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LIPSCHITZ p-APPROXIMATE SCHAUDER FRAMES
K. MAHESH KRISHNA! AND P. SAM JOHNSON?

ABSTRACT. With the aim of representing subsets of Banach spaces as an
infinite series using Lipschitz functions, we study a variant of metric frames
which we call Lipschitz p-approximate Schauder frames (Lipschitz p-ASFs). We
characterize Lipschitz p-ASFs and their duals completely using the canonical
Schauder basis for classical sequence spaces. Similarity of Lipschitz p-ASF is
introduced and characterized.

1. INTRODUCTION

Grochenig in 1991 introduced the notion of Banach frames [17] as a generaliza-
tion of notion of frames for Hilbert spaces introduced by Duffin and Schaeffer in
1952 [11]. This notion originated from the study of atomic decompositions and
coorbit spaces arising from square integrable representations of locally compact
groups developed by Feichtinger and Grochenig in 1980’s [13-15]. Casazza, Han
and Larson in 2000 explored the connection between Banach frames and atomic
decompositions and introduced the notion of (unconditional) Schauder frames [8].
In 2001, Aldroubi, Sun and Tang introduced the notion of p-frames and p-Riesz
bases for Banach spaces, 1 < p < 400 [1]. These notions have been generalized
by Casazza, Christensen and Stoeva by introducing the notion of Xy4-frames [5,9].
A slight variant notion of Xj-frames for Banach spaces was given by Terekhin
[24-26]. In 2014, Thomas, Freeman, Odell, Schlumprecht and Zsak [16,27, 28]
introduced the notion of approximate Schauder frames as a generalization of
notion of Schauder frames by Casazza, Dilworth, Odell, Schlumprecht and Zsak
[4] (also see [10]). In 2021, Krishna and Johnson characterized some classes of
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approximate Schauder frames [21]. In 2022, Krishna and Johnson introduced
metric frames which have surprising connections with subsets of Banach spaces
using Lipschitz-free Banach spaces [22]. We now ask the following question which
is the main motivation for writing the paper.

(1.1) Can we represent a subset (which need not be a subspace) of a Banach
"/ gspace as an infinite series using Lipschitz maps and elements of the set?

Note that we can not demand linear functionals in the above problem as we
are not considering subspaces. Motivated from 1.1 we study representation of
subsets (need not be subspaces) of Banach spaces using Lipschitz functions.

The paper is organized as follows. We introduce the notion of Lipschitz p-
approximate Schauder frame (Lipschitz p-ASF) for subsets of Banach spaces in
Definition 2.1. Followed by interesting Examples 2.1, 2.2 and 2.3, factorization
property of Lipschitz frame map is derived in Theorem 2.1. Lipschitz p-ASFs are
characterized in Theorem 2.2. Next we introduce the notion of dual frames in
Definition 2.2 and classify them in Theorem 2.4. Definition 2.3 introduces the
notion of similarity and Theorem 2.5 gives an operator-theoretic characterization
for similarity. Orthogonality of frames is introduced in Definition 2.4 and interpo-
lation result is derived in Theorem 2.6. We end by formulating an open Problem
in Section 3.

2. LIPSCHITZ p-APPROXIMATE SCHAUDER FRAMES

Let X be a real or complex Banach space and M be a non-empty subset of X.
The identity operator on M is denoted by I¢. The set of all Lipschitz functions
from M to X is denoted by Lip(M, X). For 1 < p < 400, the canonical Schauder
basis for ¢’(N) is denoted by {e,}, and its coordinate functionals are denoted by
{Cn}n- We introduce the following important notion as a first step in answering
Motivation 1.1.

Definition 2.1. For 1 < p < +o0, let X be a Banach space and M be a subset
(need not be a subspace) of X. Let {7,}, be a sequence in M and {f,}, be
a sequence in Lip(M,X). The pair ({fu}n,{7n}n) is said to be a Lipschitz
p-approximate Schauder frame (we write Lipschitz p-ASF) if the following
conditions hold.

