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INITIAL COEFFICIENT ESTIMATES FOR A CERTAIN FAMILIES
OF BI-UNIVALENT FUNCTIONS RELATED TO BAZILEVIC AND
A-PSEUDO FUNCTIONS

ABBAS KAREEM WANAS! AND BEDAA ALAWI ABD?

ABSTRACT. In this article, we define new families of normalized holormorphic and
bi-univalent functions Ry (u, v, A; ) and Fx(p, vy, A;¥%) which involve the Bazilevi¢
functions and the A-pseudo functions defined in the unit disk U. We determine the
coefficient estimates for the initial Taylor-Maclaurin coefficients |az| and |ag| and
resolve the Fekete-Szego type inequalities for these families. In addition, we point
out several special cases and consequences of our results.

1. INTRODUCTION

Denote by A the family of all holomorphic functions of the form
+o00
(1.1) f(z) =24 a.2"
n=2

in the open unit disk U = {z € C: |z| < 1}. We also denote by 8 the subfamily of A
consisting of functions which are also univalent in U.

The famous Koebe one-quarter theorem [11] ensure that the image of U under each
univalent function f € A contain a disk of radius i. Furthermore, each function f € 8
has an inverse f~! defined by f~!(f(z)) = z and

@) =, ol <rolf)rolf) = ¢
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where
g(w) = fH(w) = w — agw? + (2a5 — az)w® — (5aj — Sagasz + az)w* + - - - .

A function f € A is named bi-univalent in U if both f and f~! are univalent in U.
The family of all bi-univalent functions in U denoted by 3.

In fact, Srivastava et al. [31] have actually revived the study of analytic and bi-
univalent functions in recent years, it was followed by such works as those by Frasin
and Aouf [13], Ali et al. [1], Bulut et al. [7] and others (see, for example, [2,8,9, 14,
15,25-28,32,35]). From the work of Srivastava et al. [31], we choose to recall the
following examples of functions in the family >:

z 1 14z
—log(1 — —1 )
[ los(i—2) and jlog ()

We notice that the family > is not empty. However, the Koebe function is not a
member of 3.
The problem to obtain the general coefficient bounds on the Taylor-Maclaurin
coefficients
la,|, n€eNn>3,

for functions f € ¥ is still not completely addressed for many of the subfamilies of
¥ (see, for example, [32]). The Fekete-Szego functional |az — na2| for f € 8 is well
known for its rich history in the field of Geometric Function Theory. Its origin was
in the disproof by Fekete and Szego [12] of the Littlewood-Paley conjecture that the
coefficients of odd univalent functions are bounded by unity. The functional has since
received great attention, particularly in the study of many subclasses of the family of
univalent functions. This topic has become of considerable interest among researchers
in Geometric Function Theory (see, for example, [5,17,22,29,30]).

With a view to recalling the principle of subordination between holomorphic func-
tions, let the functions f and g be holomorphic in U. We name the function f is
subordinate to g, if there exists a Schwarz function w, which is analytic in U with

w(0)=0 and |w(z)|<1l, zeU,
such that

This subordination is denoted by
f=<g or f(2)=<g(z), zeU.

It is well known that (see [19]), if the function ¢ is univalent in U, then

f=g (zel)e f(0)=g(0) and f(U)Cg(U).
A function f € A is called Bazilevi¢ function in U if (see [24])

e{m}>0, ze U~y >0.
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On the other hand, a function f € A is called a A-pseudo-starlike function in U if

(see [3])
1WA
Re {z(f(z))}>0, zeU N> 1.
f(z)
Recently, several authors introduced and studied different subfamilies associated
with Bazilevi¢ and A-pseudo functions (see, for example, [6,10,16,21,33,34,36-38)).

We shall need the following lemma in our investigation.

Lemma 1.1 ([20]). Let the function p € B be given by the following series:
p(z) =1+piz+p22®+---, z€el
The sharp estimate given by |p,| < 2, n € N, holds true.

