyers stability of solutions for a new form of
nonlinear fractional Langevin differential equations involving two fractional orders in
the W-Caputo sense.

Motivated by the mentioned works, and by using topological degree methods we
investigate the existence and uniqueness result for the following problem

ot [FD1Y 4 Aw ()Z@(Taw(72)7 €T = [a,B],

1.1
(L) w(a) =0, w'(a)=0, w( ZLﬁfﬁg w(kK;).

The originality of this work is studing a new and a challenging case of fractional
derivative named the W-Caputo fractional derivative [15], this kind of fractional
derivative generalize the well-known fractional derivatives, for different values of
function ¥ such as the following.

* If (1) = 7, then Problem (1.1) reduces to Caputo-type fractional derivative.

* If (1) =log(7), then Problem (1.1) reduces to Caputo-Hadamard-type frac-
tional derivative.

* If W(7) = 77, then Problem (1.1) reduces to Caputo-Katugampola-type frac-
tional derivative.

The rest of the paper is organized as follows. In Section 2, we recall some theorems,
notations, lemmas, and definitions from fractional calculus and important results of
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topological degree method that will be used throughout this study. In Section 3, based
on the application of topological degree method, we discuss the existence result for
the problem (1.1), and by making use of Banach’s contraction principle we prove the
uniqueness of solution. In Section 4, we give an example to support the main result.

2. PRELIMINARIES

In this section, we introduce some definitions, lemmas and useful notations that
we can used throughout this paper.

Denote by X a Banach space and I'y the class of non-empty and bounded subsets
of X. C(T,R) denote the Banach space of all continuous functions from T into R
with the norm defined by ||| = sup,cr{|¢(7)|}. We denote by €"*(T,R) the n-times
absolutely continuous functions given by €"(Y,R) = {4,0 T = RN e C(T, R)}
B,(0) denote the closed ball centered at 0 with radius p.

Definition 2.1 ([15]). For p > 0, p € L}Y(T,R) and ¥ € C*(T,R), with ¥'(7) > 0,
for all 7 € T, the ¥-Riemann-Liouville fractional integral of order p of a function ¢
is defined by

1

2.1) () = gy [V D)~ W) (o)

where I'(+) represents the gamma function.

Definition 2.2 ([15]). For p > 0, ¢ € € }(T,R) and ¥ € €*(Y,R), with ¥'(7) > 0,
for all 7 € T, the U-Caputo fractional derivative of order p of a function ¢ is defined
by

¢ e Wy L /T / n—p—1 [k
6 =17 = v U(r)—w ds,
CL+ SO( ) at SO\I/ (7—) F(TL _ p) a (7—)< (T) (S)) SO\I/ ( )
where go[ ]( ) = (qﬂl(f) : —ddT)n, n—1<p<n,n=|[p+1and [p] denotes the integer

part of the real number p.
Lemma 2.1 ([15]). Let p,q > 0. Then we have the following semigroup property
given by
(2.2) T p(r) = T (), 7> a
Proposition 2.1 ([15]). Let p > O v>0andT €Y. Then

(i) 303 (Ur) — W(a))* " = (W(r) — W(a)

(i) <0 ((r) — w(a) = Fy (U (r) = ¥(a)) 7

(iii) D" (W(r) — W(a))* =0, for all k <n € N.
Lemma 2.2 ([15]). If p € C*(T,R), n — 1 < p < n, then

n—1, [K]
(2.3) Y (D)) = o) = 30 T (U(T) — W(a)*

F(v+p)
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k
for all T € Y, where go@(T) = (W,l(T) : ddT> o(T).

Definition 2.3 ([7]). The Kuratowski measure of non-compactness is the mapping ¥ :
I'x — Ry defined by ¥(B) = inf{¢ > 0 : B can be covered by finitely many sets with
diameter less or equal to £}.

Proposition 2.2 ([7]). The Kuratowski measure of noncompactness ¥ satisfies the
following properties

1. 9(A) =0 if and only if A is relatively compact;
2. AC B = 9(A) <9(B);

3. 9(A) = 9(A) = I(conv(A)), where A and conv(A) denote the closure and the
convex hull of A, respectively;

4. (A4 B) < 9(A) +9(B);

5. V(kA) = |k|U(A), k € R.

Definition 2.4. Let ¥ : A — X be a continuous bounded map. The operator F is
said to be 1¥-Lipschitz if there exists [ > 0 such that

(2.4) V(F(B)) < 9(B), forevery B C A.

Furthermore, if [ < 1, then ¥ is a strict ¥-contraction.

Definition 2.5. ¥ : A — X is called ¥J-condensing if

(2.5) (F(B)) < I(B),

for every bounded and nonprecompact subset B of A, with ¢¥(B) > 0.

Definition 2.6. We say that the function F : A — X is Lipschitz if there exists [ > 0
such that

(2.6) [F(w) = F(v)|| <Ifju—v|, forall w,veA,
Furthermore, if [ < 1, then JF is a strict contraction.

Proposition 2.3 ([7,12]). If F,Y : A — X are ¥-Lipschitz mapping with constants Iy
and ly respectively, then F+Y : A — X is 9-Lipschitz mapping with constant l; + ls.

Proposition 2.4 ([7,12]). If F: A — X, is compact, then F is 9-Lipschitz mapping
with constant [ = 0.

Proposition 2.5 ([7,12]). If F: A — X is Lipschitz mapping with constant [, then
F is ¥-Lipschitz mapping with the same constant [.

Theorem 2.1 ( [12]). Let W: A — X be ¥-condensing and
(2.7) [l ={w e X : w=eWuw, for some0 <e<1}.

If T, is a bounded set in X, so there exists r > 0, such that 11, € B,.(0), then the
degree

(2.8) deg (I — eW,B,(0),0) =1, foralle € 0,1].
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Consequently, W has at least one fized point and the set of the fized points of W lies
in B,(0).
3. MAIN RESULT

Definition 3.1. A function w € C(Y,R) is said to be a solution of Problem (1.1),
it w satisfies the equation QDPW F@‘ﬁ + )\} w(T) = @(t,w(T)), a.e. on T with the

conditions w(a) = 0, w'(a) = 0, w(b) = Z L,”S@ w(kK;).

Lemma 3.1. Leta>0,0<p<1,0<¢q<2andh e C(YT,R). Then the function
w is a solution of the following boundary value problem

“or! (D% + A w(r) = h(r), €T =a,b],

3.1
(3:1) w(a) =0, w'(a)=0, w( Zeffi w(k;), a<k;<b,

if and only if

w(7) Z’JZIq;\Dh(T) _ )\Jgf'w(T) + (U(r) — W¥(a))? <§Ziq \I]h(b)

Al'(g+1)
(3.2) — N3 w(b) — zn: I () + )\zn: Lﬂgiﬁ“‘yw(ﬁ;i))
i=1 i=1
where
— U(a))™P (U(b) — V()
(33 A=y Ty

Proof. Applying the U-Riemann-Liouville fractional integral of order p to both sides
of (3.1) and by using Lemma 2.2 we get
(3.4) DL w(r) + Mu(r) = X h(T) +dy, TET,

where d; is a constant, applying the W-Riemann-Liouville fractional integral of order

q to both sides of (3.4) we obtain by using Lemma 2.2

(Y(r) — ¥(a))®
I(g+1)

where d; and dy are constants, next by using the boundary condition w(a) = 0 in
(3.5) we obtain that d; = 0. Then, we get

(3.5) w(r) =35 h(r) — NI w(r) + dq

+ dy + dy(¥(7) — V(a)),

_ ~p+a¥ ~TY (¥(r) — ¥(a))?
(3.6)  w(r)=30""h(T) = NI w(T) + do T+ 1) + do (¥ (1) — ¥(a)).

It follows that
(3.7) w'(r) = (Jﬁiq;‘l’h(f))' —A (jgfw<7))’ n doq‘I"(T)(‘I’(T) — U(a))!

T(q+ 1) + dy¥'(7),
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by using w'(a) = 0, in (3.7) we find dy = 0 (Definition 2.2: ¥'(7) > 0, for all 7 € T).
Then,

(35) wlr) = () = A () + g DS
By making use of the boundary condition w(b) = > 1;w(k;), in (3.8) we find
(3.9)
dy = Zi (Jp+qwh(b) A% w(b) é: 4q+6%wh/ﬁl~+,xggbfﬂ+ﬁl ummg>.
Substituting the value of dy in (3.8) we obtain the integral equation in (3.2). The
converse follows by direct computation. O
In this part, we deal with the existence and uniqueness of solution for the problem

(1.1), for that to simplify the computations, we use the following notation
(W (b) — W(a))P™

A NPT}
R N ]
_|)\|{ qH)a))q
SN GES (0] (LUK (O L +§:<a>>§+ﬂi]}.

Assume that the following hold.
(H;) There exists a constant £, > 0 such that

(3.12) lo(1,w) —@(1,v)] < Ly|w—v|, foreach 7€ T and w,v € C(T,R).
(H2) There exist two constants K,, N, > 0 and o € (0,1) such that
(3.13) lo(1,w)| < Kylw|* + N, foreach 7 € T and w € C(T,R).
From Lemma 3.1 we define the operators F,Y : C(T,R) — C(T,R) by
(W(7) — ¥(a))®
AF(q +1)

(3.14) X <3§Iq;q’ Z gpratiey Hz,w(/ﬁ))> , TET,

Fu(r) =T o(r, w(7)) +

and

_ _\ABY (¥(r) — ¥(a))? ~q ~ag+Bi;
(3.15) Yw(r) = =ATL w(r)+ AT(g+ 1) ( ATE w(b) + )\ZL LAt )) ’
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then, the fractional integral equation (3.2) can be written as follows
(3.16) Wuw(r) = Fw(r) + Yw(r), T€T.

Theorem 3.1. Suppose that (Hy) and (Hsy) are satisfied, then Problem (1.1) has at
least one solution w € C(YT,R) as long as Ay < 1. Moreover, the set of the solution
of Problem (1.1) is bounded in C(T,R).

As a way to prove Theorem 3.1, we will demonstrate it in several lemmas.
Lemma 3.2. Y is U-Lipschitz with the constant Ay, where Ay is given by (3.11).
Proof. Let w,v € C(T,R), then we get

(W(r) = V(@) () o
() — o)l <IN () = o)+ K - (WA ) — (o)

I3 5 ) = () )
NeaG > o)y ((b) — U(a))"
(w(‘” ) L) o) — o)

((J+1)

\I/(a))tﬁ-ﬁi
I'(q + Bi+1)

(V) ~ W) | (V) = ¥la))’
S‘A’{ Tg+1) 1A+
) -

(W(b) — W(a))* — U(a))®+5
X( F(q—i—l) +Z| | Q‘I‘ﬁz‘f'l) )}“w_vnv

+WZ|\

Jw (ki) — v(m)\)

<Aofjw —vl],
where As is given by (3.11). Taking the supremum over 7, we obtain
[Yw — Yol < Agflw —of].

Then, Y is Lipschitz with the constant A, and by Proposition 2.5, Y is ¥J-Lipschitz
with the same constant As. O

Lemma 3.3. J is continuous and satisfies the inequality given below
(3.17) |Fwl < Ax(Kellw]* +N,),
where Ay is given by (3.10).

Proof. Let w,,w € C(Y,R) such that w, converging to w in C(T,R), implies that
there exists u > 0 such that ||w,| < u for all n > 1, in addition by taking limits, we
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get ||w|| < p. By using the fact that ¢ is continuous and (H,), for every 7 € T we
have

|o(T,wn (7)) = (7, w(T))] < (T, wa(7))| + lo(7, w(T)] < 2(Kpp®™ + Ny).
The function s — 2(K,u* + N,,) is integrable for s € [0, 7], 7 € T by making use of
Lebesgue dominated convergence theorem we get
(Y(r) — ¥(a))
AT (g +1)

|Frwn (1) — Fw(r)] STLEY|o(7,wa (7)) — (7, w(T))| +
x (ﬁiiq%w, wa(b) = (b w(®)
—i—Z \Lz\quw’ lo(Kiy wn (ki) — QO(FJZ',’LU(FLZ'))D — 0 asn — oo.

Then, ||Fw, — Fw|| — 0 as n — oo, implies that F is continuous.
In addition, for every 7 € T we get

Fu(r)] T |o(r, w(r))] + (U(1) — U(a))"

AIC(g+1)
x (ﬁzi‘“’rsow, w(b))] + Z T o w(mm) ,
. { (T(b) ~ W(@)*  (P(D) — V(a))*
| Tl+ae+1) [All(q + 1)
o (TR 3y (e ROV }(mnwna PN),
implies that [|Fw|| < Ay (Ky[w]® +N,). 0

Lemma 3.4. J is compact, as a consequence F is V-Lipschitz with zero constant.

Proof. To prove that J is compact, let M be a bounded set, such that M C B,,.
It remain to prove that F(M) is relatively compact in C(Y,R). For this reason let
w € M C B, and by making use of (3.17), we obtain

(3.18) |Fw]| < Ay (Kop® +N,) 1=

Then, F(M) C B,, as a consequence, F(M) is bounded.
For the equicontinuity of &, let 7, € T with 7 < 7 and for w € M we have

|Fw(re) — Fw(m)|
(V(72) — ¥(a))? — (¥(r1) — ¥(a))’
90(7—2720(7—2)) - @(Tlv U}(T]_))l + |A|F(q + 1)

X (321‘1\1] b))| + Z |4;] Jp+Q+’B’ (/{i,w(ﬁ'i)|>

Sjﬁit];ﬂ
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(K™ + Nw) oy ptg—1
e AR O (CICSE O

_ (\I/(ﬁ) - \I/(s))l'—i-q—l)ds n T2 \I//<S)(\I/(7—2) B \Ij(s))p—l-q—lds

(U(1y) — ¥(a))? — V() — ¥(a))?
[Al(g +1)
((\Il(b) C W)t I (W) — B(a))Prets
r

L(p+q+1) +;|Li| (p+q+B:+1) ><K¢p@+N@)’

By using the continuity of the function W, the right hand side of the above inequality
tends to 0 as 75 tends to 79, this implies that F(M) is equicontinuous. It follows by
using Arzela-Ascoli’s theorem that F is compact as a consequence of Proposition 2.4,
JF is ¥-Lipschitz with zero constant. O

Since all the conditions are satisfied we demonstrate the validity of our main result
as Theorem 3.1.

Proof of Theorem 3.1. Let F,Y and W, be the operators given by (3.14), (3.15), (3.16),
respectively. These operators are continuous and bounded. Furthermore, by making
use of Lemma 3.2 , Y is is ¥-Lipschitz with constant A, and by using Lemma 3.4, F
is ¥-Lipschitz with constant zero, hence W is a strict 1-contraction with constant As,
finally W is 1J-condensing because Ay < 1.

Next, let us consider the following set

(3.19) I, ={w € X : w=eWuw, for some 0 < e <1}

It remains to show that the set Il is bounded in C(Y,R), for that let w € II, then
we have w = eWw = e(Fw + Yw). It follows, by using Lemma 3.3 and 3.2,

lwl = ]| Fw + Yol
A (Kllw] +N,)
1— Ay ’

where A; and A, are given by (3.10) and (3.11), respectively. Then, the set Il is
bounded in C(T,R). If the set Il is not bounded, then we suppose that x := ||w|| —
400 and by using the above inequality we get

Ay (KX +N,)
. < 1l
520 Ly

< Fwll + [Jwl| < A (Kellw]|* +N,) + Aol <

=0,

which is a contradiction. Thus by using Theorem 2.1, W has at least one fixed point
which is the solution of Problem (1.1). Moreover, the set of solution of Problem (1.1)
is bounded in C(T,R). O

To deal with the uniqueness of solution for Problem (1.1), we use Banach’s contrac-
tion principle.
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Theorem 3.2. Assume that (Hy) hold. If L, A + Ay < 1, then Problem (1.1) has a
unique solution on C(Y,R).

Proof. For every w,v € C(YT,R) and 7 € T we have
(Wuw(r) — Wo(r)|
<|Fw(r) — Fo(r) + Yw(r) — Yo ()|
<|Fw(r) — Fo(r)| + [Yw(T) — You(71)|
(¥(r) — ¥(a))? (~

ST |o(r,w(r)) = p(r,0(r))| + AlNg+1) |\ |o(b, w(b)) — (b, v(b))|

+ Z || I2 LI o (g, w (k) — (s, U('fz‘))|>

~q;‘llw7_ — (T (\II(T)_\D( )) ~q w —w
+ () = o)+ RO o) - o)

I >—v(m>|]
. { () = V(@) (D) — V(@)

Lp+q+1) AT(g+1)
(S S O
e
x ((\If(p(q+1 Z\ | H;:(i)i;wi) }|w<7> v

S(L@Al + A2)||w - UHu

where A; and Ay are given by (3.10) and (3.11), respectively. Then, by taking the
supremum over 7, we get | Ww — Wol| < (L,A1 + Ag)||w — v]|. Using the fact that
LA+ Ay < 1, it follows that W is a contraction. Finally, by the Banach fixed point
theorem, W has a unique fixed point which is a unique solution of Problem (1.1). O

4. EXAMPLE

Consider the following problem

w0 ) =m0
w(0) =0, w'(0)=0, w(l)==23
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wherep=1,¢g=3 A= a=0,b=1,T=00,1,n=20u=2 =2 5 =2
Bo=2 k1=7% ky=3and U(1) =e.
For (r,w) € T x R,, we define p(7,w) = ef:w (1 + 1-1:1(5()7)) Function ¢ is a
continuous function, in addition for every 7 € T and for every w,v € R, we have
e’ w—v 1
— < . < —|w —v|.
plrw) =m0l < |77 10‘ Axwiro)| S

Then, Hypotheses (H;) holds with £, = ﬁ > 0. In addition, for every 7 € T and
w,v € Ry we have

676;10‘(1 +lul) < 22 (14 ).

Then, Hypotheses (H,) holds with X, = N, = &+ > 0 and @ = 1 moreover Ay =
0.70263036 < 1. Finally, all the conditions of Theorem 3.1 are satisfied, consequently
Problem (4.1) has at least one solution defined on [0, 1].

To deal with the uniqueness we use the data given above, we get, |A| ~ 1.74138859,
Ay = 29745821, A, = 0.70263036 < 1, and L, = {5 = 0.09. Then, L,A; + Ay =
0.09 x 2.9745821 4 0.70263036 = 0.97034275 < 1.

Accordingly, by Theorem 3.2, Problem (4.1) has a unique solution on [0, 1].

|o(T, w)] <

5. CONCLUSION

In this article, we have studied and discussed the existence and uniqueness of solu-
tion for a class of W-Caputo fractional differential Langevin equation. The suggested
study is based on some basic definitions of fractional calculus and topological degree
theory. The novelty of this work is that it is more general than the works based on
the well-known fractional derivatives such as (Caputo fractional derivative, Caputo-
Hadamard fractional derivative and Caputo-Katugampola fractional derivative) for
different values of function W. Additionally, as a scope of future direction, by studying
this specific case of fractional derivative, it can be used as an overview to studying the
general case known by the W-Hilfer fractional derivative. In this paper we proved the
existence and uniqueness results for Problem (1.1), by using the topological degree
method and Banach’s fixed point theorem. Finally, a numerical example is presented
to clarify the theoretical result.
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A FINITE DIFFERENCE TECHNIQUE FOR NUMERICAL
SOLUTION OF THE BOUNDARY VALUE PROBLEM IN ODES OF
ORDER THREE

PRAMOD KUMAR PANDEY

ABSTRACT. In the article, we study the approximate numerical solution to the
boundary value problem in ordinary differential equations. In the present article,
a third-order two-point boundary value problem is considered for discussion. We
developed a second order accurate finite difference method for the approximate
numerical solution of the considered problem. We took a special boundary condition;
we did not find this boundary condition in the literature. We have discussed the
standard convergence analysis of the proposed method. Numerical experiments on
linear, nonlinear, and obstacle problems approve the order of accuracy and efficiency
of the method.

1. INTRODUCTION

The present article is aimed at finite difference method for the numerical solution
of the third-order boundary value problems of the following form

(1.1) u"(z) = f(z,u), a<x<b,
subject to the boundary conditions
wa)=«a, d'(b)=pF and u"(b) =7,

where «, § and v are real constants.
The importance of third order boundary value problems is well-established in the
physical and natural sciences. The analytical solution to such problems is subject

Key words and phrases. Boundary value problem, difference method, differential equation of order
three, convergence analysis, quadratic order.
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to a variety of boundary conditions, and restricted forcing function f(z,u) has been
studied by many researchers. But for an arbitrary forcing function f(x,u), it is
difficult to find closed-form analytical solution.

The theory on the existence and uniqueness of the solution of higher order boundary
value problems can be found in [1]. The existence and uniqueness of the solution,
especially for the third order boundary value problem (1.1) in detail are discussed in
[2-5] and references therein. So, we have assumed the existence and uniqueness of
the solution for problem (1.1) with the considered boundary conditions.

There are a variety of approximation techniques available in the literature for
numerical solutions to third-order two-point boundary value problems. But not many
researchers considered the problem with the boundary conditions as described in this
article. For instance, among a substantial number of works, we refer to work reported
by [6,7] and references therein for numerical approximation of the solution using the
finite difference method with different boundary conditions.

Based on the idea in [8], the purpose of the present article is to develop an algorithm
using the finite difference method to deal with the numerical solution of the third-order
boundary value problems that is accurate, inexpensive, and simple in its computational
efforts. We hope the present technique will supplement the existing literature on the
solution of third-order boundary value problems.

In this article, we have organised our work as follows. In Section 2, we have
derived our finite difference method. In Section 3, we have discussed and analysed the
standard convergence of the proposed method. The computational work presented in
Section 4 and a discussion on the computational performance of the proposed method
is presented in Section 5.

2. THE DIFFERENCE METHOD

We define a < 29 < 11 < 29 < -+ < xny < b, N — 1 number of nodal points
in the domain [a,b] of the problem (1.1). In this domain we wish to determine an
approximate numerical solution of the problem (1.1), using uniform step length A such
that z; = a+1h,7=20,1,2,..., N. We wish to determine the numerical approximation
of the theoretical solution u(x) of the problem (1.1) at these discrete nodal points
x;, i =1,2,..., N. We denote the numerical approximation of u(z) by u; and source
function f(z,u(z)) by f; at nodes x = x;, i = 1,2,..., N. Thus, the boundary value
problem (1.1) at node x = z; may be written as

(2.1) u" = fi, a<uxz; <D,
subject to the boundary conditions
u=a, uy=pF and uy=nr.

