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FIXED POINT THEOREMS AND CONTINUITY
CHARACTERIZATION FOR LINEAR MAPS IN COLOMBEAU
ALGEBRAS

ABDELLAH TAQBIBT!, MOHAMED CHAIB?, AND SAID MELLIANI?

ABSTRACT. In this article, we present a novel characterization of the continuity of
linear maps within Colombeau algebras. Additionally, we introduce an alternative
representation for the contraction of these maps. Moreover, we put forth a new
concept of fixed-point theorems in Colombeau algebra, extending classical fixed-
point theorems, including those of Banach, Chatterjea, and Kannan. To underscore
the practical relevance of our findings, we offer various examples and applications.

1. INTRODUCTION

The fixed point theorems are regarded as an effective tool for solving differential
equations, for example, see [21-26]. In the literature, the embedding of fixed point
theory in the framework of Colombeau algebra is based on the famous theorem of
J. A. Marti see [16]. The idea of J. A. Marti is based on the Banach fixed point
theorem in classical metric spaces, with several assumptions to make sense of the
contraction of mappings. Our new idea is based on this result of J. A. Marti, but
we will lighten the assumptions. Indeed: We have defined a new contraction in
which we don’t need all these assumptions. Our contraction is intended for mappings
defined between the Colombeau algebras (Sg, (P;)icr, where (P;)icr, Pi(u) = =it
and vy, is the valuation function associated with the ultra pseudo-seminorms family
which makes F a locally convex space. We have also extended the two theorems of
Chattergia and Kannan in the framework of Colombeau algebras. On the other hand,
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our paper contains a very legitimate notion of contraction, which will allow us to
cite some fundamental theorems of fixed point in the algebra of generalized functions
of Colombeau. We have also introduced a characterization of the continuity notion
of C-linear maps between Colombeau algebras, based on the sharp topology defined
on Colombeau algebras seen as modules on C. In this article, we have proved three
well-known fixed point theorems in the classical framework, namely Banach’s fixed
point theorem, Kannan’s fixed point theorem, and that of Chatterjea (see [2,14]).
Fixed point theorems are very useful to know if an equation has a solution, finding
a solution to a differential equation can then be interpreted as finding a map and
proving that it has a fixed point, which will be the solution to the problem.

The present work is formulated in the framework of Colombeau generalized functions.
This will allow us to use the powerful tools from this theory to combine generalized
function data with nonlinearities and measure regularity. We give some properties in
the theory of topological C-modules and locally convex topological C-modules, and
illustrated this with application to an evolution problem. In [8] the authors, shows
that in one space dimension, an initial singularity at the origin propagates along the
characteristic lines emanating from the origin, as in the linear case. The proof is
based on a fixed point theorem in a suitable ultrametric topology on the subset of
Colombeau solutions possessing the required regularity. J. A. Marti in [16] and several
other authors have found together a lot of results on the existence and uniqueness
of generalized fixed point by a method which consists of transforming the problem
given in the sense of Colombeau to its equivalence in classic, after they showed that
its solutions are moderate and therefore deduce that the generalized solution exists.
But our point of view is to use a definition of contraction in the sense of generalized
functions to mount existence and uniqueness of fixed point in this frame of Colombeau
generalized functions. Starting from the notions of C-linear and locally convex C-
linear topologies which are introduced and described from their neighborhoods, a
characterization of the continuity of C-linear maps from a locally convex topological
C-modules into another C-modules is given in this work. We are inspired by the
analogous statement involving seminormes and locally convex vector spaces, making
use of the concept of ultra pseudo-seminorm, for example, the continuity of C-modules
is studied in this paper. Our main result is to give a necessary and sufficient condition
in order to a linear map from a Colombeau algebra to another be continuous, and we
focus on proving a new theorems of fixed point in this context.

The present paper is organized as follows. After this introduction, we will recall
some basic properties concerning Colombeaus algebra in Section 2. The notion of
C-modules topology and some properties are presents in Section 3. In Section 4,
we are talking about continuity, contraction and fixed point in C-modules. Finally,
Section 5 is devoted to the existence-uniqueness result of a differential equation.
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2. PRELIMINARIES

Before describing our results in more detail, a few words about Colombeau algebras
are in order. The elements of Colombeau algebra G are equivalence classes of nets of
smooth functions satisfying asymptotic conditions in the regularization parameter e,
for more details [3-6,12,13,17]. We define the set &(R™) = (€= (R")) . The set of

moderate functions is given as follows

& (R") = {(0’6)6 € &R") | forall K CCR", a € N,

there exists N € N : sup |D%(x)| = OE_>0(€_N)},
zeK

where D® is the differential operator of order a. The ideal of negligible functions is
defined by

N(R") = {(ae)e € &[R") | for all K CC R, a €N,
for all ¢ € N : sup |D%(z)| = Oe_m(eq)}.
reK

The Colombeau algebra is defined as a factor algebra
(2.1) G(R") = &y (R™)/N(R™).

