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UNI- AND BI-PARAMETRIC TWO-STEP ITERATIVE METHOD
WITH MEMORY FOR SOLVING NONLINEAR EQUATIONS

NISHANT KUMAR! AND JAI PRAKASH JAISWAL?

ABSTRACT. In this paper, we have suggested a two-step with memory method
for solving nonlinear equations by transforming an extant optimal fourth-order
without memory method. The acceleration of the order of convergence is attained
by employing a single and two self-accelerating parameters. These parameters are
estimated by a Hermite interpolating polynomial to enhance the convergence order
of iterative method without memory. This order of convergence acceleration is
achieved without the use of any additional functional evaluations, precisely the
convergence order of the suggested two-step with memory method is reached from 4
to 5.70156. The rate of convergence is also verified by Herzberger’s matrix method.
Finally, various examples are taken into consideration to support the theoretical
outcomes.

1. INTRODUCTION

In today’s real world, solving the nonlinear equation g(y) = 0, is a very momentous
problem. Numerous iterative methods have been presented to find the nonlinear
equation’s solution (see [1-4]). These iterative methods show a very important role
in the area of numerical analysis because they are utilized in a wide range of pure
and applied science fields. The most popular one-point without memory iterative
technique among them is the Newton-Raphson method, which is described by

g(wy)
gl(wn>,

Wn41 = Wp, —

Key words and phrases. Iterative method with memory, Hermite interpolating polynomial, R-
order of convergence, nonlinear equation, root finding, computational efficiency.
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514 N. KUMAR AND J. P. JAISWAL

for the solution of g(y) = 0, wy is the initial approximation and n =0, 1,2, ..., whose
convergence order is 2. One issue with this method is the presumption ¢'(w,) # 0,
which restricts it’s application. One-point iterative scheme established by Kumar et
al. [5] is described as follows:

g(wn) .
g (wn) — Ag(wn)

Wp41 = Zn —

Taking A = 0 in the above equation, we achieve the Newton-Raphson method. The
error expression of the aforesaid scheme is

ens1 = (A = c2)e;, + O(ep),

99 ()
ilg’(v)?
g(w) = 0. The convergence order of the aforesaid method can be increased by taking
A = ¢9 in the above error expression. For the classification of iterative methods one
can go through the references [6,7].

Several researchers are currently concentrating on creating with memory iterative
techniques that uses one or more self-accelerating parameters. There are some excellent
contributions dedicated to derivative free with memory iterative techniques, such as
[8-12]. Unfortunately, there are very few memory-based derivative iterative techniques
for solving nonlinear equations are available in the literature. The development
of the multipoint iterative technique with memory is the main goal of this paper
because it may raise the order of convergence of the optimal without memory methods
without requiring any additional computations and has a high computational efficiency.
In this paper, we present a uni- and bi-parametric two-step iterative method with
memory for solving nonlinear equations, followed by a convergence analysis. The
Hermite interpolating polynomial is used to calculate the parameters, and the order
of convergence of the optimal two-point method is increased from 4 to 5 and 5.70156,
respectively. The convergence rate is also verified by an alternate approach called
Herzberger’s matrix method [13]. At the last, the derived theoretical results are
validated by numerical testing.

where e, = w, — v, ¢; = 1 =2,3,..., and 7 is a zero of nonlinear equation

2. WITH MEMORY METHOD AND ITS CONVERGENCE ANALYSIS

In the following part, we will add the parameter « to the iterative method presented
by Khattri [14] to improve it’s convergence rate. First, we take into account the fourth-
order without memory method, which is given in the article [14]:

g(wn)
g (wy)’

n n

9(2n)
(21) Wn+1 = Zn — 2 V—alw )
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The error expressions for each sub-step of (2.1) are:
Cne = 2y — 7 = coe2 + O(ed),
Cnt+1 = (Cg - 0203)6;LL + 0(62)7

where e, , = 2, — 7, €, = w, —y and ¢; = %((3)), fori =2,3,4,...,and v € R. After
adding the parameter «,, to the first sub-step of the above scheme, we can write the
following with memory iterative scheme:

_ g(wn)
Zn = Wy — ; )
g (wn) - ang(wn)
_ 9(zn)
(22) wn+1 = Zn — 2 (g(zn)—g(wn)) . g/<wn)
The error expressions for each sub- step of (2.2) are:
(2.3) Cne =2 — 7 = (=, + o) + O(ed),
(2.4) ent1 =(an — 2)((n — ca)ca + cz)en + O(el),
where e, , = 2, — 7, €, = w, — v and ¢; = %, fori=2,3,4,...,and v € R. It is
symbolized by OWMA4. It is clear from (2.4) that the order of convergence of (2.2)
— 9"

is four for a,, # ¢ and when «,, = ¢3 , the convergence order of (2.2) is five.

T 2lg'(v)
Now the issue is that the exact values of ¢’() and ¢”(7) are not available for this form
of acceleration of convergence but we can use the data available from the most recent

iteration and the one before it, and it satisfies the condition lim,, ., o, = c2 = 29!;,%))

for the asymptotic error constant to be zero in the equation (2.4). For calculating «,,
consider the best possible approximation:

(2.5) = W

where

H4(w) :g(wn) + (w - wn)g[wmwn] + (w - wn)Qg[wnvwm zn—l] + (w - wn)2

X (W = 2p—1)g[Wn, W, Zn—1, Wn—1] + (W — w,)* (W — 2,—1) (W — Wy—1)
X g[wTu Wn,y Zp—1y Wn—1, wn—l]a
and so,
H4”(wn) ZQQ[U}”, W, Zn—l] + (wn - Zn—l)(4g[wna Wrpy Zn—1, wn—l]
— QQ[UJ”, Zn—1, Wn—-1, wn—l])'
Theorem 2.1. Let a Hermite interpolating polynomial H,, of degree m which inter-
polates a function g at nodes w,,wy,to, ..., tm_o located within an interval I, and

the derivative g™V is continuous in I, as well as the Hermite interpolating polyno-
mial satisfying the conditions H,,(w,) = g(w,), Hy,'(w,) = ¢ (w,), Hu(t;) = g(t;),
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t=0,1,...,m—2. Indicate the errorse;; =t;—~y,1=0,1,2,...,m—2, and presume
that

(1) all nodes wy, to, ..., tm—o are adequately near to the zero v;

(2) the condition e, = O(erp, €1, ... ,€Lm—2) holds.
Then

m—2
H," (wy) =24'(7) (CZ . (—l)m_10m+1 H eri + 3636n> ,

=0

H// (w ) m—2
" m n ~ — (=1 m—1 - ; 3 a— 9 2 .
a 20/ () <02 (=)™ e il;[o eri + (3c3 — 2¢3)e

and
m—2
Qy — Co ~ (—(—1)m_lcm+1 H er; + (33 — 203)%) )
i=0

Proof. The Hermite interpolation error expression can be written as follows:

(m+1) é& ) m—2
o) = Ho) = LS T (0 =1, €<

After differentiating the aforementioned expression twice at the point w = w,, we
succeed

9" (w,) — H) (w,) = 2w nﬁ2(wn —t;), §€l,

(m+1)!
(m+1) m—2
(26) i) = o () =2 S T (=1, €1

Using Taylor’s expansion of derivative of g at the point w,, € I and £ € [ around the
root v of g gives

(2.7) g (wa) =¢'(7) (1 + 2c2¢, + 3cze;, + O(ey)),

(2.8) q"(wy) =4'(7)(2'cy + 3lese, + O(e2))

and

29 g™ = ¢()((m+ Dlems + (0 + 2lemioee + O(e2)

Putting the expressions (2.8), (2.9) in the equation (2.6), we obtain

(2.10) H (w,) = 24'(7) <02 — (=)™ e Wll:f e + 3C3€n> :
i=0

Now, dividing (2.10) by (2.7) and the simplifying we get

H// (wn) L m—2 )
S ey — (=1 e, i+ (3cs — 22)en | -
2g/(wn) (CQ ( ) Cm+1 Z1;([) €ti + ( C3 62)6
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Therefore,

Ay ~ <C2 — (— m Cm+1 H etz 3C3 — 2C2) > y

and so,
m—2
Oy — Co ~ (—(—1)m_1cm+1 H er; + (3 — 203)%) . O
i=0

Theorem 2.2. If the errors of approrimations e; = w; — vy generated by an iterative
technique satisfy:

ki1~ ] (er—i)™, k> k(ex),

then the R-order of convergence of iterative technique, denoted with Og(7y), satisfies

the inequality Or(y) > q*, where q* is the unique positive solution of the equation
n+1 n n—i __

q — Do Mg = 0.

As a result, we arrive at the following conclusion on the convergence theorem for
the iterative technique with memory (2.2).

Theorem 2.3. Let , represent the variable in the iterative technique (2.2), which is
calculated by (2.5). If an initial approximation wq is close enough to a simple oot of
g(w), the iterative method (2.2)—(2.5) with memory has an R-order of convergence of
at least 5.

Proof. Initially, we will suppose that the R-order convergence of the sequences {w, }
and {z,} is at least r and p. Hence, e,,41 ~ E,, €, where E, , is an asymptotic error
constant. The above relation may be also re-written as

2

(2.11) eni1 ~ Enp(Enirey, )" ~ En B ey
and

n ~ By pel
or
(2.12) enz ~ Enp(En_1,6 1) ~ Ean -1,€ el
By error expressions (2.3) and (2.4), it may be written as
(2.13) Cnz ~2n — ~ (=, + ca)er + O(ed),
(2.14) ens1 ~Dpalan — c2)e, + O(e)),

where D, 4 is a varying quantity. Now, applying Theorem 2.1 for the case of m = 4,
where tg = 2,1, t1 = w,_1 and t5 = w,_1, we get

2
(2.15) O — C2 ™~ C5€4.0€41€1,2 = C5€p—1€5_1-
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Substituting the relation (2.15) into the expressions (2.13) and (2.14), we obtain

2 2 2 T 2 2 2 2r
Enz ™~ C5€n—12€, 1€5 ™ c567l—172’€n—1(E71—1,7’6n—1) ~ C5€n—1726n—1En—1,r6n—1

p 2 2 2r
~ 05(En—17p6n71>6 En—l,ren—l

n—1

2 2r+p+2
(216) ~ C5En—1,rEn—1»p€n—1

and

2 4 y4 2 r 4
Cnt1 ™ Dn,4c5€n—1,z€n71€n ~ Dn,4c5(En—1,P€n—1)€n71(En—lﬂ’enfl>

(2.17) ~ Dy ycsEn_i1,E, en Pt

n—1,r"n—

By comparing the components of e,_; in the two sets of relations (2.12)—(2.16) and
(2.11)—(2.17), we arrive at the following system of equations:

2r+p+2=rp,
(2.18) dr+p+2=r>

The positive solution to the system (2.18) is provided by the values p = 3 and r = 5.
As a result, when «, is determined by (2.5), the R-order of the method with memory
(2.2) is reached to at least 5. O

An alternative proof. The method discussed in reference [15], known as the Herzbe-
rger’s matrix approach, is now being utilized on the order of single step s-point method
T = U (Tp 1, Tp_o, ..., Tps). A matrix A = (a;;), associated with this method, has
the elements

a1,; = amount of information required at point z;_;, 7 =1,2,3,...,s5,
am_lzl, 2.22,3,...,87
(2.19)  a;; =0, otherwise.

The order of an s-step method ¥ = W; o W, 0---0 W, is the spectral radius of the
product of matrices A®) = A; - Ay - -- A,. We may express each estimate wy,11, 2, as a
function of available information ¢(z,) and g(w,) from the n-th iteration and g(z,_1)
and g(w,_1) from the previous iteration, depending on the accelerating technique. We
construct the relevant matrices from the relations (2.2), (2.5) and (2.19) as follows:

1
W1 =V1(2n, Wn, 2n-1) = A1 = |1
0

2 0
0 0,
10
2 1 2
100
010

Zn :‘PQ(wna anlvwnfl) = A2 =



UNI- AND BI-PARAMETRIC TWO-STEP ITERATIVE METHOD... 519

Thus, we acquire

A(Q) — Al 'AQ —

— N
e R
SN DN

whose eigenvalues are (5,0,0) and spectral radius of the matrix A® is 5. Therefore,
the order of convergence of with memory method (2.2) is five. O

Now, by making some more modification in the scheme (2.2) at this time, we are
attempting to enhance its convergence order. Consider the following new updated
version of the scheme (2.2), where an additional parameter 3, is added in the second
sub-step, we get a new bi-parametric two-step iterative method with memory given

by:

H4//(wn)
an = A 7/ N\
2¢'(wy)
Zn = Wp — — 9(wn) ,
g (wn) - &ng<wn)
9(2n)
2.20 Wpa1 = Zp — .
(220 " 2 (#elzslen)) — g (w,) — Bug(wy)?
It’s error equation is:
(2:21) ent1 = (an — c2)(g'(7) B + (an — c2)ca + c3)e, + Oey),
where e, = w,, — v and ¢; = i.’!(;z((z)), for i =2,3,4,..., and v € R. It is symbolised
by OWMBSG. It is clear from (2.21) that the order of convergence of scheme (2.20)
is five for 3, # gT(cj) and when 3, = —gfé y = —3%/,,((3))2, the convergence order of

method (2.20) would be higher. However, exact values of ¢'(y) and ¢"” () are not
available for this type of convergence acceleration and so we can use the data available
from the most recent iteration and the one before it, and it satisfies the condition

117

lim, . o Bn = —g,c(?jy) = — 3“(119/ ((3))2 for the asymptotic constant to be zero in the relation
(2.21). For the calculation of (3,, we consider the following best possible expression:
H5/// ( Zn)
2.22 L= e
(2.22) B 31y (w,)?
where

Hs(w) =9(z) + (0 — 23) 920, wa] + (0 — 2,) (w — wn) g[2n, Wh, W]
+ (W = 2,) (0 — W) ? G20, Wny W, 2n1] + (0 — 2,) (W — w,)* (W — 2p1)
X G[2Zns Wn, Wy, Zn—1, Wn—1] + (W — 2,) (W — wp)* (W — 2p_1) (W — Wy_1)

X g[znu Wn,, Wn,y Zp—1, Wn—1, wn71]7
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and so,

H'(z) =69[2n, Wn, Wy, 2n1] + (12(20 — wy) + 6(2n — 20-1)) 920, Wny Wiy Zn—1, Wp_1]
+ (6(zn —wp)? +12(2n — W) (20 — Zne1) + 12(20 — W) (20 — Wn_1)
+6(zn — 2n-1)(2n — wn_1)>g[2n, Why Weyy Zn1, W1, Wy_1]-

Theorem 2.4. Let a Hermite interpolating polynomial H,, of degree m which inter-
polates a function g at nodes z,, w,, Wy, to, . .., t,m_3 located within an interval I, and
the derivative g™V is continuous in I, as well as the Hermite interpolating polyno-
mial satisfying the conditions H,,(z,) = g(zn), Hp'(20) = ¢'(2n), Hun(w,) = g(w,),
H,) (wy,) = ¢'(wy,), Hy(t;) = f(t;),i=0,1,...,m—3. Indicate the errors e,; = t;—",
1=0,1,2,...,m — 3, and presume that

(1) all nodes zp,wy, to, ..., tm_3 are adequately near to the zero ~y;

(2) the condition e, = O(etp,€t1,--.,6m-3) and e,, = 2z, — 7 =

O (e2,er0,...,€em—3) hold.

Then

m—3
Hmm(zn) = 3'9/(’7) <C3 - (_1)m_2cm+1 H €t,i + 4C4en7z>

i=0
and

m—3
R T I R
1=0

Proof. The error expression for Hermite interpolating polynomial can be written as

(0 (g) )
glw) = Hw) = 5w =) —wn [[(w—t), €€T

After differentiating the aforementioned expression thrice at the point w = z, will
give

g///(zn) _ H/l/(zn) g(m+1)(§ o 3 t é—e _[7
m (m + 1) 1:0
or
" o . |g(m+1)(£) = sy
(223 HY(20) = g (20) — 3 [ —t). el

(m+1)! =

Using Taylor’s series expansion for derivatives of ¢ at the point z, € [ and £ € [
about the root v of g gives

g'(z1) =¢' (N (1 + 200, +3cse; . +0(e) ),
J"(zn) =4 (7) (202 + 3lesen, , + O(ei,z)>,
(2.24) 9" (2n) =g'(7)(3les + Alesen . + O(e2 )



UNI- AND BI-PARAMETRIC TWO-STEP ITERATIVE METHOD... 521

and

(2.25) g™ (&) = ¢/ () ((m + Dlemr + (m + 2)lenpaee + O(ed)).

Putting the expansions (2.24) and (2.25) in the relation (2.23), we get

m—3
(2.26) Hy () = 3lg'(7) <03 — (=" ey [] eri + 4C4€n,z> :
=0
Now, dividing the relation (2.26) by ¢'(w,)?, we obtain
H"’(Zn) 1 _2 m—3
_ m\em) —(=1)""2,, ;
3lg'(wa)? g'(7) <C3 D 1;10 o
or
1 ) m—3
5nN_<C—_1mCm 6,1')7
q(7) 3 —(—1) +1 il;[o t
and hence ,
9B+ s~ (=1)" e H €t,i-
i=0
Thus the proof is finished. 0

Theorem 2.5. Let (3, be the changing parameter in the iterative method (2.20), and
be computed by (2.22). If an initial approzimation wy is close enough to a simple root
of g(w), the iterative method (2.20)—(2.22) with memory has R-order of convergence
of at least 5.70156.

Proof. Initially, let us suppose that the R-order convergence of the sequences {w,}
and {z,} is at least r and p. So, that

(227) Ent1 ™~ En,re:u

where E, , is an asymptotic error constant. Now, the relation (2.27) may be also
re-written as

(2.28) eni1 ~ B (En_1e,_1) ~ E, . E | e

n—1r-n—1

2

and
e,z ~Enper,
(2.29) enz ~Enp(En_1pey, 1 )F ~ By BN e .
By error expressions (2.3) and (2.21), it may be written as
(2.30) Cny ~in — 7~ (—an + c)eZ +0(e?),
(2.31) en1 ~(am = ¢2) (' (7)Bn + (o — e2)ca + ¢3) e + O(el).

Using Theorem 2.4 for m =5, tg = 2z,_1, t; = w,_1 and ty = w,_1, we obtain

(2.32) G (7)Bn + €3 ~ CeeroeriCra = Co€n1..62_ 1.
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Using the relations (2.15) into (2.30) and (2.32) in the expression (2.31), it can be
written as

2 2 2 r 2
En,z ™ C5€n—1265_ 16y ™~ C5€n—1,z€n—1<En—1ﬂ"6n—1) )

2 2 27 p 2 2 2r
~ C56n_17zen—1En—1,ren—1 ~ C5(ETL—Lpenfl)en—lEn—l,ren—l
2 2r+p+2
(233) ~ C5En—1,rEn*17p€n—1
and

2 2 2 4
En+1 (C5€n—1,z6n_1>(C6en—1,z€n_1 + C2C5€n—l,z6n_1)en
2 4 4 D 2 4 r 4
~ ¢5(ce + CaCs)€y, 1 €, 16, ~ C5(C6 + C2C5) (Bno1p6p 1) €01 (Bn_1,6, 1)

(2.34)  ~ cs(cs + cacs) B2 EL | ettt

n—1,p~“n—1r-n—

By comparing the components of e,1 in (2.34)-(2.28) and (2.33)-(2.29), we arrive
at the following system of equations:

dr 4+ 2p+4 =1
(2.35) 2r+p+2=rp.

The positive solution to the system (2.35) is provided by p = 2.85078, r = 5.70156.
As a result, when 3, is determined by formula (2.22), the R-order of the method with
memory scheme (2.20) is at least 5.70156. O

An alternative proof. From the relations (2.20), (2.22) and similar to that used in the
alternative proof of the previous Theorem 2.3, we derive the corresponding matrices:

1

1 0 0 O
Wp+1 :\Ijl<znawm Zn*bwn*l) = Al - 01 0 0f”
0010

Zn :\I]2<wn7 Zn—1, Wn—1, 2n72> = A2 =

Thus, we acquire

AP = A Ay =

O N
— O =N
O O N =
o O OO

whose eigenvalues are (5.70156, —0.701562, 0, 0) and spectral radius of the matrix A®?
is 5.70156. Therefore, the order of convergence of with memory method (2.20) is
5.70156. 0
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3. NUMERICAL RESULTS AND COMPARISONS

In this part, we will numerically compare the considered uni-parametric two-step
with memory scheme OW M4 along with the similar nature schemes XW (16 — 18),
XW(16—19), XW(16—20), XW(17—18), XW(17—19) and X W (17—20) considered
in [16] and NC4(2.4 — 2.5), NC4(2.4 — 2.6) and NC4(2.4 — 2.7) presented in the
article [17] and presented bi-parametric with memory method OW M6 along with
the proposed in [18]. Wang [18] presented two bi-parametric iterative methods with
memory as mentioned below:

Y —w — g(wy)
T g(wa) — ang(wn)’
L g(zn) . g'(wn)?
(3.1) O o g, 2] — 9 (W) (9'(wn)2 - Bng(“mz) 7

which is represented by the symbol XW1 and

g(wn)
g/(wn) - O‘ng(wn),

L 9(zn) g(w,) )’
(3.2) W41 = Zn 29(w, 2, — ¢'(wy,) (1 + <g’(wn)> ) ’

which is denoted by XW2. In the following form, they have captured the values of
the two parameters «, and (3, for both methods.

Zn — Wp —

Method 1:

H//(w ) Hl//(w )
3.3 n= d B,=—-—-"2—"
& T gtwy M T o)
where

Hz/;//(wn) = 6g[wn7 Wy Zn—1, wn—l] + 6<2wn — Wp—1 — Zn—l)g[wna Zny "n—1, Wn—1, wn—l]'

Method 2:

H//(w ) HIII(Z )
3.4 n=—s and f, = ——_"0
(34) = gty P o)
where H}'(z,) = 69[zn, Wy, Wn, Zp—1].
Method 3:

H//(w ) H/I/(Z )
3.5 n= d B, =—-—2",
(35) = gt M T 6w,

where HY'(z,) = HY (z,) + 6(32, — zn—1 — 2Wy) g[2n, Wn, We, Zn—1, Wy—1].
Method 4:
(3.6) a, = Hjl (wn) _Hg,(zn)’
29'(wy) 6g'(wn)
where HY (2,) = HY (2,) + 6[(2n — 2n-1) (20 — Wn_1) + (20 — wn)? + 2(2, — wy,) (22, —
Zn—1 — Wn-1)]9[2n, Wn, Wn, Zp—1, Wp_1].

and [, =
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TABLE 1. Test functions and their roots.

Nonlinear function Root

g1 = we”” —sinw + 3cosw + 5 | -1.2676. . .
go = w® +w* + 4w? — 15 1.3474. ..
g3 =w? —w?—1 1.4655. ..

Table 1 includes the roots of three nonlinear test functions (taken from [18,19]).
The numerical results shown in Table 2 and 3 are consistent with the theory presented
in this discussion. The absolute errors |w,, — 7| upto three iterate have been calculated.
For numerical computation MATHEMATICA 8 is used. Now, according to Weerakoon
[20], the formula below can be used to estimate the computational order of convergence,

_log|g(wnyi1)/g(w,)]
COC™ 108 lg(wn) 9(war)|

to verify the established theoretical rate of convergence. Table 2 and 3 confirms the
significance of the presented with memory scheme over some well published similar
nature algorithms.

4. CONCLUSION

In this article, we have presented a two-step with memory iterative method for
finding the solution of nonlinear equations. Because our goal is to develop the method
of higher-order convergence without any extra functional computations. To obtain
higher-order convergence without any extra computations, we have employed one
and two self-accelerating parameters that are constructed by Hermite interpolating
polynomials in the well-established optimal fourth-order without memory scheme. The
order of convergence for the new suggested two-step iterative with memory has risen
from 4 to 5.70156, which is also verified by an alternate approach called Herzberger’s
matrix method. The numerical results have been provided to validate the theoretical
outcomes.

Acknowledgements. The authors are sincerely thankful to the reviewers for their
valuable feedback and expertise in reviewing our research paper, their contributions
have greatly improved the quality of our work. We are also thankful to the Department
of Science and Technology, New Delhi, India for approving the proposal under the
scheme FIST program (Ref. No. SR/FST/MS/2022 dated 19.12.2022).
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TABLE 2. Numerical comparison of single parametric two-point with
memory method

Method | Jwi—a | Jwe—n] | Jws—n] | COC

Example g1, initial guess wy = —1.6

OWM4 (2.4) — (2.7), ap = —0.01 | 1.8309¢ — 2 | 2.9275¢ — 8 | 5.2296¢ — 38 | 5.1217

( (18), ap = —0.01 | 3.5037¢ — 2 | 2.8246¢ — 6 | 1.2080¢ — 25 | 4.7042
XW (16) — (19), ap = —0.01 | 3.5037¢ — 2 | 4.7605¢ — 7 | 1.7515¢ — 27 | 4.1782
( (20), ap = —0.01 | 3.5037¢ — 2 | 3.4949¢ — 7 | 4.1255¢ — 28 | 4.1649
XW (17) — (18), ap = —0.01 | 1.8398¢ — 2 | 2.1773e — 7 | 1.3052¢ — 30 | 4.7018
XW (17) — (19), ap = —0.01 | 1.8398¢ — 2 | 3.0276e —8 | 1.7117e — 32 | 4.1837
XW (17) — (20), ap = —0.01 | 1.8398¢ — 2 | 3.5032e — 8 | 2.7935¢ — 32 | 4.2025
2 ), ap = —0.01 | 1.8880e — 2| 2.3820e — 7 | 1.9513¢ — 30 | 4.7005
2 ), ap = —0.01 | 1.8880c — 2| 3.3604¢ — 8 | 2.6359¢ — 32 | 4.1835
2 ), ap = —0.01 | 1.8880c — 2| 3.8273¢ — 8 | 4.0253¢ — 32 | 4.2025

Example g, initial guess wg = 1.4

OWM4 (2.4) — (2.7), ap = —0.01 | 3.8734e — 6 | 2.4314e — 28 | 2.8924e — 139 | 4.9961

16) — (18), ap = —0.01 | 1.8371e — 5| 1.3038¢ — 22 [ 7.0316¢ — 101 | 4.5640

XW (16) — (19), ap = —0.01 | 1.8371e — 5 | 1.5797¢ — 22 | 5.6795¢ — 107 | 4.3243
(20), ap = —0.01 | 1.8371e — 5 | 6.7085¢ — 25 | 1.5685¢ — 108 | 4.3026

XW (17) — (18), ap = —0.01 | 3.8040¢ — 6 | 2.3630¢ — 25 | 3.2074e — 113 | 4.5748
(19), ap = —0.01 | 3.8040e — 6 | 4.3246¢ — 27 | 9.8591¢ — 118 | 4.3278

(20), ap = —0.01 | 3.8040e — 6 | 2.2214¢ — 28 | 7.0328¢ — 124 | 4.2953

), ap = —0.01 | 3.7144e — 6 | 2.1871e — 25 | 2.2845¢ — 113 | 4.5752
), ap = —0.01 | 3.7144e — 6 | 3.9924¢ — 27 | 7.0907¢ — 118 | 4.3279
), ap = —0.01 | 3.7144e — 6 | 1.9614¢ — 28 | 4.0581e — 124 | 4.2951

Example g3, initial guess wy = 1.3

XW (17) — (20), ap = —0.01 7.1877e —4 | 3.5313e — 17 | 1.1164e — 74 | 4.3204

OWM14 (2.4) — (2.7), ap = —0.01 | 0.7357e — 4 | 3.9816e — 17 | 1.8529¢ — 83 | 4.9998

16) — (18), oy = —0.01 1.5319e — 2 | 4.8667¢ — 10 | 2.6217e — 44 | 4.5743
16) — (19), ap = —0.01 1.5319e — 2 | 1.7723e — 10 | 1.6516e — 45 | 4.4174
16) — (20), ap = —0.01 1.5319e — 2| 1.7723e — 10 | 3.3034e — 45 | 4.3794
) — (18), ap = —0.01 7.1877e —4 | 7.3695e — 16 | 1.0978e¢ — 70 | 4.5729
) —(19), ap = —0.01 7.1877e —4 | 3.5313e — 17 | 5.5819e — 75 | 4.3430
) — (20)

(2.4) — (2.5), ap = —0.01 | 7.1305¢ — 4 | 7.3404e — 16 | 1.0912¢ — 70 | 4.5737
NC (2.4) — (2.6), ap = —0.01 | 7.1305¢ — 4 | 3.3934e — 17 | 4.6559¢ — 75 | 4.3431
(2.4) — (2.7), ap = —0.01 | 7.1305¢ — 4 | 3.3934¢ — 17 | 9.3119¢ — 75 | 4.3205
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TABLE 3. Numerical comparison of bi-parametric two-point with
memory scheme

Method |wy — 7] [wy — 7| lws — ‘ CcoC

Example ¢y, initial guess wy = —1.5
XWI (3.1) — (3.3), ap = Bo = 0.01 | 0.527¢ — 2 | 1.5696e — 11 | 2.0984e — 58 | 5.4952
XW1 (3.1) = (34), ap = Bo = 0.01 0.527¢ — 2 | 4.1038¢ — 12 | 3.1195¢ — 62 | 5.5000
XW1 (3.1) — (3.5), g = fp = 0.01 0.527e — 2 | 6.2388¢ — 12 | 8.6664e¢ — 64 | 5.8067
XW1 (3.1) — (3.6), ap = B = 0.01 0.527e — 2 | 2.6379% — 12 | 1.5543e — 68 | 6.0433
XW2 (3.2) — (3.3), ap = B = 0.01 0.527¢ — 2 | 1.5694e — 11 | 2.0977e — 58 | 5.4952
XW2 (3.2) — (34), ap = Bo = 0.01 0.527¢ — 2 | 4.1074e — 12 | 3.1303e — 62 | 5.5002
XW2 (3.2) — (3.5), ag = fp = 0.01 0.527e — 2 | 6.2364e — 12 | 8.6536e¢ — 64 | 5.8067
XW2 (3.2) — (3.6), g = fp = 0.01 0.527¢ — 2 | 2.6351le — 12 | 1.5360e — 68 | 6.0435
OWMBG (2.30) — (2.32), ap = By = 0.01 | 0.957¢ —2 | 1.086e — 12 | 3.0103¢ — 87 |5.9901

Example ¢, initial guess wy = 1.5
XW1 (3.1) — (3.3), ap = fp = 0.01 0.2261e — 3 | 3.1146e — 22 | 9.2151e — 116 | 5.2365
XW1 (3.1) — (3.4), ap = fp = 0.01 0.2261e — 3 | 1.0210e — 21 | 7.3405e¢ — 117 | 5.4852
XW1 (3.1) — (3.5), ap = B = 0.01 0.2261e — 3 | 1.7755e — 22 | 2.1424e — 124 | 5.6292
XW1 (3.1) — (3.6), ap = Bo = 0.01 0.2261e — 3 | 1.5437e — 22 | 2.7763e — 128 | 5.8211
XW2 (3.2) — (3.3), ap = B = 0.01 0.2261e — 3 | 3.1146e — 22 | 9.2152e — 116 | 5.2365
XW2 (3.2) — (3.4), ag = fp = 0.01 0.2261e — 3 | 1.0211e — 21 | 7.3412¢ — 117 | 5.4852
XW2 (3.2) — (3.5), ap = B = 0.01 0.2261e — 3 | 1.7755e — 22 | 2.1423e — 124 | 5.6292
XW2 (3.2) — (3.6), ap = B = 0.01 0.2261e — 3 | 1.5436e — 22 | 2.7762e¢ — 128 | 5.8210
OWMBG6 (2.30) — (2.32), ag = Bo = 0.01 | 0.1794e — 4 | 1.8535e — 29 | 4.8802¢ — 166 | 5.6942

Example g3, initial guess wo = 1.3
XWI1 (3.1) = (3.3), ag = fp = 0.2 0.1813e — 3 | 1.0922¢ — 23 | 5.2152e — 139 | 6.0000
XW1 (3.1) — (34), ag = 5y =0.2 0.1813e — 3 | 1.0922¢ — 23 | 5.2152¢ — 139 | 6.0000
XW1 (3.1) — (3.5), ag = B = 0.2 0.1813¢ — 3 | 1.0922¢ — 23 | 5.2152¢ — 139 | 6.0000
XW1 (3.1) = (3.6), ag = o = 0.2 0.1813e¢ — 3 | 1.0922¢ — 23 | 5.2152¢ — 139 | 6.0000
XW2 (3.2) — (3.3), ag = fp = 0.2 0.1830e — 3 | 1.1536e — 23 | 7.2406e — 139 | 5.9999
XW2 (3.2) — (34), ag = 5y = 0.2 0.1830e — 3 | 1.1536e — 23 | 7.2406e — 139 | 5.9999
XW2 (3.2) — (3.5), ag = Bp = 0.2 0.1830e — 3 | 1.1536e — 23 | 7.2406e — 139 | 5.9999
XW2 (3.2) — (3.6), ag = By = 0.2 0.1830e — 3 | 1.1536e — 23 | 7.2406e — 139 | 5.9999
OWMG6 (2.30) — (2.32), ag = o = 0.2 | 0.4008¢ — 4 | 2.114e — 28 | 4.5555¢ — 168 | 6.0000
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SOME ¢-ANALOGUES OF GRANVILLE AND SUN’S
CONGRUENCES

WELWEI QI

ABSTRACT. In this paper, we use g-binomial theorem to establish some new g-
analogues of Granville and Sun’s congruence:

p—1 k P _ V4
P
k=1

p

and

p—1 ( P p—1 k
et 114+ (@—1)P —aP (1—1z) _1>
DL S U= o),
k=1 & p p k=1 &
where z is a variable and p is an odd prime.

1. INTRODUCTION

In recent years, g-analogues of congruences involving harmonic numbers have been
widely studied by many authors. In 2004, Granville [1] showed that for any prime

p =9,
ik 1 —ap— (2 —1)
1.1 —
(1.1) Z:: ? ’
For any postive integer n, the g-integer is defined as

1_ n
[nlq = 1_qq =1l+q+q+-+qg" "

(mod p).

It is easy to see that lim, ,;[n], = n.
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Pan [3, (5.1)] showed that Granville [1] confirmed a conjecture of Skula: For any
prime p > 5,

ol —1\*  rloy
(1.2) <p> =, 1 = (mod p).
i

Pan [3, Theorem 5.1] established a g-analogue of (1.2) as follows:

Z;l 1q);

1+ Q,(2,9)°

q

= (- 1Q g0 -g - PV IO

where @, (2,¢q) = (q(g)iill.

The harmonic numbers are given by
"1
Hn:Z% and Hy=0.
A g-analogues of harmonic numbers H,, is given by

”L

The g-Pochhammer symbol is given by
(:q), = (1—2) (1 —xq)- (1 —2q""), (ziq)y=1.
The g-binomial coefficients are defined as

m - m = (q;q)(j (Z)Z)nk ifO<k<n,

k k
0, otherwise.