Let we define nodes Tipl = T + %, 1=1,2,...,N —1, and denote the solution of the
problem (1.1) at these nodes as u;1 1. Following the idea in [8] and using method of
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undetermined coefficients and Taylor series expansion, we discretize problem (2.1) at
these nodes in [a, b] as follows

h3
(2.2) 15ui_% — 10ui+% + 3’LLH_% = Su;—1 + *(15]2_% + 25fi+%) +T;, i=1,

16
h3
—u,%—l—?)ui%—3ui+%+ui+%ZE(fi,%+fi+%)+Ti, 2<i< N -2,
2 h?
" .
— Uy 201 —us = =Rt — ﬁ(%fi% —61fi )+ T, i=N-1

h3
7(36fi,% — 49fi7%) +T;, i=N,

! 2. n
—U; 3 +u, 1 = hu, — h*u, —
=3 T i i DY

where T;, i = 1,2,..., N are truncating terms. Also, in discretization we have used
boundary conditions in a natural way.

After neglecting the terms T; in (2.2), at nodal points T, =12, , N we will
obtain the N linear or nonlinear system of equations in N unknown namely wu,_ 1
which depends on the source function f(z,u). We have applied Gauss Seidel and
Newton-Raphson iterative method to solve system of linear and system of nonlinear
equations, respectively.

We compute numerical value of u;, 2 = 1,2,..., N by using following second order
approximation
1 .
(w1 +u,_1), 1<i<N-1,
(2.3) u; = f( 3 ) ,
5Bu;_1 —wu,_3), i=N.
2 =35 =3

3. CONVERGENCE ANALYSIS

We will consider following linear test equation for convergence analysis of the
proposed method (2.2)

(3.1) u"(x) = f(z,u), a<z<b,
subject to the boundary conditions
u=a, uy=pF and uy=nr.
Let u,_ 1 and U, _ 1 fort=1,2,..., N are, respectively approximate and exact solution
of (2.2). Let us define
F

71—

:f(a:if%?Uifl); i:1,2,...,N7

2

N

and error that occur in approximate solution

€1 =U_1—u_1,
2 2 2
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Let we linearize source function f(x,_1,U,
2

. l_%) by application of Taylor series expansion,
ie.,

fla 1, U 1) = flo,u_1) = (U1 —u;_1) (?) . i=1,2,...,N.
3 2 2 2 U/, 1

Thus, using these above definitions and boundary condition, we can write an equation
in (2.2) as follows

h3 of of ‘
1561’—% — 1O€i+% + 36,8 = 16 (128 <8U>Z + 25 (au>i+1> +1T;, i=1.
2

1

2
Similarly we can write remaining equations in (2.2). Thus, we can write proposed
method (2.2) in the matrix form as

[N

(3.2) JE=T,
where J, E and T are matrices. These matrices are defined as
J=A+L,
15 =10 3 0
-1 3 -3 1
A _ . . * . 7
-1 3 -3 1
-1 2 -1
0 -1 1 ).~
3845% 755% 0
245% 2453
3 : :
LR S |
—505Nfg 122(51\,7%
0 _725N—§ 985N—% N
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Thus, we note from (3.2) that the convergence of the difference method (2.2) depends
on matrix J. So, we have determined A~" = (a, ;) explicitly where

(4j—1)+4(i—1)(25—1)

3 , 1< j <N,

21, i1 <j=N,
(3.3) Ui =9 3 1=5<i<N,
-l l<j<i<N,
%, l<j=1<N.

We observed that a; ; > 0 for all 7 and j. Also, we have calculated the row sum of
A~ which are given as

43 — 122+ 32 — 18 (N —1)(2i — 1)(2N — 2i + 1)

= 24 * 8 ‘

Thus, we have obtained

4N3 — N2 +23N — 15
(3.4) Ry = max |R;| = 51 .

Hence, it is easy from (3.4) to prove that

(b—a)’

-1
(35) 1A < 2

Let square matrix M and identity matrix I have the same order and ||[M]| < 1. Then
square matrix (I + M) is invertible [9-11] and

1

1T+ M) ] <
1 —[M]|

Let us assume ||A™'L|| < 1. Thus, from (3.2), we have

1

3.6 El|l < —————
(36) 1B < g

AT [T

Let V = max,c(qp [u® (2)], v = max,cloy 0;_1 and v > 0. Thus, from (3.5) and (3.6)
we obtained

52(b — a)*V h?
(32 —51v(b —a)?)’

(37) IEl| < 5

From equation (3.7), we conclude ||E|| is bounded above and as h — 0 implies
||E|| — 0. Thus, we have established the convergence of our proposed method (2.2).
The order of convergence of the proposed method is at least quadratic.
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4. NUMERICAL RESULTS

To test the computational efficiency and validity of the theoretical development of
the proposed method (2.2), we have considered two linear, a nonlinear, and an obstacle
model problem. In each model problem, we took a uniform step size h. In Table 1-4,
we have shown the maximum absolute error M AE in the computed solution u(x)
of the problem for different values of N. We have used the following formula in the
computation of MAFE

MAE = max |U(x;) — ul,
1<i<N
where U(x) is the exact solution of the problem. All computations were performed on a
Windows 2007 Ultimate operating system in the GNU FORTRAN environment version
99 compilers (2.95 of gee) on Intel Core i3-2330M, 2.20 GHz PC. The solutions are
computed on N nodes and iteration is continued until either the maximum difference

between two successive iterates is less than 1071° or the number of iterations reached
106.
Problem 4.1. The linear model problem in [12] with different boundary conditions is
given by
u"” () = zu(x) + (2 — 22 — 5z — 3)exp(z), 0<z <1,
subject to boundary conditions
w(0)=0, «(1)=1 and u"(1)=—4exp(1).

The analytical solution of the problem is u(x) = z(1—xz) exp(z). The M AE computed
by method (2.2) for different values of N are presented in Table 1.

TABLE 1. Maximum absolute error in solution of Problem 1.1.
N

128 256 512 1024

M AFE|.21027867e-3|.61334344e-4[.15507685¢e-4(.38828002¢-5

Problem 4.2. The linear model problem in [13] with different boundary conditions is
given by

u”(x) = —u(z) + (7 — %) cos(x) + (2* —x — 1)sin(z), 0<wz <1,
subject to boundary conditions
u(0) =0, «'(1)=2sin(l) and u”"(1)=2sin(1)+ 4cos(1).

The analytical solution of the problem is u(z) = (z* — 1) sin(z). The M AE computed
by method (2.2) for different values of N are presented in Table 2.
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TABLE 2. Maximum absolute error in solution of Problem 2.1.

N
128 256 012 1024
MAE.98107150e-4|.22081891e-4|.55033015e-5|.34570694e-5

Problem 4.3. The nonlinear model problem in [14] with different boundary conditions
is given by

u”(x) = —2exp(—3u(z)) +4(1+2)7%, 0<z <1,
subject to boundary conditions

1 1
w0)=0 , 4'(1)== and u"(1)= 1
The analytical solution of the problem is u(x) = In(1 + z). The M AE computed by
method (2.2) for different values of N are presented in Table 3.

TABLE 3. Maximum absolute error in solution of Problem 2.2.

N
32 64 128 256
MAE|.70750713e-4(.24229288¢-4|.68414956e-5|.19595027e-5

Problem 4.4. Let consider the following third-order obstacle problems [15]

0, 0<z<yg,
u(z) = qu(z) -1, §<z<3,
0, % <z <1,

subject to boundary conditions
w(0)=0, «(1)=0 and u"(1)= as.
The analytical solution of the problem is

;ale, 0<z< i,
u(r) = ¢ 1+ azexp(x) + exp(7°) (CLg cos (@Z‘) + a4 sin (?w)) , 1<z<?
sasz(x — 2) + ag, s<r<l,

where a;, ¢ = 1,2,...,6 are constants. To determine these constants, we apply a

continuity condition to the solution, first and second derivatives of the solution of
the problem. Hence, we shall get a system of linear equations and solve the system
of equations in variable a;, 1 = 1,2,...,6. The maximum absolute error in domain
Dy =[0,1], Do = [, 3] and D3 = [3,1] in computed solution are presented in Table 4,
by the proposed method (2.2) for the different values of N. Hence, we presented the
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maximum absolute error in the computed solution in the considered domain D = [0, 1]
of the problem in Table 4.

TABLE 4. The maximum absolute error in solution of Problem 4.4.

Maximum Absolute Error in

N

Dy

D,

Ds

D

16

.10749675e -3

97104762 -4

.35469564e -3

.35469564e -3

32

.28237705¢e -4

.27046958e -4

.88673911e -4

.88673911e -4

64

.72459166¢ -5

.71096102e -5

.22168478e -4

.22168478e -4

128

.18359854¢ -5

.18398562¢ -5

.55421195e -5

.55421195e -5

250

.46230928¢ -6

.48803843¢ -6

.13855249¢ -5

.13855249¢ -5

012

.14240736¢ -6

.14589006e -6

.34638247e -6

.34638247e -6

We have tested our finite difference method for the approximate numerical solution
of linear and nonlinear model problems. Observing the numerical result in the tables,
we found error in the computed solution decreases with a decrease in step size h in each
considered model problem. The order of accuracy in computed solution of Problem
4.1, 4.2 is quadratic, and the order of accuracy computed solution of Problem 4.3
is non quadratic. We observed from the tabulated result for Problem 4.4, that the
order of accuracy in the computed solution in the domain is quadratic. Hence, the
maximum absolute error in the computed solution is in the domain D3. We have noted
in numerical experiments that our method is efficient, convergent, and consistent with
theoretical development.

5. CONCLUSION

We considered a third-order two-point boundary value problem in ordinary differen-
tial equations for the approximate numerical solution. There are numerous techniques
for the approximate solution in the literature of numerical analysis. Hence, we have
developed an algorithm of quadratic order exact using the finite difference method
for the approximate numerical solution of third order boundary value problems. The
main concern in the present article is the boundary conditions. Some work with
these boundary conditions has been reported in the literature for a closed analytical
solution of the problem, but no algorithm or technique has been developed for an
approximate solution of the problem. We converted a differential equation, a contin-
uous problem, into a difference equation, a discrete problem, i.e., we discretized the
problem at discrete nodal points in the domain of the considered problem. Hence,
we have obtained a system of algebraic equations (2.2) and the solution of system
of equations (2.2) is an approximate numerical solution of the considered problem
(1.1). We considered four model problems, including an obstacle problem, to test the
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efficiency and accuracy of the proposed method (2.2). The numerical experiments
produced a good approximate numerical solution for model problems. The numerical
experiments approved the theoretical discussion on the order of accuracy and efficiency
of the proposed method (2.2). Thus, we arrived at the conclusion that our method is
computationally efficient and the order of accuracy is quadratic. The idea presented
in this article is simple and leads to the possibility of developing higher order finite
difference methods. Work in these directions and areas is in progress.
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FUNCTIONALS
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ABSTRACT. In this note we prove a monotonicity result with respect to the param-
eter v of the cumulative distribution function for the McKay I, Bessel distribution
and uniform upper bounds for a bilinear expression containing modified Bessel func-
tion of the first kind I,,. Certain implications, among others with the Horn function
®, and for the Gaussian hypergeometric function close the exposition.

1. INTRODUCTION

The first results about probability distributions involving Bessel functions can be
traced back to the early work of McKay [4] in 1932 who considered two classes of
continuous distributions called Bessel distributions.

For reader’s convenience, let us recall the definition of the modified Bessel function
of the first kind 7, of the order v [6, p. 249, Eq. 10.25.2]

I 1 Z2k+1/ C
”(z)_gr(u+k+1)k!<2) o Re(r)>—1,zeC.

On a standard probability space (2, F,P) we consider a random variable (r.v.) &
which follows a distribution which is a McNolty’s variant of the McKay I, Bessel law.

Key words and phrases. Modified Bessel function of the first kind, McKay I,, Bessel distribution,
Horn function ®5, Moments, Gaussian hypergeometric function o F;, Turan inequality.
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This means that ¢ is a nonnegative r.v. with the following probability density function
(density in short) [5, p. 496, Eq. (13)]

2 2\u+1/2
fr(z;a,b;v) = V(" = o) e g1, (ax), x>0.
(2a)*T (1/ + l)
2

The density f; depends on three real parameters a, b, v, where v > —1/2 and b > a > 0.
The corresponding distribution function of £ is as follows:

B2 — g2)H1/2
(1.1) Fi(xz;a,b;v) = ol <) / e "I, (at)dt, x>0.
(2a)'T (u + %) 0
In the sequel we use any of the notations ¢ ~ McKayl(a,b,v), & ~ fr(z;a,b;v),
SNFI('T;a7b;V)‘
Recently, Jankov Masirevi¢ and Pogény [2] reported on the expression of the distri-

bution function F7, see (1.1), in terms of the Horn confluent hypergeometric function
8, p. 25, Eq. (17)]
(O)m ()0 2™ y"
(1)2(67 b';c;x,y) - ’ )
m%;o ()man  min!
So, for all v > —1/2, b > a > 0 and for all z > 0 this result is [2, p. 149, Theorem 3]
(b2 — a2)v+1 2520+
I'2v+2)

It is natural to ask about important characteristics of the Bessel distribution (1.1).
While, as we know, the positive integer order moments play a great role in Probability

and Statistics, here we can find an explicit expression for the moment m, of order s,
for s € C. Thus,

b2 _ g2\ +1/2 oo
ms = E[¢F] = Vrlb® = a?) / e " [ (ax)dx .
(2a)*T (1/ + %) 0
We see that up to a constant factor, m, is the Laplace transform of the input function
¥t I,(ax). Applying a result [7, p. 313, Eq. 3.15.1.2.] for complex valued p, v, p, «,
we obtain
oo _ @’ T(p+v+1) surv+1)5(utv)+1 |0
P o _ 2 2 il
/0 e Pr Iy(a:v)dx—2yp#+y+lr(y+1)2 1[ v pQ]'

This formula is valid for all u, v, p, «, provided Re (u 4+ v) > —1, Re (p) > |Re («)].
Now together with the Legendre duplication formula for the gamma function, we
conclude that for all Re(s) > —2v — 1 there holds

a2

7l

(b —a® )20 (20 + 5+ 1)
[(2v + 1) b2vtstl

One of our goals is to prove the monotonicity of the distribution function F; with

respect to v. This result implies an attractive uniform bound upon a bilinear function

max{|z[, [y} < +o0.

(1.2) Fi(z;a,b;v) = @2(V+%,V+%; 2v+2;(a—b)x, —(a+b)x).

V+§@+Uf+§+1
v+

(13) my = QFl{




CLASS OF BESSEL DISTRIBUTION FUNCTIONS 257

built with modified Bessel functions of the first kind which orders are contiguous with
the input parameter v occuring in McKayl(a,b, ). We end the presentation with
Turan type inequalities for Gauss hypergeometric function derived by certain moment
inequalities.

2. MAIN RESULTS

Sun et al. in [9] proved the next integral inequality. Let X and Y be positive
independent random variables (r.v.), where X is absolutely continuous with density
function fx, while Y is arbitrary, either continuous or discrete; no density at the latter
case. Let further, g : (0, +00) — (0,400) be a nondecreasing positive function. Then,
provided Fy(0) < 1 and the integrals exist, compare [9, p. 1169, Lemma 1] (actually,
this inequality is a consequence of the fact that if X and Y are positive r.v.s, X +Y
is stochastically larger than X)), the following inequality holds true for each x > 0:

(2.1) [ 0@ x> [ g0) ey

With the help of this inequality we prove a strict monotonicity of the generalized
distribution function (1.2) and two consequences of this monotone behaviour of F7.

1

Theorem 2.1. For all vy > —3, vp > —% and b > a > 0 there holds

1
(2.2) Fy (x;a,b; v+ Ve + 2) < Fi(z;a,b;vy), x>0.
Moreover, for the same parameter range, the following inequality holds true

L vvat12(02) F 1y 4y y3/2(ax) - C(vy 4+ v+ 2) < 2 va+1/2
)z '

L, (ax) F I, 41 (ax) Fi+3) \(0*—a
Finally, for all x > 0 we have
(2.3) L2vatl ‘1)[2V1+V2+1] (z) I'(2v1 + 2v5 + 3)

<
1 vy 1 9
CI)[2V1+2](ZL‘) (b? _ CL2) +3 I‘(le + 2)
where we have used the quantity
@3 (2) = (.0 20 + 1; (a — bz, —(a + b))

Proof. The moment generating function of the r.v. & ~ McKayl(a, b; ) equals

M) = E[e] = [ e frlwia b da

_ V(b2 — a2 /+oo - T (a2 d
(2a)*T (V - %) 0

$(20 — s)\ V"3
:<1_b2—a2> s SER7|b—S|>6L,
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see again the Laplace transform [7, p. 313, Eq. 3.15.1.3]. Clearly, the moment
generating function M, exists if we find a proper interval of zero, say (—s, s,), where
s; >0, s, > 0, such that for all s € (—s;,s,) it is Me(s) < +o0.

Now, letting X ~ fr(z;a,b;11) and Y ~ fi(z;a,b;v2) be two independent r.v.s.
Hence, the moment generating function of the r.v. X 4+ Y becomes

5(2b — s)\ el
Mg (s) = My(s)My(s) = (1= 220Ny s

which implies that r.v. X +Y ~ fr(z;a,b;v1 + vo + 1/2). Rewriting the inequality
(2.1) in the form

(2.4) | oyt < [" g

and taking g(z) =1 for all > 0 we conclude
/x Jr(ta,bsv + 1o +1/2)dt < /m f1(t;a,b;v1) dt,
0 0

which is equivalent to the first stated result.
As to the second inequality, observe that from (2.4) there follows

(b — a?)2 120 (1) 4+ 1/2)
(2a)”2+1/2F(V1 “+ vy + 1)

< / g(t)e "t 1, (at) dt,
0

/0 g(t)efbt tV1+V2+1/2L,1+1,2+1/2(6Lt) dt

(bta)z

and choosing the positive non-decreasing function g(z) = e we conclude

(b% — a?)2 2 (1) +1/2) * etatpntiatl/2 g (at)dt
(2a>uz+1/2r(yl Py 1) A vi+vo+1/2

< / e 1, (at) dt.
By virtue of [6, p. 259, Eq. 10.43.7]
x +z,.v+1
/ L (1) dt = "
0

and applying the substitution at — wu it follows that

I(vy +3/2) ((b2 —a®)x
F(l/l + vy + 2) 2a
<1, (ax) F I, +1(az).

w1 (I,(z) F I,41(x)), Re(v)>-1/2,

I/2+1/2
) (IV1+V2+1/2(CL*T) + ]V1+V2+3/2<CLZE))

The rest is obvious.
Finally, inserting the Horn function representation (1.2) of the distribution function
Fy into (2.2), we arrive at (2.3). O
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To close the exposition we apply the well-known Turdn inequality for the raw
moments ms = E[¢°], s > 0, of non-negative random variables [3, p. 28, Eqgs. (1.4.6)]
m2,, < msmgio, s,7 > 0, which is an immediate consequence of the CBS inequality.
Firstly, we define the Turdanian ratio for the moment m, with respect to the increment

r >0 as
2

m
g’r(ms) = st 7
Mg - Msy2r
which one transforms the previous inequality into
(2.5) T, (myg) < 1.

To establish the bounding inequality for the Gaussian hypergeometric function o F},
we insert into (2.5) the expression (1.3).

Proposition 2.1. For allb>a >0, v > —1/2 and s,r > 0 we have

{2F1[s+7"]}2 - F'v+s+ 12 +s+2r+1)
oF\[s] - o Fi[s +2r] — ?Quv+s+r+1) ’
where the abbreviation
v+i(s+1),v+i+1 cﬂ]
v+1 b2l

2F1[S] = 2F1|:
However, to derive another bound for oF[s|] we take into account the integral
moment inequality [1, p. 143, Theorem 192]

(2.6) M, (h,p) <My(h,p), 0<r<s,

where

B
M, (h,p) = [ K (@O)p(E)dt,
for a suitable, integrable non-negative input function h, the integration interval
(a, B) is either finite or infinite, and the non-negative weight function p has inte-
gral [Pp(t)dt = 1. In our case the shorthand M, (z%, f;) = (m,)"/* is adopted to
the McKayl(a, b, v) distribution, («, 5) = Ry. Inserting m, from (1.3) into moment
inequality (2.6) we obtain the following result.

Proposition 2.2. For allb>a >0, v > —1/2 and s > r > 0 there holds true
{QFl[r]}l/r (1 a2)(y+1/2)(1/51/r) (2y+1);/s
where the hypergeometric terms remain the same as in the previous proposition.

Remark 2.1. According to Lukacs [3, p. 393, a)] for all 0 < r < s there holds the
moment inequality m? 4 < mas - mg,. We notice that this inequality is implied by
virtue of the CBS inequality, using re-scaling of the integrand in mg,,.. However, to
imply another bound for 5 F}[s] via this inequality and/or the Lyapunov inequality we
leave to the interested reader.
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STABILITY OF A SOLUTION FOR A HYBRID FRACTIONAL
DIFFERENTIAL EQUATION

MOHAMED HANNABOU!, MOHAMED BOUAOUID?, AND KHALID HILAL?

ABSTRACT. This study focuses on examining the existence, uniqueness, and U-lam
stability of a solution for a hybrid fractional equation by utilizing the derivative
of Caputo-Hadamard (C-H). The primary tools used in our research are the Ba-
nach contraction mapping principle (BCMP) and Schaefer’s fixed point theorem.
Additionally, we provide an example to demonstrate our results.

1. INTRODUCTION

The definitions like Riemann-Liouville (1832), Grunwald-Letnikov (1867), Hada-
mard (1891, [14]) and Caputo (1997) are used to model problems in engineering and
applied sciences and the formulations are used to model the physical systems and
has given more accurate results. In 1891, Hadamard introduced the new derivative.
For more details one can refer [6,23,25,27] and the references cited therein. A
new approach called Caputo-Hadamard derivative [22], obtained from the Hadamard
derivative and is applied to solve for physically interpretable initial condition problems.
For the recent results in Caputo-Hadamard derivative, one can cite [2,7,12,16,34-36]
and the references therein.

