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RANDIC INDEX OF A GRAPH WITH SELF-LOOPS
HARSHITHA A', SABITHA D’'SOUZA'*, AND PRADEEP G. BHAT!

ABSTRACT. Let G(n,m) be a simple graph with vertex set V and S C V with
|S| = 0. The graph Gg is obtained by adding a self-loop to each vertex of the graph
G in the set S. The Randi¢ index of a graph is one of the important topological
indices which has its application in chemistry. In this manuscript, the Randi¢ index
of a graph with self-loops is defined and are obtained some bounds for the same.

1. INTRODUCTION

Let Gg(n,m + o) be a graph obtained by attaching a self-loop to each vertices in
the set S C V(G) of a simple graph G(n,m), where |S| = 0. Degree of a vertex in a
graph G is the number of edges incident on a vertex. The notation degg(v) represents
the degree of a vertex v in the graph G. A self-loop contributes 2 to the number of
edges incident on a vertex. The Randi¢ index is one of the most studied degree-based
topological index in the literature which has various applications in chemistry and
pharmacology. Randié¢ index was introduced by M. Randié [1] in 1976 and it is defined
as

1
vv;€EE(G) \/degG (UZ) degG (Uj)

R(G) =

For more studies on Randi¢ index, one can refer the papers [2-6]. All the results
with regards to Randi¢ index are obtained for a simple graphs. In this paper, the
authors define Randi¢ index of a graph with self-loops. Let Gg be a graph obtained
by attaching a self-loop to each vertices in the set S C V of vertices of the graph
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G(V, E), where |S| = 0. The Randi¢ index of G is defined as

1
R(Gs)= )
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- ¥ + 3 1
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A graph is a tree if it is connected and acyclic. In a tree, the vertex with degree 1
is called a pendant vertex and the vertex with degree 2 or more is called an internal

vertex. The notation (S) represents the graph induced by the vertices of the set S.
For all notations and terminology, the reader is directed to the references [7,8].

2. MAIN RESULTS

The Randi¢ index of a graph Gs may increase, decrease or equal to the Randié¢
index of the graph G. For instance, consider a path graph P, with path vyvovsv,. Let
S = {v1}. Then, R((P)s) = 1.9486, which is more than R(P;) = 1.9142. For the
same graph Py, if S = {vy}, then R((P})s) = 1.8106 which is less than Randi¢ index
of Py. For the path graph P, = {vy,v9} with S = {v1, v}, R(P) = R((P)s) = 1.

Theorem 2.1. Let G(V, E) be a r-reqular graph and S C V' with |S| = o. For the
graph G, obtained by attaching a self-loops to each vertices of S,
R(GS) _ msg—+o my_g Mm—mg—my_g

r+2 T r(r+2)

where m = |E(G)|, mg = |E((S))| and my_s = |E((V — 5))|.

Proof. Let Gg be a graph obtained by attaching a self-loop to each vertex in the set
S C V of a r-regular graph G(V, E'). Consider,

1 1 1
RGs)= 3 ——+ Y —— —
veB@) \/(r+2)2 e Jrr+2)  weepe VT
A Ui,UjES A ’UiES,’UjQS A Ui,’UjQS

+> -

vies /(1 +2)?

Let |E| = m, mg be the number of edges of (S), and my_g be the number of edges
of (V —S). Therefore,

_mg+o  Mmy_g M —Mmg—My_g

= U
R{Gs) r+2 r r(r+2)
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Theorem 2.2. Let G be a r-reqular graph of order n and size m and Gg be a graph

obtained by attaching a self-loop to all the vertices of G. Then,
n

R(Gs) = R(G) = ©
Proof. Let G'g be a graph obtained by attaching a self-loop to all the vertices of the

graph G. Then,
m—+o
R(Gg) = )
(Gs) r—+2

But o0 = n and m = 7 for r-regular graph. Therefore,
nr+2n n

R(Gs) = 20r+2) 2

Also,
m _nr_n
= = =35

O

Therefore, if 0 = n,
n

R(Gs) = R(G) = 5"
Theorem 2.3. Let Gs be a graph obtained by attaching a self-loop to each vertices