It is clear to see that lim,_,; mq = (Z)

In [4, Theorem 1], Shi and Pan showed that for prime p > 5,

1 _p-D(l-q -1 -9’ 2
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where z is a real number and p is an odd prime. Thus, it is easy to get the following
congruence:

1

(1.3) 2225<

14 (z—1P—a? 2lQ—2)-1
p k=1 k

D

) (mod p).

In [6, Theorem 2.1], Tauraso proved that if p is an odd prime, and a, b, d are integers
such that a,d > 0,b > 0 and ged(a, p)=1, then

S = (oS (5 7) - S (4 (3) mod vl

d
k=1 p =0 s=0 s

where

To E? (modp), r0€{0717"')p_1}7

Ee ()

k=0
The nth cyclotomic polynomial is given by

1<k<n
(n,k)=1

where ¢ denotes a primitive nth root of unity.
The first aim of the paper is to give two new g-analogues of (1.1).

Theorem 1.1. For any positive integer n and variable x, we have

@ _ 1= (q0)" = (qri@)n  (n—1)(1—q) (z" +1)
(Lay 3 L = B ' (mod @, (9))
and
(1.5)
sy q_k<xa q_l)k
2,
_1- ()"~ (19),  (g=D(@=1)
B (1], xz
+ x (n - 1) (1 - Q) (xn + 1) - QQS - Q) (1 - qu_n) (:E; q_1>n71 (mod (I)n(q))

Letting ¢ — 1 and n = p in Theorem 1.1, (1.4) and (1.5) will reduce to (1.1). So
(1.4) and (1.5) are g-analogues of (1.1).
When x = —q and n = p, we will see that Theorem 1.1 is a g-analogue of [3, (5.5)]:

or—1 1 b=l gi-1
————=->) — (mod p).
p ]2 J

The second aim of the paper is to examine two g-analogues of (1.3).
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Theorem 1.2. For any odd positive integer n and variable x, we have

St (a-D(-q) 1\ H (e mg ), 1
(1.6) e lc ( : [”]"> 5,

Lo (¢ 'z g )n) — (¢ '2)"

(mod ®,(q)),

and

(1.7) k=1

where to = 1 — W=UI=0) 4 D00

In particular, it is easy to see that (1.6) is a g-analogue of (1.2) when x = 2, and
(1.7) is a g-analogue of (1.2) when z = —q.

We will prove Theorems 1.1 and 1.2 in Sections 2 and 4. In addition, we establish
some generalizations of Theorems 1.1 and 1.2 in Sections 3 and 5.

2. PROOF OF THEOREM 1.1
Firstly, we need to build some lemmas.

Lemma 2.1. For any positive integer n and variable x, we have

a1 0 s o) o1
(21) W, & W lk ]

Proof. By [7, (1.1)], for any positive integer j and n
LAY 1
(2.2) S gt ] _ [’f‘ + ] .
k=j L] g J+1 q
Letting j =7 —1,n—n—2and ¢ — ¢! in (2.2) gives
n—2 r
N I S 11 _ i [”—_ 1] ‘
k=j—1 = My T g
By g-binomial theorem: for variable x, positive integer n

(23) =y _T.‘] e—a)

i=0 LY 14 j=0

0
Letting n — k and ¢ — ¢~! in (2.3), we have
-

(24) 1= : [k (-1)° ($§Q)iq(i§1)7ki.

-4
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Therefore, we have

nzz[k:]_ql :"_ [k,l]q;(—l)i (z;q); ll: g(3)-*
S 1) g (ST [
LT A1)
n—1 ; ing in—2 q_Zk k
- el S gl
N (0 (#9); (w1
=R [ i 1 .

As Shi and Pan [4, Theorem 1] mentioned, the following g-congruence lemma can
be proved by the same method. We replace p with n and [p] with ®,(q) in the proof
of [4, Theorem 1].

Lemma 2.2. For any positive integer n, we have

(25) ::1 [k:l]q _(n— 1)2(1 —q) , (1) (214— Dl od @, (0)%).

Lemma 2.3. For any positive integer n and variable x, we have

(2.6) :Z_l = L= ‘”n[;]q(f;q% b DEZD od a,g).

Proof. Note that

(27) [”*] (i (T (1—[{;]]")z<—1>iq<i?> (mod @, (q)).

] i
Jj=

and
n—1 M _ n—1 qn(n—l)/Q—nk—l-k:(x;q)k
k=1 [k]q B k=1 [k]q
=L nf(—l)k m g 4G (a; g),
2.8) [n]q kj k q
B _[nl]q = (—1)F m ("2 (@; q)1
1 n

q
With the help of (2.1) and (2.7), we have
-1 T n

2.9) b L (m9), N
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Since
¢"=1-(1-q")
=1-(1—¢") (1+ "+ ¢+ +¢")
=1-t(1—¢")  (mod ®,(q)*),
we have
(2.10) (=1 =D A=d) L (?),

2
Combining (2.8), (2.9) and (2.10), we get Lemma 2.3.

Lemma 2.4. For any positive integer n and variable x, we have

“(r g, — 1 ! (—qx)k k1 n—1
211 SR Y - (s )—”’“[ 1 .
. T W & W e,
Proof. The g-binomial theorem [2, (3.3.6)]: For variable z, positive integer n,
212 ), =317 o
=0 q
letting ¢ — ¢! in (2.12), we have
(213) (r1q7) = Y2(-1)g(E) m
1=0 q
Using (2.2) and (2 13), we get
— ) —1 ol K |k (751 =ik
(_:E)l ] q 9 (2
z:: klg k=1 [klq ; tlg
n—1 1 i

I
—
|
8
~
<
Q
-
v+
il
~—
3
I
()
J
ol
—
oy
",
<

-
Il
P
e
I|
=
—_—
>
S
Q

3
|

I
—~
|
8
~
(=)
—
+
N2
— |
e
=)
| — |
o~
| ==
—_
| I
=]

S
[
-
|
e
: |
~
|
—

-

Il

—_

—_—
.

s

<

Next we will proof (1.4).
By (2.11) we have

n—1

e, S e oy [” - 1] L

k=1 [k]q k=1 [k]q
Using (2.7), we get
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where we have used the fact that ¢*" = 1 (mod ®,(q)). Finally, use (2.5) and (2.6),
letting * — ¢z in (2.6), we have

= (g, _1=(gn)" = (g7;¢9)n  (n—=1)(1—¢q) (2" +1) -
kz::l [kKlg nl, * 9 (mod @, (q))-

Next we will give the proof of (1.5).
Let

M (k,z,q) = Ak
For k£ > 1, it is easy to check that
(2.14) (1= )M (k,z,q) = (1= ¢"") (1= 2¢" %) M (k= 1,2,q).

Summing both sides of (2.14) over k from 1 to n — 1, we have

n—1 n—1

S (=g )M (k2,9) =3 (1 =) (1= 2" ™) M (k= 1,2,q).
k=1 k=1
Then
S (- ) M (b rg) = 5 (1= ) (1= 0qg9)M (k2 0).
k=0 k=0

After simplifying, we get

(2.15)
(e, S @e), -9 —2¢" ) (@g e — (@ = 1)(g - 1)
W, & W, ; |

1
Finally, combining (1.4), we get (1.5).
So we complete the proof of Theorem 1.1.

3. COROLLARY 1

Corollary 3.1. For any positive integer n and variable x, we have

(3.1)

> ffjM =q¢'" " (1 - (zq;q)n) — q(z" — 1)

1<k<j<n-—1 [Kq
2¢ (1 — z¢' ™) (z; ¢! —x (¢t — "+1)(n—1)—2
L2 =2 @)y, — 2l q) ( )(n—1) —2q (mod @,(q)).
2x
When ¢ — 1, z = 2 and n = p, the corollary reduce to the following congruence:
n—1 k J
-1
Sy — o0) mod )
k=1j=1 J

where ¢, (2) = 2o
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Proof. Note that

O R ¢ _ 5 (@ig ”i -
1<k<j<n—1 [K]q = e =
o (ag g g
B k=1 k] l—qgt
_q ”i G P B = G )
-1 [kl (¢— Vg (= [kl
Then combining Theorem 1.1, we get (3.1). O

Corollary 3.2. For any positive integer n, and variable x, we have
k@i )y _2¢" ((@5¢ D =D+ 2@" +1)(n = (1 - ¢")

2 T, %

1<k<j<n—1
—(2q;q)n — q(x3¢ N1 —¢" (" = 1)+ 1 (mod ®,(q)?).

When ¢ — 1, z = 2 and n = p, the corollary reduce to the following congruence:

Sy s @4 g@P (mod )
k=1j=1 J
Proof.
Z qj—k (z; q_l)k _ = (; q_l)k nz_:l ¢
| <kS52n1 [K]q o ke =
e @), -
- k=1 [k]q ' 1- q
IS " "i ¢ " (g )y

_ 3 (g ) 4

1 - q k=1 [k]q I q k=1 [k]q
Combining (1.4) and (2.15), we get Corollary 3.2, where we have used the fact that
¢" =1 (mod ®,(q)), so the result can modulo ®@,,(q)?. O

4. PROOF OF THEOREM 1.2
In order to prove Theorem 1.2, we need the following lemma.

Lemma 4.1. For any positive integer n, variable x, we have

n n ngk :Bk o ’5 & M
(4.1) k;(—l)qu( )[;{;]q_q( ),;1 [Klq

and

(4.2) i(_m mq("f) (@ _ (3) f:
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Proof. The g-binomial coefficients satisfy the following recurrence relation:
nl  gln—1 n n—1
k-0 k k—1]
q q q
It is easy to see that

(4.3) A5 = &) (5

So, we have

Z ‘“mq“’“) i,
(4.4) an

T T

By induction and using (2.13), (4.3) and , we have

S (1 H ’f)i

k=1

(4.4
¢ 12 [”k ] ) ?n]q«x;ql)n—l)
G )Z (ziq i =

[K]q
Using (2.4), and (4.3), we have

(4.5 (B =3 (a1
So, we have

(4.6) znj(—nk m (2" <$];€§1>k

S (o 2 o
S VS i P PR S S LR
By induction and using (4.5) and (4.6), we have
e i N T
L |
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Next we will proof Theorem 1.2.
For any odd positive integer n, variable z, we have

~—
<
3
|
_
=
)
=
~
- (]
3
-~
—~
8
=
~—

[n]q i=1 ¢ mq
3) & (z;¢71); —1 "
g ¢ )i—1
W e @ e
) (St @a =1, (g )a—1) o
__q ’q 7 7q n o
=, <Z @ [ ) P
IO 0 ek WA L (e G210 D e SRS
(] i=1 [i]q [”]2 " ‘

In the first step we need n to be an odd positive integer, otherwise it doesn’t work,
where in the third step we used (4.1).
Obviously, we have,

¢ =1—(1=q") (1+q"+ "+ + ")

- (1—g") <t _ e 1)2(1 - qn)> (mod @, (g)%).

Note that

1—q") N (n—1)(n—3)(1— qn)Q (mod CDn((])g)a

n) (n—1)
48) G =1- 5

N[ —~

where we let ty = 1 — = 1);1 ) 4 (o 1)(n—83)(1—q")2. Then, letting  — ¢ 'z in (4.7)
and combining (2.10), (4.7) and (4.8), we get(1.6).
Furthermore,
n—1 4

gl
(4.9) . oo
_ g Za: -1 (x:¢)n
(1], i=1 (] [n]g
¢Bntai -1 gl (1—am) — (a59)

(mOd qDﬂ(Q)):
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where in the third step we have used (4.2). Combining (2.10), (4.8) and (4.9), we get
(1.7).

5. COROLLARY 2

Corollary 5.1. For any odd positive integer n and variable x, we have

(5.1)
Wl b 11— (@g) | a"(n- D -q)\
2 [, = T, ‘2( W, 2 )
to(L— (¢ 2% ¢ Y),) — (¢ 12?)"
2[n]2
(1 (=D -\ = (@ g, o
(m 1 )Z i, mod @n(a)

I i Tk n—1 k n—1 7
j=1 Ule iz ke i=1 [Flg j=k [i]q
n—1 l’k n—1 I k xj l’k
= Z = . Z oy
= kg j=1 g j=1 Ule (Kl
_nfl l’k n—1 I n—1 {Ek i I +n71 $2k
iz [klq =) Ule iz (Kl j=1 Ul i[RI
Then,
n—1 _j J .k n—1 ,_k\ 2 n—1 2k
(5.2) Ll I:1< fff) R S
j=1 [J]q k=1 [ ]q 2 k=1 [ ]q 2 k=1 [k]q

(5.3) k=1 [k]g 2 [n]q k=1 [k]q
' (5)(1 ~1,2. 1 —1,.2\n
I Ul U 4 J) =) od @, (q)
[n]3
Then combining (2.6), (2.10), (4.8), (5.2) and (5.3), we get Corollary 5.1. O
For example, let x = —1. We see that for any odd positive integer n,

J

(-1 i
=020+ =11 -a)

(n* = 1)(1—q)°
* 12

n—1 1)k k

(54) > o

7=1

(mod @, (q)),
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where Q,,(2,q) = E40ua=l The cage n = p>5in (5.4) is Theorem 1.4 in [8].

[nlq

We replace « with —1 in (5.2), and obtain

n—1 (_1)3' J (_1)k_1 n—1 (_1)k 2 }n_li
(5:5) T = T, ‘2(2 m) NPT

Jj= k=1 k=1 q

As Shi and Pan [4, (5)] mentioned, the following ¢-congruence can be proved by the
same method. We replace p with n and [p] with ®,,(¢) in the proof of [4, (5)]:

w1 _ (-1)n-50-4q7
(5.6) 2 =— D (mod ®,(q)).

Meanwhile, as B. He [8, (1.7)] mentioned, We replace p with n and [p] with ®,(¢) in
the proof of [8, (1.7)]:

(5.7) :z:: (E{jj = _2Q"<27q) _ (TZ — 1)2(1 - Q) (rnod q)n<q>>.

Finally, combining (5.5), (5.6) and (5.7), we get (5.4). Meanwhile, let z = —1 in (5.1),
we also can simplify to get (5.4), so we omit this part. We replace n with p and ®,,(¢q)
with [p], in (5.4). This consequence will be [8, Theorem 1.4].

Corollary 5.2. For any odd positive integer n and variable x,

(5.8)
Z qjxk :to (1 _ (q—lx; q—l)n) _ (q_l.’ll')n B n—1 Lk
1<k<j<n—1 [k]ﬁ [n]q k:1[ lq
2—(n—11—-¢") (¢ 'z qgh), —1
k=1 q
Proof. Note that
qj$k n—1 J,’k n—1
L GE T Ema
1<k<j<n—1 [ ]q pucil ]q j=k
n—1 ka 1— qn 1 — qk
Ei )
kz::l kg \1-q¢ 1-g¢q

Finally, combining (1.6) and (5.9), we get the desired result. O
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For example, when x = 1, z = ¢*, = (—=1)* in (5.8), we will get

S i L _ (=1)-¢g @=1D®r=3)1=0q’Mn, (mod ®,(q)?),

(n-1)1~-q)
2

- (Qn<2a 0)*+3Qu(2,9(1 —q) +

(n+7)n -1 -q)?
12

) iy (mod ®,(q)?),

where n is an odd positive integer.
As B. He [8, Theorem 1.2] mentioned, we replace p with n and [p] with ®,,(¢) in
the proof of [8, Theorem 1.2]:

(5.13)

SRR AL L

# (@2 s Qa0 - o+ D)l o @,(0)

and
sy S CY = a0, oa-g+ TR g, (),

Furthermor_e, note that

n—1 L n—1 1— q + q B . n—1 Lk
(5.15) EZI i, g::l i, =(l-q)(n—1)+ 2L
and
n—1 n—1 1 n—1 qk

510 Yw 0TS, e

Then combining (2.6), (5. ),( 9), (5.13), (5.14), (5.15) and (5.16), it is not difficult
for us to get (5.10), (5.11) and (5.12). Meanwhile, letting + = 1, z = gand z = —1 in
(5.8), we also can simplify to get (5.10), (5.11) and (5.12), so we omit this part. We
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replace n with p and ®,,(¢) with [p], in (5.10), (5.11) and (5.12). These consequences
will be [8, (1.3)], [8, (1.4)] and [8, Theorem 1.3].
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ON DOUBLE ¢-LAPLACE TRANSFORM AND APPLICATIONS
P. NJIONOU SADJANG! AND S. MBOUTNGAM?

ABSTRACT. We introduce four g-analogues of the double Laplace transform and
prove some of their main properties. Next we show how they can be used to solve
some g-functional equations and partial g-differential equations.

1. INTRODUCTION

The classical Laplace transform of a function f is given by

(1.1) C{F(E)}(s) = [ e f(O)dt, s—a+ibeC,
and plays a fundamental role in pure and applied analysis. Laplace transform has
been studied very extensively and has found to have a wide variety of applications in
mathematical, physical, statistical, and engineering sciences and also in other sciences.
There is a very extensive literature available of the Laplace transform of a function
f(t) of one variable t and its applications (see for example Churchill [9], Schiff [21],
Debnath and Bhatta [10] and the references therein).

The double Laplace transform of a function f(z,y) of two variables was first in-
troduced in 1939 by Berstein in his dissertation [5] (later pubished as an article [6])
as

(1.2 Lalflep)rs) = [ [ pagetrduay,

Key words and phrases. g-calculus, ¢g-Laplace transform, double g-Laplace transform, partial ¢-
difference equations.
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where x and y are two positive numbers, r and s are complex numbers. Very recently,
several interesting properties and applications of the double Laplace transform to
functional, integral and partial differential equations have been studied in [11].

The development of g-analysis started in the 1740s, when Euler initiated the theory
of partitions, also called additive analytic number theory. Euler always wrote in Latin
and his collected works were published only at the beginning of the 1800s, under the
legendary Jacobi. In 1829 Jacobi presented his triple product identity (sometimes
called the Gauss-Jacobi triple product identity), and his 6 and elliptic functions, which
in principle are equivalent to g-analysis. The progress of g-calculus continued under
C. F. Gauss (1777-1855), who in 1812 invented the hypergeometric series and their
contiguity relations. Gauss would later invent the ¢-binomial coefficients and prove
an identity for them, which forms the basis for g-analysis.

The theory of g-analysis have been applied in recent past in many areas of mathemat-
ics and physics like ordinary fractional calculus, optimal control problems, quantum
calculus, g-transform analysis and in finding solutions of the ¢-difference and g-integral
equations. In 1910, Jackson [15] presented a precise definition of the so-called the
g-Jackson integral and developed g-calculus in a systematic way.

In order to deal with ¢-difference equations, ¢-versions of the classical Laplace
transform have been consecutively introduced in the literature. Studies of g-versions
of Laplace transform go back to Hahn [14]. Abdi [1-3] published also many results in
this domain. In a recent paper [8] two very interesting versions of ¢-Laplace transform
are introduced as follows

(13 LU0V = [ E-asf@d. s>0,
for the first kind and

+o0
(1.4) L)) = [ el(—sf (gt s> 0.

for the second kind. Note that both (1.3) and (1.4) generalize (1.1). We will frequently
use some properties of (1.3) and (1.4) and will refer the reader to the paper [8] for
more details.

In this paper, we introduce four kinds of double ¢-Laplace transforms and prove
their main properties. Next, applications are done to solve some classical partial ¢-
differential equations that appear in the litterature. The double ¢-Laplace transform
introduced here are clearly generalization of the one given in [5].

2. BASiCc DEFINITIONS AND MISCELLANEOUS RESULTS

2.1. g-number, ¢-factorial, ¢-binomial, ¢-power, ¢g-addition. For any complex
number a, the basic or g-number is defined by

1—q®
= , qF L

1—g¢q

lal,
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For any non negative integer n, the ¢-factorial is defined by

n

[n],! = [n]y[n — 1]y [1], = H[k]qv neN, [0!=1,

k=1
and the g-pochhammer is defined as
n—1
(@:9)0=1, (6;9)n= ][00 —ad"), neN
k=0

The limit, lim, 1 (a; q), is denoted by (a; ¢)o, provided that |g| < 1. Then,

oy (@9
(@ 0)n = (ag™; q)oo

and for any complex number «, this definition can be extended by

, neNy, g <1,

(a;q)a = ((a;q)oo el <1,

aq®; q)oo
where the principal value of ¢® is taken.
The g-binomial coefficients are defined by

n| _ [n],! _ (¢ @n n
[k L TR @@ s k<n.

k n—=~k
The g-power basis is defined by

It is worth noting that [n] = [ " ] .
q q

(x@y)gz{ gf_y)(x—y@'“(ﬂf—yq”‘l), ;”:52

In the same line we introduce the following notation

n r+y)(z+yq) - (x+yq™ ), n=12,...,
(ﬁ@y%—{g’ y)( y) ( Y ) 0

It is not difficult to proved that (see [19])

(J} D y)f; = zn: [Z ] q(ngk)xk‘yn—k.
k=0 q

In [22], Schork has studied Ward’s "Calculus of Sequences” and introduced a g-addition
T ®qy by

n

(z@y)" =) [Z]qw’“y""“,

k=0
and although this ¢g-addition was already known to Jackson, it was generalized later
on by Ward and Al-Salam. For more information about different g-additions, see e.g.
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[13]. Similarly the g-subtraction can be defined in the same way by [16]

2.1 o =3 || v = @ o

k=0

Al-Salam introduced in [4] the following g-coaddition

n

n n —n n—
(x B, y)" = Z [ i ] qk(k )Jzky k.
k=0 q

We introduce the following g-cosubtraction [13, p. 233]

(28, )" = (z 8, (=y))" = i [Z] ¢k (—y) .
k=0 q

2.2. The g-derivative and the g-integral. The ¢-derivative operator is defined by
[17,18]

fz) — flgz)
D,f(z) = ———+—2,

satisfying the important product rule

Do(f(x)g(x)) = f(x)Dag(x) + g(qz) Dy f ().
In this sense, note that when we deal with functions f(z1, s, ..., x,) of more than one
variable, we denote D, f by D, ., f or a?; f to make clear that the derivative is taken
with respect to the variable x;. For the case of two variables x and y for example, the
g-partial derivative with respect to z is given by [20]

f(x,y) — flqz,y)
(1-qz

x #0,

Dq,ﬂﬂf(xvy): x # 0,

and
Dq,xf(x> y)‘
The ¢-integral operator is defined by [17,18]

= }}1_% Dq,xf(xa y)

=0

[ =200 X s

This definition can be established based on a simple geometric series.
Note that for a < b two real numbers, one has

[ i@ = [ sy~ [ @y

and the ¢g-integration by part is
b

b
| F@)Dig(@)da = £(b)g(0) = Fla)gla) = [ glg2)D,f (@)dyr.
Note that in this ¢-integration by part, b = +oo is allowed as well [17].
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2.3. The ¢-hypergeometric, the g-exponential and ¢-trigonometric functions.
The basic hypergeometric or g-hypergeometric function ,¢, is defined by the series

b <a17"'7a7“ ¢ Z> — Jio (ala...,ar;Q)k ((_l)kq(g))l+sr 2"

bl,---7b5 k=0 (b17"'7b8;q)k (Q7Q)k’

where
(ar,...,a. )k = (a1;Q)k - (ar; @,

The usual exponential function may have two different natural g-extensions, denoted
by e,(z) and E,(z), which are defined, respectively, by

0 +oo n
eq(2) == 190 <_ q; (1 — q)Z) => [i], 0<lql <1,z <1,
n=0 q:
and "
_ +o0 g
Ey(2) == oo <_ q,—(1— Q)Z> =Y Eiz]'z", 0<|q <1.
n=0 q-

It is worth noting that e,(z) and E,(z) are linked by the well known relation
eq(2)Ey(—2) =1

They fulfil the g-defivative rules

D,e,(Ax) = Aey(Ax),

D,E,(Ax) = AE,(Aqx).
It is not difficult to see that [4,8,13]
(2.2) eq(x)eq(t) = ey(x B, y), forall z,y e C,
and

E,(x)E,(t) = E,(xB,y), forall z,ye C.

From these definitions of the g-exponential functions, we derive the following ¢-
trigonometric functions [8,17]

eqiz) +eq(—iz) Jio (—1)mz?
2 = [2n]! 7
+oo (_1)nz2n+1

sing(2) = eq(iz) — eq(—iz2) _ Z

cosy(2) =

Y

2i = [2n+ 1],
B (i2) + B (—iz) 2 (=1)7¢(%) )
Cosy(2) = ol )+2 il >=nz:‘;< [12)71]({1' z",
L By(iz) = By(—iz) (1))
Sin,(z) = 5 = ;Wz i
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and the hyperbolic ¢g-trigonometric functions
eq(2) +eg(—2) _ X 2"

cosh,(2) = “E— _ ;::0 o
sinh, () — “1t%) _2%(_2) _ :Z;; [222:1][;
cwm@%:@uij—@zézgzﬁ%
Smm@>=E“”‘j%“%):§§gff3A2“1

2.4. The ¢-Gamma functions. The ¢-Gamma function of the first kind [17] is
defined for 0 < g < 1 as

L,(t) = /0+Oo " E,(—qx)d,x, t> 0.
It satisfies the fundamental relation
L (t+1)=[t],Iy(t), t>0.
Since for any non-negative integer n
Ly(n+1)=[n],

it is clear that the ¢-Gamma function is a generalization of the ¢-factorial.
The ¢-Gamma function of the second kind [8,12] is definded by

—+oco
7,(t) = /o ' e, (—x)dyw, t>0,
and satisfied

n

YD) =1, 7t +1) = ¢ ta®), vn) =¢ GT,mn), neN.

3. DOUBLE ¢-LAPLACE TRANSFORM OF THE FIRST KIND

Based on definitions (1.2) and (1.3) we define the double ¢-Laplace transform of
the first kind as

(3.1) ng[f(x,y)](r, s) = /O+OO/O+OOf(x,y)Eq(—qm")Eq(—qsy)dqxdqy, r,s > 0.
Note that if f(x,y) = g( )h(y), then
(3.2) LENF @ ))(r,s) = Lo{g(@) () Lo{h(y) }(s).

In particular, if h(y) = 1 or g(z) = 1, then (3.2) reads

(3.3) S 5) = L) LA} 6) = Ly {7 )} (5)
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and

1
(3.4) LEMF(@))(r, 8) = Lo{g(@)}(r)Ly{1}(s) = SLalg(@)}(r).
Proposition 3.1. For any two complex numbers o and (3, we have

Lo {af(e,9) + Bg(w,y)} = aLiglflw, )} + BLag{o(w. 1)}
Proof. The proof follows from (3.1). O

In what follows, we give some examples. From (3.1), we note that:

+0o0 +oo
M1}, s) / / —qrz)Ey(—qsy)dgrdyy

= (/0 q(—qrx)dqx> </0+00Eq(—q3y)dqy>

= </0 xEq(—qrx)dqx> (A+waq(—q3?J)dqy>
1

and

(1){1 + dzy}(r,s) = 5}3{1}(7”, s) + 4L§21{13y}(7”, s) = ; + (rs)?’

We recall the following important relation [17],

(3.5) T flanydgr = [ @)

0

where « is a non zero complex number and f is a one variable function.

Now we state the scaling theorem for ng.

Theorem 3.1. Let a and b be two non zero complex numbers, f a two variable
function, then the following formula applz'es

(36 ST (ar, b)) = LS} (5.5).

Proof. Using relation (3.5), we have

+o0 +oo
m{f(ax by)}(r,s) / / (ax,by)Ey(—qra)E(—qsy)d,xd,y

= /0 o ( O+°Of (az, by>Eq<—qm)dqx> Eq(—qsy)dgy
— Cll/oﬂo (/0+Oof(:c,by)Eq (_qxg) dqx) E,(—qsy)dyy
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= 1/0+Oo (/Omf(x, by)Eq(—qsy)dqy) E, (—QSCD dqx

a

1 ptoo / pHo0 s r

= %/O (/O flz,y)E, (—qyb) dqy> E, (—qxa) dgw
1 oo p4o0 T S

= %/0 ; f(z,y)E, <—qxa> E, (—qyb) dexdyy,

and the proof of the theorem is completed. 0

Theorem 3.2. For a > —1, 8 > —1, we have the following

N Cla+1) T,(6+1)
Lglg{m Y} s) = qra+1 ' q36+1 :

In particular, fora =n € N and f =m € N, we get

LSy} (r, s) = ﬁ

Proof. The proof follows from the relation L, {t*}(s) = % (see [8]) and the
obvious equation

Lo{xy Y, 8) = Lo{a"}(r) x Lo{y}(s). O
Let us take for example oo = —% and g = % Then we see that
1 Y 1 1 1 3 1
e (1) 9 = Lol o) x L(wh b = 14 (5) 14 (5) 57
and for a = —% and § = —% we have

o) () 9 = Late ) x Ll D0 = [0 (3)]

Proposition 3.2. Let a and b be two real numbers. Then we have:

(3.7) £80 (az @, by)"}(r, 5) = br[n_]q(‘w ((i)m i <i)n+l) .

Proof. Combining the scaling property (see equation (3.6)) and (2.2) we have

59 (ax @, by)"}(rr5) = 3 m £ {(ax) (b)) (1. )

k=0 q

Lsm || o f oy (7“ S>
= — L n —. —

abkz:%[k]q 2}q{:17y } a’'b

R I P i P e P
= @kz::() [kL kiign ki1 @0
O s
~ab \r/ \s o \rb
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B [n],! 9 n+l (a>n+1
br—as \ \s r '
This ends the proof of the proposition. ([l

Theorem 3.3. Let a and b be two complex numbers, then

(1) eqlaxr r,Ss :;
chenlar @, )} ) = e

Proof. Using the definition of the g-addition (2.1), and Proposition 3.2 we have

b n
Lglé{eq(a:v @, by) }(r, s) Z Lgl {cm[és]q‘y)} (r,s)
4

Sl (G

B 1 ( s T )
Cbr—as\s—b r—a

1
Tr-a-h) g

Note also that this result can be obtained using equations (2.2), (3.2) and the fact
that (see [8]):

(3.8) Ly(eq(az))(s) =

r > Re(a),s > Re (b).

1

s—a

Proposition 3.3. The following formulas apply

(1) B rs —ab
(39) 'CQ,q{COSq(a’x EB(I by)}<r7 8) - <T2 + a2)(32 + b2)7
. +b
(3.10) £ {sing (az @g by)}(r,s) = —— o

(r2 +a?)(s2 + b?)’
Proof. We indicate two proofs of these equations. First we can use the relations (see
[16])
o8y (T Bq y) = cosy(z) cos,(y) — sing(x) sing(y),
sing(z @B, y) = sing () cos,(y) + cos,(z) sin,(y),
together with the equations (3.2) and (3.8).

For the second proof, we remark first that for any complex number A\, we have
es(AMx By v)) = eg(Ax B, Ay), to write

cos,(ax @, by) = ; (eq(i(ax ©g by)) + eq(—i(azx B4 by)))
1

5 (eq((aiz @, biy)) + e4((—aiz ©4 —biy))),
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sing(az B, by) = = (eq(i(az By by)) — eq(—ilaz B, by))

2
1 : : : ‘
=9 (eq((aiz ®q biy)) — eq((—aiz &y —biy))) .
Hence, using the linearity of Lg};, and equation (3.3), it follows that
1 1 1
o8 b =
241008 (7 ©q by) } (7, 5) 2 { (r —ai)(s — bi) + (r 4+ ai)(s + ib) }
B rs —ab
(24 a?)(s2+b2)
This proves again (3.9). (3.10) follows in the same way. O

Proposition 3.4. The following equations apply
cosh,(z @, y) = coshy(x) cosh,(y) + sinh,(z) sinh,(y),
sinh,(z @, y) = coshy(x) sinh,(y) + sinh,(z) cosh,(y).
Proof. The proof uses the definitions of the involved functions. O

Proposition 3.5. The following formulas apply

) B rs 4+ ab
(3.11) L3 q{coshg(az ©q by)}(r, s) = (r2 — a?)(s2 — b?)’
(3.12) ng{sinhq(ax Dq by) }(r,8) = et

= (2 )
Proof. The proof follows from Proposition 3.4, equations (3.2) and (3.8). It can also
be done using the fact that

£ {coshy(az @, by)} (r,5) = 2650 {(eqaz By by) + eg(—az @, —by))} (1, )

2"
1 1 1
- 2{(r—a)(s—b) * (r—l—a)(s—f—b)}
rs + ab
GG
which proves (3.11). (3.12) can be obtained in a similar way. O

Theorem 3.4. Let f be a one wvariable function that has a q-Laplace transform.
Assume that f has the q-Taylor expansion

(@)=
fl@) =) ant=,

n=0 [n]q'
then the following relation holds:

1 1 r s
313 £lrer, im0 = o (L] () - lre)] (5)),
where o, B # 0 and as — Br # 0.
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Proof. We have the following

flax @, By) = f 0\ GB]qu) = io (Zn: lZ] (Ozﬂf)k(ﬁy)”_k) a"‘-

n=0 \k=0

Hence, it follows that

ISERS aF k)18 Fn — k]! a
streannn oo - 5 (£ [1] ) o

400 n k/@)n k:

- Z Z ’I“k+18n+1 k

n=0 k=0

B 1 +00 a\n+l T B n+l
a O{S—ﬁ’r (T;)an (T) _T;)an (T) )

o (b (2) - ] (3))

This ends the proof of the theorem. O

The next two theorems provide formulas for the double ¢g-Laplace transform of the
partial g-derivative and the partial ¢g-derivatives of the double g-Laplace transform.
These results are of great importance in the resolution of partial ¢-differential equations
as we will see in Section 5.

Theorem 3.5. The following equations hold true

(3.14) _

o0 |5 @) (r.9) =rtf) @) (r.9) = Ly [FO.0) (),
(3.15) ]

W [%f e _

£ | 52 )| (1 5) =588 7o) () = Ly £ 0)] ).
(3.16) '

L(l) agf ] o L(l) L(l) 0
2.4 3qx8qy(x’y)_ (r,s) =rsLy [ [f(x,y)] (r,;s) — 7Ly o [f(2,0)] (r)
— L5 [£(0.9)] (s) + £(0,0),
g f

02 |
oy [8552@,@/) (r.5) =5, [f (2. 9)] (r, ) = vy [F0.9)] () — Lq [&] (0, y>] (5),

82 |
L5, [ o L (@) (r5) =s2280) (1) (. 5) — 980 [£ (2. 0) () — L, [gggm,m] (7).

Proof. From (3.1 ), and the formula of g-integration by parts, we have

(1) (lf o [tee +ooaqif B B
L2 l@qx(“%y)] (r,8) = /0 /0 o (D W Eal—are) By(—asy)dyrdyy
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— /+OO ( +Oog i(m y)E,(— qm:)dqx> Ey(—qsy)dgy

— /+°° < f(0,y) + r/+°°f($,y)Eq(—qrx)dqx> E (—qry)dyy

= =Ly [£(0,9)] (s) + Ly [f (2, 9)] (1, 5).
Hence (3.14) is proved. The proof of (3.16) uses (3.14), (3.15) and the fact that (see
[16])

L, [Zi( o>] (1) = 1Ly [z, 0] (r) — £(0,0).

