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SOME ¢-ANALOGUES OF GRANVILLE AND SUN’S
CONGRUENCES

WELWEI QI

ABSTRACT. In this paper, we use g-binomial theorem to establish some new g-
analogues of Granville and Sun’s congruence:
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where z is a variable and p is an odd prime.

1. INTRODUCTION

In recent years, g-analogues of congruences involving harmonic numbers have been
widely studied by many authors. In 2004, Granville [1] showed that for any prime

p =9,
ik 1 —aP— (2 —1)
1.1 —
(1.1) Z:: ? ’
For any postive integer n, the ¢g-integer is defined as

1_ n
[nlq = 1_qq =l+q+q+-+qg" "

(mod p).

It is easy to see that lim, ,1[n], = n.
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Pan [3, (5.1)] showed that Granville [1] confirmed a conjecture of Skula: For any
prime p > 5,

ol 1\* ko
(1.2) <p> =, 1 = (mod p).
i

Pan [3, Theorem 5.1] established a g-analogue of (1.2) as follows:

Z;l )

1+ Q,(2,9)°
(Tp—5) (p— 1) (1 — q)°

=—(p-1)Qy(2,9) (1 —q) — 24

(mod [p]y),

where @, (2,¢q) = (q(g)iill.

The harmonic numbers are given by
"1
Hn:Z% and Hy=0.
A g-analogues of harmonic numbers H,, is given by

”L

The g-Pochhammer symbol is given by
(:q), = (1—2) (1 —xq)- (1 —2g""), (ziq)y= 1.
The ¢-binomial coefficients are defined as

m - m = (q;q)(j (Z)Z)nk ifO<k<n,

k k
0, otherwise.

It is clear to see that lim,_,; mq = (Z)

In [4, Theorem 1], Shi and Pan showed that for prime p > 5,

1 _p-D(l-q -1 (1—9’l 2
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where z is a real number and p is an odd prime. Thus, it is easy to get the following
congruence:

1

(1.3) 2225<

14 (z—1Pp—a? 2lQ—2)-1
p k=1 k

D

) (mod p).

In [6, Theorem 2.1], Tauraso proved that if p is an odd prime, and a, b, d are integers
such that a,d > 0,b > 0 and ged(a, p)=1, then

Sl = o (oS (5 7) - S (4 (3) mod vl

d
k=1 p =0 s=0 s

where

To E? (modp), r0€{0717"')p_1}7

Ee ()

k=0
The nth cyclotomic polynomial is given by

1<k<n
(n,k)=1

where ( denotes a primitive nth root of unity.
The first aim of the paper is to give two new g-analogues of (1.1).

Theorem 1.1. For any positive integer n and variable x, we have

@ _ 1= (q@)" = (qzi@)n  (n—1)(1—q) (z" +1)
(Lay 3 L = R ' (mod @, (g))
and
(1.5)
sy q_k<xa q_l)k
2,
_1- ()"~ (19),  (g=D(@=1)
B (1], xz
+ x (n - 1) (1 - Q) (xn + 1) - QQS - Q) (1 - qu_n) (:E; q_1>n71 (mod (I)n(q))

Letting ¢ — 1 and n = p in Theorem 1.1, (1.4) and (1.5) will reduce to (1.1). So
(1.4) and (1.5) are g-analogues of (1.1).
When x = —q and n = p, we will see that Theorem 1.1 is a g-analogue of [3, (5.5)]:

or—1 1 b=l gi-1
————=—->) — (mod p).
p ]2 J

The second aim of the paper is to examine two g-analogues of (1.3).
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Theorem 1.2. For any odd positive integer n and variable x, we have

St (a-Dl-q) 1\ (¢ mg ), 1
(1.6) e lc ( : [”]"> 5,

Lo (¢ 'z g7 )n) — (¢ '2)"

(mod ®,,(q)),

and

(1.7) k=1

where to = 1 — W=UI=0) 4 D00

In particular, it is easy to see that (1.6) is a g-analogue of (1.2) when x = 2, and
(1.7) is a g-analogue of (1.2) when = = —q.

We will prove Theorems 1.1 and 1.2 in Sections 2 and 4. In addition, we establish
some generalizations of Theorems 1.1 and 1.2 in Sections 3 and 5.