2. MAIN RESULTS

Denote by ¥(z) the holomorphic function with positive real part in U such that
9(0) =1, 9'(0) >0,
and J(z) is symmetric with respect to real axis, which is of the type:
(2.1) 9(z) =1+ Bz + Boz? + B> + -+,

where 8, > 0.
Using the subordinations, we now provide the following subfamilies of holomorphic
and bi-univalent functions.

Definition 2.1. For 0 < 4 <1, v > 0 and A > 1, a function f € X is said to be in
the family Ry (u, v, A;¢) if it fulfills the subordinations:

e L Hre)
(1—p) (f@)l,v ST 0(z)
and ( )/\
w7 (w) w(g'(w)
(1—p) (g(w))l—'y 12 9(w)

where g(w) = f~1(w).

Definition 2.2. For 0 < u <1, v >0 and A > 1, a function f € ¥ is said to be in
the family Fg(p, v, A;¢0) if it fulfills the subordinations:

2oy (EFE))
<zf'<z>>1”>+’“‘ 7(2)

(1—p) <1 + < 9(z)

and

. o)\ | (wgw))
(1—p) (1 + (wg’(w))lw> +u g'(w) < J(w),
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where g(w) = f~1(w).

Remark 2.1. The families Ry (i, v, A;9) and Fs(p, v, A;9) are a generalization of
several known families studied in earlier investigations which are being recalled below.

(a) For 9(z) = Gfi)a, 0 < a < 1, the family Ry (p, v, A;9) reduce to the family
Ts(p, v, A; o) which was considered by Srivastava et al. [34].

(b) For d(z) = M , 0 < B < 1, the family Ry (u, v, A; 9) reduces to the family
T5 (e, v, A; ) Wthh was studied by Srivastava et al. [34].

(c) For 9(z) = % +1—a,r €R, a,b,pand q are real constant, the family
Rs: (1, 7v, A;9) reduces to the family Ts(u, v, A, 7) which was investigated by
Wanas et al. [39].

(d) For ¥(z) = %, M (z) and N(z) are polynomials with real coeffi-
cients, the family Rs(u, v, A\; ) reduces to the family Ly (p, v, A;x) which
was defined by Wanas et al. [38].

(e) For p =0 and ¥(z) = Gfi)a, 0 < a <1, the family Ry (p, v, A;9) reduces to
the family Ps(c, ) which was studied by Prema and Keerthi [21].

(f) For p = 0 and ¥(z) = M 0 < B < 1, the family Rx(u,~, A;9) reduces
to the family Ps(f,7) Wthh was investigated by Prema and Keerthi [21].

(g) For p=1and ¥(z) = (1fz) , 0 < a <1, the family Ry (p, v, A;9) reduces to
the family £Bg(«) which was considered by Joshi et al. [16].

(h) For p =1 and ¥(z) = #:226)2’ 0 < B < 1, the family Rg(u, v, A\;¥) reduces
to the family £Bs(\, 5) which was introduced by Joshi et al. [16].

(i) For p =~ =0and J(z) = (}f;)a, 0 < a < 1, the family Ry (u, v, A; ) reduces
to the family S%(a)) which was considered by Brannan and Taha [4].

(j) For p = v = 0 and 9(z) = w, 0 < B < 1, the family Rx(u, vy, A;0)
reduces to the family S5 (8) which was investigated by Brannan and Taha [4].

(k) For,uzvz()andﬁ(z):%
constants, the family Ry (u, 7, A; ) reduces to the family Wy (r) which was
defined by Srivastava et al. [25]

(1) For = =0and 9(2) = ;5752, t € (3, 1], the family Ry (u, v, A; 9) reduces
to the family S%(¢) which was introduced by Bulut et al. [7].