We denote C the field of complex numbers. Let C be the ring of complex generalized
numbers obtained by factorizing,

(2.2) Ec = {(7“6)6 e COU | there exists N € N, |r| = OHO(E_N)} :
with respect to the ideal

(2.3) Ne = {(rd)e € COV [ for all g € N, [re| = Ocso(€") }
Also, the algebra of generalized complex numbers is defined as follows

(2.4) C = &¢/Ne.

3. DEFINITION AND BASIC PROPERTIES OF C-MODULE g

It is clear that C is trivially a module over itself and it can be endowed with a
structure of a topological ring (see [10,11]). In the sequel, we need the following

function, which is inspired by non-standard analysis [17,20] and the previous work in
this field [1,18,19] we define the following function

JEm(R™) — (=00, +o0],
v {@)E s sup{leR o = Oole)}.
It satisfies the following conditions:
(i) v ((0e)e) = o0 if and only if (o). € N(R"™);
(i) v ((oe)e(0e)e) = v ((0e)e) + v ((2e)e), for all (ge)e, (0)e € Enr(R™);

(3.1)
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(ii") v ((0)e(0e)e) = v ((o0)e) + v ((0c)e), for all g = ce®, c € C, b € R;

(ii) v () + (20)e) = min {0 ((5)0) v ((0)e)}, for all (50, (o) € Ear(RY).
Note that if (06 - aé)e € N(R™), (i) combined with (iii) yields v ((o,).) = v ((0;)6) :
This means that we can use the function v to define the valuation

(3.2) vg(o) = v ((oe)e)
of a complex generalized number o = [(o¢)c], and that all the previous properties hold
for elements of C. Now let us consider the following map

L {(é — [0, +00),

—vz(o)

3.3
(3:3) o—lole=e

Definition 3.1. Let E be a locally convex topological vector space equipped through

the family of seminorms {p;},.; . The elements of

(3.4) Mg = {(UE)6 e B | for all i € I, there exists N € N, p;(0.) = Oc_yo(e ™) }
and

(3.5) Ng = {(00)c € E@V [foralli € I, g €N, pi(0.) = Ocso(€") },

are called respectively M g-moderate space and Ng-negligible space, respectively.

We introduce the space of generalized functions based on E as the factor space
Sg=Ep/NE

It is clear that the definition of G does not depend on the family of seminorms
which determines the locally convex topology of E. We adopte the notation o = [(06)4
for the class o of (o¢) in G, and C*°(R) embedded into this algebra via the constant
embedding f — [( f )6} . By the properties of seminorms on E we may define the product
between complex generalized numbers and elements of G via the map C x S — Gg.
It is natural to introduce the p;-valuation of (¢.). € Mg as

(3.6) vy, ((00)e) = sup {b € R [ for all i € I, pi(o) = Ocso(e) } .
Note that vy, ((o¢)e) = v ((pi(oc))e), (where the function v) gives the valuation on Mg.
Clearly v,, maps Mg into (—oo, +00) and the following properties hold:

(i) vy, ((oe)e) = o0 for all i € I if and only if ((0.).) € Ng;

(
(i1) vp, ((2e0e)e) = vp; ((0c)e) + vp; (7)), for all (ac)c, (0e)e € M
(iii) vp, (Aeve)e) = vp, (A)e) + vy, ((00)) for all Ac = ceb,c € C,b € R;

(iv) vpz ((0e)e 4 (0e)e) = min {vp, ((0¢)e) s vy, ((0e)e)}; for all (oe)e, (0e)e € M.
Last assertion (i) combined with (iv) shows that
U, ((0)e) = vy, ((02)6) . if (06 — 02) is Ng-negligible.
This means that we can use (3.6) for defining the p;-valuation of a generalized function
o= [(ae)e} € G by
Up;(0) = vp, ((0¢)e) -
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And thus P;(0) = e *:(?) is an ultra pseudo-seminorm on the C-module Gz. By [10,
Theorem 1.10] Gr endowed with the topology of ultra pseudo-seminorms (P;);c; is
a locally convex topological C-module. The topology induced by the ultra pseudo-
seminorms (P;);e; called the sharp topology on Gg. A basis of 0-neighbourhood is the
set of all balls

B(i,y) = {UE Sk | Pi(o) <’y}, i€l and~vy>0.

4. MAIN RESULTS

This section is devoted to the important results of this paper. Let’s start with the
subsection of continuity.