in the set S CV of a graph G(n,m). If |S| = 0 =n, then
m+n

m-+n
< < .
Ata = RlGs) =55

Upper and lower bound sharpness occur for the reqular graph.
Proof. Let G be a graph and Gg be a graph obtained by attaching a self-loop to all

the vertices of GG. Then,
1 " 1
R(Gs)= ),
vy @)\ (degg (vi) + 2)(degg(v;) +2) i dega(vi) +2

But,
V(dega(v;) + 2)(degg(v;) +2) = /degg (v;) dega(v;) + 2(dege(v;) + deg(v;)) + 4

<VAZ+4A 44

=A+2

This implies,
1 1

\/(degG<Ui) + 2)<degG(Uj) + 2) ~—A+2

Also,
1 1
> .
dega(vi)) +2 — A+2
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Therefore,
m n m-+n
> > .
BOs) 2 5 T2 2 a2
Similarly,
1 1
<
\/(degg(v:) +2)(degg(vy) +2) — 0 +2
and
1 1
< .
degg(v;) +2 = 642
Therefore,

m n m-+n
R(Gg) < < .
(Gs) = 55 T 5325 512
If G is a regular graph, then deg.(v;)) = A = § = r, for each i = 1,2,...,n and
therefore,
m—+n

R(GS):T—l—Z' U

Theorem 2.4. Let T be a tree of order n having k-pendant vertices and Ts be a graph
obtained by adding a self-loop to each pendant vertex. Then,

n—1 n—1 k k n+k—1
+ <RTs) < =+ —4=+——-—
N T Y A

Lower bound sharpness occurs for a star graph and upper bound sharpness occurs for
a path graph.

Proof. Let Ts be a graph obtained by adding a self-loop to all k-pendant vertices of
a tree of order n. Now,

1 k 1
R(Ts)= >, +>
B V/degr(v;) degr(v;) i1 y/degy(vi)(degy (vy) + 2)

k
1
+3
=1 \/(degr(vy) +2)2
n—k—1 k ﬁ

<— = 4 42
<— +v%+3

Equality holds for a path graph since each internal vertex of a path graph is of degree 2.
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Now, for upper bound, deg,(v;) <n — 1 and therefore ﬁ > ﬁ Consider,

1 a 1
R(Ts)= > +>
vy €E(T) Vdegr(v;) degr(v;) i1 y/degq(vs) (degr(vr) + 2)
k
1

+2

=1 \/(degr(vx) +2)?

n—1 n—1

+
3(n—1) 3

Equality holds for a star graph since maximum degree of an internal vertex of a star
graph is n — 1. O

Theorem 2.5. Let T be a tree of order n having k-pendant vertices and Ts be a graph
obtained by adding a self-loop to each internal vertex. Then,

vn+1+4+(n—1) < R(Ts) < 2n—1'
n+1 4

Lower bound sharpness occurs for a star graph and upper bound sharpness occurs for
a path graph.

Proof. Let T be a tree of order n having k-pendant vertices and Ts be a graph obtained
by adding a self-loop to each internal vertex. Let vy and v; represent pendant vertex
and internal vertex, respectively. Now, consider

1 g 1
+
i=1 \/(degT(vi) + 2) degy(v)

R(Tg) =
0=, ) gt T Ddoar(o) 7

n—=k 1

+2

i=1 \/(degT(vi)—i-Z)2
<n—k—1+ﬁ+n—k
- 4 2 4
2n —1
T

Equality holds for a path graph since each internal vertex of a path graph is of degree 2.
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1

— > Consider
/degr (v)+2 o

For upper bound, deg(v;) <n — 1 and therefore

1 =y 1
R(Ts) = +
) vivgf:?(T) \/(degT(Ui) + 2)(degy(vy) +2) 121:1 \/(degT(Ui) + 2) degy(vy)
n—k 1

+;\/

(degr(vi) +2)?