(m) For p = 0, v = 1 and ¥(z) = (HZ)& 0 < a < 1, the family Ry (u, v, A;9)

+1—a, r € R, a,b,p and ¢ are real

1-2
reduces to the family Hyx (o) which was investigated by Srivastava et al. [31].
(n) For p =0, v =1 and ¥(2) = M 0 < B < 1, the family R (i, v, A;0)
reduces to the family Hyx(0) Whlch was deﬁned by Srivastava et al. [31].
(0) For =0 and 9(z) = (1+z>a, 0 < a < 1, the family Fx(p, v, A;9) reduces to

1—z
the family Byx(7; o) which was investigated by Sakar and Wanas [23].
(p) For p =0 and ¥(2) = %, 0 < 5 < 1, the family Fx(u, v, A;¥) reduces

to the family B%(v; 5) which was defined by Sakar and Wanas [23].
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(q) For p = v = 0 and 9¥(z) = % +1—a, r,a,b,p,q € R, the family

Fs(u, v, A; 9) reduces to the family Kx(r) which was introduced by Magesh et
al. [18].

Theorem 2.1. Let f, given by (1.1), be in the family Rs(u, v, \; ). Then,

lag| < min{ 1 ,
L=y +1)+p2r-1)
VIB? }
VIBIH = 1) (v +2)(7 + 1) + 20X (A = D] +2[(1 — p)(v + 1) + p(2A — 1)]2(B1 — By)|
and
las| < min{ B + 2B,
= L=y +2)+pBr-1)  Q-p)(y+2)(y+1)+2pA (20— 1)’
B, N B? }
IT=—pwr+2)+pBA=1)  [A—p(y+1) +p2r—1)]

where the coefficients $B1 and By are defined as in (2.1).

Proof. Let f € Rg(u,v,\;9) and g = f~1. Then, there are holomorphic functions
S,%: U — U with &(0) = %(0) = 0, fulfills the following conditions:

22) P L CRN CC)

O

and

wlﬂg’(lw) y w(g/(w))/\ _
(g(w) g(w)

Define the functions x and y by

(2.3) (1- 1)

1+6(z
:1:(2)21_62521+x1z+3:222+
and
1+%(z
y(Z)—l_gEZ;—lerlersz“r---.

Then, z and y are analytic in U with z(0) = y(0) = 1. Since we have &,% : U — U,
each of the functions x and y has a positive real part in U.
Solving for &(z) and ¥(z), we have

(2.4) 6(2):§2211:;[xm—l—(wz-?)zﬂq&.., L el
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and

(2.5) T(z) = ) 1 1[y1z+<y2—y%>z2l+---, ceu.

y(z) +1 T2 2
By substituting (2.4) and (2.5) into (2.2) and (2.3) and applying (2.1), we get

S )
()T TG

z(2) —1 1 1 x? 1
- <8 ¥ 1> C e l2%1 ( - 21) y 4”32:”%] S

(2.6)  (1—-p)

and
/ w A
w' ¢ (w) +uw<9( ))

27 (A-p =
: (9(w)) g(w)

=1 (ggg J_r 1) =1+ ;’Blylw + B%l <y2 — yj) + i%wﬂ w4 -
Equating the coefficients in (2.6) and (2.7), yields
(2.8) (1 =) (v + 1) + u(2A = D] ag = 5By,
(2.9) (1 =)y +2)+pBA—1)]as
+[5 =06 +20 - ) +a@0-2) + 1) d
1 x? 1 9
—5%1 (ZL’Q — 2) + Z%gxl
(210) (1= @+ 1)+ 22 = D] ar = S By,
and
(2.11) (1= ) (v +2) + u(3X — 1)] (203 — as)
+[5 =m0 +26 - D+ @0 -2+ 1) @
- (yz - yj) + 1Bt
From (2.8) and (2.10), we have
(2.12) T = —1

and

(213) 21— )y + 1) + p(2A — D a3 = B3+ 43).
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If we add (2.9) to (2.11), we obtain
(2.14)
i +yi

T2+ Y2 — 5

(L= 1)+ 27+ 1)+ 2A (@A~ ] a3 = L8,

1
|+ fmatst ot

Substituting the value of 2% + y? from (2.13) in the right hand side of (2.14),
deduce that

B3 (2 + y2)

(2.15) a2 = 5 5 .
2(B21— W (v +2)(7+ 1)+ 22X = )] +2[(1 — p) (v + 1) + p(2A — D]* (B1 — B2))

Applying Lemma 1.1 for the coefficients x1, x5, y1,y2 in (2.13) and (2.15), we get
\/5%1%

