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ON GENERALIZED COMMUTATIVE JACOBSTHAL
QUATERNIONS

DOROTA BROD!, ANETTA SZYNAL-LIANA', AND IWONA WEOCH!

ABSTRACT. In this paper, we introduce and study generalized commutative Ja-
cobsthal quaternions and their one-parameter generalization. We present some
fundamental properties of them, among others the Binet formula, Catalan, Cassini,
d’Ocagne and Vajda identities. Moreover, we give the generating functions and
summation formulas for these numbers.

1. INTRODUCTION

Quaternions were introduced in 1843 by W. Hamilton for representing vectors in
the space as follows. A quaternion ¢ is a hyper-complex number represented by an
equation ¢ = a + bi + ¢j + dk, where a, b, ¢, d are real numbers and ¢, j, k are standard
orthonormal basis in R3, which satisfy the quaternion multiplication rules

P=j?=k>=—-1, jk=—-kj=1i, ki=—ik=j and ij=—ji=*k.

From the above rules, it immediately follows that multiplication of quaternions is not
commutative. For these reasons, it is not easy to study the problems of quaternion al-
gebra, however Hamiltonian quaternions were modified or generalized in this direction
so that commutative property in multiplication is possible, see [14].

Let HY ;5 be the set of generalized commutative quaternions x of the form

(11) X =Ty + xr1€61 + Toeo + TI3€s3,
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where quaternionic units ey, es, eg satisfy the equalities
2 2 2
(1.2) e] =a, e;=/p, e;=af,
(1.3) e1ey =ege] = €3, €€z = €36z = [3e1, e3e] = €€z = ey,

and xg, T1, T2, T3, a, 5 € R. The generalized commutative quaternions were introduced
in [16]. They generalize elliptic quaternions (« < 0, f = 1), parabolic quaternions
(=0, = 1), hyperbolic quaternions (« > 0, § = 1), bicomplex numbers (o = —1,
B = —1), complex hyperbolic numbers (o« = —1, § = 1) and hyperbolic complex
numbers (o =1, f = —1).

Similarly to classical quaternions, we can define the conjugate of the generalized
commutative quaternion x as X = xg — x1€1 — Taes — x3eg and norm N (x) of x of the
form N(x) = x-X = X-x. By simple calculations we obtain N(x) = 22 — 23 — 235 —
30 — 2xex3e] — 211 T30089 — 211 To0E3.

Note that associative quaternions can be divided into two families, the first family of
noncommutative quaternions, for example Hamiltonian, hyperbolic, split quaternions
and the second family of commutative quaternions including in particular generalized
Serge quaternions, dual quaternions, see [14].

The theory of quaternions is complemented by Fibonacci type sequences, i.e., se-
quences defined by a second-order linear homogeneous recurrence relations with real
coefficients, see [8,10,15,17]. In this paper, we use the Jacobsthal sequence for
studying commutative quaternions. Let us recall necessary definitions.

The Jacobsthal sequence {J, } was introduced by Horadam [9]. The first ten terms of
the sequence are 0, 1,1, 3,5, 11,21, 43,85, 171. This sequence is defined by the following
recurrence relation

(1.4) Jp = Jp_1+2J,_9, forn>2,

with initial conditions Jy = 0, J; = 1. The Binet formula of this sequence has the
form . .
anz?()D, for n > 0.
The Jacobsthal numbers are a special case of Horadam numbers W,, defined by the
recurrence
W, =pWyh_1 —qW,_o, forn>2
with fixed real numbers Wy and W, and p,q € Z.

Fibonacci type numbers and their generalizations have applications in the theory
of hypercomplex numbers, see for example [1,7,12,18].

Many authors have studied some generalizations of the recurrence of the Jacobsthal
sequence, see [5,6,11] and generalizations of hypercomplex Jacobsthal numbers, see
[3,13]. In [2], a one-parameter generalization of the Jacobsthal numbers was introduced.
We recall this generalization.

