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ON THE GENERALIZED LEONARDO QUATERNIONS AND
ASSOCIATED SPINORS
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ABSTRACT. In this paper, we introduce and study a new family of sequences called
the generalized Leonardo spinors by defining a linear correspondence between the
generalized Leonardo quaternions and spinors. We start with defining the generalized
Leonardo quaternions and then present their some important properties such as Binet
type formula, Catalan’s identity, d’Ocagne’s identity, series sums, etc. We give some
interrelations of these quaternions with the Fibonacci and Lucas quaternions. Then,
we present the generating functions, sum formulae, various well-known identities,
etc. for the Leonardo spinors and show their connection with the Fibonacci and
Lucas spinors.

1. INTRODUCTION

At the beginning of the 13th century, Leonardo of Pisa solved the famous rabbit
growth problem based on idealized assumptions and that solution became a fascinating
recursive integer sequence famed as the Fibonacci sequence [11]. For n > 0, the
Fibonacci sequence {F), },,>o is given as F, 1o = F,, 11 + F, with [, =0, F; = 1.

Recently, Catarino and Borges [2] studied the recurrence relations and various prop-
erties for the Leonardo numbers, in continuation Alp and Koger [22] investigated their
interesting properties. Kuhapatanakul and Juthamas [12] extended this study to the
generalized Leonardo numbers along with their matrix representation and also in [20]
the authors studied the matrix representation of Leonardo numbers. Karatas [10]
defined the complex Leonardo numbers and studied their combinatorial properties.
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Isbilir et al. [23] investigated the Pauli-Leonardo quaternions. Some recent develop-
ments on Leonardo numbers, their generalizations and interesting properties can be
seen in [3,5,14-19,22]. Here we restate some of them.

For k € Z%, the generalized Leonardo numbers {£j,} are defined [12] by the
recurrence relation

Lini2=Linsr + Lgn+k, n>0, with L9= L, =1

In negative subscript, these numbers are given as Ly, _,, = (—1)"(Lypn—2 + k) — k.
The Binet type formula for the generalized Leonardo numbers is

>\n+1 _ fn—H

1.1 Lyn=(k 1<>—k‘,

(1) o = e+ ) (F5=

where A = (1 ++/5)/2 and € = (1 — V/5)/2.
In non-homogeneous form, the generalized Leonardo numbers satisfy the third order
recurrence relation:
Lk,n-{—l = 2Lk,n — Lk,n_g.
These numbers are associated with the Fibonacci numbers by the relation
Lin=(k+1)F,11 —k.

In 1963, Horadam [8] defined quaternion sequences with components as Fibonacci
and Lucas numbers. The Fibonacci quaternion @), is defined as

(1.2) Q= Fueo+ Fopie1 + Foioes + Fryses = (B, Fya, Fro, Fogs), n >0,
and Lucas quaternion 7;, as
Tn == Lneo + LnJrlel + Ln+2€2 + Ln+363 = (Ln7 Ln+17 Ln+27 Ln+3)7 n Z Oa

where {eg = 1, ey, €2, €3} is the quaternion basis satisfying

2 2 2 1
)

€1 =€y =€3=— €163 = —€3€] = €3, €2€3 = —€363 = €], €3€] = —€1€3 = €2.

Iyer [9] studied the relations between Fibonacci and Lucas quaternions. Further, Halici
[7] obtained Binet’s formula, generating functions and finite sum of these quaternions.
The Binet’s formulae for the Fibonacci and Lucas quaternions are given, respectively,
by

A\ — é* gn
Qu=""

V5

where \* = 1 + Xep + A%ey + Meg and £ = 1+ ey + E2ey + Edes.

For Fibonacci quaternions, Cassini’s identity is given by

and ), = A" \" + £7¢™,

(1.3) Qn-1Qn1 — Q5 = (=1)"(2Q1 — 3e3),
and Catalan’s identity is
(1'4) anrQnﬂ" - Qi = (_1)n77ﬂ+1 (2FTQT - 3F2T€3).