‘a2| S ’
\/]%f (1= (v +2)(7 + 1) + 22 2\ = D] + 2[(1 = p)(7 + 1) + p(2A — 1)) (B1 — By)|

i.e.,

B
(1 —p)(y+1)+p2r-1)
which gives the estimates of |as|.

las| <

663

we

Furthermore, in order to find the bound on |as|, we subtract (2.11) from (2.9) and

also applying (2.12), we obtain x? = 3%, hence

1
(2.16) 2[(1 = ) (v +2) + u(3X = 1)] (a3 — a3) = 5531(372 — Y2)-
Then, by substituting of the value of a3 from (2.13) into (2.16), gives
- (s — 1) Ba? + 1)
3=

4[1=p)(y+2)+pBA=1)] 81— p)(y+1)+ p2r— 1)
So, we have
B, B
T= 00+ 2+ pBA=1) " (1= w0+ 1)+ pA— D
Also, substituting the value of a2 from (2.14) into (2.16), we get
B (v — y2) Bi(xz +1y2) + 5(27 +y7) (B — By)
A= +2)+pBA=1]  2[01 =y +2) (v +1) + 2 22 = 1]

and we have

lag| <
(

az —

%1 i 2%2
L—p)(y+2) +puBA-1)  1-p)(y+2)(v+1)+2pA (21— 1)

which gives us the desired estimates on the coefficient |as].

las| <
(

O

Taking 9(z) = (H—Z)a =1+2az+2a%2%+---,0 < a <1, in Theorem 2.1, we

1—z
obtain the next corollary.
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Corollary 2.1. Let f, given by (1.1), be in the family Ts(u, v, A; ), where 0 < o < 1.
Then,

2o
(I =)y +1)+p2A = 1)

20/ }
Moﬁ (1= m(r+2) (7 +1) + 26220 = D] + a1 = ) [(1 = p)(y + 1) + p(2A = D

and

lag| < min{

lag| < min{

2a 40
A=W +2) +uBA—1)  A—m+ 2+ 1)+ 2 @A —1)°

2a n 40
T=p)(y+2) +pBA=1) (1 @)y +1) +pA =D [
Taking ¥(z) = w =14+2(1-8)z+2(1—p)z*+---,0 < 3 < 1, in Theorem
2.1, we obtain the next corollary.

Corollary 2.2. Let f, given by (1.1), be in the family T&(p, v, \; 3), where 0 < 5 < 1.
Then,

las] <min{ 2= 5) 2V1-p }
- A=y +1) +pr=1)" V(T = p)(v +2)(y + 1) +2uA (2 — 1))
and
lag] < min{ 20— 5) + 41 - 5)
- (L= +2)+pBA-1)  1-p)+2)(y+1)+2pA(2A - 1)
2(1 - B) N 4(1-8)° }
I=p)(r+2)+pBA=1)  [(AI-p+1)+pr-1)P )

The families Tx (i, v, A; ) and TE(u, v, A; ) were given by Srivastava et al. [34]
and defined as follows.

Definition 2.3 ([34]). For 0 <a <1,0<pu<1,y>0and A > 1, a function f € 2
is said to be in the family T (u, v, A; «) if it fulfills the subordinations:

N I O R
8 ((1 0 (f@)l_»y Moy ) <5
and R
re | (1 oy W9 (W) w(g (w)) ar
g ((1 1) (g(w))l_v ) ) <5

where g(w) = f~1(w).
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Definition 2.4 ([34]). For 0< < 1,0<pu<1,y>0and A > 1, a function f € 2
is said to be in the family T%(u, v, A; 8) if it fulfills the subordinations:

e (OMWMW) iy
(£() /)

and
Re (1—M)W+MW >3
(g(w )M 9(w) |

where g(w) = f~1(w).
Theorem 2.2. Let f, given by (1.1), be in the family Fs(p, v, \;9). Then,

