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A LYAPUNOV TYPE INEQUALITY FOR A CLASS OF
FRACTIONAL BOUNDARY VALUE PROBLEMS WITH
RIEMANN-LIOUVILLE DERIVATIVE

ANABELA S. SILVA!

ABSTRACT. In this paper, a Lyapunov-type inequality is obtained for a class of
fractional boundary value problems involving Riemann-Liouville fractional derivative
of orders o € (1,2) and 8 € (0, — 1). The study is based on the construction of a
Green’s function and the obtaining of its corresponding maximum value.

1. INTRODUCTION

The fractional calculus is a field of mathematics that deals with generalizing the
concept of differentiation and integration to non-integer orders. This definition departs
from the traditional concept of derivative and integral in a differential and integral
calculus. The concept dates back to 1695, in a famous correspondence between
L’Hopital and Leibniz. However, it is only in the last decades that this area of
mathematics has gained special prominence, mainly due to its proven applications in
various sciences and engineering, such as mechanics and biology. In fact, fractional
order operators have the characteristics of being non-local and with memory capacity
associated to its kernel, which allows to create models more practical and realistic
than those using integer derivatives.

The Lyapunov’s inequality [8], named after its author, gives a necessary condition
for the existence of non-trivial solutions for a boundary value problem with an ordinary
second order differential equation. The original result states that if there is a nontrivial

Key words and phrases. Fractional differential equations, Lyapunov inequality, Riemman-Liouville
derivative, Green’s function.
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solution of the boundary value problem

{ 2 (t) + q(t)x(t) =0, t € [a,b),
z(a) = z(b) =0,

and where ¢ : [a,b] — R is continuous, then

b 4
[ la(s)lds > 7—.

After that, several proofs and generalizations appeared in the literature (cf. e.g.,
[5,7,10,11]). In recent years, some authors extended have obtained Lyapunov-type
inequalities for boundary value problems involving the fractional derivatives. As a
survey of results on Lyapunov-type inequalities for fractional differential equations,
we recommend the work of Ntouyas et al. [9].

Inspired in the works of Dhar and Neugebauer [1] and Ferreira [2—4], in this paper
we consider the fractional boundary value problem with (left) Riemann-Liouville
fractional derivative

{ (De)(t) + (Dayge)(t) = 0, ¢ € [a, 0],
(1.1) +
x(a) = x(b) =0,

with 0 < a < b, a € (1,2), f € (0,aa—1) and where ¢ is a real and continuous function.
To the best of author’s knowledge, the theory presented in this paper has not been
studied yet.

This paper is organized as follows: in the Section 2, some necessary definitions and
results are presented; in Section 3 the problem is rewritten in the form of an integral
equation, making use of Green’s function. The maximum of this function is obtained
here. It is then presented the main result of the paper, the Lyapunov’s inequality
for the problem under study. Finally, an example is presented applying the theory
previously presented.

2. PRELIMINARIES
In this section, we recall some important definitions and results.

Definition 2.1. Let a € R*. The (left) Riemann-Liouville fractional integral of order
« of the function x on [a, b] is defined by

F(la) /at(t — 5)*'a(s)ds,

where I'(a) = [;"°t* le!dt is the Euler Gamma function, provided the right-hand
side is pointwise defined in (a, +00).

Ig x(t) =

Definition 2.2. The (left) Riemann-Liouville fractional derivative of order a > 0 of
a function z on [a, b] is defined by

Dialt) = () (o)) = gy e [ (-9 el
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where n is the smallest integer greater or equal than « (provided the right-hand side
is pointwise defined in (a, +00)).

The following results can be found in [6] and [12] and are essential thorough this
paper.

Lemma 2.1. For a, 8 > 0, the Riemann-Liouville fractional integral satisfies the
semigroup property

(2.1) Iy (L) (1) = Ly (I o) (1) = (13 ) (0),

at almost every point t € (a,b) for x € LP(a,b), 1 < p < +oo0. Ifa+ 3 > 1, the
relation holds for any point of [a,b].

Lemma 2.2. Let x € C([a,b]) N L'([a,b]) and a > 0. It follows that
Dy 1 x(t) = (1)

and

2D ) =z(t)+ it —a)*  H et —a)* 24+ et —a)* ™,
for some ¢; € R, 1 =1,2,...,n, where n is the smallest integer greater than or equal
to a.

Among the several properties of the Riemann-Liouville integral, we highlight the
following.

Property 1. For o, 8 > 0,

I (s = )" 0) = (€ - 0%

3. MAIN RESULTS

The aim of this section is to obtain a necessary condition for the existence of a
nontrivial solution of the fractional boundary value problem under study. For that
purpose, we start by rewriting the considered problem in terms of an integral equation.

Lemma 3.1. Let 1 <a<2,0< 8 <a—1andq € C(la,b]). Then the solution x
of (1.1) can be represented in the integral form as

() = / "Gt $)q(s)x(s)ds,

where the Green’s function G(t, s) is defined by

(t—a)*~L(b—s)*—FA—1
(b—a)>—1 ’ =v=2="Y

Ia—pB) { (tfa)a(;ig’);f)la_ﬁ_l —(t—s)*F1 a<s<t<bh

(3.1)  G(t,s) =
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Proof. Let us first observe that according to Proposition 2.1, we have that
(12, D2, 2)(t) = 1227 (12, Dl qw) ().
Thus, following Lemma 2.2 and applying Property 1 we get

I'(s)
[(a)

(I Dayaz)(t) = (1o qa) () + e 0P (= )™ = (157 Pqa) () + er g5 (= a)*

c1 € R. In this sense, applying I, to both members of equation
(Dgyz)(t) + (@iqx)(t) =0,
we get
2(t) + di(t — @) + do(t — a)* 2 + (157 qz) (t) + c(t — a)* ' =0,
dy,ds, c € R. It follows that, for some constants k1, ks € R,
2(t) = kit — @)™ + kot — a)* % — (I qz) (t).
From z(a) = 0, it follow that ks = 0. From z(b) = 0, we get that

= ! ' — 5)* P g (s)x(s)ds
b= i =g J, 0 9 als)ats)ds
Therefore,
_ (t—a)*! b a—p—1
o) == gt =) L, @ 9 als)al)ds
1 b o1
- 11(@_5)4 (t — 5)* P 1q(s)a(s)ds
:/a G(t, s)q(s)z(s)ds,
and the proof is complete. O

The following theorem concerns on the maximum of the Green’s function (3.1) and
constitutes an essential tool to obtain the main theorem of this paper.

Theorem 3.1. For any (t,s) € [a,b] X |a,b], the Green’s function (3.1) satisfies the
following property

(=) ()
¢ _ a—[— a—[B— b— a—p—1
nax G, s)] ) (b—a) :

with o € (1,2) and B € (0, — 1).

Proof. Let us consider

(t—a) (b —s) P!
gl(t7 S) - (b _ a)a_l )

C(t—a) (b —s)F!
galt ) = (b= a1

_ (t _ 8)04—5—17
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and consequently, the Green’s function can be rewritten as

_ 1 gi(t,s), a<t<s<b,
Gt 5) = ['(a—p) { 92(t,s), a<s<t<b.
For any (t,s) € [a,b] x [a,b] with t < s, it is clear that G(t,s) = % > 0.

Moreover, fixing ¢ € [a, b] and taking the derivative with respect to s

(0= 8= 1)(t — a)(b — s
(b _ CL)O‘_I < 0.

%gl<t7 5) = -

Thus, for a <t < s <b, G(t,s) is decreasing (on variable s), which implies that

91(t, s) < g1t 1)

G5 = T =5 < Tla-p)

Let
) = DD _ (= a0 g
Mla=8)  Dla=p)0b—a)!
Since h(a) = h(b) = 0, we can apply the Rolle’s Theorem to conclude that there exists
c € [a,b] such that h(c) = maxscpey h(t). We have that

1 (= @3~ 720~ D(b—1) — (0 — f~ (¢~ a)
"= Ca— B)(b—a) /

and hence, h'(c) = 0 for

(a—l)b+(a—ﬁ—1)a‘

= 2 — -2
Note that
(a—1a+(a—p—1)a
c> a5 2 =a
and
—1)b —B8—=1)b
C<(a >+(a 6 ) :ba

20— B — 2

which shows that ¢ is well defined. Consequently, we obtain that

(32)C““C>:}“@::Iwa{—ﬁ><2a?f%%—2)a1<§§:€5;2)aﬁ1(b‘afﬁl'

Consider now the case a < s <t <b, (t,s) € [a,b] X [a,b]. In that case, we have
that

92(ta 3)

G(t,s) = Tla—f)
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Fixing t € [a, b], and taking the derivative with respect to s, we have

 (a=B-Dt—a)* N (b— )2
(t,s)=— b

t—s\> P2 t—a\*!
o (=
(@ == (5= e
t—s\> P2 t—a\*!
U(S)_<b—s> _<b—a> '
Then, it follows that

R

which is positive since o« —  — 2 < 0 and (bt_’sb)g < 0 (with ¢ < b). Thus, we have that

+(a—F=1)(t —s)* P2

%!h

Let

v is increasing, which means that

oz =(=5) - () 20

since 0 < (Z:—Z) <land a — 3 —2 < a— 1. Thus, we can obtain that

9] t—a\* P2 t—a\*!
8892(75,8) >(a—F—-1)(b—s) l T T >0,
and we conclude that go(t, s) is increasing on variable s and thus

gQ(t’ CL) gQ(tv S) gQ(tvt)
Tla—f) “Ta—-p) = Tla—p)

for all s € [a,t]. In this way, we obtain that, for a < s <t <b,

92<t75) — max 92<t7a) 92<t7t)
telst] | D(a— B)|  telat] | |[T(a—pB)| " |T(a—p)
Since 57(2053'2) - I;"éfg) > 0, for any t € [a,b], we only need to consider %.

Observing that

g2(t,a)  (t— a)* Pt [t —a\? B
Na—m_'Fm—ﬁ)[< ) 1]§Q

we can write that

|y [ 6=
Let

w(t) :‘ g2(t ) ‘: (t—a) " [1_ (t—a)ﬂ]'
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We can observe that w(a) = 0 and w(b) = 0. Since w(t) is continuous and nonnegative,
using again Rolle’s Theorem, the maximum is achieved for a ¢* € [a,b] such that
w'(¢*) = 0. In this way, having in mind that ¢ # a, we have

(t — a)o- <a_5_1 a—1 )

T(a—B) N

wi(t) = t—af  (b—a)

Consequently, w'(c¢*) = 0 for

“ -1
= Baafl(b—a)—ka,

and as before, we can prove easily that a < ¢* < b. We conclude

e (55 ()

a—1

= 1 a_ﬁ_l ’ L _aa—ﬁ—l
e (aer) (e e

Joining the results (3.2) and (3.3), we obtain that, for a € (1,2), 5 € (0, — 1),

(3.4)
ma | ()" (575) ()7 ()
max |[G(4, 5)| A A e s NPT
X = B :
t,s€a,b] ’ F(Oé - B)
To complete the proof, let us prove that

a—1 " fa-p-1\""" [a-p-1\TF s
2a—ﬁ—2> 2a—ﬁ—2> - a—1 a—ﬁ—1>'

To that purpose, we first observe that « —1 > fand 2a— -2 =2(a—1)— 3 < a—1.
Moreover, since % <landa—-p-1< Q*T[H (having in mind that 0 < 5 < 1),
we conclude that

(3.3)

B—1

a—pg—1 a_5_1> a—pF3-1 5
a—1 a—1
Applying those results, we therefore obtain
a—1 la—-B-1 a_5_1><0z—1>a1 a—B-1\*""
200 — 8 — 2 200 — 8 — 2 a—1 a—1
[fa—=p—1 apt
N a—1

a—pB—1

a—pF—-1\ 7
(%)
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Thus, recalling (3.4), we conclude that

(5)" (525)
¢ _ a—[fB— a—[(— b— a—p—1
max |G(t, 5)| ) (b—a)* ",

which completes the proof. 0

3.1. A Lyapunov-type inequality for the problem under study. The following
theorem states a Lyapunov-type inequality for the fractional boundary value problem
(1.1).

Theorem 3.2. Let x be a nontrivial continuous solution of the fractional boundary
value problem (1.1). Then

o _ g)i+8—a
[ lats)ias > @O

a-1 \*! a—pB-1 a—f-1°
(2&—6—2) (2&—6—2)
Proof. Suppose that x is a solution of the fractional boundary value problem (1.1).
Then, according to Lemma 3.1,

o(t) = [ Gt 9)a(s)a(s)ds,

with G as defined in (3.1). Assume that z is a continuous and a nontrivial function
on [a,b]. Thus, there exists an m > 0 such that max;c ) |2(t)] = m. We have that

b
m < mmax/a |G(t,s)||q(s)|ds

t€[a,b]

a-1 )7 (azpor )
< m<2&_;—2>r(a<ﬁa§§_2> (b—a)* 7! / ’la(s)lds.

Thus, we can conclude that

a—1 a-l a—p—1 aft
<2a_ﬁ_2)p(a(jaé§_2> (b— a)afﬁfl /ab lq(s)|ds,

which gives the desired result. ([l

1<

The following corollary is a natural consequence of Theorem 3.2.
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Corollary 3.1. If x is a continuous nontrivial solution of the fractional boundary
value problem

{ (Dg,2)(t) + AM(Diya)(t) =0, ¢ € [a,b],
z(a) = z(b) =0,

with A € R\{0}, then
L(a—B)(b—a)’

(w55)" (323)"

4. EXAMPLE

Al >

Consider the fractional boundary value problem

{ (Dy{2)(t) + (DYPktx)(t) =0, t€[1,2],
z(1l) = 2(2) =0,

where k is a real number. In that case, for « = 1.5 and 8 = 0.3, we have that
200— 3 —2 200— 3 —2 - \7 7)

2 3
k| [ dt = Ik,

we have that if there is a nontrivial solution, then
41°(1.2)

5. CONCLUSION

Since

k| > > 1.86.

In this paper, we obtain a Lyapunov type inequality for a boundary value problem
with a fractional Riemann-Liouville derivatives. This result complements the existing
results in the area. The novelty in this work is the fact that the problem considered
uses different orders of the Riemann-Liouville derivative, which leads to different
solutions and, consequently, different results. The inequality obtained is a necessary
condition for the existence of a nontrivial continuous solutions of the problem under
study.
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COUPLED NONLOCAL BOUNDARY VALUE PROBLEMS FOR
FRACTIONAL INTEGRO-DIFFERENTIAL LANGEVIN SYSTEM
VIA VARIABLE COEFFICIENT

LAHCEN IBNELAZYZ!, KAMAL AIT TOUCHENT?, AND KARIM GUIDA3

ABSTRACT. In this paper, we aim to study a new coupled system of nonlinear
fractional integro-differential Langevin equations with coupled multipoint boundary
conditions. The existence and uniqueness of solution are investigated by using the
Banach’s and Krasnoselskii’s fixed point theorems. The Ulam-Hyers stability of the
mentioned equation is provided by applying the classical technique of functional
analysis. Two examples are presented to verify our analysis.

1. INTRODUCTION

Fractional calculus has attained considerable interest due to their various applica-
tions in many scientific fields and the ability to describe the phenomena that have
memory effects. In particular, fractional differential equations can be used to model
a number of problems in physics, chemistry, biology and economy. As a result, many
several authors have interested in it. For more details, one can go through in the
books [1-4] and and the papers [5-16].

Langevin equations (introduced by Langevin in 1908) are used to model the evo-
lution of physical phenomena in fluctuating environments (see [17]). Recently, the
generalisation of the Langevin equations (fractional Langevin equations) has been
considered by authors and researchers, for more details we give the following references
[18-25].
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On the other hand, coupled systems of fractional differential equations, including
coupled nonlocal boundary conditions have been one of the important subjects in the
field of fractional differential equations for their rich history, for more information see,
[26-30].

In the last years, Ulam-Hyers stability has become of great importance to many
researchers. It was introduced in 1940 by Ulam and then developed by Hyers. Many
authors generalized the results obtained by Hyers for integer order differential equa-
tions. The mentioned stability for fractional differential equations are very important
in many domains such as realistic problems, biology and economics. Recently, only a
few authors have investigated in their work this type of Ulam Stabilities for coupled
system of nonlinear fractional differential equations, see [31-35].

To our knowledge, coupled fractional integro-differential Langevin equations via
variable coefficient involving coupled multipoint boundary conditions have not been
extensively investigated yet. That’s why, in the present article, we investigate a
coupled system of fractional Langevin equations as follows:

(11) D (D™ + My (1)x(t) = f(t,2(t),y(t), Py(t), t€[0,1],
' D (°D2 + Xp(1))y(t) = g(t, x(t),y(t), Yx(t)), t€[0,1],

subject to coupled multipoint boundary conditions

12 Sy =0, yb) =0, y(1) =3 saluy)

0<a; <b <51 <89< <8, <U <Up <0 < Uy <1,

where 0 < ap < 1,1 < B, <2, for k = 1,2, 7;,6; € R* fori = 1,...,n, j =
1,2,...,m, °DP* ¢D% are the Caputo’s fractional derivatives, and f,g : [0,1] x
R xR — R, Aj,A\ : [0,1] — R are a given continuous functions and Wx(t) =
Js(t, 8)y(s)ds, ®y(t) = [y (t, s)y(s)ds, where ¢,v : [0,1] x [0,1] — [0, +00), with
Xo = supseqo | Jo @(t, s)ds| < +00, 8o = sup,cpo il Jo ¥ (t, s)ds| < +o0.

This paper is arranged as follows: in the second section, we give some preliminaries
and notations that will be useful throughout the work. In the third section, we
establish the main results by using the fixed point theory. In the fourth section, we
investigated that Problem (1.1)—(1.2) is Ulam-Hyers stability. The last section, we
give some examples to illustrate the results.

2. PRELIMINARIES AND NOTATIONS

In this section, we introduce some notation, definitions and lemma that we use in
our proofs later.
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Definition 2.1 ([3]). The fractional integral of order o > 0 with the lower limit zero
for a function f can be defined as

1

1) = foos [ (= (<)

Definition 2.2 ([3]). The Caputo derivative of order o > 0 with the lower limit zero
for a function f can be defined as
1

IOty

wheren e N, 0<n—1<a<mn,t>0.

[ = syt sy,

Theorem 2.1 ([36]). Let M be a bounded, closed, convex and nonempty subset of a
Banach space X. Let A and B be operators such that:

(i) Az + By € M whenever x,y € M;
(ii) A is compact and continuous;
(iii) B is a contraction mapping.
Then there exists z € M such that z = Az + Bz.

Lemma 2.1 ([3]). Let o, 8 > 0, then the following relation hold:

o _ LTBHL) ars
it _F(oz—l—ﬁ—l—l)t '

Lemma 2.2 ([3]). Letn € Nandn—1 < a <n. If f is a continuous function, then
we have

I°°D*f(t) = f(t) + ap + art + ast® + -+ + ap,_1t" .
Lemma 2.3. Let z,y € C([0,1],R) and A # 0. Then the coupled system

cDA(DM 4+ N (8)z(t) = I (t), te[0,1],
‘DD + Xo(t))y(t) = hao(t), t€[0,1],

subject to the boundary conditions (1.2), has a solution given by

A%—QM*M@ag@

awzmmiﬁﬁfa—@w%*m@m&- o
01(1 — 5) 7\ (s)x(s)ds ;% /OSi(Si — 5)" 7 Na(s)y(s)ds
e o) - o)

_'_zzl _J0

Zn:%' /OSi(Si — 5)2t 2 hy(s)ds /1(1 — s) 1t (s)ds
I'(az + 52) ['(oq + 1) ]
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[ = xalopis)s 2‘5/ (= )" N (s)a(s)ds
HRO I'(as) - ['(ay)
_]'Z::l(sj /0“7' (uj — 5)a1+ﬁ171h1(5)d5 /01(1 _ S)a2+62_1h2(3)ds
" D1+ Br) N T(as + fB2) ]
_/Oal (a1 — S)alil)\l(s)x(s)ds /0‘11 (al _ S)a1+ﬂ171h1(8)d8
+ Bs(t) _ (o) N T(a;, + A1)
| /Obl(bl — )% g (s)y(s)ds /0 bl(bl — 5)2t 1, (5)ds
+ By(t) _ NED) - T(as + ) ]
1 ! az+B2—1 /ot(t - S)ag_l)\Q(s)y(S>d8
M/O (t — s)2 P21y (s)ds — (o)
[ =9 xalops)s 25/ (= )™ hals)a(s)ds
+ Ci(t) I'(ag) - (o)
jé(sj /0“]' (u]' - 3)041+/3171h1 (S)ds /01(1 B S)a2+ﬁz—1h2(s)d8
+ [(ay + p1) B [(ag + 32) ]
[a= s in@ats 3 [ =9 Dalous)ds
e T(ar) - [aa)

i%’ /051'(& — 8)a2+62_1h2(8)d8 /1(1 _ s)al"'ﬁllhl(s)dsl

o [(ag + B2) - ['(an + 1)
[ s [ = ) (s
+Gl) I'(az) - I'(az + £2) ]

(o) [(ar + 1)

'/al(al —5)M I\ (s)x(s)ds /al(al - 3)“1+611h1(s)ds]
+ Cy(t) | 22 — 20 :
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where

Z’% bl _Sz

(1 - al) (1 - bl)
Ti=a—2, Tp="1 , Ti= o
YT 42 P (s + 2) YT Doy +2)
Z(Sju;” (a1 — Uj) T
T, ==t . A=T;T,— T3y, UJ—___ 4
1o T3 T,
V= >  R=—-— %  T=—_ 1
AF(Q + Oél) AF(Q + Ozg)’ AF(Q + O{g) ’

Bl(t> —Utal (a1 - t), Bg(t) == Vtal (a1 — t),

o
1+ (a1 — 1) (VZé ug! —U)

ar
aq =1

Bs(t) =

)

Qg

B(t) = ;2@h—¢)<U§fyﬁ?-v>,
=1

Cl (t) : ta2 (bl - t), Cg(t) = RtaQ (bl - t),

te2
C3<t> bozg 1+(b1_t (RZ’YZ az_T) )
=1
ta2 m
C4(t> al (bl — t) (TZ (SjU?q — R) .
j=1

Proof. Using Lemma 2.2, we obtain x(t) = [P hy (£)+ 1 agr+1 ay t—T Ny (t)x(t)+
asy, and y(t) = ]a2+52 hg (t)—f—IaQCLOQ—f—IOQCLth—IOQ )\Q(t)x(t)+a22, where aop1, a11, a21, o2,
a1, a9 € R. According to the condition z(0) = 0, y(0) = 0, we get as = as = 0.
Using the facts that z(a;) = y(by) = 0, we obtain

(2.1) o1 i m + O1a11,
ag2 = 12 + 02012,
where
_Fmﬁw)A(%—W““&W@%_A(m—ﬂm%lm@@
T a?l F(al) F(Oél +61) ;
b1 by
T +1) /0 (b — )% Na(s)y(s)ds B /0 (by — 5)*2 2" hy(s)ds
Up b‘l"Q F(ag) F(Oé2+52) 3
——
b 2+ (6%} ’
g, —
T 2 + Qo .
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By applying the conditions x(1) = i, viy(s:), y(1) = X7, d;2(uy) and (2.1), we
have

(2.2) Tian + Toarz = Ay,
. Tsai + Taa12 = Ag,
where
A = — 1 /0 1(611 — )71\ (s)x(s)ds B /0 1(al — )Pl (s)ds
as” I'(ar) [ + B1)
;%Sf : / " by — 5% g(s)y(s)ds / " by — 8y (5)ds
+ 1= 0 _J0
by ( ['(az) [(ag + B2) )
/1(1 — s Iz (s)a(s)ds 2 /(]Si<3i — )™ Aa(s)y(s)ds
0 =l
- (o) I(a)
;%’ /081(81' — 5)°2tP=1p,(s)ds /01(1 _ 8)0‘1+’81_1h1($)ds
" Moz + Ba) T Tt s)
b1
1 / (bl — s)ag—l/\g(s)y(s)ds 1 by v
A== ( 0 ['(cw) " T(az + B) Jy oo 1h2(8)d8)

ai

g}éju?ﬂ (/Oal(al — 5)M 7\ (s)x(s)ds /0 (a; — s)o‘lwllhl(s)ds)

[(aq) (a1 + Bh)

/01(1 . s)“l_l)\g(s)y(s)ds Z (Sj /Ouj (uj — s)al_l/\1(8)$(8)d8

7=1
) Fa) i (o)
iéj /Ouj (u S)a1+51—1h1(8)d3 X 1
= - — az+PB2—1
e g L= ion

By solving the system (2.2), we get

1
A
1
a1z = —
12 =%

(A1Ty = AgTs),

ail =

(A2T1 _ A1T3).
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Substituting the values of a1 and aqz in (2.1), we get

ol = 1 + QA (A1T4 - A2T2)
Qo2 = 12 + QA(A2T1 A1T3)-

Substituting the value of agi, ag2, a;1 and a1, we can deduce that

/t(t — 5)7 1\ (s)x(s)ds

=) = (a11+ B1) /t(t =) (s)ds — (o)
0= el Z% s = 5 Da)y(s)ds
+Bilt) Tan) ()
21: /S. —s) O‘24—52_1]12(8)&5‘ /01(1 _ S)a1+[31—1h1(8)d8
+ [(ag + B2) - ['(a1 + 1) ]
/01(1 — 5)* 7 Xa(s)y(s)ds ; 0 /Ouj (uj — ) A (s)a(s)ds
+ Ba(t) Ta) - ()
;(;j /Ouj (u; — 5)a1+ﬁ1_1h1(3)d5 /1(1 _ 8)a2+6271h2(8)d8
" (o + 1) - ['(ag + 52) ]
Bt _/oal(al — )M A (s)z(s)ds /Oal(al — 5) Ry (s)ds
+ Balt) i ['(a) N ['(ay + 1) ]
b1 b1
b _/0 (by — 5)*2 Xy (8)y(s)ds /0 (by — 5)*2 P27, (s)ds
B() I [(ag) N ['(ao + f52) ]
and
t (= )22 U (s)y(s)ds

/1(1 — 5)%27 N\ (s)y(s)ds Zéj /ouj (uj — ) " Ni(s)z(s)ds
+Cy(t) | L0 =

T(as) B T(ay)

363
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jgléj /Ouj (uj - S)alJrﬁlilhl(S)dS /01(1 _ S)a2+’82_1h2(s)d8
' Flow + A1) T T &) ]
/0 - S)M*ul(s)x(s)ds Z% / si = 5)™ Ao (s)y(s)ds
He (o) (o)
Z%‘ /OSi(Sz‘ - S)a2+ﬁ2_1h2(8)d8 /1(1 _ S)a1+[31—1h1(8)d8
i=1 _Jo
" [(ag + 32) [(ay + 1) ]
i / " by = 8 g (s)y(s)ds / " by — 8By (5)ds
+ Cs(t) | =2 —
i I'(as) ['(az + o) ]
'/al(al — 5) I\ (s)x(s)ds /al(al — ) thlp (s)ds
+ Cy(t) | ° — 20 .
I I'(ar) [(an + 1)
By direct computation, it can easily be verified the converse of the lemma. O

3. MAIN RESULTS

Let X be a Banach space of all continuous functions from [0, 1] — R endowed with
norm ||x|| = sup{|z(¢)| : t € [0,1]}. Then, the product space (X x X, ||(z;y)||) is also
a Banach space equipped with the norm ||(x;y)|| = ||z]| + ||y]|. In view of Lemma 2.3,
we define the operator U : X x X — X x X by U(z,y) = (Ui(z,y),Usz(z,y)). Here

Ul (CL’, y) (t)
|t =9 (s 2(s). (o), Ry())ds [ (= )" I h(s)a(s)ds

—J0

Iy + 51) (o)
/0 n =) M()r(s)ds Z% / si— )" Ao (s)y(s)ds
I'(aq) ['(ay)

2 = 9 g, (). (o), W)

+ By(t)

@2+52

1 ! a1+61—1
e O f<s,x<5>,y(s>,@y(s>>dsl

+ Bs(t)

y(s
e 6/ 5 — )27 N (s)2(s)ds
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S0 [y = ) (s, () ). D)) s

T (a1 + Br)
| =5 (s, a(s). y(s), Wa(s))ds | @ = 9 A(s)a(s)ds
- (g + Bs) + Bs(t) T(ay)
1 “ a1+p1—1
g b @9 (), (), Bys))ds | + Balt)
b1 b1
[ = asp()ds [ (b= 9 g s, (), (), W)
. ['(a) - ['(ay + B2)
and
Uz (z,y)(t)
:F(O@l-i-ﬁz)/o (t — 5)°2 ™27 g(s 2 (s),y(s), Va(s))ds — F((;)

[ alsss

« /0 (= $) gy (8)y(s)ds + Oy (¢)

F(Oéz) I'(ay)
X (f:l(sj /Osi(uj—3)01—1/\1(S)x(8)d8) Oél—l—ﬂl f:l(;] /Ou _ )0414-51—1
[ 0= (s (), (), () s
x f(s.2(s),y(s), Py(s))ds — = Tost Bo)
/01(1—3)0‘1_1)\1(s)x(s)d3 Z%/ si— )" g (s)y(s)ds
+ (1) o _ v
1 L 1

> i /OSi(sz- —5) 02t g (s, 1(s), y(s), Va(s))ds — T(on + fr)

" Doz + B2) =

[ = 9 aly(s)as

+ Cs5(t) D)

< [ 9 (s, 1(s), (5), By(s)ds

+ Cy(t) T(ay)

1 h ag+fB2—1
_ F(O@—i—ﬁg)/o (by — s) B g(s,z(s),y(s), Va(s))ds
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X /Oal(al —5)* I\ (s)z(s)ds —

/0a1 (al o S>a1+,31—1f(8, :L‘(S)7 y(s)7 @y(s))ds
(a1 + 1) ] '

For computational convenience, we set
(1 + B+ By S 6l 4 B§a$1+ﬁl>a;
j=1
711 =1max
B { (o + B + 1)

(14 do)o3 ( - az+f az+p
By + By Y s 4 bt )
T(as + B + 1)\ 2 12‘:178 401
Al -
+ M (B 14+ B ut + Blad ),
F(a1+1) 1 2]‘:1 2% 31

14+ BT + Bék Zéju?l—i_ﬁl + Bé‘a‘f1+51
j:l *
1+ A
Tl + B + 1) (1+Ao)or +

n A n
(B B ) P (4B Y 4 B
i=1 (a2 + 1) i=1

05
['ag + f2+1)

m
Cik Z 5ju§¥1+51 + C* C* a1+p1

719 = max =1 oF + (14 do)o3
(o + 51+ 1) ! (g + B2+ 1)

* * - @ * 7 O ‘)\1 * « * EIeY
(1+01+O2;%sf+ﬁ2+03612+52) Fa, + D\ Zé~uj1+02+04a11 :
szdju?1+51 —I—C* Cza?l‘i’ﬁl

j=1

1+ M
F(a1+/81+1) 01( + 0)
14 Cr 4+ 05 > st ™ 4 bt

i=1
['(ag+ B2 +1)

)\ n
T (1 + O+ 05> st + C;jb‘f2> }

[(ag +1) i=1

*
+ 0,

where B = sup{B;(t), t € [0,1]}, C; = sup{C;(¢), t € [0,1]}, A\; = sup{\;(¢),t €
[0,1]}, o = sup{o(t),t € [0,1]}, fori =1,2,3,4 and j = 1,2.
Before introducing the main results, we impose some assumptions.