Theorem 1.1 (Sum formulae). Forn > 0, we have
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(a) ?:0 Qj = Qniz — Q1;
(b) ?:0 QQj = Q2n+1 - (17 07 17 1);
(c) Z?:o Q2j11 = Qan — Qo-

This paper will relate a new sequence of the generalized Leonardo quaternions and
spinors that was motivated by a recent study of spinors with the Fibonacci numbers
by Erigir and Giingér [6] and with the k-Fibonacci numbers by Kumari et al. [13].

This paper is structured as follows. In Section 2 we present a new quaternions
sequence - the generalized Leonardo quaternions and study some properties of them.
Section 3 is dedicated to the introduction of the generalized Leonardo spinors by
defining a correspondence between the generalized Leonardo quaternions and spinors.
We start the section recalling the important results involving spinors and we finish
showing the relationship among the generalized Leonardo spinors and Fibonacci and
Lucas spinors.

2. THE GENERALIZED LEONARDO QUATERNIONS

In this section, we first define the generalized Leonardo quaternions and then
investigate their algebraic properties which we need later to prove some identities for
spinors.

Definition 2.1. For n > 0, nth generalized Leonardo quaternion QLj ,, is defined as
QL = Lipneo + Lipnri€1 + Lipyaea + L nises.

And the conjugate QL , is defined as

(2.1) QLin = Lineo — Linrier — Lrnioes — Linizes.
The above defined generalized Leonardo quaternions can be written in recurrence
form as
(2.2) QL pto = QL i1 + QLg, + ky, where 7 =eg+e1 +ex + e3.
From Definition 2.1 and (2.1), we get
QL QL = 9Ly QL0 = (k+ V[3(k + 1) Foprs — 2k Ly a] + 4K,
Similar to the generalized Leonardo numbers, the generalized Leonardo quaternions

can also be extended in negative indices given in the following definition.

Definition 2.2. For n > 0, the generalized Leonardo quaternions with negative
subscript QL _,, are defined as

3
QL = (—1)" S (=1 (Lpzer + ke, — k7.

r=0

The conjugate of QL _,, is given as

3
ALy —n = (—1)"(Lppoa + k) + (=" (1) (Lppor + ke, — k7,
r=1
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where ¥ = ey — e; — €5 — e3.
Now we give some relations among generalized Leonardo quaternion, Fibonacci
quaternion and Lucas quaternion in the next theorem.

Theorem 2.1. For n > 0, the following identities are verified:
(a) Qlp i3 = 2984 40 — QL s

) QLk,n - (k + 1)Qn+1 - k"%

) QLk,—n = 2Q£’k¢,—n+2 - QLk,—n+3;

) QLy = (b +1)Q_pny1 — k5

) (k+ V)F, T\ — 2k, nis odd,

(k+1)L,Q1 — 2k, n is even;

(f) QLy—p + ALk, = 284 .

(

(c
(d
() QLy, + 9Ly, = {

Proof. The first identity follows from expression (2.2) and the second identity uses
Lin = (k+1)F,11 — k and (1.2). To prove third and fourth statements, we use
Definition 2.2 and definition of the Fibonacci quaternions, respectively. Fifth and
sixth identities follow from the definitions of QL _,, and its conjugate. U

In the next theorem, we present the Binet type formula for the generalized Leonardo
quaternions and with the help of that we investigate some well known identities and
properties of these quaternions.

Theorem 2.2 (Binet type formula). For n >0, we have

k+1
)\n+1)\* n+1 *) —k
= £e

where \* = 14+ Xep + N2eq + Nes, € = 14 Eep + &2+ E3e3 and v = eg +e1 + e + e3.