. By
% }

ol

\/’SB% (24 47 +9u(A = 1) + 8Au(A = 2) + 4p(2 = 7)) + 4 (2u(A — 1) + 1)* (B1 - ‘BZ))

and

%1 + %2
A—1)+2) 244y +9u(A—1)+ 8 u(A—2) +4u(2—7)’

B, N Bi
3BuA—=1)+2)  4@2uN—=1)+1)*]

< mi
las| < m1n{3(3'u(

where the coefficients B, and By are defined as in (2.1).
Proof. Let f € Fg(u,v,\;9) and g = f~'. Then, there are holomorphic functions

S6,%T : U — U such that

> pr (re))
and
'(w n*
218)  (1—p) (1 + W) + u((wg/gwi) ) _ IE(w)), wel,
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where &(z) and T(z) have the forms (2.4) and (2.5). From (2.17), (2.18) and (2.1),
we deduce that

B 227 (2) ((zf’(z))/))\
@1)  d-u <1+(2f’(Z))1_”>+M )

o fw(zx) -1 1 1 x? 1 ol o

w? 7g" (w) ) N M((wg'(w)) )

g (w)

=1 (W) =1+ ;‘Blylw + B%l <y2 — yj) + i%gyﬂ w4

Equating the coefficients in (2.19) and (2.20), yields
(2.21) 22uA—=1)4+1)as = ;%1I1,
(2.22) 33N —1)+2)ag + 42 (A —2) + (2 — ) +v — 1] a3

:;%1 (xg - xj) + i%gl’%,
(2.23) —2(2u(A—1)+ 1) ay = ;%Lyl
and
(2.24) 3(3u\—1) +2) (245 — az) + 4 [20u(A —2) + u(2 — ) +v — 1] a3

:1%1 <y2 — yi) 4 15323/%
2 2 4

From (2.21) and (2.23), we have

(2-25) 1= -
and
1
(2.26) 8(2u(A—1)+1)%a2 = Z‘B%(as% + 7).

If we add (2.22) to (2.24), we obtain

(2.27) 2[2+ 4y + 9u(A — 1) + 8 (A —2) +4pu(2 — )] a3

1 x? +y? 1
:5‘31 lx2+y2 _ ( 1 ; y1>‘| + 1%2[:10% —i—y%]
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Substituting the value of 27 + y? from (2.26) in the right hand side of (2.27), we
deduce that

2 B3 (2 +y2)
(2.28) a2 = )
4[B2[2+ 4y +9u(A — 1) + 8Au(A — 2) +4u(2 — )] + 4 (2p(A — 1) + 1)% (B1 — B2)]

Applying Lemma 1.1 for the coefficients 1, xs, y1,y2 in (2.26) and (2.28), we get

3
EBZ
lag| < L

\/|%§ 2+ 47+ 9p(A = 1) + 8Ap(A — 2) +4u(2 = )] + 4 (2p(A — 1) + 1)> (B1 — B2)| 7
i.e.,
o] < ot
=00@uN-1)+1)
which gives the estimates of |as|.
Furthermore, in order to find the bound on |bs|, we subtract (2.24) from (2.22) and
also applying (2.25), we obtain z? = y2, hence

1
(2:29) 6 (3u(A —1) +2) (a3 — a3) = 5’31@72 — Y2).
Then, by substituting of the value of a3 from (2.26) into (2.29), gives
a B1(zg — o) Bi(21 +y7)
3

C12(3u(A—1)+2)  32@2uA—-1)+1)*
So, we have
B, N B
3uA—=1)+2)  42uN—1)+1)*
Also, substituting the value of a3 from (2.27) into (2.29), we get
_ Bi(x— ) B (22 +yo) + 3(27 +y7) (B2 — By)
C120Bu A —1)+2) 4244y +9u(A— 1)+ 8Au(A —2) +4u(2 — )]
and we have

<

as

%1 %2
< —+ ,
9] S S = 1) 7 2) T 25 4y 1 9u0h — 1) £ SAalh—2) + A2 — )

which gives us the desired estimates on the coefficient |as]. O

1—-z
obtain the next corollary.