(Hy) f,g:]0,1] x R* — R are continuous functions.
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(Hs) There exist non negative functions oy, 09 € C([O, 1], [0, +oo)> such that for all
t € [0,1] and z1, x9, Y1, Yo, 21, 22 € R, we have

|f(t, 21,91, 21) — f(t, 22,92, 22)| §01(t)<|$1 — Tl 4 |y — yo| + |21 — 22|),
l9(t, 21,91, 21) — g(t, 22, Y2, 22)| §U2(t)(’$1 — Zo| 4+ |th — Yo + |21 — 22‘)7

(H3) |f(t71'7?/a Z)| < ml(t)7 |g(t,$,y,2’)| < m2(t)7 for all (thayaz) € [07 1] XRga with
mi, Mo € C([O,l],R+)

Theorem 3.1. Let A # 0. Suppose that (Hy)-(Hs) are satisfied. Then there exists a
unique solution for System (1.1)—(1.2) provided that r11 + 112 < 1.

Proof. Define sup |f(¢,0,0,0)| = Ay, sup |g(¢,0,0,0)| = As.
0<t<1 0<t<1
Let B, = {(z,y) € X x X : ||(z,y)|| < r}, with r > 23722 where

(r11+7r12)
Bi+ By Y b Bt By B Y st Bt
= jF:(lal B+ 1) At F:(i)éQ + B+ 1) Az,
@i@ﬁ%+@+ﬁaﬁl L4 O+ O3 3 s 1 b
e = (o + 51+ 1) At F(Z;‘F By +1) Ao

We prove that T'B, C B,.
For (z,y) € B,, t € [0,1], we have:

£t 2(t), y(1), @y(1)] <[ F(t,2(t), y(t), y(t)) — £(£,0,0,0)| + | £(£,0,0,0)|
<or(t)(lz] + lyl + [Py(t)]) + Ay
<oi (Ilzll + (1 + Xo)llyll) + As,
gt x(t), y(t), By (1))] <|g(t, z(t), y(t), Ty(t)) — g(t,0,0,0)| +|g(t,0,0,0)]
<aa(t) (|| + [yl + [y (®)]) + Ao
<a3(llyll + (1 + o) l|=]) + As.

Then,
|Ur((t), y(t))]
B; Zéju?1+51+l
< 1 N B; =1
Tl +p1+1)  T(og+pB1+1) (o + 51+ 1)

B ar1+B1

wmfb44JPNWW+O+me+AJ+[

By
[(az + B2+ 1)
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n
az+P2
BI Z ViSi B*ba2+,32
=1 4Y1

oo+ B2+ 1) i (oo + B2+ 1)

[MlB3 ) djui
MIBE A = By
F(Oél —|— 1) F(al —|— 1) F(Ozl + 1) F(Oél —|— 1)

|3+ 0+ 81t + 44

|/\2|BTZ%S?2

’)‘2’B§ i=1 |)\2|Bffb?é2
T T T
(r(a2 ) T(as + 1) T(as + 1) Iyl

1+ By + By Y d;ul*™™ + Byai

= Far 555 1) o7 (el + (1 + o)yl + A1)

Bj+ By Y syt + Bybe
! Mot Bt ) x o3 (yll + (1 + Go)lll) + A,

A1 <B; + 1+ B3 dul’ + B;;a?l)

| Azl (BS + B s + Bﬁ?)

j=1 i=1

+ x| +
T ] oy Iyl
1+ Bik + B; Z(Sju?l—i_ﬁl + B;dfﬁﬂl B; + BTZ%S?Q-F@ + BZb?Q-i-Bz
< Jj=1 oF + i=1
N I'(a; 4+ 61 +1) ! ['(ag+ B2+ 1)
(Eeiemd )
X(14+0)+=———(B7+1+B;) 6;u5" + Bia™ x
1+ By + B3 S 6ul™™ + Byaftth
— ol
+ : 1+ Xo) +
['(ay+ 61 +1) ( o) I'(ag + f2+1)
n | Aa| <B§ + B Z%S?Z + Bj[b‘f”)
% (B + B* isféz-i—ﬁz + B*baz+52 + i=1
(B3 1 ;’Y 491 ) F(ag T 1) lyl|
1+ By + B3 Y d;ul*™™ + Byat ™™ Bi + B> 3852t 4 Bybiet
+ Jj=1 Al + =1 A2.

['(og + p1+1) [(ag+ o+ 1)

Consequently, ||[Uy(z(t),y(t))|| < rir =+ ro.
In the same way, we obtain that ||Us(x(t), y(t))|| < ri27 4+ 792. Therefore, we have
1U (@), y@O)I = [[Us (2, )| + [|U2(2, )| < (r1a 4 712)7 + 791 + 722 <7
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Now, for (x1,y1), (x2,y2) € X x X and for t € [0, 1], we get
’U1<551,y1)<t) - Ul(x27y2)<t)’
1+ By + By > 0;ul*™™ 4 Bjaft ™™

: Mo 7 D) 3 (1 — 2all + (14 20) s~ wal)]

B; + Bikz,.)/is?QJrﬁz 4 BZb?QJFﬁQ

i (I = el () — )

ol (B; FBIY s 4 B:bam) I—
=1

F(Oég + 1)
LB+ By S P Bt By By Y st Bt

O'* + =1
! [(ag+ B2+ 1)

+

j=1

<

(o + P51+ 1)

(B; +1+B3) d;ul’ + Bga‘fl)
j=1

(14 Ao)
I'(og + 61 +1)

X (14 dg) + | M|

F(cn + 1)

B; + BTZ%SZ‘OQ—F@ + sz?2+ﬂ2

(1 By 4 By S 8 4 Biap ) Y o

j=1

ol (B3 + B 3 st + Bit?)
F(;221+ 1) ] Hyl - yZH

<ru(llzy — 22 + |lyr — v2l)-

Analogously, we can also have |Us(z1,y1)(t) —Ua(x2, y2) (¢)| < ria(||z1 —xa||+[|y1 —2|]),
which leads to

1U (21, 91) — U@z, yo)|| < (run+712) (|2 — 22| + [lyn — vel])-

As 1 + 712 < 1, therefore the operator U is a contraction mapping. Then, we deduce
that System (1.1)—(1.2) has a unique solution. O

Theorem 3.2. Let A # 0. Assume that (Hy), (Hs) hold. Then, System (1.1)—(1.2)
has at least one solution on [0,1] if R < 1, where

Oél‘|—

)\ m m
R =max {I‘(|1|1) <1 + B + Y 6;uf' B; + Biaf* + Y 0;u'Cy + C5 + Cj:a?l>,
=1

Jj=1
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|>\2| * . o % * 7009 * & oo vk *7.000
Tla + 1) Bz+;%9¢231 + Byby® + 140 +;%8¢202 + 3072 ) ¢
Proof. We define a bounded closed and convex ball B,y = {(z,y) € X x X : ||(z,y)|| <

/ . / )
'} with ' > 725, where

o lml

_ 14 B* 4+ B*g™ TP o pg* SutrtP L o S.uorth
P(a1+61+1)< + B BT B g T O 0 6

J=1 7j=1

* * o mQH * *n az+f3 x7 0243
+C —i—CCLH_”Bl + || B+ B isi2 2 L Brpoethe
2 41 T(as + Ba + 1) 2 1;7 491

+14+ Cf + C; 2%8?24—,32 + C;b?2+62>.

=1

Let us introduce the decomposition U(z,y)(t) = Wi(z,y)(t) + Wa(z,y)(t), where
Wiz, y)(t) = (Tu(z, y), Ba(, ) (1), Wa(z, y)(t) = (Ta(2, y), Ra(x, y))(t), with

Tw)(0) =g ) = 97 (o). u(s). y(s))ds

w5 — 8 g (s, a(s), y(s), War(s))ds
+ Bi(t) 2%/0 (o + B)
1 ! a1+p1—1
el BT ORTOR O d{
S0 [y = ) (s, () ). D)) s
+ Bs(t) = T(ar + B)
[ 0= 9y s (), ), () ds
B F(ag + o) ]
Bs(t) o1 ar1+p1—1
Ly (@ ST (), y(6), By(s)ds
= ) g5, (9), y(s), War(s)ds
~Bal) I + 52) 7
[ =9 A (s)(s)ds / (1= )M ()2 (s)ds
To(a,y)(t) = — = N + Bu(t) | (o))
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Z” [ i = 51 dalo)y(s)ds
- T(c)

] + Bs(t)

ifﬁ /Ouj<uj = 8)M 7\ (s)a(s)ds
) [(a) ]

/al(al — 8)M I\ (8)x(s)ds
()= )
b1
B4<t)/0 (b, — S)aQ_l)\g(s)y(s)ds
I'(as)
1

Bale0)0) =gy ) (= 7 gl 2(),0(s), Wr(s))ds

iﬁj /Ouj(uj — 5)" L f (s, 1(s),y(s), Py(s))ds

- [(aq + 1)

+ Bs

+

+ Ci(t)

1 ! as+B2—1
_ M/(J (1 —s)2th g(s,x(s),y(s),\ym(s))dsl

> s = )" g (). ). ()

+Cy(t) | = os 7 50

1

_ m /01<1 — 3)a1+/31—1f(s, I’(S),y(s), @y(g))dsl

Cs(t) by ottt
" T(as + Bs) /0 (by — )2 P27 g(s 2(s), y(s), Va(s))ds

Cy(t)
[(ay + 1)
/0 (t —5)*2 7 Xa(s)y(s)ds

Ra(z,y)(t) = — I a) + Cy (1)

/Oal (Cll — 5)‘11%31*1]0(5, 1‘(3), y(s)’ (I)y<8))d8,
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F(iél) /01(1 — $) N (s)z(s)ds

+ Cs(t)

+ Cy(t) Fon
Cy(t) /Oal(al Jo1=UN ()2 (s)ds
" (o)

For (z,y) € B,s, we have

Th (2, y)(t) + Ta(x, y)(1)]
Bylma|| Y yisi .
[ || = By|[m ||
I'(ay 4+ 61 +1) [(ag+ B2+ 1) I'(ay 4+ 61 +1)
B* ’mlu Zéjua1+51
=1 B3||ma|| Bia$ Pt my |

F(Ofl + 51 + 1) F(Oég + 62 + 1) (Ozl + Bl )

- ) | z|Z% P llyll B
Bib* *|mol| M- [zl Bilhal- |l
Flag+B2+1)  T(aw+1)  T(ag+1) F(ag +1)

Al 2 d5us 1z B o o
B3 |Xa| - [lyll i=1 Bi|Mlai |zl | BilAafb*[lyll

Ias + 1) [(og + 1) [y + 1) [(ag + 1)

[Ad] <1+B* Z5U?135+B§G?I>H$H Mz\(Bé‘ﬂLZ%S?QBIﬂLBib?2>|!y|\

F(Oél + 1) F(ag + 1)

- (1 + Bf + B;a?" ™ + B; Z(Sju?lWl)
=1

+
(o + 51+ 1)
HmQH <Bék + Bf 27i5?2+'82 + BZb?erﬁQ)
=1
+

(o + G2 +1)
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In a similar manner, we have

|)\1

e, )0+ Rt )0 < s (Z@mm+@+wMMm

rw@+@+2%¢@+qwﬂw

+ =1
Hml H (C]).k Z 5ju?1+/31 + C«* Czatlll-i-ﬁl)
+ =
['(ap+ 61 +1)
||m2|| (1 + OT + C; 27i8?2+’82 + Oékb?2+ﬁ2>
+ i=1

[(og + B2 +1)
Further, we obtain
Wi (21, x0)(t) + Walzy, z2)|| < Rr' + 1y < 1.
Hence, Wi (xy, 22)(t) + Wa(zy, 22)(t) € By
For (z1,v1), (z2,y2) € By and t € [0, 1], we have
|1 (1 + B} + iéju;?”Bg + Bga‘f”) |z1 — 22|
Ty (21, y1) — To(xa, y2)| < =1

F(Oél + 1)
w(%+zw$m+mW)M—m
=1
F(OQ + 1) ’

|A1] (ZajU?ICT +C5+Cy ‘“) |z — x|
|Ro(z1,11) — Ra(22,y2)| < =1

_|_

F(ag +1)

|MQ+@+Z%$®+@W)M—M
=1

+
F(O&Q + 1)

Therefore,
||W2($1,y1) - W2(332>y2)|| SRHIEl - 352|| + R||y1 - y2||
<R|(21 — z2, 51 — ya)||-

As R < 1, then W, is a contraction.
Next, we prove that Wj is compact and continuous. The continuity of f, g implies
that the operator W is continuous. Moreover, W is uniformly bounded on B,..
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Suppose that 0 < t; <ty < 1. We have

[t = s s (), ), @)
M+ 51)

= [ = ) (s (). (), D)) ds

+|By(t) — Bu(ty)

Z%/ 51— 8)2 g (s 1 (s), y(s), Va(s))ds

['(ag + 32)

Th(z,y)(t2) — Th(z,y)(t)] <

X

/01(1 — 5) Pl £ (s 2(s), y(s), Py(s))ds

[(ay + B1)
+ | Ba(t2) — Ba(t)] 25
/Ouj (Uj — 8)0414-51 f(S, 11(3)7 y(3)7 q)y(s))ds
- T(oy + fr)
/0 (1 —s)22 ™21 g(s, 2(s),y(s), Vx(s))ds
B [(ag + 32)

|Bs(t2) — Bs(t1)]
(o + B1)

a“ a1+p1—1
ap — §)“ AT
| @=s)

| Ba(tz) — Ba(th)]

x f(s,2(s),y(s), Py(s))ds C(ag + B2)

+

/Obl (bl — 5)a2+52719(8, :L‘(s), y(3)7 \Ifx(s))ds

||m1 H (tg1+51 . t<111+51)

- F(Ozl + 61 + 1)
llmzl > s

X

+ | Bi(t2) — Ba(t1)|

i=1 4 [[m4]|
F(OéQ + By + 1) F(Ozl + 51 + 1)
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lrma | - 8u5 ™
+|Bs(ts) — Bz<t1>|{

F(O{l + 61 -+ 1)

[[ma|| | Bs(tz) — Bs(t1)] - [Imalas" "™
[(as+ f2+1) Ilar+ 51 +1)
n | Bi(tz) — Ba(ty)| - [[ma ][5>
[og+ P2+ 1)

Similarly, we obtain that

+5 +5
Q2 2_tfl>é2 2)

[[ma| (£3
|Ry(2,y)(t2) — Ri(x,y)(t1)] < T(as+ fBo+ 1)

[l || 6just
" =1 N |||
P(Oél + 51 + 1) F(ag + 52 + 1)

+|Ci(t2) — Ci(th)]

n
Iz - s>

+ |Ca(te) — Ca(ty)| [ F(a;j—lﬁz 1)

[l ]| |Cs(t2) — Ca(ty)|[|ma]|b7>
T(as 1 A+ 1) T(as + fa + 1)

[Ca(tz) = Caltr)|[[ma "™
F(O{l + 61 + 1)

Therefore, the operator W is equicontinuous. Thus, W7 is relatively compact on B, .
Then by Arzela Ascoli theorem, the operator Wy is compact on B,.. In conclusion, all
terms of Krasnoselskii’s theorem have been applied perfectly. Hence, (1.1) and (1.2)
has at least one solution on B,.. O

+

4. ULAM-HYERS STABILITY

Definition 4.1. For some €1, €5 > 0, we consider the system of inequalities

(1) {\CCD& (D™ + A ()2 (1) — f(t, a7 (1) (1), By (1) < er. £ [0,1],
' DD 4+ Xo())y* () — gt 2* (), " (1), Wa* (1)) < &2, t€[0,1].

Then System (1.1)—(1.2) is Ulam-Hyers stable if there exist Cy,Cy > 0, such that
there is a unique solution (z,y) of Problem (1.1)—(1.2), with

||(Zl§'*,y*) - (I’,y)” S 0181 + 0252-
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Remark. (z*,y*) is a solution of system of inequalities (4.1) if we can find py, p2 €
(C’[O, 1];R> such that |p ()| < €1, |p2(t)] < g9, t €0, 1] and

(4.9) DA(ED™ + M (8)2* () = f(t, 2 (), 5" (1), Py (1) + pa(t), £ € [0,1],
' DR(°D + Xo(t))y* (t) = g(t, (), y" (1), Wa* (1)) + p2(t), ¢ € [0, 1].
)

Theorem 4.1. If (Hy), (H2) and r11 + 192 < 1 are satisfied, then Problem (1.1)-(1.2)
ts Ulam-Hyers stable.

Proof. Let (z,y) be unique solution of System (1.1)-(1.2) and (z*,y*) be a solution
of (4.1). Then we can find py, ps € (C’[O, 1]; R) such that

DR (D™ + M(1)a*(t) = f(t,2"(t),y" (1), Py*(t)) + pu(t), ¢ €[0,1],
DR(°D + Xo(1))y* (t) = g(t, 27 (), y" (1), Wa* (1)) + p2(t), t € 0,1,

(13 0 =0 ol@)=0, f”(l):;%y(si),

yO) =0, yb) =0, y(1)=> saly,),

O<ar <by <81 <89 < <8 <U <Up <o < Uy < 1.

By Lemma 2.3, we can obtain

P =g = 0 (0.7 (). 0 0)) + () s

/Ot(t ) (s)2 (s)ds
- I'(a)

() [(ag + B2)

% (g05,07(). 57 (9), V() + () ) ds

x (fs,27(5), 57 (5), By’ (s)) + pa(s)) ds
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[0 s (g5, (51, (), W) + () s
- [ + )

] [Aal (CLl - 5>C¥171>\1<S)1‘*(5)d5 B f()al (al i S)“l‘i’ﬁl*l

+ Bs(t)

['(a1) 'y + 1) (pl(S)

/obl(bl — 5)*2 7 Xy (s)y"(s)ds
['(az)

[0 s (gl (), 7 (5), W (5) + o)) s
N I'oa + 52) ] ’
[ g 9,59 W) 4 pa(9)ds
vt = (o + 32) B ['(az)

[0 9 oy o)
[(a)

+ Bu(t)

+ f(5.27(5). 47 (5), 2y (5)) ) ds

« /0 (= $) g (8)y" (5)ds + Ci (1)

m

S [ A (s

Jj=1

1
Do) T Tl + B

0 [ = ) (.07 (9), 57 (), @7 () + pu(9))

J=1

e gl (0),7(5), B (5)) )

[ + B2) ()

[la—gm e 2 ) 9 e (s)ds
X |: F(Oq) N I‘(a2)

n

;%4%&—@w&1@@ﬁ@Mﬂﬁ&f@»+m@ws
I + B2)

L2
[0 ) (s, (5), (5), By () + pas)) s

__ 1
(o + 1)
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Ct([@rwwl&@f®% 1
+Gl) I'(az)  T(o2+ fBo)
xAﬁm—ﬁw%*@@ﬁ@MMwa@»+m@w4
- /Oal(al — 5)* A\ (s)z*(s)ds 1
+Gb) I'(ar) CT(on+B)

X /Oal(al — S)O‘l*ﬁl’l(f(s,x*(s),y*(s), dy*(s)) + pl(s))ds] :

Using, |p1(t)| < e; and |pa(t)] < €9, t € [0, 1], we have

x*(t) — M /Ot(t — 3)a1+51*1f(3, ;1;'*(3)’ y*(s), @y*(g))ds

‘[@—sfﬁﬂﬂﬁﬁ@Ms+Bﬂw

['(a)

A?1-gm*hwmw@@

n

Z%’

1 & 5 as—1 , i=1
T(an) ;%/0 (s; —s) Xo(s)y™*(s)ds + Mo + )

S; otfBa—1 % * * _ #
<5i - S) B 9(87 Z (S)>y (S>7 Uz (5))d8 F(Oél + 61)

1
['(ag)

1 i 0; /0“3' (uj — )™ A\ (s)a*(s)ds
X /0 (1 —8) " No(s)y*(s)ds — =t

X

S—

1

X (1= s) T f (s, 07 (5), 57 (s), Ry (s))ds

S—

+ By(t)

()
D20 [ = ) () (), Ry (s
" Ko + 51) T+ )

x[u—ﬁw%*@@ﬁ@mm@wﬁ@»+m@w%

/Oal(al — 5)M I\ (s)x*(s)ds 1

T Ba(0) [(on) T'(ay + 61) /o (ar =)t




COUPLED FRACTIONAL INTEGRO-DIFFERENTIAL LANGEVIN SYSTEM 379

/obl(bl — 5)*2 7 Xy (5)y"(s)ds
['(az)

X f(s,27(s),y"(s), Py"(s))ds

+ B4 (t)

1 " az+f2—1 * * "
_ M/o (by — 5)°2H2 1 g(s, 2% (s), y*(s), Ua (s))ds]‘

€1 * * _o1+01 * < a1+61
< 1+ By + B3a;'"""' + B oju;
F(Oé1+51+1)< 1+ b3a; 2; 77 )

€2 * N az+p2 *pao+P2
B, +B 852 B;b ,
+F(a2+62—|—1)( 5 + 1;7% + 540y )

1
[(aw)

1 ! az+B2—1 * * *
S (€ 9 (), (), 0 () -

_ /1<1 —8)*2 7\ (s)y*(s)ds
(t—s)™ 1>‘2(S)y*(8)d5 + Oy (b) [ 0 Fa)

1 & 8
oo [y =5 N ()2 (s)ds +
j=1 70

B 1
(aq) = [(ay + 1)

X Z 5 /Ouj (uj — 8) P f (s, 2%(s), " (s), Py*(s))

1 ! ag+p2—1 * * *
_ F(O@+52)/0 (1= )22 g(s,27(s),y"(5), Wa*(s))ds

/01(1—s)a1_1)\1(s)x*(3)ds Z%/ si = 8)™ 7 Ao (s)y" (s)ds
(o) N [(a)

P2 = 0 g, (9,70, B ()

‘y*(t) -

t

X

S—

!

+ Cy(t)

X

a2+62

1 ' a1+pB1—1 * % N
B w/o (1= s) M f (s, 2% (s), 47 (5), By (8))ds]

1

T(az) /obl(b1 — 5)" 7 Ng(s)y*(s)ds — 1

+Gl) (st )

X /Obl(bl — 5)2 Pl g(s 2% (s), y* (s), Wa*(s))ds | + Cu(t)

L)
1

X /Oal(al — 5)* I\ (s)z*(s)ds — Tloy 75
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X /Oal(al = 8) AT (s,2%(s), 57 (), %*(8))618]

€1 * a1+p61 * * O<1+51
C d; U +C5 + Cla
—r<a1+51+1>< ZZ )

€2 % * = as+B2 x72+[2
1+C C. iS5 b .
+F(042+62+1)<+ 1T 2;751 + C30; )

By (Hy), we get

|z () — x(t)|
< °1
"oy + 61+ 1)
€2 % * - as+B2 x7 o+ B2
+ B>+ B iS; o + Bib
F(ag—l—ﬁg+1)<2 1;7 401 >
1

+ W/O (t — S)Oéﬁ_ﬁl_l’f(s,.I*(S),y*(s), @y*(s))

|/\1| t a1—1 %
_ f(s,x(s),y(s),q)y(s))‘ds + T /0 (t—s) x*(s)ds

<1 +BI + B;«&?l-i-ﬁl —I—B;Z(Sju?l+’81>

J=1

A
F(Oél)

P‘ﬂZ%/ s;i — 8)*2 7 Hy*(s) — y(s)|ds .
['(as) i C(ag + 52)
D R e (A ONOR Z4)

— g(s,2(s), y(s), Va(s))|ds

+[B1(1)]

[ s s) = ats)lds

_|_

1 ! a1+p1—1 * * *
~ Fa 9 0.7 (0. 2 (9)
|A2| / — 5)° Yy (s) — y(s)|ds
—f(s,x(s),y() ‘dS +|BQ F(Ckg)
|>\1| m Uy a1 —1|,..% -
"y 2 /0 (1= 8)"* o) = a(s)lds + 325,

[ = 9 5,2 (5), 7 (5), By () = F5, (), (), @y(s))|ds
['(ay + 1)
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v /01(1 — 3)0‘2+52_1‘g(s7x*(3), Y (s), Yz (s))

[(oz + f2)
Il [ (@ =) () = (o) s

+ |B3<t)| F(Oél)

— g(s,2(s), y(s), Wa(s))|ds

1 a1 a1+B1—1 * * *
e [ = e (9,070, 00 (0)

— f(s,2(5), y(s), By(s))|ds| + | Ba(t)|

ol [ sy
[(az) e h )

X |g(s,2%(5), 5" (s), Wa™(s)) — g(s,2(s), y(s), ws))!ds] |

€1
<
I'(a; 4+ 61 +1)

€2 * * . az+B2 *102+02
+ B;+ B is; o2+ Bib
F(a2+ﬁ2+1)<2 1;7 4¥1 >

o (nx* o+l — yu).

(1 + BT + B;a?l—l—ﬁl + B;Zéju;q-l-ﬂl)
j=1

So, (1 —rq)[|z* — z|| < ©161 + Oge9 + 11|y — y||, where

1+ Bf + Bsai™™™ + By Y gjus™™
O, = = )
on + 61+ 1)

B; + BTZ%S?Q-F& + BZb?@-&-ﬁz

(__) — =1
? [+ B2+ 1)

In the same fashion, we have, (1 — ri2)||y* — y|| < Ose1 + Oue9 + r12||2* — ||, where

Cr Y 65u5 ™ + O + Cia* ™
0; =——
’ (o + 61+ 1) ,
L+ Cf + 5 Y ysi ™ 4 opit

@ — =1
! ['(ag + 2+ 1) 7
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382
then, we get
N O1(1 —712) + 71103 O3(1 —112) + 71104
2" —zf < ! €5
(1 —7"11)(1—7“12) — T’ (1—7“11)(1—7’12) — 711712
and
O3(1 —711) + 71201 O4(1 —r11) + 71209
1 €2,
(1 - 7”11)(1 - 7“12) — 11712

* <
ly™ =yl < (1 =7r1)(1 =7ri2) = r1ari2

which implies that
(92(1 —T12) + 7“11@4)52
' (1 =7r11)(1 = 712) — r1aria
(@4(1 —711) +7"12@2)€2
(1 —=7r)(1—7r12) — Tl
U

. N O1(1 —712) + 71103
o —af| + [y = yll <
H H H H (1 - 7"11)(1 - 7“12) — 1’2
(93(1 —rn) + 7’12@1)51
(1 - 7’11)(1 - 7’12) — T2

Hence, System (1.1)—(1.2) is Ulam-Hyers stable.

5. EXAMPLES

Example 5.1. Consider the following system of fractional integro-differential Langevin

equations:
(5.1)
t t2 w(t) +yt)  [itrs3y(s)ds
CD”<qf ) t) = 0 telo1
TP )20 = 3 VS TIE - tel0d)
' t 5 4 ( )dS
i eps " (sm(:c(t)) + cos(y(t)) + 0103) 0
8( 8+10>Mw_‘ [ x0T , telo],
2(0) =0, () =0, 2(1) = 5505 (ul55) + () +y(5)).
1
y(O) =0, y(ﬁ) =0, y<1) - m( (25) —i—l’ 12 + (% )
Wher651=1727041=$752=1§3,0622%, )\12)\22101Waﬂd
2 (x(t) +y)
t = t
Pt 2) =gaoe (T 4 20),
1 ' 2(t)
o(t,2.9,2) —W(smu(t)) + cos(y(t)) + 20,
Dy (1) / ts3y(s)ds), W / £542(s)d
o0 =ges [ #5Py()ds), Walt) = oo [ st als)ds,
al:ﬁ7bl:ﬁa’yl:72:73:m751:%7132:47078 :30751_52_(153
uy = %, Uy = le, Uz = % Clearly, 50 = m, 0= m and O'ik = m,

4000’
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1

= 10000° Furthermore, we have

03
rip+rie ~ 0.175 < 1.
Thus, by Theorem 3.1, System (5.1) has a unique solution.