Let n > 0, r > 0 be integers. The nth r-Jacobsthal number J, ,, is defined as follows

(1.5) Jomn =2"Jpp1 + (20 +4") T o, forn >2,
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with JT’Q = 1, JT,l =1 + 2T+1.
For r = 0, we have Jy,, = J,12. By (1.5) we obtain

Jr,() = ]-7
Ja=2-2" 41,
(1.6) Jra =3 4" +2.2,

Jr3=05-8"+5-4"42",
Jra=8-16"+10-8" +3-4",
Jrs=13-32"+20-16"+9-8 44",

The r-Jacobsthal numbers have a graph interpretation, they can be used for the

counting of independent sets of special classes of graphs, see [2]. We will recall some
properties of the r-Jacobsthal numbers.

Theorem 1.1 (Binet formula [2]). Let n > 0, r > 0 be integers. Then, the nth
r-Jacobsthal number is given by

VI T T5 4432742 I X415 43202
Jrn: Y + 57
' 2427+ 547 24 -2+ 547

where
r—1 1 r—1 1
v =2 +§\/4~2"+5~47", §=2 —5\/4-2“1—5'47’.
Theorem 1.2 ([2]). Let n > 1, r > 0 be integers. Then,

7§ J ‘]T‘,’I’L + (2T + 4T)Jr7n_1 B 2 - 2T
rl = r r ’
2 oo

Theorem 1.3 (Convolution identity [2]). Let n,m,r be integers such that m > 2,n >
1, » > 0. Then,

Jr,m-i-n - 2TJr,m—1<]r,n + (4T + 8T)<]7‘,m—2<]7‘,n—1-

Theorem 1.4 ([2]). The generating function of the sequence of r-Jacobsthal numbers
has the following form
1+ (1427t

T === (2 + 4r)e2”

2. GENERALIZED COMMUTATIVE JACOBSTHAL (QUATERNIONS

For n > 0, the nth generalized commutative Jacobsthal quaternion is defined by
the following relation

(21) chn = Jn + Jn+1 e + Jn+2 €2 + Jn+3 €3,

where J,, is the nth Jacobsthal number and eq, ey, e3 are quaternionic units which
satisfy the rules (1.2) and (1.3).
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Analogously, for n > 0 and r > 0, we define the nth generalized commutative
r-Jacobsthal quaternion

(22) gc gr,n = Jr,n + Jr,n—i—l e+ Jr,n—i—? e + Jr,n—i—S €3,

where J, , is the nth r-Jacobsthal number.
By (1.6) and (2.2), we obtain

gcdro =1+ (2 +1)ey +(3-4" 4+ 27 ey + (58" + 54" + 2")es,
gcdrn =27+ 14+ (34" + 27 ey + (58" + 54" +2")ey
(2.3) +(8-16"+10-8" +3-4")es,
Gcdro =3 - 4"+ 2" 4 (5.8 4+ 54" +2")e;
+ (816" +10-8" +3-4")e,
+(13-32"+20-16" +9 - 8" + 4" )es.

Using the fact that Jy,, = Jy12, we get gcdon = gcdnto-
By the definition of the generalized commutative r-Jacobsthal quaternion, we obtain
the following recurrence relation.

Proposition 2.1. Letn > 2, r > 0 be integers. Then,
9cdrn =2"gcdrn1+ (2" +4")gcdrn—2,
where gcdro, gcdr1 are given by (2.3).
In [16], the authors introduced generalized commutative Horadam quaternions
gcH, =W, +Woiier +Wyhioeo + Wyises,

where W,, is the nth Horadam number and eq, ey, €3 are quaternionic units which
satisfy the rules (1.2) and (1.3). It was proved the following result.