2. PROOF OF THEOREM 1.1
Firstly, we need to build some lemmas.

Lemma 2.1. For any positive integer n and variable x, we have

ot o1 0t (s o) o~
(2.) W, & W lk ]

Proof. By [7, (1.1)], for any positive integer j and n
LAY 1
(2.2) S gt ] _ [’f‘ + ] .
k=j L] g J+1 q
Letting j -7 —1,n—n—2and ¢ — ¢! in (2.2) gives
n—2 r
Qo S k| 11 _ i [”—_ 1] ‘
k=j—1 L My J g
By g-binomial theorem: for variable x, positive integer n

(23) =y _T.‘] e —a)

i=0 LY 14 j=0

0
Letting n — k and ¢ — ¢! in (2.3), we have
-

. o= [k (1) ()¢l

-4
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Therefore, we have

nzz[k:]_ql :"_ [k,l]q;(—l)i (z;q); ll: g(3)-*
S 1) (g (ST [
e Dl
n—1 ; ing in—2 q_Zk k
- 8 Gl
_ N (20 (@9); ()i — 1
i=1 [i]q 4 [ ) ]q' O

As Shi and Pan [4, Theorem 1] mentioned, the following g-congruence lemma can
be proved by the same method. We replace p with n and [p] with ®,(q) in the proof
of [4, Theorem 1].

Lemma 2.2. For any positive integer n, we have

(25) ::1 [k:l]q _(n— 1)2(1 —q) , (1) (214— Dl od @, (0)%).

Lemma 2.3. For any positive integer n and variable x, we have

(2.6) :il [i]q = 1 - :En[n—]q($§9)n I (n— 1)2(1 —q) (mod @,,(q)).

Proof. Note that
(27) [”*] (1 (T (1—[{;]]")z<—1>iq<i?> (mod @, (q)).

1 .
j=

and
n—1 qk (LL'; q)k _ n—1 qn(n—l)/2—nk+k(l.; Q)k
k=1 [k]q B k=1 [k]q
= T O O
(2.8) R “
- —op V] s
= _[nl]q (q ) — q(@ — (x;q)n> (mod ®,,(q)).
With the help of (2.1) and (2.7), we have
(2.9) > x—k = > m + S (mod ®,,(q))
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Since
¢"=1-(1-q")
=1-(1—¢") (1+ "+ ¢+ +¢")
=1-t(1—¢")  (mod ®,(q)*),
we have
(2.10) (= =DA=d) (2,

2
Combining (2.8), (2.9) and (2.10), we get Lemma 2.3.

Lemma 2.4. For any positive integer n and variable x, we have

“(rqh), — 1 ! (—qx)k k1 n—1
211 SR Y - (‘s )—”’“[ 1 .
- P R D ) e,
Proof. The g-binomial theorem [2, (3.3.6)]: For variable z, positive integer n,
212 ), =317 o
=0 q
letting ¢ — ¢! in (2.12), we have
(213) (r1q7) = Y (-1)g(5) m
1=0 q
Using (2.2) and (2 13), we get
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Next we will proof (1.4).
By (2.11) we have

n—1

g, S e oy [” - 1] L

k=1 [k]q k=1 [k]q
Using (2.7), we get
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where we have used the fact that ¢*" = 1 (mod ®,(q)). Finally, use (2.5) and (2.6),
letting * — ¢z in (2.6), we have

=g, _1=(gn)" = (g7;¢9)n  (n=1)(1=¢q)(a" +1) .
kz::l [kKlg n], * 9 (mod @, (q))-

Next we will give the proof of (1.5).
Let

M (k,z,q) = B4k
For k£ > 1, it is easy to check that
(2.14) (1= )M (k,z,q) = (1= ¢"") (1= 2¢" %) M (k= 1,2,q).

Summing both sides of (2.14) over k from 1 to n — 1, we have

n—1 n—1

S (=g )M (k2,9) =3 (1 =) (1= 2" ™) M (k= 1,2,q).
k=1 k=1
Then
S (- ) M (b g) = 5 (1= ) (1= )M (k2 0).
k=0 k=0

After simplifying, we get

(2.15)
S, S e, -9 —2¢" ) (@g e — (@ = 1)(g - 1)
W, & W, ; |

1
Finally, combining (1.4), we get (1.5).
So we complete the proof of Theorem 1.1.

3. COROLLARY 1

Corollary 3.1. For any positive integer n and variable x, we have

(3.1)

> ffjM =q¢'" " (1 - (zq;q)n) — q(z" — 1)