Corollary 2.3. Let f given by (1.1) be in the family Ms(u, v, A; o), where 0 < o < 1.
Then,

Taking 9(z) = (H—Z)a =1+2az+20%%+---,0 < a <1, in Theorem 2.2, we

(07

<min{ ——
las| < mm{Q,u()\ ey

av/2a }

¢ 02 2+ 47 + 9(A — 1) + 8X\u(A = 2) + 4(2 — )] + 20(1 — @) (2u(A = 1) + 1)’
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and

9% 20
< mi + ’
las| < mln{ 3BuA—=1)4+2) 2447+ 9u(A—1) +8 (A —2) +4u(2 — )

200 n a?
3BuA=1)+2)  2uA=1)+1)* [
Taking 9J(z) = %jﬁ)z =142(1-8)2+2(1—-p)2*+---,0 < B < 1, in Theorem 2.2,
we obtain the next corollary.

Corollary 2.4. Let f, given by (1.1), be in the family M%(u, v, A; ), where 0 < 5 < 1.
Then,

la ]<min{ 1-5 \/ 21— 5) }
2= uA—1) + 1)V 2447 + 9u(A — 1) + 8 (A — 2) + 4u(2 — 7))
and
. 2(1-p) 2(1-5)
las] < mm{ 3GBHA—1)+2) 24+ 90— D)+ M(h—2) + dp2 =)
2(1-p) (1)
3BuA=1)+2)  2uA=1)+1)* [

The families My (i, v, A; ) and M§(p, v, A; B) are defined as follows:

Definition 2.5. For 0 < a<1,0<u <1,v>0and A > 1, a function f € ¥ is said
to be in the family Ty (p, v, A; ) if it fulfills the subordinations:

g(l “><1+<sz<z>>1”>+“ 7 )| °

and

(wg'(w))' ™

arg ((1 — 1) <1+W> +N(<wz(w»>

where g(w) = f~1(w).

Definition 2.6. For 0 < g < 1,0<u <1,v>0and A > 1, a function f € ¥ is said
to be in the family M (i, v, A; B) if it fulfills the subordinations:

N ( . (1 . (ZQ—Vf%z) ) (e ) y

2f'(2)7 f'(2)

and

Re ((1 — 1) <1+ w7 (w) ) +u((wz (ws)) ) > B,

(wg'(w))"™
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where g(w) = f~1(w).

In the next theorems, we provide the Fekete-Szego type inequalities for the functions
of the families Ry (p, v, A; ) and Fx(u, v, A; 9).

Theorem 2.3. Forn € R, let [ € Rs(u,v,A;9) be of the form (1.1). Then,

By .
(I=p)(y+2)+u(31-1)°

[(1—p2) (742) (1) +26A (A=) +2[(1—p2) (y+ 1) +1(2A—=1)]* (B1 —Bo)

|B2((
n—1] < 2B3[(1—4) (v +2)+H(3A—1)] ’

2
az — naz| <
’ ‘ 283 [n—1] )
|B2[(1-1) (+2) (y+ D +26A (A= D)]+2[(1—p) (y+ 1) +p(2A—1)]* (B1—B2) |

1- 1) (+2) (v+ D) +2pA A= D] +2[(1— ) (y+ 1) +1(2A—1)]* (B1—B) |

|B2((
=1 > TR P) (7 12) A ]

Proof. 1t follows from (2.15) and (2.16) that

as — 77@%
B Bi(x2 — y2) R
(D RO Sy A
Bi(x2 —y2)

A1 = p) (v +2) + u(BA—1)]

B (x2 +y2) (1 — 1)

2(%% — (7 +2)(7 + 1) + 20\ (23 = D] +2[(1 = p)(y + 1) + (22 — 1) (B1 — B))

\V)

= K 2[(1—u)(7+12)+u(3k—1>])x2

1
* (W T2 - W) (v +2) FuBA— 1>]) ”} ’

B7 (1 —7)
B2 (1= @)+ 2)(r + 1) + 20 27— D]+ 2[(1— )7 + 1) + p2A — DI (B1 — B3

T(n) =

According to Lemma 1.1 and (2.1), we find that

B
laz — a3 < {(1_“)(7+2)1+u(3>\—1)’ 0= |TM) < 5= ;{)(v+2)+u(3A Ik
2B [T(n)], T 2 smererramrr-
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After some computations, we obtain

