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ABSTRACT. We apply Riemann-Liouville fractional integral to get generalisation
of companion of Ostrowski’s type integral inequality for differentiable mappings
whose 1st derivatives are bounded. The present article recapture all results of M.
W. Alomari’s article and also for one more article of different authors. Applications
are also deduced for numerical integration, probability theory and special means.

1. Introduction

In the development of mathematics, inequalities are one of the most powerful tools.
From two decades back, scholars researched on fractional calculus because of its
importance in inequalities.

We quote from [4]: “The subject of fractional calculus (that is, calculus of integrals
and derivatives of an arbitrary real or complex order) was planted over 300 years ago.
Since that time the fractional calculus has drawn the attention of many researchers
in. In recent years, the fractional calculus has played a significant role in many areas
of science and engineering.”

Due to worth of fractional integral inequalities, many scholars have mentioned
certain generalisations of fractional integral inequalities (see [3,17-19]).
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In 1938, A. M. Ostrowski gave an inequality (see [16]). Now-a-days this inequality is
called Ostrowski inequality and this result had obtained by applying the Montgomery
identity. For more discussion about Ostrowski inequality (see [9-12]).

Here, we present an inequality from article [6] that is given below. Throughout the
article I C R and [° is the interior of the interval .

Proposition 1.1. Suppose g : I — R is a differentiable mapping in the interval I°
such that g € L[a,b], where a,b € I anda <b. If|¢’(8)] < M for all 6 € (a,b), where
M > 0 is constant. Then
a+b 2
L, (9‘+)] |

9(0) - - [ st

S Mb—a)l 1+ 50

The value i is the best possible constant that this can not be replaced by the smallest
one.

The following integral inequality which establishes a connection between the integral
of the product of two functions and the product of the integrals of the two functions
is well known in the literature as Griiss inequality [9, 14].

Proposition 1.2. Let f, g : [a,b] — R be both integrable functions such that m; <
f(r) < My and my < g(1) < My for all T € [a,b], where my, My, ma, My are real
constants, then

[ st - [ -

1 b 1
— [ g(r)r| < 2(My =) (M — ma).
In [7], S. S. Dragomir has derived the following companion of the Ostrowski inequal-
ity.
Proposition 1.3. Let g : [ — R be an absolutely continuous function on |a,b], where
a,b € I. Then we have the inequalities

IGESTES B

1 0_3a+b 2
s+2( o) | 0= ol o € Lalat]
1 113
27 o —a\"  [atb_p\ 7" 1
oy < ) () | e e,
q q
p>1, %—l—é:l, and g’ € L,|a, ],
1 9_3a+b
i 1

for all 0 € [a, “F2].
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In 2011, M. W. Alomari has proved the following result about a companion inequal-
ity for differentiable functions whose derivatives are bounded (see [1]).

Proposition 1.4. Let g : [ — R be a differentiable function in the interval I° and
let a,b € I with a <b. If ¢ € L'[a,b] and my < ¢'(0) < My, for all § € [a,b], then

the following inequality holds
1 g — Batb\?
6t <b_> (M = ma),

o0) Halotb=0) L

for all 0 € [a, “L2].

< (b—a)

We need here to define Riemann-Liouville fractional integral (RLFI) (see [8]) for
proving our next main result in the second section.

Definition 1.1. The Riemann-Liouville fractional integral operator of order v > 0 is
stated as

R9(6) = 5 [ 0= gt IEa(0) = 6),

where gamma function I'() is defined as

L(y) = /Ooo 07 e 0do.

In 2009, Z. Liu [13] introduced some companions of an Ostrowski type inequality
for functions whose second derivatives are absolutely continuous. In 2009, Barnett
et. al [5] have derived some companions for Ostrowski inequality and the generalised
trapezoid inequality. In 2012, M. W. Alomari [2] obtained a companion inequality of
Ostrowski’s type using Griiss result with applications. Recently, authors [15] gave a
companion of weighted Ostrowski’s type inequality using Griiss result with application.