The theory of fractional calculus is an interesting field to be explored in recent years.
Also, this theory has many applications to describe many events in the real world
and deal with a group of phenomena in several fields such as blood flow phenomena,
mechanics, biophysics, automatic, aerodynamics, some branches of medicine, and
electronics. For instance, the authors [10] discussed the applicability of fractional
differential equations in electric circuits, and in 2019 M. Saqib et al. applied the

Key words and phrases. Existence, uniqueness, fractional derivative, stability.
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fractional differential equation to heat transfer in hybrid nanofluid see [26]. For more
details, one can refer to [24,25,37]. In addition to the great importance of studying
the existence of solutions to fractional differential equations using the many theories
of the fixed point, several studies have been conducted over the years to investigate
how stability concepts such as the Mittag-Leffler function, exponential, and Lyapunov
stability apply to various types of dynamic systems. Ulam and Hyers, on the other
hand, identified previously unknown types of stability known as Ulam-stability [1].
This example is not exclusive, many similar works can be found in [3,5,11,17,31].
In 2008, Benchohra et al. [13], discussed the following boundary value problem

‘DPp(¥) = f1(9,9(t), forde€[0,T],0<p<1,
(1119(0) + 6119<T> = (1,
where ¢DP denotes the Caputo fractional derivative of order p, f1 : [0,7] x R — R is
a given continuous function and aq, by, ¢; € R such that a; + b; # 0.

In 2017, Arioua et al. [9] proved the existence of solution for the boundary value
problem of nonlinear differential equation of fractional order

DVIE)+ fi(t,9(t) =0, forl<t<e2<p<3,
with the fractional boundary conditions:
I(1) =9 (1) =0, (“DY9)(e) = (“Di*0)(e) = 0,

where “DP denotes the Caputo-Hadamard (C-H) fractional derivatives of order p, a
continuous function f; : [1,e] x R — R.

In 2018, Benhamida et al. [14] investigated the following Caputo-Hadamard frac-
tional differential equations with the boundary conditions:

S DPO(t) = fi(t,9(t)), forte[1,T],0<p<1,
CL1"[9(1) + b119<T> = (1,
where §,DP denotes the Caputo-Hadamard (C-H) fractional derivative of order p, a
given continuous function f; : [1,7] x R — R and the real constants ay, b; and ¢; such
that a; + b1 7é 0.

The present paper is a continuation of the work see [19], we consider the system of
hybrid nonlinear Caputo-Hadamard (C-H) fractional differential equations:

£(2) o s
1.1 DN | ——————— | = A(%,{(%x)), 2€[1,T],0<y <1,
supplemented with the boundary condition;
1 T
(1.2) \ &) . ¢(T) _

@(1,£(1) " w(T,E(T))

where §,D7, denote the Caputo-Hadamard (C-H) fractional derivatives of orders
7. The given continuous functions A : [1,7] x R — R, with \,p and v € R, w :
[1,7] x R — R\ {0}.
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The paper is organized as follows. Section 2 provides an overview of preliminary
concepts and an auxiliary lemma related to the problem. Section 3 presents the main
proof for the existence of solutions to Problem (1.1)—(1.2). Section 4 examines the
Ulam-Hyers stability of the fractional differential equations (1.1)—(1.2). In Section
5, an example is presented to further illustrate the findings of the study. Lastly, in
Section 6, we conclude and discuss future work that can be done in this area.

2. PRELIMINARIES

Definition 2.1 ([23]). Let hy: [1, +00) — R be an integrable function. The Hadamard
fractional integral of h; of order ¢ is defind by

1 %/ se\n—1hy(s)
[0y (3) = / Q) ds, q >0,5>1.
H 1(%) F(q1> nS s S q1 x

Definition 2.2 (][22]). The C-H fractional derivative of order ¢; where ¢; > 0, n—1 <
¢ <n, with n = [¢1] + 1 and h; € AC}[1, +00)

A

G0 ) = o [ (10w

Lemma 2.1 ([22]). Let hy € AC}[1,+0o0) and ¢ > 0. Then

n-a-l ds
) 5 (5) = I (") (5).

H[Ql (%Dqll”q)(ﬂtf - Z

1=0

Lemma 2.2. Let the function hy : [1,+00) — R. The function & is a solution of the
following equation

2 e =wne) (g [ (1o ) 1<s>dj

og 4
(2:2) B F(’y)(/;\ + ) 1T < Z) . )

log t)"

if and only if

c 71 £(t>
(2.3) ﬂDlw@ng P, 0<m<l
and
(1) £(T)
(2.4) Awa,gm) RS

(2.5) [zwa]ZHW%ﬂ%+au
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when we apply the boundary condition (2.4), we get

SO
o(LE@) —™
§r )
=TT I ha(T) + o,
£(1) €
Ao em) Memem)
) w1
Aoy + p gl hl(T)—i_iw(lf(l)) ,
£(1) y (€
Ao ey Tt @ ey =
£(1) o
€0) v—pul"h(T)
SLED) ~ Orm

which leads to the solution (2.1) that

() = () I n(3) - a5 o)

Conversely, ¢ has to satisfy equation (2.1) and then equation (2.3)—(2.4) hold. O

3. MAIN RESULTS

Let us now consider the Banach space & of all continuous functions f : [1,7] — R
endowed with the norm ||€]| = sup{|{(3)| : 1 < ¢ < T}.
Let consider thr following assumtions:

(F1) The function £ — wé g Is increasing for every i € [1,7].
(Fy) There is numbers L > 0 such that |w(3,&)| < L for all (5,¢) € [1,T] x R.
(F5) Let A : [1,7] x R — R be continuous and bounded functions and there is

constants 7, such that, for all 3z € [1,7] and p,p € R
|A(%,p) — A3z, 0)| < 7lp — ol

(Fy) sup A(%,0) =M < 4o0.

2€(1,T
(F5) There is N > 0 such that |A(3, {(3))| < N. For ease of computation, we set
log T
S S P
A+ pl/ T +1) A+ pl
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Let consider the operator © : & — & associated with Problem (1.1)-(1.2) as
follows:

O 9)(%) = (% O(F(l%) /1% (10% f)vl_lA@,é(s),ﬂ(s))is

(3.1) — m /lT <log Z)Wl_lA(s)iS + By j_ M).

Theorem 3.1. Suppose that conditions (Fy) to (F5) hold. Then OB, C B,, where
B, ={£e€6&: (&)l <r}isa closed ball with r = Ltm < 1. Problem (1.1)-(1.2)
has a unique solution on [1,T].

Proof. For £ € B, and 3 € [1,T], it follows by (F) that
[A(3e,§(30))| < [A(%,£(3)) — A(3,0)] < l[¢][ oo

Then we have

. L DAL ds
O3] <L max [rm) [ (10e %) At g = A 0) + A(5,0)| T
|1 T nt ds
o enienl (log )" IAGs.€0)) ~ AGs,0) + A5, 0]
I3
A+ pf
L g gy ds
<Llgog ) (08%)" e +20T
| T T\t ds
TN+ pf <logs) (xlel + M) + ¢
(log T)™ |1
o ) 39 + 20
Thus,
(log 7)™ |1l
106, o <Ly (1 ey ) (71l +90) + 20

SL(T(?THfHOO +M) + Q) < L(T?T?“+TM+ Q) < L(TW?‘ +7M + Q)
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From the foregoing estimates for © it follows that ||©(£)(5)|| < r. Next, for
&1,& € 6 and 3 € [1,T], we get

X X 1 A ds
1O(&2)(5) — O(&1) ()| <Ly (F(%)/l <log S) [A(s,62(5)) — A(s, &1(9))] N

L T(mgT)“wwaéx@>—»wasm@n‘f)

L(y) A+l /1 s

p\ (ogT)™
<1+ )i (e — &)
:LT’/TH52 - fl”oov
which implies that
(3.2) 10(&2) (%) — ©(&1) |l < Lrm[&2 — &1 lloo-

In view of condition L7m < 1, it follows that the operator © possesses a unique fixed
point. This leads to the conclusion that Problem (1.1)—(1.2) has a unique solution on
[1,T]. O

The fixed point theorem of Schaefer can now be used to demonstrate the existence
of solutions to Problem (1.1)—(1.2).

Theorem 3.2. Suppose the hypothesis (Fy)-(Fy). Then the boundary value Problem
(1.1)—<(1.2) has at least one solution on [1,T].

Proof. Several steps will be involved in the proof.
Step I. © : 6 — G is continuous. Notice that continuity of A and w show that ©
is bounded. Let &, be a sequence of points in & converging to a point £ € &. We get

0(6) (%) — (&) ()|

A

SL( : ﬁ%<bg%fT”A@fM@>—A@£@»ﬂs

P(%) S B
|| T T\ -1 s
e [ (D) - At

uf \ (Qog 7)™
<L (14 ) T 3 G 6 0) = A EOle

since A is continuous, we have ||O(&,) — O(£)]l — 0 as n — 400 for all 3 € [1,T].
Hence, it follows from the foregoing inequalities satisfied by above that © is continuous.
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Step II. © : & — & maps bounded sets into bounded sets. Let £ € B,x := {€ e
S : ||€]|eo < vi}, certainly for any vy > 0, we have

. 1 x> AN ds
0 <L\ [ (108Z) " a1
| T T\t ds v
C(y)| A+ p] 1 <logs> |A(s,§(s))|?+>\+# ’
#l_\ (log ) v
0@ <L (1+ o ™ |

Thus, we deduce that [|©(§)||. < £. Hence, it follows from the foregoing inequalities
above hence the operator © is uniformly bounded.
Step III. Next we prove that © is equicontinuous sets. Let ri,7my € [1,7T] with

r < Ty,
0(¢(ra) — Oe(ral <L [ (108 2" = o 27 1A £(61)1
i 1 o8 5 G €61 ]
LN

< 1 " o_ (] m
<ty (osm2)" = (logr)”)
—0 as 1 — 7.

Therefore, the operator © is equicontinuous and hence the operator ©(¢) is com-
pletely continuous.

Step IV . To show that the set P ={{ € & : £ =~70(£),0 < v < 1} is bounded
(Apriori bounds). Let £ € P and 3 € [1,T]. Then it follows from &(3) = 7O (&) ()
that

P 5o\ 111 d
Gl <t (e ) A €O
|M| T T\ -1 ds v
“teonaa ) (85) NSO+
|\ (log T)™ vl | _
<L (1+|/\+M|)F(%+1)N Nl
and
(3.3) lE@®)]l < R.

Hence, P is bounded and therefore by Theorem 3.2, © has a fixed point, then Problem
(1.1)—(1.2) has at least one solution on [1,7]. The proof is completed. O
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4. STABILITY RESULTS FOR THE PROBLEM

We analyse the Ulam-Hyers stability for Problem (1.1)—(1.2) in this section. Con-
sider the following definitions of nonlinear operators Z; € C([1,T],R) — C([1,T],R),
where ¢ is defined by (2.1)

A

§(»)

=2, E(2) — A, £(5) = 2 ()(%), xe[LT], 0<m <1

%DW1|:

For some ¢; > 0, we consider the following inequality:

(4.1) 11Z1(6)]]00 < 51

Definition 4.1. The system (1.1)—(1.2) is U-H stable if M; > 0, for every solution
&* € C([1,T],R) of inequality (4.1) there exists a unique solution on ¢ € C([1,T],R),
of Problem (1.1)—(1.2) with |[§ — £*[|ec < My<1.

Theorem 4.1. Suppose that (Fy) is satisfied, then the BVP (1.1)~(1.2) is U-H stable
of Ltm > 1.

Proof. Let £ € C([1,T],R), be the solution of the BVP (1.1)—(1.2) satisfying (3.1).
Let £ be any solution satisfying (4.1):

%D% [w ~ = A(%ag(%» + Z’l(g)(%)a x e [lvT]’ 0< M <L

Therefore,

it follows that

€59 — O(€")| < (3, €(2) (Ff%) [ (%) 2o ®

st | (D) w2

Y1
<I (log T (1+ 1] )Q.
(v +1) A+ pl
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Consequently, based on the fixed point property of the operator O, provided in (3.1),
we derive that

[€(5) — £ (30)| = [€(3) — O(£7)(3) + O(£7) () — £7(%)|
< [0() (%) = 0(67) ()| + [0(£7) () — £ (%)
(4.2) < Lrr[[(§) = (€9)) + LT
From (4.2) it follows that

; x Lrs
16 =€)l < La7)lé — €'l + Lra < ——=— < Mg,
1—Lrm
with
Lt
My = ——.
YT 1L
Hence, Problem (1.1)—(1.2) is U-H stable. O

5. EXAMPLE

Example 5.1. Consider the following system of coupled fractional differential equations:

ezl §(3) ol ] 5 (%) ,2
DY (w(ﬁr,§(%))> _1(3()(5(%)+2)+200' 1+£(f4)+6 ’
€ ey

@(1,£(1))  @(e,&(e))
(5.1)

Herefyl:;,T:e,)\:,uzl,z/:()andw(ﬁf,g):%?(Sinf—kllﬁlﬂ%—?))%—e_l,

A 6(2) = 15 (66 +3) + o T e T =5

From the given data, we find that 7 = 1.6930 and L7m = 0.123456987 < 1. By the
Theorem (3.1), Problem (1.1)—(1.2), with the given ©(, £) has at least one solution
on [1,T].

CONCLUSION

Fractional differential equations are commonly used to model various natural phe-
nomena, and their diverse types enable us to study the integration of many phenomena
in different fields. In this study, we focused on examining the existence, uniqueness,
and stability of solutions for Caputo-Hadamard hybrid fractional differential equa-
tions. Additionally, we extended our results for new classes of fractional boundary
conditions by utilizing the Hadamard-Caputo sequential derivative and author fixed
point theorem. For future research, we recommend exploring other types of fractional
derivative operators such as the generalized Hilfer fractional derivative. Furthermore,
those interested in this subject can also investigate the existence and uniqueness of
solutions for coupled systems.
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GENERALISATION OF COMPANION OF OSTROWSKI'S TYPE
INEQUALITY VIA RIEMANN-LIOUVILLE FRACTIONAL
INTEGRAL FOR MAPPINGS WHOSE 1% DERIVATIVES ARE
BOUNDED WITH APPLICATIONS
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AND MOHAMMAD W. ALOMARI*

ABSTRACT. We apply Riemann-Liouville fractional integral to get generalisation
of companion of Ostrowski’s type integral inequality for differentiable mappings
whose 1st derivatives are bounded. The present article recapture all results of M.
W. Alomari’s article and also for one more article of different authors. Applications
are also deduced for numerical integration, probability theory and special means.

1. Introduction

In the development of mathematics, inequalities are one of the most powerful tools.
From two decades back, scholars researched on fractional calculus because of its
importance in inequalities.

We quote from [4]: “The subject of fractional calculus (that is, calculus of integrals
and derivatives of an arbitrary real or complex order) was planted over 300 years ago.
Since that time the fractional calculus has drawn the attention of many researchers
in. In recent years, the fractional calculus has played a significant role in many areas
of science and engineering.”

Due to worth of fractional integral inequalities, many scholars have mentioned
certain generalisations of fractional integral inequalities (see [3,17-19]).
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trowski’s inequality, Griiss inequality, Differentiable mapping, Bounded mapping, Numerical integra-
tion, Probability density function, Special means.
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In 1938, A. M. Ostrowski gave an inequality (see [16]). Now-a-days this inequality is
called Ostrowski inequality and this result had obtained by applying the Montgomery
identity. For more discussion about Ostrowski inequality (see [9-12]).

Here, we present an inequality from article [6] that is given below. Throughout the
article I C R and [° is the interior of the interval .

Proposition 1.1. Suppose g : I — R is a differentiable mapping in the interval I°
such that g € L[a,b], where a,b € I anda <b. If |¢’(8)] < M for all 6 € (a,b), where
M > 0 is constant. Then
a+b 2
L, (9‘+)] |

9(0) - - [ atar

S Mb—a)l 1+ 50

The value i is the best possible constant that this can not be replaced by the smallest

one.

The following integral inequality which establishes a connection between the integral
of the product of two functions and the product of the integrals of the two functions
is well known in the literature as Griiss inequality [9, 14].

Proposition 1.2. Let f,g : [a,b] — R be both integrable functions such that m; <
f(r) < My and my < g(1) < My for all T € [a,b], where my, My, ma, My are real
constants, then

[ s~ [ e

1 b 1
~ [ g(r)r| < 2(My =) (M — ma).
In [7], S. S. Dragomir has derived the following companion of the Ostrowski inequal-
ity.
Proposition 1.3. Let g : [ — R be an absolutely continuous function on |a,b], where
a,b € I. Then we have the inequalities

IGESTES B

1 €_3a+b 2
s+2( o) | 0= ol o € Lalat]
1 113
27 o —a\?  [atb_p\ 7" 1
oy < ) () | e @,
q q
p>1, %—l—é:l, and ¢g' € L,|a, ],
1 9_3a+b
i 1

for all 0 € [a, “F2].
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In 2011, M. W. Alomari has proved the following result about a companion inequal-
ity for differentiable functions whose derivatives are bounded (see [1]).

Proposition 1.4. Let g : [ — R be a differentiable function in the interval I° and
let a,b € T with a <b. If ¢ € L'[a,b] and my < ¢'(0) < My, for all § € [a,b], then

the following inequality holds
2
g(0) +gla+b-10) 1 1 f — 3utb
wt =) |- m),

b
T

for all 0 € [a, “L2].

< (b—a)

We need here to define Riemann-Liouville fractional integral (RLFI) (see [8]) for
proving our next main result in the second section.

Definition 1.1. The Riemann-Liouville fractional integral operator of order v > 0 is
stated as

R9(6) = 5 [ 0= gt IEa(0) = 6),

where gamma function I'() is defined as

L(y) = /Ooo 0 te0do.

In 2009, Z. Liu [13] introduced some companions of an Ostrowski type inequality
for functions whose second derivatives are absolutely continuous. In 2009, Barnett
et. al [5] have derived some companions for Ostrowski inequality and the generalised
trapezoid inequality. In 2012, M. W. Alomari [2] obtained a companion inequality of
Ostrowski’s type using Griiss result with applications. Recently, authors [15] gave a
companion of weighted Ostrowski’s type inequality using Griiss result with application.

In the present article we would prove a companion of weighted Fractional Ostrowski’s
type inequality by applying Griiss result and then we would give its applications.

2. GENERALISATION OF COMPANION OF OSTROWSKI’'S TYPE INEQUALITY VIA
RIEMANN-LIOUVILLE FRACTIONAL INTEGRAL

Under present section we would give our results about companion of Ostrowski’s
type inequality which are as follow.

Theorem 2.1. Suppose g : [a,b] — R is a differentiable mapping in the interval (a,b)
and a < b and w : [a,b] — R is a probability density function. If ¢ € L'[a,b] and
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me < ¢ (1) < My, for all T € [a,b], then

a+b
2

atb
2

9(9)/

a

w(T)dr + gla+b—0)(b— )'7(8 — a)~ /bb w(r)dr

— (b= 0)" T ()3 (w(b)g(b) + (v = 1)J7(P(0, b)g(b))

2.1) gggrlm(b — a)(My — m»)
holds for all 0 € [a, “E2].

Proof. For the sake of proof we state the weighted kernel as

/Tw(u)du, if 7 € [a,d],

22)  PO.7) = (b=0)T()] [, wdu, ifre@.a+b-0],

atb
2

/Tw(u)du, ifre(a+b—46,b),
b

for all 6 € [a, 22°].
Applying RLFT operator and by parts formula of integration, obtain

1 b
TIP6.0)90) =g [ (0= PO, )5 (yir
—g(6) / w(r)dr + gla+b—0)(b—6)"7(6 —a) /’1 w(r)dr

— (b= 0)""T(7) I3 (w(b)g(b) + (v = 1)J7H(P(6,b)g(b)).

It is clear that for all T € [a,b] and § € [a, “t2], we have

0- "0 pyry<o—a
Applying Proposition (1.2) to the mappings P(6,-) and (b — -)7"1¢/(-), we obtain
(2.3)
! bb P9 "(1)d bP9 d bb g (1)d
fy | ] 0= PO = [ PO [ (s

1 a+b 1
SM(Q—G— (9—2>> = M(b—a)(M2—m2)7
0

for all 6 € [a, 2£°]. Since [2P(6,7)dr = 0, then (2.3) implies
24)  |o [= PO (| € (b= @) (M — o)
' I'(v) Ja ’ ~ 8I(y) o
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Finally, we obtain desired result (2.1) from (2.4). O

Remark 2.1. If we put v =1 and w = %a in Theorem 2.1, then we recapture the

b
Theorem 2.1 of [2].

Remark 2.2. If we put v = 1 in Theorem 2.1, then we recapture the result of Theo-
rem 2.1 of [15].

Corollary 2.1. In the inequality (2.1), select
(i) 6 = = to obtain the following:

o(“50) [wmar - (159) " )

+wv—1wzl(P(“§bw)mw)‘

(b —a)(My — my);

1
<_ -
—8(7)
(ii) 0 = 3% to obtain the following:

g<3a+b> a+b w(r)dr 4+ 3= (az?)b)/(; w(r)dr
Ge-a)" <vumwwmw»+«v—mxrlQvfmjbm)mw)|
(2.5) Sw(b—a)(% ma);

(ili) 6 = 2% to obtain the following:

( a~|—b> El w(r)dr + 24 g(ag%)/; w(T)dr

2 _ 2a+0b
(3b—a) )3 i) + (- 127 ,ngﬁ’
<——(b—a)(M. .

= 8F(’Y) ( a)( 2 2)

In the following we present special case of (iii) of Corollary 2.1.

Special Case. If put w = ﬁ and 7 = 1 in (iii) of Corollary 2.1, then we get

2a+b a+2b b
UG D EYIC N PR

1
— < Z(h— — )
5 7 ). < 8(b a)(My — ms)
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Remark 2.3. (i) First by putting v = 1 and w = ;= in Theorem 2.1 and then put

¢ = a in obtained inequality, we recapture Corollary 2.1 (a) of [2].

(i) By putting v = 1 and w = ;2 in (i) of Corollary 2.1, we recapture Corollary 2.1

(c) of [2].
(iii) By puttingy = 1 and w = ﬁ in (ii) of Corollary 2.1, we recapture Corollary 2.1
(b) of [2].

Remark 2.4. (i) First by putting v = 1 in Theorem 2.1 and then put § = a in obtained
inequality, we recapture Corollary 2.3 (i) of [15].

(ii) By putting v =1 in (i) of Corollary 2.1, we recapture Corollary 2.3 (ii) of [1 ]

(iii) By putting v = 1 in (ii) of Corollary 2.1, we recapture Corollary 2.3 (iii) of
[15].