QL =

Proof. Using (2.1) and Binet’s formula (1.1), we write

3
QLk,n = Z Lk,n—l—rer;

B 3 (k + 1)()\n+r+1 - lfn—i—'r—i-l) o \/gk
= ;0 7 er,

3 (An—&-r—i—l _ é%n—i-r—&-l)

= (k+1)Y NG er—k:zoer

r=0
k+ 1( 3 3
/\n+1 )\rer Sn—i-l 57’67") —k er,
k +1
)\n+1)\* n+1 *) _ k . |:|
=5 < e Y

Theorem 2.3. Forn > 0, the followz'ng identities are verified:
(a) QL = @( n+2 = Qn+2)



GENERALIZED LEONARDO QUATERNIONS AND SPINORS 429

(b) QLpm = (T + Toia) — .

Proof. (a) Using the Binet’s formula of Fibonacci and Lucas quaternions, we have

Thio — Quio = (/\* A2 €*§n+2) B <)\*)\"+2\/_g£*§n+2 >

%M*WNS ~ 1)+ (V5 +1)
= 15(—2§>\*)\”+2 4 20EE™T2)
- jg< ASNFLX — 1))
\/g

()\nJrl)\* o €n+1£*>

<QLk n+ k'y)
—9 )
k+1
Thus, on simplification
k+1
QL = T(an - Qn+2) — k.

(b) Similar to (a), we have
Tn + Tn+2 _ (/\*/\n + g*gn) ()\*/\714-2 + §*§n+2)
— )\5(7)\*/\" 25 gn) (N2 4 grent2)
= —ATFIN(E = N) + M (E - N
= VBT — e
= \/_( Vo (QLkn+k7)>

as required. O
Theorem 2.4 (Catalan’s identity). For n,r € N such that n > r, we have
QL+ QL pnir — QL , =(k + 1)*[(=1)""2(2F,Q, — 3Fye3)]

+ k<k + 1)(Qn+1 - Qn-&-l—r)’y
+ k<k + 1)7(Qn+1 - Qn+1+r)'

Proof. Using (b) of Theorem 2.1 and identity of (1.4), we have
QL QL e — QL

:((k +1D)Qnri1 — k:y) ((k +1)Qnirs1 — k7> - ((k +1)Qny1 — /W)Z
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:<(k + 1)2anr+1Qn+r+l - (k + 1)]{Qn77“+17 - k<k + 1)7Qn+r+1

+ k%)?) — ((k: +1)%Q%, + K2 (7)? — (k + DkQuiay — (k + 1)ka”+1)

=(k 4+ 1)*(Qni1—rQni14r — Qi 11) + k(k + 1)(Quni1 — Quir— )Y
+E(k+ 1)v(Qny1 — Qniryr)
=k + 1)’[(=1)"""(2F,Q, — 3Fy.e3)]
+ E[(QLen — W)y — V(W — Qpngr)]- O

If we substitute » = 1 in the above identity, the Cassini’s identity for Leonardo
quaternions QLy ,, is obtained which is stated in the next theorem.

Theorem 2.5 (Cassini’s identity). For any natural number n, we have
QL 19k pr1 — QLG ,
=(k+1)[(=1)"""(2Q1 — 3e3)] + k[QLkn—27 + 7QL k1 + 2k7].
Theorem 2.6 (d’Ocagne’s identity). For n,r € N such that n > r, we have
0Ly, QL4 ps1 — Qpr 1120k
=(k + 1 (=1 (Foey To + Ln—r(Qo — 3e3))] + k(k + 1)@y — 7Qul.
Proof. Using identity (2) of Theorem 2.1, we have

QL 9L 1 — Qg 11984, =<(k +1)Qry1 — kV) <(l€ +1)Qnia — k’V)

— (k4 1)Qrsz = k7 ) ((k + 1) Qs = )
=(k +1)*(Qr41Qn+2 — Qr+2Qni1)

- k(k + 1)[(Qr+1 - QH—Q)'Y + 7(Qn+2 - Qn+1)]
=(k+1)*(Qr41Qn+2 — Qr+2Qnt1)

+k(k+ D[Qry —1Qu].