In the present article we would prove a companion of weighted Fractional Ostrowski’s
type inequality by applying Griiss result and then we would give its applications.

2. GENERALISATION OF COMPANION OF OSTROWSKI'S TYPE INEQUALITY VIA
RIEMANN-LIOUVILLE FRACTIONAL INTEGRAL

Under present section we would give our results about companion of Ostrowski’s
type inequality which are as follow.

Theorem 2.1. Suppose g : [a,b] — R is a differentiable mapping in the interval (a,b)
and a < b and w : [a,b] — R is a probability density function. If ¢ € L'[a,b] and
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me < ¢ (1) < My, for all T € [a,b], then

a+b
2

atb
2

9(9)/

a

w(T)dr + gla+b—0)(b— )'7(8 — a) /bb w(r)dr

— (b= 0)"T ()3 (w(b)g(b) + (v = 1)J7(P(0, b)g(b))

(2.1) gggrlm(b — a)(My — m»)
holds for all 0 € [a, “E2].

Proof. For the sake of proof we state the weighted kernel as

/Tw(u)du, if 7 € [a,d],

22)  PO.7) = (b-0)"T()] [, wdu, ifre@.a+b-0],

atb
2

/Tw(u)du, ifre(a+b—46,b,
b

for all 6 € [a, 22°].
Applying RLFT operator and by parts formula of integration, obtain

1 b
TP6.0)90) =g [ 0= PO, 7)g (i
—g(6) / w(r)dr + gla+b—0)(b—6)"7(6 —a) /’1 w(r)dr

— (b= 0)""T(7) I3 (w(b)g(b) + (v = 1)J7H(P(6,b)g(b)).

It is clear that for all T € [a,b] and § € [a, “t2], we have

0- "0 pyy<o—a
Applying Proposition (1.2) to the mappings P(6,-) and (b — -)7"1¢/(-), we obtain
(2.3)
! bb P9 "(T)d bP9 d bb g (r)d
fy | [ 0= PO = [ PO [ (s

1 a+b 1
SM(Q—G— (9—2>> = M(b—a)(M2—m2)7
0

for all 6 € [a, “T*b] Since [° P(6,7)dr = 0, then (2.3) implies
24)  |o [= PO (| € (b= @) (M — o)
' I'(y) Ja ’ ~ 8T'(v) L
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Finally, we obtain desired result (2.1) from (2.4). O

Remark 2.1. If we put v =1 and w = %a in Theorem 2.1, then we recapture the

b
Theorem 2.1 of [2].

Remark 2.2. If we put v = 1 in Theorem 2.1, then we recapture the result of Theo-
rem 2.1 of [15].

Corollary 2.1. In the inequality (2.1), select
(i) 6 = = to obtain the following:

o(“50) [wmar - (157) )

+wv—1wzl(P(“§bw)mw)‘

(b —a)(Ms — my);

1
<_ -
—8I(v)
(i) 0 = 3% to obtain the following:

g<3a+b> a+b w(r)dr 4+ 3= (az?)b)/(; w(r)dr
Ge-a)" <vumwwmw»+«v—wxrlQvfmjbm)mw)|
(2.5) Sw(b—a)(% ma);

(iii) 6 = 2% to obtain the following:

( a~|—b> E w(r)dr + 24 g(ag%)/; w(T)dr

2 _ 2a+0b
(3b—a) )3l + (- 127 ,ngﬁ’
<——(b—a)(M. .

= 8F(’Y) ( a)( 2 2)

In the following we present special case of (iii) of Corollary 2.1.

Special Case. If put w = ﬁ and 7 = 1 in (iii) of Corollary 2.1, then we get

2a+b a+2b b
UG DEYIC N PR

1
— < Z(h— — )
5 7 ). < 8(b a)(Msy — ms)




278 F. MEHMOOD, A. R. KHAN, M. A. SHAIKH, AND M. W. ALOMARI

Remark 2.3. (i) First by putting v = 1 and w = ;= in Theorem 2.1 and then put

¢ = a in obtained inequality, we recapture Corollary 2.1 (a) of [2].