(iv) By putting v = 1 in (iii) of Corollary 2.1, we recapture Corollary 2.3 (iv) of
[15].

Ostrowski’s type inequality can be defined in the form of following corollary.
Corollary 2.2. Let the suppositions of Theorem 2.1 be valid. Further, if g is sym-
metric about the 0-axis, i.e., gla+b—0) = g(0), then

a+b

9(0) [ w(r)dr + g(B) (b~ 0)7(0 — a)! /'1 w(r)dr

a 2

= (b= 0)""T(7) 3 (w(b)g(b)) + (v — 1)J7H(P(0, b)g(b))‘

1
(2.6) gm(b —a)(My —my)
holds.

Remark 2.5. First by putting v =1 and w = ﬁ in Corollary 2.2 and then put 0 = a
in obtained inequality, we recapture Corollary 2.2 of [2].

Remark 2.6. First by putting v = 1 in Corollary 2.2 and then put # = a in obtained
inequality, we recapture Corollary 2.5 of [15].

3. APPLICATION TO NUMERICAL INTEGRATION

Let I,:a=0y <6, <--- <0, =>be division of interval [a,b] and h; = 0,11 — 0;,
i=0,1,2,...,n—1.
Consider the quadrature formula

0;+0it1

n! 30; + 0; 2 _ 0; + 30;
Qull9) =Y [g<4“> [ wlar o (B
=0 i

Oit1 _ 391 + 97,
X /9i+9i+1 w(r)dr + (v — 1)Jj, ' <P <4+1, 9i+1> 9(9i+1)> ] .
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We give following result.

Theorem 3.1. Suppose g : I — R is a differentiable mapping in interval 1° and
w : [a,b] — R is a probability density function, where a,b € I with a < b. If
g € LY[a,b] and my < ¢'(0) < My, for all 6 € [a,b], then the following holds

n—1

B TO)T (Th) T O)g0n)) = Qullng) + Rallusg),

=0

where Qn(1,, g) is stated as above and the following remainder R, (1,,g) satisfies the
estimates

1

(3-2) ‘Rn(Img)’ < SP(V)

(Mg — mg)hl
Proof. Applying inequality (2.5) on the intervals [6;, 0;11], we get

(3.3)
3

Ri(1;,g9) =L'(v) <4hi) a Joi(w(eiJrl)g(eiJrl))

0,+0,
0; + 0; = 0; + 36; 0
_[g <3+4> [ w570 <+3> [ iy

40,
i 4 7 27,«&»1

_ 30; + 0;
+ (v = 1)Jy, ! (P <4+17 9i+1> 9(9i+1)> ] :

Summing (3.3) over ¢ from 0 to n — 1, then

n—1

Ralloog) =T0) Y () T w(br)g0isr)

=0
! 0, + 0, Pt 0, + 36,
[g <3 z+4 z+1>/6 w(7_>d7_+31—’yg< %+3 z+1>

n—

i—0 i 4

Oit1 _ 391 + 91
X /9i+9i+1 w(T)dT + (’7 - 1)‘]% ' (P ( 4 = ) Hi-‘rl) 9(014—1)) ] )
2
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which follows the form of (2.5), i.e.,

n—1 3 1—v
Bl )l <P Y (h) 3 (w(Bi41)9(0i01)
1=0
1136, + 6, A 0; + 30;
_Z |:g< + +1>/ 2 w(,,_)dT_l_gl—'yg( + +1>
i=0 4 0; 4
Oit+1 _ 3& + 91
X Awm w(r)dr + (v — 1)J5 (P <4+1>9i+1> g(9¢+1)> ] |
0it0ig1
1 n—1
<——(My — h;.
_8F(7)< 2= m) ;)
This completes the required proof. [l

1

Remark 3.1. By putting v =1 and w = 3= in Theorem 3.1, we recapture the result

of Theorem 3.1 of [2].

Remark 3.2. By putting v = 1 in Theorem 3.1, we recapture the result of Theorem 3.1
of [15].

4. APPLICATIONS TO PROBABILITY THEORY

Throughout this section we consider w : [a,b] — [0,1]. Suppose Y is a random
variable taking values in the finite interval [a,b] with probability density function
g : [a,b] — [0,1] and with cumulative distribution function G : [a,b] — [0,1] is
introduced and defined by us, i.e.,

a+b

G(0) = P(Y < 0) = T() 2 w(@)9(0)) = [ 0 =7/ w(rg(r)ir, a <0<

and

Euii(Y) =L(v)J7 H(bw(b)g(b)) = [ 7(b— 1) 2w(r)g(7)dT,
BupalV) =D0) 0 (0)g(8) = [ (0 77! (7))

Bugs(V) =D0) (G (8)g' 0) = [ (0~ 77 w(r)g ()i

are the expectation, weighted expectation and weighted fractional expectation of
random variable ‘Y in interval [a, b], respectively. Then we can write the following
theorem.
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Theorem 4.1. Suppose g : [a,b] — R is a differentiable mapping in the interval (a,b)
and a <b. If ¢ € L'[a,b] and my < ¢'(1) < My, for all T € [a,b]. Further, suppose
that function w is differentiable, then

(4.1)

a+b b

G(Q)/a i w(T)dT+G(a+b—0)(b_9)1—V(9_a)7—1/m

w(T)dr

-6y (w LD Eup(Y) — Eupa(Y) — wa3<¥>) (3= DI PE.B)G)

1

=80(7)
holds for all § € [a, “2].

(b —a)(My —my)

Proof. Select g = G, we obtain (4.1), by applying the identity

D)) = [ (b 7" w(r)g(r)dr

('Y ) wf1< ) waZ(Y> - wa3(Y)'
Since G(a) = 0 and G(b) =
We left the details to research scholars. O

Corollary 4.1. Select v =1 in Theorem 4.1. Then get the following

a+b b

G(@)/2 w(T)dT—l—G(a—l—b—G)/M w(r)dr + Eyf +/ 7w (1)G(7)dr — bw(b)

a
a 2

1
Sg(b — a)(M2 — mg)
holds for all 0 € [a, 2], where E,(Y) is the weighted expectation of Y.

Remark 4.1. If we put w = ﬁ in Corollary 4.1 and taking the expectation E(Y) =

[P 7G(t)dr = b — [P G(7)dr, we recapture Theorem 4.1 of [2].
Corollary 4.2. Select 6 = 3“T+b in Theorem 4.1, we get

G (3“I b) /+ w(r)dr + G (“ Z%) (i(b _ a)>17<b - a)“ /i w(r)dr
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Remark 4.2. By puttingy = 1 and w = ﬁ in Corollary 4.2, we recapture Corollary 4.1
of [2].

Corollary 4.3. In Theorem 4.1, if G is symmetric about the 0—axis, i.e., G(a+b—0) =
G(6), then

G [ () + GO)b - 0) (0 — o) [, wir)r

—(b—0)"" <(’Y —DEuu(Y) = Eup(Y) = was(Y)> +(y = DJIH(P(9,b)G(b)

1
Sm(b — a)(My — my)

holds for all 0 € [a, “2].

Remark 4.3. By puttingy = 1l and w =
of [2].

Before application to special means, we would present some special means and these
means will apply in the 5th section.

Special Means. These means can be found in [20].

(a) The Arithmetic Mean

1

57— in Corollary 4.3, we recapture Corollary 4.2

a+b
2 )

A(a,b) = a,b>0.
(b) The Geometric Mean
G = G(a,b) = Vab, a,b>0.
(¢) The Harmonic Mean
2

H=H(ab) =+—7, ab>0.
ath
(d) The Logarithmic Mean
a, if a =0,
L =L(a,b) = { bapg 2, a,b>0.
(e) Identric Mean
a, if a=0>,

_ _ N
[=1(a,b) = ln((a) )7ifa#b’ ab> 0.

(f) p-Logarithmic Mean

a, ifa =0,

Lp = Lp(a, b) = { pp+1_gp+1 % .
(Gvic)” > ifa#b,
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where p € R\{—1,0}, a,b > 0. It is known that L, monotonically increasing over
pER, L():IandL_lzL.

5. APPLICATION TO SPECIAL MEANS

Ezxample 5.1. Consider v =1, g(8) = 07, p € R\{—1,0}. Then for a < b, we have

Lo g(a) +9(b)
=[P A7 I — A(dP
G [ o= e, £ (7).
and “t2 = A(a,b), where 6 € [a, %t°]. Therefore, (2.1) becomes
P + (2A —6)P 1
( 5 ) — Lp(a,b)| < g(b—a)(MQ—mg).

If we choose 6 = a (or # = b) in (2.1), we get

,uwﬂﬁ—@mm)g;w—@m@—mﬂ

Ezample 5.2. Consider v = 1, g(0) = %, 0 # 0. Then

1 4 gla)+g(b) A
=, o= e, SR -,
and “t = A(a,b), where § € [a, “t] C (0, 00).

Therefore, (2.1) becomes

4
0(a+b—0)

If we choose 0 = a (or # = b) in (2.1), we get

— LY (a,b)| < =(b—a)(My —my).

0| —

A 1
@ —L_l(a,b) S g(b—(l>(M2 —m2>.
Ezample 5.3. Consider v =1, g(f) =1In#6, 6§ € (0,00). Then
1 b b
/gmm—mm@m,g@+“)—mq
b—ala 2
and 22 = A(a,b), where § € [a, “52] C (0,00). Therefore, (2.1) becomes
02A—-0)2 || 1
In|———| < =(b—a)(My — .
n I(CL, b) = 8( (l)( 2 m2)

If we choose 8 = a (or § = b) in (2.1), we get

G
I(a,b)

1

In < g(b-@)(Mg—mg).
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Ezample 5.4. Consider v =1, g(f) = €%, § € (—00,0). Then
I " —e*  g(a)+g(b)
= = A(e?, e’
— [ gmar = 5—, £ (e,

and “t2 = A(a,b), where 6 € [a, 2£°]. Therefore, (2.1) becomes

el 4 o2A=0) b _ ca
2 b—a

g(b — CL)(MQ — m2).

If we choose 8 = a (or § = b) in (2.1), we get

eb—e

< (b~ a)(My —my).

b—a

Ezample 5.5. Consider v = 1, g(f) = tan®, 0 # 7 £ nw. Then

! /bg(T)dT = In [secb] _a, 9la) +9(b) = A(tana, tanb),

b—alJa seca 2

and 2 = A(a,b), where 6 € [a, “t°]. Therefore, (2.1) becomes

1

(b — CL)(MQ — mg).

oo

2

tanf +tan(2A — 6) R ]’
seca

If we choose 8 = a (or §# = b) in (2.1), we get
b—a
sec b]

(b —a)(Mz —my).

OO\H

seca

A(tan a, tan b) — In [

6. CONCLUSION

In this article our target was to generalise the results of [2] and [15]. We have
obtained generalisation of companion of Ostrowski’s type integral inequality for differ-
entiable mappings whose 1st derivatives are bounded by using the Riemann-Liouville
fractional integral. By applying suitable substitutions we have recaptured all results
of M. W. Alomari’s article [2] and also recaptured all results of one more article [15]
of different authors. Moreover, we have given applications to numerical integration,
probability theory and special means.
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EVALUATION SUBGROUPS OF A MAP BETWEEN RATIONAL
FINITE H-SPACES

ABDELHADI ZAIM

ABSTRACT. We use the theory of Sullivan minimal models and derivation to com-
pute the evaluation subgroups and moreover the relative evaluation subgroups of a
map [ : X — Y between rational finite H-spaces. As a consequence, we show that
the G-sequence is exact if f induces a zero map on rational homotopy groups.

1. INTRODUCTION

In this paper all spaces are assumed to be simply connected CW-complex and are
of finite type over QQ, that is, have finite dimensional rational cohomology in each
degree.

An important problem in homotopy theory is the computation of the Gottlieb
groups. It is often difficult to describe these groups fully and the best that can be
hoped for is some partial information about them. As is well known, the homotopy
theory of rational spaces, i.e., spaces whose homotopy groups are vector spaces over
Q, is equivalent to the homotopy theory of minimal commutative differential graded
algebras over Q. More precisely, there is an equivalence between the homotopy
category of rational spaces and the homotopy category of minimal cdgas. However, it
is known that the category of continuous map between rational spaces is equivalent
to the category of morphism between corresponding models.

Now, let us recall the definition of Gottlieb groups. Given a based space X,
the n-th Gottlieb group or the n-th evaluation subgroups of X is the subgroup
of m, (X) consisting of homotopy classes of map h : S* — X such that the wedge

Key words and phrases. Sullivan minimal models, relative evaluation subgroups, derivation, H-
space, G-sequence.
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(hVIdy):S"V X — X extends to a map H : S" x X — X. Alternately, it is known
that
Gp (X) =Im (evy : m, (auty (X)) — m, (X)),

where aut; (X) is the set of self-homotopy equivalences of X which are homotopic to
the identity map. These groups were discovered and studied by Gottlieb in the early
1960’s (the interested reader may consult [4]). They have led to many interesting
results in algebraic topology, especially, in theory of fibrations.

The generalization of Gottlieb groups was initiated by Woo and Kim [10]. Let
f X — Y be a based map of spaces, then the n-th evaluation subgroups of f, also
called the n-th generalized Gottlieb group is given by:

G, (Y, X; f) =Im (evy : m, (map (X,Y; f)) = m, (Y)) .

Here map(X,Y’; f) means that the space of all maps from X to Y that are homotopic
to f. Note that

G, (X, X;Idy) =G, (X),
and in general we have G, (Y') C G, (Y, X f).

The Gottlieb groups and the generalized Gottlieb groups play a profound role in
the homotopy theory of fibrations. But, until now, there are not many explicit compu-
tations of G, (X) and G, (Y, X; f). Since a map of spaces does not necessarily induce
a corresponding homomorphism of Gottlieb groups, Woo and Lee was introduced the
n-th relative evaluation subgroups G™ (Y, X; f), also called the n-th relative Gottlieb
group [11]. The authors showed also that these groups fit in the following G-sequence

(11 = G (VX ) = G (X) = Gu (VX f) = GPHY X f) = -

n+1

The computation of rational relative evaluation subgroups have been receiving a
growing attention and have become a popular subject of study with a lot of progresses
(see [3,6,12,13] for instance). Our goal in this paper is to compute these subgroups
in some new cases. So, by using Sullivan minimal models and other invariants in
rational homotopy theory we compute the relative Gottlieb groups of a map between
rational finite H-spaces. These spaces form a very well-studied and interesting class
of spaces which appear abundantly in geometry and topology. They include products
of rational spheres.

The paper is organized as follows. In Section 2, we introduce our notation and
recall some background of rational homotopy theory, namely Sullivan minimal models,
derivations and mapping cone. Next, we use them to recall the algebraic version of
all terms involved in the G-sequence (1.1). Section 3 is devoted to our results and
their proofs.

2. PRELIMINARIES

We will work with Q as ground field and our principal tools are Sullivan minimal
models. A detailed description of these and the standard tools of rational homotopy
theory can be found in [1]. For our purposes, we recall the following.
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A commutative differential graded algebra (abbreviated cdga) (A,d) consists of
graded vector spaces A = @;>0A" with a multiplication A°® A7 — A" satisfying ab =
(=1)” ba and a map d : A" — A" such that d*> = 0 and d (ab) = d (a) b+ (—1)" ad (b)
for all a € A" and b € A7. A cdga (A, d) is called simply connected if H°(A4,d) = Q
and H'(A,d) = 0. Denote by

Veven — 692'21‘/21 and Vodd — @221‘/224-1.

We say that a simply connected cdga (A, d) is a Sullivan minimal algebra if it is of
the form
(AV,d) = (S(V") @ E(V°!),d),

such that dV C A=2V,

For a simply connected CW-complex X of finite type, there is a cdga Apr(X)
verifying

H*(Ap(X)) = H*(X;Q).

Then the Sullivan minimal model of X is defined to be the Sullivan minimal model
of Apr,(X) which is unique up to isomorphism [1]. Moreover, the rational homotopy
type of X is completely determined by its Sullivan minimal model (AV,d), that is,
Hom(V,Q) = m,.(X) ® Q as graded vector spaces.

Now, we go to generalize this situation to any map f : X — Y of simply connected
spaces. A Sullivan model of f is a morphism of cdga’s

where (AV,dy) and (AW, dy ) are the Sullivan minimal models of X and Y, respec-
tively.

Next, consider ¢ : (AW, dy ) — (AV,dy) a morphism of cdga’s. A ¢-derivation 6 of
degree n is a linear map

0: (AW)"™ — (AV)™ ™"
verifying 0 (zy) = 0 (x) ¢ (y)+(—1)""1 ¢ () 6 (y) for z and y are in W. In the following,
we denote by Der,, (AW, AV; ¢) the vector space of ¢-derivations of degree n and when
n = 1, we require additionally that all derivations are cycles, that is,
dy o = —0ody.
There is a differential
d : Der,, (AW, AV; ¢) — Der,_1 (AW, AV; @),
given by
§(0)=dyobf—(—1)"0ody.
Moreover, let
Der, (AW, AV; ¢) = @, Der,, (AW, AV; ¢),
and in particular
Der, (AV,AV; Idpyy) = Der, (AV).
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Further, it is easy to see that there is an isomorphism of graded vector spaces
Der, (AW, AV; ¢) = Hom, (W,AV).

Thus, we denote by (w,v) € Derjy|—jo| (AW, AV; ¢) the unique ¢-derivation sending
an element w € W to v € AV and the other generators to zero, and in particular
(w,1) = w* for an element w € W.

In the remainder of this section, we give a description in rational homotopy theory
of all terms involved in the G-sequence (1.1) (see [5]). For this, let us consider the aug-
mentation map ¢ : AV — Q which induces ¢, : Der, (AW, AV; ¢) — Der, (AW, Q; ).
Thus, the n-th evaluation subgroups of ¢ is given by

Gn (AW, AV;¢) = Im{H, (¢.) : H, (Der (AW,AV;¢)) — Hom, (W,Q)}, forn > 2.

So, an element w* in Hom, (W, Q) is in G,, (AW, AV; ¢) if and only if w* extends to
a cycle-derivation 6 of Der, (AW, AV; ).

A special case of the preceding that is of interest to us is the one in which AW = AV
and ¢ = Idyy. In this case, we get:

G, (AV)=1Im{H, (&) : H, (Der (AV)) — Hom, (V,Q)}, forn>2

which is called the n-th Gottlieb group of (AV,dy).

The following result is due to S.B. Smith which shows that the rational evaluation
subgroups of a map are completely determined only by the graded vector space of
derivations (see [9]).

Theorem 2.1. Suppose ¢ : (AW, dw) — (AV,dy) is a Sullivan model of a map
f: X =Y between simply connected CW-complezes such that X is finite. Then

G, (V,X;/)®oQ = G,(AW,AV;¢), n>2.

Next, let us remind the notion of mapping cone which is very useful to characterize
the rational relative evaluation subgroups in terms of derivations.

Suppose ¢ : (A,da) — (B,dp) is a map of differential graded vector spaces. We
define differential graded vector spaces (Rel, (¢), D), called the mapping cone of ¢,
as follows

Rel, (¢p) = A,,_1 & B,,.
The differential
D : Rel, (¢) — Rel,—_1 (¢)
is given by
D (a,b) = (=da(a), ¢ (a) + dp (b))
Furthermore, we define the following maps

J: B, — Rel,(¢) and P :Rel,(¢) = A1

by
J(b)=1(0,b) and P (a,b)=a, for(a,b) € AxB.
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Next, suppose given a differential graded algebra map ¢ : (AW, dw ) — (AV,dy) of
amap f: X — Y. Then, we can constructed a map of chain complexes

¢" : Der, (AV) — Der, (AW, AV;¢), given by ¢*(0) = ¢ o 6.

The consideration above induces the following commutative diagram

Der, (AV) s, Der, (AW, AV; ¢) -7, Rel,(¢*)

J{E* J{E* l(a*,g*) .

Der, (AV,Q:¢) —"— Der, (AW, Q;e) —’— Rel.(¢")

In this diagram, € denotes the augmentation of either AV or AW. So, the n-th relative
evaluation subgroups of ¢ is defined as follows

Gl (AW, AV; ¢) = Tm { H, (c.,.) : Hy(Rel(¢")) — Hy(Rel(9%))}, for n > 2.

We finish this section by some notations and conventions. The cohomology of a
cdga (A, d) is denoted H* (A, d) or just H* (A) and let [x] € H* (A, d) stand for the
cohomolgy class of the cocycle x € A. In the sequel, all spaces appearing in this paper
are assumed to be rational simply connected CW-complexes, i.e., all spaces satisfy

X = Xg.

3. RELATIVE EVALUATION SUBGROUPS OF A MAP BETWEEN RATIONAL FINITE
H-SPACES

Our aim in this section is devoted to compute in terms of Sullivan minimal models
and derivations the rational evaluation subgroups and moreover the rational relative
evaluation subgroups of a map between finite H-spaces.

3.1. Evaluation subgroups of a map between rational finite H-spaces. In the
first place, we are interested in determining the evaluation subgroups of a rational
H-space.

Proposition 3.1. Suppose X is a rational H-space. Then G, (X) = 7, (X).

Proof. 1t is easy, but for the sake of completeness we write a proof. It is well known
that a rational H-space X has the rational homotopy type of a product of Eilenberg-
MacLane spaces, i.e., X ~q [I; K(Q,n;) (see [8, Corollary 1]). It follows that

as required. [l

We note that Proposition 3.1 can also be showed by using the Sullivan minimal
model of a rational H-space.
Now let’s move on to evaluation subgroups of a map between rational finite H-spaces.
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Proposition 3.2. Let f: X — Y be a map between rational finite H-spaces, then
G. (VX f)=m(Y).
Proof. From [1, Example 3, p. 143] we know that the Sullivan minimal model of YV is
given by
(AW,0) = (A (y1,y2,---,Yp) ,0)
and the Sullivan minimal model of X is of the form

(AV,0) = (A (21, 22,...,2,4),0),

where p = dim 7, (Y') and ¢ = dim 7,(X). Now, denote by (y;,1) the derivation 6, in
Dery,,| (AW, AV; ¢) for 1 < j < p. Since the differential on AV and AW are trivial, it
follows that the differential 6 on Der, (AW, AV; ¢) is trivial. It is therefore automatic
that 0; is closed and not a boundary. Further, we consider

e : Der, (AW, AV; ¢) — Hom(W,Q),

which is given by e.(6;) = y; for 1 < j < p. Hence, combining the preceding we
obtain

G (AW, AV;0) = (Y1, ¥, - - -, y,) = Hom(W, Q),
which completes the proof. 0

3.2. Relative evaluation subgroups of a map between rational finite H-
spaces. In this subsection, we will present our main result concerning the relative
evaluation subgroups of a map between rational finite H-spaces. First, we offer one
example to illustrate the general idea and then give a summary result.