Example 5.2. Consider the following problem:

(5.2) |
i (CDS L )m(t) t( (t) —;y(t) N 133/0 t453y<8)ds> o
2 x 104 6 x %04 ; y 4l
DR (DF 4 g 0 = o) v + g [, Pt 0.1
2 x 10 4 % 104 4
o(0) =0, () =0, (1) = g (v(d) + v() + ()
V0 =0, y(s) = 0. (1) = 555 (o) + ) +a(55)
Whereﬁl—%7al—g’ﬁ2:§ 042:%7)‘12)\2:201Wand

Flt 2y, 2) = (a:(t);yt +2(0)), g(t,x,y,z)z40%00($(t)+y(t)+?>,

1t 1 t
dy(t) :%/0 t'sdy(s)ds), Vx(t) = m/o t9s*x(s)ds,

_ 1 _ 1 I | _ 1 1 1 s s s 1
al_%a bl_%7’71_72_73_6000781_%7 82_%7 83_@751_52_53_50007
_ 1 1 1
Ul = 55> U2 = 35> U3 = 15-
_ 1 _ 1 * 1 * 1
Clearly, 0y = 5000 Ao = 2000 and 07 = 1355550 95 = T5000-
After calculating, we obtain R ~ 0.0526 < 1. So, by Theorem 3.2, Problem (5.2)

has a least one solution.

6. CONCLUSION

In this paper, we suggested a new coupled fractional Langevin equation. More
precisely, we have improved the existence and uniqueness results for a coupled system
of nonlinear fractional Langevin equations via variable coefficient supplemented with
multipoint boundary conditions by the application of the Banach contraction principle
and Krasnoselskii’s fixed point theorem. Further, we have established Ulam stability
to the solution of mentioned system. Finally, we have presented two examples to
demonstrate our results.
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ANALYSIS OF A WEAK GALERKIN MIXED FORMULATION
FOR MAXWELL’S EQUATIONS

ABDELHAMID ZAGHDANI!2, ABDELHALIM HASNAOUI', AND SAYED SAYARI?

ABSTRACT. In this paper we introduce and analyse a mixed weak Galekin finite
element method for the Maxwell equations in the primary electric field-Lagrange
multiplier. Our weak Galerkin method is equipped with stable finite elements
composed of habitual polynomials of degree k for the electric field and polynomials
of degree k + 1 for the Lagrange multiplier. Optimal order error estimations for the
proposed weak Galerkin mixed finite element formulation are demonstrated and are
confirmed numerically on a two dimensional bounded domain.

1. INTRODUCTION

The idea of the weak Galerkin finite element method introduced by [13] consists in
the approximation of the differential operators in the partial differential equation
by weak forms as distributions over the space of discontinuous functions including
boundary information. Compared to the discontinuous Galerkin methods [11,16-19],
the weak Galerkin methods also use discontinuous functions in the finite element
procedure which gives a great flexibility to the WG-FEM in dealing with boundary
conditions and different geometric complexities, while weak Galerkin methods require
only weak continuity of variables through well-defined discrete differential operators
and are absolutely stable when correctly constructed. Ever since it was introduced,
the WG-method was used by several authors for the resolution of various partial
differential equations such as linear parabolic problems [3,20,21], Helmoltz equations
with large wave numbers [12] and elliptic interface problems [7,8]. Recently, Lin

Key words and phrases. Weak Galerkin, mixed finite element methods, the Maxwell equations,
polyhedral meshes.
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Mu and his collaborators [9] construct a new WG-FEM which discretizes the second
order elliptic equation in non-mixed form directly, and admit general finite element
partitions consisting of arbitrary polytopal elements. The Weak Galerkin mixed finite
element method is an extension of weak Galerkin finite element method [14] and it
was used for the numerical resolution of partial differential equations [4, 6,10, 15],
In [14], a mixed WG-FEM has been introduced and analysed for the second order
elliptic equation, in which the utilization of stabilization for the flux variable has
an important role in the mixed formulation. In this paper, we are interested with
the development of weak Galerkin mixed formulation for the Maxwell problem which
consists in finding two unknown functions u and p such that

(1.1) V x (u'V xu)—eVp=J, inQcR?
(1.2) V- (eu) =0, inQ cC R
(1.3) n xu =0, on 05,
(1.4) p =0, on .

Here Q is a bounded convex polygonal domain in R? or a bounded polyhedral domain
in R? with boundary 0. ;1 and e denote the magnetic permeability and the electric
permittivity of the medium and are assumed sufficiently smooth and in L>(2). p is
a Lagrange multiplier and w is related to the electric field £ by the relation E(z,t) =
Re(u(z) exp(iwt)) with a given non zero frequency w. Our goal in this paper is to
introduce and study a mixed weak Galerkin finite element method for (1.1)—(1.4) that
is potent and sturdy by allowing the use of discontinuous functions on finite element
partitions consisting of arbitrary elements with certain shape regularity.

The organization of this paper is as follows. In the next section, we recall some
notations in Sobolev spaces and we describe in detail our mixed weak Galerkin discrete
scheme. In Section 3, we study the properties of the bilinear forms given in the
formulation while in Section 4, we analyse the convergence of the proposed numerical
formulation and prove some optimal error estimations. Section 5 is done for studying
some numerical examples for confirming the proven theoretical results.

2. PRELIMINARIES AND NOTATIONS

2.1. Meshes. In this work, we use the standard notations for Sobolev spaces and
their norms [5], such as, H*(0)%, d = 1,2,3, || - [|s0 = || - |r+(0)2 for a domain O and
a positive integer or fractional regularity exponent s. The space Hy(V x,2) is the
space of vector-valued functions v € L*(Q)? such that V x v € L}(Q)? and n x u = 0
on the boundary of 2. The space H(V.-, Q) is the space of vector-valued functions in
L*(Q)? where V - eu € L*(1Q).

Consider T}, be a shape-regular partition of € which consists of tetrahedra in R? or
triangles in R%. We denote by & the set of all interior faces or edges, P the set of
all exterior faces or edges of the triangulation and we set &, = &/ U EP. For any T in
Th, we denote by hyp its diameter and h = maxyeg, hy the mesh size of the partition
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Ty. For d = 1,2, 3, we introduce the piecewise Sobolev spaces as

H(Ty) = {U € L*(Q)": vy € H¥(K) for all K € ‘Ih}.

2.2. Weak Galerkin formulation. First, we introduce the following two finite
element spaces V;, and W), for £ > 0:

YV, = {v = {00} 100 € [P(T)]?, v° € [Pi(e)]?, e€ &, T € ‘.Th}
and
Wy, = {w € L*(Q) :r € Poa(T), T € ‘Ih}.

Next, introduce the subspace of V), as
V) = {Uevhzvan:()ona()}
and the subspace of W), as

W2:={¢€Wh:¢200n09}.

2.2.1. Weak differential operators. Let T be any element in Tj, and v any function in
V;, a weak divergence V,, - v € P(T) is defined as the unique polynomial satisfying

(2.1) (Vi - 0,90)r = =(0°, Vi) + (0° - n,¢)or,  for ally € Py(T)
and a weak curl V,, x v € [Py(T)]? is defined as the only polynomial satisfying
(2.2) (Vo xv,w)p = (0°,V x w)p — (0" x n,w)ep, for allw € [P (T)]

With these two definitions, one can naively formulate a finite element discretization
of the problem (1.1)-(1.4) as: Find (up,pn) € V) x W) such that

Z (N_lvw X Up, Vw X Uh)T + (vw * EUp, vw ' 6Uh)T + Z (ph7 Vw : gvh)T

TETh TE‘J'h
=Y (Jop)r, forallv, €V},

TeTy,

Z (Vw - EUp, wh)T =0, forallyy, e W%

TeTy

This system does not have only one solution due to an insufficient enforcement of the
components uy and u? and we stabilize the bilinear form

Z (u‘lvw X Up, Vw X Uh)T -+ (Vw * EUp, Vw . é‘Uh)T,

TeT,
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by requiring some communications between u9 and u?. Hence, for (u,vs) € V) x V9
and (vp, pp) € VI x W9 we define the following bilinear forms

a(up,vp) = Z (W 'V X up, Vi X 031 + (Vi - etn, Vi - €037,

TeTh
B(Uhaph) = Z (phv vw : gvh)Ta
TeTy
sp(up,vp) :==r > hi'{(cuf, —eu)) - n, (sv), — ev}) - n)or
oTeel
+r Y hpt{(up —uh) x n, (v — v)) X n)ar,
oTegy,

where r is an arbitrary real parameter and assumed greater than zero. Next, for an
approximate solution of (1.1)—(1.4), we find u; = {u?,ub} € V9 p, € WY satisfying
(2.3) As(up,vp) + B(vg, pr) = Z (J,vp), for all v, € V9,

TeT,

(2.4) B(up, ) =0, for all 1, € WY,
where we have denoted by
Ag(up,vp) = alup, vp) + sp(un,vp),  for (up,vy) € V9 x V).

Since our numerical scheme was given in (2.3)—(2.4), we first analyse its well posedness
in the following theorem.

Theorem 2.1. The mized weak Galerkin scheme (2.3)—(2.4) is well posed and it has
a unique solution (up,pp) € V9 x WY,

Proof. Take J = 0 in (2.3)—(2.4), then we have to prove that u, = 0 and p, = 0.
Substituting v = wuy, and ¢ = py, in (2.3)—(2.4) and substracting the second equation
from the first and obtain Ag(up,uy) = 0. It follows from the definition of A(+,-) that
Vo XUy = Vy-cup =0 on each element T € T, and u® xn =1’ xn, eu’-n=cub-n
on each edge e € &,. Therefore, from the definition of the weak curl operator and
V. X up, = 0, one can obtain for any w € Py(T),

0= (Vo xu,w)r =u’,Vxw)r—uxn wer

=(V x u°,w)r — ((u® — u®) x n,w)ar

=(V x u’, w)r,
which gives V x u® = 0 on each T' € T;,. From the fact that u® x n = u® x n on each
edge e € &, and v* x n = 0 on Q2 we deduce that u® € Hy(Vx,Q) with V x u® =0
in Q. Similarly, since V,, - eu = 0 on each T' € T}, and eu’ - n = eu’ - n on each edge
e € &, we conclude that u® € H(V.-,Q) with V-eu® = 0 and it follows that u° = 0 in
Q. Then, u’* xn = eu’-n = 0 and therefore u® = 0 in Tj,. Next, using the definition of

the bilinear form B, the weak divergence operator and the first equation in (2.3)—(2.4)
we deduce also that p, = 0 and this end the proof. O
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3. ERROR ESTIMATIONS

Let us start by introducing the local projection operators. Define Qg the projec-
tion from (L?(T))? to (Pu(T))¢, Q, the projection from (L?(e))? to (Pk(e))d on each
elements T € T, and e € &, respectively. We denote by Qj, the L?-projection of
v = {00, 0"} € V9 defined as Q, := {Qo(v"), Qp(v*)} and for p € WY, we denote by
Qn(p) the local projection from L?(T) onto Pyy1(T). In the following lemma, we
introduce and prove some essential equations and results which we need for proving
some error equations that are essential for the study of error estimations.

Lemma 3.1. Let (u,p) be the solution of (1.1)—~(1.4), then
Vi (Qu(u)r =Qn(V - u)r,
Vi X (Qn(w)r =Qn(V x u)r,
(Vi x 0, Qu(@))r =(v°, V x @) + ((v” = 0°) x 0,0 — Qu(p))ar — (v x 0, 9)ar

Proof. From the definition of weak-divergence (2.1), Qy, Qp, we have for ¢ € P (T)

(V- Qu(u), ¥)r = — (Qo(u), Vo)1 + (Qp(u) - n,¥)ar
= (u, V)1 + (u-n,¥)or
=(V-u,¥)r — (u-n,¥)or + (u-n,¥)or
(V- u,¥)r = (Qn(V - u), ¥)r,
which means the first equation in the lemma and similarly we can prove the second
equation. For the proof of the third assertion of the lemma, fix v € V, and ¢

sufficiently regular function, then from the definition of the weak curl operator (2.2)
one can have

(Vi X 0, Qu(p))r

(0%, V X Qu())r — (v° x 1, Qu())or

(V x 0%, Qu(@))r + (v° x 1, Que)or — (v° X n, Qu(©))ar
(V x 0%, Qup))r + ((0° = v°) x n, Qu(p))or

(
(v
(v

V x v, ) + (0 = v°) x n, Qu(e))or
Y xp)r = (00 xn,@)ar + (07 = ") x n, Qu(p))or
VX @)+ (0" = 2%) x 0,0 = Qulp))or — (v x n, )or.O

In the following section, we derive some error equations which we need to establish
optimal error estimates for the weak Galerkin mixed finite element scheme (2.3)—(2.4).

3.1. Error equations. Let (u,p) be a sufficiently smooth solution of (1.1)—(1.4) and
for the sake of simplicity, assume that the coefficients u, € are constants and to be
equal to the identity. The use of Lemma 3.1, the definition of weak curl operator (2.2)
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and the usual integration by parts, implies

(vw X (Qh(u>>7vw X U)T (Qh(v X u)v vw X U)T
(0°, V x Qu(V x u))p — (v* x n, Qu(V x u))ar

(V x 0%, Qu(V x u))p + {(1° =) x n, Qu(V x u))ar

Therefore,
(3.1) (Vi X (Qu(w)), Vi x v)7r =(V x 0%,V x u)p + {((0° = 0°) x n, Qu(V x u))ar

Also, the use of the definition of weak divergence operator (2.1), the usual integration
by parts and the fact that Y ey, (v° - n, por = 0, gives

(Vu v, Qu(p)a == > (v°,V(Qu(p))r + (" n, Qn(p))or

:Té% %, Qn(p)r — ((0° = ") -1, Qn(p))ar

:sz(v ) — (0 = o) - 1, Qu(p)or

:_G;ZT V) + (0 ,p>aT_TZ; (0° =) - n, Qu(p))ar

_ Tg Vp)r + (0 — o) - n,p;;_% (0° — %) -, Qu(p))or
- (UO,th)Q + > (" =) np— Qh(p);a%

TeT)

which implies that

(32) (", Vpla=—(Vu v, Qup)a+ D (" =) - n,p— Qulp))ar

TeT
Now, testing the first equation in (1.1)—(1.4) by using v° in v = {v°,v*} € V}! and get
(3.3) (Vx Vxu,1)g— (Vp,v°)a = (J,0%)q.

After an integration by parts and using the fact that Y req, (0° X n, (V X w))or = 0,
one can arrive to

(VxVxu,1)g=> (Vxu,Vxo")r+ ((v°—") xn, (Vxu)sr

TeTy
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The use of this last equation together with (3.1) implies that

(VxVxu1")g=(Vyx (Quu)), Vi x v)a — > {(0° = 0°) x n, Qu(V x u))or

TeT,

+ Z (0 =) x n, (V x u))ar

z(Vw X (Qh(u)),vw X U)Q
= > {0 = ") x 1, Qu(V x u) = V x u)ar.

TeT,

Substituting the previous equation and (3.2) into (3.3) and get

(Vo X (Qu(u))a, Ve X v)a + (Vi - v, Qn(p))a
=(J,0%)a + Y ((° =) -n,p = Qu(p))or

TeT),

+ Z (1" = %) x n, Qu(V x u) — V X u)arp.

TeTy,

As to the second equation in (1.1)—(1.4), we test it by a function V,, - v and write
0= (V " u, V- U>Q :<Qh<v ' U’)a vw . U)Q = (vw : (Qh(u))7 vw : U)Q-

The addition of these two last equations gives

(Ve X (Qu(w)), Vi X v)a + (Vu - (Qu(w)), Vi - v)a + (Vu - 0, @n(p))a

(3.4) =(L,o)a+ Y {(° =0") - n,p— Qu(p))ar
+ 3 {(0° = 0") x 0, Qu(V x u) = V X w)or.

Now, it is the moment to introduce and prove the error equations, we have the
following.

Lemma 3.2. Let e, := up, — Qu(u) and €, := pp, — Qn(p) be the errors, then

Ag(en,v) + B(v, e,) = Z (1 =) x n, Qu(V x u) — V X u)ar

TeTy

+ Z <(Ub - ’UO) n,p— Qn(p))or — s7(Qn(u),v),

TeTh

B(eha W =0.
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Proof. By adding s7(Qp(u), v) to the two sides of (3.4), one can obtain

As(Qn(u)w) + B(v, Qn(p))
=(J,v%)q + > (0" = ") x n, Qu(V x u) — V x u)ar

+ 57(Qn(u),v) + D {(v° =) - n,p — Qu(p))or

TeTy,

Substract this equation from the first equation in (2.3)—(2.4), one can get

Aq(en, )+B(v €n)
=> (( 0P — %) x n, Qu(V x u) — V x w)ar — sp(Qu(u),v)

TeTy

+ > (" =0") n,p = Qu(p))or

TeT

Testing the second equation in (1.1)—(1.4) by a function ¢, then

0= (V- u,¥)a=(QuV u),v)a= (V- (Qulu)),¥)a,

which means that B(Qy(u), ) = 0. Substract the previous equation from the second
equation in (2.3)—(2.4), we obtain B(ep, 1) = 0. O

The weak Galerkin mixed finite element formulation (2.3)—(2.4) is a typical saddle-
point scheme which can be studied with the well known Babuska-Brezzi theory [1,2].
Thus, we have a great interest for studying the properties of the bilinear forms
introduced in (2.3)—(2.4).

3.2. Study of the bilinear forms. First, we define the norms on the space V9 and
WY. For ¢p € W9, we use ||¢|| the usual L*norm of 1) and we introduce a norm in V)
as

Il = Ay (u, ).

Note that from the proof of Theorem 2.1, we immediately deduce that v = 0 if
Ag(u,u) = 0 and hence the triple-bar norm just introduced above define norm on the
space V9. Also from this definition of norm, we remark that the coercivity of A, follows
directly. While, the continuity of the bilinear forms A; and B can be demonstrated
from classical techniques due to the Cauchy-Schwarz inequalities. Therefore, for
an application of the Babuska-Brezzi theory, it remains to demonstrate an inf-sup
condition for B. This is the objective of the following lemma.

Lemma 3.3. There exists a constant 3 independent of h such that

B(p,v)

inf sup —————— > 3> 0.
weWp\{0} wevorfoy [Vl - lleell
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Proof. Let ¢ € W9, then v is in LZ(Q) and it is well known that there exists v €
HE(Q)? such that (V- v,) > C||¢]| - ||v]l1. Choose & = Qp(v) and let us prove that
21l < Cllvllx, we have

D Ve x ol =3 Vo x Qu)l* = > Qu(V x v)|*

TeTh TeTy TeT

(3:5) < D IVl < Jolly

TeTy,

Yo AVe-olr =30 Ve - Qu@)* = Y 1Qu(V - v)|?
TeTh TeTy TeTy,
(3.6) <X AV-ull* < Jolfi.
TeTy,
By selecting © = Qp(v) in the definition of s7(0,7), we need to estimate the following
two terms

snr(0,0) = r Z h;1||(@0(v - Qy(v)) 'anT

oTeéy
and

srr(0,0) =7 Y hp'[[(Qo(v — Qu(v)) x 13-

oTeEy,
For an estimation of the term sy7(9,0), one can get

swr(0,0) <2r Y by [(Qo(v) —v) - nll5r +2r D byt [(@(v) —v) - nll3r

aTee, aTee,
<2r 3 hp'|Qo(v) —vli5r +2r Y hy'[|Qo(v) = vli5y
oTeéy, oTeéy,
<Cr > hp'[|Qo(v) = vll5r
oTegy,
<Cr Y ha?|Qo(v) = v[l7 + [[V(Qo(v) — )17
TeTy,
<Cr Y h7?|Qo(v) = vli7 + [[V(Qo(v) — )7
TeTy,
(3.7) <C| Vo7,
and similarly, one can obtain
(3.8) srr(9,7) < C||Vol]?.
It follows from (3.5), (3.6), (3.7) and (3.8) that
lI2ll < Cllvlls,

and the use of Lemma 3.1, the definition of )}, means

B(0,¢) =(Vu - Qu(v), ) = (Qn(V - v), ) = (V- 0,¢) = Cllollu[[¢]| = Bllo]| - [,
which ends the proof. 0J
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In the next subsection, we shall demonstrate optimal order error estimates for the
electrostatic field uy, in a norm which is equivalent to the standard Hy(Vx, ) N
H(V-,Q) norm, and for the Lagrange multiplier p, in the usual L? norm. Moreover,
we give an error estimate result for the electrostatic field u, in the L? norm.

3.3. Error estimations. Let us start by introducing the following lemma which we
need for a rigourous proof of error convergence results.

Lemma 3.4. (a) Given u € H*2(Q) and s € [0,k + 1], then

(3.9) > llu = Qu(w) |7 + W7V (u = Qu(u) |7 <KD lull3,
TeTy
(3.10) > V(= Qu(u)li7 <h*[ulliy.
TeT),

(b) For any @ € HY(T), T € Ty, and e € &y,
3) 1 < (il + 9 )

Proof. See the equalities (4.3), (4.2) and the inequality (A.1) in [14]. O

One of our main result in this paper, which demonstrate clearly the optimal conver-
gence of the mixed weak Galerkin formulation (2.3)-(2.4) is given and proven in the
following theorem.

Theorem 3.1. Let (up,pn) € V) x W be the approzimate solution of (2.3)—(2.4),
(u,p) the exact solution of (1.1)—(1.4) and suppose that (u,p) € H*2(Q) x H*1(Q)
with k > 0, then, we have the following two convergence results

(3.12) 1Qn (1) = unlll + 1Qn(p) = pall < CH (Jlullssa + [plls1)
and
(3.13) 1Qo () — uoll < CH*2(JJullgsa + [Ipllkr1)-

Proof. Define
Ti(u,v) == > (0" =) x n, Qu(V x u) — V X u)ar,

Ty (u, v) :=s7(Qn(u), )
=r Z ht(( — Qy(u) x n, (1° = ") x n)or
+r > hp! —Qu(w)) - n, (v° = ") - n)ar,

Ts(p,v) == Y (" =0%) - n,p— Qu(p))or

TeT
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and
() =Ty (u,v) — Ta(u,v) + T3(p, v).
Then the error equations in Lemma 3.2 can be written as
As(en,v) + B(v,en) =L(v),  Blen,¥) =0,
and we deduce from the general theory of Babuska and Brezzi that
llenlll + flenll < Cliellvor-

Then, it is sufficient to find a bound of || vau Let us start by estimating the term
|u — Qp(u)]|or which we need for estimating T5(u,v). We have

lu — Qu(u) |57 =(u — Qp(u),u — Qu(u))or
=(u — Qy(u), u — Qo(u))or
<|lu — Qu(w)lor|lu — Qo(u)|or
and then,
(3.14) [u = Qp(u)[lor < [lu—Qo(u)|lor-

Now, the use of the definition of Qy, Q,, Cauchy Schwarz inequality, (3.14), (3.11)
and (3.9), (3.10) imply that

r > 1A {(Qu(u) — Qo(w)) x 1, (v — ) X n)ar|

=r > |hz'((u—Qo(u)) x n — (u—Qy(u)) x n, (" = ") x n)or|
< (7“ Z; hptll(v” = v") % nl\%:r)

x (r > hetll(u — Qo(u) — (u— Qu(u))) x nll?aT)

TeTy,

S

<Cllll | > bt llu = Qo(w)llor + hr' llu — @b(u)H%T)

TeTy,

<Clloll [ 3 hypt(lu— @o(u)II%T>

TeT

N

<Clll | 3 (hz2llu— Qo) + IV (u - @0(“)”%))

TeT,
<Ch [l - ullsse.
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With a similar, one can obtain
r Y [ (Qp(u) = Qo(w)) -1, (00 = %) - n)ar| < CRTHIo]| - Jlullsye-
TeTy,
and deduce that
To(u, v)] < CRH|ullsa[[0]]
For finding an estimation of T7(u,v), we use the Cauchy Schwarz inequality, the
definition of ||-|| and the trace inequality (3.11) and write

|77 (u,v)| < Z (0" =) x n, Qu(V x u) — V x u)ar

TeTy
_1 1

< 3 W0 =) % nlloarhEQu(Y X u) = V x uflor

TeTy

%
s( S hl (! — o) nn%,aT)
TeTy,
3
. ( S Bl Qu(Y % ) =V x uu%T)
TeT,

g( S A Qu(Y % ) — V x uH%T)Wuvm

TeT,

s( S QU x u) — V x ul}3

TeTy,

+ > W lIV(Qu(V x u) =V x U)H%> oIl

TeTy,

Using (3.9) for V X u, we get
IT1(u, )] < BV < sl < B ullsezlloll-

The same technique applied for T3 (u,v) can also be applied for estimating T3(p, v)
and we obtain |T3(p, v)| < Ch*™Y|p||ss1|v]]]. The inequality (3.12) follows immediately
from the previous inequalities and for the proof of (3.13), we can use a similar technique
to the given in [6,14] for the second order Laplacien operator. O

4. NUMERICAL TESTS

In this paragraph, two numerical examples are tested for the two dimensional Maxwell
equations (1.1)—(1.4) with constant coefficients pu(z) = 1 and £(x) = 1 on a domain
Q = (0,1)>. The parameter r which appears in (2.3)-(2.4) is chosen as r = 1
and can be taken as any strictly positive real number. The approximate solution
(un, pr) is discritised with the lowest order (i.e., & = 0) on the space V) x W9. The
numerical experiments indicate that the weak Galerkin methods are accurate and easy
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to implement and the numerical convergence results obtained on the two examples
confirm perfectly the estimations proven in theorem 3.1.

Ezxample 4.1. In this example, we consider the Maxwell equations and Lagrange
multiplier together with boundary conditions (1.1)-(1.4) on the unit square Q = (0, 1)2.
y(y — 1) cos(y

xgx — 1; cosgx))> and
p(z,y) = z(x — Dy(y — 1) cos(x + y). The numerical experiments of the algorithm
are presented in Table 1. We see that these results show the O(h) error for the
electrostatic field in the [||-||-norm and O(h?) error of the Lagrange multiplier in the
L*-norm. The convergence rate with respect O(h?) for the electric field u in the
L?-norm is also observed, which confirms the proven estimations (3.12) and (3.13).

We assume that the true solutions are given by u(x,y) =

TABLE 1. Numerical results for Example 1.

| lleall [ rate [ Jlenllin [ rate [[lup — Qu(u?)[l | rate
6.2592¢-01 - 1.7009e-02] - 1.7249¢-01 -
3.5102¢-01 | 8.3443¢-01 | 2.6726e-03 | 2.6700 |  3.5422¢-02 | 2.2838e
1.8526e-01 | 9.2201e-01 | 6.0702¢-04 | 2.1384 |  8.9524e-03 | 1.9843
9.3879¢-02 | 9.8066e-01 | 1.4837¢-04 | 2.0325 | 2.2470e-03 | 1.9943
4.7096¢-02 | 9.9518¢-01 | 3.6887e-05 | 2.0080 |  5.6233¢-04 | 1.9985
2.3568¢-02 | 9.9880e-01 | 9.2090e-06 | 2.0020 |  1.4062¢-04 | 1.9996
1.1786e-02 | 9.9970e-01 | 2.3014e-06 | 2.0005 |  3.5157¢-05 | 1.9999

Rl = T

=
[N
o

Example 4.2. In this numerical example, we shall consider the 2-dimensional Maxwell
problem with Lagrange multiplier (1.1)—(1.4). Consider Q = (0,1) x (0,1) and the
right-hand side function J be chosen such that the functions u(z,y) = (e¥sin(y* —
y), e*sin(x? — )T and p(z,y) = "V sin((z? — x)(y? — y)) are the true solutions of
the problem (1.1)—(1.4). The convergence results and error profiles are presented in
Table 2. It can be observed [|-||-error, L*-error for the electric field u, and L*-error
for the Lagrange multiplier p converge, respectively, with respect to O(h), O(h?), and
O(h?), which confirms the theoretical estimations (3.12) and (3.13).

5. CONCLUSIONS AND REMARKS

In this paper, we analysed the new formulation of weak Galerkin mixed finite element
method for solving numerically the Maxwell equations with Lagrange multiplier. The
well posedness as well as the optimal convergence of the numerical scheme was shown,
established and tested numerically. The results obtained in this paper are powerful
and encourage applications to other systems of partial differential equations.

Acknowledgements. The authors gratefully acknowledge the approval and the sup-
port of this research study by the grant no. SCAR-2022-11-1553 from the Deanship
of Scientific Research at Northern Border University, Arar, K. S. A.
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TABLE 2. Numerical results for Example 2.

hil leall | rate | Jlenllin | rate |Jlup —Qu(u®)]] | rate

111.3330e+00 - 4.1335e-02 - 3.9249e-01 -

i 6.7970e-01 | 9.7174e-01 | 1.1172e-02 | 1.8874 7.2042e-02 2.4457
i 3.5995e-01 | 9.1709e-01 | 2.9750e-03 | 1.9090 1.8123e-02 1.9910
% 1.8272e-01 | 9.7819e-01 | 7.5563e-04 | 1.9771 4.5461e-03 1.9951
$ 9.1709e-02 | 9.9449¢-01 | 1.8965e-04 | 1.9943 1.1376e-03 1.9986
a1 4.5898e-02 | 9.9862e-01 | 4.7460e-05 | 1.9986 2.8447e-04 1.9996
ﬁ 2.2955e-02 | 9.9966e-01 | 1.1868e-05 | 1.9996 7.1123e-05 1.9999
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A QUALITATIVE STUDY ON FRACTIONAL LOGISTIC
INTEGRO-DIFFERENTIAL EQUATIONS IN AN ARBITRARY
TIME SCALE

NIMAT SARKAR!, MAUSUMI SEN?, DIPANKAR SAHA3, AND BIPAN HAZARIKA**

ABSTRACT. This manuscript deals with the investigation related to uniqueness and
existence of solution of fractional order nonlinear pantograph integro-differential
equation in arbitrary time scale. The fractional derivatives are defined in Riemann-
Liouville sense, the primary tools are taken as Banach contraction principle and
Schauder’s fixed point theory to establish the theoretical outcomes. Finally, we give
examples to show the efficiency of our results.