(i) By putting v = 1 and w = ;2 in (i) of Corollary 2.1, we recapture Corollary 2.1

(c) of [2].
(iii) By puttingy = 1 and w = ﬁ in (ii) of Corollary 2.1, we recapture Corollary 2.1
(b) of [2].

Remark 2.4. (i) First by putting v = 1 in Theorem 2.1 and then put § = a in obtained
inequality, we recapture Corollary 2.3 (i) of [15].

(ii) By putting v =1 in (i) of Corollary 2.1, we recapture Corollary 2.3 (ii) of [1 ]

(iii) By putting v = 1 in (ii) of Corollary 2.1, we recapture Corollary 2.3 (iii) of
[15].

(iv) By putting v = 1 in (iii) of Corollary 2.1, we recapture Corollary 2.3 (iv) of
[15].

Ostrowski’s type inequality can be defined in the form of following corollary.
Corollary 2.2. Let the suppositions of Theorem 2.1 be valid. Further, if g is sym-
metric about the 0-axis, i.e., gla+b—0) = g(@), then

a+b

9(0) [ w(r)dr + g(B) (b~ 0) (0 — a)! /'1 w(r)dr

@ 2

= (b= ) T(7) 7 (w(b)g(b)) + (v — 1)J7H(P(0, b)g(b))‘

1
(2.6) gm(b —a)(My — my)
holds.

Remark 2.5. First by putting v =1 and w = ﬁ in Corollary 2.2 and then put 6 = a
in obtained inequality, we recapture Corollary 2.2 of [2].

Remark 2.6. First by putting v = 1 in Corollary 2.2 and then put # = a in obtained
inequality, we recapture Corollary 2.5 of [15].

3. APPLICATION TO NUMERICAL INTEGRATION

Let I,:a=0y <6, <--- <0, =>be division of interval [a,b] and h; = 0,11 — 0;,
i=0,1,2,...,n—1.
Consider the quadrature formula

0;+0it1

nl 30; + 0; 2 _ 0; + 30;
Qullg) =Y [g<4“> [ wlar g (B2
=0 i

Oit1 _ 391 + 97,
X /9i+9i+1 w(r)dr + (v — 1)Jj, ' <P <4+1, 9i+1> 9(9i+1)> ] .
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We give following result.

Theorem 3.1. Suppose g : I — R is a differentiable mapping in interval 1° and
w : [a,b] — R is a probability density function, where a,b € I with a < b. If
g € LY[a,b] and my < ¢'(0) < My, for all 6 € [a,b], then the following holds

n—1

B TO)X (Sh) T O)g0n)) = Qullng) + Rallusg),

=0

where Qn(1,, g) is stated as above and the following remainder R, (1,,g) satisfies the
estimates

1

(3'2) ‘Rn(Img)’ < SP(V)

(Mg — mg)hl
Proof. Applying inequality (2.5) on the intervals [6;, 0;11], we get

(3.3)
3

Ri(1;,g9) =I'(v) <4hi) a Joi(w(eiJrl)g(eiJrl))

0,+0,
0; + 0; = 0; + 36; 0
_[g <3+4> [ w570 <+3> [ iy

40,
i 4 7 27,«&»1

_ 30; + 0;
+ (v = 1)Jy, ! (P <4+17 9i+1> 9(9i+1)> ] :

Summing (3.3) over ¢ from 0 to n — 1, then

n—1

Rallosg) =T0) Y () T w(brn)gisr)

=0
! 0, + 6, Pt 0, + 36,
[g <3 z+4 z+1>/6 w(7_>d7_+31—’yg< %+3 z+1>

n—

i—0 i 4

BOit1 _ 391 + 91
X /9i+9i+1 w(T)dT + (’7 - 1)‘]% ' (P ( 4 = ) Hi-‘rl) 9(014—1)) ] )
2
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which follows the form of (2.5), i.e.,

n—1 3 1—v
Bl )l PG Y (h) 3 (w(6i41)9(0:11)
=0
[ 136, + 6, A 0; + 30;
_Z |:g< + +1>/ 2 w(,,_)dT_l_gl—'yg( + +1>
i=0 4 0; 4
01 _ 3& + 91
X Awm w(r)dr + (v — 1)J5 (P <4+1>9i+1> g(9¢+1)> ] |
0it0ig1
1 n—1
<——(My — h;.
_8F(7)< 2= m2) ;)
This completes the required proof. [l

1

Remark 3.1. By putting v =1 and w = 3= in Theorem 3.1, we recapture the result

of Theorem 3.1 of [2].