Example 3.1. Suppose f : X — Y is a map of rational H-spaces which its Sullivan
model

Qb : (AVV; 0) = (A ($3,y4,28) 70) - (A‘/, O) = (A (u3,v5,w9) ) 0)

is given on generators by ¢ (z) = u, ¢(y) = 0 and ¢ (z) = wv. In both Sullivan
minimal models, subscripts denote degrees. We compute G (AW, AV; ¢) as follows.
Let us consider

¢" : Der, (AV) — Der, (AW, AV;¢),
which is given by ¢* (u*) = z* + (z,v), ¢* (v*) = (z,u) and ¢* (w*) = 0. Thus, we
have immediately
D (u*,0) = (0,2" + (z,v)), D (v",0)=(0,(z,u)) and D (w*,0)=0.
Further, it is easy to see that
D (0,2*) =D (0,y") =D (0,2") = 0.

An easy argument shows that the elements [(w*,0)], [(0,y*)] and [(0, z*)] are nonzero
in H, (Rel(¢*)). Next, denote by ¢, (a*) = a* for an element a in W or V. Since,
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we have H, (g,,¢,) ([(w*,0)]) = KI/U\* O)} (e e) ([(0,9M)]) = [( f)} and also
H, (g4, e4) ([(0,2%)]) = KO, ?)] are nonzero in H, ( Rel (gzﬁ*)) It follows that
(0,

G (AW, AV 0) = ([(w%,0)] . [(0.57)] . [(0.57)])

The following discussion will fix our notation. Suppose f : X — Y is a map between
rational finite H-spaces and denote by ¢ : (AW,0) — (AV,0) the Sullivan model of
fo Let {y1,. . UrsUrs1s- -, Ysy Yst1s - - -, Yp) be a basis for W and let us consider

{z1,.. ., %p, Trg1, ..., Tt, Te1, ..., T4} be a basis for V. By using part (a) of (]2],
Proposition 2.2) and a change of KS-basis, we can write ¢ (y;,) = ;, for 1 <ig <,
& (yi,) € A=%(zy,...,3;) -contains only decomposable elements- for r +1 < i; < s

and ¢ (y;,) = 0 for s + 1 < iy < p. Hence, it is easy to see that ¢ is well defined.
Now, we may extend the argument explained in Example 3.1 to give our main result
in this section.

Theorem 3.1. With the same notation as above, let f : X — Y be a map between
rational finite H-spaces and ¢ : (AW,0) — (AV,0) its Sullivan model. Then

G (AW, AV:9) = ([(25,,0)] [(0.92)] [(0.02)])
fort+1<j4o<q,r+1<i3<sands+1<iy <p.
Proof. First, as recalled above denote by

¢:(A(yr,--,y),0) = (A(xy,...,24),0)

the Sullivan model of f in which is given by ¢ (v;,) = x;, for 1 <ig < r, ¢ (y;,) €
A% (xq, ... my) forr+1 <4 < sand ¢ (y;,) =0 for s + 1 < iy < p. Thus, it induces
the following map

¢" : Der, (AV') — Der, (AW, AV;¢),

where ¢* (I;“O) =y 4 (4, vi,) such that v, = 7 (¢ (ys,)) , O* (le) = (yi,, w;, ) such
that w;, = 77, (¢ (y,)) for 7 +1 < j; <t and finally, ¢* (:c’]kz) =0fort+1<j,<gq.
Here, since ¢ (y;,) is decomposable, we note that the elements v;, and w;, are in
AT (z1,...,2;). Further, an easy computation gives that

D ($l0,0> = (O,y;‘O + (yil,vil)) , D (:)3;1,0) = (0, (ys;,wy,)) and D( 32,0) = 0.
Hence, for r +1 <i; < sand s+ 1 < iy < p, we have

D(0,y;) =D (0,y7,) =0.
Next, an easy argument by contradiction shows that (:U;fz, O) , (O, y;‘1> and (O, y;-z) are

not D-boundaries. This means that [( T, ,O)} , [(O,y;ﬂ and [(O,y;';)} are non null
in H, (Rel(¢*)). Otherwise, we see that

Rel, (&) = Der,_1 (AV,Q;¢) & Der, (AW, Q;¢).
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Moreover, we recall that for a € V
g, : Der, (AV) = Der, (AV,Q;¢), &, (a*) = a*,
and let also for b € W
e, : Der, (AW, AV;¢) — Der, (AW, Q;e), e, (b*) =b*
Next to determine H, (Re] (&)), we need to compute the differential D in Rel, (&)
For this, let

g?ﬁ; : Der, (AV,Q;e) — Der, (AW, Q;¢),
which is defined as follows: & (1/’;‘\0) = gjz*\o and g/b\* (Ej\l) = </b; (E;‘:) = 0. Hence, in a
— j2’
cycles which are not D-boundaries. Then, by summarizing all the above we get

H, (e.,€4) ([(sz,O)D = [(Ej:, O)} , fort+1<75 <gq,

H, (e.,e.) ([(0.97)])

H, (g4, &) ([(O,y;)]) = [(O,gj\;)} , for s+ 1 <iy, <p.
In summary, we have proved that

o awavio) = ((F.0)]. (0.7 [(0.2)])

fort+1<jp<qgr+1<i<sands+1<ip, <p. O

similar fashion as above, we prove that the elements (E*\ O), (O, g;j\l) and (O, yAfQ) are

[(O,y/f\l)}, forr+1<i; <s,

and also

Proposition 3.3. Given a map f: X — Y of rational finite H-spaces. Suppose that
f induces an injective morphism on rational homotopy groups, then

GAY. X f)2m (V) /7 (X).

Proof. Denote by (AW, 0) and (AV,0) the Sullivan minimal models respectively of
Y and X. Let {z1,...,2,} be a homogeneous basis for V. As f induces an injec-
tive morphism on rational homotopy groups, we may choose y4+1,...,¥, such that
{z1,..., %4, Yg+1, - - -, Yp} 1s a homogeneous basis for W. Further, let us denote by

O (A(xy, o Ty Ygtrts - Yp) , 0) = (A (21, ..., 2y), 0)
the Sullivan model of f which is defined as follows: ¢(x;) = z; for 1 < i < g and
#(y;) =0 for ¢+ 1 < j < p. Of course, we have ¢*(z}) = =} for 1 <i < ¢. Then by
using a similar argument given in the proof of Theorem 3.1, we obtain that
G (AW, AV ¢) = ([ (0,57%)] for g +1<j<p)
=r.(Y) /7 (X), as graded vector spaces. O

Various conditions are known under which the G-sequence of a map is exact [5,7].
However, in general there is not information about the exactness of the G-sequence.



EVALUATION SUBGROUPS OF A MAP BETWEEN RATIONAL FINITE H-SPACES 295

Corollary 3.1. Let f : X = Y be a map between rational finite H-spaces in which f
induces an injective morphism on rational homotopy groups. Then the G-sequence of
f splits into short exact sequence

0= G (X) =G, (Y, X; f) = G= (Y, X; f) = 0.

Proof. Tt follows directly from Proposition 3.1, Proposition 3.2 and Proposition 3.3
together with the G-sequence (1.1). O
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A STUDY OF FUNCTIONS ON THE TORUS AND
MULTI-PERIODIC FUNCTIONS

DHAOU LASSOUED!

ABSTRACT. In this paper, we are concerned with functions defined on the cube
Q™ = [—7,w|™ and functions defined on the torus T™. Especially, the harmonic
analysis of Sobolev-type spaces is carefully studied. We analyze in particular peri-
odic distributions and distributions on the torus. We introduce a space similar to
H}, for which we prove a Poincaré-Wirtinger inequality. We prove that the usual
Rellich-Kondrachov result does not hold for these last space because of the lack of
compactness. A result of absolute continuity and density of regular functions is then
established and a theorem of traces is obtained.

1. INTRODUCTION

Functions which repeat themselves after a fixed length of their arguments, so-called
period, are called the periodic functions. Common examples of the periodic functions
are the trigonometric sine and cosine functions with period each. Geometrically,
a periodic function is the one whose graph displays a translational symmetry. In
particular, a function is periodic with period if the graph remains invariant under
translation in the direction by a distance.

Periodic functions appear in many practical problems. In most of the cases, they
are more complicated than the ordinary sine and cosine functions. Indeed, periodic
functions are a vital part of all scientific, engineering, technological and mathematical
processes. In all branches of mathematics, they have well-defined analogues. These
functions are used in modeling many dynamical, physical, and biological processes.
They have wide-range applications in different fields of science, mathematics and

Key words and phrases. Periodic functions, Sobolev spaces, trace theorem, absolute continuity.
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engineering to study and characterize phenomena like conduction of heat, mechanical
vibrations, electric circuits and electromagnetic waves etc.

Based on the periodic functions, there exist their periodic extensions. In fact,
periodic extensions of the periodic functions are another class of the functions which
are used in modeling more complex physical, biological and more advanced systems.
Most of the studies on the periodic functions and their extensions have been limited to
a single period. Their transformation to the functions called the periodic extension are
the half-wave rectification, full-wave rectifications in electrical engineering. The graph
of such a function is obtained by periodic repetition of its graph in any interval of the
length of its period. We call these periodic extensions as the multiperiodic functions.
Multiperiodic functions are commonly used to model complex dynamic systems in
applied and pure sciences such as population dynamics and weather forecasting.

Historically, the Fourier transform was first introduced by Joseph Fourier in his
study of the heat equation. In this context, Fourier showed how a periodic function
could be decomposed into a sum of sines and cosines which represent the frequencies of
the function. From a modern point of view, the Fourier transform is a transformation
which accepts a function and returns a new function, defined via the frequency data
of the original function. As a bridge between the physical domain and the frequency
domain, the Fourier transform seems to be the main tool of use in harmonic analysis.

Moreover, Sobolev spaces are the main tools in the modern theory of partial differen-
tial equations. They give a very natural functional analytical framework for the study
of existence, regularity and qualitative properties of the boundary value problems.
Indeed, Sobolev spaces are ubiquitous in harmonic analysis and Partial differential
equations, where they appear naturally in problems about regularity of solutions or
well-posedness. Tightly connected to these problems are certain embedding theorems
that relate the norms of Lebesgue and Sobolev spaces for appropriate indices. The
appeal of Sobolev spaces is due to the simplicity of their definition which captures
both the regularity and size of a distribution. On the other hand, an efficient tool
when dealing with Sobolev spaces and partial differential equations is the Poincaré-
Wirtinger inequality that provides norm equivalences under appropriate assumptions.
These inequalities usually provide Sobolev embeddings and compactness results (see
Adams [1]).

Besides, the Rellich-Kondrachov compactness theorem, which gives compact em-
beddings of Sobolev spaces [2, Theorem 6.2], is fundamental for the study of elliptic
boundary value problems.

On the other hand, due to its geometric and topological structure, the torus has
shown an interesting means to study periodicity /quasi-periodicity of solutions in many
applications. The interest of considering spaces of functions on the torus is because
these can be identified with periodic functions, so it is natural to look for solutions
of partial differential equations with periodic border conditions in these spaces. Now,
boundary conditions are understood in the sense of the trace, which is related to the
trace method and the trace spaces in the theory of interpolation.
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In this paper, we aim to study the functions defined on the cube [—m,7|™ and
those defined on the torus T™. That means the behaviours of multiperiodic functions
and functions on the torus are analyzed. We give a complete harmonic analysis of
Sobolev-type spaces. The distributions on the torus and the periodic distributions
are studied. Namely, we introduce a space similar to the classical space H} and
we prove that on this introduced space, a Poincaré-Wirtinger inequality holds true
while the known Rellich-Kondrachov is no longer valid due to the lack of compactness.
We finally get a result on absolute continuity and density of regular functions and a
theorem of traces.

2. NOTATIONS AND PRELIMINARY RESULTS

Throughout this manuscript, we denote by N* or by Z, the set of all positive
integers and by 7Z the set of all integers. The set of real numbers is denoted by R and
that of all complex numbers is denoted by C.

We shall fix an integer m > 2 and a vector w € R™ whose components are linearly
independent on Z and are strictly positive. We denote also by @™ the cube of
dimension m, that is, Q™ := [—m, 7]™. The notation T™ shall be deserved for the
torus of dimension m, that is T™ := R™/(27Z)™.

For a vector = (1, ...,x,) € R™, we denote by x_; the vector of R™~! defined by
x_j = (T1,...,%j-1,%j+1, ..., Tm). The couples (z_;, x;) and (z;,z_;) denote both z.

For z,y € K™, we denote by z -y and by |z| respectively the usual inner product
of x and y and its associated euclidean norm:

Ty = Z:ijj, |z| = VT - .
j=1

The notation e, : R™ — C, for v € R, is reserved for the function defined for all
x € R™ by e,(x) := exp(iv - x).

We shall denote by Z(uy, ..., u,) (u; belongs to a linear space F' over R) [9, p. 81],
Z-modulus generated by uy, ... u,, that is,

Zlun, ... up) = {ékjuj (k) € ZP}.

We denote by 7,(u), for a given function v : R™ — E and a given p € R™, the
translated function of u defined on R™ by 7,(u)(z) := u(z + p).

If the space E is a topological space, we use the standard notation, for a given
subset A C E, int(A) the interior of the set A.

Let us consider a linear normed space X over R of finite dimension m.

2.1. First notions. We give here the following definition that can be found for
example in [4, p. 55] or in [15, p. 64].
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Definition 2.1. A function F' : X — [ is said to be periodic if there exists a non
zero p € X such that for all x € X, we have F(x 4+ p) = F(x). Such a vector p, as
well as 0, is called a period of F.

The set of all periods of a given function is an abelian subgroup of (X, +), which
becomes also a closed set if the function is continuous. We denote by Per(F) the set
of periods of a function F'.

Proposition 2.1. Let F': X — E be a periodic function, Y be a normed linear space of
dimension m and L be a linear isomorphism from'Y into X. Let us define the function
G:=FoL:Y —E. Then, G is a periodic function, and Per(G) = L™'(Per(F)).

Proof. Take p one period of F andy € Y. We have G(z2+L7'(p)) = FoL(2+L7'(p)) =
F(L(z) +p) = F(L(2)) = G(z), which shows that G is a periodic function and that
L=Y(Per(F)) C Per(G). The converse inclusion can be obtained by interchanging F
and G. O

2.2. Lecture in a basis. We consider the canonical basis of X = R™, denoted by
(€j)1<j<m- We denote (€})1<j<m its dual basis and x the isomoprhism from X into
(R™)* defined by:

*

x(z) = (ej(z))1<j<m-
We denote also:

m
X_l(.Tl, Ce ,.me) = leel
i=1

We shall now analyze the link between the function £ and the function f := Foy™!
defined on R™.

Definition 2.2. The function f is said to be 2m-periodic in each variable if for all
j=1,...,m, x_; € R™ ! and for all z; € R, we have f(z_;,z; + 27) = f(z_;, z;),
which is also equivalent to say that for all £ € Z™, and for any € R™, we have
f(x+27k) = f(z).

Therefore, we have the following.

Proposition 2.2. The following assertions are equivalent.
(a) F is periodic and Per(F) D 2nZ{e1, ..., €m).
(b) f is 2w-periodic in each variable.

Proof. We refer to Proposition 2.3 which is more general. 0

2.3. Change of basis effects. Let actually take another basis of R™, (b;)1<j<m. We
denote by (b})1<j<m its dual basis and by x; the isomorphism from X into (R™)*
defined for all z € R™ as:

x1(z) = (03 (7)) 1<j<m-
Keeping the same previous notations, we set f; := F' o Xl_l'

Proposition 2.3. The following assertions are equivalent.
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(a) F is periodic and Per(F) D 2mb;.
(b) For all z_; € R™ ', fi(x_;,-) is 2rw-periodic from R into E.

Proof. (a) = (b) Let us fix arbitrarily z_; € R™"*,

Then, for all z; € R, we have:

fitz_j,xj+2m)=Fox;'(z_j,;+2n)=F <27rbj + Z%@)

i=1
=F <Z~”%bz> =Foxy (1-j,7;) = fi (1-5,7;).
i=1
Therefore, (a) implies (b).
(b) = (a) Now, we fix an arbitrary = € R™. We have
F(z + 2mb;) = Foxi* (07 (2),0}(x) + 2)
= fi (b2(2), b3 (2) + 27) = fo (b (2), b5 ()
= Fox;' (b;(2),b5(x)) = F ().
This completes the proof. O
Notation 2.1. We introduce Q™ C X as:

QM = {Z:Eiei cforalli=1,...,m, z; € [—7@”]}'

i=1

We have x(Q™) = [—m, 71]™. We denote by K™ := x1(Q™).

2.4. Change of basis and integrals. We keep the previous notations, by assuming
in addition that both basis are orthonormal.
We set, for y_; € R™ 1,

K(y-1) ={y €R: (y1,y-1) € K™}
and
Di={y, eR": K(y_y) #0}.

The theorem of change of variables consecutively with change of basis under the
integrals allow us to get the following.

Proposition 2.4. For any continuous function f : R™ — E, we have:

/[—mr]m ez = | </K(y_1> fl(y)dyl) dye - Ay

Proof. The functions f, f; and F' are continuous. By Fubini’s theorem, we have:

/><1(Qm) fily)dy = /D </K(y_1)f1(y)dyl> dyy - - - dyp.
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Besides, since the isomorphisms y and x; are orthogonal, their determinant is in
absolute value equal to 1, which gives the following identities by applying the change
of variables formula:

/X1(Qm) fily)dy = /m F(z)dz = /X(Qm) f(z)da.

We deduce the result then by comparison of these inequalities and by using x(Q™) =
[—7, 7]™. O

Lemma 2.1. For ally 4 € D, K(y_1) is a closed interval of R with diameter equal

to 2m\/m.

Proof. Let us fix y_1 € D. K(y_1) is closed convex set of R, because it is the reciprocal
image of the convex set K™ via the affine application ¢(y1) = (y1,y-1). We deduce
that K(y_1) is a closed interval. Since K(y_1) C x1(Q™), we have:

diam[K (y-1)] < diam[x,(Q™)].

Since x; is orthogonal, we know, due to the formula of change of variable for the
integrals, that:

diam[y:(Q™)] = diam[Q™].
Now, if z,y € Q™, we have:

m

v —y* =D (i — y:)* < m(2m)?,

i=1

the upper bound is reached (for example) for x = (—7,...,—7) and y = (7,..., 7).
We conclude that:

diam[Q™] = 27v/m,

which completes the proof of the lemma. O

2.5. Change of basis and derivation. (¢;); denotes the canonical basis of X, and
we denote by (b;); another orthonormal basis such that by = w/|w|.

Let U : R™ — E be a function which is 27-periodic in each variable, F' := U o x
and V := Foy;"

Definition 2.3 ([8, p. 251]). Let € R™ and ¢ be a function defined on an open
set U of R™ containing = and with values in E. The function ¢ admits a directional
derivative (called also Géteauz-variation) in the direction v if

¢(x + Ov) — ¢(x)
0

has a limit when 6 tends to 0.
This limit, denoted by D¢(x,v), is called directional derivative (or also Gateauz-
variation) of ¢ in the direction v.
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Definition 2.4. We define the Percival derivation operator (cf. [11,12]) for U differ-
entiable in the direction of w by:

d,U(z) := DU (z,w).
Remark 2.1. When U is in addition Fréchet-differentiable in x, we have
T oU
d, = i— ().
U(x) Zz::lw o, (x)

The link between the notions of derivation is analyzed in the following proposition.

Proposition 2.5. Let U be differentiable in the direction of w. Then, V is differen-
tiable with the respect to the first variable, and we have the relation

oV
d,U(z1,...,2p) = |w|a—yl(y1, e Um)-

Proof. Since w = |w|by, we have:
DF(z,w) = |w|DF(z,by).

Besides, we have DF(z,w) = d,U(z) and DF(z,by) = g—;/l(yl, .+, Ym). This achieves
the proof of the proposition. O

3. FuNCTIONS ON THE TORUS AND FUNCTIONS ON Q™

3.1. Functions defined on the torus. We give here a (non-geometric) definition of
the functions defined on the torus T™ and we study how to extend a function defined
on Q™ into a function defined on the torus. Here, the torus is not seen as a geometric
object, but as a notation to specify the periodicity with respect to each variable of
the functions involved.
For "regular” functions, we therefore set, when k € NU {4o00}:
e C*(T™,E) is the space of functions of C*(R™, E) which are 2r-periodic in each
variable;
e C*(T™,E) is the space of continuous functions, k times continuously differen-
tiable in the direction of w and 27-periodic in each variable;
e C*(T™,E) is the space of functions of C*(T™ E) which vanish on an open
neighborhood of 0Q™;
o CF(T™ E) is the space of functions of C%(T"™, E) which vanish on an open
neighborhood of 9Q™.

For the functions of Lebesgue spaces, we shall first define the notion of periodicity.

Definition 3.1. For a function u (strongly) measurable from R™ into E, we call that
u admits the vector p as a period if : 7,u = u. We call u is periodic if it has a non
zero period and we denote

LY(T™,E) := {u € L°(R™, E) : 27Z{(e;);) € Per(u)}.

The space L°(R™,E) denotes here the space of measurable functions.
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For the other Lebesgue spaces L%, we set, when a € [1, +00]:

L*¥(T™ E) :={u e L, (R™ E) : 2nZ({(e;);)) € Per(u)}.

loc

We endow this space with the norm:

1/a
fullee o= (| lu@)zae)

if «v is finite, and when a = oo with the norm:

|u||oo = esssup |ulg := inf {a : |ulg < @ a.e.}.
These spaces are Banach spaces. We remind that we note sup instead of esssup.
Notation 3.1. In the sequel, we use the notation || - || instead of || - || 2.

Remark 3.1. For a given function u € L'(T™,E), the integral [p. u(z)dz denotes
Jom u(z)dz. The relation between this integral and the integral with respect to the
Haar measure on the torus is:

1
/m u(z)dpm () = G /1rm u(z)dz.
Moreover, we equip the space L?(T™, H) with the following inner product
(u;v) ::/ u(z) g v(z)de.

L3(T™ H) is then a Hilbert space.
We immediately have the following result.