4.1. Continuity and contraction in C-modules.

First, we are looking if it is possible to define a C-linear map S : G — Gp by means
of a given family (86)66(071] of C-linear maps 8, : £ — F, where F and F' are locally
convex topological vector spaces. The general requirement is given in the following.

Lemma 4.1 ([16]). Let (8¢).cq be a given family of C-linear maps 8. : E — F.
Suppose that

1. (o) € Mg implies (8.0.). € Mp;
2. (o) € Ng implies (8.0.). € Np.

Then, C-linear map 8 : (Sg, (Pi)icr) — (Sr, (Q);e1) is well defined by
So = [(8co¢)], forallo € Gg.
Now we turn up to the continuity of mappings in Colombeau algebras. A function

f :Sg — G between Colombeau algebras is said to be continuous in o in G, if for all
7 > 0 there exists 6, > 0 such that c—og € B(3, 6,) implies that f(o)—f(c0) € B(J,7)-

Definition 4.1. Let 8 : Gz — G be a map with (g, (P:)icr) and (Gr, (Q;);es) are
two locally convex topological C-modules. We say that & is continuous if and only if,
for every j € J, there exist ig € I, ¢ > 0 such that

QJ(SO' - SQ) < CiPio (U - Q)a for all 0,0 € SE

Ezample 4.1. Let E = €2(R), P;(-) = e and p;(-) = || - || for all i € I. The
mapping
8 i 9E — 9E7
o — 80 =[(80)] = [(}2 sin(o,))el,

is continuous in Gg. Indeed, for all o, p € G, we have
8eoc — Seoe| < E%!OE — o, ¢>0.
And thus, vy, (8c0c — 8c0¢) > —2+ vpio(a6 — o). It follows that,
Pi(8c — 8p) < cPiy(0 —0), c=¢e*>0.
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In particular for the continuity of a linear map on Colombeau’s algebra we have
the following.

Definition 4.2. Let § : G5 — SGp be a @—linear map with (Gg, (P;)icr) and
(Sr, (Q))jes) are two locally convex topological C-modules. We say that 8 is con-
tinuous if and only if, for every j € J, there exist iy € I and ¢ > 0 such that

(4.1) Q;(80) < cPiy(0), forall o.
Theorem 4.1. Under the some notations above, let (8.). be a C-linear maps family
given by the constant family (s). (i.e, So = [(so.)e]). If s : E — F is continuous, then
8: 9 — GF is a well defined C-linear and continuous.
Proof. First, show that § is well defined. Let (o¢). € Mg. Then, for any i € I, there
exists N € N such that p;(c.) = O.o(e ™), and o, € E, for all € € (0,1]. So, so. € F.
By continuity of s, for each j € J, there exist ig € I, ¢ > 0, such that

qi(s00) < epi(o) e xce ™ =cpe .
Then, for j € J, there exists N € N, with ¢;(so.) = Oco(¢™). Hence, (so.). € M,
which implies that So € Gp.

Let (oc)e € Ng, i.e., for each i € I, p;(0.) = Oc—0(€?), for all ¢ € N and g, € F, for
all € € (0,1]. Since s is linear and continuous, then for any j € J there exist iy € [
and ¢ > 0 such that

g5 (s0c) < cpiy(0c) < c'€?,  where ¢ > 0.
Hence, ¢;(8c0c) = Ocy0(€?), and thus (so.). € Np. From Lemma 4.1, § is well defined.

The continuity. Let h = sup {b eR| g (so.) = Ogﬁo(eb)}. For every j € J, we
have

vy, ((50¢)e) = v( (qj(sae))e) = sup {b eR|gj(so.) = Oeﬁo(eb)} = h.

And s is a linear continuous mapping, then for all j € J, there exist i € I,¢ > 0
such that g;(so.) < cpj;,(0c). Now we have to consider

d = vy, ((0)0) = v ((pi(0))) = sup {b € R | pi(00) = Ocpl”) }

Then, we have
"
qj (so.) < cxc el =coet,  where ¢, ¢’ > 0.

So, d < h, which implies vy, ((0c)e) < vg;((soe)c). Hence, eV ((59)e) o=y (90)e).

and we get Q;(8a) < Py, (). Conlusion 8 is C-linear continuous. O

Theorem 4.2. With the previous notations, if the following map
E — F
S { ’
Oc = ScOe,

is linear and contraction with the constant of contraction k. = Me* and ko, M > 0,
then 8 : G — GF s contraction.
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Proof. For the proof of this result, we will follow the same procedure as in [7]. Let
e € (0,1], and let the linear mapping 8. : (E, (pi)icr) — (F, (¢;);jes) be contraction.
Then for all j € J there exist iy € I and k. € (0,1) such that for all o, 0. € F, we
have

(4.2) qj(8coc — 8c0e) < kepig (e — 00).-
Setting
h =, ((SEUE - SeQE)E) = U((qj (Seoe — Sege))e)

= sup {b eR| ¢j(8coc — 8c0c) = OHO(eb)}
and

d =y, ((0c = 00)c) = v((Pinl0c = 00)).)