Now, using the d’Ocagne’s identity for the Fibonacci quaternions, i.e., Q,11Qpni2 —
Qr+2@n+1 = (_1)T+1[anrT0 + Lnfr(QO - 363)]7 we get

QL QL i1 — Lk 11985, =(k + 1)*[(=1) " (F To + L (Qo — 3e3))]
Theorem 2.7. The generating function for the generalized Leonardo quaternions is

_ _ 2
s(t) — 2L inHt BQL,Ht |
1—2t+t

Proof. Let the generating function for sequence {QLy , }120 is ¢(t) = 32,725 QL ut".
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Now using relation (2) of Theorem 2.1, we write

+oo

+o00 +oo
n=0 n=0

n=0

Taking into account the generating function of the Fibonacci quaternions, i.e.,
S0 Quat" = LELUL we have

Qo + Qot I 1

¢(t):(k+1)1—t—t2 T
(R D[Q1 — (Q1 — Qo)t — Qot?] — ky(1 —t —t?)
(I—t—)(1—1)
QLo — QL ot — QL 4t
B 1—2t413 '

O

In the next theorem, we give the sum of finite terms of QL ,, and also with even
and odd subscripts.

Theorem 2.8 (Finite sum formulae). For any positive integer n, we have

(a) 2rsg QLkyr = Qg e — Qg — k(n + 1)y,
(b) >r09QLkor = Qg ony1 — QL1 — k(n + 1)y;
(c) Xrey QL or—1 = Qg2 — QLo — knry.

Proof. Using (b) of Theorem 2.1 and sum identity (a) of Theorem 1.1, we have

n

i ALy =D ((k+1)Qry1 — k)

r=0
= (k+ 1)2Qr+1 —k27
r=0 r=0
= (k+1)(Qnyz — Q1 — Qo) — ky(n+1)
= QLkJH_g — QLkJ — k(n + 1)’)/.

Proof of identities (b) and (c¢) are similar using the finite sum formulae for even (b)
and odd (c) of Theorem 1.1, respectively. O

Theorem 2.9. For n € N, the following identity is verified.

n

(2.3) 3 <Z> ALy, = Qogon — k(2" — 1)y

r=0

Proof. The identity can be easily proved by making use of relation (2) of Theorem
2.1 and identity >;_, (Z) Q, = @9, for the Fibonacci quaternions. O
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3. THE GENERALIZED LEONARDO SPINORS

Spinors are vectorial objects without their multilinear features for the mathemati-
cians. A French Mathematician, Elie Cartan discovered the spinors first time. In
3-dimensional Euclidean space, there are many possible approaches to spinor theory
like spinor ring algebra, Cartan’s isotropic vectors, Clifford algebra, stereographic
projection etc.

Here, we restate the definition given by the E. Cartan [1]. Consider a 3-dimensional
space C3. Let (z,y,2) € C? be an isotropic vector. Then this vector can be associated
with two numbers ¥, and W, given by

e=U2 02y =i(U2 402, =20,

And solutions of these equations are

Uy =57 and Uy =i ———

Thus spinor is the two-dimensional complex vectors described as

v
U= (0,0, = [ﬁfj .
A different approach to spinors derived from Euler’s theorem was presented by Vivarelli
[21] in 1984. He studied quaternions and one-index spinors by defining a linear and
injective correspondence between them.
The correspondence ® : H — S between the set of quaternions H and spinors S is

defined as

d—+ia

P (a + bey + ceq + des) = lb%—ic

]EQ, a + be; + ces + deg = p € H.

And, the product of two quaternions (gp) associated to a spinor-matrix product is
given by qp — —iQ P, where P is the spinor corresponding to the quaternion ¢ and
(@ is the square(complex) unitary matrix given as

[d+z’a b—ic}

(3.1) b+ic —d-+ial’

E. Cartan [1] introduced the spinor conjugate to ¥ given as

U = iAT,

-1 0
Castillo [4] defined the mate of spinor ¥ as

where U is complex conjugate of ¥ and A = [ 0 1] .