Proposition 3.1. For all p € R™, the following assertions hold.

1. For all k € NU {+oc}, 7,(C*(T™ E)) C C*(T™, E).
2. For all a € [1,4+00], 7,(L*(T™,E)) C L*(T™ E).

3.2. Extension theorems. The extension of functions defined on Q™ into functions
defined on the torus can be done using the following lemma.

Lemma 3.1. The following statements hold true.

1. For all x € R™, there exists k € Z™, such that v — 27k € Q™.
2. The boundary of Q™ is given by

o™ = {p € Q™ : there exists j € {1,--- ,m}, p; € {_ﬂ-vﬂ-}}

and is Lebesgue-negligible in Q™ and in R™.
3. If f is 2mw-periodic in each variable, f satisfies the following condition at the
boundary:
(CF) Foralli € {1,...,m} and for allz_; € R™7, f(z_;, —7) = f(x_;,7),
which can also be written as: for all £, € Q™, [for alli e {1,...,m},& = ¢
or (& € {—m, 7} and (; € {—m,7})], this implies that f(&) = f({).
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Proof. 3. Results from the definition of periodicity.

For the assertion 1, given z € R™, we set for each j =1,...,m,
T+
-5(%%),
J 2T

where E denotes the integer function. We verify that £ € Z™ and for all j =1,...,m,
we have —m < x; — 2mk; < 7, and so x — 27k € Q™.

Let us now prove 2. We shall show that Int Q™ = (—m, w)™.

Firstly, we have Int Q™ D (—m, m)™ because (—m, )™ is an open set of R™ contained
in Q™. If the inclusion is strict, there is a p € Int Q™ and a j, such that p;, € {—n,7}.
Without loss of generality, we assume that p;, = 7.

The sequence ((pj + %)1§J‘Sm)n converges to p, but none of its elements are in Q™.

Therefore, p ¢ Int Q™.
This ends the proof of this lemma. O

Let us start with the study of the extension in the case of Lebesgue spaces.

Proposition 3.2. The map J : L*(T™,E) — LY(Q™,E) defined by: (u) = u, is
an isometric isomorphism of Banach spaces (and even Hilbert if « =2 and E = H).

Proof. J is obviously an isometric linear map.

We shall now prove that it is bijective.

Surjectivity. Let us take a function f € L*(Q™,E). Even if it means modifying f
on the boundary of Q™ (which is Lebesgue-negligible), we can assume that f is zero
on 0Q™.

Let x € R™. If there exists k,[ in Z™, distinct, for which we simultaneously have
x— 21k € Q™ and z — 27wl € Q™ ans so for all i such that k; # [;, we have (k; =0
and [; = 27) or (k; = 27 and [; = 0).

Therefore, by (CF), f(x — 27k) = f(z — 2nl), and it is then possible to define
f(x) = f(z — 2nk) where k is arbitrarily chosen in Z™ so that z — 2k € Q™.

Let us show now that the function f previously defined is periodic. If p € Z™
and x € R™ are given, let us take & € Z™ such that: = — 27k € Q™. We have
(z + 2mp) — 27m(k + p) € Q™. Hence, f(x + 27p) = f((z + 27p) — 27(k + p)) =
f(x - 27k) = f(a). )

Finally, it remains to verify that it belongs to L®. The restriction of f to each
Q™ + 21k, where k € Z™ has the form of = — f(z + 27k), and hence f € L2 (R™, E),
which shows that f € L*(T™, E) and verifies J(f) = f.

Injectivity. Let f € L*(Q™,E) and f; and f; be two functions such that J(f1) =
d(f2) = f. We may suppose that the two functions f; are equal on Q™.

Let x € R™. There exists k € Z™ such that x — 27k € Q™. We have then
fi(z) = fi(z = 27k) = folx — 27k) = fo(x).

The proposition is finally proved. U

We analyze now the case of continuous functions. We have precisely to study what
is happening on the border.
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Lemma 3.2. Let k and [ be two different elements of Z™ and let p € (Q™ + 2wk) N
(Q™ + 2xl). Then,

p € 0(Q™ 4 2wk) NI(Q™ + 2wl) = (0Q™ + 27k) N (Q™ + 2xl).

Proof. There exist £, € Q™ such that p = £ + 27k = ( + 2wl. Since k # [, there
exists j such that &; # ;. Besides, as & + 2nk; = (; + 2nl; and |§; — (;| < 27, we have
|k; — 1;] < 1.

First case. k; = [;. Then, & = (.

Second case. k; =1[; £ 1. Then, & = (; £ 2w, that is, since &, € Q™, one of the
two is equal to —7 and the other one is equal to 7.

Therefore, we have shown that i € {1,...,m}, & = (; or &,(; € {—m; 7} and there
exists j such that & # (;. Finally, p € (0Q™ + 27k) N (0Q™ + 27l) and the lemma is
proven. 0

Proposition 3.3. Let f € C°(Q™,E). The following statements are equivalent.

1. There exists a unique f € C°(T™, ) such that ﬁQm =f.
2. f satisfies (CF).

Proof. The implication [1. implies 2.] is obvious.

We have to show the implication [2. implies 1.].

Existence. For z € Q" +27k, we set fi(z) = f(z—27k). When (Q™+27k)N(Q™+
27l) # (), with k # [, we have (Q™ + 27k) N (Q™ + 2xl) = (0Q™ + 27k) N (0Q™ + 27l)
in virtue of the lemma.

Hence, thanks to (CF), we have fip(z) = fi(x). Let us introduce Ay := Q™ + 27k.
The family (Ag)x forms a recovery of R™ such that if Ay N A, # 0, fr(x) = fi(x). We
can define the function f as f(z) = fi(x) if £ € A. Since each fj, is continuous and
as the recovery (Ay)y is closed and locally finite, we know that f is continuous (cf.
[13, p. 20]). Its periodicity is obvious. Therefore, the existence is shown.

Uniqueness. Two solutions take the same values on ™, and so that, they are
equal on R™, by periodicity. O

Proposition 3.4. For all function [ € CHQ™ E), there exists a unique f €
C*(T™,E) such that f,.. = f.

Proof. Uniqueness is acquired by Proposition 3.3. Moreover, Proposition 3.3 gives
us, for all j < k, a unique f; € C° (Tm,Lgym ((Rm)j;E)) such that fj‘Qm = fU). Let
f = fo. We aim to prove that this function belongs to CH(T™ E).

Let x € R™ and [ € Z™ such that z € Q™ + 2wl. We can distinguish two cases.

First case. = € Int (Q™ + 27l). In this case, near to z, f = for_ gy is of class C*
as composition of a map from C* and an application from C*.

Second case. z € 0 (Q™ + 2nl). Let A :={\ € Z™:x € 0Q™ + 27 A}. Ais anon

empty finite set and since A € A, we have supp (j]QmHM) = supp(f) + 27\ and since
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x & supp <f|Qm+2M), we can consider

7= min d(z;supp(f) + 27A),

which is a strictly positive real and obtain then that B(z;r), f = 0. Therefore, it
belongs to C* at the neighborhood of x.
This completes the proof. O

3.3. Some other properties of the spaces of functions defined on the torus.
Proposition 3.5. Each function of C°(T™,E) is uniformly continuous on R™.

Proof. Let r be a fixed positive real. The set K = {z € R™ :d(x,Q™) <r} is
compact, so that due to Lemma of Heine: for all € > 0, there exists § > 0 such that
for all z,z € K, if |x — z| < §, then |f(z) — f(2)|r < €.

We fix an arbitrary ¢ > 0 and a § given by the previous inequality. We put
§' := min{r;d}. Let x,z be such that |x — z| < ¢§'. There exists k € Z™ such that
xr — 27k € Q™ and so z — 27k € K.

So, we have: |f(z) — f(2)|g = |f(z — 27k) — f(z — 27k)|g < &, which is exactly the

uniform continuity. 0

We shall prove now some density theorems. For this aim, we introduce the convo-
lution product.

Proposition 3.6. Let j € NU {+o0}, u € CI(T™,A) and v € L*(T™,B) with
a € [1,4+00]. So, uxv e CI(T™,C).
Proof. Since v € L*(T™, B), we get v € L},.(R™, B) and the convolution product u*v
is given by:
uxv(z) = / u(z) ov(z — x)dx.
Rm™m
Moreover, it is well defined on R™ and u * v € C?(R™, €).

Let us verify that 27Z™ C Per(u * v), which will complete the demonstration.
Let p € 2nZ™. p is a period of v, and

uxv(z+p) = /Rm w(x)v(z+p—z)dr = / u(z)v(z — x)dr = uxv(2).

m

This is what had to be demonstrated. 0
Proposition 3.7. Let j € NU {+o0}. C/(T™ E) and CI(T™, E) are dense in
L*(T™ E).

Proof. Tt suffices to prove this result on CJ(T™ E).

Indeed, we recall that C°(Int(Q™), E) is dense in L*(Q™,E) (the proof in Brezis’s
book [3, p. 71] can be adapted to Banach spaces). Fixing u € L?(T™, E), we denote
by w its restriction to Q™. Hence, for a given ¢ > 0, there exists w € C°(Int(Q™), E)

such that
| ua) = ulw)de < <.
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Moreover, using Proposition 3.4, we can extend in a unique way w to an element

z € CX(T™ E). We get
L, V@) —u@)de = | () —u@)fde < <
which completes the proof of our proposition. 0

Lemma 3.3. Let f € LY(T™,E) and 8 € R™. So, we have
/ f(x+ p)dz —/Q f(z)dx.

Proof. We will prove the result by induction on m.
For m = 1, we have successively

/_irf(tJrﬁ)dt:/;_jfz/ﬂ::f+/_1f+/:+ﬁf
:_/_i_wf+/_7;f+/_i_ﬂf(t+2w)dt:/_Zf.

This is the desired result.
Now, suppose the result is true for 1 and m — 1. We have

/Q fla+ Byde = /_ 7; [ /[_m]ml flay+ B + 5_1)dx_1] dzr.

From the result at rank m — 1, the right side is

/7; VM e f(x1 + B, x_l)dx_ll .

Due to Fubini’s theorem then from the result to row 1, this integral is equal to
Jom f(z)dr, which means that the proposition is proven. O

Proposition 3.8. Let consider u € L*(T™ E). The function from R™ into L*(T™, E)
defined by B — Tsu is uniformly continuous.

Proof. Let us fix an € > 0, and a function v € CY(T™, E) such that ||u — v|| < ¢/3.

Since v is uniformly continuous on R™, 3 +— 73 is uniformly continuous from R™
into C°(T™,E). Hence, we can find n > 0 such that if v and 3 are in R™ such that
|y = B <, then

9
sup (e +9) = ve + e < 35w

Let choose v and 3. We then get
Ju(- 4+ 8) —u(- + N <llul- + 8) = v(- + B + [lo(- + 5) = v(- )l
+ llo(- +7) —ul-+ )|l
<2fju = vl + [[o(- + B) = v(- + ]I,

using Lemma 3.3. This last term being less than e, the proof is achieved. O
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4. CONSTRUCTION OF SOBOLEV-TYPE SPACES

We aim to present the construction of Sobolev type spaces adapted to our problems.
We will start by introducing a notion of weak derivative of Percival for the elements
of L?>(T™,E) as infinite generator of a (semi-)group of contractions. The domain of
this unbounded operator is the Sobolev type space that we build. We shall explain
the relation between distributions on the torus and 2w-periodic distributions in each
variable, and we shall show that the different ways of introducing the weak derivative
of Percival coincide.

4.1. Construction and first properties of the space H.(T™ E). Due to Propo-
sition 3.1, for each v € L*(T™,E) and all 8 € R™, we have t5u € L*(T™ E).
Thus, we can define, for all t € RT, T'(¢) from L*(T™, E) into L*(T™, E) by setting

T(t)u := 1y,u, for allt € R, for all u € L*(T™, RY).
It can be easily verified that T'(¢) is a linear isometry of L*(T™, E).

Proposition 4.1. The following statements hold.
(1) Forall s,t e RT, T(s+1t)=T(t)oT(s).
(2) T(0) =id.
(3) For allu € L*(T™ E), [t — T(t)u] € CO(RT, L*(T™, E)).
Proof. (1) We have for all s, > 0,
T(t+ s)u= Tt = u(- + (s + t)w) = Tu(- + tw) = T(s)[T(t)u]
=[T(s) o T(1)](u).
(2) is obvious.

(3) [t = tw] is continuous, which implies that this assertion is a consequence of
Proposition 3.8. 0

Hence, following [7, p. 614], the family (7'(¢));cr+ is a strongly continuous semi-
group of L(L?(T™ E); L*(T™, E)).

We denote by V,, the infinitesimal generator of this semi-group, and by H(T™, E)
its domain. So, we have

T(t)u —u

H)(T™E) := {u € L*(T™ E) : lim — exists in LQ(T’",E)}

t—0+
and for v € H!(T™ E), this limit is denoted by V u.
We obtain from the theory of strongly continuous semi-groups, cf. [7].

Proposition 4.2. The following assertions are true.
1. HL(T™,E) is a linear subspace of L*(T™,E) and V,, is a linear operator from
HL(T™ E) into L*(T™,E).
2. Ifu e H:(T™ E) and ift € RY, then 1,u € H:(T™ E) and
d

£<Ttw'u/) = vw<Tth) = Ttw(un).
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3. Ifue HY(T™E) and if 0 < s <t < 400, then

t
Tiolh — Tepll = / Trw(Vu)dr.
S

4. Ift e RT and if g € LY(R,R) is continuous in t, then

o1 gtk
}llli% E/t g(‘S)TswUdS = g(t)Tth-

5. HL(T™ E) is dense in L*(T™,E) and V., is of closed graph in L*(T™ E) x
L3(T™,E).

Remark 4.1. The integrals considered in the previous proposition are integrals of
continuous functions with values in the Banach space L*(T™, E).

The space H.(T™,E) is endowed with the norm

lallmsemmy = v/l + Va2,
which we denote also by ||ul1,, if there is no ambiguity on E.
If in addition E = H is a Hilbert space, the space H!(T™,H) is equipped with the
following bi-linear form

(u; v) gy eom gy = (w3 v) + (Vu; Vou).
Again, if there is no ambiguity on H, we shall denote (u;v),, instead of (u;v) 1 (rm .-

Proposition 4.3. Equipped with the bi-linear form (-,-)1,, H.(T™ H) is a Hilbert
space.

Proof. We have only to prove the completeness of this space. Now, if (u,), is a Cauchy
sequence in H!(T™,H), each of the sequences (u,), and (V,u,), is also of Cauchy
in the complete space L?(T™,H), hence, they converge. We denote by u and v their
respective limits. Since V,, is of closed graph, we deduce that v = V,u, and then the
sequence (uy), converges in H(T™ H). O

We now verify that we correctly recover the usual notion for regular functions.

Proposition 4.4. If u € CY(T™ E), then u € H.(T™ E), and V, u(z) = v/ (z) - w
for Lebesque-almost all x.

Proof. Since v’ is continuous on T™, it is uniformly continuous, and so if we give
and € > 0, there exists n > 0 such that: for all £,¢ € R™, if |£ — (| < n, we have
() — w(O)ls < .

Let us fix a such n, x € R™ and let t € (0,7/|w|). By the mean inequality applied
to the function y — u(y) — u'(x) - y between x and = + tw, we get

u(z + tw) — u(z) — o (z) - (tw)|s < ‘i‘w.
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We divide by ¢, and we integrate the square of the inequality on Q™. It comes, for all
t € (0,n/|w)

Tioth — U
t“’f —'(") wH < 5(27T)m/2,
which completes the proof of our proposition. 0

4.2. Convolution and density theorems. We call a regularizing sequence a se-
quence (p;);>o of functions of C°(R™, R) verifying

1. for all z € R™, for all j € N, p;(z) > 0;

2. forall j €N, [pmp; =1;

3. for all j € N, supp(p;) C Int(Q™) and lim;_, -, diam[supp(p;)] = 0.

Proposition 4.5. Let u € HL(T™ E) and p € CHR™ K) such that supp(p) C
Int(Q™). We have (d,p) *u = p* (V,u).

Proof. First step. Let t > 0. We firstly remark that

/m p(z) {Ttwut_u] (z — z)dx = /m u(z — ) [W—p} (x)da.

t

Second step. Let us prove that, as ¢ tends to 0, [gmp(z) [W} (z — x)dx tends

to p * (Vyu)(2). Indeed, since [zm p =1, the difference between this integral and
p* (Vyu)(z) is equal to

/ p(x) [Wt_u - un} (z —x)de = / p(x) {Wt_u — un} (z —x)dx,
1/2
which is dominated by (if we denote by I = { Jom pﬂ )
Teolh — U 2 1/ Teolh — U
][/ %—un (z —x)dx §]tw—ku‘
™ E

and this last term tends to 0 as ¢ tends to 0.

Third step. We aim to prove that, if ¢ tends to 0, [pm u(z — 2)[™£=2](z)dx tends
to (d,p) *u. Since supp(p) C Int Q™, there exists a real r > 0 such that if ¢ < r, then
supp(Ti,p) C Int Q™.

Since supp(p’) is compact, p’ is uniformly continuous so by using the mean inequality,
for all € > 0, there exists ¢’ < r such that if t € (0;¢'), we have

PP (@)~ dple)| < el

We integrate R™ this inequality multiplied before by u(z — z), and we get, taking into

account supp [W} Q™

/ (Ttwpt_p(x) - dwp(x)) u(z — x)dx
m E

Hence, the result of this step is valid.

< /m elwl - Ju(z — 2)g.
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Fourth step. Conclusion, we take the limit in the inequality of the first step to
end the proof. O

Proposition 4.6. Let (p;); reqularizing sequence and w € L*(T™,E). Then,

Jim o+ u—ull =0,

Proof. Since p; is positive and with support contained in @™, we have for all z € R™

oy (e < [ py(a)lu(z = 2)leds < ¢ | i@z = )lgde.

where the last inequality is obtained using the inequality of Cauchy-Schwarz. Hence,
increasing to the square, integrating over T™ then using Fubini’s theorem, we get

logeu=ul < [ i@ ([, 1uz — o)tz o
But, due to Lemma 3.3, the inside integral is equal to ||ul|?, and so that we get

lpg *w —ull® < fJull”

As C%(Int Q™, E) is dense in L*(Q™, E), we know that C°(T™, E) is dense in L*(T™, E)
and so that for a given € > 0, there is ¢ € C?(T™,E) such that ||u — ¢|| < . Also,
we have ||p; xu — p; * || <e. We deduce then

o *u—ul <2+ |[p; ¢ — ol

It remains to show that ||p; * ¢ — ¢|| < ¢ for j large enough. The uniform continuity
of ¢ allows us to find an 1 > 0 such that if | — (| < n, then |p(§) — (Q)|g < e. Let
J be large enough in order to get z € supp(p;) implies |z] < 7. Consider then an
arbitrary z € R™. So, from

pixp(2) = o(2) = [ pi(@) (o(z = 2) = o(2) d,

m

as the integral only relates to supp(p;), we deduce

1pj * (2) — (2)| < e/ p;(2)dz < e,

supp(p;)

For j large enough, we obtain finally ||p; * u — u|| < 3¢, which achieves the proof. [
Proposition 4.7. Let u € L*(T™,E) and p € C}(R™,K). Then

d,(p*u) = (d,p) *u.
Proof. Thanks to (cf. [17, p. 122]), we know that

8(*)_ 0 §

We multiply by w; and add up over ¢ to get the result. O
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Proposition 4.8. C'(T™ E) is dense in HL(T™, E).

More precisely, if u € H(T™,E), then the sequence (p;*u); tends to w in H:(T™,E)
for every regularizing sequence (p;);.
Proof. By Proposition 3.6, we have p; x u € C*(T™ E) and p; * (V,u) € C*(T™,E).
Now, by Proposition 4.6, we have

lim ||pj*u—u||=0 and jll}I_Eloo llpj * (Vou) — (Vou)|| = 0.

Jj—+oo
But, due to Propositions 4.5 and 4.7, we get p; * (V,u) = V,(p; * u) and finally
limj_>+oo ||pj * U — UHLw =0. ]
Proposition 4.9. The following assertions are true.

1. For all f € CY(T™,E), fym O.f(x)dx = 0.
2. For allu € HL(T™ E), Jrm Vou(x)dr = 0.

Proof. 1. By periodicity, we have for all ¢

of B
/Tm o (x)dx =0,

from which we deduce the assertion 1. by linearity.
2. By density, we can find, for all ¢ > 0, a function f € C'(T™,E) such that

If = ulliw <e
Therefore, ||d.f — Voul| <€, and so that ||duf — Voul pigm gy < £(27)™. Hence,

using 1, it can be seen that | [;m Vu(z)dz|g < e(2m)™. O

Proposition 4.10. Let ¢ € CY(T™, A) and u € HL(T™, B). Then, ¢-u € HL(T™, Q)
and we have V(¢ o u) = (dyp) o u+ ¢ o (Vyu).

Proof. First case. (A,B) = (E',E) (or (E,E’) which can be treated in the same

manner).
First step in this first case. We show that
. TiwP — @
11_1)% % ‘E'XE T W — (deO) ‘E/'xE UH =0.

Let us fix an € > 0. Thanks to the uniform continuity ¢’, there exists to > 0 such
that if |t| < tg, for all z € R™ and for all ¢ € [z, z + tw], |¢'(§) — ¢/ (2)|r < e|lw| 7 .
Besides, using the mean inequality, we have
p(r +tw) — p(z)
t

< sup [@'(§) — ¢ (@) e |wlu(z + tw) k.
£€lmizttw]

s (e + 1) — (dp()) ez ule + )

Therefore, if |t| < to, this term is less than e|u(z + tw)|p. Taking the square and
integrating, due to Lemma 3.3, we deduce

‘ |:Ttw()0 - 80 _ d
t

w@:| ‘E'xXE Ttwu‘ S SHUH
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Thus, we have shown that

. TtwP — @ B
a |22 -] v =0
Moreover, we have
() -wrxe (o — w)|> < (27" [duplZ It —

and by Proposition 3.8, this term tends to 0 as ¢ — 0.
Due to this result, we deduce that
Tiwp — P
t

Tt —
# - dww] ‘B xE TtwU

‘E'XE Tl — (dw@) ‘E’'XE UH

< ] + [[(dup) “rxe (Trou — ).