Remark 3.2. By putting v = 1 in Theorem 3.1, we recapture the result of Theorem 3.1
of [15].

4. APPLICATIONS TO PROBABILITY THEORY

Throughout this section we consider w : [a,b] — [0,1]. Suppose Y is a random
variable taking values in the finite interval [a,b] with probability density function
g : [a,b] — [0,1] and with cumulative distribution function G : [a,b] — [0,1] is
introduced and defined by us, i.e.,

a+b

G(0) = P(Y < 0) = T() 2 w(@)9(0)) = [ 0 =7/ w(rg(r)ir, a <6<

and

Euii(Y) =L(y)J7 H(bw(b)g(b)) = [ 7(b— 1) 2w(r)g(7)dT,
BupalV) =D0) 0! (0)g(8) = [ (0~ 77! (r) ()i

Bugs(V) D) (0w (8)g' 0) = [ (0= 77 w(r)g ()i

are the expectation, weighted expectation and weighted fractional expectation of
random variable ‘Y in interval [a, b], respectively. Then we can write the following
theorem.
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Theorem 4.1. Suppose g : [a,b] — R is a differentiable mapping in the interval (a,b)
and a <b. If ¢ € L'a,b] and my < ¢'(1) < My, for all T € [a,b]. Further, suppose
that function w is differentiable, then

(4.1)

a+b b

G(Q)/a i w(T)dT+G(a—|—b—9)(5_9)1—V(9_a)7—1/m

w(T)dr

-6y <(v LD Eup(Y) — Eupa(Y) — wa3<¥>) (3= DI PE.B)G)

1

=80()
holds for all § € [a, “2].

o (b —a) (M —my)

Proof. Select g = G, we obtain (4.1), by applying the identity

b
D)3 (w(blg(®) = [ (b =) w(r)g(r)dr
= (v = DEupn(Y) = Eupa(Y) = Eups(Y).
Since G(a) = 0 and G(b) =
We left the details to research scholars. U
Corollary 4.1. Select v =1 in Theorem 4.1. Then get the following

a+b b

G(@)/2 w(T)dT—l—G(a—l—b—G)/M w(r)dr + Eyf +/ 7w (1)G(7)dr — bu(b)

a
a 2

1
Sg(b — a)(M2 — mg)
holds for all 0 € [a, 2], where E,(Y) is the weighted expectation of Y.

Remark 4.1. If we put w = ﬁ in Corollary 4.1 and taking the expectation E(Y) =

[P 7G(t)dr = b — [P G(r)dr, we recapture Theorem 4.1 of [2].
Corollary 4.2. Select 6 = 3“T+b in Theorem 4.1, we get

G (3“I b) /+ w(r)dr + G (“ Z‘%) (i(b _ a)>17<b - a)“ /i w(r)dr
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Remark 4.2. By puttingy = 1 and w = ﬁ in Corollary 4.2, we recapture Corollary 4.1
of [2].

Corollary 4.3. In Theorem 4.1, if G is symmetric about the 0—axis, i.e., G(a+b—0) =
G(6), then

G | () + GO)b - 0) (0 — o) [, wir)r

—(b—0)"" <(’Y —DEu(Y) = Eup(Y) = was(Y)> +(y = DJIH(P(9,b)G(b)

1
Sm(b — a)(My — my)

holds for all 0 € [a, “2].

Remark 4.3. By puttingy = 1l and w =
of [2].

Before application to special means, we would present some special means and these
means will apply in the 5th section.

Special Means. These means can be found in [20].