1. INTRODUCTION

The theory on time scale calculus is a new field of interest for the mathematicians.
This particular branch was first encountered by Aulbach and Hilger [20] in the year
1990. To unify the calculus for both discrete and continuous problems, time scale
theory was introduced. Due to the unification nature the topic "time scale”, frequently
appears in numerous physical modelling problems, where the discrete and continuous
data are simultaneously involved. In current time, it is a topic of vigorous research in
diverse areas, such as economics, control theory, robotics, biology, quantum calculus
and many other fields. Different problems in engineering and natural phenomenons
are extensively modelled into fractional equations. See, for example [13,16,17,27,28,
33-35, 38] and references cited therein. Over the past few years different researchers
have qualitatively studied fractional integro-differential equations and time scales
integro-differential equations separately, see [1,4,5,11,12,21,32] and references cited

Key words and phrases. Fractional integro-differential equation, logistic equation, time scale
calculus, fixed point theory.
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therein. But as per our knowledge, a less number of work has been reported in the
combined treatment for time scale fractional integro-differential equations.

In this study, our main objective is to provide a theoretical platform to investigate
existence and uniqueness of solution for the considered types of equations. With this
motivation, we introduce the following nonlinear equation

(11) 5,03(0) = () (w(®)  a(6)u(6)~0) [

E(IN(w(s)As), € (05,0)
0

we treat v € (0,1) as the order of fractional derivative, y is nonzero constant; 4 Dj
is the left differentiation operator of order v in Riemann-Liouville sense (L-RLFD);
2}035 is the left integral operator of order ¢ in Riemann-Liouville fractional sense (L-
RLFI). Moreover, T represents arbitrary time scale; u(f),a(6),b(f) are continuous,
nonnegative and bounded functions; k. : [0y, O]y — [0,00) is a smooth function on
[0, ©]r. This manuscript deals with Equation (1.1) subject to the initial condition

defined as
(1.2) b J5w(f) =0, for all € € (0,1).

One can relate Equation (1.1) and Condition (1.2) as model problem for mix of stop-
start phenomenon, such as insect populations that are smooth during the incubating
season and die out in winter. If we include toxic effect in the insect population model,
then the considered equation perfectly support the concerned physical event. Conse-
quently, u(#) denotes the birth rate, a(6) is crowding coefficient, b(6) is the toxicity
coefficient. pw(#) fg(i k.« (s)N(w(s))As represents the effect of toxin accumulation on
the species. w(f) denotes insect population at time #. However, the initial condition
is taken as homogeneous (die out season) to avoid the complexity. Although, this
condition is often nonzero in real life situation.

By construction, Equation (1.1) together with condition (1.2) takes the form of
a logistic integro-differential equation of fractional order in an arbitrary time scale
T. In literature, the particular cases have been discussed; if T = R then Equation
(1.1) and condition (1.2) leads to classical fractional order logistic integro-differential
equation [15,25,26,36]. If T = Z, that leads to logistic integro-difference equation
of fractional order [9,22,24]. In either case, if one concentrate upon integer order
operations only, then that leads to classical pantograph integro-differential [23,29] and
integro-difference [6,37] equations, respectively. For the above cases the theoretical
investigation related to existence and uniqueness of solution have been carried out by
J. M. Cushing [14], A. Aghajani et al. [2], K. Balachandran et al. [7], Sarkar et al.
[31], Saha et al. [30], Gupta et al. [19], S. Etemad et al. [8], B. Ahmad et al. [3] and
many other researchers. However, all the previously published works are primarily
focused on separate cases only. In this paper, we establish a unified theory on an
arbitrary time scale. Banach contraction principle and Schauder’s fixed point theory
are adopted along with some fundamental results from time scale theory.

The paper is organized in the following manner. Section 2 deals with the fundamen-
tal concepts related to the present work, Section 3 covers the main results, in Section
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4 we validate our findings through some examples and finally, in Section 5 we draw
some concluding remarks.

2. FUNDAMENTAL CONCEPTS

This section is entirely dedicated to the recapitulation of basic concepts and defini-
tions that are frequently used throughout the article.

As per the suggestion of Benkhettou et al. [10] we proceed with the notion of L-
RLFI and L-RLFD operators on arbitrary measure chain. For local treatment to non
integer order calculus on any measure chain we recommend the works of Benkhettou
et al. [10]. In the present study, we only focus on delta derivative over T, parallel
investigations are gradually applicable for V-fractional case [35].

Definition 2.1 ([10]). Consider [p,¢] an interval from the arbitrary time scale T.
Then the L-RLFI on T, for f: T — R is defined as

0(0—s)st
2510) = [ T f(s)A
P Qf( ) b P(f) f(S) S,
with I as the stranded gamma function, £ € (0, 1).

Definition 2.2 ([10]). Consider [p,¢] an interval from the arbitrary time scale T.
Then the L-RLFD on T, for f: T — R is defined as

w0300 = ([ S rons)

with v € (0,1).

Remark 2.1. If one choose real line as time scale, then from previous two definitions,
we have the classical RL fractional operators.

Proposition 2.1 ([10]). For f : T — R and v € (0,1) the following estimate holds
TDyf=0A0o) 357
Proposition 2.2 ([10]). For vy > 0 and f € C([p,q]), the following estimate holds
2Dy ol If =f.

P
Proposition 2.3 ([10]). Under the initial condition gjé_vw(p) =0, f € C([p,q]) and
v € (0,1) leads to the following estimate

T30, Daf = f.

p

Theorem 2.1 ([10]). Consider f € C([p,q]), v > 0, and ;T}([p,q]) be the space of
functions that can be expressed as the Riemann-Liouville A—integral with order .

Then, f €} 33([p,q]) if and only if 957" ([p, ) f € C*([p, q]) and 13577 f(p) = 0.
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Proposition 2.4 ([4]). Let us consider an arbitrary measure chain T, and an non-
decreasing smooth function f on [p, q|. Suppose, ¢ is the extension of f in [p,q| defined

by
) — f(s), ifseT,
As) = {f(e), if s € (0,0(0)) ¢ T.
Then,
[ 6120 < ["o6)ap

p
where o(0) = inf{s € T : s > 0} is the forward jump operator on the consider measure
chain.

To avoid complexity, throughout the article # = 0 is considered, the space of all
continuous function on [0, ©] is denoted by C([0,0]), and ||z /o = supge(o e;{]=(0)]}-
Then, X = (C([0,0]),] - |l) is a Banach space.

Theorem 2.2 ([4]). A function V is said to be primitive of 1» : T — R provided
WA (z) = () for each x € T, then the A-integral is given by

Joo W) AT = () — W(xo).

A function ¢ : T — R is called a rd-continuous on T, if ¢ is continuous at x € T
with o(x) = z and has finite left-sided limits at points x € T with

sup{r € T:7 <z} =u,
and the set of all rd-continuous functions ¢ : T — R is represented by C,4(T,R).

Theorem 2.3 (Schauder fixed point theorem). Let Q) be a nonempty closed, bounded,
convex subset of a Banach space S and ® : 2 — Q be a continuous compact operator.
Then ® has a fixed point in €.

Theorem 2.4 (Arzela-Ascoli theorem). Let S be a compact Hausdroff metric space.
Then Y C M(S) is relatively compact if and only if Y is uniformly bounded and
uniformly equi-continuous.

3. MAIN RESULTS

In this section, we present and illustrate the theoretical findings elaborately. We
start with the corresponding integral representation of equation (1.1) with condition
(1.2) and subsequently derive the main results.

Lemma 3.1. Let 0 < v < 1. Then, Equation (1.1) is equivalent to
(3.1)

w(f) = F'(L;) /9:(9 — s w(s) (u(s) —a(s)w(s) — b(s) /: k:*(a:)N(w(x))Ax> As.



A QUALITATIVE STUDY ON FRACTIONAL LOGISTIC... 407

Proof. By definition we have
0, D (0)

:Féfy){ /9 :(9 — sylw(6) <u(s) — a(s)w(s) — b(s) / ° k:*(:p)N(w(x))Am) AS}A

o
_ (T g;—vw(e))A - <A of Jé‘”)w(&).

0o
The conclusion follows from Proposition 2.3 that g Jj o (5 Djw(0)) = w(6). O

To avoid complexity, we set 6y = 0. It is convenient to observe that Equation (1.1)

posses a solution w if and only if w turns out to be a fixed point of the operator
A : X — X, defined as

(3.2)

Aw(6) = Fébv) /9 :(9 — sy w(s) (u(s) — a(s)w(s) — b(s) /0 ° k*(az)N(w(a:))A:c) As.

We consider the following two assumptions.

(A1) The nonlinear function N : Rt — R* is Lipschitz continuous function with
Lipschitz constant Ly.
(A2) The functions u, a, b, k. : RT — RT are such that

sup |u(0)| = U, sup |a(f)] = A, sup [b(0)| =B, sup k()] =K.
OER+ OeR+

OER+ OERT

With all these constructions, now we present our main result as follows.

Theorem 3.1. If (Al) and (A2) are satisfied by Equation (1.1) together with condition
(1.2), then it admits at least one solution in X for all pu > 0.

Proof. To prove the proposed claim, we proceed with the following three steps.
Step I. We take a convergent sequence w,, with limit w € X. Then,

(A (8) — Aa(6)] <t [0 — )7 ()] () — w(s)| s

I'(y) Jo
H ’ Ta(s)||(wn(s)? = (w(s))?|As
+F(7)/0 (0 — )" a(s)[[(wn(s))” = (w(s))"|A
H o -1 ©
F iy @ T B ) [ (@ (@) A
— w(s)/o EN(w(x))Az|As.
This leads to the following estimate
(3.3) |Aw, (0) — Aw(0)| < JHO) + J*(0) + J*(0),

where

70) = 0= 97 (o)) = ()]s
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P0) =t (0 =57 )l (9)* = ()]s
PO =t [0 57 is)

—w(s) /0 % e (2N (w(z)) Az

Now we separately consider all the right-hand terms of (3.3), and obtain the following
inequalities:

wn(s) /0 % o (2)N(wn () Az

As.

JY6) < F“(g)/:(e ) Y (s) — w(s)|As
pU 0 y—1
< Iw”wn—w”w/o (0 — 51 As

pt /9 -1
< ——w,, — w||s 0 — s)" ds,
< Ll —wl [ 0=

as (f — s)7~! is nondecreasing. Therefore,

Ue
4 o) < L — W|oe
(3.4) 76) < s il
This implies
2 IMA o v—1
JNO) < 5 [ (0= 5) |wn(s) —w(s)|[wn(s) +w(s)|As
L(v) Jo
pA /9 -1
< ——w, — || 0 — s)" (lw,(s)| + |w(s)|)As,
F(V)II oo (0 = )" (Juwn(s)] + |w(s)])
since w, — w in X, it is bounded by some constant WW. Thus we have
2uUAW O
: 2(0) < — :
35 P0) < T~ wl
Therefore,
T*(0)
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KN /09(9 — ) uwn(s) — w(s)| ( /09 A:c) As)

B , 9
SI% (WKLN@Hwn - w||oo/ (0 —s)"'As + KNO||w, — w||oo/ (0 8)7_1&9)
’ 0

_nB(WLy+ N)Ke™!

It follows that
uB (WLyx+ N) Kol
(3.6) J3(0) < NCESY [|wn — w||oo-

Bringing inequalities (3.4)—(3.6) in (3.3), we have
pUe  2uAWOY  uB (WL + N) KO+

[ (8) = Aw(6)] < )l =l

C(y+1) L(y+1) C(y+1)
Then,
(3.7) [ Aw, (60) — Aw(0)][ 0o
pUe”  2uAWOY  uB(WlLx+ N) KO+
<( Yl =
I(v+1) T(y+1) C(y+1)

Hence, the right side of (3.7) tends to 0 as w, — w. Therefore, Aw, — Aw. This
concludes that the operator A is continuous.

Step II. In this step, our primary goal is to show that A preserves boundedness.
For this purpose, we take Q0 = [0,0]. We claim that for all R > 0, L > 0 and for
all w € Bg = {w € C(,R) : |Jw||eo < R} we have |[Aw|| < L. Consider 7 € Q and
w € Bg. Then

M 4 v—1 7 71 2
|Aw(r)]§w<U/0 (r—s) |w(s)\As+A/O (7 — s)Yuw(s)[2As

+ BKN /OT(T —5)" Hw(s)| (/Oe Ax)As)

iz 2 i -1
< _(UR+ AR*+ BKNRO —5)7 A
_F(7)< + + )/0 (1 —s) S

1

el

Further, if we consider the supremum over 7, then the following result holds

UR+ AR* + BKNR@) .

W
(3.8) [Awlo < W (

This implies, Aw is bounded.

Step III. Our claim is the equi-continuity of A. We proceed by considering 71, 75 €
Q2 so that 0 <7 <71 <O, Bg is a bounded set of C(2,R). For w € Bg, we get

|Aw(Te) — Aw()|

UR+ AR® + BKNR@) o,
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(S}

IA
=

[ 2= 577 w(s) (u(s) = als)uls) —b(s) |
(= o) uls) (w(s) — ashus) ~ b(s) [
L= == (- s7)

(5) (w(s) — als)uo(s) ~ b(s) [k (eINw(z)) Az ) As
(= )" wls) (as) — alsuls) ~ b(s) [
7 (=977t = (7= 97 () (uls) = als)us)

5) /O ° k:*(a:)N(w(x))Aas) As

"= o)) (w(s) — alshus) — b(s) [ k(N (w()Ar)As
/O " ((Tz e = (- S)V—I)As

k*(x)N(w(:I;))Ax> As

e
2

T1

o

k. (x)N(w(m))Ax) As

IA
=

3
2

X
g

T1

k. (m)N(w(m))Am) As

[e=]

IA
=

=
>~ =2

~—~

+

T~

1
e
I'(

T2

+ (11 — 8)" tAs

< (UR T AR? + BKNR@)

2

Sm (UR+AR2 —i—BKNR@) ‘T;/ — 7'27 + (7'1 —7’2)7 — (T1 — TQ)PY’
1

<7

Ty +1)

Thus, we get

(UR+ AR? + BKNRO) |rj — 7]|.

(3.9) Aw(r) — Aw(n)| < " (UR+ AR + BENRO) |7} — ]|

C(v+1)
Inequality (3.9) is independent of w and approaches to 0, when 7, — 7. Therefore,
A(Bp) is relatively compact. By Arzela-Ascoli theorem, it is compact. Subsequently,
since A is continuous, the result follows from Schauder’s fixed point theorem. This
completes the proof. O

Theorem 3.2. Under the considered assumptions, Equation (1.1) admits an unique

solution if
Iy +1)
(U +2AW + B(WLx+ N)KO©)O7

Proof. Consider ¢ and (; as two solutions of considered problem. Then, from (3.7),

O<pu<

we have
(3.10)
puUe’  2uAWO’  uB (WLy+ N) KO+
AC— Al < — (1|o0o-
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If one choose p as
L(y+1)

0< 1% < )
(U 4 2AW + B(W Ly + N)K@) o

then (3.10) suggests that A : X — X is a contractive operator. Hence, by the Banach

principle A has one and only one fixed point. That implies ( = (3, is the unique

solution for (1.1)—(1.2). O
4. NUMERICAL EXAMPLES

In this section two fractional order real time scale problems are studied to validate
our theoretical outcomes.

Fxample 4.1. Consider the logistic equation

(4.1)
- DOSw() :iw(ﬁ) (2 + sin T _ w(f) — (2 — cos(mh))
P 100 2
3032'5711(90) =0.

Here v = 0.5, u(f) = 2 + sin(%), a(f) = 1, b(f) = 2 — cos(rb), k.(s) = 2 and
N(w(s)) = e *w(s). Since, in this problem T = R, therefore we take [fy, ©] = [0, 1].

o
26_25w(s)A5) )

0o

Then we have the following estimates, [u(6)] = |2 + sin(%)] < 24 1 = 3, thus
U = 3. Following the same way, we have B = 3, and A = 1, K = 2. We consider
W = 4, for this particular problem N = 4. One can observe that

IN(w(s)) = N(wi(s))] = e w(s) — wi(s)],
that implies for all s € [0,1], | N(w(s)) — N(wyi(s))|| < |Jw(s) —wi(s)]]. Consequently,
Ly = 1. Thus, assumptions (A;)-(Az) are satisfied.
Finally, we calculate
L(y+1) _ I(0.5+1) — 0.0167,

(U+2AW+B(WLN+N)K®> e (3+2.1.1+3.(4.1+4).2.1> (1)0-5

thus, we have p = 0.01 < 0.0167. Consequently, by Theorem 3.2, Equation (4.1)
admits an unique solution.

Ezxample 4.2. Consider the following equation on [0,0.5], on the general time scale T

1+ cos(0) w(0) 9 9 s ‘ Sin(w(S))As>7

25 403 20 Jo, s+es e 45

(42) T DYy () :w(0)<
T90255(6) =0,

Here, u(0) = 20 q() = =L b(0) = &, ku(s) = s, Nlw(s)) = 2

25 40e9%+3" 0’ stes? 245 !

v=0.25and p=1.

[\
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257 £ T 40 20
the concerned assumptions are fulfilled. For W = 2 and N = 1 we have the following

estimates

Thus we have, U = 2, A=1 B=L K =1 Ly= e% One can easily check that

(y+1) _ '(0.25+1) — 5504
(UT2AWTBWLNTNKO)®T — (Z12L 2t L2L+1)1.1)(3)0% -9I,

thus we have p = 1 < 5.594. Consequently, by Theorem 3.2, the Equation (4.2) admits
an unique solution.

5. CONCLUSION

This article deals with the investigation of existence and uniqueness of solution for
the fractional order logistic integro differential equation in an arbitrary time scale.
As per our knowledge, the considered class of equation has not yet been studied in
theoretical point of view. The Banach contraction principle and Schauder’s fixed
point theory have been adopted to develop the theoretical findings. Two examples
are considered to validate the main results.
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DOUBLE TOTAL DOMINATION NUMBER ON SOME CHEMICAL
NANOTUBES

ANA KLOBUCAR BARISIC! AND ANTOANETA KLOBUCAR2

ABSTRACT. Suppose G is a graph with the vertex set V(G). A set D C V(G) is a
total k-dominating set if every vertex v € V(G) has at least k neighbours in D. The
total k-domination number ¢ (G) is the size of the smallest total k-dominating set.
When k = 2 the total 2-dominating set is referred to as a double total dominating
set. In this work we compute the exact values for double total domination number
on H-phenylenic nanotubes HPH (m,n), m,n > 2 and H-naphtalenic nanotubes
HN(m,n), n =2k, m,n > 2. As all vertices have a degree 2 or 3, there is no total
k-domination for k£ > 3 for H-phenylenic and H-naphtalenic nanotubes, and the
double total domination is the maximum possible.

1. INTRODUCTION

Graph dominations hold significance due to their presence in diverse applications
like dominating queens, computer networks, school bus route planning, social network
issues, and chemistry [2,6,8,9,13-17]. In representing chemical structures as graphs,
atoms correspond to vertices and chemical bonds to edges. Owing to this resemblance,
numerous physical and chemical attributes of molecules are linked to graph-theoretical
constants. The total (double) domination number serves as an example of such an
invariant [2-4,6-8,11,14,15].

We explore double total dominations on H-phenylenic nanotube HPH(m,n),
m,n > 2 and H-naphtalenic nanotube HN(m,n), n = 2k, m,n > 2. Furthermore,
we give exact values for the double total domination number on mentioned graphs.

Key words and phrases. Total domination, double total domination, hexagonal systems, molecular
graph, H-phenylenic nanotube, H-naphtalenic nanotube.
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H-phenylenic HPH (m,n), m,n > 2 and H-naphtalenic HN(m,n), n = 2k, m,n >
2 are carbon nanotubes [16]. Carbon nanotubes are molecular cylinders used for
fabrication of nanoscale devices by providing molecular probes, pipes, wires, bearings
and springs. Because of their substantiality and stiffness, they have many potential
applications in different technologies.

Currently, there are only a limited number of publications on total and double total
domination on chemical graphs [2,6,10,12,14,15]. This work is in a close relationship
with our previous papers [10,12], in which we also study double total domination, but
on a hexagonal grid and pyrene network.

In addition to this introduction, the paper is structured as follows. Section 2 pro-
vides an overview of the total and double domination, dominating sets, and hexagonal
systems. Section 3 provides the double total domination number 75, on H-phenylenic
nanotube HPH(m,n), m,n > 2. Section 4 provides the double total domination
number on H-naphtalenic nanotube HN(m,n), n = 2k, m,n > 2.

2. PRELIMINARIES

Consider a graph G with vertex set V(G). A set D C V(@) is a dominating set of
G if every vertex y in V(G) \ D has a neighbour in D. The domination number v(G)
is the size of the smallest dominating set. Total domination is the stronger version of
domination, where a set D C V(@) is a total dominating set of G if every vertex y
in V(G) has a neighbour in D. The total domination number v,(G) is the size of the
smallest total dominating set.

A set D C V(G) is a k-dominating set, if every vertex v € V(G) \ D has at least
k neighbours in D. The k-domination number ~,(G) is the size of the smallest k-
dominating set. A set D C V(@) is a total k-dominating set if every vertex v € V(G)
has at least k neighbours in D. In such case, it must be k£ < §(G) where §(G) is the
minimum degree of vertices in G and |D| > k + 1. The total k-domination number
vet(G) is the size of the smallest total k-dominating set. A double total dominating
set is also called the total 2-dominating set.

Each vertex in H-phenylenic nanotube and H-naphtalenic nanotube is either of
degree 2 or of degree 3. As a result, there is no total k-domination for £ > 3 on
H-phenylenic and H-naphtalenic nanotubes.

3. DOUBLE TOTAL DOMINATION NUMBER OF H-PHENYLENIC NANOTUBES

H-phenylenic nanotubes HPH(m,n) are molecular graphs that are covered by C,
Cy and Cy [1]. We denote by HPH(m,n) H-phenylenic nanotube with m hexagonal
rows and n hexagonal columns. The number of vertices in H-phenylenic nanotube
HPH(m,n) is 6mn. See Figure 1 and Figure 2.

Lemma 3.1. v, (HPH(2,2)) = 20.

Proof. Since we are considering double total domination, every vertex adjacent to a
vertex with degree 2 must be included in any double total dominating set.
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FIGURE 1. A double total dominating set in HPH (2, 2)

FIGURE 2. A double total dominating set in HPH (3,4)

Let T be double total dominating set on HPH(2,2). All vertices from HPH(2,2)
which are not on square must be in 7" because they are adjacent to at least one vertex
with degree 2. See Figure 1. Mentioned vertices are in black color. There is 16 such
vertices on HPH(2,2), 4 on each hexagonal ring.

It follows that o (H PH(2,2)) > 16. If there were only this 16 vertices in the double
total dominating set 7', vertices on both squares would be total dominated only once.
To double total dominate vertices on one square we need at least 2 vertices at each
square. See Figure 1. Additional vertices are in gray color. Thus,

Yar(HPH(2,2)) > 16 + 4 = 20.

But, it can be easily checked that 20 vertices can double total dominate all vertices
on HPH(2,2), hence y(HPH(2,2)) < 20. O
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The following theorem is well known see [5].

Theorem 3.1. Let k € N and G = (V, E) be a graph of order n with minimum degree

3G) > k. Then v(G) > % where A(G) is mazimum degree.

Theorem 3.2. For H-phenylenic nanotube HPH(m,n), m,n > 2 it holds
Yot(HPH (m,n)) = 4mn + 2m.

Proof. From each hexagonal column of HPH(m,n) we will take 4 vertices form each
hexagon and denote these vertices with 77. See Figure 2. Vertices belonging to 77 are
in black color. |T}| = 4mn as there are n hexagonal columns with m hexagons.

Set T7 double total dominate all vertices on HPH(m,n), except gray vertices on
the last column see Figure 2. Gray vertices are total dominated only once. Also, gray
vertices are adjacent to some vertex of degree 2. It follows that all of them must be
in the double total dominating set. There are m rows, each containg 2 gray vertices,
so we need at least 2m vertices to double total dominate all vertices on HPH (m,n).
It follows vo(HPH (m,n)) < 4mn + 2m.

From Theorem 3.1. follows that yo (HPH (m,n)) > 2% = 4mn. But |T}| = 4mn
and its vertices double total dominate all vertices except vertices from the last column.
Moreover, the dominated vertices are double total dominated with only 2 vertices from
Ty which is minimal. See Figure 2. It follows that we need at least 2m more vertices
to double total dominate remaining undominated vertices. Hence, vo,(HPH (m,n)) >
dmn + 2m. U

4. DOUBLE TOTAL DOMINATION NUMBER OF H-NAPHTALENIC NANOTUBES

H-naphtalenic nanotubes are molecular graphs that are obtained by the sequence
Cﬁ, CG, C4, CG and 067 e CG, Cﬁ, C4, 067 CG and the repeat unit Cﬁ, Cﬁ, 04 [18] See
Figure 3 and Figure 4. We denote by HN(m,n), n = 2k H-naphtalenic nanotube with
m hexagonal rows and n hexagonal columns. The number of vertices in H-naphtalenic
nanotube HPH (m,n) is 5mn.

A zigzag line in HN(m, n) that does not contain vertical edges is referred to as
a horizontal zigzag line The horizontal zigzag line of HN(m,n) are denoted by L;,
1 <i < 2m. For all zigzag lines on HN(m,n) it holds |L;| = 5n/2. See Figure 3.
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FIGURE 3. Zig-zag lines on HN(2,4)

Theorem 4.1. For H-naphtalenic nanotubes HN (m,n),n = 2k it holds

2m (2 (22| +2), if n=2mod 3,n =1 mod 3,
Yae(HN(m,n)) =
2m (22| +1), if n=0mod 3.

Proof. We will consider three cases.

(a) Case n =2 mod 3,n = 2k.

Let T; be the subset of the double total dominating set 7" on L; of HN(m,n),
1 <4 <2m. For each i,1 < i < 2m, it holds

) 5n . bn . on
T, = {Ui,1+3javi,2+3ja] =0,..., LGJ — 1} U <Zv 5 1> ; (27 2> .

Then
|T;| =2 {?J +2 and |T|=2m (2 {?J —1—2).
T double total dominates all vertices on HN(m,n). See Figure 4 for the double

total dominating set on HN (3, 8).
Thus for n = 2 mod 3,n = 2k follows

y2e(HN(m,n)) < |T.

But also, each vertex on HN(m,n) is double dominated by exactly 2 vertices, which
is minimal. So,

Yae(HN(m,n)) = |T|.
(b) Case Let n = 1 mod 3,n = 2k.
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FIGURE 4. A double total dominating set in HN (3, 8)

Again, let T; be the subset of the double total dominating set 7" on the L; of
HN(m,n), 1 <i <2m. For each i,1 < i < 2m, it holds

. 5n . on . on
T; = {Ui,1+3j7vi,2+3ja] =0,..., {GJ - 1} U <z, 5 1> , (Z7 2) :

Then
|T;| =2 {?J +2 and |T|=2m <2 RﬁnJ —1—2).

T double total dominates all vertices on HN(m,n). See Figure 5 for the double
total dominating set on HN(2,10).

1\"‘ sQig)iedigi=g)

e
(D
S

gegig)e

FIGURE 5. A double total dominating set in HN(2,10)

Hence, for n = 1 mod 3,n = 2k it follows

yae(HN(m,n)) < |T.

on om
111' '7 —1 9 -7 ) 1§§27
\{<Z 2 ) (Z 2>} P

Further, note that
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double total dominate all verices on L; except (i,5n/2 — 1), (i,5n/2), 1 < i < 2m and
each vertex is double total dominated by two vertices, which is minimal. In order to
double total dominate also (i,5n/2 — 1), (¢,5n/2), 1 < i < 2m they must be in any
double total dominatig set as they are adjacent to the some vertex of degree 2.

So, Y (HN(m,n)) = |T.

(c) Case n =0 mod 3,n = 2k

Again, let T; be the subset of the double total dominating set 7" on the L; of
HN(m,n), 1 <i<2m. For each 7,1 < i < 2m, it holds

_ 5n . 5n
T = {Ui,l+3javi,2+3ja] =0,..., {GJ - 1} U <Z’ 2) :

Then
5n on
T =2 {GJ +1 and |T|=2m (2 {GJ—FI).
T double total dominates all vertices on HN(m,n). See Figure 6 for the double
total dominating set on HN(2,6).

FIGURE 6. A double total dominating set in HN(2,6)

Therefore, for n = 0 mod 3, n = 2k follows
Y2u(HN(m,n)) < |T|.

Further note that

double total dominate all vertices on L; except (i,5n/2),1 < i < 2m and each vertex
is double total dominated by two vertices, which is minimal. In order to double
total dominate also (7,5n/2),1 < i < 2m they must be included in any double total
dominating set as they are adjacent to some vertex of degree 2.