The inequality (4.1) allows to deduce the result.
Second step of first case. We prove that

Tioh — U
lim || -5 xE ———— — @ ErxE Vol ’ = 0.
t—0 t
In fact, the term considered is less than
TeoUl — U
)" gl |25 — T

which tends to 0 as ¢t — 0.
Conclusion. We get
Tro (P "E/xE U) — @ BxE U
t

- (dwgp) E'xE U — @ "E'xE (un)

[T — ¢ Tilh — U
B t t
and so that it results from the two first steps that the right hand side member tends

to 0 when ¢ tends to 0, and the assertion 1. is consequently proven.

Second case. (A, B) = (K,E) (or (E,K) which is the same).

Let ¢ € E' and ¢.(z) := @(x)e. Then, ¢, € HL(T™,E’) and by assertion 1, we
obtain

‘B xE Tl — (dup) ‘mxE U} + [90 B/ xE — @ Bk Vol ,

Vol(pe) ‘wxe u] = du(pe) wxe v+ (v€) mxe (Vou).
But, since e is constant, we have V[(pe) wxru] = (Vop)ewxru and d,(pe) = (d,p)e.

Therefore, we obtain e ‘gyg [Vu(p - )] = € mxr [(dop)u] + € -wxr [¢ - (Vou)]. Since
the relation is true for all e € E’, we conclude that
V(e u) = (dop)u+ ¢ - (Vou). 0

Proposition 4.11. We have the following integration formula by parts. For all
p € CYT™, A) and v € HL(T™, B), we have

L eo(Vaw) == [ (dup)ou
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Proof. Using the previous proposition, we know that ¢ o u € H1(T™, €) and that we
have

Vulpou) = (d,p)ou+ o (Vyu).
Integrating this equality, as in Proposition 4.9, the integral of the left hand side is
zero, we have

[ oo+ [ (dg)ou=0.
and so that the proof is completed. 0

4.3. The space H} ,(T™, E).

Definition 4.1. We define the space H}(T™,E) as the closure of C}(T™, E) in
H.(T™ E).

Proposition 4.12. Endowed with the norm of HL(T™ E), H. ((T™,E) is complete.
If in addition the space E = H is a Hilbert space, Hio(']l‘m, E) is a Hilbert space.

Proof. H},(T™, ) is a closed linear subspace of the complete space H}(T™, E). There-
fore, it is a complete space. 0

Proposition 4.13. H} ((T™ E) is also the closure of C} (T™,E) in H}(T™, E).

Proof. Let H be the closure of C}_(T™,E) in H}(T™,E).

The inclusion H C H, o(T™ E) is a consequence of C}(T™ E) C C! ,(T™, E).

For the converse sens, we shall prove that the injection of C}(T™, E) in C.(T™,E)
is dense for the norm of H}(T™,E). Let take ¢ € C.(T™,E) and (pn), a regularizing

sequence. Since ¢ € HL(T™, E), from the Proposition 3.7 applied on ¢ and p,, we
get if 1, 1= p, * , we have 1, € C1(T™,E) and

lim ||¢, — ¢|l1w =0.

n—-+4o0o
Besides, we have
supp(¥n) C supp(y) + supp(pn),
and as lim,,_, , o, diam(supp(p,)) = 0, for n large enough, we have supp(v,,) C Int Q™.

We deduce that 1, € C}(T™,E) for n large enough, which ends the proof. O
Proposition 4.14. For all u € H(}J,O(TW,]H[), we have the inequality of Poincaré-
Wirtinger
|w]
IVeul| = ——=|lu].

m/m
Moreover, the map u— ||Vyul| is a norm H} o(T™ H) equivalent to HL(T™, H).
We denote || - ||14,0 the norm given in proposition, which means that for all u €
H iz,()(va H)v
[ull1w0 = [[Veull-
The proof of this proposition is based essentially on the verification of the inequality
indicated for the regular functions, which is the main purpose of the following lemma.
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Lemma 4.1. We denote o = % Then, for all w € C}(T™, H), we have
[dwull = alful]

Proof of the Proposition 4.14. Assume for the moment that Lemma 4.1 holds. Let
u € H) o(T™ H). Consider a sequence (uy), with values in C}(T™,H) tending to u
and for which we apply the lemma. Hence, for all n, we have

IVeunl| = allun-

But, since
|IVou — Viu,| =0,

lim |ju—u,||=0 and lim
n—+o0o n—+o0o

we can take the limit to obtain
[Voul| > alul].

From this inequality, we get for all u € H] ((T"™, H)

V1+a?

lulliwo < llullhe < ———Ilulliwo

which means the equivalence of the norms. This completes the proof of proposition.
O

Now, let us prove the lemma.

Proof of Lemma 4.1. We use the results and notations of Section 2.1. Let u €
CHT™,H) be a fixed function and v = u oy o x;'. So, we have

2
dy = f? [ (/ o
H D K(y—l)

ov
IVl = ko [ | 5-) ()

Take y_1 € D. We set [a,b] :== K(y_1) (we remind that K(y_;) is a closed interval,
cf. Lemma 2.1). We put also ¢(y1) = v(y1, ..., Ym). We notice that ¢ € C!([a, ], H)
and that

2

dyl) dy-1.
H

, ov
@' (1) = @(yl,m,ym)-

1
/K(yl)

But, since ¢(a) = 0, we have

It comes then

ov

2 b
- dy, = '(4)|2 dt.
8y1(y)H Y1 /a\sO()\H

t / /

e(s) my'(s) 01l 22 ((a,b1, ) -1 l| 22 (a1

R e e

where we have used the inequality of Cauchy-Schwarz and dominated each integral
(of positive functions) by the integral on the integer segment. By integration on [a, b],

we deduce that
b—a, ,
ol L2 (fapm) < 5 1" || 2((a,5),10) 5
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and since b — a = diam K (y_1) < 2m/m, we get

el 2o m < TVml|@' || L2(jae),m-

Going back to v, we obtain
2

a'U 1 2
-—W)| dy = / V(Y| dy,
/K(yn 8y1( ) . mm? Ji(y_1) o)l
or, taking into account u
|w]
ldoull > [Jull
m/m

This ends the proof of the lemma. O

Remark 4.2. The fact that a constant non zero function does not verify the relation
of Poincaré-Wirtinger shows that H_ ((T™, H) is different of HJ(T™, H).

Notation 4.1. We denote by apw (m) (or apy if there is no ambiguity on m), the best
Poincaré-Wirtinger constant, that is to say
[Voul

(8] m) .=
pw(m) weHY (T EN {0} ||u

=sup {a > 0:for all u € H. ((T™ H), [|[Voull > a||u||}

We have then, for all m,
Oépw<m> > |w| .
T omy/m

Proposition 4.15. The canonical injection of H} ((T™, H) in L*(T™,H) is not com-
pact.

Remark 4.3. In other words, the space HS)’O('IFT”,H) does not verify a result of the
type Rellich-Kondrachov. This lack of compactness makes it more difficult to obtain
existence theorems in this space or in usual Sobolev’s space Hj ().

Proof. Given the characterization of strong compacts, i.e., for the topology of the
norm of L?(Int Q™) (cf. [3, p. 74]), to deny Rellich-Kondrachov, it suffices to remark
that: there exists € > 0, there exists 2 CC Int Q™, there exists Jy > 0, such that
for all 0 € (0;d0), we can find h € R™, and u € ABy1 (pm ), such that |h[ < 6 and
0w — ul| > e. ’
Before moving forward with the proof, let us make three remarks.
e [t suffices to construct a counterexample with H = R.
e Of course, this does not contradict the continuity of translations in L? because
u depends on 4.
e The fundamental idea to remember is that the absence of compactness is due
to the absence of control of the derivatives which are not in the direction of w.
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We therefore take the case of H = R. Let (b;) be an orthonormal basis such that
by = |‘0‘J’—| We put A C IntQ™, L;, j =1,...,m, m strictly positive reals such that if

i=1
and
TK := U To KK,
aE[O,%Ll]

we have TK C Int Q™. We can then find an open set ) containing 7K and so that
the closure is contained in Int @™ (which means Q@ CC IntQ™). We set 8§y := 2L,
and [ = %Ll.

First step. In this step (which we only do if m > 3), we just have to treat the

case where m = 2.
Let ¢ € C°(R™2,RT) be not identically zero, such that supp(¢) C [T723[0, L;]. We

denote
— 2
9. /]R L
which is a strictly positive real.
We shall look for v = w0 x o 7' having the form
U(ylv s 7ym) - UQ(ylayQ)gb(y?n s 7ym)

If supp(v) C K and if h = 0by with § € (0,dp), we have ||(T,v — v)xall = ||V — v||,
and using Fubini’s theorem we obtain the following identities

17nu = ull® = |02 — valZ2(p)I
and
IVoul® = w1 01va][72 (27,
and finally,
7w = u* = |w|? 17v2 = vl 2y
[Veull? 1010217 2 72y

We see from the previous equality that it is enough to build ve, which amounts to
doing the proof in the case m = 2.
Second step. We shall now construct vs.
Let us fix § € (0,0¢). For 4,5 € {0,1,2}, we denote
Ly Ly ¢
Aii=A4+1—0b — - —b,.
J + 3 1 +J 3 5 2
For all A € Rt we define the function Py on [0,[] by

A z\ 2
Py(z) = 253902X[07z/2] () + A (1 -2 (1 - l) ) Xii/2. ().
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So, we introduce fy as fa(x) = Px(x)xjoy(x) + Axp2n(z) + Pa(3l — 2)xp0,1(x). The
function f, is continuous and it is C' piecewise. We calculate

A
I £lle =25

We set finally, va(y1,v2) = fya/s(y1)X10,6(¥2) + f1 (1) x15,25) (¥2) + Fa—yays (Y1) X[26,36) (Y2)-
So, we have

R ey N (EUC
and
9 4.3 4 170
||81U2||L2(T2) =2 [2 /CO(Ao,o;A1,o;A0,1;A1,1) Wd * co(Ao,1341,1540,2;A2,2) ﬁdy T
Finally, we have
17sp,v2 = vallf2(ry _ 207
H5’1U2”%2(T2) RV
hence we can take in the case arbitrary m
_ ! \/7
€= m 7
This achieves the proof. O

5. FOURIER ANALYSIS AND COMPARISON OF THE DIFFERENT NOTIONS OF
DERIVATION

Remark 5.1. For convenience, we assume that K = C. In the real case, this consists
in working in the complexification of [E, then in obtaining the Fourier coefficients of
opposite indices.

We denote, for u € L?(T™, E) and v € Z™, a(u;v) the element of E

(271)m /Qm e_y(z)u(z)dr.

a(u;v) ==

We also denote

ur~ > aluyv)e,.
veEZL™

We recall the following.

Remind 5.1. The map u +— (a(u;v)),ezn is an isometric isomorphism from L?(T™, H)
into (2(Z™; H).

Remark 5.2. The function e, is of class C*(T™, E) and
dye, =i(v-w)e,.
Proposition 5.1. Let u € H.(T™ E) and v € Z™. We have

a(Vou;v) =i(v-w)a(u;v).
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Proof. Fix v € Z™. The application a(-;v) is linear continuous from L?(T™, E) into
E, hence

a(Tt; v) — alu; v)
; :
By Lemma 3.3, we have a(ry,u;v) = e, (tw)a(u; v). O

a(Vyu;v) = %%

Proposition 5.2. Let u € L*(T™, H) such that
> (v-w)?la(u;v) | < +oo.

vezm™

Then, u € HL(T™ H) and Vou ~ ¥, i(v - w)a(u;v)e,.

Proof. We know (cf. (5.1)) that there exists v € L*(T™,H) such that v ~ >, i(v -
w)a(u;v)e,. For k € N* then form the trigonometric polynomial Py(z) =
Yi<k a(u;v)ey(x). Thus, limy, o [[u — Pl = 0 and limg o0 [[v — Vo Pe|| = 0.
Since (Py; V,, Py) is in the graph V,, which is closed, so that we deduce that v = V,,u
and then v € H}(T™, H). O

Proposition 5.3. Let u and v be two elements of L*(T™ H) such that: for all

p e CHT™, C),
/ (dw@) 'HU—_—/ Y mHY,
’I[‘rn 'Irm

or equivalently, for all p € C1(T™ H),

/mu~Hdwg0:—/va~Hgo,

then uw € HL(T™, H) and V,u = v.
Likewise, let u and v be two elements of L*(T™, C) such that: for all p € C*(T™,C),

| opyu=—[ v
L, utdee) == [ we.

then u € HL(T™,C) and V, u = v.

or for all ¢ € C*(T™, H),

Remark 5.3. This way of defining the derivative of an element of L?(T™, H) is analogous
to that of Sobolev. Also, we will say that v is the weak derivative of Sobolev. This
proposition thus shows that this weak derivative, when it exists, coincides with the
notion already introduced. We will show the reciprocal later.

Proof of Proposition 5.3. Taking ¢ = e,, we obtain that a(v;v) = —i(v - w)a(u;v).
Since v € L*(T™, H), we deduce that ((v - w)a(u;v)), € ¢*(Z™;H), and Proposition
5.2 allows us to conclude.

Let h € H non zeros. Let ¢ € CY(T™,C). We apply the hypothesis with the
functions ¢y (z) := p(x)h. We get the result.

It is a special case with H := C. O
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6. LINK WITH PERIODIC DISTRIBUTIONS AND DISTRIBUTIONS ON THE TORUS

6.1. Preliminary on vector-valued distributions. We denote by D(R™, K) the
vector space of class functions C*° from R into K which vanish outside of a compact.

The space of distribution with values into E is by definition £(D(R™, K),E). We
will note it D'(R™, E).

Proposition 6.1. Fach function f € L} (R™ E) defines a vector valued distribution
Ty, for all ¢ € D(R™,K) by

(Ty; ) == /m o(x) f(z)d.

Proof. Since f € LY _(R™ E), we have f € L} (R™ E) which shows in particular that
for all p € D(R™, K), of € LY(R™ E) and so that [zm ¢f € E. Besides, we have for
all ¢ € E

le" & f| < ||| flE,
and so € ‘wxg f € L}, . (R™ R) for all ¢ € E'. Due to [14, Proposition 19, p. 66|, we
deduce that f define a vector distribution. O

6.2. Periodification. The main reference here is [18].

Proposition 6.2. Let ¢ : R™ — E be a function with compact support. Then, for all

r € R™,
w(p)(@)= Y. ()

Ae2nzm
is well defined, the function w(p) : R™ — E is periodic, and 2rZ"™ C Per(w(y)).

Proof. Existence. We will verify that the sum defining w(y)(z) is finite.

Let z be fixed. Ty¢(x) # 0 implies © + A € supp(y) which gives A € (supp(yp) —
x) N 27Z™ and as this intersection is finite because the support of ¢ is bounded, we
deduce that the sum defining w(p) deals only with a finite number of terms, hence
the existence of w(yp).

Periodicity. This property is a direct consequence of the fact that 27Z™ is a
group. 0

The operator w extends to compactly supported distributions as follows. For
T e &(R™ E), we set for all p € D(R™,K)

(@) = (T;mp).
Proposition 6.3. w applies continuously D(R™, E) into E(R™,E) and &'(R™,E) in
D'(R™ E).

Proof. Let K be a fixed compact of R™. w applies continuously Dg(R™ E) into
E(R™ E), hence D(R™,E) into E(R™,E). The expression defining w for distributions
allows to conclude at the end of the proposition, since w is defined as being its
transpose (with an abuse of notations). O
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Proposition 6.4. The following statements are true.

1. For all T € &'(R™ E), wT is periodic and more exactly we have for all A €
272™ w(n\T) = 1\(wT) = wT.

2. For all F € D'(T™ E) and ¢ € D(R™,K), we have w(F) = (wy).F.

3. Forall f € C*(T™,K) and T € &(R™ E), we have w(fT) = f.(=T).

Proof. We refer to [18, p. 62-63], where the proofs can be adapted without problems
to the Banach framework as arrival space.

The assertion 1. is immediate by transposition.

For the assertion 2., we have 7\(¢YF) = 7\(¢Y)7\(F) = 7\ (¢) F as F is periodic. We
can conclude by passing to the sum.

The last assertion can be done as the second one. 0J

Proposition 6.5. The following statements hold true.
1. If p € COY(R™ E), then w(p) € C°(T™, E).
2. If ¢ € CHR™E), then w(p) € CYT™,E) and moreover, we have for all
1=1,...,m

w (gi) = 87;(330) and  w(d,p) = d,@(p).

3. For all k € NU {400}, if p € CE(R™ E), then w(p) € C*(T™ E).

Proof. We notice that 3. is a consequence of 2. by iteration. We also notice that
supp(7ap) = supp(p) — A.

Let fix an x. We shall prove that on a ball centered in z, we can choose a fix finite
set of indexes A for which the terms of the sum are non zero. The assertions of the
proposition will follow immediately. Noticing K the compact supp(¢) — x, we remark
first that d(z;supp(ap)) = d(A; K), and for some r > 0 being fixed, the set

Z :={\ € 2nZ™ : d(x;supp(map)) < 1}

is finite, and since Z = {\ € 27Z™ : Int B(x,r) Nsupp(map) # 0}, we have over
Int B(z,7),w(¢) = Yaez Tap. Proposition is then proved. O

Remark 6.1. Previously, we have extended some functions u : Int Q™ — E to functions
@ : T™ — E. Denoting by wug the extension of u to R™ by 0, we have & = w(uy).

6.3. Periodic distributions and distributions on the torus. Here also, the main
reference is [18] where the proofs can be adapted to the Banach framework. We begin
by a lemma of periodic partition of the unit.

Lemma 6.1. There exists a function 6 € D(R™ R) such that wf = 1.
Proof. See [18, p. 63]. O

Lemma 6.2 (Surjectivity Lemma). 1. For all f € C®(T™ E), there exists p €
D(R™ E), such that f = w(p).
2. For all F € (C>®)(T™,E), there exists T € &'(R™,E), such that F' = w(T).
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Proof. Taking into account (6.5), we can take ¢ = 0f and T'= 0F. O

Proposition 6.6. The spaces D'(T™ E) and (C*°)'(T™,E), equipped with the same
dual topologies (strong ones or week ones), are algebraically and topologically isomor-
phic.

Given the importance of this proposition, we demonstrate it in details.

Proof. 1. w applies continuously D(R™, K) in E(R™, K), and so does apply D(R™, K)
in &(R™, K)ND'(T™, K) = C>°(T™, K). Its transpose, denoted as w’ and defined for
all L € (C*°)(T™, E), and all ¢ € D(T™,E) by

(@ L; ¢) = (L; )1
applies then continuously (C*°)(T™,E) in D'(R™, E). But, @’ L is a periodic distri-
bution, and w? sends continuously (C*)(T™,E) to D'(T™, E).

2. Let 0 given by lemma of periodic partition of the unit. The application f + 6f
applies then continuously &(R™,K) in D(R™ K). Let © be the restriction of this
application to C*°(T™,K). © applies also continuously C*°(T™, K) in D(R™,K), and
so its transpose continuously applies D'(R™,E) in (C*)(T™,E). Its restriction to
D'(T™, E), again noted ©F, applies D'(T™, E) continuously in (C*)'(T™, E).

3. We check by a simple calculation that ’ and ©7 are reciprocal. O

Remark 6.2. From now on, we will systematically do this identification.

Remark 6.3. We can explain this correspondence.
1. Given F € D'(T™,E) and T any distribution with compact verifying wT = F,
we have for all f € C®°(T™ R) (F, f)rm = (T f).
2. If in addition F' is locally integrable, we can take 1" = xom F’, and
(F, f)m = /Q _F(x)f(z)da.
6.4. Link with the concepts previously introduced. We define Percival opera-
tors for the distributions.

Definition 6.1. We define the following.
1. The operator 9, on D'(T™,E) in the following way. If T € (C>=)(T™,E), we
set for all p € C°(T™,K) (0.T;¢) = —(T;dy,p).
2. For T € D'(IntQ™,E), D,T, for all ¢ € C®(Int Q™ ,K) by (D,T;p) =
_<T; dw30>

Remark 6.4. The following assertions are true.

1. If ¢ € CY(T™ E), then ¢ € D'(T™,E) and 0, = dy,¢.
2. If p € CH{Int Q™, E), then ¢ € D'(Int Q™,E) and D, = d,¢.

We now indicate a characterization of H!(T™,H) in terms of periodic distributions.
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Proposition 6.7. The following equality holds true
HL(T™ H) = {u € L*(T™, H) : 0,u € L(T™ H)},
and if w € H:(T™ H), we have V,u = 9, u.

Proof. We shall suppose that K = C for sake of simplicity.
Inclusion H!(T™ H) D {u € L*(T™, H) : d,u € L*(T™ H)}.
Let u € L*(T™;H) such that 9,u € L*(T™, H). We remark first that we have for
all p € C°(T™,K) the following relation on d,
go-@wu:—/ dyp - u.
Tm Tm

By Proposition 5.3, we deduce that u € H!(T™, H) and d,u = V, u.
Inclusion H}(T™ H) C {u € L*(T™ H) : d,u € L*(T™ H)} .
From 4. of Proposition 4.11, if w € H}(T™, H), we have for all ¢ € C*°(T™, K)

/ eVyu = —/ dyp - u.
Tm Tm

But, this means that V,u = d,u, and so d,u € L*(T™, H). O

Each function f € L}, .(R™ E) presents a distribution noted by 7;. We denote
D; the distributional partial derivatives on D’'(R™,E) and D,, the operator D, =
S w;D;. We recall that d,,u has been defined for u € H!(T™ E).

Proposition 6.8. Let u € H.(T™ E). Then, we have on D'(R™ E)
D,T,, = Tpy,u,
that is, D u is represented by O,u.
To begin with, we notice that Tp_,, is well defined because
d.u € L*(T™ E) C L} (R™E) C L,.(R™,E).