(i) The map (analysis map)
O M3 x> 0z = {fn(x)}n € P(N)

is a well-defined Lipschitz map.
(ii) The map (synthesis operator)

“+o00
0, : (°(N) 3 {an}n = 0-{an}t, =D a,7, € X

n=1

is a well-defined bounded linear operator.
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(iii) The map (Lipschitz frame map)

+oo
Spr M2z Sprx=> folz)meM

n=1

is a well-defined invertible bi-Lipschitz map and
+o0o
(2.1) =" fol®)S; m, forallz e M.
n=1

If St = Iy, then we say that ({f,}n, {7n}n) is a Lipschitz p-Schauder frame
(we write Lipschitz p-SF). If we do not impose the condition ‘invertible bi-Lipschitz’
and Equation (2.1) in (iii), then we say that ({f.}n,{7}») is a Lipschitz p-
Bessel sequence (we write Lipschitz p-BS) for M.

Whenever M = X, and f,,’s are all linear, Definition 2.1 reduces to definition of
p-ASF given in [21]. It is important to note that the partial sums of series in (iii)
of Definition 2.1 need not be inside M (which may not be as it is only a subset)
but only demanding limit has to be inside M. Definition 2.1 says that there are
a,b,c,d > 0 satisfying following:

—+00

> (fal®) = fuly))m

n=1

400 %
(Z o) - fn(y)\p> <clr—yll, forallay e,

n=1

allz =yl < <Olle—yl, forallz,yeM,

+oo
> anTa

n=1

+o00 %
<d <Z \an|p> , forall {a,}, € /°(N).

n=1

We call a as lower Lipschitz frame bound, b as upper Lipschitz frame bound, ¢
as Lipschitz analysis bound and d as Lipschitz synthesis bound. We give various
interesting examples of Lipschitz p-ASFs.

FExample 2.1. Let X :=C, p=1 and

1 , N2, /2\?
M::{ZE(C:|Z|§2|2+1|}: $+2y:x,yER,<x—3> +y S() :
For n € N, define

fo M3z fulz) = (1+z

We first show that f,, is Lipschitz for all n. For z € M,

) eC, 7,=1eM

1—|z—|—1|S‘1—|z+1|‘§’1—(z+1)‘:\z|§;|Z+1|.
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Hence,

|2+ 1] > =, forall z € M.

Wl Do

Let z,w € M. Then for each n € N,
z n w n
)= 5l = |(75) - (55%)

el &) ()
14z 14w 1+2 1+w

|z — w| n
14z 14w 277t

< 9
< g |z — wl.
Therefore, each f, is Lipschitz. Set
+o00 n
r=> g1 < o0
n=1
We then see that for z,w € M,
0 6 +oo +0o0 = n w n
1672 = 0wl = S 11u) = £u)l = 2| (75) - (1)
=9 9
§;4-2:_1|z—w| = Zr|z—w|.

Therefore, 0 is Lipschitz. Clearly,
+o0o
0, : ('(N) > {a,}n = > a,-1€C
n=1

is a well-defined bounded linear operator. Finally, we observe that for z € M, we

have |z|i‘1| < 1 and hence

+o00 +oo n 1
Sf’TZ:;fn(z>Tn:;(1j—z) 1= [ — 1=z forall ze M.

Thus, we proved that ({f,}n, {7n}n) is a Lipschitz 1-SF for M.

Ezample 2.2. Let X = R, p = 1 and M = [1,4+00) For n € N U {0}, define
fo:M =R by

fo(z) =1, forallzeM,
_

falz) - log.2)"

T for all x € M, for alln > 1
n!
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and 7, = 1 € M. Then f,(z) = 8952 for all 2 € M, for all n > 1. Since f,

is bounded on M for all n > 1, f,, is Lipschitz on M for all n > 1. For z,y € M,
with z < y, we see that

+00 (] | "
o=l = 3 (o) = Fulo)] = 37 B - 3% OB
n=0 n=0 . =0 .

ZGIOgy—GIng:y—{E:|I—y|.