The rest of the theorem in proved in the same way. U

The following theorem, which is obtained by induction from the previous one, is
now stated without proof.

Theorem 3.6 (Double Laplace transform of the Partial g-derivative). The following
equations are valid, where n is a non-negative integer,

8 [ o] () = 2 U ) = 528, [ 0] 0,
) [ )| () = £ 1 () = 52 5y [ 0] 0

Remark 3.1. Note that the expression
" f . o
Ly g 0.0 9 =, ¢ zsl“ (0,0
"

is given in [16].

Theorem 3.7 (Partial g-derivative of the double Laplace transform). The following
relation is valid

(3.17)
L8[y (2, )] (r,5) = (—1)m+nq(’§)+(3)W5g2 [F@)] (a™ra7s).

Proof. We recall the relation (see [16, Theorem 2.4])
an
Ly [ f(2)] () = (—1)"q(%) gkl M(as).
from which we have:
Lhgla™y" f(a,y)] (r,s)

+oo p+oo
/ / M F (2, y) By(—rqw) Ey(—sqy)dgadyy

_/*‘” (/ ) f(x,y)Eq(—rqx)dqx> Bol—o)day

aern
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:/O+°°y ((—1) q(% );;”m /0+°° f(w,y)Eq(_qmrqx)dqa:) Eq(—sqy)dqy

—(-1)"q(% )aajm /+Oo ((—1) G )aazn /+OO f(x,y)Eq(—q‘”sqy)dqy> Ey(=q "rqx)dgx

min (T)+()_ g e e n o
=(—1)"""g\2/ T2 % sna rm/ f(@,y)Eq(—q "rqw) Eq(—q~ " sqy)dqzdgy
m n 8m+n
:(—1)m+”q(2)+(2)Wng [f(z,y)] (g ™r,q"s).
This proves the theorem. 0J

We summarize the previous results in Table 1.

TABLE 1. Some Laplace of the First Kind.

Originals Transforms
N Fla+1) T,(B+1)
zy” (o, 8> —1) qra+1 ' qsﬁﬂ

(az @, by)" T (@H B (i>+l>
1

eq(ax B, by) r > Re(a), s > Re(b)

(r—a)(s—1b)’
rs —ab
cosy(az Bq by) (12 + a?)(s2 + ?)
‘ as + br
smq(a:c Dyq by) (r2 + a?)(s? + b?)
rs+ ab
coshy(ax @, by) (r2 — a?)(s% — b2)
as + br

sinh, (azx &, by)

(" =) =)

4. DOUBLE ¢-LAPLACE TRANSFORM OF THE SECOND KIND

The double ¢-Laplace transform of the second kind is defined as
@) L) = [ [ e —raen(—sp)dgadgy, 1.5 >0
Note that if f(x,y) = g(z)h(y), then
(4.2) L33 F @, w)](r, ) = Lo{g(2)}r) Lo {h(v)}(5).
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In particular, if h(y) = 1, or g(z) = 1, then (3.2) reads
)

(143) S 05) = L1} E L W}6) = - £, ()}
and
(4.4) LENF@))(r,5) = Lo{g(2)} ()L {1}(s) = iﬁq{g(l‘)}(ﬂ

Proposition 4.1. For any two complex numbers o and (3, we have

£33 {f (@,y) + Bo(w,v)} = aLi3{f(,9)} + BLEHa(w, )}
Proof. The proof follows from (4.1). O

Theorem 4.1. Let a and b be two non zero complex numbers, f a two variable
function, then the following formula applies

2 1 r s
O lar,by)Hrs) = L5 fo} (.5)).

Proof. Using relation (3.5), we have

ng{f(ax’ by)}(r, s) = /OJFOO/OJFOOJC(WE’ by)eq(—rz)eq(—sy)d,zdyy

= [ ow eg(—ra)dge ) eo(—sp)day

= 611/0+00 (/;oof(l"a by)eq (_$2> dqx) eq(—sy)dqy
= i/om (/Omf(:ﬂ, by)eq(—swdqy) €q <—IZ> dg
= alb/OJroo </O+Oof(x, Y)e, (—yZ) dqy> ey (—:vZ) dqx

1 ptoo ptoo T s
=aih f e (=g) e (<up) s

and the proof of the theorem is completed. O

Theorem 4.2. For a > —1, 8 > —1, we have the following

2 a Yela+1) %(B+1)
Lg,;{x Y} (rys) = qm+1 ' q55+1 :

In particular, fora =n € N and 5 =m € N, we get

[m],!
m;rl)

nl !
L& ("} (r, ) = — s

NG TR CR

Proof. The proof follows from the relation £,{t*}(s) = qu(j‘qu) (see [8]) and the
obvious equation

Loy} (1, 5) = Lo Hr) x Lo{y}s). O
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Theorem 4.3. Let a and b be two complex numbers, then the following relation holds

n+1

5523 {(ax B, by)"} (r, s) = M <<b>”+1 - (a>n+1) |

br — as s r

Proof. From the definitions of the g-coaddition and the double ¢-Laplace transform
of second kind, we have
e an ) ) = | ] ) (@) (b)) (7, 5)

0

i{ |l et

k=0 q(kg )Tk+1 q( 2 )Sn—k—f—l
RS RIORE z”: (as>k
N rsntl br

g Uyt (br)™ ! — (as)™!
rs”“(b m br — as

s (&) -07)

The theorem is then proved. 0

Eod

Theorem 4.4. Let a and b be two complex numbers, then the following relation holds
2
q
= , NE
)=o) ar
Proof. From Theorem 4.3 and the definition of the big g-exponential function, we
have

a
Lg; {Eq(ax B, by)} (r,s | > |=

{(az B, by)"}(r, s)

l“w () 5]

b a qr
br — as qs — b roqr—a
e
(- a)(qs —b)
Note that this result can be also proved using the fact that

E,(ax B, by) = E,(azx)E,(by)

+
Lg) {E,(ax B, by)} Z

and the relation (see [8]) L,(E,(ax))(r) = 7 O

qr —a
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Proposition 4.2. The following transforms hold
q*(q°rs — ab)

(4.5) Lg {Cosy(az B, by)} (r,s) = @2+ @) (@) 1)

(4.6) Lg; {Sin,(ax B, by)} (r,s) = ((qr);i—(cj;) :E;;L o
@ (Cosh (ax . s) = ¢ (¢?rs + ab)

(47) £6) {Costy (a8, b)) (r9) = RS

(4.8) ng {Sinh,(az B, by)} (r,s) = q(as +br)

((qr)* = a*)((gs)* = 0*)
Proof. We have

1
L) {Cos,(azx B, by)} (r,5) = 5@&2 [E,(iax B, iby) + E,(—iax B, —iby)] (r, )

¢ ¢

(qr —ia)(gs — ib) * (qr +ia)(gs + ib)
_ ¢*(¢*rs — ab)
 ((gr)? +a*)((gs)” + %)
So, (4.5) is proved. (4.6), (4.7) and (4.8) are proved in the same way. O

Theorem 4.5. Let f be a one wvariable function that has a q-Laplace transform.
Assume that f has the q-Taylor expansion

00 "
f([[') = a’nq(Q)iv
ngo [n]g!
then the following relation holds

49) e, e = Lo (1] () - &frw] (3))-

Proof. Assume that f has the expansion as f(z) = Y% anq(g) [zf; ;- Then,
2 _x d .
Lig [flax B, By)] (r.s) = Y an— L5, {(ax B, By)"} (r,s)

n=0 [n]q' 2

B ()

So, the theorem is proved. O
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Theorem 4.6. The following equations hold true

(4.10) £&) [g;g;@,y) (r,s) =rq L) [z, 9)] (ra™", 8) — L4 [F(0,9)] (s),

(411) &%) [gqujm) (r,8) =sq~ L) [f (2, )] (ry5q7) = Lq [f (2, 0)] (1),

02 |
oy [a L) () =rsa 88 )] (™ 507) — v £y 72,0 (rg™)
ql0OqY ]

(4.12) —sq7"Lq [ £(0,9a7 )] (sa71) + £(0,0),

850 |z ()| (rs) = L35 (f)] (rg™%,8) = ra ™" L35 [F 0] (9)
—sq ' Lq[f(0.9)] (sq™") + £(0,0),

50 | g w) | (r8) =50 L83 11 p) (ry507%) = ra L5512, 0)) (ra™)

—rq ' Lq[f(x,0)] (r) + £(0,0),

Proof. From (3.1), and the formula of g-integration by parts, we have
Oy f oo r+oo ), f
Lg?; [aqx(xvy)} (r,s) :/ / L(m,y)eq(—rx)eq(—sy)dq:cdqy
q
+o0 +ooa
_/ A 5)$ (z,y)eq(—rz)dez | eq(—sy)dqy

- /+OO ( 1(0.9) +T/+Oof(qx,y)eq(_q~x)dqm) eq(—sy)dyy

= L, [F(0,9)] (s) +rq L) [f (2, 9)] (rg L, 5).

Hence, (4.10) is proved. The proof of (4.12) uses (4.10), (4.11) and the fact that (see
[16])

0, _ _
&0 |50 () = ra 2, 0] 607 - 1000
q
The rest of the theorem in proved in the same way. 0

Theorem 4.7 (Partial g-derivative of the double ¢-Laplace transform). The following
relation is valid

am—i—n

(4.13) Calemy )] () = (O g )] ()

Proof. We recall the relation (see [16, Theorem 3.5.])

L [" f(@)] (s) = (=1)" 2Ly f ()] (s),
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from which we have:
£ 2™y (@, )] (r, s)
“+0oo p+00
—/ / Ty f(x,y)eq(—ra)eq(—sy)dqadqy
+o00
:/0 y" (/0 xmf(x,y)eq(—m)dqx) eq(—sy)dqy

+o00 om 400
2/0 y" ((—Um 1 f(wjy)eq(—riv)dqa«") Ey(—sqy)dyy

aqu 0

O (0
=(-1) aqrm/o (-1) 8,18"/0 f(x,y)eq(—=sy)dqy | eq(—rx)dyz
8;”""” +oo pt+oo d o
W/o ; f(@, y)eq(—rx)eq(—sy)dsrdyy
am—l-n
—(_1\ymtn (2)
( 1) asna rmLZq[f<x7y)] (T,S).

=y

This proves the theorem.

We summarize the previous results in the following Table 2.

TABLE 2. Some Laplace of the Second Kind.

Originals Transforms
N Yola+1) ~,(6+1
zy” (o, 8> —1) q(ra+1 ) ' q(5,8+1 )
(1 n+1
. "] ay"!
(ax B, by) ﬁ (r>
q a b
E (axH,b rl > |—=1|, |s| > |-
¢*(¢*rs — ab
Cos,(az B, by)
((qr)? + a?)((g5)* + b?)
¢>(as + br)

Sing(ax B, by) ((qr)* + a?)((gs)* +b?)

*(¢*rs + ab)

((gr)* —a?)((gs)> = b?)

cosh, (az B, by)

¢*(as + br)

((g7)? = a®)((g5)* = 0*)

Sinh, (ax H, by)

5. SOME APPLICATIONS

5.1. Application to some ¢-Functional Equations.
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5.1.1. The first g-Cauchy’s functional equation. We consider the following ¢g-Cauchy’s
functional equation

(5.1) flx@gy) = flz)+ fy),

where f is an unknown function.
We apply the double ¢g-Laplace transform ng to (5.1) combined with (3.13), (3.3)
and (3.4), to get

L@~ Ll f W) = @I + L W],

s—r
that is

Ll @0 [ 5] = Ll [+ 1]

s—r s
Simplifying this equation, we obtain

r*Ly[f(2)](r) = ¢ Ly[f ()](5),
where the left hand side is a function of r alone and the right hand side is a function

of s alone. This equation is true provided each side is equal to an arbitrary constant
k so that "

PLo[f(@)(r) =k or Ly[f(@)](r) = 5.
The inverse transform gives the solution of the ¢g-Cauchy functional equation (5.1) as
f(z) = kx, where k is an arbitrary constant.

5.1.2. The second q-Cauchy’s functional equation. We consider the following g-Cau-
chy’s functional equation

(5.2) fleB,y) = f(z) + fly),

where f is an unknown function.
We apply the double ¢-Laplace transform Lg; to (5.2) combined with (4.9), (4.3)
and (4.4), to get

LT @)~ £ F @] = @) + Ll )](s)

s—7r
that is

1 1]

L@ [ = 3] = Ll [+

Simplifying this equation, we obtain

r?Lo[f(@)](r) = L[ f(W)](5),
where the left hand side is a function of r alone and the right hand side is a function

of s alone. This equation is true provided each side is equal to an arbitrary constant

k so that
k

r2

PLF@N) =k or Llf@)(r) =
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The inverse transform gives the solution of the ¢-Cauchy functional equation (5.2) as
f(z) = kqx, where k is an arbitrary constant.

5.1.3. The first q-Cauchy-Abel’s functional equation. We consider the following g¢-
Cauchy-Abel’s functional equation

(5.3) flx®gy) = f(x)f(y),

where f is an unknown function.
We apply the double ¢-Laplace transform ng to (5.3) combined with (3.13) and
(3.2) to get

that is
1L —rLy[f(@)](r) _ 1—sLy[f(y)l(s)

Lylf@))(r)  Lolf()(s)
where the left hand side is a function of r alone and the right hand side is a function
of s alone. This equation is true provided each side is equal to an arbitrary constant

s that L rLlf@)() I
L@ ¢ o=

Cr4k
The inverse transform gives the solution of the g-Cauchy-Abel’s functional equation
(5.3) as f(x) = e4(—kx), where k is an arbritrary constant.

5.1.4. The second q-Cauchy-Abel’s functional equation. We consider the following
g-Cauchy-Abel’s functional equation

(5.4) flx By y) = f(x)f(y),

where f is an unknown function.
We apply the double g-Laplace transform ng to (5.4) combined with (4.9) and
(4.2) to get

that is
L—rLg[f(@)](r) _ 1= 5L4[f(y)](s)
Lol f()](r) Lqlf ()](s)
where the left hand side is a function of r alone and the right hand side is a function
of s alone. This equation is true provided each side is equal to an arbitrary constant
k so that

1= L[/ (@))(r) 1 q
=k L = = :
L@l o I = e T
The inverse transform gives the solution of the g-Cauchy-Abel’s functional equation
(5.4) as f(x) = E,(—qkx), where k is an arbritrary constant.
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5.2. Application to some partial ¢-differential equations.

5.2.1. The g-transport equation. We introduce the following ¢-transport equation

Oqu Oqu

(5.5) ?qt(a:,t) + c@(x,t) =0,
with
(5.6) w(z,0) = f(x), x>0, and u(0,t) =g(t), t>0.

Applying the double ¢g-Laplace transform Lg; to (5.5) combinded with (3.14), (3.15)
and (5.6), we get

sLg[u(x, B)](r,s) = Lyl f (@)](r) + ¢ [rLig[ule, )](r, s) — Lylg()](s)] =0,
that is

Lolg(B)(s) + Ll (2))(r)

£ u(, 0))(r,s) = e

Hence,

umwz@ﬁfﬂdm®ﬁfjwwmﬂ.
In particular,
o if u(z,0) = f(z) = 1 and u(0,¢) = g(t) = 1, then
>4bummgjimummhﬁﬂ
)

-1 :C/SH/T] (1) = (£59) {1} (@) =1

| s+er

o if c=—1, u(x,0) = f(x) = 2™ and u(0,t) = g(t) = t" with n € N, then
(Lgl))il -_LQ[tn](s) + Lq[xn]<7n)‘| ($’ t)

S—rT

— (8 _—[n]q!/S"?_Jrr[n]q!/T"“] (x,t) = (z @y 1),

where (3.7) has been used.

5.2.2. The non-homogenous space-time q-telegraph equation. We consider the non-
homogenous space-time g¢-telegraph equation

(5.7)
, Oou d2u Dy o
e (xat)—@(%t)—(a+5)@(%t)—04/3u(%t) = [c" = (a+1)(B+1)]eg(zD,1),

with the conditions
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Oqu
@(0, t) = eq4(t),
Oqu
8725(37’ 0) = eq(z)
Applying L%; to (5.7), we obtain
[ 0, ﬂ@ﬁ

2 {mg}; [u(z, t)](r, s) — Ly [u(0,)](s) —

LM u(a, 1)) (r, ) — sLy[u(z, 0)](r) — [ 1 }

—(a+ B) {s£)fulz, 1))(r,s) = Lylu(z,0)](r)} — aBL)[u(z, 1))(r, s)

=[c* — (a + 1)(B + 1)L eq(z By 1)](r, ).

Using the conditions and simplifying the result we obtain

M ( 7’5:—1
£l 01 9) = T

and hence we have u(z,t) = e,(z @, t)
5.2.3. The q-wave equation. We consider the following ¢-wave equation in a quarter

plane
9%u 9%u
q t _ 2 7q t .
aqtg (I‘, ) c anEQ (I’, ) 07

with the initial condition
0
u(z,0) = f(z) and 8;;
0,
%% 0,¢) = 0.
qx
to have

[(amw»ww%wmmmm—leﬁxmh>
0.0] @) =0

3213513 u
2 {rmg}; [u(z,1)] (r, ) — rLg[u(0,8)](s) — L, l o

u(0,t) =0 and

We apply the double ¢g-Laplace transform L

That is . ;
e, [u(z, t)] (r, s) = S q[f(x)(]sgr)_‘;rg[g(x)](r).

Hence,

wlo,t) = (M%]{ﬂaﬂmgi;gmmmmh%ﬂ
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Remark 5.1. Note that in [7], another g-wave equation is given combining the g-
derivative with respect to t and the classical derivative with respect to x as
d2u 0%u

aqyg (.’E,y) - @

(x,t) = 0.
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A STUDY ON LACUNARY STATISTICAL CONVERGENCE OF
MULTISET SEQUENCES

HAFIZE GUMUS!, HASAN HUSEYIN GULEC?, AND NIHAL DEMIR3

ABSTRACT. Statistical convergence developed rapidly after being defined indepen-
dently by Fast and Steinhaus in 1951 and was studied in many fields. One of them
is lacunary statistical convergence and it was defined by Fridy and Orhan in 1993.
On the other hand, although there are various studies on multisets, which are sets
that can repeat elements, the convergence of multiset sequences was defined by
Pachilangode in 2021. In this study, lacunary statistical convergence of multiset
sequences is examined and releated examples and theorems are given.

1. INTRODUCTION

We know that in classical set theory an element is written only once in the set.
Besides, in our daily life, we see a lot of situations where it is necessary to write more
than one element. Some of these situations are computer coding, element formulas,
and phone numbers. In each example, there are same numbers and same molecules
that play different roles. If these numbers are used once rather than multiple times,
it is clear that there will be problems. Weyl explained this situation as there can be
more than one white ball, more than one red ball, and more than one green ball in
the same sack and he tried to apply his notion of multiset (a set with an equivalence
relation) to a variety of problems in physics, chemistry, and genetics [29]. For this
reason, multisets have been found interesting and studied in many disciplines such as
mathematics, physics, philosophy, logic, linguistics, computer science, etc. for many
years. Looking at the literature, it is seen that studies on multisets date back to the
1970s. Many researchers have studied these sets under various names such as bags,

Key words and phrases. Statistical Convergence, multiset sequences, lacunary sequences.
2020 Mathematics Subject Classification. Primary: 40G15. Secondary: 40A35.
https://doi.org/10.46793/KgIMat2604.567G

Received: January 22, 2024.

Accepted: February 19, 2024.

567


https://doi.org/10.46793/KgJMat2604.567G

568 H. GUMUS, H. H. GULEC, AND N. DEMIR

occurrence set, weighted set, etc. Manna and Waldinger developed an elementary
theory of bags using a primitive binary insertion symbol ® [19]. If an atom u has
multiplicity n > 0 in bag x, then u has multiplicity n 4+ 1 in bag v ® x. Their theory
BAG admits only finite collections of atoms (no hierarchy of bags) and is developed
to the point of a simple algebra of bags. On the other hand, Bender [1], Lake [17],
Hickman [13], Meyer [20], and Monro [22] investigated some important properties of
multisets. In 1981, Knuth [16] studied computer programing and multisets. Blizard
studied on multisets in his doctoral thesis [4], [3], [2]. In the 2000s, important studies
were carried out on multisets. Syropoulos published "Mathematics of multisets“ in
2001 [28], Singh published ”An overview of the application of multiset* in 2007 [26],
Majumdar published "Soft multisets“ in 2012 [18], Nazmul published ”"On multisets
and multigroups* in 2013 [23] and Ibrahim published ”"Multigroup actions on multisets®
in 2017 [14].

Now we can give some basic information about multisets. As we said, the same ele-
ment in a multiset can be written multiple times and plays a different role in each write.
The order in which the element is written is not important, but it is very important
how many times the elements are repeated in the set. For example, {2,3,5,3,4,2,2,4}
and {5,3,4,4,3,2,2,2} sets are the same. We write {2,3,5,3,4,2,2,4} multiset by
{2,3,4,5}5,5,, or {2(3,3]2,4]2,5|1} and it means 2 appearing 3 times, 3 appearing
2 times, 4 appearing 2 times and 5 appearing 1 times. The cardinality of a multiset
is the sum of the multiplicities of its elements. Despite the long-term studies on
multisets, studies on multiset sequences are quite new. In 2021, Pachilangode and
John defined usual convergence of multiset sequences [24] and Debnath and Debnath
defined statistical convergence of multiset sequences [5].

Definition 1.1 ([24]). Let X be a set. A sequence in which all the terms are multisets
is known as a multiset sequence. For any sequence = = (z;) € X, a multiset sequence
is defined by

M ={xc; i x; € X, ¢; € Ng}.

We can give the following two examples from Pachilangode’s study to better under-
stand multiset sequences.

Example 1.1 ([24]). Let N, = {1]1,2|2,...,n|n}. Then {N,} is an multiset sequence
(n+1)
2

and n'* terms has > elements.

Example 1.2 ([24]). The prime factorises n completely, and let F,, be the multiset of
these factors, including 1. Then, F} = {1}, F, = {1,2}, F5; = {1,3}, F, = {1,2,2}
and Fys = {1,2,2,3,3}. In this case, {F,,} is an multiset sequence.

In 1935, Zygmund first mentioned the idea of statistical convergence in her mono-
graph in Warsaw but it was formally introduced by Fast [7] and Steinhaus [27],
independently. Later on, Schoenberg studied statistical convergence as a summability
method [25]. After this date, it is seen that statistical convergence has been studied
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in many mathematical fields [6,8,9,21,30]. This concept was also studied with ideals,
weak convergence, modulus functions, complex uncertain sequences [11,12,15].

Definition 1.2. Let ACN, A, ={k € A:k <n} and |4,| gives the cardinality of
A,,. Then, d(A) = lim, 4o V:I”' is natural density of the set A.

Definition 1.3 ([7]). A number sequence (x;) is statistically convergent to L provided
that for everye > 0, d ({i < n: |x; — L| > €}) = 0. In this case we write st—limz; = L
and usually the set of statistically convergent sequences is denoted by S.

Considering the definition of natural density, this definition can also be expressed
as for every ¢ > 0,
1
lim —{i<n:l|z,—L|> =0.
Jm s {i<n e~ L 2 e} =0
Lacunary statistical convergence was defined by Fridy and Orhan in 1993 [10].
Before giving this definition, let’s remind the definition of a lacunary sequence.

Definition 1.4. A lacunary sequence is an increasing integer sequence § = (i,) such
that ig = 0 and h, =i, — i,_; — 400 as r — +oo. The intervals J, = (i,_1,14,] are

determined by 6 and the ratio is determined ¢, = 7.

Ezample 1.3. 6 = (r?) is a lacunary sequence because iy = 0 and h, = i, —4,_; — +00
as r — +oo.

Example 1.4. 6 = (r) is not a lacunary sequence because i = 0 but h, =i, — 4,1 = 1
forall r=0,1,...

Definition 1.5 ([10]). Let 6 = (i,) be a lacunary sequence. The number sequence
x = (x;) is lacunary statistically convergent (or Sp—convergent) to L if for every
e >0,

rgglooé ied,:|z—L] >} =0
In this case we write Sy — limx; = L and usually the set of lacunary statistically
convergent sequences is denoted by Sy.

Another concept closely related to statistical convergence is strong Cesaro summa-
bility:

: 1 &
|Cy| = {x : for some L, nLHEoo <n ; |z; — L|> = 0} ,

Similarly, there is a close relationship between strong Cesaro summability and Ny

space:
) 1
Ny = {a: : for some L, rll}ljrnoo (h Z |z; — L|) = 0} :

RTINS

After all this information, we can give definitions about the usual convergence and
statistical convergence of multiset sequences. Throughout the paper, we study with
multiset sequences of real numbers.
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Definition 1.6 ([5]). Let Ny is the set of non-negative integers. The set
mR ={M = mx = z;|¢; : v; € R and ¢; € Ny},
is called multiset of real numbers.

Due to repetitive elements of the multisets, it is necessery to define a new metric in
order to work on multisets. Let (X, d) be a metric space and M be a multiset in this
space. The d metric is not very functional on M because of the repetitive elements of
M. Hence, if a new dj; metric is defined on M, then (M, dy,) is a metric space. In
this study, it is defined as

das (m,my) = das (xilei, yilts) = /(2 — vi)? + (e — )2,

where dy; : M x M — R for each ¢ € N. It is easily seen that d,,; satisfies the metric
conditions with Minkowsky inequality.

Definition 1.7. A multiset sequence mxz = (x;|¢;) of mR is convergent to I|c if given
the set

lim dy; (x;]c;,le) = lim \/(% — l)2 + (i — 0)2 =0.

i—+00 i—+00
In this case, x; — l and ¢; — ¢, i.e., for each ¢ > 0, |z; — | < e and |¢; — ¢| < e.
Definition 1.8. ([5]) Let = (z;) be a real sequence and ¢ = (¢;) be a sequence of

Np. A multiset sequence mz = (z;|¢;) of mR is statistically convergent to I|c of mR if
given for any € > 0,

1 1
lim —{i <n:dy(zc,llc) > e} = lim —

n—-+oo n, n—-+oo n,

The set of all statistically convergent multiset sequences is denoted by S¢ and is
written by mx — l|c(.S).

Ezample 1.5 ([5]). Consider a multisequence mz = (x;|¢;), given by

i, i=n*n=123,..., i, i=n*n=123,...,
T, = . and ¢ = .
1, otherwise, 5, otherwise.

Then for any € > 0,

1

nl_lgloog {zgn.\/(xl 1)+ (¢; — 5) 25}

< lim l(n%+n§—n6) — 0.

— n—too”

Therefore, the multisequence mx statistically converges to 1|5.
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2. MAIN RESULTS

We aim to define lacunary statistical convergence based on Debnath’s study on
statistical convergence for multiset sequences. For this purpose, we need following
definitions.

Definition 2.1. Let 6 = (i,) be a lacunary sequence and mx = (z;|¢;) be a multiset
sequence of mR. mz is said to be lacunary statistically convergent to [/c, if for each
e >0,

=0.

{iEJr:\/(asi—l)2+(ci—c)22€}

In this case, we write mxz — [/c(Sp). The set of all lacunary statistically convergent

i 1
P I,

multiset sequences is symbolized as Sé ‘.

Definition 2.2. Let ma = (z;]¢;) be a multiset sequence of mR. mx is said to be
statistically Cesaro summable to [/c if for each € > 0,

lim lzn:\/(az:Z — 1?4 (¢;—¢)=0.

n——+oon, =1

In this case, we write ma — [/c(o). The set of all statistically Cesdro summable
multiset sequences is symbolized as ¢/°.

Definition 2.3. Let 6§ = (i,) be a lacunary sequence and mx = (z;|¢;) be a multiset
sequence of mR. muz is said to be lacunary strongly summable to [/c if for each € > 0,

lim iz:\/(xi—l)2—|—(ci—c)2:0.

oo hy g
.

In this case, we write max — [/c(Ny). The set of all lacunary strongly summable

multiset sequences is symbolized as Nel/ ‘.

Boundedness plays an important role in our results and proofs of theorems. So let’s
give the definition of bounded multiset sequence.

Definition 2.4 ([5]). A multiset sequence mz = (x;|¢;) is said to be bounded provided

that there exists a non-negative real number B such that \/22 + (¢; — 1)* < B.

Theorem 2.1. Let 0 = (i) be a lacunary sequence.
i) For any multiset sequence mx = (x;|¢;), mx € Né/c implies mx € S’é/c.
1) If mx = (z;|c;) is a bounded multiset sequence then, mx € Sé/c implies mx €

NY©

Proof. i) Let mx € Né/c and £ > 0 be given. Then,

S V(@ — D)+ (c— o) > ) Vi@ =12+ (¢ — o)

1€Jy i€y

V (@i=1)?+(ci—c)?>e
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>e {’LEJT \/(:Ui—l)2+(cl—c)2 >€} :
and so,
1 1
S V@ - (o > — {2 e Jy @ — 12+ (c—c) > 5}
5h,ni€Jr h,

If we take the limit of both sides

. 1 2 2 . 1
i S0 0>

{Z'EJ,,:\/(xi—l)2+(ci—c)22€} :

Then, we have the proof.

i1) This part shows in which case the inverse of i) is valid. Assume that mz € Sé/ ¢
and mx be bounded. Then, there exists a non-negative real number B such that

22+ (¢; — 1) < B for all i € N. At the same time, from the fact that ¢, ¢; € Ny
and x; — [, we have,

\/(xi—l)Q—i-(c,-—c)2 < \/x%+(ci—1)2 < B.

Hence,

Ve = Y Jw Preo

Tiedy T 1€Jr

In that case

) 1 D) 2 ) 1
Tllg_n W ;EJ: \/(xl D"+ (¢; —¢) Tllgl I

{iGJT:\/(mi—l)2+(ci—c)22;}’.

Since the limit of the right side is zero, the left side is also zero. So, the proof is
completed. 0

Now, let us investigate the relation between the spaces S¥¢ and Sé/ ¢ with the
following theorem.

Theorem 2.2. Let § = (i) be a lacunary sequence.
i) If liminf ¢, > 1, then max € SY¢ implies v € Sé/c.
i1) If limsup, ¢, < 400, then mx € Sé/c implies mx € SY°.
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Proof. i) Assume that liminf ¢, > 1. In this case we know that for sufficiently large r
there exists A > 0 such that ¢, > 1 + A. This implies that,

h A

— 2z —
i, 1+ A
Since ma € SY¢, for each € > 0 and sufficiently large r from the definition of J, we
have,

Z_lr{z<zr \/(xl—l)2+(cz—c)2>e}
Zilr {zeJ,. \/(xz—l)2+(cz—c)226}
zliA-}i{zeJr \/(xi—l)2+(cz—c)2>€}

Hence, from the limit of both sides,
{ie Jy \/(xi—l)2+(c,-—c)2 25}

1
<<+)\> lim l
A

1
lim —
im I

Then, we have the proof.
i1) Now, suppose that limsup, ¢, < +o0o then, there is a K > 0 such that ¢. < K

for all r. Let mx € Sé/ °. In order to facilitate transactions define the set for € > 0,

{z’EJT:\/(xi—l)2+(ci—c)225}

N, =

From the definition of limit in Sé/ ¢, for € > 0 there is an ro € N such that

N,
h—r < e, foreachr > rg.
.

Now, let C':= max {N, : 1 <r <ry} and let 4,_1 < n <i,. Then,

1
— {ign: \/(aji—l)2—|—(ci—c)22€}
n
<- {igz}:\/(xi—l)2+(c¢—c)22€}
lr—1
1 Tpory — by 1 I — Ty 1
=- {Ny+No+---+ N, } + 01 0. NT0+1+...+.71.7NT
lr—1 lr—1 hr0+1 lr—1 hr
C .7" - .7“ .7‘ - '7"—
<- T0+5{ZO+}20+...+W}
1r—1 1 br—1

C Uy — iy C Uy Uy
=—71rgte——"=—Togteq{— — ——
r— r—1 r—1
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C
<—7rp+eq < ro + K.
r— r—1

From this result we have the proof. 0

The following theorem gives the relations between o//¢ and Né/ ‘.

Theorem 2.3. Let 6 = (i,.) be a lacunary sequence.

i) If  satisfies liminf ¢, > 1, then mz € o'/ implies mx € Né/c.

l/c

i1) If 0 satisfies limsup, g, < +00, then mx € N,° implies mz € atlle.

Proof. i) Assume that liminf, ¢. > 1. Then, there exists A > 0 such that ¢, > 14+ A
for sufficiently large r. Since h =iy — -1, we have 7= > 1+ A for sufficiently large

hr
r which implies that = > ; + T

1 2 \/ 2 lej:\/ (CZ’—C)Q

27’ 1= 1
h.\ 1
(2 ) *h — 1)+ (¢; —¢)

><1+>\> Z\/ S

T iedy

We know that from assumption lim; % i \/(xl — l)2 + (¢ — 0)2 = 0. Therefore,
=1

lim, 4 o hi 3 \/(xl — l)2 + (¢; — 0)2 = 0 which implies mz € Né/c.
" ied,
i) If lim sup ¢, < +00, then there exists K > 0 such that ¢. < K for all r > 1. Let

mz € Né/ “and denote L, = 3 \/ (x; — l (c; — 0)2. By the definition of convergence
1,6 T
when r > rg for every € > 0,

— —Z\/ (¢; — ) <e.

7" TzeJ,

Choose D :=max{L,:1<r <ry}and i,_1 <n < i,.

ii\/(xz — 1)+ (¢; —¢)?
<3+ e - o

br—1i=1

7/7" 1 (ZJ:\/ _C)2+Z\/($i_l>2+(0i_c)2
* "+Z\/(5Ei_l)2+(cz’—0)2)

i€Jr
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1 lrgt1 — b 1 U —lp—p 1
=- Ly+Ly+---+L,}+ 0+. 0. Ly 4+ 4+ —"—.—L,
lr—1 { ! ? 0} lr—1 hro—l—l ot tr—1 hr

D Trgt1 — b Up — Ty
<- 7‘0+5{°+.1°+---+.1}
er]_ /Lr—l ZT*].
D iy —ip, D { i v }
=70+ E— =—To+ 9> -
r—1 r—1 1r—1 r—1 r—1
D D
<—7ro+eq < —ro+ kK.
lr—1 lr—1
This completes the proof of the theorem. 0

Theorem 2.4. i) For any multiset sequence mx = (z;/c;), ma € o'/¢ implies ma €
Stle,

i1) If mx is a bounded multiset sequence, then mx € Ste implies max € o'/

Proof. i) We can prove this theorem in a similar way to the proof of Theorem 2.1.
Let mx € /¢ and € > 0 be given. Then,

i\/@z 1)’ +(ci—0) > i \/(l‘z — 1)’ + (ci—¢)’

=1 i=

and so,

eslnzjz\/(% — )+ (ci— )’ >

If we take the limit of both sides,

n

lim 12;\/(9(;2 —1)*+ (ci—0)

n—-+00 £n, i

1
> lim —

T n—=4oon

{iﬁn:\/(xi—l)Z—i—(ci—c)QZe}.