So, ya:(HN(m,n)) > |T|. U



422 A. KLOBUCAR BARISIC AND A. KLOBUCAR

5. CONCLUSIONS

We have determined the exact values for the double total domination number on
the H-phenylenic nanotube HPH (m,n), m,n > 2 and the H-naphtalenic nanotube
HN(m,n), n =2k, m,n > 2. In our future work, we plan to study the total and the
double total domination on some other chemical graphs.
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ON THE GENERALIZED LEONARDO QUATERNIONS AND
ASSOCIATED SPINORS
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ABSTRACT. In this paper, we introduce and study a new family of sequences called
the generalized Leonardo spinors by defining a linear correspondence between the
generalized Leonardo quaternions and spinors. We start with defining the generalized
Leonardo quaternions and then present their some important properties such as Binet
type formula, Catalan’s identity, d’Ocagne’s identity, series sums, etc. We give some
interrelations of these quaternions with the Fibonacci and Lucas quaternions. Then,
we present the generating functions, sum formulae, various well-known identities,
etc. for the Leonardo spinors and show their connection with the Fibonacci and
Lucas spinors.

1. INTRODUCTION

At the beginning of the 13th century, Leonardo of Pisa solved the famous rabbit
growth problem based on idealized assumptions and that solution became a fascinating
recursive integer sequence famed as the Fibonacci sequence [11]. For n > 0, the
Fibonacci sequence {F}, },,>o is given as F, 1o = F,, 11 + F, with [, =0, F; = 1.

Recently, Catarino and Borges [2] studied the recurrence relations and various prop-
erties for the Leonardo numbers, in continuation Alp and Koger [22] investigated their
interesting properties. Kuhapatanakul and Juthamas [12] extended this study to the
generalized Leonardo numbers along with their matrix representation and also in [20]
the authors studied the matrix representation of Leonardo numbers. Karatas [10]
defined the complex Leonardo numbers and studied their combinatorial properties.

Key words and phrases. Leonardo number, generalized Leonardo quaternions, generalized
Leonardo spinors, Binet’s formula, generating function, series sum.
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Isbilir et al. [23] investigated the Pauli-Leonardo quaternions. Some recent develop-
ments on Leonardo numbers, their generalizations and interesting properties can be
seen in [3,5,14-19,22]. Here we restate some of them.

For k € Z%, the generalized Leonardo numbers {£j,} are defined [12] by the
recurrence relation

Lini2=Linsr + Lgn+k, n>0, with L9= Ly, =1

In negative subscript, these numbers are given as Ly, _,, = (—1)"(Lypn—2 + k) — k.
The Binet type formula for the generalized Leonardo numbers is

>\n+1 _ fn—H

1.1 Lyn=(k 1<>—k‘,

(1) o = e+ ) (F5=

where A = (1 ++/5)/2 and € = (1 — V/5)/2.
In non-homogeneous form, the generalized Leonardo numbers satisfy the third order
recurrence relation:
Lk,n-i—l = 2Lk,n — Lk,n_g.
These numbers are associated with the Fibonacci numbers by the relation
Lin=(k+1)F,11 —k.

In 1963, Horadam [8] defined quaternion sequences with components as Fibonacci
and Lucas numbers. The Fibonacci quaternion @), is defined as

(1.2) Q= Fueo+ Fopie1 + Fioes + Fryses = (B, Fia, Frvo, Fogs), n >0,
and Lucas quaternion 7;, as
Tn == Lneo + LnJrlel + Ln+2€2 + Ln+363 = (Ln7 Ln+17 Ln+27 Ln+3)7 n Z Oa

where {eg = 1, ey, €9, €3} is the quaternion basis satisfying

2 2 2 1
)

€1 =€y =€3=— €163 = —€3€] = €3, €2€3 = —€363 = €], €3€] = —€1€3 = €2.

Iyer [9] studied the relations between Fibonacci and Lucas quaternions. Further, Halici
[7] obtained Binet’s formula, generating functions and finite sum of these quaternions.
The Binet’s formulae for the Fibonacci and Lucas quaternions are given, respectively,
by

A\ — é* gn
Qu=""

V5

where \* = 1 + Xep + A%ey + Meg and £ = 1+ ey + E2ey + Edes.

For Fibonacci quaternions, Cassini’s identity is given by

and ), = A" A" + £7¢",

(1.3) Qn-1Qn1 — Q) = (=1)"(2Q1 — 3e3),
and Catalan’s identity is
(1'4) anrQnﬂ" - Qi = (_1)n77ﬂ+1 (ZFTQT - 3F2T€3).

Theorem 1.1 (Sum formulae). Forn > 0, we have



GENERALIZED LEONARDO QUATERNIONS AND SPINORS 427

(a) ?:0 Qj = Qniz — Q1;
(b) ?:0 QQj = Q2n+1 - (17 07 17 1);
(c) Z?:o Q2j11 = Qan — Qo-

This paper will relate a new sequence of the generalized Leonardo quaternions and
spinors that was motivated by a recent study of spinors with the Fibonacci numbers
by Erigir and Giingor [6] and with the k-Fibonacci numbers by Kumari et al. [13].

This paper is structured as follows. In Section 2 we present a new quaternions
sequence - the generalized Leonardo quaternions and study some properties of them.
Section 3 is dedicated to the introduction of the generalized Leonardo spinors by
defining a correspondence between the generalized Leonardo quaternions and spinors.
We start the section recalling the important results involving spinors and we finish
showing the relationship among the generalized Leonardo spinors and Fibonacci and
Lucas spinors.

2. THE GENERALIZED LEONARDO QUATERNIONS

In this section, we first define the generalized Leonardo quaternions and then
investigate their algebraic properties which we need later to prove some identities for
spinors.

Definition 2.1. For n > 0, nth generalized Leonardo quaternion QLj , is defined as
QL = Lipneo + Lipnri€1 + Lipyaea + L nises.

And the conjugate QL , is defined as

(2.1) QLin = Lineo — Lrnrier — Lrnioes — Linizes.
The above defined generalized Leonardo quaternions can be written in recurrence
form as
(2.2) QL pio = QL 1 + Lk, + ky, where 7y =eg+e1 + ez + e3.
From Definition 2.1 and (2.1), we get
QL QL = 9Ly QL0 = (k+ V[3(k + 1) Fopis — 2k Ly a] + 4K,
Similar to the generalized Leonardo numbers, the generalized Leonardo quaternions

can also be extended in negative indices given in the following definition.

Definition 2.2. For n > 0, the generalized Leonardo quaternions with negative
subscript QL _,, are defined as

3
QL= (—1)" S (= 1) (Lrnzer + ke, — k7.

r=0

The conjugate of QL _,, is given as

3
UL —n = (—1)"(Lip2 + k) + (1) (=1) (Lhp-or + ke, — K7,
r=1
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where ¥ = ey — e; — €5 — e3.
Now we give some relations among generalized Leonardo quaternion, Fibonacci
quaternion and Lucas quaternion in the next theorem.

Theorem 2.1. For n > 0, the following identities are verified:
(a) Qlp i3 = 2984 40 — QL s

) QLk,n - (k + 1)Qn+1 - k"%

) QLk,—n = 2Q£’k¢,—n+2 - QLk,—n+3;

) QLy = (b +1)Q_py1 — k5

) (k+ V)F, T\ — 2k, nis odd,

(k+1)L,Q1 — 2k, n is even;

(f) QLy—p + ALk, = 284 .

(

(c
(d
() QLy, + 9Ly, = {

Proof. The first identity follows from expression (2.2) and the second identity uses
Lin = (k+1)F,11 — k and (1.2). To prove third and fourth statements, we use
Definition 2.2 and definition of the Fibonacci quaternions, respectively. Fifth and
sixth identities follow from the definitions of QL _,, and its conjugate. U

In the next theorem, we present the Binet type formula for the generalized Leonardo
quaternions and with the help of that we investigate some well known identities and
properties of these quaternions.

Theorem 2.2 (Binet type formula). For n >0, we have

k+1
)\n+1)\* n+1 *) —k
= £e

where \* = 14+ Xep + N2eq + Nes, £ = 14 Eeqp + &2+ E3e3 and v = eg +e1 + e + e3.

QL =

Proof. Using (2.1) and Binet’s formula (1.1), we write

3
QLk,n = Z Lk,n—l—rer;

B 3 (k + 1)()\n+r+1 - lfn—i—'r—i-l) o \/gk
= ;0 7 er,

3 (An—&-r—i—l _ é%n—i-r—&-l)

= (k+1)Y NG er—k:zoer

r=0
k+ 1( 3 3
/\n+1 )\rer Sn—i-l 57’67") —k er,
k +1
)\n+1)\* n+1 *) _ k . |:|
= < §E Y

Theorem 2.3. Forn > 0, the followz'ng identities are verified:
(a) QL = @( n+2 = Qn+2)
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(b) QLpm = 52T + Toia) — .

Proof. (a) Using the Binet’s formula of Fibonacci and Lucas quaternions, we have

Thio — Quio = (/\* A2 f*€n+2) B <)\*)\"+2\/_g£*§n+2 >

%M*WNS — 1)+ (V5 +1)
= 15(—2§>\*)\”+2 + 20 E™T2)
- jg< ASNFLX — )
\/g

()\nJrl)\* . €n+1£*>

<QLk n+ k'y)
—9 )
k+1
Thus, on simplification
k+1
QL = T(an - Qn+2) — k.

(b) Similar to (a), we have
Tn + Tn+2 _ (/\*/\n + g*gn) ()\*/\714-2 + §*§n+2)
— )\5(7)\*/\" zg gn) + (NFAF2 4 grent?)
= —ATFIN(E = N) + M (E - )
= VBT — e
= \/_( Vo (QLknJrk;v))

as required. O
Theorem 2.4 (Catalan’s identity). For n,r € N such that n > r, we have
QL+ QL e — QL , =(k + 1)°[(=1)""2(2F,Q, — 3Fye3)]

+ k<k + 1)(Qn+1 - Qn-&-l—r)’y
+ k<k + 1)7(Qn+1 - Qn+1+r)'

Proof. Using (b) of Theorem 2.1 and identity of (1.4), we have
QL QL e — QL

:((k +1D)Qnri1 — k:y) ((k +1)Qnirs1 — kﬁ) - ((k +1)Qns1 — /W)Z
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:<(k + 1)2anr+1Qn+r+l - (k + 1)]{Qn77“+17 - k<k + 1)7Qn+r+1

+ k%)?) — ((k: +1)%Q%, + K2 (7)? — (k + DkQuiay — (k + 1)ka”+1)

:(k + 1>2(Qn+1—rQn+1+r - Qiﬂ) + k(k + 1)(Qn+1 - Qn+1—r>7
+E(k+ 1)v(Qny1 — Qnirsr)
=k + 1)°[(-=1)"""2(2F,Q, — 3Fy.e3)]
+ E[(QLkn — W)y — V(W — Qg ngr)]- O

If we substitute » = 1 in the above identity, the Cassini’s identity for Leonardo
quaternions QLy ,, is obtained which is stated in the next theorem.

Theorem 2.5 (Cassini’s identity). For any natural number n, we have
QL 19k ps1 — QLG ,
=(k+1)*[(—1)"""(2Q1 — 3e3)] + k[QLin—27 + 7QL k1 + 2k7].
Theorem 2.6 (d’Ocagne’s identity). For n,r € N such that n > r, we have
L4, QL i1 — Q11984
=(k + 1*[(=1)" (Foey Ty + Ln—r(Qo — 3e3))] + k(k + 1)@y — 7Qul.
Proof. Using identity (2) of Theorem 2.1, we have

QL 9L 1 — Qg 11984, =<(k +1)Qry1 — kV) <(l€ +1)Qni2 — k’V)

— (k4 1)Qrsz = k7 ) ((k + 1) Qs = )
=(k +1)*(Qr41Qn+2 — Qr+2Qnt1)

- k(k + 1)[(Qr+1 - QH—Q)'Y + 7(Qn+2 - Qn+1)]
=(k+1)*(Qr41Qn+2 — Qr+2Qnt1)

+k(k+ D[Qry —1Qu)-

Now, using the d’Ocagne’s identity for the Fibonacci quaternions, i.e., Q1 1Qpni2 —
Qr+2@n+1 = (_1)T+1[anrT0 + Lnfr(QO - 363)]7 we get

QL QL ki1 — Lk 1195, =(k + 1)*[(—=1) " (F To + L (Qo — 3e3))]
Theorem 2.7. The generating function for the generalized Leonardo quaternions is

_ _ 2
o) — 2L inHt BQL,Ht |
1—2t+t¢

Proof. Let the generating function for sequence {QLy , }120 is ¢(t) = 32,725 QL nt".
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Now using relation (2) of Theorem 2.1, we write

+oo

+o00 +oo
n=0 n=0

n=0

Taking into account the generating function of the Fibonacci quaternions, i.e.,
YA Quat" = L we have

Qo + Qot I 1

¢(t):(k+1)1—t—t2 T
(R D[Q1 — (@1 — Qo)t — Qot?] — ky(1 —t — )
(I—t—)(1—10)
QLo — QL ot — QL 4t
B 1—2t413 '

O

In the next theorem, we give the sum of finite terms of QL;,, and also with even
and odd subscripts.

Theorem 2.8 (Finite sum formulae). For any positive integer n, we have

(a) 270 QLkyr = Qg o — Qg — k(n + 1)y,
(b) >r_09QLkor = Qg opy1 — QL1 — k(n + 1)y;
(c) Sorq QLgor—1 = QL on, — QLo — knry.

Proof. Using (b) of Theorem 2.1 and sum identity (a) of Theorem 1.1, we have

n

i 0L, = S ((h+ 1) Qs — k)

r=0
= (k+ 1)2Qr+1 —k27
r=0 r=0
= (k+1)(Qnsz — Q1 — Qo) — ky(n+1)
= QLkﬂH_g — QLkJ — k(n + 1)’)/.

Proof of identities (b) and (c¢) are similar using the finite sum formulae for even (b)
and odd (c) of Theorem 1.1, respectively. O

Theorem 2.9. For n € N, the following identity is verified.

n

(2.3) 3 (:) ALy, = Qogon — k(2" — 1)y

r=0

Proof. The identity can be easily proved by making use of relation (2) of Theorem
2.1 and identity >;_, (Z) Q, = 9, for the Fibonacci quaternions. O
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3. THE GENERALIZED LEONARDO SPINORS

Spinors are vectorial objects without their multilinear features for the mathemati-
cians. A French Mathematician, Elie Cartan discovered the spinors first time. In
3-dimensional Euclidean space, there are many possible approaches to spinor theory
like spinor ring algebra, Cartan’s isotropic vectors, Clifford algebra, stereographic
projection etc.

Here, we restate the definition given by the E. Cartan [1]. Consider a 3-dimensional
space C3. Let (z,y, 2) € C? be an isotropic vector. Then this vector can be associated
with two numbers ¥, and W, given by

e=U2 02y =i(U2 402, =20,

And solutions of these equations are

U =57 and Uy =g

Thus spinor is the two-dimensional complex vectors described as

v
U= (U,,0,) = [ﬁfj .
A different approach to spinors derived from Euler’s theorem was presented by Vivarelli
[21] in 1984. He studied quaternions and one-index spinors by defining a linear and
injective correspondence between them.
The correspondence ® : H — S between the set of quaternions H and spinors S is

defined as

d—+ia

P (a + bey + ceq + des) = lb%—ic

]EQ, a + be; + ces + deg = p € H.

And, the product of two quaternions (gp) associated to a spinor-matrix product is
given by qp — —iQ P, where P is the spinor corresponding to the quaternion ¢ and
(@ is the square(complex) unitary matrix given as

[d+z’a b—ic}

(3.1) b+ic —d-+ial’

E. Cartan [1] introduced the spinor conjugate to W given as

U = iAT,

-1 0
Castillo [4] defined the mate of spinor ¥ as

where VU is complex conjugate of ¥ and A = [ 0 1] .

U= —A7,
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Recently, Erigir and Giingor [6] studied the spinors with Fibonacci and Lucas num-
bers components and obtained their properties. They defined the Fibonacci spinors
sequence {5y, }n>0 as

B 2 |3+ B
SO_ [1+217 Sl_ [1+2217 Sn+2_Sn+1+Sn7

. /
and Lucas spinors sequence {5, },>0 as

' 24+ 2 " 4494 / o /

The Binet type formulae for the Fibonacci and Lucas spinors are, respectively,

D A T B S e o
S"_\/gbﬂ'v])‘ _\/5[6—1—2'52]6

and
Sn = l/\+i)\2] AT lgwg? &

Motivated by the work of Erigir and Gungor [6], we are extending this study to the
generalized Leonardo numbers and introducing a new sequence of the generalized
Leonardo spinors.

Let L and S denote the set of generalized Leonardo quaternions and set of spinors,
respectively. Then the generalized Leonardo spinor £, given by a linear and injective
correspondence ® : L. — S is defined as

Lpnes+i1Lpn
O(Lyneo + Lpntrer + Lpnioes + Ly nises) = [ kn+3 k, ] =g,

Lpnt1 + 10k nt2
Spinor £ corresponding to the conjugate quaternion ﬁk,n is given as

2* — _'Ek,n+3 + Z'Ck,n
" _Lk,n+1 - iLk,n+2 .

Definition 3.1. For n > 0, the sequence of generalized Leonardo spinors {£, },>0
(2k +3) +i] o _
9 1

is defined recursively as £,10 = £,11 + £, + kJ, where £y = [1 ik +2)

(4k +5) + i G 1
(k+2) +i(2k +3)| 997 1 4+4|

Lemma 3.1. For generalized Leonardo spinors, the following identities are verified.
(3.2) Loz =2L0— L, and £,=(k+1)S,41 — kJ.

In the next lemma, we present conjugates and mate of the generalized Leonardo
Spinors.

Lemma 3.2. For generalized Leonardo spinors £,, we have
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L kn+1 — 1L k.n+2

Lk,n+2 + iLk,n—&—l
_Lk,n - Z’CJk,n—i-B

(a) Complex Conjugate: £, = [ Lints = ilkn ];

)

(b) Spinor Conjugate: £, = l

(¢) Mate of Spinor: f}kn = [_Lkmﬂ + ZLk,n+2] ‘

L kn+3 — 1L kn

Proof. Using the definition of spinor conjugate and mate of spinor, above results can
be easily established. O

Theorem 3.1 (Binet type formula). For n > 0, we have

k1IN A+ E 4| ~
(3.3) Qn—W ([)\—i—i)\zl AT — € +i¢2 § — kJ.
Proof. We prove this theorem by induction on n. For n = 1, the R.H.S of (3.3) is

R N e vt B

Assume expression (3.3) is true for n = m, i.e.,
kT IN ] E 40| pmi ~
Sm_\/quJri)\Z])‘ Tlerie|tT ) TR

By Definition 3.1 and taking into account the fact A2 = A + 1 and &2 = £ + 1, we get
£m+1 = £m + Smfl + k:j

RTINS E+il .m N
- (e o)
E4+1 (1 XN+i| . |+l .
2 (- 65 er) -
k [ \3 -] 3 :
- \;—51 ( A)\%—j;)f? (A A — [gijfﬁ (gmt +fm)> —kJ

:’”1(”’“_ X+ 1) — [53“15”1(&1)) k)

VB O\ AN £ +i€?
E+1 ([ X+i] o 344 .
= (_)\+i)\2_ AT Eﬂ@ S R
This completes the proof. ([l

By replacing n with —n in Binet type formula (3.3), we extend the generalized
Leonardo spinors in negative direction. Thus,

k+1([XN+i] _, ] P ~ N
Ln="/ (ngp H_EHHS H>_k":(“1)s’”‘“_k"'
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In next theorem, we state some relations among £,,, £, £_, and £* by omitting
their proofs, as proofs of these identities can be seen easily using their definitions.

Theorem 3.2. For the generalized Leonardo spinors, we have
(a) £, =28 10— £ 513
(b) £, =(k+1)S_ 41— kJ;
(k+1)L,S; — 2k3J, n is even,
(k+1)F,S; — 23, nis odd;

(d) L.+ &, = [Z%Ok’”] ;

i2L4 _n
e

(c) £+ L =

() £ p+ L%, = [

Theorem 3.3. For n > 0, the following relations among the generalized Leonardo,
Fibonacci and Lucas spinors hold

k+1,, -
(3.4) £, = T(Sn+2 — Sny2) = k3
and
k + 1 / / ~
(3.5) =" (S + i) = k3.
Proof. By using relation S, = S,_1 + S,41 in the R.H.S. of expression (3.4), we write
kE+1, ~ k+1 ~
T(S”” — Spy2) — k3 = T(QS"“) —kJ =2,
Similarly, (3.5) follows from the identity 5S, = S,,_; + S, ;. O

Theorem 3.4. The generating function for the generalized Leonardo spinors is

(1) = =1 [k +2)2 +t — (2 + 3)] — ikt — t + 1]
12t #2 (82 —kt — 1] +i[t* + ¢t — (k+2)] '
Proof. Let f(t) = 320 £,t" be the ordinary generating function. Now consider

the recurrence relation £,,5 = 2£,,5 — £,. Then multiplying it by t"*3 and taking
summation, we have

+oo +oo +o00
Z £n+3tn+3 -9 Z £n+2tn+3 4 Z gntn+3 =0

e (F{0) — S0 — S1t — £4) — (1 (1) — £ — £41) + (D) — 0
= f(t)(1 =2t + %) = Lo + (L1 — 280) + £7(Ly — 2£)
Lo+ (L —280) + 17 (Ls — 28)
B 1 — 2t + ¢2

B -1 [(k+2)t2 +t — (2k + 3)] — i[kt* —t + 1]
:f<t)_1_2t+t2 [t — kt — 1] +i[t* +t — (k + 2)]

— f(t)
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Theorem 3.5 (Finite sum formulae). We have the following.
Sum of first n+ 1 terms

(3.6) > L= Lrpso — (k+1)S — nkJ.
r=0
Sum of first n+ 1 even indexed terms
(37) Z 2k72r = £k,2n+1 — (k’ + 1)50 — nkfj
r=0

Sum of first n+ 1 odd indexed terms
(3.8) > Lrort1 = Lionto — (k+1)S1 — nky.
r=0

Proof. Using relation (3.2) and sum identity >."'_; S, = Sp42 — Sa, we have

n

> L= [(k+1)S 1 — kI =(k+1)> S — > kJ
r=0 r=0

r=0 r=0
= (k+1)[Spys — So] — (n+ 1)kJ
== £k,n+2 — (k’ + 1)52 — nkJ

This proves expression (3.6).
The rest of the two expressions (3.7) and (3.8) follow directly from the identities
w1 SS9 = Sopy1 — St and Y04 Sor_1 = Sa, — Sp, respectively. O

4. CONCLUSION

In summary, we defined and studied the generalized Leonardo quaternions and a
new sequence of spinors by considering a linear and injective correspondence between
the set of quaternions and the set of spinors. For generalized Leonardo quaternions, we
obtained various identities, interrelations with the Fibonacci and Lucas quaternions,
Catalan’s identity, d’Ocagne’s identity, generating functions, finite sum formulas,
etc. For spinors, we presented the closed form formula, several identities, generating
functions, finite sums with odd and even indexed terms, etc.
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A STUDY ON SOME CONFORMABLE FRACTIONAL IMPLICIT
HYBRID DIFFERENTIAL EQUATIONS WITH DELAY

ABDELKRIM SALIM? SALIM KRIM?*? JAMAL EDDINE LAZREG!,
AND MOUFFAK BENCHOHRA'!

ABSTRACT. This paper deals with some existence results for a class of conformable
implicit fractional differential Hybrid equations with delay. The results are based
on some suitable fixed point theorems. In the last section, we provide different
examples to illustrate our obtained results.

1. INTRODUCTION

Fractional calculus is a generalization of ordinary differentiation and integration to
arbitrary order (non-integer). Its versatility has made it a crucial tool in the field.
In the previous decades more and more researchers have paid their attentions to
fractional calculus, since they found that the fractional order integrals and derivatives
were more suitable for the description of the phenomena in the real world, such as
viscoelastic systems, dielectric polarization, electromagnetic waves, heat conduction,
robotics, biological systems, finance and so on. For some details and recent publication
on the subject, see the monographs [1,5-8,21,32,34-36] and the papers [2-4]. The
study of implicit differential equations has received great attention in the last years;
see [1,13,26-28].

As models of equations, functional differential equations with delay are commonly
used. Several authors studied differential equations with delay [14,15,17,19]. For
more details, see the papers which are concerned with finite delay [29,30], infinite
delay [1,10, 14, 18], and state-dependent delay [1,17].

Key words and phrases. Conformable fractional integral, conformable fractional order derivative,
Hybrid equations, finite and infinite delay, initial conditions, fixed point.
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The fractional derivative of an unknown function hybrid with nonlinearity is used
in hybrid differential equations. This class of equations derives from several fields
of practical mathematics and physics, such as the deflection of a curved beam with
a constant or variable cross-section, a three-layer beam, electromagnetic waves, or
gravity-driven flows, and so forth. For more details on the subject, we recommend
readers to the publications [13,25,27,31].

The authors of [33] studied the nonlinear fractional differential hybrid system with
periodic boundary conditions, given by:

{ DY (v(9)g1 (9, v())) = g2(9,0(¥)), 0 € [a,b],
v(a) = v(b),

where ¥ € [a,b], “D% is the U-Caputo fractional derivative, g; : [a,b] x R — R\ {0}
and gs : [a,b] X R — R are continuous. Their arguments are based on Dhage’s fixed
point theorem.

In [20], Khalil et al. provided a unique concept of fractional derivative, which is
a natural extension of the traditional first derivative. The conformable fractional
derivative is natural, and it contains most of the features of the classical integral
derivative, such as product rule, quotient rule, linearity, chain rule, and power rule, and
it is very useful for modelling different physical problems. Indeed, several publications
have been produced since that time, and various equations have been solved using
that notion [9, 12, 24].

In [22], the authors considered the following conformable impulsive problem:

T(Q) = f(Gae Ta(), C€Q, y=0,1,....5
Ax|C:C.7 :T](x§;)7 ]: 172a"'767
2(Q) = p(Q), ¢ € (=00, 4],

where 0 < e = (o < (1 < -+ < (g < (g1 = 2 < 00, ‘J'Zx(C) is the conformable
fractional derivative of order 0 < ¥ < 1, f: Q2 x Q x R — R is a given continuous
function, Q := [s, ], Qo 1= 50, (1], Q, = ((, G, 7=1,2, ..., 5, p: (=00, = R
and T, : Q — R are given continuous functions, and Q is called a phase space.

In this paper, first we investigate the following class of conformable fractional
differential Hybrid equation with finite delay:

(1.1) T (@B)z@) = [ (t,2, T2 (2()2(1)), t €O =0,

(1.2) z(t) =((t), te(e—k,el,

where Tex(t) is the conformable fractional derivative starting from the initial time
e of the function f of order ¢ € (0,1), f : © x C([e — k,¢],R) x R is a continuous

function, ¢ € C((e — &, 5], R), ® € C (O,R\{0}), ¢ < < +o0 and k > 0 is the time
delay. For any t € ©, we give x; by

(V) = x(t + ), ford € [e— kel
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Next, we consider the following infinite delay problem:

(1.3) T2 (@()z(t) = [ (t, 2, T2 (B(H)x(2))), t €O,

(1.4) xz(t) =¢(t), te(—o0,el,

where f: OxGxR - R, & € C(O,R\{0}), ¢ : (—00,¢] = R, e < 8 < +0o0 are given
continuous functions, and G is called a phase space that will be determined later.

For any t € ©, we define 2, € § by z;(9) = z(t + ¥) for ¥ € (—o0,]. In the next
segment, we look into the following state-dependent finite delay problem:

(1.5) T (Q®)x(t) = f (£, Tp000), T2 (D(B)2(1))), tEO,
(1.6) z(t) =((t), te(e—r,el,
where f € C((e,5],R), ® € C(O,R\{0}), ¢ € C((¢ — k,5],R), e < f < +o0 are

given continuous functions.
Finally, we study the following problem with state dependent infinite delay:

(1.7) T2 (@(0)2(1)) = £ (2500, T (B(D)2(1)) . tEO,
(1.8) z(t) =((t), te(—o0,¢l,
where f : © x GxR = R, & € C(0,R\{0}), (: (—o0,e] > R, ¢ < § < 400 are

given continuous functions.

2. PRELIMINARIES
Let C'(©) be the Banach space of all real continuous functions on © with the norm
[2]loc = sup |2(2)].
t€O
Let € := C([e — K, 5]) be a Banach space with the norm

[zlc == sup |z(t)].
tele—k,B]

By L'(©) we denote the Banach space of measurable functions = : © — R which are
Lebesgue integrable, equipped with the norm

B
Izl = [ It

Definition 2.1 (The conformable fractional derivative [9]). Let f : [0, +00) — R be
a given function, the conformable fractional derivative of f of order ¢ is defined by

)  tim L0 1)

a—0 o

for t > 0 and ¢ € (0,1]. If f is ¢-differentiable in some (0,¢), € > 0, and tlir& T(f)(¢)
—
exists, then define T°(f)(0) = tlir(])%r T(f)(t). If the conformable fractional derivative
—

of f of order ¢ exists, then we simply say that f is ¢-differentiable. It is easy to see
that if f is differentiable, then T¢(f)(t) =t~ f(¢).
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Definition 2.2 (The conformable fractional integral [9]). The conformable fractional
integral starting from ¢ of the function f : [¢, +00) — R of order ¢ € (0, 1] is defined
as

() = [0 -2 (a0

3

Lemma 2.1 ([9]). Let< € (0,1] and f : [e,+00) — R be a continuous function. Then,
forallt > e,

TLLf(t) = f(2).
Further, if f is differentiable on (g, +00), then, for allt > ¢,

LT () = f(t) = f(e).