Therefore, 6 is Lipschitz. It is clear that 0, is a well-defined bounded linear
operator. For x € M,

+o0 +oo logoc n
Sf,rl':an(Q})Tn:Z(m)lzx
n=1 n=0 :

Hence, ({ fn}n,{Tn}n) is a Lipschitz 1-SF for M.

Example 2.3. For 1 < p < 400, let X be a Banach space and M be a subset of X.
Assume that there is a Lipschitz map U : M — ¢?(N), a bounded linear operator
V : ?(N) — X such that VU(M) CM, Ve, e Mforalln e N, VU : M — M is
an invertible bi-Lipschitz map and

+o00
v =Y GUz)(VU) 'Ve,, foralzeM.

n=1
Let {e,}» denote the canonical Schauder basis for #(N) and let {(,}, denote the
coordinate functionals associated with {e,},. Define

fo=6U, 1,=Ve, forallnelN
Then ({fn}n, {Tn}n) is Lipschitz p-ASF for M. If VU = I, then ({fn}n, {7n}n)
is a Lipschitz p-SF for M.

We show in the sequel that (in Theorem 2.2) every Lipschitz p-ASF can be
written in the form of Example 2.3. Following theorem gives various fundamental
factorization properties of Lipschitz p-ASFs whose proof is a direct calculation.

Theorem 2.1. Let ({fu}n,{Tn}n) be a Lipschitz p-ASF for M C X. Then the
following hold.

(i) We have
(2.2) xr = Jio(fnS]?i)(x)Tn, for all x € M.

(i) ({fuS7itn: {S7imatn) is a Lipschitz p-ASF for M.

(ili) The analysis map Oy is injective.

(iv) The synthesis operator 0, is surjective.

(v) Lipschitz frame map Sy, factors as Sy, = 0,0;.

(Vi) Py, =075;10, : (°(N) = (?(N) is a Lipschitz projection onto 0;(M).
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Holub characterized frames for Hilbert spaces using standard orthonormal basis
for the standard Hilbert space [20]. This result has been derived for Banach spaces
in [21]. We show that such a result can be derived for Lipschitz p-ASFs.

Theorem 2.2. A pair ({ fu}n, {Tn}n) is a Lipschitz p-ASF for M C X if and only
if
fn=06U, 1,=Ve,, forallneN,

where U : M — (P(N) is a Lipschitz map, V : (°(N) — X is a bounded linear
operator such that VU(M) C M, Ve, € M for alln € N, VU : M — M is an
invertible bi-Lipschitz map and

+o0

r=>Y G Ux)(VU) 'Ve,, forallzeM

n=1
Proof. (<) Clearly 6; is Lipschitz and 6, is a bounded linear operator. Now let
x € M. Then

(2.3) Sprx = io falz)T = —iocn(U$)V€n =V ('io Qn(Ux)en> =VUz.
n=1 n=1 n=1

Hence, Sy, is an invertible bi-Lipschitz map.

(=) Define U == 0y, V = 6,. Then (¢, U)(z) = ((.0y)(z) = G({fe(2)}k) =
fo(x), forallz € M, Ve, = 6.e, =7, foralln € Nand VU = 0,0y = Sy,
which is an invertible bi-Lipschitz map. U

Corollary 2.1. (i) A pair ({fu}n, {Tn}n) is a Lipschitz p-SF for M C X if and
only if fn = GU, 7, = Vey, foralln € N, where U : M — (P(N) is a Lipschitz
map, V . (P(N) — X is a bounded linear operator such that VU(M) C M,
Ve, e M foralln € N and VU = Iy.

(ii) A pair ({fu}n,{Tu}tn) is a Lipschitz p-BS for M C X if and only if f, =
G U, 1, = Vey, foralln € N, where U : M — (P(N) is a Lipschitz map, V :
(?(N) — X is a bounded linear operator such that VU(M) C M and Ve, € M for
alln € N.