Then, we have the proof.

ii) Now suppose that maz € S"¢ and mz are bounded. Then, there exists a non-
negative real number B such that \/z7 + (¢; — 1)2 < B for all 7 € N. We also know
that,

V@ =02+ (c—¢) < Ja?+ (-1 <B
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Hence,
12 1 "
=S W@ — D2+ (= o) == 3 Vi@ =D+ (e — )
n; n i=1
V0P eo?|25
1 n
=Y J@-0 -
i=1
‘ (wi—1)%+(ci—c)?|<5
<Z i< =D+ (¢ — 2>€H -
nHZ nV =0 (= o) 2| Ty
is obtained. In that case
2
HETOO; V —¢)
€
o g
So, the proof is completed. O

3. CONCLUSIONS

In our daily life, we often encounter situations where an element of a set must be
written more than once in the set. Some of these situations are computer coding,
element formulas, and phone numbers. These sets are multisets and for this reason,
multisets have been found interesting and studied in many disciplines such as mathe-
matics, physics, philosophy, logic, linguistics, computer science, etc. for many years.
In this situation, multiset sequences are also interesting and the studies on this subject
are quite new. For this purpose, in this paper we introduce the lacunary statistical
convergence of multiset sequences and we investigate some important relations.

Acknowledgements. The authors are grateful to the referees and the editor for
their corrections and suggestions, which have greatly improved the readability of the

paper.
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FIXED POINT THEOREMS AND CONTINUITY
CHARACTERIZATION FOR LINEAR MAPS IN COLOMBEAU
ALGEBRAS

ABDELLAH TAQBIBT!, MOHAMED CHAIB?, AND SAID MELLIANI?

ABSTRACT. In this article, we present a novel characterization of the continuity of
linear maps within Colombeau algebras. Additionally, we introduce an alternative
representation for the contraction of these maps. Moreover, we put forth a new
concept of fixed-point theorems in Colombeau algebra, extending classical fixed-
point theorems, including those of Banach, Chatterjea, and Kannan. To underscore
the practical relevance of our findings, we offer various examples and applications.

1. INTRODUCTION

The fixed point theorems are regarded as an effective tool for solving differential
equations, for example, see [21-26]. In the literature, the embedding of fixed point
theory in the framework of Colombeau algebra is based on the famous theorem of
J. A. Marti see [16]. The idea of J. A. Marti is based on the Banach fixed point
theorem in classical metric spaces, with several assumptions to make sense of the
contraction of mappings. Our new idea is based on this result of J. A. Marti, but
we will lighten the assumptions. Indeed: We have defined a new contraction in
which we don’t need all these assumptions. Our contraction is intended for mappings
defined between the Colombeau algebras (Sg, (P;)icr, where (P;)icr, Pi(u) = =it
and vy, is the valuation function associated with the ultra pseudo-seminorms family
which makes F a locally convex space. We have also extended the two theorems of
Chattergia and Kannan in the framework of Colombeau algebras. On the other hand,

Key words and phrases. Fixed point, generalized function, Colombeau algebra, conctraction
mapping, ultra pseudo-seminorm.
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our paper contains a very legitimate notion of contraction, which will allow us to
cite some fundamental theorems of fixed point in the algebra of generalized functions
of Colombeau. We have also introduced a characterization of the continuity notion
of C-linear maps between Colombeau algebras, based on the sharp topology defined
on Colombeau algebras seen as modules on C. In this article, we have proved three
well-known fixed point theorems in the classical framework, namely Banach’s fixed
point theorem, Kannan’s fixed point theorem, and that of Chatterjea (see [2,14]).
Fixed point theorems are very useful to know if an equation has a solution, finding
a solution to a differential equation can then be interpreted as finding a map and
proving that it has a fixed point, which will be the solution to the problem.

The present work is formulated in the framework of Colombeau generalized functions.
This will allow us to use the powerful tools from this theory to combine generalized
function data with nonlinearities and measure regularity. We give some properties in
the theory of topological C-modules and locally convex topological C-modules, and
illustrated this with application to an evolution problem. In [8] the authors, shows
that in one space dimension, an initial singularity at the origin propagates along the
characteristic lines emanating from the origin, as in the linear case. The proof is
based on a fixed point theorem in a suitable ultrametric topology on the subset of
Colombeau solutions possessing the required regularity. J. A. Marti in [16] and several
other authors have found together a lot of results on the existence and uniqueness
of generalized fixed point by a method which consists of transforming the problem
given in the sense of Colombeau to its equivalence in classic, after they showed that
its solutions are moderate and therefore deduce that the generalized solution exists.
But our point of view is to use a definition of contraction in the sense of generalized
functions to mount existence and uniqueness of fixed point in this frame of Colombeau
generalized functions. Starting from the notions of C-linear and locally convex C-
linear topologies which are introduced and described from their neighborhoods, a
characterization of the continuity of C-linear maps from a locally convex topological
C-modules into another C-modules is given in this work. We are inspired by the
analogous statement involving seminormes and locally convex vector spaces, making
use of the concept of ultra pseudo-seminorm, for example, the continuity of C-modules
is studied in this paper. Our main result is to give a necessary and sufficient condition
in order to a linear map from a Colombeau algebra to another be continuous, and we
focus on proving a new theorems of fixed point in this context.

The present paper is organized as follows. After this introduction, we will recall
some basic properties concerning Colombeaus algebra in Section 2. The notion of
C-modules topology and some properties are presents in Section 3. In Section 4,
we are talking about continuity, contraction and fixed point in C-modules. Finally,
Section 5 is devoted to the existence-uniqueness result of a differential equation.
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2. PRELIMINARIES

Before describing our results in more detail, a few words about Colombeau algebras
are in order. The elements of Colombeau algebra G are equivalence classes of nets of
smooth functions satisfying asymptotic conditions in the regularization parameter e,
for more details [3-6,12,13,17]. We define the set &(R™) = (€= (R")) . The set of

moderate functions is given as follows

& (R") = {(0’6)6 € &R") | forall K CCR", a € N,

there exists N € N : sup |D%(x)| = OE_>0(€_N)},
zeK

where D® is the differential operator of order a. The ideal of negligible functions is
defined by

N(R") = {(JE)E € &[R") | for all K CC R, a €N,
for all ¢ € N : sup |D%(z)| = Oe_m(eq)}.
reK

The Colombeau algebra is defined as a factor algebra
(2.1) G(R") = & (R™)/N(R™).

We denote C the field of complex numbers. Let C be the ring of complex generalized
numbers obtained by factorizing,

(2.2) Ec = {(7“6)6 e COU | there exists N € N, |r| = OHO(E_N)} :
with respect to the ideal

(2.3) Ne = {(rd)e € COU [ for all g € N, [re| = O o(€") }
Also, the algebra of generalized complex numbers is defined as follows

(2.4) C = &c/Ne.

3. DEFINITION AND BASIC PROPERTIES OF C-MODULE g

It is clear that C is trivially a module over itself and it can be endowed with a
structure of a topological ring (see [10,11]). In the sequel, we need the following
function, which is inspired by non-standard analysis [17,20] and the previous work in
this field [1,18,19] we define the following function

JEm(R™) — (=00, +o0],
v {@)E s sup{leR o] = Oole)}.
It satisfies the following conditions:
(i) v ((0e)e) = o0 if and only if (o). € N(R™);
(i) v ((oe)e(0e)e) = v ((0e)e) + v ((2e)e), for all (ge)e, (0c)e € Enr(R™);

(3.1)
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(ii") v ((0)e(00)e) = v ((00)e) + v ((0c)e), for all g = ce®, c € C, b € R;

(ii) v () + (20)e) = min {0 ((5)0),v ((0)e)}, for all (5, (0c)e € Ear(RY).
Note that if (06 - aé)e € N(R™), (i) combined with (iii) yields v ((o,).) = v ((0;)6) :
This means that we can use the function v to define the valuation

(3.2) vg(o) = v ((oe)e)
of a complex generalized number o = [(o¢)c], and that all the previous properties hold
for elements of C. Now let us consider the following map

L {(é — [0, +00),

—vg(o)

3.3
(3:3) o—lole=e

Definition 3.1. Let E be a locally convex topological vector space equipped through

the family of seminorms {p;},.; . The elements of

(3.4) Mg = {(UE)6 e B | for all i € I, there exists N € N, p;(0.) = Oc_yo(e™™) }
and

(3.5) Ng = {(00)c € E@U [foralli € I, g €N, pi(0.) = Ocso(€") },

are called respectively M g-moderate space and Ng-negligible space, respectively.

We introduce the space of generalized functions based on E as the factor space
Sg=Ep/NE

It is clear that the definition of G does not depend on the family of seminorms
which determines the locally convex topology of . We adopte the notation o = [(06)4
for the class o of (o¢) in G, and C*°(R) embedded into this algebra via the constant
embedding f — [( f )6} . By the properties of seminorms on E we may define the product
between complex generalized numbers and elements of G via the map C x S — Sg.
It is natural to introduce the p;-valuation of (o.). € Mg as

(3.6) v, ((0)e) =sup {b € R | for all i € I, pi(0.) = Ocso(€") }.
Note that vy, ((o¢)e) = v ((pi(oc))e), (where the function v) gives the valuation on Mg.
Clearly v, maps Mg into (—oo, +00) and the following properties hold:

(i) vy, ((oe)e) = o0 for all i € I if and only if ((0.).) € Ng;

(
(i) vp, ((2e0e)e) = vp; ((0c)e) + vp; ((0c)c), for all (oe)c, (0e)e € M
(iii) vp, (Aeve)e) = vp, (A)e) + vy, ((00)) for all Ac = ceb,c € C,b € R;

(iv) vpz ((0e)e 4 (0e)e) = min {vp, ((0¢)e) vy, ((0e)e)}; for all (oe)e, (0e)e € M.
Last assertion (i) combined with (iv) shows that
U, ((0)e) = vy, ((02)6) , if (06 — 02) is Ng-negligible.
This means that we can use (3.6) for defining the p;-valuation of a generalized function
o= [(ae)e} € G by
Up; () = vp, ((0¢)e) -
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And thus P;(0) = e *:(?) is an ultra pseudo-seminorm on the C-module Gz. By [10,
Theorem 1.10] G endowed with the topology of ultra pseudo-seminorms (P;);c; is
a locally convex topological C-module. The topology induced by the ultra pseudo-
seminorms (P;);e; called the sharp topology on Gg. A basis of 0-neighbourhood is the
set of all balls

B(i,y) = {UE Sk | Pi(o) <’y}, i€l and~y>0.

4. MAIN RESULTS

This section is devoted to the important results of this paper. Let’s start with the
subsection of continuity.

4.1. Continuity and contraction in C-modules.

First, we are looking if it is possible to define a C-linear map S : G — Gp by means
of a given family (86)66(071] of C-linear maps 8. : £ — F, where F and F' are locally
convex topological vector spaces. The general requirement is given in the following.

Lemma 4.1 ([16]). Let (8¢).cq be a given family of C-linear maps 8. : E — F.
Suppose that

1. (o) € Mg implies (8.0.). € Mp;
2. (o) € Ng implies (8.0.). € Np.

Then, C-linear map 8 : (Sg, (Pi)icr) — (Sr, (Q5);er) is well defined by
So = [(8coe)], forallo € Gg.
Now we turn up to the continuity of mappings in Colombeau algebras. A function

f : Sg — G between Colombeau algebras is said to be continuous in oy in G, if for all
v > 0 there exists 6, > 0 such that c—og € B(3, 6,,) implies that f(o)—f(c0) € B(J,7).

Definition 4.1. Let 8 : Gz — G be a map with (g, (P:)icr) and (Gr, (Q;);es) are
two locally convex topological C-modules. We say that & is continuous if and only if,
for every j € J, there exist ig € I, ¢ > 0 such that

QJ(SO' - SQ) < CiPio (U - Q)a for all 0,0 € SE

Ezample 4.1. Let E = €2(R), P;(-) = e and p;(-) = || - || for all i € I. The
mapping
8 i 9E — 9E7
o — 8o =[(80)] = [(}2 sin(o,))el,

is continuous in Gg. Indeed, for all o, 0 € G, we have
8eoc — Seoe| < E%!OE — o, ¢>0.
And thus, vy, (8.0 — 8.0¢) > —2+ vpio(a6 — o). It follows that,
Pi(8a — 8p) < cPiy(0 —0), c=¢e*>0.
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In particular for the continuity of a linear map on Colombeau’s algebra we have
the following.

Definition 4.2. Let § : G5 — Gr be a @—linear map with (Gg, (P;)icr) and
(Sr, (Q))jes) are two locally convex topological C-modules. We say that 8 is con-
tinuous if and only if, for every j € J, there exist iy € I and ¢ > 0 such that

(4.1) Q;(80) < cPiy(0), forall o.
Theorem 4.1. Under the some notations above, let (8.). be a C-linear maps family
given by the constant family (s)c (i.e, So = [(so.)e|). If s : E — F' is continuous, then
8:9g — SF is a well defined C-linear and continuous.
Proof. First, show that § is well defined. Let (o¢). € Mg. Then, for any i € I, there
exists N € N such that p;(c.) = O.o(e ™), and o, € E, for all € € (0,1]. So, so. € F.
By continuity of s, for each j € J, there exist ig € I, ¢ > 0, such that

qi(s00) < epi(o) e xce ™ =cpe .
Then, for j € J, there exists N € N, with ¢;(so.) = Oco(e™). Hence, (so.). € M,
which implies that So € Gp.

Let (oc)e € Ng, i.e., for each i € I, p;(0.) = Oc—0(€?), for all ¢ € N and g, € F, for
all € € (0,1]. Since s is linear and continuous, then for any j € J there exist iy € I
and ¢ > 0 such that

g5 (s0c) < cpiy(0c) < c'€?,  where ¢ > 0.
Hence, ¢;(8c0e) = Ocy0(€?), and thus (so.). € Np. From Lemma 4.1, § is well defined.

The continuity. Let h = sup {b eR | g (so.) = Ogﬁo(eb)}. For every j € J, we
have

vy, ((50¢)e) = v( (qj(sae))e) = sup {b eR|gj(so.) = Oeﬁo(eb)} = h.

And s is a linear continuous mapping, then for all j € J, there exist i € I,¢ > 0
such that g;(so.) < cpj;,(0c). Now we have to consider

d = vy, ((0)0) = v ((pi(0))) = sup {b € R | pi(00) = Ocol”) }.

Then, we have
"
qj (so.) <cxc el =coet,  where ¢, ¢’ > 0.

So, d < h, which implies vy, ((0c)e) < vg;((soe)c). Hence, eV ((59)e) =iy (90)e).

and we get Q;(8a) < Py, (). Conlusion 8 is C-linear continuous. O

Theorem 4.2. With the previous notations, if the following map
E— F
S { ’
Oc = ScOe,

is linear and contraction with the constant of contraction k. = Me* and ko, M > 0,
then 8 : g — GF s contraction.
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Proof. For the proof of this result, we will follow the same procedure as in [7]. Let
e € (0,1], and let the linear mapping 8. : (E, (pi)icr) — (F, (¢;);jes) be contraction.
Then for all j € J there exist iy € I and k. € (0,1) such that for all o, 0. € F, we
have

(4.2) qj(8coc — 8c0e) < kepig(0e — 00).-
Setting
h =, ((SEUE - SeQE)E) = U((qj (Seoe — Sege))ﬁ)

= sup {b eR| ¢j(8coc — 8c0c) = OHO(eb)}
and

d =y, ((0c = 00)c) = v((Pinl0c = 00)).)

= sup {b € R | p, (0. — 0) = Ocso(e) }
Thank’s to (4.2), we get
05(8e0e — 8.00) < Kepig (0 — 00) < M e = et

where ¢; > 0. Hence, d + ky < h, which implies that

Vg, ((Seae - Sgge)e) > Up,, ((06 - Qg)e) + ko,

g, ((8e0e=8c00)e) < oo o ~Uri, ((0e—00)c)

e e )
Q;(8c —80) < e Py (0 — o).
We conclude that 8 is contraction. 0J
Example 4.2. Let G5 =R, P;(-) = e~ and p;(-) = | - | for all i € I. The mapping
s {I'Eé — R,
o — 80 =[(80)] = [(€"e77)],

where r > 0, is continuous in R. Indeed, for all g, 0 € ]Ii, we have
8c0c — 8coc| < keloe — oc|, ke =€
And thus, vy, (8.0 — 8.0¢) > r+ Upy, (0c — 0¢). Consequently, we have
Pi(8o — 8p) < Py (0 — o), withe=e""€(0,1).

Proposition 4.1. The space (Sg, (P;)icr) is a separated locally convex topological
C-module.

Proof. By the definition of the negligible space Ng, if v # 0 in G, then v,,((c.).) #
+oo for some i € I, hence P;(u) > 0, so, (G, (P;)icr) is separate. O
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A sequence in Colombeau algebra is a map
0:N—=Gg, nw—o,=[(0n),

and is denoted by (0, ).en. We say that (0,),en converges to o € G if for all v > 0,
there is ng € N, such that if n > ng, then o, — o € B(i,). Such a sequence (0, )nen is
a Cauchy if for all v > 0 there is ny € N such that if m,n > ng, then o, — o, € B(i,7).
Since the sharp topology is a Hausdorff, then limits are unique whenever they exist.
Which is equivalent in terms of families of seminorms to the following definition.

Definition 4.3. A sequence (0,)nen in locally convex topological C-module
(SE, Picr) is called convergent and converges to o € G if|
lim P;(0,) =0, forall i€l.
n——+0oo
Ezample 4.3. If we take §p = R, Pi(-) = e () and pi(-) = | - | for all i € I. The
sequence o, = [(0.)e] in R, where o, = %, n € N does not converge to 0 in R with
-1

respect to the sharp topology, because if Tz(%) < 7, for all v > 0, we obtain n < ()

which is absurd when n is large enough. However, the sequence o, = [(0.¢)] in
~ -2

R, where 0, = ™= and r. = e+, r > 0 converges to 0. Indeed, for all v > 0,
take ng = [|re/e™] 4+ 1 and [-| symbolizes the integer part. If n > ng, we have
that [<| < e ™), then vy, (%) > —In(y). And thus P;(<) < v which implies that
on € B(i,7).

Definition 4.4. A sequence (0,)nen in locally convex topological C-module
(Sg, Picr) is called Cauchy if, for each m,n € N, where m > n such that

lim P;(o, —0p,) =0, foralliel.

n—-4o00

The following proposition has been proved in [10].
Proposition 4.2. ([10, Proposition 3.4, p. 25]) The space (Sg, (P;)icr) is complete.

Remark 4.1. Let (0,)neny be a sequence in Gg. Then (0,),en is convergent if and
only if, it is a Cauchy sequence if and only if, for all v > 0 there is ny € N such that
n > m > ng implies that o, — o, € B(4,7).

4.2. Some fixed point theorems in Colombeau algebra. The second part of
this section is dealing with some new theorems of fixed point in the framework of
Colombeau algebra based on the locally convex space. In this subsection to simplify
the formula we take v((o¢)c) = v(o.). The idea of this theorem inspired by that of the
Banach fixed point theorem in a classical metric space.

Theorem 4.3. Let A: (Sg, (Pi)ics) — (G, (Pi)ier) be a mapping from an algebra of
generalized functions into itself such that

L. there ezists oo € G, pi(Acooe — 00c) = Ocs0(€°), where o9 = [(00.)e];
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2. fOT’ every (&S I7 pi(Aeae - AeQe) S MEkO pi(ae - Qe) fOT’ all (O-E)E7 (QE)E € ME;
and M, ky > 0.

Then, A has a unique fized point.
Proof. We introduce the sequence (z,,),en defined by

z = Ax } . T = Az, +n
"*_1 "7 is equivalent to ”H’_E e ¢
Ty = Op, To,e = 00,¢ + M,

where (n¢)e, (m.)c € Ng. We have,
o=V @t 1,e=Tn,e) — o—Vp; (Actn.c—Actn—1,6)
We set
h =v,, (Ane — Acp_1,.) = sup {b ER | pi(Axne — A1) = OHO(eb)}
and
d = vy, (Tne— Tp_1,) = SUp {b ER | pi(Tne — Tn-1e) = OHO(eb)} )
By taking o, = x,, and o = x,_1 . in the second condition, we get
Pi(Atne — Atn 1) < Mp;(zpe — 2n_1.) < M cet = cjetho,
where ¢; > 0. Hence, d + kg < h then, it follows that
Vp; (AeTne — Actn_1,e) 2 Vp, (Tne — Tn-1.c) + ko,
e pi(Actnc=Actn1,0) < ko o —vp; (Tn.c—Tn1.0).
Therefore, e=vri(Fnt1.c=%ne) < g=kope=vp;(n.c=Zn-1.) By induction, we obtain
et (@nLe=on) < (gho)nep, (Acao.—a00),
Now let us prove that (x,) is a Cauchy sequence. Let m,n € N, m > n. We have
=09 (@ Tn) _ o=Vpi (Eme—n.c)

SUP{_'UPZ- (@m,e—Tm—1,e),~Vp; (wmfl,e_xn,e})

IN

(&

IN

Sup {efvpi (xm,efx'm—l,e)’ efvpi (xm—l,efxn,e)}
eivpi (xmveixmflae) + efvpl‘ (xmfl,efxn,é)
-1 n
—ko\™ —k
(6 0) Di (Aexo,e - xO,e) + -+ (6 0) D (AexO,e - IO,e)

(e_ko)n(l +e ot e_k‘)(m_n_l)>pz' (Aeo,e — o)

—ko(m—n
e (LY

IN A

IN

1 — eko

—ko\n
(6 ) e—vpi(Aemo,E—mo,e)
1 —¢ho ’
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~—

by the first condition, we get p; (Aexo — 2o.) = Oc0(€°). Then,

0,€e
/Upz (A x06 X 6) Z C,
—Up, (A Zo,e — Lo e) < —
e UpilAet0.c—T0.) < o7¢ — const,

And thus,

(™)
1 — eko
Since the right hand side of the last inequality tends to zero as n — 400, it follows that
(2 )nen is a Cauchy sequence in (G (P;);er) which is a complete space, by Proposition
4.2, then (x,)nen is convergent. Then there exists o in Gz such that o = lim,,_,, « zp,.
On the other hand, we have for any o, 0 € Gg, we can prove that A is a continuous
mapping. Indeed for any o, 0 € G, we have

ipi (AU . AQ) _ e—Upi(AeO'e_Aege) < e—k’o e—'Upi(O'e_ge) < €_k0 :Pz (U,Q) )

e~ (TmeTne) < const.

We deduce that A is continuous. And we have, z,,; = Ax,, — 0 as n — 400 which
implies that 0 = Ao. Therefore, A has a fixed point. Now, assume that A has another
fixed point o € Gg. Then Ap = o, we can write

e_vm(ae_gs) — iPZ (O' _ Q) — ’J)Z (AO' _ AQ) — e_vpi(Ao'e_AL)e) S e_kO e_Upi(Ue—Qe),

this implies e%»i(=¢) = (, which signifies that v, (0. — o) = +oo, and thus,
(0e — 0c). € Ng. Therefore, 0 = p in Gg. d

The theorem below is an extended of Kannan’s fixed point theorem in classical
metric space.

Theorem 4.4. Let A : (Sg, (Pi)icr) — (SE, (Pi)icr) be a mapping from an algebra of
generalized functions equipped with a family of ultra pseudo-norms (P;);cr into itself,
and satisfying the two following conditions:

1. there exists 09 € Gp, pi(Acoo. — 00c) = Oco(€?), with d > 0;
2. for everyi € I, pi(Acoe — Acoe) < MGA[ (Acoe — o) + pi(Acoe — QE)}, for all
(0e)es (0e)e € Mp, A >1n(2), M > 0.
Then A has a unique fized point in Gg.

Proof. Let us consider the following sequence

{yn+1 = Ayn,

Yo = 0o,

Yn+1,e = Ayn,e + N,

is equivalent to
Yo,e = 00,¢ + me,

where (n.)e, (me). € Ng. We have

efvpi(yn+1,efyn,6) — efvpi(yn+1,e*yn,é) — e*vpi(Aeyn,rAeynq,e)_
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By the definition of the valuation function v,,, we can write
D; (Aﬁyn,e _ Aeynﬂ’e) < Me emin{vpi(Aeyn,e_yn,s)vvpi(Aeyn—l,e_yn—l,e)}.
Then,
Upi (Acynr1,e = Acyn—1,e) = A+ min{vp, (Acyne = Yne)s Vp, (Actn-1,c = Yn-1,6)} -
Thus,

e*”pi(Asyn,e*Aéyn—l,e) < e*/\ 6_ min{vpi(Aeyn,e_yn,e)avpi(Aeynfl,e_ynfl,a}

IN

efA max {efvpi(Aeyn,efyn,e) efvpi(Aéyn—l,efyn—l,e)}
Y

IN

6_/\ (e_vpi(Aeyn,e_yn,e) + e_vpi (Aeynq,e—ynﬂ,e)) .
It follows,
-

e_vpi (Aeyn,e_AEyn—l,s) < €

e_Upi(Aeyn—l,e_yn—l,e)
T l—e? '

By induction, we can conclude that

Y n
e_'Upi(Aeyn,e_Aeyn—l,e) < ( e e_vpi(AeyO,e_yO,e)‘
1 —e?

Now we have to prove that (y,), is a Cauchy sequence. Let n,p € N,

—Up,; (xn+p,e _yn,e) — o Up; ($n+p,e_yn,e)
e =€
max4 —Vp; (yn+p,e_yn+p71,c)a_vpi (ynerfl,e_yn,e)
<e
< max {efvpi (yn+p,e*yn+P—1,€)7 efvpi (yn-&-p—l,e*yn,e)}

S e*”pi (Yn+p,e=Yn+p—1,e) + e*”m (Yn+p—1,e=Yn,e)

6_)\ n 6_)\ n+p—1
< - ... - —Up,; (AeyO,e_yO,e)

From the first property in the theorem we have eUri(A<¥o.c=%0.c) ig finite, the right
hand side of the last inequality tends to zero as n — +o0o. Then, (y,), is a Cauchy
sequence in §g which is complete by Proposition 4.2, and thus there is ¢ in Gg such
that y, — 0 as n — +o0.

Now, let us prove that o is a fixed point of the mapping A, we have

i (Acoe=00) < D]~y (Aco—yn.0)—p, (ym.c—0e) }

< e*”pi(AeUe*yn,e) + e*”m(yn,e*%)'
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On the other hand
e*”pi(yn,efde) < e*)\ (6_ min{vm (yn,e—yn175),1);)1-(05—14505)})

< ef)‘ Sup {(efvpi (yn,efyn—l,e)7 efvpi (UefAeo'e)} .
Hence,

Ui (Aco=00) < o= (Une=00) | oAU nie—n-1.6) | oA p—p; (Acoe—00)

Thus,

(1 _ e_)‘) e_vpi(Aeo'e_O'e) < e_vpi(yn,e_o'e) + 6_>\ G_Upi(yn,e_ynfl,e)‘

By passing to the limit as n — 400, we obtain eri(4<?<=9) — () this implies
Uy, (Acoe — o) = +00,

which means that (A.o. — o), € Ng. Then, Ao = 0. It now remains to demonstrate
the uniqueness. Assume that there is another fixed point ¢ of A, Ap = p, such that

o # 0.

So, we can write

e_vpi (UG_QE) < e_vpi (AeUe_AeQe)

e—/\ esup{(—vpi (Acoc—0e),—vp; (Aege—ge)}

IN

IN

e_A Sup {e_vpi (AEO'E_UE)’ e_vpi (AEQG_QE)}

IA

e <€*vp,'(AeUe*0e) + e*vpi(Ae@rQe)> '
Since Ao = o and Ap = p, then
Uy, (Acoe — 0¢) = vy, (Acoe — 0c) = +00,
which implies that e~*»i(?<—¢) = (. Thus, vy, (0c — 0¢) = +00. Then, (0. — o) € Npg.
Conclusion is ¢ = ¢ in Gp. O

The following theorem is based on the theorem in the classical case, of Chatterjia.

Theorem 4.5. Let A : (Sg, (Pi)icr) = (Se, (Pi)icr) be a mapping from an algebra
of generalized functions equipped with a family of ultra pseudoseminorms (P;);cr into
itself, and satisfying the two following conditions:

1. there exists 09 € G, pi(Acooe — 00.c) = Ocyo(€¥), with k > 0;
2. for any i € I, pi(Acoe — Awe) < M [pi(Acoe — 00) + pi(Acve — 00|, for all
(0e)e, (0c)e € ME, 5 >1n(2), M > 0.
Then A has a unique fized point in Gg.

Proof. Let us consider the following sequence

{yn—I—l = Ayna

Yo = 0o,

Yn+1,e = Ayn,s + N,

is equivalent to
Yo,e = 00,¢ + M,
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where (n¢)e, (me)e € Np. We have e i Wn+1etne) — =0 (Achntrc=Avn—1.0) By the
definition of the valuation function v,, we can write

Di (Actne — Acn_r.c) < M P ™ pi(Acvme—um.c) vy (Actn—1.e=yn1.6)}

So,
Up, (Actnt1,e — AeYn-1,6) = B+ min{vy, (AYne — Yn—1.6) > Vp; (AcYn-1.6 = Yn,e) } -
Thus,
e~ vri(Actn.c—Acin-1,6) < =B o= min{vp; (Acyn.c—yn—1.0)0p; (Acyn—1,e=yn.0) }
< e P sup {e—vp,- (Acyn,e—yn—1.6) e—vpi(Aeynq,e—yn,e)} )
Since, (Acn—1,c — Yn,e), € N, it follows vy, (AcYn—1,c — Yn,e) = +00. Then,
e~ Vpi (AcUn—1,c=Yn.e) _ ().

We can write the last inequality as follow

—p; (Acyn,e—Actn—1,e) =B o= p; (Un+1,e=Yn—1,¢)
e P eYn,e eYn € Se e pi\Yn € n e’

and by the properties of the valuation function we can conclude
Up; (Ynt1.e = Un—1.6) = Vp; (Unt1,e = Ynie) + (Unie — Yn-1.c))
> min {vy, (Ynt1.e = Ynie) s Up; (Ynie = Yn-1,6) } -
On the other hand, we have
e~ Vni(Acyn.c—Aeyn—1,6) < =B <6_U:Di(yn+1,e—yn,e) + e—vpi(yn,e—yna,e))

< e B e pi(Acyn.e—Acyn—1,) + e Bevri(Une=yn—1.)
Then,
e B

e_vpi(Aeyn,e_Aeyn—l,e) < o
“\l—e"F

> e_vpi(yn,e_yn—l,e).
By induction we can conclude that

75 n
e_vpi(Aeyn,e—Aeynfl,e) < € e—'Upi(AeyO,e—yO,e)'
1—e b

Now let us prove that (y,), is a Cauchy sequence in Gg

e~ Vpi Wntpe=Ynie) —p=Vp; (Yntp.e—Yn.e)
<6maX{7UP»L‘ (yn+P,€7yn+pfl,e)77vpi (yn+p71,67yn,€)}
S max {e_vpi (yn+p,5_yn+p71,e) , @_vpi (yn+p71,e_yn,s) }

Se_vpi (yn+p,e_yn+p71,e) ‘I’ e_v”i (yn+p71,e_yn,e)
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-8 n -8 n+p—1

(& e

< I e I _vpi(AeyO,e_yO,s)
—Kl—eﬁ) + +<1_65> ]e

()
<L671}pi (AgyO,efyan)'
= 1 . e—B

1—e= 5

Thus (y,)n is a Cauchy sequence in G which is complete by Proposition 4.2, so there
is 0 € G such that y, — 0 as n — 400. We show that ¢ is a fixed point of the
mapping A. We have

e Vpi (Acoc—oc) < esuP{_UPi (Acoe—Yn,e),—vp, (yn,s—ffe)}

S e—’l)pi(AeO's—yn,e) _’_6—vpi(yn,s—ae)‘
On the other hand, we have

efvpi(yn,efae) < e*)\ (6_ min{vm(yn,e—yn116),1};,1.(05—14506)})

S 6_)‘ Sup {e_vpi (yn,e_yn—l,e)’ e_vpi (UE_AEUE)} .
Hence,

e_vpi(AeO'e—O'e) < e_vpi(yn,e—o'e) + e_ﬂe_vpi(yn,s_ynfl,é) + 6_66_7)171'(1460-6_0-6).

So,

(1 _ e_ﬁ)e_vpi(Aeo'e_o'e) S e_vpi(yn,e_o'e) + 6_6 e_vpi(yn,e_yn—l,e)'
By passing to the limit as n — +oo we obtained e vri(A<c<=) — (0 which implies
Uy, (Acoe — o) = +00, and thus (Ao — o), € Ng. Then, Ao = o.

Now, let us prove the uniqueness of fixed point. Assume that there is another fixed
point o of A, Ap = p, such that o # 0. So, we can write

e_vpi(o'e_ge) — e_Upi(AeUe_Aege)
< eiﬂesup{_v}?i(AEO-E_QE)v_’UpZ'(Aéo-e_QE)}

S 676 Sup {e*’Upi (Aeo'efge% efvpi (AeQe*Qe)}

VAN

6_6 (e_vpi(Aeo'e—Ue) + e_ﬁe_vpi(o'e—ge))

-8B
e
< e VP (Aeaéfa'e).

Since, Ao = 0. Then, v, (A0 — 0.) = +00, that implies e~:(4<c=<) = (. Thus,
e vril7c=2) = (), then vy, (0. — 0.) = +00, which meas that (0. — g ). is a negligible
element. Finally 0 = v in Gp. O
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5. APPLICATION TO AN EVOLUTION PROBLEM

We consider the standard Cauchy problem
{f@)=f@¢ﬂ®% teR",

<51) O'(O) =0y € R,

where f: R xR — R and o € Gp.
Proposition 5.1. If f. satisfies the following condition

(5.2) |fe(s,0¢) — fe(s, 00)| < ke(8) |oe(s) — 0e(s)],  for all o, 0 € G,

where k.(s) = M(s)e* with 0 < M(s) <1 and A > 0.
Then, the problem (5.1) has a unique generalized solution.

Proof. u is a solution of the problem (5.1) if and only if it is a fixed point of the
mapping

A:R >R,
5.3 t
(5:3) x— Ao =0y + / f(s,0(s))ds.
0
Let
A R—> R,
(5.4)

t
Te = Aeae = 0pe + / fe(sa UE(S)>d87

0
be a representative of A. Since f satisfies condition (5.2) and we defined the following

ultra pseudo-seminorms on R by Pr(o) = e~ 7<) where pp(o.) = SUPyefo17 [0 (t)]
and 7' is a non negative real number. We have

A = Ao = [ 11(s.0(5)) = (s ou(s)ds
< [ 165.09) = Filss el

g/{:MEk\UC(s)—QE(SNds (M: sup !M<t)l>

te[0,7)

< T M e pT(Ue - Je)
<Cée pr(c. — o).