S 1 N n—1

“n+1 Vn+l
Equality holds for a star graph since maximum degree of an internal vertex of a star
graph is n — 1. 0

Theorem 2.6. Let G be a bipartite graph with partition V- = {Vi,Vo} and Gg be a
graph obtained by adding a self-loop to each vertex of S in G. Let S1,S5, C S with
SlLJSQ S SlﬂVQ @ SQﬂ‘fl—(D ’51‘—01 and‘S2’—0'2 Then
SiuUS V—-(S1US
R(Gg) > m(sS 2) 4 m( (51 2))
Jm+2)(n+2) vmn
m(Si1 U (Va — 55)) n m{S U (Vi = 81)) | o &

Jm(n 1 2) Jalm 1 2) a2 Ty

The bound sharpness occurs for the complete bipartite graph.

Proof. Let Gs be a graph obtained by adding a self-loop to each vertex in the set
S C V of a bipartite graph G with partition V' = {Vi, V,}. Also, let S = S; U Sy, with
SlﬂVg:SgﬂVl :(Z) Then,

1
R(Gs)= )
ViU EE(;;' \/degG ) degG (Uj)

1
’ gﬂ% n/(degg(vi) + 2)(degg (vy) +2)

v, UJES

1
+ )
v €E(G) A \/(degG(vz) +2) degG(U])
vi€8,0; €8

1
+ >
v EE(G \/degG (v:)(degq(vy) +2)
Vi &S, ’UJGS
1 1

+ ) +

v; €ES1 \/(degG(Uz) + 2)2 UjZEA:92 \/(degG( ) + 2) '
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But, degg(v;) degq(v;) < mn, dege(v;) < n if v; € Sy and degg(v;) < m if v; € Ss.
Therefore,

m(51 U SQ> 4 m(V — (Sl U SQ))
V(m+2)(n+2) vmn
i m(51 U (‘/2 — SQ)) i m<52 U (‘/1 — Sl)> 01 g9

ym(n +2) \/n(m+2) +n—|—2+m—|—2'

Equality holds for a complete bipartite graph since degg(v;)degqs(v;) = mn,
degg(v;) = n if v; € Sy and degg(vj) = m if v; € Ss. O

R(Gg) >

Theorem 2.7. Let K,,,,, m < n, be a complete bipartite graph with partition V =
{(Vi,Va}, (Kmn)s be a graph obtained by attaching a self-loop to each vertex of Vi
and (Kmm)s” be a graph obtained by attaching a self-loop to each vertex of Vo. Then,

R(Km,n)S, S R<<Km,n)5’”)'
Equality holds if and only if m = n.

Proof. Let (Kp,n) s be a graph obtained by attaching a self-loop to each vertex of
Vi and (K,,) s" be a graph obtained by attaching a self-loop to each vertex of Vj
of a complete bipartite graph K,,,, m < n, with partition V' = {V;,V2}. Now,
R(Kpn)s') = 22—+ ™ and R((Kynn)s') = \/nn(Zm) + —". From this, one can

v/ m(n+2) n+2 m+2°

easily observe that

R<Km,n)S, < R((Km,n)sﬁ)-

If m = n, then m(n + 2) = n(m +2), m + 2 = n + 2 and therefore R((K,...)s")
R((Kmn)s'). Conversely, if m # n, then R((Kpn)s') # R((Km.a)s') since m(n+2)
n(m+2) and m + 2 # n + 2.

LI

3. FUTURE SCOPE

(a) Characterize the class of graphs for which Randi¢ index of a graph with self-
loops is more than the Randi¢ index of a simple graph and vice versa.

(b) Obtain the minimum and maximum Randi¢ index for the class of graphs of
given order.

4. CONCLUSION

The Randié¢ index of a graph with self-loop is defined and bounds for Randi¢ index
of regular graph, tree and complete bipartite graph with self-loops are obtained.
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