(a) The Arithmetic Mean

1

57— in Corollary 4.3, we recapture Corollary 4.2

a+b
2 )

A(a,b) = a,b>0.
(b) The Geometric Mean
G = G(a,b) = Vab, a,b>0.
(c¢) The Harmonic Mean
2

H=H(ab) =+—7, ab>0.
ath
(d) The Logarithmic Mean
a, if a =0,
L =L(a,b) = { bapg 2, a,b>0.
(e) Identric Mean
a, if a=0»,

_ _ N
[=1(a,b) = ln((a) )7ifa#b’ a,b> 0.

(f) p-Logarithmic Mean

a, ifa =0,

Lp = Lp(a, b) = { pp+1_gp+1 % .
(Gmic)” > ifa#b,
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where p € R\{—1,0}, a,b > 0. It is known that L, monotonically increasing over
pER, L():IandL_lzL.

5. APPLICATION TO SPECIAL MEANS

Ezxample 5.1. Consider v =1, g(8) = 07, p € R\{—1,0}. Then for a < b, we have

Lo g(a) +9(b)
=[P A7 I — A(aP
G o=, £ (7).
and “t2 = A(a,b), where 6 € [a, 2t°]. Therefore, (2.1) becomes
0P + (2A —6)P 1
( 5 ) — Lp(a,b)| < g(b—a)(MQ—mg).

If we choose = a (or # =b) in (2.1), we get

,uwﬂﬁ—@mm)g;w—@m@—mﬂ

Ezample 5.2. Consider v =1, g(0) = %, 0 # 0. Then

1 4 gla) +g(b) A
=, o= e, SR -,
and “t = A(a,b), where § € [a, “t] C (0, 00).

Therefore, (2.1) becomes

A4
0(a+b—0)

If we choose 6§ = a (or # =b) in (2.1), we get

— LY (a,b)| < =(b—a)(My —my).

0| —

A 1
@ —L_l(a,b) S g(b—(l>(M2 —m2>.
Ezample 5.3. Consider v =1, g(f) =1In#6, 6 € (0,00). Then
1 b b
/gmm—mm@m,g@+“)—mq
b—alJa 2
and 22 = A(a,b), where § € [a, “52] C (0,00). Therefore, (2.1) becomes
02A—-0)2 || 1
In|———1[| < =(b—a)(My — .
n I(CL, b) = 8( (l)( 2 m2)

If we choose 8 = a (or § = b) in (2.1), we get

G
I(a,b)

1

In < g(b-@)(Mg—mg).
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Ezample 5.4. Consider v =1, g(f) = €%, § € (—00,0). Then
1o ¢ —ct  g(a)+ g(b)
d = = A a b
b—a/ag(T)T b—a’ 2 (%€,

and “t2 = A(a,b), where 6 € [a, 2£°]. Therefore, (2.1) becomes

el 4 o2A=0) b _ ca
2 b—a

g(b — CL)(MQ — m2).

If we choose 8 = a (or § = b) in (2.1), we get

eb—e

< (b~ a)(My —my).

b—a

Ezample 5.5. Consider v = 1, g(f) = tan6, 0 # 7 £ nw. Then

! /bg(T)dT = In [secb] _a, 9la) +9(b) = A(tana, tanb),

b—alJa seca 2

and 2 = A(a,b), where 6 € [a, “5°]. Therefore, (2.1) becomes

1

(b — CL)(MQ — mg).

oo

2

tanf + tan(2A — 0) R ]’
seca

If we choose 8 = a (or § = b) in (2.1), we get
b—a
sec b]

seca

(b — a)(Mz —my).

OO\H

A(tan a, tan b) — In [

6. CONCLUSION

In this article our target was to generalise the results of [2] and [15]. We have
obtained generalisation of companion of Ostrowski’s type integral inequality for differ-
entiable mappings whose 1st derivatives are bounded by using the Riemann-Liouville
fractional integral. By applying suitable substitutions we have recaptured all results
of M. W. Alomari’s article [2] and also recaptured all results of one more article [15]
of different authors. Moreover, we have given applications to numerical integration,
probability theory and special means.
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