= sup {b € R | py (0. — 0) = Ocso(e) }
Thank’s to (4.2), we get
05(8e0e — 8.00) < Kepig (0 — 00) < M c el = et

where ¢; > 0. Hence, d + ky < h, which implies that

Vg, ((8606 - Sgge)e) > Up,, ((ae - Qg)e) + ko,

g, (8e0e=8c00)e) < oo o ~Uri, ((0e—00)c)

e e )
Q;(8c —80) < e Py (0 — o).
We conclude that 8 is contraction. 0J
Example 4.2. Let G5 =R, P;(-) = e~ and p;(-) = | - | for all i € I. The mapping
S {I'Eé — R,
o — 80 =[(80) ] = [(€"e77)],

where r > 0, is continuous in R. Indeed, for all g, 0 € ]Ii, we have
8c0c — 8coc| < keloe — oc|, ke =€
And thus, vy, (8.0 — 8.0¢) > r+ Upy, (0c — 0¢). Consequently, we have
Pi(8o —8p) < Py (0 — o), withe=e""€(0,1).

Proposition 4.1. The space (Sg, (P;)icr) is a separated locally convez topological
C-module.

Proof. By the definition of the negligible space Ng, if v # 0 in G, then v,,((c.).) #
+oo for some i € I, hence P;(u) > 0, so, (G, (P;)icr) is separate. O
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A sequence in Colombeau algebra is a map
0:N—=Gg, nw—o,=[(0n),

and is denoted by (0, ).en. We say that (0,),en converges to o € G if for all v > 0,
there is ng € N, such that if n > ng, then o, — o € B(i,). Such a sequence (0, )nen is
a Cauchy if for all v > 0 there is ny € N such that if m,n > ng, then o, — o, € B(i,7).
Since the sharp topology is a Hausdorff, then limits are unique whenever they exist.
Which is equivalent in terms of families of seminorms to the following definition.

Definition 4.3. A sequence (0,)nen in locally convex topological C-module
(SE, Picr) is called convergent and converges to o € G if|
lim P;(0,) =0, forall i€l.
n—+oo
Ezample 4.3. If we take §p = R, Pi(-) = e ) and p;(-) = | - | for all i € I. The
sequence 0, = [(0.)e] in R, where o, = %, n € N does not converge to 0 in R with
-1

respect to the sharp topology, because if Tz(%) < 7, for all v > 0, we obtain n < ()

which is absurd when n is large enough. However, the sequence o, = [(0n.¢)] in
~ -2

R, where 0, = ™= and r. = e"+', r > 0 converges to 0. Indeed, for all v > 0,
take ng = [|re/e™] 4+ 1 and [-| symbolizes the integer part. If n > ng, we have
that [<| < e ™), then vy, (%) > —In(v). And thus P;(<) < v which implies that
on € B(i,7).

Definition 4.4. A sequence (0,)nen in locally convex topological C-module
(Sg, Picr) is called Cauchy if, for each m,n € N, where m > n such that

lim P;(0, —0,) =0, foralliel.

n—-4o0o

The following proposition has been proved in [10].
Proposition 4.2. ([10, Proposition 3.4, p. 25]) The space (Sg, (P;)icr) is complete.

Remark 4.1. Let (0,)nen be a sequence in Gg. Then (0,),en is convergent if and
only if, it is a Cauchy sequence if and only if, for all v > 0 there is ny € N such that
n > m > ng implies that o, — o, € B(4,7).

4.2. Some fixed point theorems in Colombeau algebra. The second part of
this section is dealing with some new theorems of fixed point in the framework of
Colombeau algebra based on the locally convex space. In this subsection to simplify
the formula we take v((o¢)c) = v(o.). The idea of this theorem inspired by that of the
Banach fixed point theorem in a classical metric space.

Theorem 4.3. Let A: (S, (Pi)ics) — (G, (Pi)ier) be a mapping from an algebra of
generalized functions into itself such that

1. there ezists 0o € G, pi(Acooe — 00c) = Ocs0(€°), where o9 = [(00.)e];
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2. fOT’ every (&S I7 pi(Aeae - AeQe) S MEkO pi(ae - Qe) fOT’ all (O-E)E7 (QE)E € ME;
and M, ky > 0.