U= —A7,
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Recently, Erigir and Giingor [6] studied the spinors with Fibonacci and Lucas num-
bers components and obtained their properties. They defined the Fibonacci spinors
sequence {5y, }n>0 as

B 2 |3+ B
SO_ [1+217 Sl_ [1+2217 Sn+2_Sn+1+Sn7

. !
and Lucas spinors sequence {5, },>0 as

' 24+ 21 " 4494 ' o /

The Binet type formulae for the Fibonacci and Lucas spinors are, respectively,

D A P B S o
S"_\/gbﬂ'v])‘ _\/5[6—1—2'52]6

and
Sn = l/\+i)\2] AT lgwg? &

Motivated by the work of Erigir and Gungor [6], we are extending this study to the
generalized Leonardo numbers and introducing a new sequence of the generalized
Leonardo spinors.

Let L and S denote the set of generalized Leonardo quaternions and set of spinors,
respectively. Then the generalized Leonardo spinor £,, given by a linear and injective
correspondence ® : L. — S is defined as

Lpnes+1Lkn
O(Lpneo + Lpntrer + Lpnioes + Ly nises) = [ kn+3 k, ] =g,

Lpnt1 + 10k nt2
Spinor £ corresponding to the conjugate quaternion ﬁk,n is given as

2* — _'Ek,n+3 + Z'Ck,n
" _Lk,n+1 - iLk,n+2 .

Definition 3.1. For n > 0, the sequence of generalized Leonardo spinors {£, },>0
(2k + 3) +i] o _
9 1

is defined recursively as £,10 = £,11 + £, + kJ, where £y = [1 +ilk+2)

(4k +5) + i L 1
(k+2) +i(2k +3)| 997 1 4+4

Lemma 3.1. For generalized Leonardo spinors, the following identities are verified.
(3.2) Loz =2L0— L, and £,=(k+1)S,41 — kJ.

In the next lemma, we present conjugates and mate of the generalized Leonardo
Spinors.

Lemma 3.2. For generalized Leonardo spinors £,, we have
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L kn+1 — 1L k.n+2

Lk:,n—&—Q + iLk,n—&—l
_Lk,n - Z’CJk,n—i-3

(a) Complex Conjugate: £, = [ Lints = ilkn ];

)

(b) Spinor Conjugate: £, = l

(¢) Mate of Spinor: f}kn = [_Lkmﬂ + ZLk,n+2] ‘

L kn+3 — 1L kn

Proof. Using the definition of spinor conjugate and mate of spinor, above results can
be easily established. O

Theorem 3.1 (Binet type formula). For n > 0, we have

k1IN 4| E 4| ~
(3.3) Qn—W ([)\—i—i)\zl AT — € + g2 § — kJ.
Proof. We prove this theorem by induction on n. For n = 1, the R.H.S of (3.3) is

S N o e v B

Assume expression (3.3) is true for n = m, i.e.,
CRHTIN ] E 41| pmi ~
Sm_\/quJri)\Z])‘ Tlerie|tT ) TR

By Definition 3.1 and taking into account the fact A> = A + 1 and &2 = £ + 1, we get
£m+1 = £m + Smfl + k:j

RTINS E+il .m N
- (e o)
E4+1 (1 XN+i| . |+l .
A (- 65 er) -
k [ \3 -] 3 :
- \;—51 ( A)\%—j;)f? (A A — [gijfﬁ (gmt +fm)> —kJ

:’”1<_A3“_ X +1) — [53“15”1(&1)) e

VB O\ [A N £ +i&?
E+1 ([ X+i] o 344 N
= (_)\+i)\2_ AT Eﬂ@ S A
This completes the proof. ([l

By replacing n with —n in Binet type formula (3.3), we extend the generalized
Leonardo spinors in negative direction. Thus,

k+1([XN+i] _, S ~ ~
L=/ (ngp H_EHHS H>_k":(“1)s’”‘“_k"'
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In next theorem, we state some relations among £,,, £ £_, and £* by omitting
their proofs, as proofs of these identities can be seen easily using their definitions.