So, pr(Aco.—Aco.) < Ce*pr(o.—a.). Then, the second condition of first Theorem 4.3
is satisfied. Moreover, we have

t
pT(AEJOE - er) = Dr (/0 fe(S, UOe)dS> < TPT(fe) = O€—>0<€C)7 ceR.
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According to our first theorem there is a generalized solution for the abstract Cauchy
problem. We have to prove now the uniqueness, assume that there is another fixed
point o of A, Ap = p, such that o # p. Then we can write

e Vrr(Tem0d) — Pr(oc — 0) = Pr(Ac — Ap) = e Upr(Acoe—Acee) < o=k o=vpp(oe—0c)

Hence, e~ %r(@<=2)(1 — ¢=*) < 0, which gives, e "Pr(7<72) = (), in other words, v(o. —
QE)NZ +o00. Therefore, (0. — 0.)c € Ng. Finally, 0 = p in R. And the solution is unique
in R. [

FExample 5.1. Let’s consider the example that inspired the fixed point theorem in
Colombeau algebra. Consider the following problem from [9,15]:

0%a(t) = h(o(t))o(t) + g(t),
(5.5) o(—1) = oy,

o'(=1) = oy,
where 0 the Dirac distribution and g, h € C*(R).

It is a significant differential equation which comes from physics having a product
of the distributions in the first equation, initial conditions are singular generalized
numbers oy, o; and does not allow to use the classical tools to have a solution. In
the references mentioned above we find proof of moderation, other nontrivial steps

implying classical results. Let o be positive constant, L = [, [, |g(7)|drds and k

is a Lipschitz constant of » on a compact subset of R containing 2 =] — 1 — ¢, $[.

The equation (5.5) can be reformulated as the Cauchy problem (5.1) with f = [(f).],
f(t, ) = h(-)pe(t) + g(t) is a smooth function and & = [(0 * p) ] is the embedding of
the Dirac measure in g, E = €, where p (t) = Lp(t) and p € C(R), fg p(t)dt =1,
p(t) > 0. We defined the following norm on Gg by

Pr(o) = e rr(@),
where pr(o.) = sup;cq |o(t)| and let
Ac : C*(R) = C*(R),
oo 5 Ao (t) = a0 + (t—l—lale—l—/ / Flodm)pelr d7d5+/ / T)drds.
We have

Acoge — 00 =(t + 1)o7 +/ / floe(1))pe(T)drds —i—/ / T)drds

(’t| + 1 ‘0'16| +/ / O'6 p6 |d7’d8 +/ / |d7'd3

<loiel(a/2+1) + HhHooHpeHooZ(a +2)+ L= M.
So,
pT(AE O0e — 0'06) < pT(Me) = OEH()(EC), c € R.
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On the other hand, we have
Aoty = Aot)= [ [ fomNpmiras— [ [ fedpdrirds
= [ [ #oelr)) = Flolprydrds
<tloclo |, [ loc(r) - ec(rldrds

o
Sk”ﬂe“ooz(a + 2)pr(oe — o)
SkspT<0-5 - Qe)-

Thus, pr(Acoe — Acoe) < kepr(oe — oc). It follows that the mapping A is Lipschitz,
since it is continuous in §g. Moreover, from Theorem 4.3, A has a fixed point which
is a solution for (5.5). Once the Theorem 4.3 is applied.
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SOME RESULTS ON NORMAL ALMOST CONTACT MANIFOLDS
WITH B-METRIC

NULIFER OZDEMIR!, SIRIN AKTAY?, AND MEHMET SOLGUN?®

ABSTRACT. In this study, normal almost contact manifolds with B-metric are con-
sidered. Almost complex manifolds with Norden metric are obtained by multiplying
almost contact manifolds with B-metric by warped product (by using a function
on real numbers). New examples of normal almost complex manifolds with Norden
metric are derived. Furthermore, curvature properties of the almost complex man-
ifolds with Norden metric obtained from almost contact manifolds with B-metric
are investigated.

1. INTRODUCTION

In this work, relations between almost contact manifolds with B-metric and almost
complex manifolds with Norden metric are investigated. An almost contact manifold
with B-metric is obtained from an almost complex manifold with Norden metric using
a method similar to that in [4]. The classifications of almost contact manifolds with
B-metric and almost complex manifolds with Norden metric are made by using the
covariant derivative of their fundamental tensors. Classification of almost contact
manifolds with B-metric and almost complex manifolds with Norden metric can be
found in [2, 3], respectively. Relations between the almost contact manifolds with
B-metric and almost complex manifolds with Norden metric are investigated in [8,9]
with respect to these classifications.

In this manuscript, we study the warped product of almost contact manifolds with
B-metric and R. After presenting necessary preliminary informations, we obtain an

Key words and phrases. Almost contact manifold with B-metric, almost complex manifold with
Norden metric, Einstein manifold, curvature, warped product.
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almost complex structure on the product of an almost contact manifold with B-metric
with R. Then, we define a metric which is indefinite of signature (n + 1,n + 1) on
the product manifold. The product manifold is an almost complex manifold with
Norden metric. We write the covariant derivative of the metric and the almost complex
structure of the almost complex manifold with Norden metric in terms of the covariant
derivative of the metric of the almost contact manifold with B-metric. We, then, state
the relations between normal classes of almost contact manifolds with B-metric and
almost complex manifolds with Norden manifolds.

2. PRELIMINARIES

A (2n 4 1)-dimensional smooth manifold M is said to have an almost contact
structure (@, &, n), if this manifold admits an endomorphism ¢ of the tangent bundle,
a vector field £ and its dual 1-form 7 such that the conditions

(2.1) (X)) =—-X +n(X)E, n(§) =1,

are satisfied for an arbitrary vector field X. If a manifold admits an almost contact
structure, it is called an almost contact manifold. If (M, ¢, £, n) is an almost contact
manifold endowed with a pseudo-Riemannian metric g of signature (n 4+ 1,n) such
that

(2.2) g(e(X),p(Y)) = —g(X,Y) + n(X)n(Y),

for all vector fields X, Y, then M is called an almost contact manifold with B-metric.
From equations (2.1) and (2.2), one can easily see that

n(e(X)) =0, @) =0, nX)=g(&X), g(p(X)Y)=g(X o)),
for all vector fields X,Y. The tensor § given by

9(X.Y) = g(X,0(Y)) + n(X)n(Y),
is a B-metric associated with the metric g. Let V be the Levi-Civita connection of
the pseudo-metric g. For all vector fields X, Y, Z on M, we define the structure tensor
a of type (0,3) as
a(X,Y,Z) =g ((Vxp) (Y), Z).
It is not difficult to see that the tensor « has following properties:
a(X,)Y,Z)=a(X,Z,Y),
(2.3) a(X,o(Y),0(2)) = a(X,Y, Z) = n(Y)a(X,§, Z) — n(Z)a(X,Y,§),
(2.4) a(X,€,€) =0.
The following 1-forms are defined as
Q(X) :gija(Ei7Ej7X)v 0*(X) :gija(EiaSO(Ej>’X)7 U}(X) :Of(g,g,X),

where {F}, ..., Ey,, &} is a local frame, X is a vector field and (g%) is the inverse
matrix of (g;;).
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Using the properties above, the space of covariant derivatives of the endomorphism
@ are defined as

F={a @M :a(X,Y,2)=a(X,2,Y),
(2.5) a(X, oY), 0(2)) = «(X,Y, Z) =n(Y)a(X, €, 2) = n(Z)a(X, Y, €)}
The space F decomposes into eleven subspaces
F=F® @ Fn,

which are orthogonal and invariant under the action of G x I where [ is the identity
on Span{¢} and G = GL(n,C)NO(n,n) [2]. An almost contact manifold M is called
normal if the corresponding almost complex structure J on the even dimensional
product manifold M x R is integrable, i.e., the Nijenhuis torsion [J, J] is identically
zero [1,7], or equivalently N = [p, ¢| + dn ® £ = 0, or equivalently

(2.6) a(X,Y, ) = (Y, X, £),
(2.7) Sxyz{a(X,Y,¢0(2)) — (X, p(Y), E)n(Z)} = 0,
see [10]. In this study, we consider only the classes of normal almost contact manifolds

with B-metric. The class of the normal contact manifolds with B-metric is F; @ Fy P
F1® F5 @ F 6], and defining relations of this subspaces are:

(28) (XY, 2) = o {o(X,p(V)(e(2)) + o(X, 0(2))B(e(Y)

+9(p(X),p(V)0(¥*(2)) + g(p(X), SD(Z))Q(QOQ(Y))},
(2.9) F:alY.Z)=a(X,£,2)=0, 6=0,
a(X,Y,¢(2)) + oY, Z, (X)) + a(Z, X, o(Y)) = 0,

(2.10) Fy:X,Y,2) = —02(2) {9(0(X), (Y))n(Z) + g(p(X), o(Z)n(Y)},

211) Ty:a(X,¥.2) = - (o )n(2) + g (2D}
(2.12) F6:a(X,Y,Z) = a(X,Y,En(Z) + a(X, Z,En(Y),
0(X,Y,€) = al¥, X.€) = ~a(p(X).0(Y).6). 0(€) = 0°(6) =0

If a smooth manifold N has a tensor field J (almost complex structure) and a
pseudo-Riemannian metric h satisfying the conditions
i JQ(X) - _XJ

for all vector fields X,Y on N, then the manifold N is called an almost complex
manifold with a Norden metric [3]. The metric h is necessarily indefinite of signa-
ture (n,n). An almost complex manifold with a Norden metric has even dimension
(dimN = 2n) and the structure group of the tangent bundle reduces to the group
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GL(n,C)NO(n,n). The tensor h given by h(X,Y) = h(J(X),Y) for any vector field
X,Y is symmetric:

h(J(X),Y) = —h(J*X),J(Y)) = h(X, J(Y)).

The structure tensor F' of type (0,3) on M is defined as

F(X,Y,Z) = h((VxJ) (Y), Z).
The tensor F' has the following properties:

F(X,Y,Z)=F(X,Z,)Y),

F(X,J(Y),J(Z))=F(X,Y,Z).

In addition, for any vector field X on N the 1-form 6 associated with F' is defined as
0(X) = h"F(E;, E;, X),

where {E), Fy, ..., Fy,} is a frame field on N and A% is the inverse matrix of h.
Then the subspace W of @JN is defined as follows:

Wi={ae@N|a(X,Y,2) = a(X,J(Y),](Z) = a(X,Z,Y)},

where X, Y, Z are vector fields on N. According to the symmetries of W, this space
splits into the direct sum W = W; & Wy @ W3. The subspaces W; are invariant and
irreducible under the group GL(n,C) N O(n,n). The defining relations for invariant
subspaces are the following.

(a) Kaehler manifolds with a Norden metric:

(2.13) F(X,Y,Z) = 0.
(b) Class W;: Conformally Kaehlerian manifolds with a Norden metric:
1 ~ -
(2.14) P(X,Y.Z) =5~ {M(X,Y)0(2) + h(X, 2)0(Y)
n

+h(X, J(Y)O(J(Z)) + (X, J(Z)0(J(V))} .

(c) Class Wy: Special complex manifolds with a Norden metric

(2.15) F(X, Y, J(Z)) + F(Y, Z, J(X)) + F(Z, X, J(Y)) =0,
and 0 = 0.
(d) Class W3: Quasi-Kaehlerian manifolds with Norden metric
(2.16) FX,Y,Z)+ F(Y,Z,X) + F(Z,X,Y) = 0.

(e) Class Wy @ Wy: Complex manifolds with Norden metric
FX,Y, J(Z)+ F(Y, Z,J(X)) + F(Z,X,J(Y)) =0,

or equivalently N = 0.
(f) Class Wy @ Ws5: Semi-Kaehlerian manifolds with Norden metric

(2.17) f=0.
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(g) Class Wp @ Ws:
F(X,Y,Z)+ F(Y,Z,X)+ F(Z,X,Y) :711{ (X, Y)0(Z) + h(X, Z)0(Y)
+ (Y, 2)0(X) + h(X, J(Y))0(J(2))
(2.18) + (X, J(2))0(J(Y))
+h(Y, J(2))0(J (X))}
(h) Class Wy @ Wy @ Ws: No relation.

3. ALMOST COMPLEX MANIFOLDS WITH A NORDEN METRIC FROM ALMOST
CONTACT MANIFOLDS WITH B-METRIC

In this section, first, we define an almost complex structure on the product of an
almost contact manifold with B-metric with R. We write a metric on the product
manifold depending on a function ¢ where o : M x R — R only depends on ¢t. Then,
we obtain an almost complex manifold with Norden metric and we give the relations
between covariant derivatives.

Let (M, ¢,&,1m,9) be a (2n+ 1)-dimensional almost contact manifold with B-metric
and consider the product manifold M x R. A vector field on the manifold M x R is
of the form (X , a%) where t is the coordinate of R and a is a smooth function on
M x R. The almost complex structure J on M x R is defined by

d d
1 X,a— | = X) —
3.1) 7(xag) = (w00 - e ).
Then J? = —1. In addition, we define a pseudo-Riemannian metric on M x R with
signature (n +1,n + 1) by
(3.2) hilX, d de =¥ g(X,Y) —ab
) | o)) =ealX, ab.

One can easily see that

o a(ned)os(02) s (222)-(42))

Hence (M x R, J, h) is an almost complex manifold with Norden metric. Let V be the
Levi-Civita covariant derivative of the pseudo-Riemannian metric g on M. Levi-Civita
covariant derivative of the metric h on M X R is obtained using the Kozsul formula as

d do b ,,do d
V(X,a%) (Y bdt) = <ny+dt(aY+bX), {X[b] —f-a%—f—e dt (X’Y)} dt) .

Note that the covariant derivative on the product manifold M x R will also be denoted
with the same symbol V. Also, covariant derivative of the almost complex structure
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J is calculated as
(Vi) (v:05) = ((vm ) = bV~ b o(x)
"7 (n(Y)X + g(X,Y)E),

+
e Sy 4 (V) )+ 2 ax o) ).

for any vector field (X —) (Y b<: ) and (Z,cdt) on M x R. It follows that

g
F(X,Y,2)=h((Vg])(Y), 2)
=¥ a(X,Y, Z) + 2bce” Cclin(X)
(3.4) —e7{bg (Vx¢&, Z) +¢g (VxEY)}

+ flj ((Y)g(X, Z) + 1(2)g(X,Y)}

_ CZ {bg(X, 0(2)) + cg(X, p(Y)} |

is obtained. If we take X = (£,0), Y = Z = (0 d) then F(X’ff7 Z) — 9e0do g

" dt dt
different than zero for non-constant ¢. Thus, F' is not equal to zero for any function

o. Since
do da d
V(X,aﬁ)(f,()) = (fo + Eaf, " n(X )dt> 0,

(£,0) is not parallel even if £ is parallel. In addition, if £ is Killing, (&, 0) is also Killing:

h (v(X,ai)(g,O), <Y, bi)) = 2 g(Vx€,Y) + ae? Cclzj (¥) = be =l (Y)

(3.5) _ (v(yﬁbi)(g, 0), (X, acjt)) |

Note that

(S (1) 038) - 2)(33)

Let {e1,...,ea,,&} be a local pseudo-orthonormal frame field on M. Then one can
obtain an orthonormal frame field on M x R as follows:

{(e"el, 0),..., (e 7€, 0), (e77¢,0), (o, CZ) } .

Using this frame, the 1-form 6, associated with F' given in [3], is evaluated as

(3.6) 0 <X, “i) =0(X) —ae 70" (&) + w(X) +2(n + 1)e” Ccl; (X).
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In addition, we write the curvature tensor R on the product manifold M x R with
respect to the curvature tensor R on M. Let X = (X adt), Y = (Y, bdt) Z = (Z, cdt>
be vector fields on the product manifold M x R, then we have

(3.7) R(X,Y)Z = (R(X Y)Z +c ((CZ) + CZ‘;) (aY —bX)

v (%) WX - ax2v),

oo [ (do\® &% d
((dt) +dt2> (CLY—bX Z)d)

As a result, Ricci curvature can be calculated as

(3.8) Q(X,Y) =Q(X,Y) — ab(2n + 1) ((CZ) N ccl:;)

do\’ 2
20 2
+e <dt> 2n+1)g(X,Y)+e ﬁg(X,Y).
In addition, we can evaluate the scalar curvature as
do\* 2
(3.9) §=e s+ (2n+1)(2n+2) (;) +2(2n +1) dtj

Let M be an almost contact manifold with B-metric with zero scalar curvature.
Then we can construct an almost complex manifold with Norden metric with scalar
curvature k > 0 with the appropriate choice of the function o, see Example (3.1). If
we take s = 0, then the solution of the differential equation

do\> d’o
(3.10) k=2n+1)(2n+2) <dt> +2(2n + 1)ﬁ’
takes the form

(3.11)  o(t) = 7141— . In lcosh (\/ﬁ (2\/7217;_71 \/(Qn +1)(n+ 1)cl>>1 + co,

where ¢1,c9 € R.

If the almost contact manifold with B-metric M is Einstein, that is Q(X,Y) =
Ag(X,Y), then the almost complex manifold with Norden metric M x R is Einstein
if and only if

A d*c

12 e Ry
(3.12) 2n ¢ dt?

If K = (2n 4 1) ((Zif + ‘Zg) then we have Q(X,Y) = Kh(X,Y).
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Differential equation (3.12) has the solution

1 e\/a(t‘i‘CQ)
t)=In (e vValteyp -
oft) =In (26 + 4ney ’

where ¢1,c5 € R and ¢; > 0. If Einstein constant A > 0, domain of the function o
is the set of all real numbers. Hence the product manifold M x R is Einstein with

Einstein constant K = (2n + 1)c¢; > 0, since ¢ = ((fg)Q + CZE’).

If A <0, it can be easily seen that domain of the function o is (g, +00), where
ty = ﬁ In(—2nc;A) — co. Then the product manifold M X (ty,4+00) is Einstein with
Einstein constant K = (2n + 1)¢; > 0. If A = 0, then solution of the equation (3.12)
is o(t) = ¢t + ¢y, where ¢, ¢y € R. In this case, K = (2n + 1)c? is obtained. Hence,
for all cases, we obtain Einstein product manifold with positive Einstein constant.

Now the relations between classes of the product manifold M x R and the classes

of the almost contact manifold with B-metric M are investigated.

Theorem 3.1. If (M, p,&,n,g) is a cosymplectic almost contact B-metric manifold,
then the product manifold M x R is of the class Wy for all non-constant o functions.

Proof. Since (M, p,&,n,g) is a cosymplectic almost contact B-metric manifold we
have

0(X) = 2+ Ve Tn(X), BI(X)) = ~2a(n + 1)2‘;.

Implying that § # 0 and the product manifold is not of the class W,. Since
a(X,Y, Z) =0 for all vector fields X, Y, Z from (3.4), we have

F(X,Y/,Z) = 7{U<Y)Q(X7Z)+77(Z>9(X>Y)}

279 hg(X, 0(2) + eq(X. (Y ))} + 2bee” (),

which is equivalent to the right hand side of the defining relation (2.14) of a conformally
Kaehlerian manifold by direct calculation. Thus for a non-constant function o, the

product manifold is a conformally Kaehlerian manifold with Norden metric (class
Wh). O

Theorem 3.2. If (M, ¢,£,n,q) is of the class Fy, then the product manifold M x R
is of the class Wy @& Wy for all non-constant o functions.

Proof. Since (M, ¢,&,n, g) is of the class ¥, we have

0(&) =0, 07 =0,
for all vector fields X on M and ¢ is parallel [6]. Then, we have

0 <X, ajt> =0(X)+2(n+ 1)606277()().
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Hence we say that § # 0 and the product manifold M x R is not of the class W.

When M is of the class 7y, if we take X = (O, i&) Y = (Y,0) and Z = (£,0) in

0
equation (2.14), the left hand side of (2.14) becomes F(X,Y,Z) = 0, whereas the
right hand side of (2.14) is

1 ag
—me 0(p(Y)).

Thus, the equation (2.14) is not satisfied and the product manifold M x R is not in
the class W;. Since

F(X.Y.1(2)) =" a(X.Y.0(2)) ~ n(Z)g (VxE.Y)
(3.13) —e’ {ca(X Y, €) —ba(X, Z,&)}

+e3crf {n(Y)g(X,0(2)) —n(2)g(X,¢(Y))}
— ez"* {bg((X),0(Z)) = cg(p(X), 0(Y))}

+ 2% szt n(X) {bn(2) —en(Y)},

it can be checked that the normality condition (2.15) is satisfied when the manifold
M belongs to class F;. As a result the product manifold M x R is of the class
W, @ Ws. O

Theorem 3.3. If (M,p,&,n,9) is in Fa, then the product manifold M x R is in
W1 & Wy for all non-constant o functions.

Proof. Since (M, ¢, &, n, g) is of the class Fs, the equation (2.9) yields
6(X)=0, 60"(X)=0,
for all vector fields X on M and ¢ is parallel [6]. Then,

d L, do
0 (X adt) =2(n+1)e’ dt n(X).

Hence, 0 # 0, as a result M x R is not in Wh.

When M is of the class Fs, if we take X =Y = (O, dt) and Z = (£,0) in equation
(2.14), the left hand side of equation (2.14) is F(X,Y,Z) = 0, and the right hand
side of the equation (2.14) is —e”“2. Thus, the equation (2.14) is satisfied if and only
if o is constant. So, M x R does not belong to W; for non-constant ¢. In addition,
one can easily check that normality condition (2.15) is satisfied when the manifold M
is of the class F5. To sum up M x R is in Wy @& W, for non-constant o. OJ

Theorem 3.4. If (M, p,£,n,q) is of the class Fy, then the product manifold M x R
is of the class W1 & Wy for all non-constant o functions.
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Proof. Since (M, ¢,£,n, g) is of the class Fy, the equation (2.10) gives

B10) o) =080, F(O=0. w(X)=0 Vie= "1
From equations (3.4) and (3.14), we get
F(X,)Y,Z)=—-¢" @(i) + 6"2?) {(n(Y)g(o(X), 0(Z)) + n(Z)g(p(X), p(Y))}

o (92%) N fg) (bg(X, 9(2)) + cg(X, p(Y))}

do do
+ QeBUan(X)n(Y)n(Z) + 2bce"$n(X)

and

POT0(2) = (5 4 e ) (Vo X, ) = (2)g (X, )

e (92%) i Cf;’) {bg((X), (2)) - cg(p(X), p(Y)}

do

- 262"577()() (en(Y) = bn(Z))n(Y).

One can see that the normality condition (2.15) is satisfied. Hence the product
manifold M x R is of the class W; @& Ws. In addition, we have

0 (X, ai) = n(X) (0(@ +2(n + 1)60‘2‘;) .

If we take X = (X,0), Y = (Y, %) and Z = (Z, %), then the equation (2.14) is not
satisfied. Hence M x R is not of the class Wi. If 0(&) is constant and the function o
has the property that

o do 0(¢)
ef— = ————
dt 2(n+1)
then the product manifold M x R is of the class Wj. O

Theorem 3.5. If (M, p,&,n,9) is of the class Fs, then the product manifold M x R
is of the class Wy @ Wy for all non-constant o functions.

Proof. If (M, p,&,m, g) belongs to Fs, then from (2.11) we have
0(X) =0, 0°(X)=0"()nX), wX)=0,
for all vector fields X on M [6]. Therefore,

_ d d
0 (X, adt) =—e %af* (&) +2(n + 1)e“d—in(X) # 0,



ON NORMAL ALMOST CONTACT MANIFOLDS WITH B-METRIC 607

since 5(0, %) = —e 70*(€). Therefore M x R is not in Ws. Replacing X = (O, i),

Y = (£,0) and Z = (£,0) in defining relation (2.14) of the class W7, we have

0*(&) = 0.
This is a contradiction since 0*(§) # 0 is in the class F5 for non-constant function
o. In addition, if the manifold M is of the class 5, then one can easily check that

equation (2.15) is satisfied on M x R. Hence, if the manifold M is of the class F, the
product manifold is of the class W7 & Ws. O

Theorem 3.6. If (M,p,&,n,9) is in Fg, then the product manifold M x R is in
W1 & Wy for all non-constant o functions.

Proof. Since (M, p,&,1m,g) is of the class F, by (2.12) we obtain
0(X)=0, 0(X)=0, w(X)=0,
for all vector fields X on M [6]. Then,

~ d ,do
7 (X’adt> =2(n+1)e EU(X) # 0,

since, for instance, 6 (€,0) = 2(n+ 1)e? 9 is not equal to zero for non-constant function

o. Choosing X = (O, %), Y = (Y,0) and Z = (O, %) in the defining relation (2.14)
of the class Wi, we have

e”—n(Y) =
This is a contradiction for a non-constant function o. One can also check that if the

manifold M is of the class Fg, then the equation (2.15) is satisfied on M x R. Hence,
if the manifold M is of the class Fg, the product manifold is of the class W, & W,. O

Now we show that if the product manifold M x R is normal, then so is M.

Theorem 3.7. If the product manifold M x R is of the class W7y, then the almost
contact manifold with B-metric is cosymplectic.

Proof. 1f the product manifold M x R is of the class W7, the defining relation (2.14)

is satisfied for all vector fields X,Y and Z. Take X = (O, %) and Y = Z = (&,0),

we get 6*(€) = 0. Replace X = (0, %) and Y = (£,0) and Z = (Z,0) in (2.14) to get
0(¢(Z)) = —w(p(Z)), and hence 8(Z) +w(Z) = n(Z)0(€). For X = (X,0), Y = (Y,0)

and Z = (Z,0), we get

315 a(nY.2)= 5 S X 2) + 2)g(X ).
Note that a(X, p(Y),¢(Z)) = 0. From the equation (3.15) we have
0(X) = =0 (X).

for all vector field on M. Then, we obtain 6(¢) = 0. Hence, we get (X, Y, Z) =0. O
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Theorem 3.8. If the product manifold M x R is of the class W5, then the almost
contact manifold with B-metric is of the class Fo ® F; & Fs.

Proof. Since the product manifold M x R is of the class Wa, 6(X, adt) = 0 for all
vector fields (X, a2). We, thus, obtain

U dt
N d —o ¥ .

Hence, 6*(¢) = 0 and

5@&%zﬂ@+%n+Df§Z:Q

Since equation (2.15) is satisfied in the class Wh, if one takes X = (0, %) Y = (Y,0)

and Z = (Z,0), then the following equation is obtained:
a(Y,Z, &) =a(Z,Y,§).

Since 0 = (X, &,&) = a(§, X, §) = a(&, €, X), we have V£ = 0. In addition, in the
class Wy we get

0:§<xi)zeu3+@n+neg'uy

and 0(p(X)) = 0. Moreover, taking X = (X,0), Y = (Y,0), Z = (Z,0) in equation
(2.15), we obtain Sxyz{a(X,Y,¢(Z) — a(X,o(Y),{)n(Z)} = 0. Thus, equations
(2.6) and (2.7) hold and the manifold M is normal (F, & Fo & F41 & F5 ® Fg) [10]. Since
0*(€) = 0 and O(p(X)) = 0, M is in Fo & T4 @ T O

Theorem 3.9. If the product manifold M xR is of the class W1@®Ws,, then the manifold
M is normal almost contact manifold with B-metric (the class F1 B Fo B Fy B F5DFg).

Proof. 1f the product manifold M x R is of the class Wy @ W5, the defining relation
(2.15) is satisfied for all vector fields X,Y and Z. If we take X = (X,0), Y = (Y,0)
and Z = (Z,0), we obtain

6XYZ (Oé(X, Yva (p(Z) o Oé(X, @(Y)a f)’?(Z)) = 0.
In addition, if we take X = (0, %) Y = (Y,0) and Z = (Z,0), we get

a(Y, Z,€) = a(Z,Y,§).

Hence, manifold M is normal almost contact manifold with B-metric from (2.6) and
(2.7) [10]. O
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Example 3.1. Consider the Lie group G of dimension 5 with a basis of left-invariant
vector fields {eq, es, 3, €4, €5} defined by the non-zero brackets

[e1, e5] = Arer + Aaea + Aes + Ageq,
2, 5] = —Ager — Ajea — A\gez — Ajey,
[e3,e5] = —Arer — Agea + Ares + Aoy,
leq, €5) = Ager + Ajea — Agez — Ajey.
One can define an invariant almost contact structure with B-metric on G as

g(eo, e0) = gler, e1) = g(ea, e2) = 1,

gles, e3) = glea,eq) = =1, glese5) =0, i # 7,

es =&, pler) =es, plex) =eu.

This almost contact structure with B-metric on G has zero scalar curvature [5].
Then we can construct an almost complex structure with Norden metric on G x R
having any scalar curvature k£ > 0 from the equation (3.9).

For example, from (3.11), the function

o(t) = 31 (cosh (ﬁgt)) 7

satisfies the differential equation (3.10):

do\? d*o
1=30(— 10—.

Thus the scalar curvature k of the product manifold G x R is k = 1 from (3.9).

Similarly for
o(t) = zl))ln <cosh (ﬁt)) :

the scalar curvature of G x R is 2.

Example 3.2. Let R** = {(u!,... u™ vt ... ;0" 1) | u',v',t € R}. Consider the
cosymplectic almost contact structure with B-metric given in [2] by

= — =dt
5 at7 77 )

9\ _ 9 o\ __ 9 9\ _y
P\owi) ~ov P\ovi)” “ow T\oat)

where X = M\ 632. + ut a?;i + I/% and ¢;; are the Kronecker’s symbols. We obtain

infinitely many conformally Kaehlerian structure with Norden metric on R?"*! x R
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from Theorem 3.1 for any non-constant function o. For instance, choose o(t) = t.
Then, for

X = - 52 458
Z@ui Z@vi dt’

0 0 d

Y PR i —— 7 —
yl@ui + yz@vi + ydt’

0 0 d

J =z — S 5
=i 8ul t 4 avi * Zdt

and X = (X, a%), Y = (Y, b%), Z=(Z, c%), from the proof of Theorem 3.1, we have

F(X,Y,Z) =" {g(X, Z) + 29(X,Y)}
— 7 (bg(X,(2)) + cg(X, p(V))} + 'z

and §(X) = 2(n+1)e'z, 6(J(X)) = —2a(n +1). Theorem 3.1 implies that F satisfies
the defining relation (2.14) of Wj.

Example 3.3. Let R*"™2 = {(u!, ... w0l ... 0o") | v 0" € R} and consider
R?"*2 a5 a complex Riemannian manifold with the canonical complex structure J and
the metric ¢ defined by
g, ) = =6 NN + 61
where 2 = \! a(zi + a?ﬂ-. Let Z denote the position vector of the point p.
We consider the unit time-like sphere S*"*1 : ¢(Z, Z) = —1 of the metric g given

in [2]. The characteristic vector field £ on S*"*! is given by
§=M+pJZ, g(Z,§) =0, g(&&=1
For each p in S*"*! setting g(J¢, Z) = tant, t € (—7/2,7/2), it is obtained that
£ = (sint)Z + (cost)JZ, JE= —(cost)Z + (sint)JZ.

For any = € T,5*"*! let ¢x be the projection of the vector Jx into T,S***! with
respect to JE. Then, one has the unique decomposition Jx = px + n(x)JE, where 7 is
a 1-form in 7,S*"*1. Tt is shown that (S, ¢, &, n, g) is an almost contact manifold
with B-metric in the class &, @& F5, that is

a(X,Y,Z) =~ 02(? 19(0(X), p(Y))n(Z) + g((X), 0(Z2))n(Y)}

0(€)
=, X e(Y)n(2) + 9(X,0(Z))n(Y)}.
For any choice of a non-constant function o, we obtain infinitely many almost
complex manifolds with Norden metrics on S?"* x R of the class W; @ W, from
Theorem 3.4 and Theorem 3.5.




ON NORMAL ALMOST CONTACT MANIFOLDS WITH B-METRIC 611

For instance, let o(t) = t. Since (S, ¢,&,n,g) is in F; & Fs, we have 0(X) =

n(X)0(§), and from equation (3.6), we get

(o d)_ 0
9<O’dt>__et7é0’

which implies that the structure is not in Ws. Similar to the proof of Theorem (3.4),
by direct calculation, it can be seen that the defining relation (2.14) of the class W is
not satisfied and the defining relation of W; & W5 holds. Thus the product manifold
S2ntl % R is in the class Wy @ Wh.
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SOME NOVEL RESULTS ON THE EXISTENCE AND
UNIQUENESS OF A POSITIVE SOLUTION TO A KIND OF
NONLINEAR FRACTIONAL BOUNDARY VALUE PROBLEMS

ASGHAR AHMADKHANLU!, VEDAT SUAT ERTURK?, AND PUSHPENDRA KUMAR?#

ABSTRACT. This work investigates a fractional boundary value problem in the sense
of Riemann-Liouville derivative and integral. We derive some novel results for the
necessary and sufficient conditions for the existence and uniqueness of the positive
solution. In this regard, some fixed-point theorems on cones are used. Also, a
convergent successive sequence to find the solution to the problem is introduced.
We derive the numerical scheme for the proposed problems. The correctness of the
proposed results is verified with some illustrative examples.

1. INTRODUCTION

Fractional Calculus, which extends integer order calculus to arbitrary order calcu-
lus, has garnered attention from scientists recently. Fractional differential equations
represent physical processes in science and engineering [20, 28,29, 33]. Some recent
applications of fractional-order operators can be seen in epidemiology [8,18,22,31,35],
ecology [23], mechanics [17], psychology [25], chemical reactor theory [16], etc. Particu-
larly, Fractional-order Boundary Value Problems (FBVPs) have been used to describe
various real-world problems. In [14], the authors derived a Caputo-type boundary
value problem representing a corneal shape model. The authors in [24] proposed
a heat conduction model of fractional-order in terms of the Caputo-type boundary
value problem. In [6], the authors proposed a boundary value problem related to the
dynamics of glucose graph.

Key words and phrases. Fractional boundary value problem, Riemann-Liouville derivative and
integral, Green’s function, fixed point theorem.
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Numerous publications addressing the existence, uniqueness, and multiplicity of
positive solutions to fractional initial and boundary value issues have been written in
recent decades (see [2-4,7,9,10,13,30,32,40]). Bai in [5] derived positive solutions
of a nonlocal fractional boundary value problem. In [1], the authors derived some
novel simulations on the existence of a unique positive solution for FBVPs. In [34],
an analysis of the existence and uniqueness of positive solutions to a coupled system
of nonlinear FBVPs with anti-periodic boundary conditions has been given. In [26],
the authors produced some novel findings for the existence and uniqueness of positive
solutions to m-point FBVPs. In [21], the same results are produced for multi-point
FBVPs with p-Laplacian operator. There have been some theoretical improvements
in [36] on the existence of a unique positive solution for a class of nonlinear FBVPs
with mixed-type boundary conditions. The positive solution of a nonlinear fractional
g-difference equation with integral boundary conditions has been studied for existence
and uniqueness in [19]. Some existence and stability results for nonlocal FBVPs were
derived by Erturk et al. [15]. Bekri et al. [11] investigated some novel findings on the
existence and uniqueness of a nonlinear ¢-difference FBVP. In [12], the analyses of
existence and uniqueness on two Caputo-type FBVPs have been given.

In this study, we address the existence of positive solutions for the following FBVP
and the uniqueness of each of those solutions.