Equations (2.1) and (2.2) lead us to define the notion of dual frame as follows.
Definition 2.2. Let ({f,,}n, {7n}») be a Lipschitz p-ASF for M C X. A Lipschitz
p-ASF ({gn}n, {wn}n) for M C X is said to be a dual for ({f,}n, {7 }n) if

+oo +o0
t = go(2)Tn = fa(x)w,, forall z € M.
n=1 n=1

We can give a characterization of dual frames by using analysis map and
synthesis operator.

Proposition 2.1. Given two Lipschitz p-ASFs ({ fu}n, {7n}n) and ({gn}n, {wn}n)
for M C X, the following are equivalent:



LIPSCHITZ p-APPROXIMATE SCHAUDER FRAMES 223

(2) ({gntns {wntn) is a dual for ({fu}n, {Ta}n):
(b) 0.0, =0,0; = L.

Equations (2.1) and (2.2) show that the Lipschitz p-ASF ({fnSJ?i}n, {S;}_Tn}n)
is a dual for ({f,}n. {Ta}n). We call ({fnS7+}n, {S7+70}n) as the canonical dual
for ({fu}n, {7n}n). With this notion, the following theorem is evident.

Theorem 2.3. Let ({fn}n, {7n}n) be a Lipschitz p-ASF for M C X with frame
bounds a and b. Then the following statements hold good.

(a) The canonical dual for the canonical dual for ({fu}tn, {Tn}tn) is itself.
(b) 3,% are frame bounds for the canonical dual for ({ fu}tn, {Tn}n)-
(¢) If a,b are optimal frame bounds for ({fu}tn,{Tn}n), then ¢, + are optimal

frame bounds for its canonical dual.

In 1995, Li derived a characterization of dual frames using standard orthonormal
basis for ¢2(N) [23]. For Banach spaces, such a characterization using canonical
Schauder basis for ¢?(N) is derived in [21]. Now we derive such characterization
for Lipschitz p-ASF.

Lemma 2.1. Let ({fu}tn, {7n}n) be a Lipschitz p-ASF for M C X. Then a
Lipschitz p-ASE ({gn }n, {wn}n) for M is a dual for ({fu}tn,{mn}n) if and only if

gn = CnU7 Wp = Ven, fOT' alln € N,

where U : M — (P(N) is a Lipschitz right-inverse of 0, and V : (P(N) — X is a
linear bounded left-inverse of 0y such that VU(M) C M, Ve, € M for all n € N,
VU is an invertible bi-Lipschitz map and

oo

T = Z GU2)(VU) WVe,,  forallz e M.

n=1
Proof. (<) Using the ‘if” part of proof of Theorem 2.2, we get that ({gn }n, {wn}tn)
is a Lipschitz p-ASF for M. We check for duality of ({gn }n, {wn}n): 0-0, = 0, U =
I, 0,0f =V0; = Iy.

(=) Let ({gn}n, {wn}n) be a dual Lipschitz p-ASF for ({f.}n,{7n}n). Then
0.0, = Iy, 0,0 = Iy. Define U = 6,,V =6, Then U : M — (P(N) is a
Lipschitz right-inverse of 6, and V : ?(N) — X is a linear bounded left-inverse
of 0y such that the operator VU = 0,0, = S, is invertible. Further,

+o0
(GU)z =G, (Z gr(w)e ) ng; VCa(ex) = gn(x), for all x € M,
k=1

and Ve, = 6,e, = w,, forall n € N. O
Lemma 2.2. Let ({fn}n, {Tn}n) be a Lipschitz p-ASF for M C X. Then,
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(i) R: M — (P(N) is a Lipschitz right-inverse of 0, if and only if
R=0;S;}+ (I — 0S720-) U

where U : M — (P(N) is a Lipschitz map;
(ii) L:¢*(N) = X is a bounded left-inverse of 8 if and only if

L=826-+V (I — 615716:)
where V 1 P(N) — X is a bounded linear operator.

Proof. (i) (<) 0, (0;S7}+ (Twu) = 075720, ) U) = It + 0,U — In0,U = I
Therefore, Hfo_; + (I p(N) — OfS]?;QJ U is a Lipschitz right-inverse of 6.