Theorem 3.2. For the generalized Leonardo spinors, we have
(a) £, =28 n1o— £ 513
(b) £, =(k+1)S_ 11— kJ;
(k+1)L,S; —2k3J, n is even,
(k+1)F,S; — 23, nis odd;

(d) L.+ &, = [Z%Ok’”] ;

i2L4 _n
e

(c) £n+ L =

() £, + L%, = [

Theorem 3.3. For n > 0, the following relations among the generalized Leonardo,
Fibonacci and Lucas spinors hold

k+1, ., -
(3.4) g, = T(Sn+2 — Snt2) — k3
and
k + 1 ’ / ~
(3.5) =" (S5 + i) = k3.
Proof. By using relation S, = S,_1 + S,41 in the R.H.S. of expression (3.4), we write
kE+1, ~ k+1 ~
T(S”” — Spy2) — k3 = T(QS"“) —kJ =2,
Similarly, (3.5) follows from the identity 5S, = S,,_; + S, ;. O

Theorem 3.4. The generating function for the generalized Leonardo spinors is

(1) = =1 [k 2)2 +t — (2k + 3)] — ikt — t + 1]
12t #2 (82— kt — 1] +i[t* + ¢t — (k+2)] '
Proof. Let f(t) = 20 £,t" be the ordinary generating function. Now consider

the recurrence relation £,,5 = 2£,,5 — £,. Then multiplying it by t"*3 and taking
summation, we have

+oo +oo +o00
Z £n+3tn+3 -9 Z £n+2tn+3 4 Z gntn+3 =0

o (1) — 0= S — £%) — (1) — £ — £at) + £ (1) 0
= f(t)(1 =2t + %) = Lo + (L1 — 280) + £7(L2 — 2£)
Lo H(Lr —280) +13(Lr —28)
B 1— 2t + 2

-1 (k4 2)t* +t — (2k + 3)] — i[kt* — t + 1]
:f<t)_1_2t+t2 [t — kt — 1] +i[t* +t — (k + 2)]

— f(t)
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Theorem 3.5 (Finite sum formulae). We have the following.
Sum of first n+ 1 terms

(3.6) > L = Lipso — (k+1)S — nkJ.
r=0
Sum of first n+ 1 even indexed terms
(37) Z 2k72r = £k,2n+1 — (k’ + 1)50 — nkfj
r=0

Sum of first n+ 1 odd indexed terms
(3.8) > Lrori1 = Lronto — (k+1)S1 — nky.
r=0

Proof. Using relation (3.2) and sum identity >."_; S, = Sp42 — S2, we have

n

> L= [(k+1)S,1 — kI =(k+1)>_ S — > kJ
r=0 r=0

r=0 r=0
= (k+ 1)[Spys — So] — (n+ 1)kJ
= £k,n+2 — (k’ + 1)52 — Tl]{?J

This proves expression (3.6).
The rest of the two expressions (3.7) and (3.8) follow directly from the identities
w19 = Sopy1 — 51 and Y04 Sop_1 = Sa, — Sp, respectively. O

4. CONCLUSION

In summary, we defined and studied the generalized Leonardo quaternions and a
new sequence of spinors by considering a linear and injective correspondence between
the set of quaternions and the set of spinors. For generalized Leonardo quaternions, we
obtained various identities, interrelations with the Fibonacci and Lucas quaternions,
Catalan’s identity, d’Ocagne’s identity, generating functions, finite sum formulas,
etc. For spinors, we presented the closed form formula, several identities, generating
functions, finite sums with odd and even indexed terms, etc.
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