Then, A has a unique fized point.
Proof. We introduce the sequence (z,),en defined by

z = Ax ) . T = Az, +n
"*_1 "7 is equivalent to ”H’_E e ¢
Ty = Op, To,e = 00,¢ + M,

where (n¢)e, (m.)c € Ng. We have,
o=V @nt1,e=Tn,e) — o—Vp; (Actn.c—Actn—1,6)
We set
h =v,, (Ane — Aetp_1,) = sup {b ER | pi(Axne — Atp1) = OHO(eb)}
and
d = vy, (Tne— Tp_1,) = SUp {b ER | pi(Tne — Tn-1e) = OHO(eb)} )
By taking o, =z, and o = x,_1 . in the second condition, we get
Pi(Atne — Atn 1) < Mp;(zpe — 2n1.) < M cet = cjetho,
where ¢; > 0. Hence, d + kg < h then, it follows that
Vp; (AeTne — A1) 2 Vp, (Tne — Tn-1.c) + ko,
i (Actne=Actn1.0) < ko o —vp; (Tn,c—Tn1.0).
Therefore, e=vri(Fnt1,c=%ne) < g=kop=vp;(n.c=2n-1.) By induction, we obtain
et (@nLemon) < (gho)nep, (Acto.—a00),
Now let us prove that (x,) is a Cauchy sequence. Let m,n € N, m > n. We have
=09 (Emc—Tn) _ o=Vpi (Eme—n.c)

SUP{_'UPZ- (@m,e—Tm—1,e),~Vp; (wmfl,é_xn,e})

IN

(&

IN

Sup {efvpi (xm,efx'm—l,e)’ efvpi (xm—l,efxn,e)}
eivpi (xmveixmflae) + efvpl‘ (xmfl,efxn,é)
—1 n
—ko\™ —k
(6 0) Di (Aexo,e - IO,E) + -+ (6 0) Di (Aexo,e - IO,e)

(e_ko)"(l +e ot e_k‘)(m_n_l)>pz' (Aco,e — o)

—ko(m—n
e (LY ot

IN A

IN

1 — eho

—ko\n
(6 ) e—vpi(Aemo,E—mo,e)
1 —¢ho ’
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~—

by the first condition, we get p; (Aexo — 2o) = Oc0(€€). Then,

0,€e
/Upz (A x06 X 6) Z C,
—Up, (A Zo,e — Lo e) < —
e UpilAeto.c—T0.) < o7¢ — const,

And thus,

(™)
1 — eko
Since the right hand side of the last inequality tends to zero as n — 400, it follows that
(2 )nen is a Cauchy sequence in (G (P;);er) which is a complete space, by Proposition
4.2, then (x,)nen is convergent. Then there exists o in Gg such that o = lim,,_,, o zp,.
On the other hand, we have for any o, p € Gg, we can prove that A is a continuous
mapping. Indeed for any o, o € G, we have

ipi (AU . AQ) _ e—Upi(AeO'e_Aege) < €_k0 e—'Upi(O'e_ge) < €_k0 :Pz (U,Q) )

e~ (TmeTne) < const.

We deduce that A is continuous. And we have, z,,; = Ax,, — ¢ as n — 400 which
implies that o = Ao. Therefore, A has a fixed point. Now, assume that A has another
fixed point o € Gg. Then Ap = o, we can write

e_vm(ae_gs) — iPZ (O' _ Q) — j)z (AO' _ AQ) — e_vpi(Ao'e_AL)e) S e_kO e_Upi(Ue—Qe),

this implies e%»i(=¢) = (, which signifies that v, (0. — o) = +o0o, and thus,
(0e — 0c), € Ng. Therefore, 0 = p in Gg. d

The theorem below is an extended of Kannan’s fixed point theorem in classical
metric space.

Theorem 4.4. Let A: (Sg, (Pi)icr) — (&, (Pi)icr) be a mapping from an algebra of
generalized functions equipped with a family of ultra pseudo-norms (P;);er into itself,
and satisfying the two following conditions:

1. there exists 09 € Gp, pi(Acoo. — 00c) = Oco(€?), with d > 0;
2. for everyi € I, pi(Acoe — Acoe) < MGA{ i(Acoe — o) + pi(Acoe — QE)}, for all
(0e)es (0e)e € Mp, A >1n(2), M > 0.
Then A has a unique fized point in Gg.