B,
=) +2) FaBA-1)’

In—1] < |B2[(1—10) (4+2) (7+1)+2uA A 1)]+2[(1— ) (y+ 1) +1(22—1)]2(B1—By) |
K 2B2[(1—p) (Y+2)+u(3A—1)] ,

2
az — nay| <
‘ ‘ 283 |n—1] )
|B2[(1—1) (v+2) (v D +26A (A= D)]+2[(1—2) (y+ 1) +(2A—1)]* (B1—B2) |

-1 > |B2[(1— 1) (42) (7 1)+ 2UA A= D]+2[(1—p) (7 D) +p(2A—1)]2(B1 —By)|
" = 2B2[(1— 1) (1 +2)+a(BA—1)] :

Putting 7 = 1 in Theorem 2.3, we obtain the following result.
Corollary 2.5. If f € Rs(u, v, \;9) is of the form (1.1), then
B,
L—p)(y+2) +pBA—1)

Theorem 2.4. Forn € R, let f € Fx(u, v, \; ) be of the form (1.1). Then,

By .
3Bu(A—-1)+2)’

\as—aéﬂ < (

< |B2[2+49+9u(A\—1)+8An(A—2)+4u(2—)]+4(2p(A—1)+1)* (B1—B2)|
n— 1 3B2(3u(A—1)+2) )

2
as — nay| <
’ s 2‘ B B3|n-1] .
|B2[2+47+9(A—1)+8An(A—2)+4u(2—7)]+4(2u(A—1)+1)* (B1—B2) |’

1 > | B2 [24+47+9u(A—1)+8Au(A—2)+4p(2—7)]+4(2p(A—1)+1) (B1 — %2)|
In—1] 3B2(3u(A—1)+2)

Proof. It follows from (2.28) and (2.29) that

asz — 7’]0/%
B1(r2 — y2) 9
"GO —1) 12 T
_ By(w2 —y2)
12 (3u(A — ) 2)
n B (x2 +y2) (1 — 1)
4[B7[2+ 47 + 9(A — 1) + 8Mu(A = 2) +4p(2 = 7)) + 4 (2u(A — 1) + 1)* (By — By)|
B, 1

vy KQ(”) HETETP SR 2)) w2 (Q(") T 3(3u(x - 1)+ 2)) yQ} ’

where

B2+ 4y + 9u(A — 1) + 8Mp(A — 2) +4p(2 — )] + 4 (2u(A — 1) + 1)* (By — By)
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According to Lemma 1.1 and (2.1), we find that

B 1
W—ll)w)v 0 < Q)] < 3@BuO—1)+2)

B Q)| Q)] > m
After some computations, we obtain

By .
3GBu(—1)12)

oy — ] <

1 < | B2[2-+47+91(A—1)+8Au(A—2) +4p(2—7)]+4(2p(A—1)+1)*(B1 —B2)|

n—1[ < 3B2(3u(A—1)+2) ’

’CLE} o na%‘ S %3| | |:|
1ln—1 .

| B2[2+49+9p(A—1)+8An(A—2)+4u(2—7)]+4(2u(A—1)+1)* (B1—B2)| '

| B2 [2+47+9u(A—1)+8Mp(A—2)+4p2(2—7)]+4(2p(A—1)+1)%(B1 —B5) |

In—1] > 3B2(3u(A—1)+2)

Putting 7 = 1 in Theorem 2.4, we obtain the following result.

Corollary 2.6. If f € Rx(p, v, A\;0) is of the form (1.1), then
By
GuO -1 +2)

3. CONCLUSION

‘a;;—a%’ < 3

This work has introduced a new families of bi-univalent functions associated with
the Bazilevi¢ functions and the A-pseudo functions. For these families, coefficient
bounds and Fekete-Szeg6 inequalities have been investigated.

Acknowledgements. The authors would like to thank the referee(s) for their careful
reading and helpful comments.
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