By following the same approach as in the paper [9], we may obtain the following
result.

Lemma 2.2 ([9]). A function z is a solution of problem (1.1)—~(1.2), if and only if x
satisfies the following integral equation

1

(1)  a(t) = @m{q’(s)“m [@=eyfwas], telep)

¢(t), t€le— kel
where f € C(©), with f(t) = f(t,zy, f(t)).

For our purpose we will need the following fixed point theorems.

3. EXISTENCE OF SOLUTIONS WITH FINITE DELAY

In this section, we are concerned with the existence results of the problem (1.1)—
(1.2).

Let us introduce the following hypothesis.

(H1) There exist constants wy, M > 0, 0 < wy < 1 such that:

|f(t>96’17 %1) - f(t,$2732)| < w1||961 - x2”[5—n,e] + W2|%1 — By,
and
[®(1)] = M,

for any x1,25 € C, $1,32 € R, and each ¢ € ©.

Remark 3.1. We note that by taking: w, = wy, ws = ws and ws = f*, where

f*= sup f(t,0,0), hypothesis (H;) implies that
tele,B]

[f(t,2,9)| < @[]l e—ne + 2| S] + s

Now, we will give our first existence and uniqueness result that is based on Banach’s
fixed point theorem.
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Theorem 3.1. Assume that hypothesis (Hy) holds. If

_(B=e)w
(3.1) L= oy

then the problem (1.1)—(1.2) has a unique solution on [e — Kk, [3].
Proof. Consider the operator H : C(0©) — C(0) such that,

<1,

1 t 17
(3.2) (Hx)(t) { o) [cb(a)((e) +/€ (W —e) ' fW)dY|, telepl,
¢(®), t€le— kel

where f € C(0), with f(t) = f(t,z, f(t)).
Let 2,3 € C(O). Then, for each t € [e — K, £], we get

|(H)(t) = (HI) (@) = 0,

and for each t € ©, we obtain

~

Cx 1 ! s—1
(02)(1) = ()0 < gy [ 0 = 717 0) = Yy

where f,T € C(0) such that

From (H;), we have

~ ~

|f(&) =L@ = [f{t 2, f(8) = f(E, S, T(2))]

S Wlet - %tH[Eﬂq,e} + w?lf(t) - T(t)|
) _

~

S Wlet - C\xstH[E*fi,e} + lef(t T(t)|
Thus,
—~ w1
— Tl < — 3.
1f = Tlloe < 1_w2\|($ S)lle
Then, for each t € O, we get
(B —¢e)w
Ha)(t) — (HS) ()| < =——F— ||z — S|lc < L]z — Slc.
06)(1) = ()] < e = Sl <t = e

Hence, we get

[H(z) = H(S) e < ]z = Sc-
Consequently, by Banach’s fixed point theorem, the operator H has a unique fixed
point, which is the unique solution of our problem (1.1)—(1.2) on [¢ — &, ]. O

Theorem 3.2. If (H;) holds, and

(B —e)wm
Mg (1 — )

then problem (1.1)—(1.2) has at least one solution on [ — K, [3].

<1,
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Proof. Consider H : C(©) — C(©) defined in (3.2). Let § > 0 such that

[2(e)¢(E)] 4 (B—e)'w
M + M((lfw;)
1

(B—€)Sm
Ms(1—wo2)

(3.3) § > max {HCHC([E—HW

Define the ball Q5 = {£ € C(O) : [|£]|c < d}.
Step 1. H is continuous.
Let {x,}, be a sequence such that z,, — x on Q. For each t € [¢ — &, ¢], we have
|(Han)(1) = (Ha)(8)] = 0,

and for each t € ©, we have

~

x 1 ! s—11 7
34) 100~ OO < g | @7 10) - T
where f,, f € C(©) such that
Fult) = £tz Fult) and f(0) = f(t,ar, F(2).

Since
|z, —z|lc = 0, asn— +oo,
and f, f and fn are continuous, then by Lebesgue dominated convergence theorem,
we deduce that
|H (x,) — H(z)||c = 0 as n — +o0.

Hence, JH is continuous.

Step 2. H(Qs) C Q5.

Let z € Q5. If t € [e — K, €], then |(Hx)(t)| < ||¢|l¢ < 0. From Remark 3.1, for each
t € O, we have

|f@)] < [f(t e, f(1)] < @illo|lje—r,p + 2| f(E)] 4 3
< @i ||7]lc + @ flloo + @3 < @16 + 2| floo + 3.

Then, 5
Il < S
Thus,
1 t 17
06)(0)] < 57 [2ECE) + [0 =) Fwjav)
< iy 9O+ [0 =217
1 (B — &) (0w + w3)
< 3¢ e+ =0T L)
<.

Hence, ||H(z)||c < 0. Consequently, H(s) C Q5.
Step 3. H(2s) is equicontinuous.
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For e <t; <ty <, and = € ()5, we get

56(a)t) - ) 2)] < | [0 = 3 F@na0 — [0 - 9 Frojas
6w1 + w3 < <
< m’%—@ —(ti—¢)l.

As ty — ty then |H(x)(t1) — H(z)(t2)| — 0. We deduce that H(Qs) is equicontinuous.

Consequently, Arzela-Ascoli theorem implies that H is continuous and compact.
Thus, by Schauder’s fixed point theorem [37], we deduce that 3 has at least a fixed
point which is a solution of (1.1)—(1.2). O

4. EXISTENCE OF SOLUTIONS WITH INFINITE DELAY

In this section, we are concerned with the existence results of (1.3)—(1.4). Let the
space (G, || - ||g) is a seminormed linear space of functions mapping (—oo, ¢] into R,
and verifying the following axioms which were derived from Hale and Kato’s originals
[14].

(Azq) If  : (—o00,] — R, and zy € G, then there exist constants &;,&s, &5 > 0,
such that for each t € ©; we have:

(i) x; is in G;

(i) [lzills < &ullzalls + 2 supyere g [2(D)];

(#i1) [lz(@)] < &llils.

(Azy) For the function z(-) in (Azy), y; is a G-valued continuous function on ©.

(Az3) The space G is complete.

Consider the space 2 = {z : (—00, 5] = R, x|(_aog € G, zlo € C(le — K, B],R)}.

Definition 4.1. By a solution of problem (1.3)—(1.4), we mean a function z € €2 such

that
1

=1 a0 () (e) + (=) @)ad] . te e8]
¢(t), t € (—o0,¢],
where f € C(0), with f(¢) = f(¢,z, f(1)).

The following hypothesis will be used in the sequel.
(H3) The functions f and ® verify:

|f(t>$1,%1) - f(t7$27%2>’ < b1||SU1 - 962”9 + b2’%1 — T2

and
[(t)] > M,
for any x1,371 € G, 29,35 € R, and each t € ©, where by, M > 0 and 0 < by < 1.

Remark 4.1. We note that by taking: By = by, By = by and B3z = f*, where f* =

sup f(¢,0,0), hypothesis (Hs) implies that
t€le,f]

[f(t,2,3) < Billzllg + Baf 3| + Bs,
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forany z € §, § € R, and each t € O.
Theorem 4.1. Assume that the hypothesis (Hy) holds. If

_ (B=e)rh
' M§(1 — b2)
then the problem (1.3)—(1.4) has a unique solution on (—oo, f3].

(4.1) <1,

Proof. Consider the operator Ny : €2 — () such that,

(N1z)(1) { @é) [<1><6><(6>+ / W - )|, te e, Bl
C(t)’ t e (—OO, 8],

where f € C(0), with f(t) = f(t,x, f(t)).
Let 11 : (—o0, 8] — R be a function given by

C(f)? S (_0075]>
s (t) = g [2EE), e

For each s, € C(©), with »(0) = 0, we denote by 77 the function defined by

|0, t € (—o0,g],
27 (), teo.

If x(+) satisfies the integral equation

#(t) = qjt) (e)c(e) + [0 - ey Fwyas]

we can decompose z(-) as z(t) = 35(t) + . (¢), for t € ©, which implies that z; =
75, + 1, for every t € ©, and the function s(-) satisfies

lt) = @@) [0 - Foya],

Where f(t) = f(t772t + A1ty f(t>>7 le @ Set
Cy= {%2 S C(@) DAy = O},
and let || - ||z be the norm in Cy defined by

[562]|7 = [|5%2:|lg + sup |s6(t)| = sup |s0(t)|, 20 € Cy,
tcO tcO®

where Cj is a Banach space with norm || - [|7. Define the operator X : Cy — Cy by

(4.2) (Ks0) (1) = q)it) { / "9 — o) w)dﬁ} ,

where f(t) = f(t,78; + s, f(t)), t € ©. We shall show that X : Cp — Cj is a

contraction map. Let sz, 365" € Cy, then we have for each t € ©

/ 1 t s—1|F
(48)  KGa)) = KOOI < gy | [0 = 1F@) = T@)las].
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where f,T € C(0) such that
F(t) = f(t, 57, + s, (1)) and Y(t) = f(t, 30, + 05, V(1))
Since, for each t € O, we have
7o)~ 100 < <

Then, for each t € O, we get

b
— b2

132 — 522/4|3-

(B—¢e)b

Mg(l — bg)
= A7 — 5/ 5.

Thus, we get [|K(30)(t) — K(3')(t)||r < A3 — 52||s. Hence, from the Banach

contraction principle, X admit a unique fixed point which is the unique solution of
(1.3)—(1.4). O

Now, we demonstrate an existence result for problem (1.3)—(1.4) by using Scheafer’s
fixed point theorem [16].

(B—¢e)b

K (se0)(t) — K(52) ()] < Me(l— B

1322 — 2024l < 132 — 5|5

Theorem 4.2. Suppose that (Hy) holds. Then, (1.3)~(1.4) admit at least one solution

on (—oo, .

Proof. Let X : Cy — Cp defined as in (4.2), For each given 6 > 0, we define the ball
Qd = {%1 € OO . ||%1||/3 S 5}

Step 1. X is continuous.
Let 3¢5, be a sequence where 3¢5, — 25 in Cy. For each t € ©, we have

(44 18,0 — (Ka)0)] < o [ [0 = 1R 0) - ).
where f,, f € C(©) such that

fn<t> = f(t772nt + 1y, ﬁ(t)) and fA(t) = f<t772t + 14, f<t>>
Since ||s¢2,, — 252||pg — 0, as n — oo and f, f and f, are continuous, then

|K(x,) — K(x)||[g = 0, asn — +oo.

Hence, X is continuous.
Step 2. K(Qs) is bounded.
Let sz € Qs, for t € ©, we have
F)] < [£(t, 77, + 20, F(1))]
< Bill72: + saills + Bl f ()| + Bs
< Bi[I7@dls + 5lls] + Ball flloo + Bs

< Bi&6 + Bi&i||¢lls + Bal| flleo + Bs.
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Then,

n B0 + Bi&i||¢lls + Bs

[ flloo < — :
1— By

Thus,

1 7 L

02) 1)) < gy L @ =271 F0)1a

(8 =€) (Bi&20 + Bi&i||#lls + Bs)
M§(1 — BQ)

Hence, || K ()| s < £. Consequently, K maps bounded sets into bounded sets in Cy.

Step 3. K(£2s) is equicontinuous.
For e <t; <ty <, and s, € ()5, we have

= 0.

IN

1 t1 17 to 17
() (0) = (@) t2)| < gy | [0 =23 Fhai — [0 = )7 Foyan

3152(5 + BlleWHS + Bs
< to —e)* — (t; — &)°|.
M§(1 —Bz) |( 2 5) ( ! 6) |

As ty — t1 we have that |H(z)(t1) — H(z)(t2)| — 0. We deduce that K maps bounded
sets into equicontinuous sets in Cy. Thus, K : Cy — Cj is completely continuous.
Step 4. The priori bounds.
We prove that the set
E={reCy:3¥=AK(z), for some X € (0,1)}

is bounded. Let 55, u € Cj such that s = AK(5¢), for some A € (0,1). Then, for
each t € ©, we have

salt) = MK (1) = qut) [0 = Foya].

By Remark 4.1, we have

~ ~

|F@O] < Vf(t, 52 + 210, (1))
< Bil[7 + syl + B2|J?(t)| + Bs
< Bi[I5@lls + lI541¢lls] + Bl flloo + Bs
< Bi&|lsallr + Biéallells + Bl flleo + Bs.

This gives
1F o < B1fz||%2||T1+_B§1HSD||9 + B3 —n
2
Thus, for each t € ©, we obtain
1 ! 17 n(B—e)
t <[/ 9 — o) f(I)|dY| < BE—1 =1,

Hence, ||s22||3 < n'. This shows that the set € is bounded. Thus, by Scheafer’s fixed
point theorem [16], K has a fixed point which is a solution of problem (1.3)—(1.4). O



HYBRID CONFORMABLE FRACTIONAL DIFFERENTIAL EQUATIONS 449

5. EXISTENCE RESULTS WITH STATE-DEPENDENT DELAY

5.1. The Finite Delay Case. We now consider the problem (1.5)-(1.6).

Definition 5.1. By a solution of problem (1.5)-(1.6), we mean a function z €
C(le — K, f],R) such that

- { 51 (206 + [0 =) Fo)aa] . vele.s)
¢(t), t € le— kel

where f € C(©), with f(t) = (T2 F).

For the next result we will make use of the following hypothesis.
(H3) The functions f and & verify:

|f(t 21, 30) = f(t, 22, [2)| < wsllwr — @a|eming + wa|S1 — o

and
[®(t)] > M,

for any 1,3y € C([e — k,€],R), 22,39 € R, and each t € ©, where w3, M > 0 and
0<wy <1.

Remark 5.1. We note that by taking:
A1 = Ws, AQ = W4 and A3 = f*,

where f* = sup f(¢,0,0). Then, hypothesis (H3) implies that
t€le,f]

[f(t, 2, 9)| < Ar]|ffle—re + A2lS] + As,
for any z € C([e — k,¢],R), v € G, and each t € ©.
As in Theorems 3.1 and 3.2, we have the following results.
Theorem 5.1. Assume that the hypothesis (Hs) holds. If

_ S
(8 —¢e)ws <1,
Mc(1 — wy)
then problem (1.5)—(1.6) has a unique solution on [e — K, 3].
Theorem 5.2. Suppose that (Hs) holds. If

(B—e)A

<1,

then problem (1.5)—(1.6) has at least one solution on [¢ — K, f].
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5.2. The Infinite Delay Case. In this part, we present the results concerning the
last problem (1.7)—(1.8).

Definition 5.2. By a solution of (1.7)-(1.8), we mean a function x € Q such that

1 ! s—17
) - { ot [p0@ + [0 -9 7], e
(1), t € (—o0,¢l,
where f € C(8), with f(t) = f(t, 2.z, (1)),

Set &' := 0/ = {p(t,r) : t €O, x € G p(t,xr) <0} We suppose that p: © x§ — R
is continuous and ¢t — z; is continuous from ¢ into G.
(H,) There exists a continuous bounded function @ : 4/~ — (0, +-00) where

Inellg < @ (@)lInllg, for any t € d".
Lemma 5.1. If x € €, then

|zells = (& +@)lnlls +& sup (7],
7€[0,max{0,t}]

where w' = sup,cy w(t).

The following hypothesis will be used in the sequel.
(H,) The functions f and ¢ verify:

|f(t, 21, 81) — f(t, 22, D2)] < bsl|zy — 22| + 041 — S

and |®(t)] > M, for any 21,31 € G, 22,39 € R, and each ¢t € O, where b3, M > 0 and
0< b4 < 1.

Remark 5.2. We note that by taking: By, = b3, Bs = by and Bg = f*, where f* =

sup f(¢,0,0). Then, hypothesis (H4) implies that
t€le,f]

|f (&2, 3)| < Ballzlls + Bs|S] + Bs,
foranyr € G, S € R, and t € O.
As in Theorems 4.1 and 4.2, we have the following results.
Theorem 5.3. Suppose that (Hy) holds. If

(B —¢)bs
Mg(l — b4)

then the problem (1.7)—~(1.8) has a unique solution on (—oo, [].

<1,

Theorem 5.4. Suppose that (H¢) and (Hy) hold. Then, (1.7)-(1.8) admit at least
one solution on (—oo, f3].
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6. EXAMPLES

We give now some examples that illustrate our obtained results throughout the
paper.

FEzxample 6.1. Consider the following problem
1 1

1240 (1) —
(6.1) (To")(1) 90 (1 + ||x¢||) + 30 (1 + |(Té/2q)x)(t)|>’ t €[0,1],
z(t) =1+ 1 te[-1,0].
Set 1 1
T658) = 5o 300+ 1))
and
o(t) = ? (t2 + 3] sin(t)] + 1) ,

where t € [0,1], z € €, & € R. Thus, f is continuous. For z,7 € €, z,7 € R, and
t € [0, 1], we have

o~ 1 ~ 1 ~

30
Hence, hypothesis (H;) is satisfied with wy = %, M = % and wy = %. Next, the
condition (3.1) is verified with =1 and ¢ = 3. Indeed,
1
(B —¢e)w - 30

= ~ 0.0487659849094171 < 1.
_ V2
Me(l—ws) 21— )3
Some calculations indicate that all of the requirements of Theorem 3.1 are verified.

Thus, the problem (6.1) has a unique solution defined on [—1, 1].

FExample 6.2. Consider now the following problem

g, B ze
(To""®z)(t) 180 (ef — e—t)((tl) + |Lf§||)
(62) wit)e 5 13 O’ 1 ’
Jr60 (et — ) (1 + |(7c1)/2q)x)(t)|> -
)=+ 1, et

where ® is the function defined in the first example. Let v be a positive real constant
and

(6.3) B, = {a: € C((—o0,1],R,) : lim e z(7) exists in R} .

T——00

The norm of B, is given by

z]ly = sup e"|z(7)].
TE(—00,1]
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Let x : (—o00,0] — R be such that zy € B,. Then

lim e xy(7) = lim e a(t+7—1)= lim " Dg(r)
T——00 T——00 T——00
= (-t lim "Dz (1) < +oo.

Hence, z; € B,,. Finally, we prove that
[zelly < &llzally + & sup [z(d)],
¥€]0,t]

where §; = & =1 and & = 1. We have ||z¢(7)|| = |z(t +7)|. If t + 7 < 1, we get
lz(©l < sup |z(D)].

€(—00,0

For t + 7 > 0, then we have

[zl < sup [z(I)].
9€(0,t]

Thus, for all t + 7 € O, we get
[z (O < sup |z(d)| + sup [z(I)].

¥e€(—00,0] 9€[0,t]
Then,
[elly < [lzolly + sup |z(J)].
9€[0,1]
It is clear that (B,,|| - ||) is a Banach space. We can conclude that B, is a phase
space.
Set

et et

+ )
180 (¢! — e=) (1 + ||z]|5,) ~ 60(e" =€) (143
where t € [0,1], z € B,, S €R.
For any z,7 € B,, $,3 € Rand t € [0, 1], we have

f(t2.9) = £(62.9)] < 35 =

Hence, hypothesis (Hy) is satisfied with b; = 180, M = ‘[ and by = =. All require-
ments of Theorem 4.2 are met. Then, the problem (6. 2) has at least one solution
defined on (—oo, 1].

ft,z, ) =

1

—alle = lls, + =[S §|-

FExample 6.3. We consider the following problem
(6.4)

(T220x)(t) = ! !

9001+ [o(t — @) 30 (1-+ (7 ®a) 1))
z(t) =1+ 12 t € [-1,0],

where ® is the function defined in the first example and o € C(R, [0, 1]). Set
p(t,0) =t — 7(C(0)),  (0) € [0,¢] x C(I=1,0,R),
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) - : o
=901+ Jalt — o)) * 3001+ 3@’

Obviously, f is jointly continuous. For any =,z € C, S, SeRandte [0, 1], we have

[tz S

tel0,1, ze€C S eR.

~ 1 1 ~
Hence, hypothesis (H3) is satisfied with ws = 9—10, M = % and wy = %. All require-
ments of Theorem 5.1 are verified. Thus, the problem (6.4) has a unique solution

defined on [—1,1].

FExample 6.4. Consider now the problem
z(t — Mx(t)))e 7t

1/2 _
(To™@)(t) = 180 (et — e‘t)((l) + |t — a(z(1))])
(6.5) cli)e T . te0?],
e ()
x(t) =t, re ot

where @ is the function defined in the first example.
Let v > 0 and B, be given in Example 2.
Let p(t,¢) =t — X(¢(0)), (t,¢) €[0,2] x B,, and set

ettt Paia
= -+ ,
180 (¢! — et) (1+ [|z]|5,) ~ 60(e" —e™) (1 +[S])

where t € [0,2], z € B,, S €R.
We can demonstrate that all conditions of Theorem 4.2 are verified. Then, the
problem (6.5) has at least one solution defined on (—o0, 2].

ft,2,9)
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STABILITY AND ULTIMATE BOUNDEDNESS OF SOLUTIONS OF
CERTAIN THIRD ORDER NONLINEAR RECTANGULAR MATRIX
DIFFERENTIAL EQUATIONS

A. L. OLUTIMO! AND M. O. OMEIKE?

ABSTRACT. We present in this paper the qualitative study of solutions of certain
third order nonlinear matrix differential equations where the unknown function X
is matrix-valued. The properties of solutions were investigated using Lyapunov’s
direct method by employing the use of suitable Lyapunov functionals obtained from
the differential equations describing the system satisfying certain requirements for
establishing the stability and boundedness of solutions of the system considered. An
example is given to demonstrate the significance of the results obtained as well as
analysis through geometric graphs describing the dynamics of the system’s solutions.
The results obtained are novel and will significantly enhance and extend the results
of those mentioned in the literature.

1. INTRODUCTION

We investigate the stability and boundedness of solutions of matrix differential
equations

(1.1) X +AX +U(X)+ H(X) = P(t, X, X, X),

where X : R — M is the unknown function, A € N is a symmetric matrix with
constant values, W, H : M — M and P: ]RXMXMXM—>M M is an n x m and
N an n x n matrices, R the real line —oo < t < +o0.

The study of characteristics of solutions to differential equations is majorly about
deducting essential qualities of solutions of the differential equations without actually

Key words and phrases. Stability, ultimate boundedness, Lyapunov method, rectangular matrix,
third order differential equations.
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solving them. For many years, the characteristics of solutions to nonlinear differential
equations of the third order have been studied by many mathematicians and have
gotten several interesting results for some various and special cases of n = m =1 and
m = 1 in equation (1.1) (see [1-5,7-15,17,18,20,21,23-26,28-32|, respectively.

In the relevant literature, we observe that works in the area of matrix differential
equation are not as active as they were in scalar and vector differential equations.
Hence, results for the nonlinear differential equation in which the unknown function
X is matrix-valued (so that X : R — R™*") are relatively scarce (see [19,22] and
[27]). For example, in 1976, Tejumola [27] discussed the asymptotic stability, ultimate
boundedness and presence of periodic solutions of second order matrix differential
equation here X + AX + H(X) = P(t, X, X), where A is an n x n symmetric matrix
with constant values. X, H(X) and P(t, X, X) being continuous n x n matrices in the
real domain. He introduced some standard matrix notations which were widely used.
That is, the continuous n x n matrix function H(X) with n? x n? generalized Jacobian
matrix denoted by JH(X) and the constant n x n matrix A. He also proved two
lemmas which are vital to the proof of the stated theorems. The obtained results are
a generalization of an earlier result of [10]. If X € R”, the special case for which n = m
and ¥(X) = B(X) in (1.1) for the equation X +AX + BX + H(X) = P(t, X, X, X),
where A, B are n X n symmetric matrices with constant values, with X, H(X) and
P(t, X, X) being continuous n x n matrices in the real domain has been studied by
Omeike [19] for the ultimate boundedness of solutions of a certain third order nonlinear
matrix differential equations. In the same vein, Omeike and Afuwape [22] proved the
ultimate boundedness results of the same equation under some specified conditions
on the nonlinear terms. The result obtained here is a rectangular matrix analogue
of the results obtained in [19,22] and an extension of the matrix result achieved in
[27]. This means that if n = m in (1.1), the result obtained in this study reduces to
the results obtained in [19] and [22] which are square matrix equations and which
themselves are matrix analogues of the vector equations in [3] and [12].

The investigations in Olutimo [16] are related to [27] and provided the extensions
of some of the results of [27] to (1.1), where X is a rectangular matrix (i.e., X :
R — R™™) and A, B are n X n symmetric matrices with constant values. X, H(X),
and P(t, X, X, X ) being continuous n X m matrices in the real domain. The present
investigation is based on [16] where X : R — R™™ n % m and BX = ¥(X) in (1.1).
Based on our review of the literature, no research derived from [16] was discovered.
Moreover, the results for which the unknown function X is not a square matrix
were left open in [27]. Tejumola in [27] remarked: “Our present investigation is of
explanatory nature, efforts are being made to expand its scope to cover the situation for
which the unknown function X is not necessarily a square matrixz. Our results in this
direction will be announced elsewhere.” To our knowledge, results in this path do not
exist. In this case, we shall give augmentation of some results of [16] to certain third
order matrix differential equations (1.1). In addition, matrix differential equations
contribute appreciably to the study and plan of complex dynamic systems across
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various fields, giving valuable insights into the dynamic behaviour of interconnected
elements. Systems of this type occur in response and stability of electrical and coupled
circuits (see [6] and [27]). In particular, the intuitive idea of qualitative properties
of solutions of rectangular matrix differential equations is of practical importance
in analyzing the layout of control systems, models of cross interactions between
competing species, and spread of diseases in a community with different traits as well
in image compression and processing of tasks. Also, the results obtained in this work
will be comparable in generality to the results obtained in [3,12,16,22,26,27] and some
results existing in the literature. A numerical instance is provided to demonstrate
the importance and relevance of the results achieved as well as provide a graphical
analysis to corroborate our discoveries regarding the behaviour of solutions of the
rectangular matrix equation (1.1).

2. REPRESENTATION AND DEFINITION

We shall use the following standard matrix representation in this study. For X & M,
XTanda;,i=1,2,...,n,7=1,2,...,m, represent the transpose and the elements of
X, respectively with (x;;)(yjx), k = 1,2, ...,n, the matrix product XY7 of X|Y € M.
Xi = (Ti1, Tig, . . ., i) With X7 = col(z1;, Tia, . . ., ;) signify the ith row and jth
column of X, respectively, and X = (X1, X5, ..., X,,)T being nm column vector having
n rows of X. Now let us represent JH(X) the nm x nm generalized the matrix
representing the partial derivatives is the matrix linked to the Jacobian determinant
W at X when using the function H : M — M. Also, J¥(X) the nm x nm
generalized matrix representing the partial derivatives is the matrix linked to the

Jacobian determinant % at X when using the function W : M — M.

For matrix A € N with constant values, we assign an nm x nm matrix A having
nm diagonal m x m matrices (a;;1,,) (I, is the unit m x m matrix) and so that (a;;1,,)
belongs to the ith-n row and jth-n column of A. A is al x [ matrix where [ = mn.
In the particular instance in which A is a 2 x 2 matrix, X is a 2 x 3 matrix, A is the

6 x 6 matrix
arls  aials
agils axnly |-
For any given X,Y € M, (X,Y) = trace XY7. |[ X = Y|? = (X — Y, X —Y) defines

a norm on M. | X|| = |X|um, where | - |, refers to the standard Euclidean norm in
R™ and X € R™ is defined as mentioned earlier.

3. PRELIMINARY RESULTS

We shall use the following results to prove our theorems.
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Lemma 3.1. Assume that matrices A and JH(X) are symmetric and commute with
respect to X € M and H(0) = 0. Then,

1 —
(3.1) (H(X), AX) = / XTAJH(o X)X do.

0

Proof. Since H(0) = 0 and each h;; € €(M), i,j=1,2,...,n, we have the following:
1 4 L m o
(32)  hy(X)= /0 iy (€)dor = /0  DUAC B S

= (o)

But, by definition

(H(X),AX) = trace { (Z awscm> T} ;

so that, in the light of Equation (3.2),

<H(X AX / Z Z (9 - l‘klzazkifkgda

1,7=1k,l=1

The representation (3.1) follows from the definitions of A and JH(X) and the fact

that A is symmetric. 0
Lemma 3.2. Consider JH(X) being symmetric for any X € M with H(0) = 0.
Then,
d 1 . —
(3.3) %/ (H(0X), X)do = (H(X),X), for all X € M.
0

Proof. We know that

(3.4) i/ol<H(aX),X>da:/OI(H(JX),X>da+/01<th(aX),X> do.

Observe from equation (3.2) that:

d R Ohyj
—H(oX) = (0 ami?

7 m’kl>, where ¢ = 0X,

k=1
from which it follows, by the definition of the inner product, that

<th(aX),X> s ("f Ohij ) s (Z O )x]

ij=1 \ki=1 axkl ij=1 \k,i=1 Oy

since JH(X) is symmetric. Therefore, by interchanging the order of summation and
replacing k, [ by ¢ and 7, respectively, we have that:

(3.5) <th(aX),X> =0 ’i” (nf 8h"j<5)xkl) i = <oddH(aX),X>.

ij=1 \k,i=1 O o
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Since
d & 0hi(€)
hi' = J Tkl b 32,
p i(€) k§1 T y (3.2)

integrating (3.5) by parts, we have
1 1

/ oL H(oX)do = H(X) — / H(0X)do.

0o do 0
The integral (3.5) equals

. 1 .
(H(X), X) — [ (H(oX)do, X).
0

and substituting into (3.4), the result (3.3) is obtained. O

Remark 3.1. Lemmas 1 and 2 respectively of [27] is now included in Lemma 3.1 and
Lemma 3.2 if n = m.