(1.1) Do (u(t) + T5 U (¢, (1)) + (1, u(t)) =0,
lim t073u(t) = lim 0730/ (t) = /(1) = 0,

where 2 < § < e < 3, t € [0,1] and D}, is the standard Riemann-Liouville (R-L)
fractional derivative of order 6 and Jj, is the R-L fractional integral of order €. Also,
the functions ® and ¥ have some properties which will be presented later.

This article is put together in the following way. In section 2, some necessary
definitions are presented. Section 3 calculates the Green function of the problem
and presents some properties of this function. In section 4, the main results about
the existence and uniqueness of positive solutions of the proposed FBVP (1.1) are
obtained. Section 5 gives illustrative examples verifying main results with numerical
solutions. In section 6, we conclude our findings.

2. FUNDAMENTALS
Here we recall some fundamentals [20,27-29, 33] used throughout the study.

Definition 2.1. The Riemann-Liouville (R-L) fractional integral is given by

W10 = 757 L 0= 9 5,

where I' denotes the Gamma function and a is an arbitrary fixed initial point. The
function f is considered locally integrable and ¢ is a real or complex number Re (6) > 0.
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Definition 2.2. The R-L fractional derivative of order § > 0 of a continuous function
f:(0,400) — R is given by
1 dar ot
19 n——1
)=— [ (- d
O S0 = gy, (o s
where n = [§] + 1, considering right-hand is point-wise defined on (0, +00).

Lemma 2.1 ([27]). Let u € C(0,1) N L(0,1) with a fractional derivative of order
d > 0 that belongs to C(0,1) N L(0,1). Then,

3000 u(t) = u(t) + Crt’ 4+ Oot® 2 - - Cut° ™,
where n = [0] + 1.

Throughout the paper, let (E, || -||) be a real Banach space and € be a zero of E.
A nonempty closed convex set P is a cone if satisfies the following conditions
i) u € P, A\ > 0 implies \u € P;
i) ug <wug < ug —uy € P.
Also, cone P is a normal cone if there exists NV € R such that for all u;,us € P with
0 < uy < up we have |Jup]] < Nljug|| and N is called the normality constant.
For all uj,uy € E, write u; ~ ug (we say wu; is equivalent with wuy) if there exist
constants A, u > 0 such that Au; < ug < puy. If h > 0, then P, = {u € P:u ~ h}.
It is clear that P, C P.

Definition 2.3. Let n € (0,1). An operator T : P — P is called n-concave if for all
A€ (0,1) and u € P we have T'(Au) > A"T'(u). Also an operator T': P — P is called
sub-homogeneous if for all A > 0 and u € P we have T'(Au) > A\T'(u).

Now we recall some fixed point theorems.

Theorem 2.1 ([39]). Let P be a normal cone in a real Banach space E, Ty, Ty : P — P
be an increasing m-concave operator and an increasing sub-homogeneous operator,
respectively. If

i) for some h > 0 we have Tih € Py, and Tyh € Py;

ii) for some constant py and all uw € P we have Tyu > poThu,
then the operator T =T\ + Ty has unique fized point. In the other words, the operator
equation v = Tiu + Tou has unique solution u* € P,. Moreover, for any initial value
up, the succsessive sequence u,y1 = Tiu, + Thu,, forn = 0,1,2,... converges to
the u*.

Theorem 2.2 ([37]). Let P be a normal cone in real Banach space E, Ty, Ty : P — P
are respectively increasing and decrasing operator. Assume

i) for any u € P and X € (0,1), there exist o;(\) € (A, 1), i = 1,2 such that

1
Ti(Au) 2 o1(N)Ti(u),  To(Au) < SOTWT2<U>’

ii) there exists hg € Py such that Tihg + Tohg € Py
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Then, the operator equation u = Tiu + Thu has unique solution u* € P,. Moreover,
for any initial values vy, ug successive sequences

Unp+1 = Tlun + Tz’l}n, Un+1 = Tl"Un + Tgun, n = 0, 1, 2, ce

converge to u* € P.

3. GREEN FUNCTION AND BOUNDS

We need to calculate the Green function of a desired operator for applying the
fixed point theorems. In this section, in addition to calculate Green function, we also
outline some properties of it which is used throughout this paper.

Lemma 3.1. Suppose g, h : [0,1] — [0, 4+00) be continuous functions, then the solution
of the FBVP

(3.1) Do [u(t) + 35+ g(8)] + h(t) =0,
. §—3 1 6—3, .1 /! —
11_{%15 u(t) = lg}%t u'(t) =u'(1) =0,
is expressed by
1 1
(3.2) u(t) = / G (t, $)h(s)ds + / ot 5)g(s)ds,
0 0
where
t571(175)5727(t75)671 O s < t < 1
(3.3) Gi(t,s) = { t5,1(1_5)££2> b ’
e 0<t<s<l,
(=DE A=) 2 (0-1)(t=9)" <« g p o]
(3.4) Gy(t,s) = { 11y T ’
CE NG 0<t<s<l
Proof. Integrating the first equation of (3.1), follows
1t
u(t) + Jg+9(t) = _F((S)/ (t — 5)° 7 h(s)ds + cit’ ™t 4 cot® 2 + et 3,
0

One can easily check that from the boundary conditions lim, o’ 3u(t) =
lim;_,t°~3u’(t) = 0, we have ¢, = c3 = 0. By derivation from the above relation, we
have
W) = — 2 /t(t _ s)2g(s)ds — St /t(t )P 2h(s)ds + e (6 — 1)
 T(e) Jo g ') Jo ! '

Now from the third boundary condition, we have
e—1 ! 1 1
= 1—5)2g(s)d —/ 1 —5)°"2n(s)ds.
= G o (19 9)ds + g (1) h(s)ds

ut) =~ 55 /Ot(t — S)Th(s)ds + F(l(s) /01 B-1(1 — 5)*2h(s)ds
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1t 1 e—1 Lo 2
g ) = 06 + g [ e gts)ds
= [ Gilt.9hs)ds + [ Galt,s)g(s)ds, 0

Corollary 3.1. Let &,V € C([0,1] x [0, +00)). Then u is a solution of problem (1.1)
if and only if u is a solution of integral equation

(3.5) u(t) = [ LGt 5)D(s, u(s))ds + / LGt 5) (s, uls))ds.

Lemma 3.2. The functions Gi(t,s), Ga(t,s) defined by (3.3) and (3.4) have the
following properties:

S—1(1_g)0—
(a) 171Gh(1, ) < Gh(t,s) < “—Fl—;

§—1(¢ s)€—2
(b) t5_1Gz(1,8) < Go(t,s) < : ((5 11))(I1‘(6)) :

Proof. Statement (a) concluded from [38]. We prove the statement (b). For s <t we
have

(0 = DI(e)Ga(t, s) =

=t071(0 — 1)T(€)Gy(1, 5).
Thus, for s < t, we have Gy(t,s) > t°71G5(1,s). On the other hand, for s > t, we
have

Goft,s) _ (e— D (t—s)"> (-1
Go(1,s) (e—1)(1—s)2 '
So, for all (¢,s) € [0, 1] x [0, 1], we have
Go(t, s) > t‘S_IGg(l, s).
The other side of the inequality in the statement (b) is clearly established. O

4. MAIN RESULTS

In this section, by using Theorem 2.1 and Theorem 2.2, we prove some existence
and uniquness results for the FBVP (1.1). For convenience, we list the following
hypothesis:

(H1) &,V € C([0,1] x [0,+00)) and they are increasing functions with respect to
the second variable, also W(¢,0) % 0;

(H2) for 0 < pp < 1, (t,u) € [0,1] x [0, 400), we have U(t, pu) > pV(t, u);

(H3) for 0 < p,m < 1, (t,u) € [0,1] x [0, +00), we have ®(t, pu) > p"®(t, u);
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(H4) there exists a constant py > 0 such that ®(t,u) > poV(t,u), t € [0,1], u > 0.

Now we set

1 1 — 5 6—2
Alz/o Gi(1, 5)®(s, 0)ds, A2:/0 “F(S))%,nds,
B, :/01 Go(1, $)U(s,0)ds, By — /01 (¢ zal_)(i);(?)ﬁ (s, 1)ds.

Theorem 4.1. Assume that (H1)-(H4) hold. Then, fractional boundary value problem
(1.1) has unique positive solution. In fact, the problem has unique solution u in Py,
with h(t) ==, t € [0,1]. Also, for any initial value ug € Py, the successive sequence

1 1
U (£) = / G1(t, )D(s, un(s))ds +/ Gat, )T (s, un(s))ds, n=0,1,...,
0 0
converges to the solution u*.

Proof. Let P be the cone of all positive functions and P, C P. From Corollary 3.1
we know that problem (1.1) has an integral formulation given by

(4.1) u(t) = /01 G1(t, s)P(s,u(s))ds + /01 Go(t, s)U(s,u(s))ds,

where G, Gy are defined by (3.3) and (3.4). We define two operators 71,715 : P — E
by

(12) () = [ LGt $)B(s, u(s))ds,  (Tyu)(t) = | LGt )0 (s, u(s))ds.

It is clear that u is the solution of FBVP (1.1) if and if only v = Tyu + Tou. From
(H1)-(H2), we know that T} : P — P and Ty : P — P. In the following, we check
that 17, T, satisfy all assumptions of Theorem 2.1. This will be done in the following
steps.

Step 1. T} and T, are increasing operators.

Let uy,us € P and u; < ug, then for all ¢ € [0,1] we have uy(t) < us(t). So, by
(Hl)?

(Tyu) () = /0 LGt )®(s, ua(s))ds < /0 "Gt $)B(s, us(s))ds = (Tyus)(2).

By a similar way one can show (Thuq)(t) < (Touz)(t).
Step 2. T} is a n-concave and T is a sub-homogeneous operator. Let p € (0,1) and
u € P, then from (H3), we have

(T(u))(8) = [ Grlt, 5)®(s, pu(s))ds > [ Galt,9)B(s, u(s))ds = p (Ty)(1).

So, T; is a n-concave operator. Now, from (H2) and the same properties for p, we get

(o)) (6) = [ Golt, $)W(s. puls))ds > g [ Golt, )W, uls))ds = (T ).

Hence, we can conclude that 75 is a sub-homogeneous operator.
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Step 3. For h(t) = t°~! we have Tyh, Toh € P,.
In view of (H1) and Lemma 3.2, we get

1 -1 1
(Tih)(1) :/0 Gt 8)®(s, s )ds < F(5)/0 (1— 5)-20(s, 1)ds,

(Tuh) (1) :/O1 Gt 5)B(s, 8" V)ds > 91 /01 Gi(1, ) (s, 0)ds.

Since Ay > A; > 0, we can conclude A h(t) < T1h(t) < Ash(t). Thus, T1h € P,. By

a similar way

e—1)(1—s)2
(6 = 1)I'(e)

(mm)(e) = | LGt 5) (s, s V)ds > 191 / "1, 5) (s, 0)ds.

(mh)(e) = | LGt $)U(s, 57 V)ds < 51 / ' (s, 1)ds,

So, Ty € Py.

Step 4. For some A > 0 and all u € P, T\u > Nlu.

Let u € P. Since both GG; and G5 are positive constinuous and bounded functions,
there exists a constant such that Gi(t,s) > kGa(t, s). Hence, by (H4), we have

(Tt) = [ LG (8 $)B(s, u(s))ds > | LGt $)B(s, u(s))ds

>Kpo /01 Ga(t, s)V(s,u(s))ds = /\/01 Ga(t, s)¥(s,u(s))ds
=A(Tou)(),

where A\ = Kpy.
Thus, from Step 1-4. we conclude that all conditions of Theorem 2.1 are satisfied
and the operator

(4.3) Tu =T+ Thu

has a unique fixed-point that is the unique positive solution of the FBVP (1.1). Also,
from Theorem 2.1, we know for any initial value uy € Py, the successive sequence
Up = Tiup_1 + Thu,_1, n = 1,2,... converges to u* € P,. In another words, the
successive sequence

1 1

i (8) = [ Gilt,s)®(s, un(s))ds + [ Golt, )Wt un(s))ds — ', n=1,2,...,
0 0

as n — +oo. O

Our second result is based on Theorem 2.2. Let us add the following hypothesis to
the previous hypothesis (H1)-(H4).
(H'1) ®, ¥ :[0,1] x [0,+00) — [0, 400) are respectively increasing and decreasing
function with respect to the second variable and ®(¢,0) # 0, ¥(¢,1) # 0.
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(H5) For any p € (0,1), there exist f(u), g(1) € (1, 1) such that for all ¢ € [0, 1] we
have

(I)(tJJJU) > f(ﬂ)q)(tvu)a \Ij(tnuu) < 7\11(15’“)'

g(p)

Theorem 4.2. Assume (H'1) and (H5) hold, then FBVP (1.1) has unique solution
u* in Py, with h(t) =1 | t € [0,1]. Also, for any initial value problem uo and vy in
Py, constructing successively the sequences

Upt1(t) = /01 Gi(t, s)P(s,un(s))ds + /01 Ga(t, s)V(s,vu(s))ds, n=0,1,...,

1 1
vua(t) = [ Gt $)0(s,va(s))ds + [ Galt,s)W(s,un(s))ds, n=0,1,....
0 0
we have u,(t) — u*(t), v,(t) — u*(t) as n — 400, where Gi(t,s) and Gy(t,s) are
given in (3.3) and (3.4).

Proof. Again, we consider the operators defined in (4.3), from (H'1), (H5), and similar
to the proof of previous theorem, one can show 77 and 75 satisfy the first condition
of Theorem 2.2. So, we need only to verify the second condition of Theorem 2.2. Let
us set

1 1
A :/ G1(1,5)®(s,0) ds—l—/ Go(1,$)¥(s, 1)ds,

(1-— 3)5 2 € — 1)(1 — 5)2
Bs :/0 W@(S 1) d5+/ — D7) U(s,0)ds.

In view of Lemma 3.2 and (H'1), (H5), we have

(Tah)(8) + (T2h)() Z/O1 Gh(t, s)D(s,s" " )ds + /01 Gi(t, 5) (s, s 1)ds

1 1

>p0-1 U G1<1,s)<1>(s,o)ds+/ 02(1,3)\11(5,1)013}
0 0

:ta_lA?)a

(Thh)(t) + (T2h)(1) 2/01 Gi(t, 8)®(s,8° )ds + /1 Galt, s)W(s, " )ds

<t [/0 (1;(?) - 31d8+/ 6_1 1_3; 2\If(s,())als]

:téilBg.

Therefore, Ash(t) < (T1h)(t) + (T2h)(t) < Bsh(t) and (T1h)(t) + (T2h)(t) € P,. Thus,
all conditions of Theorem 2.2 are satisfied and for any initial values vy and ug in Py,
constructing successively the sequences

Upt1(t) = /01 Gi(t, s)P(s,un(s))ds + /01 Ga(t, s)V(s,vn(s))ds, n=0,1,...,

Ui (1) :/01 Gt s)@(s,vn(s))d3+/01 Co(t, s)U(s, un(s))ds, n=0,1,...,
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we have w,(t) = u*(t), v,(t) = u*(t) as n — 4o0. O

5. EXAMPLES

Fxample 5.1. Let us consider the following FBVP

5 8
D¢, (u(t) + I3, U (t, u(t)) + (¢, u(t)) =0,
. _1 1 ) o _
(5.1) lim ¢ 2u(t) = lim? 2u'(t) =4'(1) =0,
. z 7
where ®(t,u) = u3 + alfé), U(t,u) = e + (blf(%z , with b > a > 0. Now
7 7
11 2 1 1 12 "
O(t, pu) =psus +CLF(%) > 3 | u + ar(%) = u"®(t,u),
7
pu . (b—a)tz ( u ) . b—a
U(t, pu) = e’ + > e’ + tz|.
) = rd) =\t ()
If we set pg € [0,a/(e + b — a)], then
ts ts
d(t,u) =u’ +a > a (e+b—a)
r@3 ~ TEe+b—a)

u b—a 7
t t—| = poU(t .
A +r(g) 2] po(t, )

So, all conditions of Theorem 4.1 are satisfied. Therefore, the problem (5.1) with ®,
U has positive solution.

2p

Erample 5.2. Again we consider FBVP (5.1) with ®(t,u) = use! + a, o > 0 and
U(t,u) = 12%. It is clear, ® : [0, 1] x [0, +00) — [0, +00) is continuous and increasing
with respect to the second variable and ®(¢,0) = a > 0, ¥ : [0, 1] x [0, +00) — [0, +00)
is continuous and decreasing with respect to the second variable and W(¢, 1) = %t Z 0.

Now, if we set fi(u) = u5 and fo(u) = p7, then fi(), fo(1r) € (1, 1) for all p € (0,1)
and

O(t, pu) = psusel +a > ps(uset +a) = f1(n)®(t,u),
t t
W(t, pu)

e e
— < —
1+ (pu)t ~ pri(l4+ut)  fa(p)
Consequently, all conditions of Theorem 4.2 are satisfied. So, problem (5.1) has unique
positive solution in P, with h(t) = t2, t € [0, 1].

U(t, u(t)).

FExample 5.3. Consider the fractional boundary value problem
Dg2(u(t) + I32W (t, u(t)) + ®(¢, u(t)) = 0,
: —-0.7 R E -0.8,/ o _
(5.2) %gn%t u(t) = lli%t u'(t) =u'(1) =0,
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where ®(t, u) = \3/3u2(t) + 1343 and U(t, u) = #ﬁm

Clearly, @ : [0,1] x [0,400) — [0, +00) is continuous and increasing with respect to
the second variable and ®(¢,0) = /3 > 0, ¥ : [0, 1] x [0, +-00) — [0, +00) is continuous
and decreasing with respect to the second variable and W(t,1) # 0. Let fi(p) = p3
and fo(p) = p2 € (u,1) for all p € (0,1) and

O(t, pu(t)) =/ 3pu2u(t +3>\/[L Ju(t) + 13 +3) = H%Q)(t,u(t)),

t t
3 cos? 3 cos? ‘I’(t; u(t))

1
\/5uu2 —i—smt %\/ t) + sin®t f2(M)

Consequently, all conditions of Theorem 4.2 are satisfied. So, problem (5.2) has
unique positive solution in P, with h(t) = '3, t € [0, 1].

U(t, pu(t)

6. NUMERICAL SOLUTION

Since we have already established the existence and uniqueness of a solution to
(1.1), our focus here will be on its numerical solution. The method is straightforward
to some degree by recalling Theorems 4.1 and 4.2, and the recurrence relation formula
is the equation given in Theorem 4.1, which comes from operator (4.1). The formula
for the recurrence relation can be employed without much difficulty by the initial
trial solution, say, for example, uy(t) = 0, and then the programme iterates to find
sequential u,(t) stopping when the maximum difference in two successive iterations
drops below a given tolerance value. The computer algebra system Mathematica is
used to execute this iterative scheme.

The passing from an iteration to the next one is done symbolically and numerically.
The latter happens when, to approximate the integral appearing in the equation given
in Theorem 4.1, cubic spline interpolation is used.

Firstly, we consider Example 5.1 to confirm the validity of the presented numerical
method.

Using the Green’s function method, we have following algorithm.

Step 1. The node points ty,t1,...,ty are considered for adequately large number
of M.

Step 2. Cubic spline interpolation is used to obtain w,(s)’s.

Step 3. The following approximate solution is obtained by the numerical integration:

Lot sy 5—2 5—11|..1/3 s7/?
una(ts) =gy ) [57A=7 = (9) H“n/ (3)”P<7/2>1d8

=1 g7/2
+ ?(5) /tj (1—s5)°2 [u}/?’(s) + ar(7/2)] ds

" <5—11>r<> [ e vt === @ =1t = 5]
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L Un(5) oy (b — a)s7/2] s

+ un(s) I'(7/2)
(e — l)tj Lo e un(8) s (b— a)57/2 o
i (6 —1)I(e) / 1 ) [1 + un(s) + ['(7/2) ds, =0,1,...

Step 4. Steps 1, 2, 3 are iterated to find consecutive w,(u) stopping when |u, 1 —
un| < TOL.

The exact solution is unknown infact, but the iteration stopping criteria used is
set [Uup1 — un| < 10719 and then, the numerical solution is obtained. For the step
size of the node points, h = 0.05, the number of iterations, M=20, and TOL = 10719,
the errors are of order 1071°. The solution curve u(t) is shown graphically in Figure
1 for 6 = 2.5 and € = 2.66 when a = 1 and b = 2. For other graphical simulations,
(0,€)’s are taken as (2.1,2.5), (2.5,2.5), (2.5,2.9), (2.8,2.9), and (3,3). The solution
curves u(t)’s are displayed in Figures 2-6, respectively. For 6 = 2.5 and € = 2.66 when
a =1 and b = 2, the convergence is plotted in Figure 7, and the error is plotted in
Figure 8.

u(t) u(t)
0.25 08

0.20
0.6

0.15
0.4
0.10

0.2
0.05

0.2 04 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

FIGURE 1. Solution curve FIGURE 2. Solution curve
u(t) for 6 = 2.5 and € = 2.66. u(t) for 6 = 2.1 and € = 2.5.

0.2 0.4 0.6 0.8 1.0

FIGURE 3. Solution curve FIGURE 4. Solution curve
u(t) for § = 2.5 and € = 2.5. u(t) for 0 = 2.5 and € = 2.9.
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0.2 0.4 0.6 0.8 1.0

FIGURE 5. Solution curve
u(t) for § = 2.8 and € = 2.9.

u(t)
0.25

0.20
0.15
0.10

0.05

0.2 04 0.6 0.8 1.0

FIGURE 7. Convergence
curve n = 5 (horizontal bar),
n = 10 (vertical bar), n = 15
(x) and n = 20 (solid) for
0 = 2.5 and € = 2.66.

FIGURE 6. Solution curve
u(t) for 6 =3 and € = 3.

Abs.Res.Err.

35x10710
3.x10710
25x10710
2.x10710
1.5x10710
1.x10710

5.x10~ 1

0.2 0.4 0.6 0.8 1.0

FIGURE 8. Error curve for
d =2.5and € = 2.66.

Now, let us consider Example 5.2 to confirm the validity of the presented numerical
method. Similar to the previous algorithm, the following solution is obtained:

U(n+1)(t5)

(5)

J

:F(l(s)/otj {tg_l(l . 8)5—2 _

/(1 5)0 2 [ul/B( )e’ +a] ds +

D (1= 5)2 = (6= 1)(t; —5) ] l

(t; — 3)5_1] [u,ll/?’(s)es + a] ds
-
(0 — DI (e)

68
——— | ds
14w (s >]

6—1 o
s 1321:()/.(1_3>6_2 lmﬁ“()]ds’ n=0,1,...

For the step size of the node points, h = 0.05, the number of iterations, M=15,

and TOL = 107, the errors is of order 1071,
graphically in Figure 9 for 6 = 2.5 and € = 2.66 when o =

The solution curve u(t) is shown
1. For other graphical
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simulations, (d,€)’s are taken as (2.1,2.5), (2.5,2.5), (2.5,2.9), (2.8,2.9), and (3,3). The
solution curves u(t)’s are displayed in Figures 10-14, respectively. For 6 = 2.5 and
€ = 2.66 when a = 1, the convergence is plotted in Figure 15, and the error is plotted
in Figure 16.

u(t)

0.6

0.5

0.4

0.3

0.2

0.1

0.2 0.4 0.6 0.8

FIGURE 9. Solution curve
u(t) for 6 = 2.5 and € = 2.66.

0.2 0.4 0.6 0.8

FIGURE 11. Solution curve
u(t) for 6 = 2.5 and € = 2.5.

0.2 0.4 0.6 0.8

F1GURE 13. Solution curve
u(t) for 6 = 2.8 and € = 2.9.

u(t)

0.5

u(t)

0.2 0.4 0.6 0.8

FiGurgE 10. Solution curve
u(t) for § = 2.1 and € = 2.5.

u(t)

0.2 0.4 0.6 0.8

FIGURE 12. Solution curve
u(t) for 6 = 2.5 and € = 2.9.

0.2 0.4 0.6 0.8

FI1GURE 14. Solution curve
u(t) for 6 = 3 and € = 3.
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06 Abs.Res.Err
3.5x10716

3.x10716
25x10716
2.x10716
1.5%10716

1.x10716

02 04 06 08 1.0 5.x10”17

Ficure 15. Convergence 02 04 06 08 1o
curve n =5 (horizontal bar), FIGURE 16. Error curve for

n = 10 (vertical bar), n = 15 §=925and e — 2.66.

(x) and n = 20 (solid) for

0 = 2.5 and € = 2.66.

Finally, let us consider Example 5.3 to confirm the validity of the presented numer-
ical method. Similar to the current algorithm, the following solution is obtained:

Unt1 (t5) :11(15)/0% [t‘s 1= )2 —(t; —s)" 1} \/3u2 + 3 + 3ds

)0 2\/3u2 + s34+ 3ds

e i fﬂﬁﬂﬁlﬂ—ﬁZ—w—m@—ggﬂ

3
cos? s ) s

<\/5 2(s) +sin?s+ 1

(6 )tf ' s 3cos” s o
Tt (¢w2 +$ns+Jd’ —0.1....

For the step size of the node points, h = 0.05, the number of iterations, M = 10,
and TOL = 107'% the order of errors is of around 107!°. The solution curve wu(t)
is shown graphically in Figure 17 for 6 = 2.3 and ¢ = 2.2. For other graphical
simulations, (d, €)’s are taken as (2.1,2.5), (2.5,2.5), (2.5,2.9), (2.8,2.9), and (3, 3).
The solution curves u(t)’s are displayed in Figures 18-22, respectively. For 6 = 2.3
and € = 2.2, the convergence is plotted in Figure 23, and the error is plotted in Figure
24.

Table 1 shows the numerical results and absolute residual errors of the present
method for M =10, 6 = 2.3 and € = 2.2.
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Table 1. Numerical solution and absolute residual error of Example 5.3 for
M =10, 6 =2.3 and € = 2.2.

13

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

Numerical solution
0
0.1145872311
0.2543086295
0.3838093159
0.4917811004
0.5736563020
0.6285251227
0.6578210989
0.6644649486
0.6521485611
0.6246825709

Absolute residual error

4.57641 x 10~
1.02926 x 10~10
1.47172 x 10710
1.67472 x 10710
1.63345 x 10~1°
1.40516 x 10710
1.06733 x 10~1°
6.91701 x 10~1!
3.31993 x 10~ !
2.08899 x 10712

02 0.4 0.6 08 1.0

FIGURE 17. Solution curve
u(t) for 6 = 2.3 and € = 2.2.

02 0.4 0.6 08 1.0

FiGurE 19. Solution curve
u(t) for § = 2.5 and € = 2.5.

u(t)
1.0

0.8

0.6

0.4

0.2

u(t)

0.2 0.4 0.6 0.8 1.0

FI1GURE 18. Solution curve
u(t) for 6 = 2.1 and € = 2.5.

0.2 0.4 0.6 0.8 1.0

FiGurge 20. Solution curve
u(t) for § = 2.5 and € = 2.9.
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u(t) u(t)

0.20
0.25
0.20 0.15
0.15 0.10
0.10
0.05
0.05
0.2 0.4 06 0.8 1.0 ! 0.2 0.4 0.8 0.8 1.0 !
FicURE 21. Solution curve FIGURE 22. Solution curve
u(t) for § = 2.8 and € = 2.9. u(t) for § = 3 and € = 3.
u(t)
0.7
06 Abs.Res.Err.
0.5
1.5x10710
04
0.3
1.x10710
0.2
0.1 5 %1011
0.0 0.2 0.4 0.6 0.8 1.0 !
t
Ficure 23. Convergence o o4 o o8 %8
curve n = 5 (vertical bar), FIGURE 24. Error curve for
n = 10 (x) and n = 15 §=23and e = 2.2.
(solid) for 6 = 2.3 and € =
2.2.

7. CONCLUSION

In this article, we have considered a class of FBVPs with a Riemann-Liouville
derivative and integral for deriving some novel, necessary, and sufficient conditions
for the existence and uniqueness of the positive solution. We have utilised some
fixed-point theorems on cones. A convergent successive sequence for finding the
solution of the proposed FBVP has been derived. We have verified the validity of the
proposed results by implementing some problems with the derivation of numerical
methodology. The obtained results will be beneficial in proving the existence and
uniqueness of positive solutions while dealing with the proposed FBVPs. In the future,
the researchers can try to model real-life problems using the given fractional boundary
value problem along with its qualitative and quantitative analyses.
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COMMON FIXED POINT RESULTS FOR INTERPOLATIVE
KANNAN TYPE CONTRACTION OVER m-METRIC SPACES

NAILA SHABIR!, ALI RAZA?, AND SAFEER HUSSAIN KHAN?

ABSTRACT. The objective of this paper is to derive common fixed point results in
m-metric spaces by using the interpolative condition proposed by Karapmar. We
discuss three distinct scenarios: when the sum of the “interpolative exponents” is
less than, equal to, or greater than 1. The validity of each result is supported by
illustrative examples.

1. INTRODUCTION

Following Banach’s famous fixed point (FP) theorem [2], FP theory has flourished
across multiple dimensions and has assumed a pivotal role in various mathematical
domains. In recent times, a considerable amount of research has been dedicated to
developing techniques for proving FP results concerning interpolative Kannan type
contractions (IKTCs). For instance, Karapmar [6] demonstrated a FP result for
IKTC. Similarly, Gabba et al. [4] established this result in scenarios where the sum
of “interpolative exponents” is less than 1. Moreover, Errai et al. [3] achieved such
a result for the case in which the sum of “interpolative exponents” is greater than
or equal to 1. Notably, all these outcomes have been proven within the realm of
standard metric spaces (MSs). Furthermore, Safeer et al. [8] delve into FP outcomes
concerning IKTCs within the framework of m-metric spaces (m-MSs). The concept
of m-MSs was initially introduced by Asadi et al. in [1], constituting as an extension
of the partial metric space (p-MS).

Key words and phrases. Common fixed point, m-interpolative Kannan type contraction (IKTC),
m-metric space(m-MS).
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On the other hand Noorwali [10] initiate the study of common FP for IKTC, after
that Gaba and Karapmar [5] proved the common FP results for the case when the
sum of the “interpolative exponents” is less than 1.

This paper introduces a study on the existence of common FP for a pair of IKTCs
within the framework of m-MSs. We explore all potential scenarios characterized
by “interpolative exponents”. The first section provides necessary definitions and
fundamental results concerning common FPs, m-MSs, and IKTCs. In the second
section, we establish three distinct results regarding common FPs for m-MSs, each
under different conditions on the “interpolative exponents”. Furthermore, we illustrate
each result with examples in m-MSs.

Moreover, we examine our examples in standard MSs and elaborate on how the
corresponding mappings fail to yield common fixed points. This underscores the
significance of our established results. Additionally, we investigate similar outcomes
in p-MSs which arise as specific instances of our results for m-MSs, yet represent novel
discoveries in their own regard. Finally we note that our results generalize results of
[5,10].

2. PRELIMINARIES

Definition 2.1 ([9]). A partial metric on a nonempty set T is a function p : T x T —
R* such that for all g1, 09,03 € T

(p1) po1, 02) = p(o1,01) = p(02, 02) & 01 = 02;
(p2) po1, 01) < plor; 02);
(ps) p(er, 02) = p(e2, 01);
(pa) plo1, Q2) < p(o1, Qs + p(03, 02) — p(03, 03).
A partial MS is a pair (T, p) such that T is nonempty set and p is a partial metric
on Y.

I

\_/\_/\_/v

Definition 2.2 ([1]). Let T be a nonempty set. Then m-metric is a function m :
T x T — R* satisfying the following conditions:

(m1) m(er1, 02) = m(e1, 01) = m(02, 02) & 01 = 02

(mQ) Moo S m(le QQ) where Moo = min{m(@l: Ql)a m(@2; QQ)};

(m3) m(o1, 02) = m(02, 01);

<m4) (m(glv 92) - m@wz) < (m(Qla QB) - m9193) + (m<Q37 Q2> - szQz)

for all 01, 02, 03 € T. The pair (T, m) is called m-MS.

Lemma 2.1 ([1]). Every p-MS (Y,p) is a m-MS.

The converse of the above result may not hold, as we can see in Example 6 provided
by Karapinar et al. in [7].
Definition 2.3 ([1]). Let (T, m) be a m-MS. Then

1. a sequence (p,) in (T, m) converges to a point ¢ € Y if and only if

lim (m(on,0) — m@n,g) = 0;

n—-+0o
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2. a sequence (g,) in (T, m) is called m-Cauchy sequence if

n7]114)1200(m(9n7 Q]) - m@m@j)

and

lim (M, ,. — M, o
n,j—)—l—OO( On,Qj an@])7

exists (and are finite), where M, ,, = max{m(on, 0n), m(0;, 05)};
3. The space (T, m) is said to be complete if every m-Cauchy sequence (g,) in T
converges to a point in T.

Lemma 2.2 ([1]). Assume that 0, — ¢ and k, — Kk as n — 400 in a m-MS (Y, m).
Then

Jim (m(on, kn) = Mg, ) = M(0,K) = Mg

In [6], Karapinar introduce the following IKTC.
Definition 2.4 ([6]). Let (T, d) be a MS. A self mapping 7 : T — T is said to be an
interpolative Kannan type contraction (IKTC), if there exist A € [0,1) and « € (0, 1)
such that
d(To,Tk) < Md(o,To)"d(k, Tr) ™%,
for all o,k € T with o # To, Kk # Tk.

We term « as an “interpolative exponent”.
The following result by Karapmar is proved in [6].

Theorem 2.1 ([6]). Let (Y, d) be a complete MS and T be an IKTC. Then T has a
unique FP .

In [4], Gabba et al. defined the following IKTC.

Definition 2.5. Let (Y,d) be a MS, a self mapping 7' : T — T is called (A, «, 5)-
IKTC if there exist A € [0,1) and o, 8 € (0,1) with o + 8 < 1, such that
d(To,Tk) < Md(o,To)*d(k, Tk)",
for all o,k € T with o # To, k # Tk.
Moreover, they proved the following FP theorem.

Theorem 2.2 ([4]). Let (Y,d) be a complete MS such that d(o,x) > 1 for all o,x € T
with 0 # k. Let T : T — Y be a (A, o, 5)-IKTC. Then T has a FP.

Errai et al. [3] proved the following FP result for IKTC for the case a+ 3 > 1 with
a, € (0,1).
Theorem 2.3 ([3]). Let (Y,d) be a complete MS and T a self mapping on T such
that
d(To,Tr) < Md(0,T0)*d(k,Tk)",
for all o,k € Y with 0 # To and k # Tk, and where X\ € (0,1) and «, 5 € (0,1) such
that o + 8 > 1. If there exists o € T such that d(o,To) < 1, then T has a FP in Y.
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Note that all above results of interpolative contractions have been proved in ordinary
MS (T, d). Also Safeer et al. [8] extend these results into the structure of m-MSs.

On the other hand, the common FP of any two self mappings R, T is a point p € T
such that Rp = 9 = T'0. The Noorwali [10] initiate the study of common FP for IKTC
and proved the following result.