(=) Define U := R. Then,

0787t + (I — 0pS120-) U =0;S7 1 + (Iowy — 058720 ) R
—=0;S;1+ R—0;5;1=R.

(ii) (<) (5720, +V (Toow) — 05720,) ) 05 = It + V7 — VO; I = In. There-

fore, 5’2197 +V (Igp(N) — QfSJT’iHT) is a bounded left-inverse of 0.

T

(=) Define V := L. Then,
S20: +V (Igw) — 0457.20+) =S720+ + L (Iwqry — 0757260+)
=510, + L—S;10, = L. 0

Theorem 2.4. Let ({fn}n,{Tn}n) be a Lipschitz p-ASF for M C X. Then a
Lipschitz p-ASE ({gn }n, {wn}n) for M is a dual for ({fu}tn,{mn}n) if and only if

Gn = IuSp7 + GU = fuS;76-U,

Wy, = S;iTn + Ve, — V&foTﬂl_Tn, for all n € N,
such that

Sit+ VU =V0;5;.0.U

is an invertible bi-Lipschitz map, where U : M — (P(N) is a Lipschitz map,
V i P(N) — X is a bounded linear operator, VU(M) C M, Ve, € M for all
n € N and

+oo _
> G (0557 + (I — 075720,) U) e [S7E+ VU — VoS5 10,0]
n=1
x (S720: +V (I = 05S730,) ) en =, for all z € M.

Proof. Lemmas 2.1 and 2.2 give the characterization of dual frame as

gn = gnefsﬁql- + CnU - CnefS;ﬂl-eTU = fnSJZ‘;l- + CnU - fnS;}-H‘r(L
Wy, = SﬁQTen + Ve, — VQfS;iHTen = S;iTn + Ve, — V(ng;_}Tn, for all n € N,
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such that
(S720- +V (Twn) — 0757207) ) (0773 + (Tewqry — 07S720,) U)

is an invertible bi-Lipschitz map, where U : M — (P(N) is a Lipschitz map,
V : ?(N) — X is a bounded linear operator, VU(M) C M, Ve, € M for all
n € N and for all x € M

Jio Cn (efsf,i + (Iep(N) — @Sﬁi&) U) T
n=1

x W (720, +V Iy = 0,5720,) ) €n =,
where
W= (S720: + V (I — 07S720:)) (0572 + (Ty — 05S72160-) U).
Through expansion and simplification we get
(S720- +V (Twy — 0757207) ) (04573 + (Ieqry — 045736,) U)
=S;+ VU - V;S;16,U. O

Balan introduced the notion of similarity for frames for Hilbert space which
gives an equivalence relation on frames [3]. It has been done for Banach spaces by
Krishna and Johnson in [21]. We define the same for Lipschitz p-ASF as follows.

Definition 2.3. Two Lipschitz p-ASFs ({fn}n, {7n}n) and ({gn}n, {wn}n) for
M C X are said to be similar or equivalent if there exist invertible bi-Lipschitz
map T, : M — M and an invertible bounded linear operator 7’ ,, : X — X such
that 7', (M) € M and

On = [nT}tg, wyn="T:u7,, forallneN.

Since maps giving similarity are invertible, similarity is an equivalence rela-
tion on the set {({fn}n, {7n}n) : {fu}n, {Tn}n) is a Lipschitz p-ASF for M}. Ob-
serve that for every Lipschitz p-ASF ({f,}n, {7 }n), both ({2571} n, {7n}n) and
({fn}n> {S717n}n) are Lipschitz p-ASFs and are similar to ({f, }n, {7a}»). Balan
gave an operator algebraic characterization of similarity in Hilbert spaces [3]
and it is extended to Banach spaces by Krishna and Johnson in [21]. We derive
Lipschitz version in the following theorem.