Lemma 3.3. Set U(0) = 0 and presume that JU(Y) is symmetric for anyY € M.
Then,

1
(B(Y),Y) = / (YT[JU(rY))Y }dr.
0
Proof. The proof proceeds by making use of the result
1
- / JU(7Y)dr,
0

for Y € M, which is obtained by integrating the equality

d
U(rY) = JU(FY)Y.
that is,
1 n,m a¢z
wz] / ¢’L] / 2 ykld(f pP=70Yy,
do 0 g=1 0
with respect to o, taking into account that W(0) = 0 and each v;; € €' (M), i =
1,2,....,n,5=1,2,....,m. [l
We express (1.1) as
X =Y,
Y = Z,
(3.6) Z=—AZ —U(Y) - H(X)+ P(t,X,Y, Z),

where an n X m matrix X is the unknown function, A is an n x n symmetric matrix
with constant values, W(Y), H(X) and P are continuous n x m matrices in the real
domain.
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4. STABILITY OF SOLUTIONS

Here, we investigate the stability of solutions of equation (1.1), where P = 0 in
equation (3.6).

The following result will establish the stability of solutions of (1.1).
Theorem 4.1. Let us assume H satisfies a condition for the existence and uniqueness
of solutions of (3.6) with H(0) =0 and for any X,Y € M.

(i) The matrices A, JU(Y'), and JH(X) exhibit symmetry and are positively definite.
A, JU(Y), and JH(X) commute pairwise and are associative.

(ii) The eigenvalues \;(A) of A, Ni(JY(Y)) of JU(Y) and N\;(JH(X)) of JH(X),
1=1,2,...,nm, satisfy:

0 <, < N(A) < A,

with dq, 0y, On, DNg, Dy, Ay, being finite constants.
Then, every solution of equation (3.6) satisfies

X2 =0, [YOI2 =0 and |Z®)|? =0, as t— +oo.

Proof. For the proof of Theorem 4.1, we use the following function V = V(XY Z)
as specified by

(4.1) oV = 2V, + 2V},
where
1 1
2V, :2/0 (H(EX), X)deE + QQ/O (U(rY),Y)dr + o(Z. Z)
T 20(Y, H(X)) +2(Y, Z) + (AV,Y)
and
2V}, =2, /01<H(gX), X)de +2 /01<\I/(7'Y), Y)dr + (AY, AY) + (Z, Z)
+ 106205 (X, X) 4 206704, (X,Y) + 206,04 (X, Z) + 20,(Y, Z)
LY, H(X)) = ndudu (YY),

where
1 8y
(42) 67(1 < Q < Kh
and
(1 6, 2(1+ 84)0p — 2(1 + 0) Ap —62(Dg — 84)?
4.3 < e a
4y < It e

(1 + 9)511 - (1 + 5a)}
25,151/,5;1(&@ —0,)2)
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It is clear from (4.1), that V'(0,0,0) = 0.
V., can be re-written as

2V, —2@/ Y)dr + 20(Y, H(X)) + (Y, AY) + 2 /01<H(§X), X)de
+gz+glyz+91Y> o YY),
For each term of the above expression, it is clear that
20 /01<\I/(TY), Y)dr + 20(Y, H(X)).
By Lemma 3.3,
2 | LY, Y dr = 2 / 1 | IV (Y)Y, Y)drdr,
and
2Y, H(X)) = 4/01 /01 n Y, H(X))drds.
So, that

29/ Y)dr + 20(Y, H(X))

:29/0 /0 ATV (rmY)Y, Y + (Y, H(X))} drdm.

It should be noted that matrix J¥ is as assumed in condition (i) of Theorem 4.1.
Hence, J W2 and JU 2 do exist which are non-singular and symmetric for all Y € M.
So, we have

(4.4)
o(JUY,Y)dr + oY, H(X Z ol JU2Y 4+ JU 2 H(X2 — o{ XT[JU ' JH? X},
=1

where JU stands for JU(m7pY) and JH for JH(X). Thus,

2V, :2/01(}[ £X

1 1
_ 2 / 71 / (XTI (1Y ) TH(m X)) TH (17 X) X Yo
0 0
+0o(Z+ 07 Y, Z+ 07 Y)+(AYY) — o (YY)

1 1 m 1 . 1 .
(4.5) +2/ n/ o> [JTEY + JUH (X 2dry.
0 0 =1
From (4.5), the expression
1 1 1
2 / (H(rX), X)dr — 20 / n / (XT[I0 (7Y ) TH(r X)) TH(r17.X) X Yo
0 0 0

1 1 R
—9 / . / (XT[ = 0IU " (rmY)TH (1 X TH(r X)X Ydrim
0 0
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>(1— 06, Ap)on| X2,

Also, we give the estimate for this expression in equation (4.5)

AZ+0 'Y, Z+07'Y)=>|Z"+ 0 'YV[2.
=1

Also,
(AV,Y) = o (YY) = (A= o DY, Y) = {Y"(A - o' DY} > (6 — 0 Y[,
Combining all the estimates of V,, we obtain

(46) 2> (1— 08, D)X + (00 — 0 )Y + D120 4 07 Y2

=1
> (1= 005 Ap)on| X|* + (60 = o DIV I?+ 1 Z + 07 Y
Similarly, we re-arrange 2V} to get
2V =D | Z° 4 6.Y" 4+ ndady X'|2 + (AY, AY)
=1
1
+2 [ (U(rY),Y)dr — 6,(Y.Y) + 1da0,, (1 — nda) (X, X)
0
1
20, [ (H(rX), X)dr — 6, (H(X), H(X))
0
+ 64(0a =06y ) (YY) + 64 (Y + 0, H(X),Y + 6, H(X)).

For this function it is easy to see term by term that
(AY,AY) — (YY) = (A" — DY, Y) = YI(A" — 2D)Y = (62 — 2|2,
= (0; = )IIY[I* > 0.

By Lemma 3.3, we obtain for the following expression
2/017/01([J\I/(7Y) — 5,0V, Y)drdo =2 /01 /01 HYT[3U(rY) — 6,1)Y Ydrdo
=y T(6,1 - 6,1)Y.
(8 = 0p)|Y |

=(dy — dy) 1Y
>0.

Moreover, the expression gives
16262, (1 = 10a)(X, X) = X" (00405 (1 — nda) X > 16263 (1 — n0a)| X7,
Also, we get the estimate for this

0a(0a —6y) (YY) = Y6,(8 — 00y)Y. > 6480 — ndy)|Y |2,
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Furthermore, this expression yields
1
20, [ (H(rX), X)dr — 6, (H(X), H(X))
0

1 1 ~

9 / n / (XT[6,1 — 65 TH(r, X)|TH(7 X)X }dry 75
0 0

> (00 — 65" Dn)0n| X2,

and
0p(Y + 85 H(X),Y + 8, H(X)) = 6y > V46, H(X)]2,
i=1

Combining the estimates of V}, we have:
(4.7) 2V, 2n0a0y,(1 = 90a)| X1 + (80 — 65 An)0n| X2,

+0a(0a = 00y [Y[5 + 0y DY+ 0, H(X)[

i=1
) NZ+ 8Y T+ ndu0y X2
i=1
Thus, combining estimates (4.6)—(4.7) in Equation (4.1), we obtain
2V >(1 — 00, Ln)0n| X |2, + 10202 (1 — 00, )| X2, + (00 — 05" D) 00| X |2,
+ (00 — 0 DY+ 0a(0a = 08p) Y [ + D120+ 07 Y2

=1

(4.8) + o Y Y O H(XDE +D 12"+ 6" + 10ady X'[2.
=1

=1
That is,
2V > 0n(1 = 00, D) [ X N1 + 10267 (1 = nda) [ X (12 + 00 (60 — 65" L) | X[
+ (00 = oY IP + 0a(a = o) Y [P + 1 Z + o~ 'Y?
+04|Y 4+ 0, H(X)|? + (|1 Z + 6.Y 4+ ndady X ||,
where
(6 — D0, >0 and Ay 050, — ARdyt) >0, by (4.2).

Thus, it is very clear from the terms in equation (4.8) there is a constant D; > 0
very small so that:

(4.9) V= Di(IXI1*+ VI + 11211,

for every X,Y, Z € M. The above estimates are valid since

SoIX =Y1Kl = X[, = IX]P, for any X € M.
i=1 i=1
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Consider (X (t),Y (t), Z(t)) as arbitrary solutions of the system in (3.6). We now
differentiate the function V' (t) = (X(¢),Y(t), Z(t)) defined in (4.1) with respect to t
along the system (3.6) and using Lemma 3.2, yields

V(t)=— ;n(sa@, /0 1 XTIH(rX)Xdr — {YT[(1 4 6,)TT(Y)
— (14 o) JH(X) — o265, 1Y}

_ ;{ZTW +0)A — (1+ 6,12}

1
4

- inda@, { /0 1 XTIH(T X)X + 4(JU (1Y) — 6,I) X, Y)} dr

1 —~ ~
16,6, { /O XTIH(rX)X + 4((A — 6,D)X, Z)} dr

1 _ N _ s
— S {20+ A~ (10,12} +2(A - 5.DAY. 2)}.
Following the same reasoning in (4.4), it can be observed that
XTIH(r X)X + 4((A - 6,1)X, Z)
— S |JHE X+ 2JH 2 (A — 6,172 — {Z7[2(A — 6,1)JJH 2]2Z}.
=1
Also,
XTTH(T X)X 4+ 4((JU(Y) — 6,1 X, Y)
=S JHI X+ 2JH 2 (JU(Y) — 6,D) Y2 — {YT[2(30(Y) — 6,D)JH ]2V},
=1
where JH = JH(X) and
Z"[(1+ 0)A — (1 +6,)1Z + 2({(A — 6,1)AY, Z)

~ A~

:i 11+ A — (1+8,)T2 2+ [(1+ 0)A — (1+ 6T 2 (A — 5,HAY[

Y71+ o)A — (1+ 0T Y(A - 5,1)2A°Y}.
Thus,
V(t) < — ;néaéw /0 XTIH(X)Xdr — {YT[(1 + 6,)T0(Y)
— (1+ @) JH(X) — 66,1y}
A2+ A — (14 6)T)2)
+ inéaéw /O 1 {(Z7[2(A - 6,1)JH 2]*Z}dr

1 =~ 1
+ inéa&/} / Y230 (Y) — §,1)JH 2]?Ydr
0
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+ ;{YT[(l L o)A~ (1+8)T (A - 5,I)?A’Y).
Note that,
/O 2T - 5D IH 22 Y dr — 4 /0 L ZTH(A - 0,0 2)dr
and
/0 YTRIU(Y) — 5,0 IH Y dr — 4 /O YTIH O (JU(Y) — 6,0V dr
It follows that

. 1
V(t) < — 278,06, / XTIH(rX)Xdr
0

- /0 1 (YT +6,)30(Y) — (1 + ) TH(X)
— 002041 — o, 5 TH (JU(Y) — 6,1)2
— 27 (1 + 9A — (1+ 6T (A - §,1)°A"]Y Jdr
—o 2T+ )R — (1+8,)T - 208,6,JH (A — 5,0) 2} dr.
Using the hypothesis (ii) of Theorem 4.1 and following the same reasoning in [24,
Lemma 1] and [26, Lemma 2], to get
V(1) < =27 'ndudyonl XI5,
— [(146a)8, — (14 0) Db =020y — nBabyby (D — 6)°
=27 (L )00 — (14 8)) 7 (B0 = 00)°02 [V I3
=271 (14 )80 — (14 6a) = 200a06, " (D — 0a)°| 1212,
If we choose 7, such that it satisfies (4.3), then we obtain
(4.10) V(t) < =6|X[2, = 6alY[%, — 8| 2],
where
51 =2"10846y0n,
8y =(1 4 04)0y — (14 0) D =150y — 10adydy, (Dy — 8y)?
=271 [(1+ 0)0a — (14 6a)) ™ (L — 00)202]
05 =271 [(1 4 0)00 — (1 + 0a) — ndabyb (Da — 0,)7]

The above estimates are valid since

SOIXT =YXl = X, = X, for any X € M.

i=1 i=1
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Thus, V(t) < 0. Now, using 4V (X,Y,Z) =0 with (3.6), it is evident that X =Y =
Z = 0. Thus, the conditions stated in Theorem 4.1 are met.
Therefore, the trivial solution of (3.6) exhibits asymptotic stability. U

4.1. Numerical Example. Let us consider (1.1):
(4.11) X +AX +U(X)+ H(X)=0, XeM,

M being the set of all matrices with dimensions n x m over the real numbers.
We consider the equivalent system of equation (4.11) in equation (3.6). Let us take
for n =2 and m = 3 with

A:<4 0) w<y>:(4yl+ﬁ1§ 2+ 10 5@/3*%%3)

0 2 6ys + ?i?yf% 4ys + ﬁﬁg Sye + %
and
H(X) = ( 0.1tan(1)ac21 +0.01z, _10.1952 0.01tan" 25 + 0.1z > |
224 tan™ x5 + 0.1x5 0.11zg
Thus,

X:<l’1 T2 563)’ Y:<y1 Yo y:s)? Z:<21 22 23>‘
Ty Ty g Ya Ys Ys 24 %5 X6

By the notation,

400000
040000
— 004000
A= 000200}/
000020
00000 2
0.1 1 0.01 0 0 0 0 0
1+a:1
0 0.1 0 0 0 0
0 0 99 401 0 0 0
JH(X) = thaf
0 0 0 0.2 0 0
0 0 0 0 7z +01 0
5
0 0 0 0 0 0.11

and
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where
2
R o 00
0.2y32 0.1
0 R e e 0 000
0.02 )
JU(Y,) = 0 0 b=z iz 00 0 |,
0 0 0 000
0 0 0 000
0 0 0 000
with
000 0 0 0
000 0 0 0
000 0 0 0
_ 0.2y3 0.1
JU(Y)=10 0 0 6~ e T i 20 0
2y 1
000 0 4= o + e 0
00 0 0 0 5 — 00028 o0.001

(1+y2)2 1+y2

Clearly, A, JU(Y) are symmetric. A, JU(Y) and JH(X) are associative and
commute pairwise.
A simple calculation (with the earlier notations), it is clear that:

6. =2<MNA)<4=1A, i=1,23456.
Thus,
Sy =4 < NIV(Y)) <6.1=~Ay i=12314,56
and
5 =01< NIH(X)) <11=A, i=1,234,56
and since, by (4.2),

1_,.2
2 S¢S0

we choose o = g so that
n < min {0.5,1,0.0009, 0.002} ,

with the fulfillment of the conditions of Theorem 4.1, the solutions of (3.6) exhibit
asymptotic stability.

Remark 4.1. For the case m = 1 (that is in R™), Theorem 4.1 reduces to Corollary 1
in [10] and [27], with obvious modifications.

Remark 4.2. If specialized to case n = m =1 (that is in R) and h(z) = cx, equation
(1.1) reduces to the scalar differential equation with constant coefficients:

T +ai + bz + cx = 0.
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5. BOUNDEDNESS OF SOLUTIONS

Here, we investigate the boundedness of solutions of (1.1), where P # 0 in the
equivalent system (3.6).
The following is our boundedness result for (1.1).

Theorem 5.1. Assuming all the conditions of Theorem 4.1 are met and P satisfies:
(5.1) 1P(t, X, Y, Z)|| <61(t) + bo(t) (IX|1° + 1Y ] + [12]%)2
1
+oo(I X[+ Y12 +11Z11)2,

for all t > 0, uniformly in (X,Y,Z), where v, 0 < v < 1, and g > 0 are constants
and the continuous functions 01(t), Oa(t).

There are constants No, /1, such that if 6y < Ao, then every solution X (t) of (1.1)
ultimately satisfies

IXOI* < &0, (IXOIP < 0, (IX@ < A,
for all sufficiently large t.

To prove Theorem 5.1 we use the matrix scalar function defined in (4.1).
The result below readily follows from (4.1).

Lemma 5.1. Assuming the satisfaction of all conditions of Theorem 4.1, there exist
constants Dy and Do such that:

(52)  DulIXIP+IIYIP+1Z2]1°) < VX, Y, Z) < Do([|XI1* + Y] + (| Z]),
for any given XY, Z € M.

Proof. It should be noted that V,, 4+ V}, is now the expression in (4.8).
The left side of (5.2) in Lemma 5.1 is established in (4.9) if we can find D; > 0

very small so that:
V= D(IXIP+IIYIP+12)7), for X,Y,Z € M.

Also the right side of (5.2) of Lemma 5.1 follows by the same reasoning in [3, 10, 24]
and [26] if we choose

Dy = max{2 Ay +6, Ap 406407, + 10564 + 1040y,
200 4+ 0 Dy +14 0 Dy +07 + Dy + 0026 + Dp + 1020y, 2 + 0+ nda0y }-

The above estimates are valid since
m m
YIXE =YXl = X5, = [IX]?, forany X € M.
i=1 i=1

The proof of Lemma 5.1 is now concluded. 0J

We also require the following lemma.
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Lemma 5.2. Assuming the satisfaction of all the conditions in Theorem 4.1, con-
sider solutions X (t),Y (t), Z(t) be solutions of (3.6) with V(t) = V(X (t),Y(t), Z(t)).
Constants No, D3 and Dy exist such that if 6y in (5.1) satisfies o < Ao, then

(5.3) V(1) < —DsQ”+ Da(1(1)Q + 6:()Q"™),  Q = (IXI” + [V [P + |1 Z]”)?.

Proof. Given V (t) ), for P =0 in (4.10), now for P # 0 in (1.1), along any solutions
of (3.6) we have

V(1) < = 61|X[%, — 0lY]5, — 8Bl ZL,
+ (020, X + (14 6)Y + (1+0)Z, P(t, XY, Z)).
That is,
V(t) < = il X[7,, — 6lY 7, — 631215,
+ {00z X1+ (L+ 01V + (L + oI ZI}HIP(E, X, Y, 2)]).
If P(t,X,Y, Z) satisfies (5.1), we get
V(t) < = 0l X7 = 6lY|* - 65| Z|f?
+ 020y | X[+ (L4 8) Y| + (1 + )| Z1D [ (62 1)+
+05(8) (IX11* + 1Y]1” + HZ||2)% + 6o (IX1” + [Y]1* + ||ZH2)%]
Thus,
V() < = 8ilIXI12 = S| YI? = 83| Z]1° + 82Q01(t) + 6405(£) Q" + 6180Q°,

where 0, = max{nd2d,, (1+4,),(1+ 0)}.
Let /Ay be now fixed as

1
AO = 554_1 min{51, 52, 53} > 0.
Then, for g < Ay, we shall have from the above inequality for V that

V(t) < —05Q% + 6.{61(1)Q + 6(£)Q" Y},

where d5 = 0gg. Thus, we obtain (5.3) with D3 = ¢5 and Dy = d4. The estimates
above are valid since

DX =Y1Kl = X[, = IX7,
=1 =1

for any X € M.

We conclude the proof of Theorem 5.1 by using inequalities (5.2) and (5.3) and by
adapting the reasoning presented in [16], we can easily conclude this part of the proof,
therefore, we skip it. Hence, Theorem 5.1 then follows as pointed out earlier. O
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5.1. Numerical Example. We consider the non-homogeneous form of (4.11) in
Example 4.1 as

X +AX +U(X)+ H(X)=P(t,X,X,X), XeM.

Suppose we choose

1 1 1
2 2 2 2 2 2 2 2 2 2 2 2
P(t, X Y, Z) — ( 1+t +x1+y +z 1+t +a:1+y +z 1+t +w1+y +z ) .
T+t24224y2 422 1+24224y2 422 1412402 Hy2 422

We have that

PR Y, 2) = o (31X + W + 3122 )

<6 (1X[ + Y[+ 120) < 6 (1XIP + 1Y I° +112)°) < 6

Remark 5.1. If n = m (that is R™") and ¥(X) = B(X) in (1.1), Theorem 5.1 reduces
to Theorem 1 in [22]. That is, a direct generalization of [22] and [19].

Remark 5.2. For the case m = 1 (that is in R") in equation (1.1), this result is a
matrix analogue of a result of [3,12] and [26] with obvious modifications.

6. CONCLUSION

This study gives an insight into the qualitative behaviour of solutions of third
order rectangular matrix differential equations. The use of Lyapunov’s direct method
provides an effective approach to analyze and establish sufficient conditions on stability
and ultimate boundedness of solutions of rectangular matrix differential equations as
well as provides a valuable tool for the wider study of dynamical systems whose state
variables are valued in rectangular array. Numerical simulations and analysis were
given in system (4.11) which satisfies all the conditions of Theorem 4.1, Theorem 5.1
and inequalities (4.2) and (4.3). These new results significantly improve those present
in existing literature as well as contribute to the qualitative aspects of the theory
of matrix differential equations thus providing for the development of more general
formulations.
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FIGURE 1. The plot of triple (z1(t), y1(t), 2z1(t)) where x4 (¢) (in pink),
y1(t) (in blue) and z;(t) (black) respectively of system (4.11) meeting
the conditions of Theorem 4.1

out[«]=

FIGURE 2. The plot of triple (za(t), y2(t), 22(t)) where z5(¢) (in pink),
y2(t) (in blue) and z(t) (black) respectively of system (4.11) meeting
the conditions of Theorem 4.1 and Theorem 5.1

Out[«]=

FIGURE 4. The plot of triple (z4(t), ya(t), z4(t)) where z4(t) (in pink),
y4(t) (in blue) and z4(t) (black) respectively of system (4.11) meeting
the conditions of Theorem 4.1
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out[«]=

FIGURE 3. The plot of triple (z3(t), y3(t), 23(t)) where x3(¢) (in pink),
y3(t) (in blue) and z3(t) (black) respectively of system (4.11) meeting
the conditions of Theorem 4.1

Oout[« ]=

FIGURE 5. The plot of triple (z5(t), ys(t), 25(t)) where x5(¢) (in pink),
y5(t) (in blue) and 25(t) (black) respectively of system (4.11) meeting
the conditions of Theorem 4.1
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Out[«]=

X
0.4+
0.2+ — X_6
JE— y_6
AN — ‘ —z
4 6 8 10
-0.2+

FIGURE 6. The plot of triple (z4(t), ys(t), 26(t)) where x¢(t) (in pink),
ye(t) (in blue) and z4(t) (black) respectively of system (4.11) meeting
the conditions of Theorem 4.1
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A STUDY OF THE SCATTERING PROPERTIES OF
EIGENPARAMETER-DEPENDENT MATRIX DIFFERENCE
OPERATOR WITH TRANSMISSION CONDITION

GULER BASAK OZNUR! AND YELDA AYGAR?

ABSTRACT. In this paper, we set a transmission boundary value problem for a
matrix valued difference equation on the semi axis. The main purpose of this study
is to examine the properties of scattering solutions and scattering functions of this
problem. Firstly, by giving the Jost solution and scattering solutions of this problem,
we obtain the Jost function and the scattering function of the problem. We also
investigate eigenvalues, spectral singularities, resolvent operator and continuous
spectrum of this problem.

1. INTRODUCTION

In daily life, boundary value or initial value problems are used in the functional
analysis, applied mathematics, spectral analysis and scattering analysis modeling of
many problems encountered in the fields of physics, mathematics and engineering.
For solving these problems in spectral and scattering theory, operator theory is an
important tool. For many years, many scientists have used it to analyse the spectral
and scattering properties of differential and difference operators in physics, quantum
mechanics and applied mathematics. The Sturm-Liouville operator, which is a one-
dimensional Schrodinger operator, has an important one in the literature [23, 25,
27,31] for this analysis. On the other hand, the state of the process can suddenly
change during some physical and chemical events, including natural problems. Both
differential equations and difference equations theory could not answer this situation.

Key words and phrases. Transmission condition, difference equation, eigenvalues, Jost function,
spectral singularity, resolvent operator, scattering function.
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Therefore, a new theory was needed. Sudden and sharp changes can be encountered at
same stages of scientific processes. Compared to the whole process, the duration of this
sudden and sharp change is negligible, but the functioning of this system still changes.
These short-term effects are called impulse effects, and to deal with these effects,
the conditions called transmission condition, point interaction, impulsive condition,
jump condition and interface condition are applied to the value problem [1,21,26,
28,29]. Non-stationary biological systems such as heart rhythm beats, blood flows,
population dynamics; physical phenomena with variable structure such as theoretical
physics, atomic physics, radiophysics, phormacokinetics, and many other such as
mathematical economy, chemical technology, electrical technology, metallurgy, ecology,
industrial robotics, medicine contain impulse effects. Therefore, as a natural response
to the developing technology, interest in differential equations with transmission
condition has increased and these equations have been the subject of both theoretical
and experimental researches. The problems for the differential equation systems
with transmission condition were examined in detail by Samoilenko and Perestyuk,
Perestyuk et al. and Lakshmikantham et al. and important results were obtained
[22,32,33]. There are many studies in the literature examining the spectral and
scattering analysis of transmission boundary value problems [7,10-15,18,34]. On the
other hand, although there are many studies investigating the spectral and scattering
theory of various matrix-valued operators without transmission condition [2-5,9,17,30],
there are few studies examining the spectral and scattering theory of transmission
boundary value problem with matrix coefficients [6,8,16]. In this study, our aim is
to examine some spectral and scattering properties of a matrix difference operator
with transmission conditions. The difference from [8] is that the spectral parameter
A is included in both the matrix coefficient difference equation and the boundary
condition. This gives a different perspective to the problem and so this paper becomes
the general form of [8].

Let £ denote the matrix difference operator generated in the Hilbert space I (N, CH)
given by

b (N,C) = {Y — Wb Yo €T VI = 3 IIYall? < +oo} ,
neN

where C* is a p-dimensional (4 < oo) Euclidian space, ||-|| denotes the matrix norm
in C*. We shall consider that the operator £ is created by the following difference
expression

(11) Y, .1+ DY, + Yn+1 = )\Yn, n e N\{mo —1,mg, mg + 1},

with the boundary condition

(1.2) (Yo +1A) Y1+ (v +11A) Yo =0, o1 — 1o # 0,
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and the transmission conditions

Y, = Kva -1,
(13) o+1 > fmo—1
Ymo+2 - MYmo—27
where A = 2cosz is a spectral parameter, for ¢ = 0,1, 7;,v; are real numbers,
D :={D,},y is a selfadjoint matrix acting in C* satisfying
(1.4) 3" nl|Dal| < +oc.

neN

and my is an arbitrary natural number. Throughout this paper, we assume that K
and M are selfadjoint diagonal matrices in C* such that all eigenvalues of K and M
are different and nonzero. Since D is a selfadjoint matrix, it is clear that if Y,,(z)
is a solution of (1.1), then Y,7(z) is a solution of (1.1), where "T* is the transpose
operator.

The set of this paper is summarized as follows. In Section 2, we give the basic
solutions and properties of equation of (1.1) without the transmission condition. In
Section 3, we obtain basic results and theorems for Jost solution, Jost function and
scattering function of this problem. In Section 4, we find resolvent operator and
Green function of the operator £. We also get the sets of eigenvalues and spectral
singularities of this problem. Then, we obtain the asymptotic representation of the
Jost function and continuous spectrum of (1.1)-(1.3).

2. PRELIMINARIES AND AUXILIARY RESULTS

In this section, we first give useful information and results for matrix difference
equation with a general boundary condition that we use throughout the study. We
remark that Wronskian of any two solutions U = {U,(2)} and V' = {V,,(2)} of the
equation (1.1) is known as

(2.1) WU VT] (n) = VL Up = Vi Uy
Now, let us define two semi-strips
s 3m T 3
B = Tz = ) —— << — By=BU|——,—]|.

{zeCz x+ iy, y > 0, 2_91:_2}, 0 U[ 2,2]
Assume that P(z) = {P,(2)} and Q(z) = {Q.(z)} are the fundamental solutions of
(1.1) for z € By and n =0, 1,...,my — 1, fulfilling the initial conditions

Py(z) =0, Pi(z)=1,

Qo(z) =1, Qui(z)=0.
The solutions P,(z) and @, () are entire functions of 2.

Furthermore, for z € C; := {A € C : Imz > 0}, the bounded solution
E(z) ={FE.(2)} of (1.1) which is represented by

+oo
E,(z) =" [I + > Knme"m] , n=mo+1,mg+2,...,

m=1
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where K, is expressed in terms of {D,}. E(z) is called the Jost solution of the
equation (1.1) and provides the following asymptotic equalities for z € C, [20]

E,(z) =™ [[ +0(1)], n — +oo,
(2.2) E,(2) =™ [ +0(1)], Imz— +oo.
Additionally, equation (1.1) has an unbounded solution, denoted by E(z) = {E’n(z)} :
which satisfies the following asymptotic equation

E.(z) =e ™ [I+0(1)], z€Cy, n—+oo.

3. JOST SOLUTION, JOST FUNCTION AND SCATTERING MATRIX

For z € By, let us define the following solution of (1.1)—(1.3) by using P(z), Q(z)
and E(z)
Jo(2) = P(2)01(2) + Qn(2)02(2), ifne{0,1,...,mog—1},
) Ea(2), ifne{my+1,my+2,...},

here 0; and 0y are z-dependent coefficients. By the help of (1.3), we can obtain the
following equalities

(3.1) K™ Eng1(2) = Pog-1(2)01(2) + Qmy-1(2)02(2)
and
(3.2) M Epg11(2) = Pog—2(2)01(2) + Quo-2(2)02(2).