Theorem 2.4 ([10]). Let (T,d) be a complete MS, R,T : T — Y be two self mappings.
Assume that there are some X € [0,1), a € (0,1) such that the condition

d(Ro, Tr) < Ad(o, Ro)*d(r, Tr)' ™
is satisfied for all o,k € T such that 0 # Ro,k # Tk. Then R and T have a common
FP.

Moreover, Gabba and Karapmar [5] proved the common FP result for the case
when the sum of the “interpolative exponents” is less than one and their result is
elaborated as follows.

Theorem 2.5 ([5]). Let (T, d) be a complete MS and (R,T') be a (A, o, 5)-IKTC pair.
Then R and T have a common FP in Y.

The (A, a, §)-IKTC pair is defined as follows.

Definition 2.6 ([5]). Let (T,d) be a MS and R, T : T — T be two self mappings.
We shall call (R, T) a (X, «, 8)-IKTC pair, if there exist A € [0,1),a, 3 € (0,1) with
a + B < 1 such that

d(Rp,Tr) < (o, Ro)*d(r, Tr)?,
for all p,x € T with o # Ro, Kk # Tk.

3. MAIN RESULTS

Definition 3.1. Let (T, m) be a m-MS, R,T : T — T be two self mappings on Y.
We call (R,T) a m-IKTC pair. If there exists A € [0,1) and « € (0, 1) such that
(3.1) m(Ro, Tk) < Am(o, Ro)*m(k, Tr)' ™

holds for all g,k € T with ¢ # R,k # Tk and m(o, Ro) # 0,m(x,Tk) # 0.

Theorem 3.1. Let (T, m) be a complete m-MS and (R,T) be a m-IKTC pair. Then
R and T have a common FP in Y.

Proof. Let oo € T, define a sequence (p,) in T such that 09,11 = Roo, and go,12 =
T 02p+1. If there exists a natural number ng such that g,, = 0ny+1 = 0ny+2, then g,, is
the common FP of R and 7. Consider there does not exist any three identical terms
in the sequence (o,). Then by (3.1),

m(@2n+1> Q2n+2) = m(Rsz TQ2n+l)
< Am(@2n7 RQQn)am<Q2n+1, TanH)l*a

= Am(@zm Q2n+1)am(Q2n+1, Q2n+2)170‘,
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and m(02n11, 02nt2)® < AM(02n, 02n41)%, i€,

m(02n+1, O2n+2) < Al/am(gm, O2n+1) < Am(02n, O2n+1)-

Therefore,

(3.2) Mm(02n+1; 02n+2) < AM(02n, 020+1).-
Consequently, for all n € N we have

(3.3) M(0n, 0nt1) < AM(0n-1, 0n).
So,

(0, 0n1) < AM(0n-1, 0n) < Nm(0p—2, 0n—1) < - -+ < XN"m(00, 01).-
Thus,
m(@n» Qn—i—l) S /\nm(Qm Ql)’
by taking limit as n — o0,

lim sup m(on, 0n+1) < limsup A"m(go, 01) = 0.

n——+o0o n——+0o

Hence, lim,, oo m(0n, 0n+1) = 0. By definition of m-metric

lim m < lim m =0
niybeo | Omln+l = BTR (0ns Ont1) )

thus limy, 40 My, 0,0, = MIN{M(0n; 0n), M(0n41, Ont1)} = 0. As a result

nl_lg_{loom(gna Qn) =0 and nl—l>r—£loom(gn+1’ Qn+1) = 0.

Thus, for any n,j € N with n > j

n,jh—>n-1|-oo(MQ"’Qj - mgn,gj) =0

and by triangular inequality of m-metric

lim (m(on, Qj) - mgn,gj) =0.

n,j——+00

Thus, by definition (g,) is a Cauchy sequence in m-MS Y, since T is m-complete
so there exists o € T such that (g,) converges to ¢ in T w.r.t. the convergence of
m-metric. Thus, by definition

lim (m(en, 0) — Mo,,0) = 0.

n—-+o0o
Also, (02n41) and (02,42) converge to the same limit . Now for any n € N and by
using the relation (3.1) for R =T, we get
m(0an+1, Ro) = m(Roan, Ro)
< Am(02n, Roan)*m(0, Ro)' ™

= )\m(QQna Q2n+1)am(Qa Rg)l_a-
By taking limit as n — +oo on both sides and using the my condition of m-metric,
we get

nli)glm(m(QQn-‘rl? RQ) - m92n+1,R@> = 0.
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So, (02,41) converges to Rp in m-metric, i.e. 92,11 = Roon, — Ro. Also
m(0ant2, 10) = m(T 02011, Ro)
< Am(02n41, T 02n41)*m(0, Ro)' ™
= Am(02n+1, O2n42)*m(0, Ro)' ™.

By taking limit as n — +oo on both sides and using the my condition of m-metric,
we get

ngllloo(m(Q%H-Qv RQ) - m92n+2’R9> =0.

So, (02n42) converges to Rp in m-metric, i.e., gonyo = Too,01 — Ro. Thus, (0,)
converges to Rp as well.

Case L. If n is even, then 09,19 = T'09,+1 — Ro and 09,12 — 0, s0 (0,) converges
to both Rp and p. Thus, by using Lemma 2.2,

0= nETm(m<Q2n+2’ Q2n+2) - m92n+2792n+2) = m(@a RQ) — My,Ro-

Also, we have lim,, o m(02n42, 02n12) = 0, because lim,,_,, oo m(0n, 0,) = 0 and

0= nl_if_{loo(m(QQn—i-% Q2n+2) - m92n+2792n+2)

= nl_ig_loo(m(TQZn-Ha T 02n11) — mgzn+2,ngn+1)

= m(Ro, Ro) — My Ry
Moreover,

0= nlgrpoo(m@zm, Om+2) — mg2n+2,ngn+1) =m(o,0) — Myo,Ro-

Thus by combining, we have

m(g, 0) = m(g, Ro) = m(Ro, Ro) = my
by my condition of m-metric we have o = Rp.
Case 1II. If n is odd, then 05,11 = Ros, — Ro and ps,,1 — 0, we have

0= nglfoo<m<g2n+17 Q2n+1) - m92n+1,92n+1) = m(Qv RQ) — My,Ro-

Also,

0= nl_%r_{loo(m(gﬁﬂrl? Q2n+1) - mQ2n+1792n+1)

- nng(m(RQ2n7 Rgzn) o mQQ""’l’Ran)

= m(Rg, RQ) — Myo,Rp-
Moreover, 0 = limy,—, o (M( 02041, 02n41) — Mooni1,Rosn) = M(0, 0) — My go- Thus, by
combining, we have m(p, o) = m(o, Ro) = m(Rp, Ro) = m, g,, by m condition of
m-metric we have o = Rp. Consequently, o = Ro. By using similar steps we can get
0 =Ty, thus p is the common FP for T and R. U

Corollary 3.1. If we take R =T, then Theorem 3.2 of [8] becomes the special case
of our result in Theorem 3.1.
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Ezample 3.1. Let T = [1/8,4] and the m-metric on T is defined as follows:

_ ) 6 0 = K,
(3.4) m(o, k) = { otk 04k
Let R,T:Y — T be self mappings, such that
Ry | /2 o€[1/82, ., _[1/2, oe[1/82]
¢ 1/(e+3), o€ (2,4], 1/20, o€ (2,4].

We discuss the following cases for « = 1/2 and A = 17/18.
Case 1. If o,k € [1/8,2], then for o # 1/2 and k # 1/2, we have,

m(Ro, Tk) =m(1/2,1/2) =1/2 < (17/18) (1/8 4+ 1/2)
< Mo+ 1/2)Y%(k +1/2)% = Am(o, Ro)*m(k, Tr)"2.
Case 2. If p € [1/8,2] and k € (2,4], then for o # 1/2, we have
m(Ro, Tr) =m(1/2,1/2r) < 1/2+1/4 < (17/18)(1/8 + 1/2)2(2 + 1/4)/?
< Mo+ 1/2)Y%(k +1/2k)Y2 = Xm(o, Ro)"*m(r, Tr)"?.
Case 3. If p € (2,4] and k € [1/8,2] then for k # 1/2, we have
m(Ro,Tk) =m(1/(1 +3),1/2) < 1/2+1/5 < (17/18)(2 + 1/5)/2(1/8 + 1/2)"/2
< Mo+ 1/(e+3))2(r +1/2)"* = Am(o, Ro)'*m(r, Tr)"/?.
Case 4. If o, k € (2,4], then
m(Ro, Tk) = m(1/27,1/(k+3)) < 1/4+1/5 < (17/18)(2 + 1/4)Y?(2 + 1/5)'/?
< (17/18)(0 + 1/21)2(k + 1/(k + 3))? = Am(o, Ro)"*m(k, Tr)"2.

Hence, (R, T) is a m-IKTC, so by Theorem 3.1, R and T have a common FP and it
is actually o = 1/2.

Remark 3.1. If we use the standard metric d(o, k) = |0 — | instead of the m-metric
(3.4), then Case 2 and 3 of the above example do not satisfy the required IKTC for the
pair (R,T) across many different combinations of ¢ and k. One combination where
Case 2 fails to satisfy IKTC is when k = 3 € (2,4] and p € (4481/9826, 5345/9826) C
[1/8,2]. Therefore, the common fixed point results of the standard MS, as elaborated
in [10], do not apply to our given pair (R, T).

The following example asserts that the common fixed point is not always unique.

Example 3.2. Let T = [0,4+00) and the mapping m : T x T — RT be defined as

m(o, k) = |0 — K| + a, where “a” is any non-negative real number. Let R, T be the
self mappings defined on T as follows:

1, 0€[0,1/2), 1, 0€10,1/2),
Ro=¢ o, 0€[1/2,200), To=1{ o, o € [1/2,200),

1/0%, o € [200,400) e, g€ [200, +00).
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Now we discuss following cases to prove that (R,T) is m-IKTC for o = 1/2 and
A= 3/4.
Case 1. If p,k € [0,1/2), then for all a € [0, 3/2] following relation holds:

m(Ro, Tk) =a < (3/4)(a+1/2)
< Mo =1 +a)"2(|k — 1] +a)"/?
= \m(o, Ro)"*m(k, Tr)"?

Case 2. If p € [0,1/2) and x € [200, +00), then for all 0 < a < 253, the following
relation holds:

m(Ro,Tk) =1 —e 2| +a<1+a<(3/4)(1/2+ a)"?(200 — 7490 4 ¢)'/2
< Mo~ 1 +a)*(|x — e | + a)/? = Am(o, Ro)'*m(x, Tk)"/?.

Case 3. If p € [200,4+00) and k € [0,1/2), then for all 0 < a < 253, the following
relation holds:

m(Ro, Tk) = [1/0* = 1| +a < 1 +a < (3/4)(200 — (1/200%) 4 a)"/*(1/2 + a)'/?
< Mo = 1/6% + )2 (k — 1] + )"/* = Xm(o, Ro)!/*m(s, Tr)"".
Case 4. If o, k € [200, +00), then for all 0 < a < 600, the following relation holds:
m(Ro,Tk) = |1/0* — e | + a < (1/200%) + a
< (3/4)(200 — (1/200%) + a)/2(200 — e~ 4 g)'/2
< (3/9) (1o — 1/¢*] + a) 2 (| — €| + @)V = Ama, Ro)'*m(x, Tw) /%

Hence, from all the above cases we conclude that the interpolative condition of
Definition 3.1 holds when a € [0,3/2]. Thus for such values of a, by Theorem 3.1, R
and 7" have common FPs and they actually are all the points in interval [1/2,200).

Remark 3.2. Given that our previous example remains valid for a € [0,3/2], when
a = 0, the corresponding m-metric aligns with the standard metric on the real line.
However, for a # 0, the results derived in [10] do not apply to our specified pair
(R, T), as they were established solely for standard metric spaces. In such instances,
our results concerning the m-metric will prove effective for identifying common fixed
points.

Definition 3.2. Let (T, m) be a m-MS and R,T : T — T be two self mappings.
We call (R,T) a (A, «, 5)-m-IKTC, if there exist A € [0,1) and «, 5 € (0,1) with
a + [ < 1 such that

(3.5) m(Ro, Tr) < Am(o, Ro)*m(r, Tx)”,
for all o,k € T with o # Ro, k # Tk and m(o, Ro) > 1, m(k, Tk) # 0.

Theorem 3.2. Let (T, m) be a complete m-MS and (R, T) be (A, a, 8)-m-IKTC. Then
R and T have a common FP.
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Proof. Let go € T, we construct the iterating sequence (g,,) such that 0o,11 = Ry,
and 02,42 = T02p41. Thus,
M(02n+1, 02nt2) = M(Ro2n, T 02n41)
S )\m<g2n7 RQ2n)am(Q2n+l> TQZnJrl)B
= Mn(02n, 02n+1)“M(02n+1, 92n+2)57

m(92n+17 Q2n+2)1_ﬂ S Am(@Qna 92n+1>aa
since a« < 1 — 8 and m(gay, 02nt1) > 1, SO we have
m(02n+1, Q2n+2)1_’8 <Am(02n, QQn—l—l)l_B

M(02n+15 02n+2) <AM( 02, O2n+1)-

)

The rest of the proof follows the similar procedure as in Theorem 3.1. To avoid the
repetition, we leave it for the interested reader to dig out the details. 0]

Corollary 3.2. If we take R =T, then Theorem 3.6 of [8] becomes the special case
of our result in Theorem 3.2.

Example 3.3. Let T = [0, +00) and m-metric on T be defined as in (3.4), define self
mappings R, T : T — T as follows:

o, 0€]0,5], ] o o€ [0,5],
Rg_{l/& h € (5, 4+00), To= 1/Ing, o€ (5,+00).

We discuss the required case to confirm that (R, T) is (2/3,1/2,1/4)-m-IKTC used
in Theorem 3.2. For any o, s € (5,+00), we have

m(Ro, Tr) < (1/5+1/In5) < (2/3)(5+1/5)Y2(5+1/In5)"/4
< (2/3)(e +1/0)"*(r + 1/ Ink)/* = Am(o, Ro)'*m(x, Tr)"/*,

Consequently, (R, T') satisfies the required m-IKTC of Theorem 3.2, so every ¢ € [0, 5]
is the common FP of R and T

Remark 3.3. In the case of the discrete metric d(p, k) = 1 if p # k and zero if p = &,
the IKTC in the above example is not satisfied for the pair (R, T).

Theorem 3.3. Let (Y,m) be a complete m-MS, R, T : T — Y be two self mappings
and let there exists A € [0,1) and o, € (0,1) with a + 5 > 1 such that

(3.6) m(Ro, Tr) < Am(o, Ro)*m(k, Tk)?,

for all o,k € T with 0 # Ro, k # Tk and m(o, Ro) # 0, m(k, Tk) # 0. If there exist
00 € T such that m(go, Roo) < 1, then R and T have common FP in Y.
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Proof. Since gy € T such that m(og, Roo) < 1, we construct a sequence (g,) in YT such
that oon41 = Ry, and 02,12 = 102041 So,
m(o1, 02) =m(Roo, T'o1) < Am(oo, R90>am(917T91)5 = Am(go, Roo)*m(o1, 92)67
m(o1, 02)" ™" <Am(00, Roo),
m(o1, 02) <AN'Pm(gy, Roo)*' 7 < A,
because /(1 — ) > 1 and m(gg, Rop) < 1. Similarly, by mathematical induction, the

relation m(o,, 0n+1) < A" holds for all natural numbers n € N. Thus, by taking limit
we get lim, oo m(0n, 0ns1) = 0. Also, by my condition of m-metric, we have

and thus

i (e e2) =0, lim mleus, onia) = 0.

Moreover, for any n,j € N with n > 7, we have

lim (M, , . —m, ,)=0
n7’]4)+oo( On,0j Qnagj) )

by triangular inequality of m-metric

nJ.li_)n_il_oo(m(Qm Qj) - QOQj) =0.

Thus (0,) is a m-Cauchy sequence in T, since T is complete so it converges to some
0 € Y. Now
m(@Qn—l—la RQ) S )\m(QQTH RQQn)am(gv Rg)ﬁ

= )‘m(g2n7 Q2n+1)am(g7 RQ)IB7
S )\1+a2nm(97 RQ),

thus by applying limit, we get lim,,_, o, m(02n+1, Ro) = 0 and then by my condition
of m-metric we have

nl—i>r—i¥loo(m(y2n+17 RQ) - m92n+17R9> = O’

by definition (g2,+1) converges to Ro. On similar steps, (g2,42) converges to Rp, thus
by combining both the arguments, we get the sequence (o,) also converges to Rp.
Moreover, by using the similar arguments as in Case I and Case II of Theorem 3.1,

we get 0 = Ro.
Also, for To by following the similar procedure as mentioned above for o = Rp, we
get 0 = Tp. Consequently, ¢ is the common FP for R and 7. 0

Corollary 3.3. If we take R =T, then Theorem 3.8 of [8] becomes the special case
of our result in Theorem 3.3.
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Example 3.4. Let T = [0, 2] and m-metric on T be defined as in (3.4) and define self
mappings R, T : T — T as follows:

_J o e€]o,
RQ_{ o€ (1,

e 9,

)
]

We discuss the following cases to confirm that for « = 1/2, 5 = 3/4 and A\ = 3/4 the
pair (R, T) is m-IKTC pair used in Theorem 3.3. For any g, k € [1,2], we have

(Ro,Tk) < e ' +1 < (17/18)(1 + e HV2(1 4 1)%/4
< Mo+ e )2 (k + 1/8%)%* = Mm(o, Ro)"*m(k, Tr)**.

Y
)

1
2

Moreover, e~? 4 1/k? < (17/18)(1 + e~ )3/4(1 4 1)*/2. Thus by Theorem 3.3, the self
mappings R and T have common FPs for all p € [0, 1).

Furthermore, in the case of the standard MS with d(g, k) = |0 — k|, the IKTC for
the pair (R,T') does not work when x = 1. Therefore, our results in the m-MS are
the ones applicable for such pairs to determine the common FP.

Remark 3.4. By Lemma 2.1, every p-MS is also a m-MS. Consequently, similar results
of common FPs (Theorem 3.1, Theorem 3.2 and Theorem 3.3) for p-MSs naturally
hold across all possible scenarios: when the sum of the ’interpolative exponents’ is
equal to 1, less than 1, and greater than 1.

Remark 3.5. Since every ordinary metric d is a p-metric, our Theorem 3.1 and Theorem
3.2 generalize the corresponding results of [5,10], respectively.

Acknowledgements. We extend our heartfelt gratitude to the Editor, Editorial
Team, Reviewers, and Technical Editor for their invaluable contributions. Their
guidance, feedback, and attention to detail have played a pivotal role in refining and
improving this manuscript.

REFERENCES

[1] M. Asadi, E. Karapimar and P. Salimi, New extension of p-metric spaces with some fized-
point results on M-metric spaces, J. Inequal. Appl. 2014(1) (2014), 1-9. http://www.
journalofinequalitiesandapplications.com/content/2014/1/18

[2] S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations
intégrales, Fund. Math. 3(1) (1922), 133-181.

[3] Y. Errai, E. M. Marhrani and M. Aamri, Some remarks on fized point theorems for interpolative
Kannan contraction, J. Funct. Spaces (2020). https://doi.org/10.1155/2020/2075920

[4] Y. U. Gaba, H. Aydi and N. Mlaiki, (p,n, u)—Interpolative Kannan contractions I, Axioms (3)
(2021), Article ID 212. https://doi.org/10.3390/axioms10030212

[5] Y. U. Gaba, and E. Karapmar, A new approach to the interpolative contractions, Axioms 8(4)
(2019), Article ID 110. https://doi.org/10.3390/axioms8040110

[6] E. Karapmar, Revisiting the Kannan type contractions via interpolation, Adv. Nonlinear Anal.
Appl. 2(2) (2018), 85-87. https://doi.org/10.31197/atnaa.431135


http://www.journalofinequalitiesandapplications.com/content/2014/1/18
http://www.journalofinequalitiesandapplications.com/content/2014/1/18
https://doi.org/10.1155/2020/2075920
https://doi.org/10.3390/axioms10030212
https://doi.org/10.3390/axioms8040110
https://doi.org/10.31197/atnaa.431135

644 N. SHABIR, A. RAZA, AND S. H. KHAN

[7] E. Karapmar, R. P. Agarwal, S. S. Yesilkaya and C. Wang, Fized-point results for Meir-Keeler
type contractions in partial metric apaces: A survey, Mathematics 10(17) (2022), Article ID 3109.
https://doi.org/10.3390/math10173109

[8] S. H. Khan and A. Raza, Interpolative contractive results for m-metric spaces, Adv. Nonlinear
Anal. Appl. 2 (2023), 336-347. https://doi.org/10.31197/atnaa.1220114

[9] S. G. Matthews, Partial metric topology, Ann. N. Y. Acad. Sci. 728(1) (1994), 183-197.

[10] M. Noorwal, Common fized point for Kannan type contractions via interpolation, J. Math. Anal.
9(6) (2018), 92-94.

L2ABDUS SALAM SCHOOL OF MATHEMATICAL SCIENCES,
GOVERNMENT COLLEGE UNIVERSITY LAHORE,

54600 PAKISTAN

Email address: nailashabir4466880gmail.com

Email address: aliasadraza@gmail.com, aliraza@sms.edu.pk

SDEPARTMENT OF MATHEMATICS AND STATISTICS,
NORTH CAROLINA A&T STATE UNIVERSITY,
GREENSBORO, NC 27411, USA

Email address: safeerhussain5@yahoo.com


 https://doi.org/10.3390/math10173109
https://doi.org/10.31197/atnaa.1220114

KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 50(4) (2026), PAGES 645-655.

COLORED TVERBERG THEOREMS FOR NON-PRIME POWERS
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ABSTRACT. We prove a relative of both the original and the optimal (Type B)
version of the Colored Tverberg theorem of Zivaljevi¢ and Vreéica (Theorems 2.2
and 2.3), which modifies these results in two different ways.

(1) We extend the original theorems beyond the prime powers by showing that
the theorem is valid if the number of rainbow faces is ¢ = p™ — 1.

(2) The size of some rainbow simplices may be smaller than in the original
theorems. More precisely |C;| € {2¢ — 2,2¢q + 1} while (for comparison) in the
original theorems it is |C;| = 2¢ — 1.

The proof relies on equivariant index theory and a result of Volovikov [17] about
partial coincidences of maps f : X — R?, from a G-space into the Euclidean space.

1. INTRODUCTION

Let K C 2" be a simplicial complex (with m vertices). A continuous map f :
K — R%is called an almost r-embedding if f(A;)N---N f(A,) = 0 for each collection
{A;}r_, of pairwise disjoint faces of K. If an almost r-embedding of K in R? does not
exist we say that K is not almost r-embeddable in R?. The general Twverberg problem
is to describe interesting classes of simplicial complexes which are or are not almost
r-embeddable in RY. Historically the case of an N-dimensional simplex K = Ay was
studied first. It is still one of the central research themes, side by side with the case
when K = R, c,,...cppr) = C1 % -+ % Cpyq is the join of 0-dimensional complexes
(the Colored Tverberg problem).

Key words and phrases. Colored Tverberg theorem, Volovikov index, connectedness, chessboard
complex, deleted join, deleted product.
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1.1. Almost r-embedding for non prime powers. It is known [7] that almost
r-embeddability (or non-embeddability) of a simplicial complex is critically dependent
on the arithmetical properties of r. More precisely r is assumed to be a prime power
r = p" in the majority of results of this type.

What if r is not a prime power? For example, if K = Ay is an N-dimensional
simplex, then, as documented in the following results, the non-prime power case holds
only if we substantially increase the dimension of the simplex.

e, Ay is not almost r-embeddable in R? if r = p” is a prime power, d > 1, and
N = (r —1)(d+1) (I. Barany, S. B. Shlosman, A. Szfics 1981 [4]; M. Ozaydin 1987
(unpublished); A. Y. Volovikov 1996 [15]; etc.).

®; Ar(g+1)-1 is not almost r-embeddable in R¢ forall r >2and d > 1 (F. Frick
and P. Soberon 2020 in the preprint “The topological Tverberg problem beyond prime
powers”™ ).

o3 A_1)(a+1) is almost r-embeddable in R? if r = p¥ is not a prime power and
d>2r+1([2,5,7,13,14]).

e, Ay is almost r-embeddable in R? if r is not a prime power and N = (d + 1)r —
T H%ﬂ — 2 (S. Avvakumov, R. Karasev and A. Skopenkov [1]).

All these results are instances of the following general problem: Determine integers a
and d such that there exists (or there does not exist) an almost r-embedding A, — R
All of them illustrate the fact that the case when r is not prime power is more subtle
and currently in the mainstream of research in this area.

In the same vein it is quite natural to explore the possibilities of extending the
Colored Tverberg problem [19] to non-prime powers. More explicitly, we want to study
the almost r-non embeddability of “rainbow complexes”

K= R(ChCwa ) = C’l * 02 LI Ck‘-i—la

Cr41
if r is not a prime power.
Our Theorem 4.2 is an example of such an extension where:

(1) the number of intersecting rainbow faces is ¢ = p™ — 1;
(2) [C1] = |Col = -+ = |Con| = 2q+ 1, [Conss] = +++ = |Chs1m| = 2¢ — 2, under
the condition

(1.1) m>(d—-k)(p"—1)=(d—k)q.
If k = d the condition (1.1) disappears and we observe (Corollary 4.1) that the result
is valid if m = 0. This is a slight improvement over Theorem 2.2, where

|01’ = |CQ| == ’Cd+1’ =2r —1.

(Note however that neither Theorem 2.2 nor Theorem 2.3 is formal consequence of
Theorem 4.2.)

Examples 4.1 and 4.2 illustrate some special, low-dimensional cases of Theorem 4.2
which indicate that this result should be often close to the optimal in the case when
the number of rainbow simplices is p" — 1.
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2. AN OVERVIEW OF TOPOLOGICAL TVERBERG TYPE RESULTS

The following result is known as the topological Tverberg theorem.

Theorem 2.1 (Topological Tverberg theorem, [4,15] and M. Ozaydin 1987 (unpub-
lished)). Let d > 1, r > 2, and N = (r — 1)(d + 1) be integers. If r is a prime
power, then for any continuous map f : Ay — R? there are r pairwise disjoint faces
01, .. 0. of Ay such that f(oy) N -0 f(o,) # 0.

Interesting problems and (conjectured) extensions and relatives of the Topological
Tverberg theorem have emerged over the years. In particular, motivated by questions
from discrete and computational geometry, Barany and Larman [3] formulated in 1992
the colored Tverberg problem.

Definition 2.1 (Coloring). Let N > 1 be an integer and let V(Ay) be the set
of vertices of the simplex Ay. A coloring of vertices of V(Ay) by [ colors is a
partition (C1,...,C)) of V(Ay), that is V(Ay) = CL U---UC), with C;NC; =0, for
1 <i < j <l The elements of the partition (Cy,...,C)) are called color classes.

Definition 2.2 (Rainbow face). Let (C1,. .., C}) be the coloring of V(Ay) by I colors.
A face o of the simplex Ay is a rainbow face if o NC;| < 1, for all 1 < i <.

Problem 2.1 (Béardny-Larman colored Tverberg problem). Let d > 1 and r > 2
be integers. Determine the smallest number n = n(d,r) such that for every map
f A, 1 — RY and every coloring (Cf,...,C4q1) of the vertex set V(A,_1) of the
simplex A, _1 by d + 1 colors, with each color of size at least r, there exist r pairwise
disjoint rainbow faces o1, ..., 0, of A, satisfying f(o1) N ---N f(o,) # 0.

A modified colored Tverberg problem was presented by Zivaljevié and Vreéica
in [20].

Problem 2.2 (Zivaljevié-Vreéica colored Tverberg problem). Let d > 1 and r > 2 be
integers. Determine the smallest number ¢ = ¢(d,r) such that for every affine (or
continuous) map f : A — R% and every coloring (Ci,...,C4p1) of the the vertex set
V(A) by d+ 1 colors, with each color of size at least ¢, there exist r pairwise disjoint
rainbow faces o1, ...,0, of A satisfying f(oy)N---N f(o,) # 0.

For r > 2 a prime power, Zivaljevi¢ and Vreéica proved that ¢(d,r) < 2r — 1. This
result is known as the (original) Colored Tverberg theorem of Zivaljevié and Vreéica.

Theorem 2.2 (Colored Tverberg theorem of Zivaljevié and Vreéica [20]). Let d > 1
be an integer, and let r = p™ > 2 be a prime power. For every continuous map
f A =R and every coloring (Cy,...,Cqy1) of the the vertex set V(A) by d + 1
colors, with each color of size at least 2r — 1, there exist r pairwise disjoint rainbow

faces o1, ... 0, of A satisfying f(o1) N ---N f(o,) # 0.

The following result is known as Optimal ( Type B) Colored Tverberg theorem of
Zivaljevié and Vrecica, see [18,19].
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Theorem 2.3 (Optimal (Type B) Colored Tverberg theorem of Zivaljevié¢ and Vreéica).
Assume that v = p” is a prime power, d > 1, and let k be an integer such that
”;Tld <k <d. Then, the complex

R(Co,c1,...,ck) =Cox---xCy

is not almost r-embeddable in R, if |Cs| > 2r — 1 for all i.

3. TOPOLOGICAL PRELIMINARIES

In this section we collect central definitions and results needed for the proof of our
main theorem.

3.1. Configuration spaces. Decleted joins and deleted products are the standard
configuration spaces used, in the framework of the configuration space/test map scheme
[8,10,19], in applications of topological methods to problems of combinatorics and
discrete and computational geometry.

Definition 3.1 (Deleted join). Let K be a simplicial complex, let n > 2, k > 2 be
integers, and let [n] = {1,...,n}. The n-fold k-wise deleted join of the simplicial
complex K is the simplicial complex:

i€l
where oq,...,0, are faces of K, including the empty face. The symmetric group
Sn = Sym(n) acts on K3y, by:
T (/\1'751 + e+ )\nxn) = )\ﬂ_l(l)xﬂ‘_l(l) ot )‘ﬂ—l(n)xﬂ*_l(n)v
formre G, and \jz; + -+ A\, z, € KZTE,C).

Definition 3.2 (Deleted product). Let K be a simplicial complex, let n > 2, k > 2 be
integers, and let [n] = {1,...,n}. The n-fold k-wise deleted product of the simplicial
complex K is the cell complex:

KXy = {(xl,...,mn) €oy X X0, CK*"|VICn)||>k= ﬂmz@},
iel
where oy, ..., 0, are non-empty faces of K. The symmetric group G, = Sym(n) acts
on K by:
- (.Tl, R ,xn) = (l‘ﬁ—l(l), c. ,xﬂ.—l(n)),

form€ G, and (xy,...,2,) € Kg?k).

Definition 3.3 (Chessboard complex). The m x n chessboard complex A, ,, is the
simplicial complex whose vertex set is [m] x [n], and the simplexes of A, ,, are the
subsets {(70, 7o), - - -, (ix, jx)} C [m] x [n], where is # iy, 1 < s < <k, and j; # jv,
1<t<t <k.
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Definition 3.4 (Rainbow subcomplex). Let A be a simplex with a coloring € =
(C1,...,Cq41) by (d+ 1) colors. We define the rainbow subcomplex Rc,
as follows:

77777

Cd+1) g Cl koo X Cd+17

-----

where C; is a discrete set of points, for every i € [d + 1].

3.2. Volovikov index. The following fundamental result of cohomology theory is
used in the definition the Volovikov index of a G-space X.

Theorem 3.1 (The cohomology Leray-Serre Spectral sequence [12, Theorem 5.2]).
Let R be a commutative ring with the unity. Given a fibration F — E 2> B, where B
is a path-wise connected space, there is a first quadrant spectral sequence of algebras
{E¥*,d,}, with
E3" = HP(B; H(F; R)),

the cohomology of B, with local coefficients in the cohomology of F, the fiber of p, and
converging to H*(E; R) as an algebra. Furthermore, this spectral sequence is natural
with the respect to fiber-preserving maps of fibrations.

We continue with the definition of the Volovikov index [16]. It is defined as a
function on G-spaces (where G is a compact Lie group) whose values are either
positive integers or co. For our application it is sufficient to assume that G is a
p-torus G = (Z,)", where p a prime number.

Definition 3.5 (Volovikov index). Let G be a compact Lie group and let X be a
Hausdorff paracompact G-space. The definition of the Volovikov index of X, denoted
by (X)), uses the spectral sequence of the bundle py : X¢ — BG, with fibre X (the
Borel construction), given in Theorem 3.1. This spectral sequence converges to the
equivariant cohomology H*(X¢;Z,). Let A* be the equivariant cohomology algebra
of a point H*(pts;Z,) = H*(BG;Z,). Suppose that X is path connected. Then

Ey® = A*. Assume that Ey° = ... = E*0 # EX% . Then, by definition, i(X) = s. If
Ey® = ... = E0 then, by definition, i(X) = co. Let i(X) be the least number 7

such that the kernel of the natural homomorphism A* — E:fl contains an element
which is not a zero divisor in A*.

The following theorem describes some of the most important properties of the
Volovikov index.

Theorem 3.2 ([16]). (1) If there exists an equivariant map of G-spaces X — 'Y, then
i(X) <i(Y) and ' (X) <(Y).

(2) If X is a compact or finite-dimensional cohomological sphere (over the the
field Z,), i.e., H*(X) = H*(S"), and if G acts with no fized points on X, then
i(X)=49(X)=n+1.

(3) If A (X;Z,) =0, for all j < n, then i(X) >n+ 1.

(4) If X = AU B, where A and B are closed (or open) G-invariant subespaces,
i(X) <d'(A)+i(B). In particular, i(X *Y) <i'(X)+i(Y).
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3.3. Connectedness. Here we review the definition and some basic properties of
the connectedness of topological spaces, including a key result which relates the
connectedness to the Volovikov index.

Definition 3.6 ([10], Definition 4.3.2)). Let n > —1 be an integer. A topological
space X is n-connected if any continuous map f : S¥ — X, where —1 < k < n, can
be continuously extended to a continuous map g : B¥! — X that is g|yprii_gr = f
(here B*! denotes a (k + 1)-dimensional closed ball whose boundary is the sphere
Sk). A topological space is (—1)-connected if it is non-empty. If the space X is
n-connected, but not (n + 1)-connected, we write conn(X) = n.

Theorem 3.3 ([8], p. 332). Let X and Y be topological spaces. Then,
conn(X *Y) > conn(X) 4 conn(Y') + 2.

Theorem 3.4 ([10], Theorem 4.4.1). Let X be a nonempty topological space and
let k > 1. Then X is k-connected if and only if it is simply connected (i.e., the
fundamental group m(X) is trivial) and H;(X) =0, for alli =0,1,...,k.

Theorem 3.5. Let X topological space. Then, i(X) > conn(X) + 2.

Proof. 1t is a consequence of Theorem 3.4 and Theorem 3.2 (3).