Proof. Let us consider the following sequence

{yn+1 = Ayn,

Yo = 0o,

Yn+1,e = Ayn,e + N,

is equivalent to
Yo,e = 00,¢ + me,

where (n.)e, (me). € Np. We have

efvpi(yn+1,efyn,6) — efvpi(yn+1,e*yn,é) — e*vpi(Aeyn,rAeynq,e)_
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By the definition of the valuation function v,,, we can write
D; (Aﬁyn,e _ Aeynﬂ’e) < Me emin{vpi(Aeyn,e_yn,s)vvpi(Aeyn—l,e_yn—l,e)}.
Then,
Upi (Acynr1,e = Acyn—1,e) = A+ min{vp, (Acyne = Yne)s Vp, (Actn-1,c = Yn-1,6)} -
Thus,

e*”pi(Asyn,e*Aéyn—l,e) < e*/\ 6_ min{vpi(Aeyn,e_yn,e)avpi(Aeynfl,e_ynfl,a}

IN

efA max {efvpi(Aeyn,efyn,e) efvpi(Aéyn—l,efyn—l,e)}
Y

IN

6_)‘ (e_vpi(Aeyn,e_yn,e) + e_vpi (Aeynq,e—ynﬂ,e)) .
It follows,
-

e_vpi (Aeyn,e_AEyn—l,s) < €

e_Upi(Aeyn—l,e_yn—l,e)
T l—e? '

By induction, we can conclude that

Y n
e_'Upi(Aeyn,e_Aeyn—l,e) < ( e e_vpi(AeyO,e_yO,e)‘
1—e?

Now we have to prove that (y,), is a Cauchy sequence. Let n,p € N,

—Up,; (xn+p,€_yn,€) — o Up; ($n+p,e_yn,e)
e =€
max4 —VUp,; (yn+p,e_yn+p71,c)a_vpi (ynerfl,e_yn,e)
<e
< max {efvpi (yn+p,e*yn+P—1,€)7 efvpi (yn-&-p—l,e*yn,e)}

S e*”pi (Yn+p,e=Yn+p—1,e) + e*”m (Yn+p—1,e=Yn,e)

6_)\ n 6_)\ n+p—1
< - ... - —Up,; (AeyO,e_yO,e)

From the first property in the theorem we have eUri(A<¥o.c=%0.c) ig finite, the right
hand side of the last inequality tends to zero as n — +o0o. Then, (y,), is a Cauchy
sequence in §g which is complete by Proposition 4.2, and thus there is ¢ in Gg such
that v, — 0 as n — +o0.

Now, let us prove that o is a fixed point of the mapping A, we have

i (Acoe—00) < ]~y (Ao 0)—p, (ym.c—0e) }

< e*”pi(AeUe*yn,E) + e*”m(yn,e*%)'
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On the other hand
e*”pi(yn,efde) < e*)\ (6_ min{vpi (yn,e—yn175),1);)1-(05—14505)})

< ef)‘ Sup {(efvpi (yn,efyn—l,e)7 efvpi (UefAeo'e)} .
Hence,

Ui (A=) < o= (Une=00) | oAU ne—n-1.6) | oA p—p; (Acoe—00)

Thus,

(1 _ e_)‘) e_vpi(Aeo'e_O'e) < e_vpi(yn,e_o'e) + 6_>\ e_Upi(yn,e_ynfl,e)‘

By passing to the limit as n — 400, we obtain eri(4<?<=9) — () this implies
Uy, (Acoe — o) = +00,

which means that (A.o. — o), € Ng. Then, Ao = 0. It now remains to demonstrate
the uniqueness. Assume that there is another fixed point ¢ of A, Ap = p, such that

o # 0.

So, we can write

e_vpi (UG_QE) < e_vpi (AeUe_AeQe)

e—/\ esup{(—vpi (Acoc—0e),—vp; (Aege—ge)}

IN

IN

e_A Sup {e_vpi (AEO'E_UE)’ e_vpi (AEQG_QE)}

IA

e <€*vp,'(AeUe*0e) + e*vpi(Ae@rQe)> '
Since Ao = o and Ap = p, then
Uy, (Acoe — 0c) = vy, (Acoe — 0c) = +00,
which implies that e~*»i(?<—¢) = (. Thus, vy, (0c — 0¢) = +00. Then, (0. — o) € Npg.
Conclusion is ¢ = ¢ in Gp. O

The following theorem is based on the theorem in the classical case, of Chatterjia.

Theorem 4.5. Let A : (Sg, (Pi)icr) = (Se, (Pi)ier) be a mapping from an algebra
of generalized functions equipped with a family of ultra pseudoseminorms (P;);cr into
itself, and satisfying the two following conditions:

1. there exists 09 € Gg, pi(Acooe — 00.c) = Ocyo(€¥), with k> 0;
2. for any i € I, pi(Acoe — Awe) < M [pi(Acoe — 00) + pi(Acve — 00|, for all
(0e)e, (0c)e € Mg, 5 >1n(2), M > 0.
Then A has a unique fized point in Gg.