From (2.1), it can be easily found that W {P(z), PT(Z)} =0, W [Q(z), QT(Z)} =0
and W {P(z), QT(z)} = I for all z € C,. Using these Wronskian equalities, (3.1) and
(3.2), 01(2) and 0(z) must be as follows:

61(z) = KM~ [MQ, _5(2) Emgi1(2) = KQy 1 (2) Emgra(2)]

mo—2 mo—1
o(2) = K51 (R, (2)Byyea(2) = BTPE, () ()]

respectively. The function J,(z) is called the Jost solution of (1.1)—(1.3). We define
the Jost function of (1.1)—(1.3) by applying the boundary condition (1.2) to the Jost
solution J,(z) of the operator £

J(2) = (Yo +mA) J1(2) + (o + 11A) Jo(2) = (90 + 11A) 01(2) + (vo + 11\) 0o (2).

It is casily seen that the function J is analytic in C and continuous up to the real
axis.

For z € [—g, 37“} \{0, 7}, (1.1) has another solution F(z) := {F,(z)} represented
by

Fo(z) = Un(2), if ne{0,1,...,mg—1},
n En(z)93(2)+En<_Z)04<Z), ifn € {m0—|—1’m0+2,'”}.
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By using the transmission conditions (1.3), it is easy to write

(3.3) Erng1(2)03(2) + Egr1(—2)04(2) = Kthny—1(2)
and
(3.4) Erng2(2)03(2) + Bgra(—2)04(2) = Mtpyny—2(2).

Since W {E(z), ET(z)] =0and W {E(—z), ET(Z)} = —2sin z, by making some calcu-
lations in equations (3.3) and (3.4), we find

05(2) = 5 [REl o= 2)rmg 1 (2) = ML, 1 (=2 by 2(2)]
0a(2) =5 | KBy a(2)mom1(2) = MEg 41 (2)Umo2(2)]

for all z € [—g —} \{0, 7}

72

Corollary 3.1. The coefficients 03 and 04 have the following relation between the Jost
function J

KM -~
(35) 0(2) = 08(—) =~ J(), ze |5 7] Won
Theorem 3.1. For all z € {—g,7} \{0, 7}, det J(z) # 0.

Proof. We assume that there exists a zy € {—g, 37”] \{0, 7}, such that det J(z) = 0.

In accordance with (3.5), we get

1 L
det 07 (20) = det 02 (—20) = TeinZs det K det M det J(z)

and
det 0y (z9) = det 03 (29) = 0.
It follows from that F,,(zy) = 0, that is, F'is a trivial solution of (1.1)—(1.3). This gives
a contradiction with our assumption, i.e., for all z € [—g, 7} \{0, 7}, det.J(z) # 0.
The proof is completed. 0
Theorem 3.1 says that the inverse of the function J exists and we give the following
definition.

Definition 3.1. The matrix function
L 3
S(2) =TI, 2 e [-3 0] Mo,
is called the scattering matrix of (1.1)—(1.3).

Theorem 3.2. For all z € {—g, 7} \{0, 7}, the matriz function S(z) satisfies

S(=2) = 87'(z) = §*(2),

9k

and it is an uniter matriz, where denotes the adjoint operator.
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Proof. By the help of definition of scattering matrix, for all z € {—g, 37"] \{0, 7}, we
obtain

and it concludes
T 3
S(2)8(=z2) = S(=2)S(z) = I, =€ [—2, 2] \{0, 7).

From the last equality, we find
3
S(—z)=8"12), z¢€ {—;T, ;] \{0, 7}
Now, let us consider the solutions J,,(z), J,(—z) and F,(z), to prove S*(z) = S(—z).
Hence, we write
Fo(2) =Jn(2)n + Ju(=2)a,
(3.6) Foi1(2) =Jni1(2)n + Jnsa(—2)a,

where 1 and « are matrices not depending on n. By making some calculations in (3.6),
1 and « are obtained as follows:

n=W (=), T (@] {2 Falz) = () Faia(2)]
and N N
o =W J(=2), ' (=2)| {J51(=2) Fu(2) = Ji(=2) Fara ()},
respectively. Because of the characteristic features of the transmission conditional
equations, we find that W= [J(z2),J*(2)] = —W ™1 [J(—=2),J*(—2)]. Then, letting
n =0 in n and «, the following expressions are obtained

n=WTI(2), ()] T(2), a=-WT[J(2), ] (2)] J*(—2).
When we substitute 7 and « in (3.6), we get
Fo(z) = W[ (2), J*(2)[{Ja(2) ] (2) = Ju(=2) J"(=2)} -
By taking n = 0 and n = 1 in last equation, we find the following equations
(3.7) (o +mA) =W [T (2), T () {Jo(2) T (2) = Jo(=2)T*(=2)}
(3.8) (o + 1A) = — WL J(2), J* ()] {J1(2) J*(2) — Ji(=2)J*(—2)} .
By making some calculations in (3.7) and (3.8), we obtain
(3.9) J(2)J*(2) = J(=2)J*(=2).
Using (3.9), we easily find
T (2) = T H2)J (=2) (=)
and
) [F(=2)] = T @) (-=).
Finally, it is clear that S*S = SS* =1, ||S]|| = I, i.e., S is unitary. O
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Lemma 3.1. For all z € {—g, 37”] \{0, 7}, the following equation holds

{j(z), ifne{0,1,...,my—1},

W[J(2), FT(2)](n) “RKMJ(2), ifné€{mo+1,mo+2,...}.

Proof. From (2.1), we obtain
W [J(2), FT(2)] () = F'(2) 1) = T (2) Jo(2),

forn =0,1,...,my — 1. Since it is known that Py(z) =0, Pi(z) = I, Qo(z) = I and
Q1(z) = 0, the following Wronskian is easily found

W[J(2),FT(2)](n) = J(z), n=0,1,...,mo— 1.

Similarly, for n = mg + 1,mo + 2,..., we find W[J(2), FT(2)](n) = 2isin 20} (z). In
view of (3.5), the Wronskian can be arranged

WI[J(2), FT(2)](n) = —KMJ(z), n=mo+1,mo+2,...
The proof is completed. U

4. RESOLVENT OPERATOR, EIGENVALUES, SPECTRAL SINGULARITIES AND
CONTINUOUS SPECTRUM

In the following, we will define the other solution of (1.1)—(1.3) for all z € B,
Un(2), iftne{0,1,...,mo—1},
Gn(z) = ~ .
E.(2)05(2) + En(2)06(2), ifne{mo+1,mo+2,...}.
By using the transmission condition (1.3) to G, (z), we get
Ermy+1(2)05(2) + Emg+1(2)06(2) = Ktbmg1(2),

Ermy12(2)05(2) + Emg12(2)05(2) = M, (2).
To get the coefficients 05(z) and g(z), we will use same way as finding 0;(z) and
0(z). Since

W E(2), E"(2)] =0, W [E(2), E"(2)] = —2isinz

and
W E(2), E"()| =0, W [E(2), E"(2)] = 2isinz,

05(z) and 0g(z) must be as follows:

05(2) = g | KBy pa(2mo1(2) = MEG, 1 (2)my—a(2)]
and . N B
05(2) = g [K By so(2)mg1(2) = ME 11 (2)thme-2(2)]
Note that o
0s(z) = KM JT(2).

27 sin z
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Similar to Lemma 3.1, the following Wronskian equation is obtained

J(2), it ne{0,1,...,mog— 1},

C(Z) = W[J(z))GT(z)](TL) = {—%MJJ(Z) ifne {mo + 1, mp+ 2 }

for z € B,.

Theorem 4.1. The resolvent operator of L has the representation
(R (L) 9), 1= 3 Hanl(Dplk), 9= {u} € b (N,CY),
k=0

where B
Jo(2)C7H(2)GE(2), if k <mn,
g{n k= ~ T .
Gu(2) [C7' ()] I (2), ik =,
is the Green function of L for z € By and k,n 7& my.

Proof. To obtain the resolvent operator and Green function of £, we need to find the
solutions of the following equation

(4.1) v (AY,) + MY, — \Y,, = ¥,

where M,, = 2I, + D,,. Using J(z) and G(z), we can write the general solution of
(4.1) as

Y, (2) = Ju(2) Ry + Gu(2)T,
where R := {Ry}, g and T := {T,,}, . are self-adjoint diagonal matrices in C*. By
the help of the method of variation of parameters, the coefficients R and 7" can be
written

n GT [ee]

R _R0+Z () (Z)’ T _<+ Z (Z)’

k=1 C’(z) k=n+1 (Z)

where Ry and ( are self-adjoint diagonal matrices in C*. Since the solution Y, (2) in
Iy (N, CH), ( is zero. By the help of the boundary condition (1.2), we find that Ry is

equal to zero. It completes the proof of Theorem 4.1. O

Now, from Theorem 4.1, we define the sets of eigenvalues and spectral singularities
of £ as follows:

04 (L) :{)\:2cosz:z€D,detj( ):0}
}\{o r}.det J(z) = 0}

™

JSS(L):{)\ZQCOSZZZG[ 35

respectively.

Theorem 4.2. Assume (1.4). Then the Jost function J satisfies the following asymp-
totic equation

J(z) = (KM) (K = M) (1 +0(1)] (¥ + %),z € By, |2] = +o.
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Proof. Since the polynomial function P,(z) is of (n —1). degree and polynomial
function @Q,(z) is of (n — 2). degree with respect to A, we get

(4.2) (vo + 11 \) PT(2)e® V% =y [T+ 0(1)], |2| = 400, 2 € By.

It is clear that

j(z) =K 'M! (vo + 11 A) [IA(/PTO_I(z)ei(mo_mze_i(mo_szmOH(z)e_i(m0+2)zei(m°+2)z

m

_MPWT;O_2(Z)ei(mo—?))ze—i(mo—?))z S (Z)e—i(mo—i-l)zei(mo-‘rl)z} )

By using (2.2) and (4.2), we write the following asymptotic equation

J(z)=wn (/IZM)_I (IA(/ - M) [I +o(1)] (efm + 63i2> , 2 € By, |z| = +o0.

Theorem 4.3. If the condition (1.4) satisfies, then o.(L) = [—2,2], where o, (L)
denotes the continuous spectrum of L.

Proof. Let us introduce the operators £; and £, generated by the following difference
expression in Iy (N, C*) with (1.2) and (1.3)

(Loy),, =Yn-1+ Yoy, neN\{mg—1,mo+ 1},

(Lly)n :DnYn; n & N\{mo},

respectively. Under the condition (1.4), it is clear to see the compactness of £ [24].
On the other hand, we write £L = £} + L2 + £, where L} is a selfadjoint operator

with o, (£}) = [~2,2] and L% is a finite dimensional operator in I, (N,C*). Then,

by the help of Weyl theorem of a compact perturbation [19], we find the continuous

spectrum of L. O
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ON HADAMARD-CAPUTO IMPLICIT FRACTIONAL
INTEGRO-DIFFERENTIAL EQUATIONS WITH BOUNDARY
FRACTIONAL CONDITIONS
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HOMAN EMADIFAR?%5 ATUL KUMAR®, AND LAITH ABUALIGAH"&9:10,11,12

ABSTRACT. The purpose of this paper is to investigate the existence and unique-
ness of solutions for nonlinear fractional implicit integro-differential equations of
Hadamard-Caputo type with fractional boundary conditions. The reasoning is in-
spired by diverse classical fixed point theory, such as the Schauder and Banach fixed
point theorems. The theoretical findings are illustrated through an example.

1. INTRODUCTION

In mathematical analysis, fractional calculus (FC) is a subject that studies different
approaches of defining non-integer order derivatives (i.e., fractional differential calcu-
lus (FDC)) and integrals (i.e., fractional integral calculus (FIC)). Fractional calculus
is widely and efficiently used to describe many phenomena arising in physics, engineer-
ing, bioengineering and biomedical sciences, finance, viscoelasticity, control theory,
stochastic processes and economy. Recently, fractional differential equations (FDEs)
have attracted many authors (see for example [1-3,8,13] and references therein).

By flipping the differential and integral sections of the Hadamard derivative, a
novel method known as the Hadamard-Caputo derivative is created. The primary
distinction between the Hadamard fractional derivative and the Hadamard-Caputo
fractional derivative, notwithstanding the various demands placed on the function
itself, is that the Hadamard-Caputo derivative of a constant is zero [24]. The most

Key words and phrases. Fixed point theorems, existence, uniqueness, Hadamard-Caputo fractional
derivative, integro-differential equation.
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significant benefit of the Hadamard-Caputo derivative is that it gave rise to a new
concept that can be used to establish the integer order beginning conditions for
fractional.

For more details and properties of Hadamard-Caputo derivative and Hadamard
fractional derivatives, integrals see [10,11,26].

The implicit fractional differential equations (IFDEs) are a very important class of
fractional differential equations. This type of equation is derived from the implicit
ordinary differential equation (IODE) of the following form

H(0.G(0),G (o)., G" V) (0)) =0,

with different kind of initial or boundary conditions, for more details see [6,14,15,23].
Benchohra et al. [7,9] and Nieto et al. [28,30] have initiated the study of implicit
fractional differential equations (IFDEs) of the form

DG (o) = H (0,G (0) , D*G (0)),

with different kind of initial or boundary conditions.This sort of equation is crucial
in many different fields of science and engineering [34].

In [33], Vivek et al. showed that a class of boundary value systems for nonlinear
IFDEs with complex order have a solution and are stable

‘DG (o) = H (Q,G(Q) ,CDGG(Q)) , O=m+ia, peY :=]0,x],

aG (0) +bG (x) = c.
where § € C, °D? is the Caputo fractional derivative. Suppose m € (0,1], a € Ry,
0<a<1, H:Y xR? - R is a continuous function. Further a,b,c € R with
a+ b # 0. The results are based upon the Schaefer’s fixed point theorem and Banach
contraction principle.

In [27] Karthikeyan and Arul stydied the uniqueness of integral BVP for IFDEs
involving Hadamard-Caputo fractional derivative

D¢ (o) = H (0,¢(0) " DC0)), 0€&:=[n,x],
() =0, C)=9[ (Wdv, n<o<

where Q € R,n <o <y, 1 <6 <2, °UDY is the Hadamard-Caputo fractional
derivative, and H : ¢ x R? — R is a continuous function.
In [12] N. Derdar established the uniqueness of solutions for the system:

GD"v () =W (0.v(e).5 D'v (0))
v(1)=0, «axglvn)+ 85D (V) =)\

by using different fixed point theorem.
Recently, many authors focus on the development of techniques for discussing the
solutions of FIDEs.
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Balachandran and Trujillo [5], investigated the existence of a unique solution for
FIDEs with boundary value conditions.

CDef (v) = / (v,0,f(0)do, 0<a<l.

In [32] the authors investigated the uniqueness of solution for iterative integro-
differential system:

Dow +/ w (O (s)) ds,
w(O) = wy.

In [17] A. A. Hamoud established the uniqueness and stability for fractional nonlinear
Fredholm—Volterra system:

0 v
CDew (o) = H (o) +/O 9 (0,8) w (w (s)) ds + /O 6 (0, ) w (w(s)) ds,
w(0)+bw(¥)=c¢c, a,bceR.
For some other results on FIDE, see [4,5,16,18-22,25,29].
Motived by the above papers and the reference [12], we study the theoretical analysis

of solutions for a class of system for nonlinear implicit FIDEs of Hadamard-Caputo
type with fractional boundary conditions

4
(L1) §D70(0) =1 (0.0(0) 5070 (@), [ K (e.s.0())ds).
v(1) =0, agl(n)+ 87D (V) =)
where ;19 is the standard Hadamard fractional integral, § D" is the Hadamard-Caputo

fractional derivative, f : € x R® — R, K : £ x £ x R — R are given functions,
ne&=(1,¥],V>1and «a, A\, § are real constants.

2. PRELIMINARIES AND BACKGROUND MATERIALS

Let us introduce some necessary notations and definitions which will be utilised
throughout the entire process [28,29,31,33-35].

We represent by the symbol C' (£, R) the space of all continuous functions v : { — R
in Banach space with the supremum norm

[v]loo =sup{|v ()] : 0 € &} .

Let now [b, c], —00 < b < ¢ < 400, is finite interval and we suppose AC ([, c],R) is
the space of functions 1 : [b, ¢] — R that are absolutely continuous.

Assume § = g% do is the Hadamard derivative, 6" = 6 (6"!), we consider the set
of functions:

AC3 (Ib,c],R) = {4y : [b,c] = R : 6" (o) € AC (]b, ] ,R) }.
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Definition 2.1 ([28]). The Hadamard fractional integral of order a > 0 for a contin-
uous function ¢ : [1, +00) — R is given by

ntto @) = o [ (102) " w0 5

where log (-) = log, (-) and I"(+) is Gamma function.

Definition 2.2 ([31]). For a function ¢ € ACY ([b,c],R), the Hadamard-Caputo
fractional derivative of order « is given by

1 d\" re o\ 1 ds
CDoz — t / <] ) — —1l<a<
H 177/}(9) F(TL—OZ) dt 1 OgS ¢(3> 3 ) n Q n,
where 0" = (gd%)n, n = [a] + 1, and [«a] denotes the integer part of a.

Lemma 2.1 ([24]). Let v € AC} [b,c] or ¢ € C§ [b,c] and o € C. Then,

n=1 s(k) k
nli (5050) (0) = (o)~ X "1 (10g2)".

Proposition 2.1 ([24]). Let « >0, >0, n=[a] + 1, and b > 0. Then,

LoV T(B) vy
(HIbJr <1Og b) > (v) “TB+a) (10?; b) ;
B—-1 r B—a—1
(f;}Dl?; <10g z> ) (v) :F(ﬁ<€)04) (log Z) ., a<p.
Theorem 2.1. [24] Let v (p) € AC} [b,c], 0 <b<c <400 and a >0, 5> 0. Then,

“Dg (I"v) (o) = (I"~"v) (o),
“D*(°D”) (o) =© D** (o).

Theorem 2.2 (Schauder’s fixed point [35]). Suppose that E be a Banach space, and
P be a nonempty, conver and closed subset of E. Assume that A : P — P be a
continuous mapping and A (P) is a relatively compact subset of E. Then A admits at
least one fized point in P.

3. MAIN RESULTS
Definition 3.1. A function v € AC? (£, R) is said to be a solution of the system (1.1)
if v satisfies the equation ¢ D"v (9) = f (Q, v (o), §D"v (o), [LK (0,5,v(s)) ds), and
satisfies the conditions v (1) = 0, a ygl% (n) + B $DYv (¥) = \.

In what follows, we present the following lemma to show the existence of solutions
of the system (1.1).
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Lemma 3.1 ([12]). Suppose that h : [0, +00) — R is a continuous. A function v is a
solution of the following system

g - (2
v loig l)\ - (no; . /1 ! (log Z)W_l h(s) Cis

3 v g\ T s
_F(H—’}/)/l <10gs> h(s)s] ’

_a(logn)™ B (log¥)”
I'(q+2) [@2-v)
is equivalent to v is a solution of the following problem
D" (0) = h(0)
v(1) =0, aglvn) +4EDw(¥) =X ¢7€l01].

where

Now, we prove the existence of a solution of the system (1.1).

Our hypotheses are as follows.

(H1) f: & x R* — R is continuous.

(H2) There exist three constants L; > 0,0 < Ly < 1 and L3 > 0 as follows

|f(Q,§,Q0,'lU) _f(497?7¢7w>| S Ll ‘g_f‘ +L2‘SO_¢| +L3|w_w‘7

for each ¢, ¢, w, T, p and w € R for a.e. p € £.
(H3) There exists a function & (o, s) € C'[0, 1], as follows:

[K (05,0 (s)) = K (0,59 (s))| <k (0,5)|v(s) =y (s)].

Also, we denote

o
O = sup |K(Q,S,0)|d8,
o€ /1

oy, =sup o (0),
0€€

o
B =sup [k (0, 5)| ds.

ocg J1
Theorem 3.1. Let the assumptions (H1)-(H3) be true. If
_ L1+ Brls [ (log¥)*  |a| (log ¥) (logn)*™ |3] (log ¥)* "+
- 1-Ly [T'(k+1) IAIT (k+q+1) IA|IT (k —v+1)
then the system (1.1) has a unique solution v € AC? (£, R) on €.
Proof. Let F': C (§,R) — C (&,R) be defined as

Fu (o) ZF(lﬁ) /1@ <log §>m oy (8) Cis

(3.1)

<1,
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log o o) U n\ et ds
g
* A l I'(k+4q) )1 &% 7 (S>s

(32) i (log ‘1’) 7. (5 d] ,

where

oy (5) :f(s,v(s),pws),/ISK(S,T,MT))dT).

Clearly, the fixed points of F' are solutions of the system (1.1).
Let v,y € ACZ (£, R). Then for each ¢ € £ we obtain

t ds

(F (@) 0 @)1= 5 [ (ton ) ()

s
log o Q n n\ a1 ds
g )
LY [ I'(k+q) /1 &% 7 (8)3

ri ) (eel) S
el )
—_— “’) 7 (5) d]
R
bl [ (o) 9 - 0, (01

Blloge v (, W\ ds
33) b (o) e -l %

70(0) = (0.0(0). 00 (0), [ K (0,50 (5)) ds )

7 (0) = f (29000, (). [ K (0..y()ds)
By using (H2), we find

[ Koo [ Klasaina

S/lgk(Q,S) lv(0) —y (o)l ds
<Br lv =yl
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and
7u(e) =y @ =7 (0.0 (@) o (). [ K (05,0 () ds )
1 (tule)oy (o), [ K (s (s)ds)|
<Ly|v(e) =y (o) + Laloy (0) — oy ()| + Labk [[v =yl -
Thus,
(3.4 70 (0) = 0y (9] < “0E2 fu— .

Replacing (3.4) in (3.3), we obtain
|(F'v) (0) = (Fy) (0]

<o (B [ (bgg)“ o) -y~

lallogo (L1 + BiLs 77 ”q*l B ds
Tt oL (10 0(s) ~ y (5)]
B3| log o Ly + Bpls\ Y o _ ds
AT\ To T, /1 log v () =y (s)] =

<

F(/{) 1_L2 1 S S

la| log o Ly + BeLs [ n\ "1t ds
_%MHXK+®< 1—L2)Lf0%s> 5

|Bllog o Ly + Bpls\ Y T s
e () L (e S]|v<>—y<s>|

< <L1 + /3kL3>

1— L,

[(bg‘I’)“ o] (log ¥) (log )™ || (log ¥)" """
I'(k+1) AT (k+q+1) IAIT (k —v+1)

[106) - w601

Hence,

1(F'v) (0) = (Fy) (9)]lx < pllv =yl
for v,y € AC? (¢, R), where
_ Li+BiLs [ (log )" | |af (log W) (logn)™*"  |8] (log ¥)" """
1—Ly |T'(k+1) AT (k+q+1) IA|T (k—~v+1)
Consequently by (3.1), F'is a contraction. As a consequence of Banach’s contraction

principle, we conclude that F' admits a unique fixed point which is the solution of the
system (1.1). O
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Next, we study the second result, by using the fixed point theorem of Schauder.

(H4) There exist p,p,w,z € C(,Ry), with z* = sup,c 2(0) < 1, w* =
SUP,ee w (0) < 1, " = sup,ee 0 (0) < 1 and p* = sup,c.p(0) < 1, such that

flos,o,w) <plo) + ¢ (o) [s]+w(o) el + 2 (o) w],
for any ¢, ¢, w € R for a.e. p € &.
Theorem 3.2. Assume that (H1), (H3) and (H4) are true. Moreover if
(3.5) w4+ M (v + fr2") < 1,

with
_ (og )" |af(log¥) (logn)™™  [5] (log ¥)" "
S T(a+1) AT (k+q+1) IAIT (k —v+1)
then the system (1.1) admits at least one solution.

Proof. Let

* *k %k |)\\(1—w*)10g\11
M (p* + ojiz") + P2

ST (o M (ot Ber)
and consider Ap = {v € C ({,R) : |[v]|, < R}. It is clear that the subset Ay is closed,
convex and bounded. We will use Schauder’s fixed point theorem to demonstrate that
F defined by (3.2) admits a fixed point.
This could be proved through three steps.
Step 1: F'is a continuous mapping.
Let {v,} be a sequence as follows v,, — v in AC? (£, R). Then for any o € &

|(F'un) (0) — (Fv) (0)]

<t [ (05) e v
bl [ (o) o) - w01

’B’ log 0 v v ds
b (o) e vl
(log )" |a|(log W) (logn)™™  |B] (log ®)* """
T(a+1)  [A[T(k+qg+1) AT (k—~y+1)
where 9,1, € C (£, R) are

<

J10n =001
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Since 1 is a continuous functions (i.e., f is continuous), then from the Lebesgue
theorem of dominated convergence, we get

1E (vn) (0) = (Fv) (0)llo = 0, asn — +o0

Hence, F' (v,,) (0) = (Fv) (0) as n — +o00 which implies that F is continuous.
Step 2: F(Ag) C Ag.
Let v € Ag. We demonstrate I (v) € Ag, for all p € £, we find

1 0 o\ 1! ds
o) g | (0ed) Wl
lafloge 1 ( m\rte! ds
+]A|F(/f—|—q)/1 (logs) W (s)l 5
Blloge ¥ (, @\ ds  [Alog g
(3.6) +|A|F(m—7)/1 (10g8> |¢(3)|?+ T

where ¢ € C' (§,R) is

From (H3), we get
/QK(Q,S,U(S))ds—/QK(Q,S,O)ds+/QK(Q,3,O)d3
1 1 1

< [k Ges)llv(@)lds + [*IK (o,5,0)] ds
<Byllvll.. + ox (0) -
From (H4), for p € £ we get
vl = | (v 0. [ K(esv(s)ds)

<p(e) +¢(o)|v(e)]+wlo)|v(o)|+ Brz (o) vl + ok (o) z (0)
<P Hopzt 4 (0" + B”) ]l + w0 ¥ (0)] -

Hence,
p* o+ (0" + Brz*) R

. < .
(3.7) ¥ (0)] < T

In the inequality (3.6), we obtain by substituting (3.7)
1 e o\" ! ds || log o n n\rta-t ds
P < (os) () B
Pol <grs [ (l022) w1 T s [ (o) el

Blloge ¥ (, w\" ds [\ logo
|A|F(/{—7)/1 IOgs [ (s) s+ |A|

< (p* + 052" + (¢" + Brz¥) R)
- 1 — w*
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(log )" |al(log¥) (logn) ™ |8 (log ®)* ] |A|log W

I'(k+1) IAIT (k+q+1) IA|T (k —v+1) |A|
M (p* + ofz" 4+ (¢* + Brz") R)  |A|log W
= +
1 —w* |A|

<R.

Step 3: We demonstrate that the expression F' (Ag) is equicontinuous.
It is clear from step 2 that F' (Ag) C Ag is bounded. For the F' (Ag) equicontinuity.
Let py, po € (1, W], py < po and let v € Ag. Then

|(Fv) (p2) — (Fv) (pa)]
et o) - ) o

r
=l " [oe2) 7 (st2) e
+r<1ﬁ> :2 <l f)n_lw(s)is
1 ) )]
UL (o)™
S ) ()
P’ +a,€lz_+w§so + Brz*) /ﬂ < >H 1625

- 1-wH)T(k+1)

P 4 opZ 4+ (0" + Bre*) R
- l-w)D(k+1)
—0, as p; — po.

P (e o) |

|

(log p1)" + <10g 2) — (log ua)“‘ + ‘ <log m)
M1 M1

|(log p11)" — (log p12)"|

The Arzela-Ascoli theorem shows that F' is relatively compact in both scenarios, and
Schauder’s fixed point theorem states that F' has a fixed point. Then, F' is a solution
of the system (1.1). O

4. APPLICATIONS

Fzxample 4.1. Assume that the nonlinear system is,

D4 (0= f (200 G0N (). [ K(esv(s)ds). e,
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v(1) =0, axlsv(y)+ 8 GD70(T) =
Weseethat/ﬁ:%,q:g,7:%,77:2,04:% b =3, /\—g U = e, and
4
0 q 3 1
= + + —— cosp + —w, €|l,el, s, o,weR.
TR P R R 7R R A A

Clearly, f is a continuous, and for ¢ € [1,¢] and w, ¢,¢,w,3, % € R, we get

If(Q,cso,) [(0,5,%,W)| < Li|s =< + La|p — @| + L |w — ],
LQ ,ngland

(o, 0,w

21’

1 0 K—1
K - K < —log |~ —
1K (0,5,v) = K (0,5,9)| < o Og(s) lv—yl,
e 1 e o\*tds (logo)" 1
o [t} (571 s 12
b Sup/1 (0,5)ds 31 %8s s 3k T 3k 9
Hence, conditions (H2) and (H3) are satisfied. Moreover,

a(logn)™'  B(log®)' ™"
I'(q+2) [2-7)

2

= 3.4887.

Thus,
_ Li+ BiLs [ (log®)" | |al(log ¥) (log )™ |5] (log ¥)" """
' 1-Ly, |[I'(k+1) IAIT (k+q+1) AT (k—7y+1)

Thus, the given system has a unique solution v € C§ ([1,¢],R), according to Theo-
rem 3.1,

] =0.75728 < 1.

4

0 <]
7g7 7w S +

so condition (H4) is satisfied with

P = il e = g wlo)= g 0= toa (L)

b leosel + 5-log (£) fsinus
— |COS — 10 — S w
70? I3 ’

11+ 0%’ 210%’ T0% 3s s
and
et wWw = — z =
(p 217 77
We have

_ (log¥)* o (log®) (logn)**  |B| (log @) 7
['(a+1) IAIT (k+q+1) AT (k=7 +1)
We will demonstrate that condition (3.5) is true for ¥ = e. Indeed,
W+ M (" + Brz*) = 0.96048 < 1.

= 1.9712.

Simple calculations demonstrate that conditions of Theorem 3.2 are all satisfied.
Example 4.1 must thus have at least one solution specified on [1, €].
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