Theorem 3.6 ([6]). Let m,n > 1 be integers. Then,
m+n+ 1J } Y
3

4. COLORED TVERBERG THEOREM WITH p" — 1 FACES

conn(4,, ,) = min {m, n, {

In this section we prove the main result of the paper (Theorem 4.2). First, we state
and prove two lemmas that are needed for the proof.

Definition 4.1 ([17]). Let X be a G-space, where G is a finite group, and let
f: X — Y be a continuous map. For 2 <y < |G|, we set

A(f,y) ={z e X | f(q1z) = --- = f(gyx), for some distinct ¢g; € G}.

Lemma 4.1. Let r = p" > 2 be a prime power and let d> 1,1 <k <d,2<qg<r
be integers. For every continuous map f : A — R and every coloring (Cy,. .., Chri1)
of the vertex set V(A) by (k+ 1) colors, define the continuous map as follows:

CHl))ZI(’;) — RY where h(wy, ..., x;m) = f(x1).

.....

If A(h,q) # 0, then there exists q pairwise disjoint rainbow faces o1, ...,0, of A
such that f(o1)N---N f(og) # 0.

Proof. Choose (z1,...,xm) € A(h,q) # 0.
Then, there exist distincts elements gy, ..., g, € (Z,)" such that

h(gi(z1,...,2pm)) =+ = h(gg(z1,...,2pn)).
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Therefore, there exist ¢ elements x;,,...,%;, € {21,..., 2} such that f(z;) =
- = f(x;,), where x;, € 0y,,... %, € 0, (0;, is a support of z;,, for every m € [q]).

.....

disjoint, non-empty rainbow faces oy, ..., 0y, such that f(o;,)N---N f(o;,) #0. O

Lemma 4.2. Letd > 1,1 <k <d,0<m < k+1 be integers and let r = p" > 2
be a prime power. Let (C,...,Cki1) be a coloring of the vertex set V(A) by (k+ 1)
colors, where we have |C;| > 2r — 1, for all i = 1,...,m, |C;| > 2r — 4, for all
i=m+1,....,k+1and m > (d—k)(r —1). Then,

Proof. Note that

.....

where

.....

i(Rc,...Crun) () < (A) +i(B) = '(A) + i(Ricy....0000) Ale))-

We want to estimate the indices i((Rc, Ck+1))*Ap(nZ)> and i'(A). In light of the

.....

77777

i((Ricrcn)aw)) 2 mr =2) + (k+1=m)(r —3) +2k]+2 = (k+1)(r — 1) +m.
Since m > (d — k)(r — 1), we have
i((Ricy,Crin))B) 2 (d+ 1) (r = 1).
In order to find a bound for i'(A) let us consider the following (Z,)"-equivariant map
¢p: A—=RO\NARY), d(Mxr+ -+ Apnapn) = (A1, Apn),
and
IT: R\ ARY) = (AR™))\ {0} = S((AR))),

where II is a composition of the projection and deformation retraction.
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Here A(RP") = {(z1,...,2n) € RP" |y = -+ = x,n} is the diagonal subspace of
RP", while S(V) is the unit sphere in the real vector space V .
It follows that the composition

[Mog:A— S((A(RF))*F) = 57" 2
is a (Z,)"-equivariant map. By Theorem 3.2 ((1) and (2)) we conclude that
i'(A) SIS =p" - 1

and as an immediate consequence, i((Rc, Ck+1))21(7;)) >d(pt —1). O

77777

Theorem 4.1 ([17], Theorem 4)). Let X be a connected G-space, where G = (Z,)" is
a p-torus and 2 <y < p", y # 3. Assume the inequality i(X) > (m —1)(p" — 1) +y.
Then, A(f,y) # O for any continuous map f: X — R™.

Remark 4.1. Theorem 4.1 is also true for y = 3 and r = 3,4, 5.

Theorem 4.2. Letd > 1,1 < k<d,0<m<k+1 be integers, and let r = p" > 2
be a prime power. For every continuous map f : A — R? and every coloring
(Ch,...,Cky1) of the vertex set V(A) by (k + 1) colors, such that |C;| > 2r — 1, for
alli=1,...,m, |C;| >2r —4, foralli=m+1,...;k+1 and m > (d — k)(r — 1),
there exist ¢ = r — 1 = p" — 1 pairwise disjoint rainbow faces o1,...,0, such that

Flo)n---nf(o) 20

Proof. Tt follows from Lemma 4.1 that if A(h,q) is non-empty then there exist ¢
pairwise disjoint, rainbow, non-empty faces oy, ..., 0, such that f(oy)N---Nf(o,) # 0.
Therefore, it remains to be shown that A(h, q) # .
On the other hand this is an immediate consequence of Theorem 4.1, applied to the
G-space X = (R(c,,...0u)) A2y and the map h: (Riey,..0,41)) A2) — R? (as in Lemma

----------

4.1), where y = ¢. Indeed, (Rc,.,.., CHI))Z’(’;) is connected and i((Rc,,..., Ck+1))21();)> >

dp" —1) = (m—1)(p" — 1) + y (by Lemma 4.2). This observation completes the
proof of the theorem. 0

Corollary 4.1. Let d > 1 be an integer, and let r = p™ > 2 be a prime power. For
every continuous map f: A — R and every coloring (C1,...,Cay1) of the vertex set
V(A) by (d+1) colors, with each color of size at least 2r—4, there exist ¢ = r—1 = p"—1
pairwise disjoint rainbow faces oy, ..., 0, such that f(oy)N---N f(o,) # 0.

Proof. Apply Theorem 4.2 to the case k = d and m = 0. U
Remark 4.2. Note that if m > (d — k)(r — 1). Then,

and there exist r pairwise disjoint rainbow faces o7y, ..., 0, such that f(oy) N ---N
f(o,) # 0. This means that the interesting case of Theorem 4.2 is when m =

(d—k)(r —1).
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Ezxample 4.1. Let r =7, d =8, k =7 and m = 6. Then we have kK + 1 = 8 colors
Ci,...,Cywhere |C;| > 2r—1=13,fori =1,...,6 and |C7|, |Cs| > 2r—4 = 10. Note
that the condition m > (d — k)(r — 1) follows (more especifically we have an equality).
Then, there exist ¢ = r — 1 = 6 pairwise disjoint rainbow faces o1, 09, 03, 04, 05 and

o6 such that f(o1) N f(o2) N f(o3) N f(oa) N f(os) N f(og) # D.
The following example illustrates the Corollary 4.1.

Example 4.2. Let d =2, r =7 and € = (Cy, Cy, C5) be a coloring of vertex set V(A),
with |C}| = |Cy| = |C5] = 2r — 4 = 10. Let f : A — R? be a continuous map.
By Corollary 4.1, there exist 6 pairwise disjoint rainbow faces oy, 09, 03, 04, 05 and

o6 such that f(o1) N f(o2) N f(o3) N f(oa) N fos) N f(o6) # 0.

5. CONCLUDING REMARKS

We used throughout the paper versions of Volovikov’s index (Section 3.2). A more
elementary and less technical alternative is to used “elementary equivariant index
theory” (G-genus), as presented in [9].

The methods used in the paper are cohomological. Typically, they allow us to
conclude that the zero-set of some (equivariant) test map is non-empty, which is
sufficient for many applications.

However, the cohomological approach may sometimes lead to a conclusion that the
zero-set is “big” in some stronger sense, for example it may support a non-trivial
(co)homology class, it may have a high genus (Lusternik-Schnirelmann category), etc.

This point of view is vividly illustrated by “parameterized index theory”, see [11]
for examples and a guide to the literature.

We believe that cohomological methods have a great potential for new applications
in discrete geometry and combinatorics, including the Tverberg type problems and
their relatives.
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INITIAL COEFFICIENT ESTIMATES FOR A CERTAIN FAMILIES
OF BI-UNIVALENT FUNCTIONS RELATED TO BAZILEVIC AND
A-PSEUDO FUNCTIONS

ABBAS KAREEM WANAS! AND BEDAA ALAWI ABD?

ABSTRACT. In this article, we define new families of normalized holormorphic and
bi-univalent functions Ry (u, vy, A;9) and Fx(p, vy, A;¥) which involve the Bazilevi¢
functions and the A-pseudo functions defined in the unit disk U. We determine the
coefficient estimates for the initial Taylor-Maclaurin coefficients |az| and |ag| and
resolve the Fekete-Szego type inequalities for these families. In addition, we point
out several special cases and consequences of our results.

1. INTRODUCTION

Denote by A the family of all holomorphic functions of the form
+o00
(1.1) f(z) =24 a.2"
n=2

in the open unit disk U = {z € C: |z| < 1}. We also denote by 8 the subfamily of A
consisting of functions which are also univalent in U.

The famous Koebe one-quarter theorem [11] ensure that the image of U under each
univalent function f € A contain a disk of radius i. Furthermore, each function f € 8
has an inverse f~! defined by f~!(f(z)) = 2 and

@) =, Jwl < rolf)rolf) = ¢

Key words and phrases. Holomorphic functions, bi-univalent functions, Bazilevi¢ functions, A-
pseudo functions, coefficient estimates, Fekete-Szegd inequality.
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where
g(w) = fH(w) = w — agw? + (245 — az)w® — (5a5 — Sagasz + az)w* + - - - .

A function f € A is named bi-univalent in U if both f and f~! are univalent in U.
The family of all bi-univalent functions in U denoted by 3.

In fact, Srivastava et al. [31] have actually revived the study of analytic and bi-
univalent functions in recent years, it was followed by such works as those by Frasin
and Aouf [13], Ali et al. [1], Bulut et al. [7] and others (see, for example, [2,8,9, 14,
15,25-28,32,35]). From the work of Srivastava et al. [31], we choose to recall the
following examples of functions in the family >::

z 1 142
—log(1 — —1 )
[ —loai—2) and jlos ()

We notice that the family > is not empty. However, the Koebe function is not a
member of .
The problem to obtain the general coefficient bounds on the Taylor-Maclaurin
coefficients
la,|, ne€eNn>3,

for functions f € ¥ is still not completely addressed for many of the subfamilies of
¥ (see, for example, [32]). The Fekete-Szego functional |az — na2| for f € 8 is well
known for its rich history in the field of Geometric Function Theory. Its origin was
in the disproof by Fekete and Szego [12] of the Littlewood-Paley conjecture that the
coefficients of odd univalent functions are bounded by unity. The functional has since
received great attention, particularly in the study of many subclasses of the family of
univalent functions. This topic has become of considerable interest among researchers
in Geometric Function Theory (see, for example, [5,17,22,29,30]).

With a view to recalling the principle of subordination between holomorphic func-
tions, let the functions f and g be holomorphic in U. We name the function f is
subordinate to g, if there exists a Schwarz function w, which is analytic in U with

w(0)=0 and |w(z)|<1l, zeU,
such that

This subordination is denoted by
f=<g or f(2)=<g(z), zeU.

It is well known that (see [19]), if the function ¢ is univalent in U, then

f=g (zel)e f(0)=g(0) and f(U)Cg(U).
A function f € A is called Bazilevi¢ function in U if (see [24])

e{m}>0, ze U~y >0.
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On the other hand, a function f € A is called a A-pseudo-starlike function in U if

(see [3])
10 WA
Re {z(f(z))}>0, zeU N> 1.
f(z)
Recently, several authors introduced and studied different subfamilies associated
with Bazilevi¢ and A-pseudo functions (see, for example, [6,10,16,21,33,34,36-38)).

We shall need the following lemma in our investigation.

Lemma 1.1 ([20]). Let the function p € B be given by the following series:
p(z) =1+piz+p22®+--, z€l
The sharp estimate given by |p,| <2, n € N, holds true.

2. MAIN RESULTS

Denote by ¥(z) the holomorphic function with positive real part in U such that
9(0) =1, 9'(0) >0,
and J(z) is symmetric with respect to real axis, which is of the type:
(2.1) 9(z) =1+ Bz + Boz? + B> + -+,

where 8, > 0.
Using the subordinations, we now provide the following subfamilies of holomorphic
and bi-univalent functions.

Definition 2.1. For 0 < <1, v > 0 and A > 1, a function f € X is said to be in
the family Ry (u, v, A;¢) if it fulfills the subordinations:

e L Hre)
(1—p) (f@)l,v ST 0(z)
and ( )/\
w7 (w) w(g'(w)
(1—p) (g(w))l—'y 12 9(w)

where g(w) = f~1(w).

Definition 2.2. For 0 < u <1, v >0 and A > 1, a function f € 3 is said to be in
the family Fg(p, v, A;¢9) if it fulfills the subordinations:

2y (EFE))
<zf'<z>>1”>+’“‘ 7(2)

(1—p) <1 + < 9(z)

and

. wogw) | (gw))
(1—p) (1 + (wg’(w))lw> +u g'(w) < J(w),
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where g(w) = f~1(w).

Remark 2.1. The families Ry (i, v, A;9) and Fs(p, v, A;9) are a generalization of
several known families studied in earlier investigations which are being recalled below.

(a) For 9(z) = Gfi)a, 0 < a < 1, the family Ry (p, v, A;9) reduce to the family
Ts(p, v, A; o) which was considered by Srivastava et al. [34].

(b) For 9(z) = M , 0 < B < 1, the family Ry (u, v, A; 9) reduces to the family
T5 (e, v, A; B) Wthh was studied by Srivastava et al. [34].

(c) For 9(z) = % +1—a,r €R, a,b,pand q are real constant, the family
Rs: (1, 7v, A;9) reduces to the family Ts(u, v, A, 7) which was investigated by
Wanas et al. [39].

(d) For ¥(z) = %, M (z) and N(z) are polynomials with real coeffi-
cients, the family Rs(u, v, A; ) reduces to the family Ly (p, v, A;x) which
was defined by Wanas et al. [38].

(e) For p =0 and ¥(z) = Gfi)a, 0 < a <1, the family Ry (p, v, A;9) reduces to
the family Ps(«, ) which was studied by Prema and Keerthi [21].

(f) For p = 0 and ¥(z) = M 0 < B < 1, the family Rx(u,~, A;9) reduces
to the family Ps(f,7) Wthh was investigated by Prema and Keerthi [21].

(g) For p=1and ¥(z) = (1fz) , 0 < a <1, the family Ry (p, v, A;9) reduces to
the family £Bg(«) which was considered by Joshi et al. [16].

(h) For p =1 and ¥(z) = #:226)2’ 0 < B < 1, the family Rg(u, v, ;) reduces
to the family £Bs(\, 5) which was introduced by Joshi et al. [16].

(i) For p =~ =0and J(z) = (}f;)a, 0 < a < 1, the family Ry (u, v, A; ) reduces
to the family S%(a)) which was considered by Brannan and Taha [4].

(j) For p = v = 0 and 9(z) = w, 0 < B < 1, the family Rx(u, v, A;0)
reduces to the family S5 (8) which was investigated by Brannan and Taha [4].

(k) For p = v = 0 and 9(z) = %+1 —a,r € R, a,b,p and ¢ are real
constants, the family Ry (u, 7, A; ) reduces to the family Wy (r) which was
defined by Srivastava et al. [25]

(1) For = =0and 9(2) = ;55752, t € (3, 1], the family Ry (u, v, A; 9) reduces
to the family S%(¢) which was introduced by Bulut et al. [7].

(m) For p = 0, v = 1 and ¥(z) = (HZ)& 0 < a < 1, the family Ry (u, v, A;0)

1-2
reduces to the family Hyx (o) which was investigated by Srivastava et al. [31].
(n) For p =0, v =1 and ¥(2) = M 0 < B < 1, the family R (i, v, A;0)
reduces to the family Hyx(0) Whlch was deﬁned by Srivastava et al. [31].
(0) For =0 and 9(z) = (1+z>a, 0 < o < 1, the family Fx(p, v, A; ) reduces to

1—z
the family Byx(7y; o) which was investigated by Sakar and Wanas [23].
(p) For p =0 and ¥(2) = %, 0 < 5 < 1, the family Fx(u, v, A;¥) reduces

to the family B%(v; 5) which was defined by Sakar and Wanas [23].




INITIAL COEFFICIENT ESTIMATES FOR A CERTAIN FAMILIES 661

(q) For p = v = 0 and 9(z) = % +1—a, r,a,b,p,q € R, the family

Fs(u, v, A; 9) reduces to the family K (r) which was introduced by Magesh et
al. [18].

Theorem 2.1. Let f, given by (1.1), be in the family Rs(u, v, \; ). Then,

lag| < min{ D1 ,
(I=m(y+1)+p2r-1)
VIB? }
VIBIH = 1) (v +2)(y + 1) + 20X (2A = D] +2[(1 — p)(v + 1) + p(2A — 1)]2(B1 — By)|
and
las| < min{ B + 2B,
= L=y +2)+pBr-1)  Q-p)(y+2)(y+1)+2pA (220 = 1)’
B, N B? }
IT=—pwr+2)+pBA=1)  [A—p(y+1) +p2r—1)2]

where the coefficients B, and By are defined as in (2.1).

Proof. Let f € Rs(u,v,\;9) and g = f~1. Then, there are holomorphic functions
S,%: U — U with &(0) = %(0) = 0, fulfills the following conditions:

22) P LGN CO)

O

and

wlﬂg’(lw) y w(g/(w))A _
(g(w)) g(w)

Define the functions x and y by

(2.3) (1-p)

1+6(z
$(Z):1_GEZ§:1+$'12+37222+
and
1+%(z
y(Z)—l_gEZ;—lerlersz“r---.

Then, x and y are analytic in U with x(0) = y(0) = 1. Since we have &,% : U — U,
each of the functions x and y has a positive real part in U.
Solving for &(z) and ¥(z), we have

(2.4) 6(2):§2211:;[xm—l—(wz-?)zﬂq&.., L el
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and

(2.5) T(z) = Y 1 1[y1z+<y2—y%>z2l+---, ceu.

y(z) +1 T2 2
By substituting (2.4) and (2.5) into (2.2) and (2.3) and applying (2.1), we get

S A1)
()T TG

z(2) —1 1 1 x? 1
- <8 ¥ 1> Sl phmEs l2%1 ( - 21) y 4”32:”%] S

(2.6)  (1—p)

and
/ w A
w' ¢ (w) +uw<9( ))

27 (1-p =
. (9(w)) g(w)

=1 (ggg J_r 1) =1+ ;’Blylw + B%l <y2 — yj) + i%wﬂ w4 -
Equating the coefficients in (2.6) and (2.7), yields
(2.8) (1 =) (v +1) + u(2A = D] ag = By
(2.9) (1 =)y +2)+pBA—1)]as
+[5 =06 +20 - ) +a@0-2) + 1) d
1 x? 1 9
—5%1 (ZL’Q — 2) + Z%gxl
(210) (1= )+ 1)+ 22 = D] an = S By,
and
(2.11) (1= ) (v +2) + u(3A — 1)] (203 — a3)
+ [0 00 +290 - )+ p2A0-2) + 1) @
=3B (yz - yj) + 1Bt
From (2.8) and (2.10), we have
(2.12) T = —1

and

(213) 21— )y + 1) + p(2A — D ad = B3+ 43).
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If we add (2.9) to (2.11), we obtain
(2.14)
i +yi

T2+ Y2 — 5

(L= 1)+ 27+ 1)+ 2A (@A~ 1] a3 = 181

1
|+ fmatst ot

Substituting the value of 2% + y? from (2.13) in the right hand side of (2.14),
deduce that

B3 (2 + y2)

(2.15) a2 = 5 5 .
2(B2[1— W (v +2)(7+ 1)+ 22X = D] +2[(1 = p) (v + 1) + p(2A — D]? (B1 — B2))

Applying Lemma 1.1 for the coefficients xy, x5, y1,y2 in (2.13) and (2.15), we get
\/5%1%

‘a2| S )
\/]%f (1= (v +2)(7 + 1) + 262 (23 = D] + 2[(1 = p)(7 + 1) + p(2A — 1)) (B1 — By)|

i.e.,

B
(1 —p)(y+1)+p2r-1)
which gives the estimates of |as|.

las| <

663

we

Furthermore, in order to find the bound on |as|, we subtract (2.11) from (2.9) and

also applying (2.12), we obtain x? = 3%, hence

1
(2.16) 2[(1 =) (v +2) + u(3A = 1)) (a3 — a3) = 5B1 (w2 — 1),
Then, by substituting of the value of aZ from (2.13) into (2.16), gives
. (s — ) Bt +50)
3=

4[1=p)(y+2)+pBA=1)] * 8[(1—p)(y+1)+ p2r— 1)
So, we have
B, B
T= 00+ 2+ pBA=1) " [ = w0+ 1)+ pA— D
Also, substituting the value of a2 from (2.14) into (2.16), we get
B1(v2 — y2) Bi(xy +1y2) + 5(27 +y7) (B2 — By)
A= +2) +pBA=1D]  2[01=w)(y+2) (v +1) + 22 22 = 1]

and we have

lag| <
(

as —

%1 i 2%2
L—p)(y+2)+puBA-1)  1-p)(y+2)(v+1)+2pA (21— 1)

which gives us the desired estimates on the coefficient |as].

las| <
(

O

Taking 9(z) = (H—Z)a =1+2az+2a%2%+---,0 < a <1, in Theorem 2.1, we

1—2
obtain the next corollary.
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Corollary 2.1. Let f, given by (1.1), be in the family Ts(u, v, A; ), where 0 < o < 1.
Then,

20
(I =) (y+1)+p2A = 1)

20/ }
Moﬁ (1= m(r+2)(7+1) +26A 20 = D] + a1 — ) [(1 = p)(y + 1) + p(2A = D]

and

lag| < min{

lag| < min{

2a 40
A=W +2) +uBA—1)  A=@+ 2+ 1)+ 2uA @A~ 1)’

2a n 40
I=p)(y+2) +pBA=1) (1 @)y +1) +pA =D [
Taking ¥(z) = w =14+2(1-p8)z+2(1—p)z*+---,0 < 3 < 1, in Theorem
2.1, we obtain the next corollary.

Corollary 2.2. Let f, given by (1.1), be in the family T&(p, v, \; 3), where 0 < 5 < 1.
Then,

las] <min{ 20— 5) 2V P }
- Q= +1) +pr—1)" V(T = p)(y +2)(y + 1) +2uA (27 — 1)
and
lag] < min{ 20— 5) + 41 - 5)
- L=y +2)+pBA-1)  1-p)+2)(y+1)+2pA(2A - 1)
2(1 - B) N 4(1-p8)° }
A=p(r+2)+pBrA=1)  [(A-p+1)+pr-1)P )

The families Tx (i, v, A\; ) and TE(u, v, A; 5) were given by Srivastava et al. [34]
and defined as follows.

Definition 2.3 ([34]). For 0 <a <1,0<pu<1,y>0and A > 1, a function f € 2
is said to be in the family T (u, v, A; «) if it fulfills the subordinations:

A (@) e
8 ((1 0 (f@)l_»y Moy ) <5
and R
wre | (1 oy 09 (W) w(g (w)) ar
g ((1 1) (g(w))l_v ) ) <5

where g(w) = f~1(w).
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Definition 2.4 ([34]). For 0< < 1,0<pu<1,y>0and A > 1, a function f € 2
is said to be in the family T%(u, v, A; ) if it fulfills the subordinations:

e (OMWMW) iy
(£() /)

and
Re (1—M)W+MW > 8
(g(w )M 9(w) |

where g(w) = f~1(w).
Theorem 2.2. Let f, given by (1.1), be in the family Fs(p, v, \;9). Then,

. By
% }

ol

\/’SB% (24 47 +9u(A = 1) + 8Au(A = 2) + 4p(2 = 7)) + 4 (2u(A — 1) + 1)* (B1 - ‘BZ))

and

%1 + %2
A—1)+2) 244y +9u(XA—1)+ 8 u(A—2) +4u(2—7)’

B, N Bi
3BuA—=1)+2)  4@2uN—=1)+1)*]

< mi
las| < m1n{3(3'u(

where the coefficients B, and By are defined as in (2.1).
Proof. Let f € Fg(u,v,\;9) and g = f~'. Then, there are holomorphic functions

S,%T: U — U such that

> pr (Grey)
and
"(w n*
218) (1—p) (1 + W) + u((wg/gwi) ) _ IE(w)), wel,
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where &(z) and T(z) have the forms (2.4) and (2.5). From (2.17), (2.18) and (2.1),
we deduce that

B 2 (2) ((zf’(z))/))\
@19)  {d-u <1+(2f’(Z))1_”>+M )

o fw(zx) -1 1 1 x? 1 ol o

w? 7g" (w) ) N M((wg'(w)) )

g (w)

=1 (W) =1+ ;‘Blylw + B%l <y2 — yj) + i%gyﬂ w4

Equating the coefficients in (2.19) and (2.20), yields
(2.21) 22uA—=1)4+1)as = ;%1I1,
(2.22) 33N —1)+2)ag + 42 (A —2) + (2 — ) +v — 1] a3

:;%1 (xg - xj) + i%gl’%,
(2.23) —2(2u(A—1)+ 1) ay = ;%Lyl
and
(2.24) 3(3u\—1) +2) (205 — az) + 4 [20u(A —2) + u(2 — ) +v — 1] a3

:1%1 <y2 — yi) 4 15323/%
2 2 4

From (2.21) and (2.23), we have

(2.25) T = —1
and
1
(2.26) 8(2u(A—1)+1)%a2 = Z‘B%(as% + 7).

If we add (2.22) to (2.24), we obtain

(2.27) 2[2+ 4y + 9u(A — 1) + 8 (A —2) +4pu(2 — )] a3

1 x? 4+ y? 1
:5‘31 lx2+y2 _ ( 1 ; y1>‘| + Z%2[%% —i—y%]
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Substituting the value of 27 + y? from (2.26) in the right hand side of (2.27), we
deduce that

(228)  a2= Bil@ + v2) .
P A[BI2+ 4y + 9u(h — 1)+ 8Au(A — 2) +4u(2 — 1) + 4 (2u(A — 1) + 1) (B1 — B2)]

Applying Lemma 1.1 for the coefficients 1, xs, y1,y2 in (2.26) and (2.28), we get

3
EBZ
lag| < L

\/|%§ 2+ 47+ 9p(A = 1) + 8Ap(A — 2) +4u(2 = )] + 4 (2p(A — 1) + 1)* (B1 — B2)| 7
i.e.,
o] < ot
=00@uN-1)+1)
which gives the estimates of |as|.
Furthermore, in order to find the bound on |bs|, we subtract (2.24) from (2.22) and
also applying (2.25), we obtain z? = y2, hence

1
(2.20) 63\ — 1) +2) (a3 — ) = By (a2~ o)
Then, by substituting of the value of aZ from (2.26) into (2.29), gives
a B1(zg — o) Bi(21 +y7)
3

C12(3u(A—1)+2)  32@2uA-1)+1)*
So, we have
B, N B
3uA—=1)+2)  42u\—1)+1)*
Also, substituting the value of a3 from (2.27) into (2.29), we get
_ Bi(w— ) B (22 +yo) + 5(27 +y7)(B2 — By)
C120Bu A —1)+2) 4244y +9u(A — 1) + 8 u(A —2) +4u(2 — )]’
and we have

<

as

%1 %2
< —+ ,
91 S S = 1) 7 2) T 25 4y 1 0u(h — 1) £ SAalh—2) + A2 — )

which gives us the desired estimates on the coefficient |as]. 0

1—2
obtain the next corollary.

Corollary 2.3. Let f given by (1.1) be in the family Ms(u, v, A; ), where 0 < o < 1.
Then,

Taking 9(z) = (H—Z)a =1+2az+2a%2%+---,0 < a <1, in Theorem 2.2, we

(07

<min{ ——
las| < mm{Q,u()\ mEyy

av/2a }

V02 2449+ 90— 1)+ 8\a(A = 2) + 4u(2 — )] + 2(1 @) (24(A — 1) + 1)}
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and

9% 20/
< mi + ’
las| < mln{ 3BuA=1)4+2) 2447+ 9u(A—1) + 8 (A —2) +4u(2 — )

200 n o?
3BuA=1)+2)  2uA=1)+1)* [
Taking 9J(z) = %jﬁ)z =1+42(1-8)2+2(1—p)2*+---,0 < 3 < 1, in Theorem 2.2,
we obtain the next corollary.

Corollary 2.4. Let f, given by (1.1), be in the family M (u, v, A; ), where 0 < 5 < 1.
Then,

la ]<min{ 1-5 \/ 20— 5) }
2= uA—1) + 1)V 2447 + 9u(A — 1) + 8 (A — 2) + 4u(2 — )]
and
. 2(1-p) 2(1-5)
las] < mm{ 3GBHA—1)+2) 24+ 90— D)+ M(h—2) + dp2 =)
2(1-p) (1)
3BuA=1)+2)  2uA=1)+1)* [

The families My (i, v, A; ) and ME(p, v, A; B) are defined as follows:

Definition 2.5. For 0 < a<1,0<u <1,v>0and A > 1, a function f € ¥ is said
to be in the family T (p, v, A; ) if it fulfills the subordinations:

g(l “><1+<sz<z>>1”>+“ 7 )T

and

(wg'(w))' ™

arg ((1 — 1) <1+W> +H(<wz(w»>

where g(w) = f~1(w).

Definition 2.6. For 0 < g < 1,0<u <1,y >0and A > 1, a function f € ¥ is said
to be in the family M (i, v, A; B) if it fulfills the subordinations:

N ( " (1 . (ZQ—Vf%z) ) () ) iy

2f'(2) 7 f'(2)

and

Re ((1 — 1) <1+ w g (w) ) +u((wz (ws)) ) > B,

(wg'(w))"™
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where g(w) = f~1(w).

In the next theorems, we provide the Fekete-Szego type inequalities for the functions
of the families Ry (p, v, A; ) and Fx(u, v, A; 9).

Theorem 2.3. Forn € R, let f € Ry(u,y, A\;9) be of the form (1.1). Then,

By .
(I=p)(y+2)+u(31-1)’

[(1—p2) (742) (1) +2uA (A=) +2[(1—p2) (y+ 1) +1(2A—1)]* (B1 —Bo)

|B2((
n—1] < 2B3[(1—4) (7 +2)+H(3A—1)] ’

2
az — naz| <
’ ‘ 2%83|n—1] .
|B2[(1-) (+2) (y+ D +26A (A= D] +2[(1—) (y+ 1) +p(2A—1)]* (B1—B2) |

1- ) (742) (v+ D) +2pA A= D] +2[(1— ) (y+ 1) +1(2A—1)]* (B1—B) |

|32((
=1 > SR P)(7 12) TaBA ]

Proof. 1t follows from (2.15) and (2.16) that

asz — 77@%
B Bi(x2 — y2) R
(D RO ) A
Bi(x2 —y2)

Al — ) (v +2) + u(BA—1)]

B (22 +y2) (1 — 1)

2(%% — (7 +2)(7 + 1) + 20X (23 = D] +2[(1 = p)(y + 1) + (22 — 1) (B1 — B))

\V)

=5 K 2[(1—u)(7+12)+u(3k—1>])x2

1
* (W T2 - W) (v +2) FuBA— 1>]) ”} ’

B7 (1 —7)
B2 [(1— @7+ 2)(r + 1) + 26 27— D] +2[(1— )7 + 1) + p(2A — DI (B1 — B3

T(n) =

According to Lemma 1.1 and (2.1), we find that

B
a3 — a3 < {(1_“)(7+2)1+u(3>\—1)’ 0= |TM) < 5= ;{)(v+2)+u(3A Ik
2% |T(n)], T 2 smererramar-
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After some computations, we obtain

B,
=) +2) FaBA-1)’

In—1] < |B2[(1—10) (4+2) (7+1)+2uA A= 1)]+2[(1— ) (y+ 1) +1(22—1)]2(B1—B>) |
K 2B2[(1—p) (+2)+u(3A—1)] ,

2
az — nay| <
‘ ‘ 283 |n—1] )
|B2[(1—) (v+2) (v D +26A (A= D)]+2[(1—2) (y+ 1) +(2A—1)]* (B1—B2) |

-1 > |B2[(1—12) (42) (7 D)+ 2UA A= D]+2[(1—p) (7 D) +p(2A—1)]2(B1 —By)|
" = 2B2[(1— 1) (1 +2)+a(BA—1)] :

Putting 7 = 1 in Theorem 2.3, we obtain the following result.
Corollary 2.5. If f € Rs(u, v, \;9) is of the form (1.1), then
B,
L—p)(y+2) +pBA—1)

Theorem 2.4. Forn € R, let f € Fx(u, v, \; ) be of the form (1.1). Then,

By .
3Bu(A—-1)+2)’

‘03—66’ < (

< | B2[2+49+9u(A\—1)+8An(A—2)+4u(2—)]+4(2p(A—1)+1)* (B1—B2)|
In— 1 3B2(3u(A—1)+2) ’

2
as — nay| <
’ o 2‘ B B3|7-1] .
|B2[2+47+9(A—1)+8An(A—2)+4u(2—7)]+4(2u(A—1)+1)* (B1—B2) |’

1 > | B2 [24+47+9u(A—1)+8Au(A—2)+4p(2—7)]+4(2p(A—1)+1)* (B1 — %2)|
In—1| 3B2(3u(A—1)+2)

Proof. It follows from (2.28) and (2.29) that

asz — 7’]0,%
B1(r2 — y2) 9
2O —1) 12 e
_ By(w2 —y2)
12 (3p(A — ) 2)
n B (22 +y2) (1 — 1)
4 [B7[2+ 47 + 9(A — 1) + 8Mu(A = 2) +4p(2 — 7)) + 4 (2u(A — 1) + 1) (By — By)|
B, 1

vy KQ(”) METETE 2)) w2t (Q(") 330 - 1)+ 2)) yQ} ’

where

B2+ 4y + 9u(A — 1) + 8Mp(A — 2) +4p(2 = )] + 4 (2u(A — 1) + 1)* (By — By)
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According to Lemma 1.1 and (2.1), we find that

B 1
W—ll)w)v 0 < Q)| < 3@BuO—1)+2)

B Q)| Q)] > m
After some computations, we obtain

By .
3GBu(—1)12)

oy — ] <

1 < | B2 [2-+47+91(A—1)+8Au(A—2) +4p(2—7)]+4(2p(A—1)+1)*(B1 —B2)|

n—1] < 3B2(3u(A—1)+2) ’

’CLE} o na%‘ S %3| | |:|
1ln—1 .

|B2[2+49+9p(A—1)+8An(A—2)+4u(2—)]+4(2u(A—1)+1)* (B1—B2)| ’

| B2 [2+47+9u(A—1)+8Mp(A—2)+4p(2—7)]+4(2u(A—1)+1)%(B1—B5) |

In—1] > 3B2(3u(A—1)+2)

Putting 7 = 1 in Theorem 2.4, we obtain the following result.

Corollary 2.6. If f € Rx(p, v, A\;0) is of the form (1.1), then
By
GuO—1)+2)

3. CONCLUSION

‘a;;—a%’ < 3

This work has introduced a new families of bi-univalent functions associated with
the Bazilevi¢ functions and the A-pseudo functions. For these families, coefficient
bounds and Fekete-Szeg6 inequalities have been investigated.

Acknowledgements. The authors would like to thank the referee(s) for their careful
reading and helpful comments.
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