Theorem 2.5. For two Lipschitz p-ASFs ({ fu}n, {Tn}n) and ({gn}n, {wn}n) for
M C X, the following are equivalent:

(@) gn = [uTl}y, wn = TrwTn, foralln € N, for some invertible bi-Lipschitz
map Tyq : M — M, for some invertible linear map T, : X — X such that
Tr,w(M) CM;

(b) 8, =6;T%,, 0, =T,.,0-, for some invertible bi-Lipschitz map Ty, : M — M,
for some invertible linear map T, : X — X such that T’ ,,(M) C M;
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(¢) Pyw = Ppir

If one of the above conditions is satisfied, then invertible maps in (i) and (ii)
are unique and given by Ty, = SJT;HTQ!], T, = OMHfS;i. In the case that
({futn, {m}n) is a Lipschitz p-SF, then ({gn}n,{wn}n) is a Lipschitz p-SF if
and only if T, ., Trqy = Iy if and only if Tt T ., = Ix.

Proof. (i) = (ii) Let x € M and {a,}, € #(N). Then

Oy :{gn( Vin = {fn(Trg2) tn = 0p(Tyg),
400
{an} Z AnWy = Z anTT,an = TT,weT{an}n'

( ) (11) Sgw_ﬁ 9 —TTO_,G Gfog—TwaTng and
Pgw ‘9 S iﬁw = (Qfo79)<TT7WSfﬂ'Tf79) (TT,wQT) = Pfﬂ"

(i) = (1) a2 gn(@)en = Oy () = O0p(Tyg) = 3327 fulTygw)en, for all z € M.
This gives (i).

(ili) = (ii) 0, = Pyuby = Pr.0, = Hf(Sf19 8,) and 6, = 0,P,, = 0.,P;, =
(0.,0757.1)0:. We show that S; 16,0, and 6,075} ] are invertible. For,
(S;iHTﬁg)(ngiewa) = S;iHTPgM@f = S;iHTPfJQf = Iy,
(S;i@wﬁf)(S;iHTeg) = S;i@wPfJQg = ng;eng,weg = Iy
and
(0,07 S70)(070,5, L) = 0P 0,5, = 0,P;,0,5, 5 = In,
(0.0 S_l)(é HfSﬁ) =40 Pgoﬁij?i =0 PngfS;,ll, = Iy.
Let Ty4,7T:. : M — M be invertible bi-Lipschitz maps and g, = f, T}, wn, =
T; Ty, foralln € N. Then 0, = 0;1}, says that 0.0, = 00,15, = S;.T},
which implies T, = SJT;QTQQ. Similarly, 0., =T, .0; says that 0,0, =T} ,0.0; =
T:.,Sf,.. Hence, T}, = QWHfSJZl. ]
In Definition 2.2 we defined the notion of dual frames [2,18,19] and for Banach
spaces in [21]. We can define the orthogonality for Lipschitz p-ASFs as follows.

Definition 2.4. Let ({f,}n, {7n}n) be a Lipschitz p-ASF for M C X. A Lipschitz
p-ASF ({gn}n, {wn}n) for M is said to be orthogonal for ({f,},, {mn}n) if

+oo +oo
0=> gu(x)7n =D fulz)w,, forall ze M.
n=1 n=1

Similar to Proposition 2.1 we have the following proposition.

Proposition 2.2. Given two Lipschitz p-ASFs ({ fu}n, {Tn}n) and ({gn}n, {wn}n)
for M C X, the following are equivalent:

(@) ({gn}n, {wn}n) is orthogonal for ({ fu}tn, {Tn}n);
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(b) 6,0, = 0,0, = 0.

Using orthogonality we derive following interpolation result. For the Hilbert
space frames this is derived by Han and Larson in [19] and for Banach spaces
in [21].

Theorem 2.6. Let ({fn}n, {Tn}n) and ({gn}tn, {wn}n) be two Lipschitz p-SF for
M C X which are orthogonal. If A, B : M — M are bi-Lipschitz maps, C, D : X —
X are bounded linear operators, C(M) C M, D(M) C M and CA+ DB = Iy,
then ({fnA+ 9uB}n, {C1n + Dwy}n) is a Lipschitz p-SE for M. In particular, if
scalars a, b, ¢, d satisfy ca+db = 1, then ({af,+bgn tn, {cTn+dw,}n) is a Lipschitz
p-SF for M.