Proof. Let us consider the following sequence

{yn—I—l = Ayna

Yo = 0o,

Yn+1,e = Ayn,s + N,

is equivalent to
Yo,e = 00,¢ + M,
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where (n¢)e, (me)e € Np. We have e %iWn+1etne) — =0 (Achntrc=Avn—1.0) By the
definition of the valuation function v,, we can write

Di (Acdtne — Acn_r.c) < M P ™ pi(Acvme—ym.c) vy (Actn—1.e=yn1.0)}

So,
Up, (AcUnt1,e — AeYn-1,6) = B+ min{vy, (AYne — Yn—1.6) > Vp; (AcYn—1.6 = Yn,e) } -
Thus,
¢~ vri(Achn.e—Acin-1,6) < =B o= min{vp; (Acyne—yn—1,0)0p; (Acyn—1,e=yn.c) }
< e P sup {@—Um e e—vpi(Aeynq,e—yn,e)} )
Since, (Acn—1,c — Yn,e), € N, it follows vy, (AcYn—1,c — Yn,e) = +00. Then,
e~ Vpi (AcUn—1,c=Yn,e) _ ().

We can write the last inequality as follow

—p; (Acyn,e—Actn—1,¢) =B o= p; (Un+1,e=Yn—1,¢)
e P eYn,e eYn € Se e pi\Yn € n e’

and by the properties of the valuation function we can conclude
Up; (Unt1.e = Un—1.6) = Vp; (Unt1,.e = Ynie) + (Unie — Yn-1.c))
> min {vy, (Ynt1.e = Ynie) s Up; (Ynie = Yn-1,6) } -
On the other hand, we have
e~ Vpi(Acyn.c—Aeyn—1,6) < =B <6_U:Di(yn+1,e—yn,e) + e—vpi(yn,e—yna,e))

< e B e vpi (Aeyne—Acyn—1,c) + e Bevri(Une=yn—1.)
Then,
e B

e_vpi(Aeyn,e_Aeyn—l,e) < o
“\l—e"F

> e_vpi(yn,e_yn—l,s).
By induction we can conclude that

75 n
e_vpi(Aeyn,e—Aeynfl,e) < € e—'Upi(AeyO,e—yO,e)'
1—e b

Now let us prove that (y,), is a Cauchy sequence in Gg

e~ Vi Wntpe=Yn.e) —p=Vp; (Yntp.e—Yn.e)
<6max{fvpi (yn+P,€7yn+pfl,e)77vpi (yn+p71,67yn,€)}
S max {e_vpi (yn+p,5_yn+p71,e) , @_vpi (yn+p71,e_yn,s) }

Se_vpi (yn+p,e_yn+p71,e) ‘I’ e_v”i (yn+p71,e_yn,e)
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-8 n -8 n+p—1

(& (&

< I e I _vpi(AeyO,e_yO,s)
—Kl—eﬁ) + +<1_65> ]e

()
<L671}pi (AgyO,efyan)'
= 1 . e—B

1—e= 5

Thus (y,)n is a Cauchy sequence in G which is complete by Proposition 4.2, so there
is 0 € G such that y, — 0 as n — 400. We show that ¢ is a fixed point of the
mapping A. We have

e Vpi (Acoc—oc) < esuP{_UPi (Acoe—Yn,e),—vp, (yn,s—ffe)}

S e—’l)pi(AeO's—yn,e) _’_6—vpi(yn,s—ae)‘
On the other hand, we have

efvpi(yn,e*o'e) < e*)\ (6_ min{vm(yn,e—yn116),111,1.(05—14506)})

S 6_)‘ Sup {e_vpi (yn,e_yn—l,e)’ e_vpi (UE_AEUE)} .
Hence,

e_vpi(AeO'e—O'e) < e_vpi(yn,e—o'e) + e_ﬂe_vpi(yn,s_ynfl,é) + 6_66_7)171'(1460-6_0-6).

So,

(1 _ e_ﬁ)e_vpi(Aeo'e_o'e) S e_vpi(yn,e_o'e) + 6_6 e_vpi(yn,e_yn—l,e)'
By passing to the limit as n — +oo we obtained e ri(A<?<=9) — (0 which implies
Uy, (Acoe — o) = +00, and thus (Ao — o), € Ng. Then, Ao = o.

Now, let us prove the uniqueness of fixed point. Assume that there is another fixed
point o of A, Ap = p, such that o # 0. So, we can write

e_vpi(o'e_ge) — e_Upi(AeUe_Aege)
< eiﬂesup{_v}?i(AEO-E_QE)v_’UpZ'(Aéo-e_QE)}

S 676 Sup {e*’Upi (Aeo'efge% efvpi (AeQe*Qe)}

VAN

6_6 (e_vm(Aeo'e—Ue) + e_ﬁe_vpi(o'e—ge))

-B
e
< e vPi (Aeaéfa'e).