1<k<j<n-1 [Kq
2¢ (1 — z¢' ™) (z; ¢! —x (¢t — " +1)(n—1)—2
L2 =2 @)y, — 2l q) ( )(n—1) —2g (mod @,(q)).
2z
When ¢ — 1, x = 2 and n = p, the corollary reduce to the following congruence:
n—1 k J
-1
>3 5 = 2,0 (mod )
k=1j=1 J

where ¢, (2) = 21
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Proof. Note that

O R ¢y (@ig s ”i -
1<k<j<n—1 [£]q P [ P
(g, g g
a k=1 [kl 1—qt
_q ”i G PO B = G )
-1 [kl (¢— Vg (= [kl
Then combining Theorem 1.1, we get (3.1). O

Corollary 3.2. For any positive integer n, and variable x, we have
ik @ia )y _2¢" ((w5¢ D =D+ 2@" + 1)(n = (1 - ¢")

2 T, %

1<k<j<n—1
—(2q;@)n — q(x3¢ N1 —¢" (2" = 1)+ 1 (mod ®,,(q)?).

When ¢ — 1, z = 2 and n = p, the corollary reduce to the following congruence:

Sy e @ g (mod )
k=1j=1 J
Proof.
Z qj—k (z; q_l)k _ = (; q_l)k nz_:l ¢
| <kSen—1 [K]q P ] PR
g, -
- k=1 [k]q ' 1- q
IS " "i ¢ " (g )y

_ 3 (g ")y 4

1 - q k=1 [k]q I q k=1 [k]q
Combining (1.4) and (2.15), we get Corollary 3.2, where we have used the fact that
¢" =1 (mod ®,(q)), so the result can modulo ®@,,(q)?. O

4. PROOF OF THEOREM 1.2
In order to prove Theorem 1.2, we need the following lemma.

Lemma 4.1. For any positive integer n, variable x, we have

n n ngk :Bk o ’5 & M
(4.1) k;(—l)qu( )[;{;]q_q( ),;1 [Klq

and

(4.2) f:(—m mq(”f) (@ _ (3) f:
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Proof. The g-binomial coefficients satisfy the following recurrence relation:
nl  gln—1 n n—1
k-0 k k1]
q q q
It is easy to see that

(43) A5 = &) (5 -k

So, we have

Z ‘“mq“’“) i,
(4.4) an

R T

By induction and using (2.13), (4.3) and , we have

S (-1 H ’f)i

k=1

(4.4
¢ 12 [”k ] ) ?n]q«x;ql)n—l)
G )Z (z:q )i =

[K]q
Using (2.4), and (4.3), we have

(4.5 (B =3 (a1
So, we have

(4.6) znj(—nk m (2" <$];€§1>k

S (o 2 [ e
— S| e S e
By induction and using (4.5) and (4.6), we have
A i e T
|
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Next we will proof Theorem 1.2.
For any odd positive integer n, variable z, we have

~—
<
3
|
_
=
)
=
~
- [ ]
3
~
—~
8
=
~—

[n]q i=1 ¢ mq
3) & (z;¢71); —1 "
g ¢ )i—1
W e @ e
) (St @a =1, (g )a—1) o
__q ’q 7 7q n .
=, <Z @ [ ) R
IO 0 ek WA L (e G210 D e G
(] i=1 []q [”]2 " ‘

In the first step we need n to be an odd positive integer, otherwise it doesn’t work,
where in the third step we used (4.1).
Obviously, we have,

¢ =1-(1=q") (1+q"+ "+ + ¢

- (1—g") <t _ e 1)2(1 - qn)> (mod @, (g)*).

Note that

1—q") N (n—1)(n—3)(1— qn)2 (mod q)n(q)g)’

n) (n—1)
48) G =1- 5

N[ —~

where we let ¢y = 1 — = 1)21 ) 4 (o 1)(n—83)(1—q")2. Then, letting = — ¢ 'z in (4.7)
and combining (2.10), (4.7) and (4.8), we get(1.6).
Furthermore,
n—1

gl
(4.9) . oo
_ g Za: —1  (x:¢)n
(1], i=1 (] [n]g
¢B e -1 gl (1 —am) — (a59)

(mOd an(Q)),
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where in the third step we have used (4.2). Combining (2.10), (4.8) and (4.9), we get
(1.7).