Proof. Let ¢ € C*(R™,K) be a fixed function. There exist Aj,...,\, such that
supp(p) C Ui (@™ + X;). Let i € {1,...,m}. We have

Oy 0y

875) = - o %U,

and since if ¢ # 7, (Q™ + X;) N (Q™ + A;) is of zero measure, this integral is equal to

_Z/Qm+/\ axz __Z/m&px—'ﬁ/\) (& + Ay)de

:_Z/m&”f“ (a)dz

o (5752
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But, if z € Int Q™ and A isnot a A;, j =1,...,p, we have p(x + A) = 0 by definition
of A;. Thus, the obtained integral is equal to

dp
— w
Int Q™ ox;
Therefore, we finally obtain
(6.1) (DTig) == [ w(dp)u.
Int Q™

Moreover, arguing in the same way, we have the following identities

/ 00, u—Z/QmH 00, u—Z/tQm T,\<p8u—/IQO (ZT,\ )

— [ Qe =~ [ wda (@)=~ [ @ (dp)u
Int QM Int QM Int Q™
Thus, we have shown that
QO@LUU - = w (dw<90)) u.
Rm Int Qm

Comparing this equality with the equality (6.1), we finally see that for all ¢ €
C®(R™ R)
<DwTu7 S0> = / 2 &uua
Int Q™
which ends the proof of proposition. 0

7. SOBOLEV SPACES ON Int Q™

Definition 7.1. We define
HL(Int Q. E) := {u € L*(Int Q™. E) : Dyu € L*(Int Q™ E)} ,

which we endow with the norm

il 1=/ g 1+ 1D

We define an inner product on H!(Int Q™ H) by setting, for all u,v € H(Int Q™, H)
(u;v)y, = / w-gv+ Dyu g Dyv.
Int Q™

Proposition 7.1. H!(Int Q™ E) is a Banach space (Hilbert space if E = H).

Proof. Let (uy), be a Cauchy sequence with values in H!(Int Q™,E). Then, the
two sequences (uy), and (D,u,), are of Cauchy with values in the complete space
L?(Int Q™,E), and so convergent to u and v respectively. Besides, the operator D, is
continuous, and so that we can say v = D, u, which proves that u € H!(Int Q™, E). O

Definition 7.2. We define H} ;(Int Q™,E) as being the closure of C}(Int @™, E) in
H!(Int Q™ E).
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Remark 7.1. We can define also H!(R™, E).

The following two propositions explain the links between Sobolev spaces on the
torus and Sobolev spaces on the cube.

Proposition 7.2. The following assertions hold true.

1. For allu € HL(T™ E), u,, ,m € H.(Int Q™ E).
2. For allu € H), ((T™ E), € H) ,(Int Q™ ).

Proof. 1. Let u € HL(T™ E). We set w = uj, ,n and z = Vyuy, ,n- Let ¢ €
C(Int @™, K). There exists ¢ € C°(T™,K) such that ¢y ,. = ¢. We then
successively have

Jrogn 7= [0 a) == | (@dtu=— [ (dp)u

This shows that 2 = D w and so w € H!(Int Q™ E).

2. Let u € H), ((T™, E). By 1, u),, o € HL(Int Q™ E). Let (f;); be a sequence of
elements of C} (T™, E) converging to u in H}(T™, E). We denote by g; the restriction of
fi toInt Q™ and w = wy, ,m- We have then : |[w—g;ll., = ||u— f;]|1 . and so the term
in the left tends to 0 as j tends to infinity, which means that : w € H} o(Int Q™,E). O

ulInt Qm

Proposition 7.3. For allu € H} ,(Int Q™,E), there exists a unique @ € H} ,(T™, E)
such that U)om = u. Moreover, Vi, = Dyu.

Proof. Let u € H, ((Int Q™,E) and (f;); be a sequence of C!(Int Q™ E) converging
to u in H} o(Int @™, ). So, there exists a sequence (Fj); of C!(T™, E) such that the
restriction of F; to Int Q™ coincides with f;. The sequence (F}); is of Cauchy in
H! o(T™,E) and so converges to a function U. We denote v the restriction of U to
Int Q™, which is a function of H) ,(Int Q™,E) due to the previous proposition.

Besides, we have [|[v — fj[l. = HU F}||1,0- Since the right hand side term tends to
0 as j goes to 0o, the term of right so is, and then by uniqueness of the limit, we have
v = u, that is, u = U}, and so we obtain the existence of @.

Let us now prove the uniqueness. Let U; and U, be two candidates. We have

[n=vlt=[ ji-ta= [ ju-ui=o,
™ Int Q™ Int Q™

which ends the proof. 0

Remark 7.2. The two preceding propositions show in particular that the application of
H, (T™ E) to H} o(Int @™, E) which associates to u the value u|mgm is an isometric
isomorphism. That allows to identify the two Hilbert spaces.

8. HIGHER ORDER SPACES

Let us quickly point out that we can of course define higher order Sobolev spaces.
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Definition 8.1. Let p € N*. We define the space HE(T™ E) as the space of u €
L*(T™,E) such that for all j < p, Viu € L*(T™, E). It is endowed by the norm

P ‘
ullpw = | 2 ([ Visulf?,
§=0

and is a Hilbert space when E = H.

Similarly, we define of course HE(Int @™, E). We can also define as well other spaces
built using L? where p # 2. Due to future needs, and since the study of H.(T™, E) is
already very detailed, we will not dwell more on these spaces.

9. ON THE ABSOLUTE CONTINUITY OF THE FUNCTIONS OF HP(T™, RY)

We suppose in this paragraph that E = RY.
Let v € H(T™ RY), and let g := wo x;'. Then, g € L} (R™ RY) and D,g €

loc

D'(R™ RY)N L3 .(R™ RY). Let now C™ ! be a convex set with non empty interior

loc
of R™! and = := (0 x Int(C™1)).
Fix an € > 0. We introduce
Qi =(n—e,n+1+e)xInt(C™1),

this is an open convex subset of R™, g, and D (g, ) are into L*(€,,RY).
Set now

O, = {y_l e Int(C™ 1) : [yy = g(y1,y-1)] € AC((n—e,n+1+¢) ,RN)}.

Due to Necas [10, p. 61], for each integer n, O, is of full measure in Int(C™~!). Since
a countable union of negligible set is a negligible set, we deduce that N,, O, is also of
full measure Int(C™1). But

MOw = {y-1 € t(C™ ) : [y = g(y1,y-1)] € ACie (R, RY)}.

By remarking that u(tw + 370, y;05) = g(t|w|, y-1) and that x1' is a linear isometry,
we have then established the following.

Lemma 9.1. Let u € HL(T™ R"Y). Then
== {6 € E: [t ultw+&)] € ACL(R,RY)}
is of full measure in =.
We shall now establish the following proposition.

Proposition 9.1. Let u € HP(T™ RY).
1. There exists =, of full measure in = such that if £ € Z,, for Lebesque-almost
every t € R, the function t — u(tw + &) is differentiable, and
di 4
Slultw + 9] = (Viu)(tw+¢), je{0,...,p}, [t utw+ )] € Hi (R, RY).
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2. If u € HP(T™ RY) N L®(T™,RY), then there exists =, of full measure in =
such that if £ € 2,
[t = u(tw+&)] € HY,

? (R,RY) and Sup [u(tw + &)| < ||ull poe (1m Y-
€
Proof. First assertion when p = 1.
1. For y_; € 2/, the function y; — ¢(y1,y—_1) is locally absolutely continuous, and
so almost everywhere differentiable, and

0
Dig(y1,y-1) = (‘3ygl(y1’y_1)’

So, for almost every t € R, we have

0
Dig(tjw],y_1) = ajlwww,y_o-

Let to arbitrary such that these two members exist. By composition, t — g(t|w]|, y_1)
is differentiable in ¢, and we have in this point

d dg
%g(t|w|’y—1) = |W|8Th(t|w|ay—1)-

Besides, since we have

d n d
%u (tw + Zyjbj) = %Q(ﬂwla 971)7

=2

we deduce %u(tw + Z y;b;) exists t-almost everywhere, and then:
j=2

d m m
au (tw + Zyjbj> = V,u (tw + Z yjbj) s
j=2

J=2

which we looked for.
2. We write & = Y27, y;b;. Since x;' is a linear isometry and V,u € L, (R™, RY),

loc

Dig = Vouoxi' € L (R™ RYN). Thus, |Dig|*> € LL.(R™ R) and so by Fubini’

loc loc

theorem, |Dyg(-,y_1)|*> € Li.(R,R) whence Dig(-,y_1) € L (R,RY). From the
previous calculus, we get [t — Su(tw + §)] € L} (R, RY), and then [t — u(tw +&)] €
Hioo(R,RY).

First assertion for any p. We shall proceed by induction. Let p > 2, and assume
the assertion true for 1 and p — 1. By induction hypothesis for p — 1, there exists =,_;

of full measure in = such that for all £ € Z,_y, [t = u(tw + &)] € H.. (R, RY) and

loc
J

cczltj[U(thrf)] = (Viu)(tw+¢), je{0,--- p—1}
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Since V2 'u € HL(T™,RY), by induction hypothesis for the rank 1, there exists =* of
full measure in = such that for all £ € =%, [t — (V2 u)(tw + &)] € HL.(R,RY) and :

V% )1 +-6)) = (V)1 +6), € {0, p—1)

which gives the rank p as on the set =, := =, 1 N Z* we have
d d [ dr! ar
— p—1 = — | — = —
ﬁKkuxm+fﬂ dtbﬁ*muw+04 dﬁm@w+9}

Second assertion. Using the same technique as in the proof of the previous lemma
and the positive version of Fubini’s theorem, we see that all

{€ €2 fultw +&)| < lullo}
is of full measure in =, and so the assertion 2. results from the first one and taking into

account the fact that the intersection of two sets of full measures is of full measure,
too. 0

10. TRACES THEORY

10.1. Description of the boundary of ()™. The assertion 2. of Lemma 3.1 de-
scribes the border of the cube. We can decompose it into parts of dimensions k£ = 0
to m — 1. The part of dimension £ is :

{peoQ™:card{j: |pj| =7} =m—k}.

We denote F™ the part (open faces) of dimension m — 1. It corresponds to the regular
border of Q™ (cf. [5, p. 77] and [6, p. 95]). Denoting, for (i,j) € {1,...,m} x {1,2}
F; = (—m,m)"t x {(2j = 3)7} x (=7, )™,

we then have
5~ JF.
]
We introduce the following notations.

o R(OQ™) := 0Q™ + 2wZ™ (network generated by 0Q™).

o If p € I, we denote w(p) := 5(p)‘:j—‘ where £(p) is equal to 1 or -1 so that
w(p) is returning at p in Q™. F; being a relative open, this has a good sense
(If w and —w were simultaneously leaving (or returning) in p, w would be
tangent, which is contradicted by the freedom of its components). If p,q € Fj,
w(p) = w(q), we note w; ; the common vector.

e We define an involution p on Q™ by setting

p(=m ;) = (m,2;) and p(7,z_;) = (-7, 2_;).

We remark that p(Fj‘) = F?f_j and we call that these faces are opposite.
Remark 10.1. w(p(p)) = —w(p) and so w; 3_; = —w; ;.
Lemma 10.1. There exists 7o > 0 such that if v € (0, )], we have the following.
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o At least one of the intersections is empty

w W

(p,p + 7) N ROQ™), (p,p - 7) N R(OQ™).

|w] w]
o If (p.p+w(p)) NROQ™) # 0, then (p(p), p(p) — Yw(p)) N R(OQ™) = 0.
o co{Fj; F} + ywij} N co{Fy_;; Fy ; + ywiz—; = 0, where co{A, B} =
{da+(1—=Xb:(\a,b) €[0,1] x Ax B}.
Proof. Let @ := ‘:‘j—‘
First step. Let

v(p) := sup {v >0: (p,p—7@)NROQ™) =0 or (p,p+ &) N ROQ™) = @}

and 7y, := inf,eqm y(p). It is clear that v(p) is the upper bound of a nonempty set
plus strictly positive reals, it is then into R, \ {0}. We will find a strictly positive
real lowering all the (p), which shows that v, > 0.

For v(p), let us introduce

7;(p) :=sup {7 >0 (pj,pj —@;) N (7 +27Z) =0
o (p;,p; + @) N (1 + 20Z) = @}.

Since (p € R(0Q™)) if and only if exists j, p; € m 4+ 27Z, we have y(p) > min; v;(p).
Let p € 3™ and assume without loss of generality that p; = 7. We calculate

N(p) = 2 and if j > 2

max {d(p;; ™+ 27Z); d(21 — pj; 7+ 27Z)} ST

|5 @yl

v5(p) =

We conclude that

(s
> in —.
Yp) 2 o

Therefore, we have proved that 7y, > 0, and all v9 < v, satisfying the first condition.

Second step. We shall show that vy < 7 satisfies the second condition.

In fact, the first condition being verified, if v < ~; and if (p, p + yw(p)) N R(OQ™)
is non empty, then (p(p), p(p) — yw(p)) N R(OQ™) is empty.

Third step. Let us fulfill the last condition.

We set Bj(7) := co{F}; Fj 4+ ywi;}. Bi(v) and Bj_;(v) are two parallel bands, of
width less than 7|w|; they don’t intersect if 2v|w| < 27. Setting s := ﬁ, we ensure
that

(v <) = (Bj(v) N B;_;(v) = 0).
Thus, every v < 7 permits to fulfill the third condition.
We may then set 7o := min{v;; 72} to conclude. O

Notations 10.1. We introduce now the following notations:
o Ki:={pecF:(pp+wi;) NoQ™ = 0};
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o Li:=F K}

g

° S; = f(]Z + wi,j[O,fy];

o K = ULJK}
o [ = U,L’JLé,
e S := ULJS;

Remark 10.2. The last condition of the lemma ensures that p(L}) C Fj_;

10.2. Integration on the cube boundary. For sake of simplicity, we introduce the
following notations.

Notations 10.2. For v € C°(0Q™,E) and (i,7) € N,,, x Ny, we put
o I!(u) == /[7r - uw((25 — 3)m, x_;)dx_;
do; = It (u) — I (u);
o [, udosi=I3(u) ~ L)

m
° udo, == ) w; / udo;.
/aczm ¢ ; aQm

By density, these continuous linear forms extend to L'(Q™, E). We set finally, for
u € L*(0Q™ E)

2200 ) ::¢ S I(ul2).

1<i,j<m
Lemma 10.2. Let f € CH(Q™, A) and g € C1(Q™,B) with € = K. We have the
following.

1. For alls

Qm 83:1 / feo 83:1 + f © gdoi.

/Qm(dwf)ogz—/meo(dwg)ju/anngdaw_

Proof. This is to use the Stokes formula for ™. This is allowed (cf. [16, p. 343] or
[6, Chap. XXIV, n. 14]), and we have then, applying this formula to the differential

form f.g \j.; dx;

/Qm s ea) = [ fogdn,

and so that the first assertion is obtained by developing the derivative of product.
From there, the second assertion is immediate by linearity. 0J

10.3. Traces operators. We introduce the operator of traces Ty : C'(Q™ E) —
L*(0Q™,E), which canonically extends into an operator Ty : C1(T™ E) — L*(0Q™, E).
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10.3.1. An intermediate estimate.

Proposition 10.1. There ezists a constant C > 0 such that, for all u € C*(T™,E),
we have

1To(w)l[ 2 0gm 5) < Cllull -
To prove this proposition, we will start by proving the following lemma.

Lemma 10.3. There exists a constant Cy > 0 such that, for all u € C*(T™,E), we
have :

[ 1To(w) Edo, < G [ [julf+|douf2] .

Proof. Fix u, and let i, j be given.
We choose on F ; a system of local coordinates (£,7), where £ € R™™! is tangent to
KJ’: and 7 is the coordinate following w; j, such that

Kic{(£0): ¢ R}

For the sake of simplicity, noting by u, := g—;‘, we have for t € [0;7]

u(E,0) = [l mdn + e,
and so,
(€ 02 < 27 [ fuy(€ )fEn + 2ule, O,
and thus,
u(€, 0% <29 [ fug(é,m)lEdn + 2u(& D

We integrate over ¢ between 0 and ~, to obtain

(€ 0 <2 [ (+%un (€ I3 + ule, mIE) dn.

Integrate overt & on K; It comes

e 0z < 2 [ [ (e mE + s m)2) e

Let A;; be the absolute value of the Jacobian for the transformation (£,7) —
(x1,...,2m). We have

2 72
[ e e < 2 mae {1 T [ ful ¢ o

J
Multiply by w; and sum over (3, j).
Denoting A := n(n‘aic{wiAi,j} since each point of S is into at most 2m sets S}, we
17]

have

ZwiAi,j/. S QmA/,
i S;. S
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and finally we get

4 2
/K lu|zdo,, < ;mA max {1, |W|2} /S || + |ulg.

We can then take
4 2
Co := | —mA max {1, 72}
v |w]

Proof of Proposition 10.1. By periodicity of v and by Remark 10.2, we have
[ 1To(w)idon < [ 1To(w)2do.

Since in addition

S Do) o = [ (To(u) o + [ |Th(u) o,
the periodicity of v and the lemma allow to conclude with C' = Cyv/2.
10.3.2. Extension to HL(T™ E).

Proposition 10.2. The map Ty can be extended to a linear continuous map

Yo 0 Hy(T™, E) — L*(0Q™,E).
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Proof. By the previous proposition, the application T} is linear and continuous of
(CHT™ E); | - |lg(rm g)) into L?(0Q™, E) and since C'(T™, E) is dense in H}(T™, E),
Ty can be extended in a unique way to a linear continuous application v from

HL(T™ E) into L?*(0Q™, E).
Remark 10.3. T, extends
Jo : HL(Q™ E) — L*(0Q™,E),

which is linear and continuous.

O

10.4. Theorem of traces. The main purpose here is to prove the theorem of traces,

which gives
H}o(T™, E) = Ker .
Let u € L*(Q™,E). u can be canonically extended to
e i€ L*(T™ E);
® U= xgm.U.

Lemma 10.4. We have the following.
1. Ifu e L*(Q™,E), then u € L*(R™ E).
2. Ifue H(Q™ E) and 5o(u) = 0, then, for all ¢ € C1(Q™,K), we have
@'ku:_/ (dw(p)u
Qm m

3. Ifue H(Q™ E) and (u) =0, then u € H.(R™ E) and V,a = V,u.
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Proof. 1. Since u is measurable, @ is obviously measurable. We have

~12 ~12 2
U </ U </ Uulg < +00
/| ‘]E— | ’E— ’ ‘u«: )

and so that @ € L?*(R™ E).
2. There exists (uy), with values into C'(Q™, E) converging to w.
Since 7 is linear continuous, we see that (o(u,)), is of Cauchy in L?(Q™,E) and
so converges, and that the limit is §o(u) = 0.
Stokes formula immediately gives that
od,u, = —/ (dwp)uny, +/ © - Fo(uy)doy,.
Qm Qm oQm

Taking the limit, we get the desired result.
3. Let p € C1(Q™,K). We have

¢-Voi=— [ (dup)t,
Rm Rm

due to derivation within the meaning of distributions; but the first term is

[ o= [ (Vo= [ o (Veu),

because of 2.
Thus, for all ¢ € C1(Q™,K), we have

Rm@-ku:/mgw(ku),

which gives the assertion 3. 0

Lemma 10.5. Let u € L2(Q™,E). We define for a > 1, i, : R™ — E by
Uo(x) == u(ax).
Then
1. @, € L*(R™,E);
. supp(t,) C Int Q™;

2

3. limg 1+ ||Ua — || L2@@m 5y = 0;

4. If in addition @ € HL(R™,E), then @, € HL(R™ E) and
lim ||1~La — ’aHH}u(Rm,E) =0.

a—1t

Proof. 1. It is a consequence of the previous lemma.
2. Since supp() C Q™, it comes that

1
supp(ts) C an C Int Q™.

3. Suppose, first, that v is in addition continuous.
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There exists then in R the number M := sup |i(z)|g. Besides,
w€RM

[0 =l Fagny < [ V() = () B

For a fixed z, |t (z) — @(z)|% tends to 0 as « tends to 1, and this function is less than
the constant 4M?, which is integrable on Q™. Lebesgue’s dominated convergence
theorem allows us to conclude.

Now, let us move on to the general case. Let us fix € > 0. By density, there exists
¢ € C°(Q™,E) such that [|a — §|| 2w g < /3. Since ¢ is continuous, there exists
oo > 1 such that if o« € (1,a0), we have ||@q — @[|r2mm ) < /3. We have then if
ae (1,a)

tia — Ul L2@mEy < |@ — @llL2@m E) + [|Pa — Gllz2@mE) + |Pa — UallL2@mE) < €.
4. Due to Lemma 10.4, we know that @, € H.(R™ E). By 3, it suffices to show
that
li Uy, — U m oy = 0.
lim [0, (G — @) ||z ) = 0
But, we have
||aw (ﬂa - ﬂ) ||L2(R77L’]E) S ||(aw’fb)a - awaHL2(R7n7E) + ||(awﬂ)a - aw(aa>||L2(R7n’]E).

Besides, by 3, the first term of the right hand side tends to 0. For the second, we may
write

1(0uit)a = Ous(tia)|| L2@m gy = (@™ = 1|00 (Ga) || 2R 5)
which is the product of a term tending to 0 by a term bounded at the neighborhood
to the right of 1, so the limit is 0, which ends the proof of the lemma. 0

Theorem 10.1 (Theorem of traces). We have H} ,(T™,E) = Ker .

Proof. We shall prove firstly that H} ,(T™,E) C Ker~,.
Let & € H}o(T™ E), u € H}((Q™, E) associated to and (¢,), be a sequence of
CH(T™,E) converging to u in H), o(T™,E). We have for all integers n

Yo(en) = To(pn) = 0,

and so by continuity of 7o, we have vy(u) = 0, and so that vo(@) = 0 and the inclusion
is therefore proven.

Conversely, we aim to prove that H} ;(T™, E) O Ker .

Let @ € Kernyg, u € H:(Q™, E) associated and & > 0. By Lemma 10.5, there exists
oo > 1 such that ||& — g, g1 @wm gy < /2. Let (pn)n be a regularizing sequence. Then,
for all n, p, * e, € C,,(R™, E).

Moreover, since supp(t,,) C Int Q™ and diam(supp p,) tends to 0 as n goes to
+00, we know that for n large enough, supp(p, * ta,) C Int @™. There exists a

€ C!,(Q™ E) such that || — ta, 1. < €/2. Finally, we get [l¢ — u|1 < e, which
proves that u € H) ((Q™,E), i.e., 4 € H, o(T™, E). O
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11. CONCLUSION

In this work, we have completely studied the relations between functions on the
torus and the functions defined on the m-dimensional cube @ = [—m, 7|™.

We have in particular presented the spaces derived from Percival’s formalism and
adapted to them the usual results. We have noticed that whether some results extend,
some do not: for example, the Rellich-Kondrachov theorem is no longer valid here.

This study has a number of direct and indirect applications in the search for
almost /quasi- periodic solutions of an ordinary differential equation and transforming
it to the search of periodic solutions in each variable of a partial differential equation.

Acknowledgements. The author would like to thank the referees for their comments
and suggestions on the manuscript.
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