Since, Ao = 0. Then, v,,(A.0. — 0.) = +00, that implies e~:(4<c=<) = (. Thus,
e~vril7c=2) = (), then vy, (0. — 0.) = +00, which meas that (0. — g ). is a negligible
element. Finally 0 = v in Gp. O
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5. APPLICATION TO AN EVOLUTION PROBLEM

We consider the standard Cauchy problem
{wu>=fa¢ww» teR",

<51) O'(O) =0 € R,

where f: R xR — R and o € Gp.
Proposition 5.1. If f. satisfies the following condition

(5.2) |fe(s,0¢) — fe(s, 00)| < ke(8) |oe(s) — 0e(s)],  for all 0,0 € G,

where k.(s) = M(s)e* with 0 < M(s) <1 and A > 0.
Then, the problem (5.1) has a unique generalized solution.

Proof. u is a solution of the problem (5.1) if and only if it is a fixed point of the
mapping

A:R >R,
5.3 t
(5:3) x— Ao =0y + / f(s,0(s))ds.
0
Let
A R—> R,
(5.4)

t
Te = Aeae = 0pe + / fc<3706<8)>d37

0
be a representative of A. Since f satisfies condition (5.2) and we defined the following

ultra pseudo-seminorms on R by Pr(o) = e~ 7<) where pr(o,) = SUPyefo 17 |0 (t)]
and 7' is a non negative real number. We have

A= Ao = [ 11(s.0.(5)) = (5. ou(s)ds
< [ 1565.0.9) = Filss el

g/{:MGk\ae(s)—ge(S)lds (M: sup !M<t)l>

te[0,7)

< T M e pT(Ue - Je)
<Cée pr(c. — o).

So, pr(Aco.—Aco.) < Ce*pr(o.—a.). Then, the second condition of first Theorem 4.3
is satisfied. Moreover, we have

t
pT(AEJOE - er) = Dr (/0 fe(S, er)d8> < TPT(fe) = O€—>0<€C)7 ceR.
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According to our first theorem there is a generalized solution for the abstract Cauchy
problem. We have to prove now the uniqueness, assume that there is another fixed
point o of A, Ap = p, such that o # p. Then we can write

e Vrr(Tem0d) — Pr(oc — 0) = Pr(Ac — Ap) = e vpr(Acoe—Acee) < o=k o=vpp(oe—oc)

Hence, e r(@=2)(1 — ¢=*) < 0, which gives, e "Pr(7<=2) = (), in other words, v(o. —
QE)NZ +0o0. Therefore, (0. — 0.)c € Ng. Finally, 0 = p in R. And the solution is unique
in R. [

FExample 5.1. Let’s consider the example that inspired the fixed point theorem in
Colombeau algebra. Consider the following problem from [9,15]:

0%a(t) = h(a(t))o(t) + g(t),
(5.5) o(—1) = oy,

o'(=1) = oy,
where 0 the Dirac distribution and g, h € C*(R).

It is a significant differential equation which comes from physics having a product
of the distributions in the first equation, initial conditions are singular generalized
numbers oy, o; and does not allow to use the classical tools to have a solution. In
the references mentioned above we find proof of moderation, other nontrivial steps

implying classical results. Let o be positive constant, L = [, [, |g(7)|drds and k

is a Lipschitz constant of  on a compact subset of R containing 2 =] — 1 — ¢, $[.

The equation (5.5) can be reformulated as the Cauchy problem (5.1) with f = [(f).],
f(t, ) = h(-)pe(t) + g(t) is a smooth function and & = [(0 * p) ] is the embedding of
the Dirac measure in g, E = €, where p.(t) = Lp(t) and p € C(R), fg p(t)dt =1,
p(t) > 0. We defined the following norm on Gg by

Pr(o) = e rr(@),
where pr(o.) = sup;cq |o(t)| and let
Ac : C*(R) — C*(R),
o0 5 Ao (t) = a0 + (t—l—lale—l—/ / Flodm)pelr d7d5+/ / T)drds.
We have

Acoge — 00 =(t + 1)o7 +/ / floe(1))pe(T)drds —i—/ / T)drds

(’t| + 1 ‘0'16| +/ / O'6 p6 |d7’d8 +/ / |d7'd3

<loiel(a/2+1) + HhHooHpeHooZ(a +2)+ L= M.
So,
pT(AE O0e — 0'06) < pT(Me) = OEH()(EC), c € R.
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On the other hand, we have
Aoy = Aot)= [ [ fomNpmiras— [ [ fedrpdrirds
= [ [ folr)) = Flolprydrds
<tlocle |, [ loc(r) - ec(rldrds

o
Sk”ﬂe“ooz(a + 2)pr(oe — o)
SkspT<0-5 - Qe)-

Thus, pr(Acoe — Acoe) < kepr(oe — oc). It follows that the mapping A is Lipschitz,
since it is continuous in §g. Moreover, from Theorem 4.3, A has a fixed point which
is a solution for (5.5). Once the Theorem 4.3 is applied.
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