5. COROLLARY 2

Corollary 5.1. For any odd positive integer n and variable x, we have

(5.1)
ol a1~ (@g) 2= D -q)\
2 [, = T, ‘2( W, 2 )
to(L— (¢ 2% ¢ Y),) — (¢ 12?)"
2[n]2
(L =D -g\ (et -1
(m 1 )Z i, mod ®n(a)

I ol SRV L Ut QY
LT 5 . 5 W 5 O
et (_Z+)
b—1 [k]q j=1 [J]q j=1 []]q [ ]q
n—l ok n=l .j  n=l ok k_.j n-l 2k
TR AL EW S A
Then,
2 o1 e
=1 [J]q k=1 [ ]q 2\ [ ]q 23 [k]g

”Z—:l ? _ ((n ~D(1-¢) 1 ) e AT

(5.3) k=1 [k]g 2 [n]q k=1 [k]q
' (31 ~1,2. 1 —1,.2\"
I Ul U 4 J) =) od @, (q)
[n]3
Then combining (2.6), (2.10), (4.8), (5.2) and (5.3), we get Corollary 5.1. O
For example, let z = —1. We see that for any odd positive integer n,

J

(-1 i
=020+ =11 -a)

(n* = 1)(1—q)°
* 12

n—1 1)k k

(54) > o

7=1

(mod ®,(q)),
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where Q,,(2,q) = E40ua=l The cage n = p>5in (5.4) is Theorem 1.4 in [8].

[nlq

We replace « with —1 in (5.2), and obtain

n—1 (_1)3' J (_1)k_1 n—1 (_1)k 2 }n_li
(5:5) T = T, ‘2(2 m) NPT

Jj= k=1 k=1 q

As Shi and Pan [4, (5)] mentioned, the following ¢-congruence can be proved by the
same method. We replace p with n and [p] with ®,,(¢) in the proof of [4, (5)]:

w1 _ (-1)n-50-0q7
(5.6) 0 =— 5 (mod ®,(q)).

Meanwhile, as B. He [8, (1.7)] mentioned, We replace p with n and [p] with ®,(¢) in
the proof of [8, (1.7)]:

(5.7) :z:: (E{jj = _2Q"<27q) _ (TZ — 1)2(1 - Q) (rnod q)n<q>>.

Finally, combining (5.5), (5.6) and (5.7), we get (5.4). Meanwhile, let z = —1 in (5.1),
we also can simplify to get (5.4), so we omit this part. We replace n with p and ®,,(q)
with [p], in (5.4). This consequence will be [8, Theorem 1.4].

Corollary 5.2. For any odd positive integer n and variable x,

(5.8)
Z qjxk :to (1 _ (q—lx; q—l)n) _ (q_l.’ll')n B n—1 Lk
1<k<j<n—1 [k]ﬁ [n]q k:1[ lq
2—(n—1)1—-¢") (¢ 'z g, —1
k=1 q
Proof. Note that
qj$k n—1 Jik n—1
L GE s
1<k<j<n—1 [ ]q il ]q j=k
n—1 ka 1— qn 1 — qk
Eip o)
kz::l kg \1-q¢ 1-g¢q

Finally, combining (1.6) and (5.9), we get the desired result. O
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For example, when x = 1, z = ¢*, = (—=1)* in (5.8), we will get

S i L _ =1)(-¢g @®@=1{®r=3)1=q’Mn, (mod ®,(q)?),

(n-1)1—q)
2

- (Qn<2a 0)*+3Qu(2,9(1 —q) +

(n+7)(n -1 —-q)?
12

) iy (mod ®,(q)?),

where n is an odd positive integer.
As B. He [8, Theorem 1.2] mentioned, we replace p with n and [p] with ®,,(¢) in
the proof of [8, Theorem 1.2]:

(5.13)

- 0 o, - 2000

# (@20 s Qa0 - o+ D)l o 0,(0)

and
sy S CY = a0, oa-g+ TR oga, (),

Furthermor_e, note that

n—1 L n—1 1— q + q B . n—1 Lk
(5.15) g i g::l i, =(l-q(n-1)+ 2 T,
and
n—1 n—1 1 n—1 qk

510 Yw 0SS

Then combining (2.6), (5. ),( 9), (5.13), (5.14), (5.15) and (5.16), it is not difficult
for us to get (5.10), (5.11) and (5.12). Meanwhile, letting t =1, z = gand z = —1 in
(5.8), we also can simplify to get (5.10), (5.11) and (5.12), so we omit this part. We
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replace n with p and ®,,(¢) with [p], in (5.10), (5.11) and (5.12). These consequences
will be [8, (1.3)], [8, (1.4)] and [8, Theorem 1.3].
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