Proof. We find

Orargpr = {(fuA+ 9. B)(x)}n = {fu(A2) }y + {gn(Bx) }s
=0;(Ax) +60,(Bz), forallzeM

and
—+00
QCT+DOJ{GTL}7L - Z an<c7—n + Dwn)
n=1
=CO0{an}n + DO, {an}n, forall {a,}, € (P(N).
So

SfAJrgB,CTJer = 9C7+Dw9fA+gB = (CGT + Dew)(efA + egB)
— 00,04+ C0,0,B + DI,0;A + DY,0,B
— 0S; A+ 040+ DS, B =ClyA+ DIyB=Ly. O

We use Theorem 2.5 to relate three notions duality, similarity and orthogonality.

Proposition 2.3. Let ({fu}n, {Tn}n) be a Lipschitz p-ASF for M C X. Then
the canonical dual ({fuS}+}n, {S}1Tn}n) is the only dual Lipschitz p-ASF that is

similar to ({ futn, {Tntn)-

Proof. Let ({gn}n, {wn}n) be a Lipschitz p-ASF for M C X which is both sim-
ilar and dual for ({f,}n,{7n}n).- Then there exist invertible bi-Lipschitz maps
Ttg,Tr : M — M such that g, = f,T5,4,wn = 17Ty, for all n € N. Theorem
2.5 then gives

Tyg=S;10:0, = S; 1y = S;r and Try, = 0,075} = ISyt = S; 1.
Hence, ({gn}n, {wn}n) is the canonical dual for ({f,}n, {7 }n)- O

Proposition 2.4. Let ({f.}n, {7n}n) and ({gn}n, {wn}n) be two similar Lipschitz
p-ASFs for M C X. Then ({fntn, {Tn}n) s not orthogonal for ({gn}n, {wn}n)-
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Proof. Since ({fn}n, {mn}n) and ({gn}n, {wn}n) similar, there exist invertible bi-
Lipschitz maps T 4, Tr., : M — M such that g, = f, T}, wp = T wuTn, for all n €
N. Theorem 2.5 then says 0, = 0,1}, 0., = T:,,0,. Therefore,

0.0, =0.0,T;,=S;.Tsy#0.

Orthogonality condition demands 6,0, = 0 whereas above equation says it is not
true. ]

Another use of orthogonal frames is to take direct sum. Given Lipschitz maps
frg: M=K, wedefine fg- MM dy— f(z)+g(y) € K.

Theorem 2.7. Let ({fn}n, {mn}tn) and ({gn}n, {wn}n) be two Lipschitz p-ASFs
for M C X which are orthogonal. Then ({fn ® gn}n, {Th ® wntn) is a Lipschitz
p-ASF for MeM C X & X.

Proof. Let x @y € M & M. Then,

S100r0n(@ ®Y) = 3 (fn © 92)(x & 1)(7n © w,)

n=0

= (Ej:(; fo(2)T0 + z_oi;gn(x)ﬂz) > (i) fo(T)wn + Ej:zgn(x)wn>
= (Sf-2+0) & (04 Sgwy) = (Spr & Syw)(x S y). O

3. AN OPEN PROBLEM

Motivated from the approximation properties of Banach spaces (Schauder basis
problem) [6,12] and from the failure of atomic decompositions for (even separable)
Banach spaces (see [7]), we formulate the following interesting (high-end) problem:
Can anyone classify subsets of a Banach space having a Lipschitz p-ASF, for some
1 <p < +? In particular, does every subset of a Banach space have Lipschitz
p-ASF, for some 1 < p < +00?

4. CONCLUSIONS

In the literature, only frames coming from inner products and linear functionals
are studied. The paper [22] is the first one to introduce and make a systematic
study of frames for metric spaces by using Lipschitz functions. In this paper, we
define a class of non-linear frames for subsets (need not be subspaces) of Banach
spaces which can be characterized using standard Schauder basis and Lipschitz
functions on sequence spaces. We derived Holub’s theorem [20] in non-linear form.
Duals and similar frames in non-linear form are also characterized.
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