Theorem 2.1 (Binet formula for generalized commutative Horadam quaternions,
[16]). Let n > 0 be an integer. Then,
gcH, = At"f| + Btyis,

where

1 1
t =5 (p—\/p2—4q>, tzzz(p+\/p2—4q),

f1 =1+ tie; +tles + thes, fo=1+toes + toes + taes,
Wi — Wyt Wot1 — W,

s otz p_ Mot L
tl—tg tl_t2

By Theorem 2.1, we get the Binet formula for the generalized commutative -
Jacobsthal quaternions and for the generalized commutative Jacobsthal quaternions.
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Corollary 2.1 (Binet formula for generalized commutative r-Jacobsthal quaternions).
Let n >0, r > 0 be integers. Then,

(2.4) gcdrn = Cr1yy" + C200",
where
r—1 1 r—1 1
v =2 +§\/4-2r+5-4r, 5=2 —5\/4-2r+5-4r,
y=1+n~e1 +7%e2 + %3, §=1+de;+ %ex + s,
VA2 454432742 VA5 —3.27 =2
N 2/4-2" + 547 ’ N 20/4-2" + 547 '

Corollary 2.2 (Binet formula for the generalized commutative Jacobsthal quater-
nions). Let n > 0 be an integer. Then,

01 02

1
gcd, = 3 [2”(1 + 2e; +4es +8e3) — (—1)"(1 — ey + €9 — 63)].
Proof. By Corollary 2.1, for r = 0, we have C} = %, Cy = —%, v=2,0=—1, and
4 1
gcdon = 3 2"(1 4 2e; + 4ey + 8eg) — g(—l)"(l —e1+ ey —e3)
1 1
=3 2"2(1 + 2e; + dey + 8e3) — g(—l)"“(l — e+ e — e3)
= gcdn+o. 0

3. PROPERTIES OF THE GENERALIZED COMMUTATIVE 7-JACOBSTHAL
QUATERNIONS

In this section, we give some identities such as Catalan, Cassini, d’Ocagne, and
Vajda identities for the generalized commutative r-Jacobsthal quaternions. Moreover,
we present convolution identity, a summation formula, and generating function for the
generalized commutative r-Jacobsthal quaternions. In particular, we get analogous
results for the generalized commutative Jacobsthal quaternions.

Theorem 3.1 (General bilinear index-reduction formula for the generalized commu-
tative r-Jacobsthal quaternions). Let a >0, 0> 0, ¢ > 0, d > 0 be integers such that
a+b=c+d. Then,

(1+27)2

gcgm . gcgr,b - gcgr,c ' gcgﬁd = _m

lé (,}/a(sb +’)/b(5a o ’}/C(Sd o ,ydéc) )
Proof. By formula (2.4), we get
9¢dra - 9cdrp — 9cdrc - 9 dra
=(C117* + C285")(C1y7” + C906°) — (C197° + Co288°) (Ciyy® + Cy36%)
=CPy° (7T — ) + C38°(6°10 — 677 + CLO (140" — 767 + 46" — 446°).

Using the fact that a + b =c+ d and C;Cy = —4(,;:%;);, we get the result. O
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Moreover, by simple calculations, we get
Y6 = 6y =1+ da+~*6°6 + 7 af + (v +6)(1 +7°0%S)ey
+ (77 4+ 6%) (1 +da)es + (72 + 6% + 73 (7 + 6) Jes.
Using the equalities

v+ =2,
Y—8=4-2 + 547,
V6 = —(4"+27),
72_+_62:(7_1_5)2_275:3_47“_{_27’—&-17
VP8 =(y+6)> —3y5(y+06)=4-8" +3-4",
we have
Y=8y=1— 4" +2)a+ 4 +2")3— (4" +2")°aB
(3.1) +27(1+ (4" +2)?B)er + (27 +3-47)(1 — (4" + 2")a)ey

+(2-4"+3-8")es.
It is easily seen that for special values of a, b, ¢, d, by Theorem 3.1, we get new identities
for generalized commutative r-Jacobsthal quaternions:
e fora=b=n,c=n—m and d =n + m Catalan identity,
e fora=b=n,c=n—1and d=n+ 1 Cassini identity,
e fora=n,b=m+1,c=n+1and d =m d’Ocagne identity,
o fora=m-+k,b=n—k, c=m and d =n Vajda identity.

Corollary 3.1 (Catalan identity for generalized commutative r-Jacobsthal quater-
nions). Let n >0, m >0, r > 0 be integers such that n > m. Then,

s ' __(_47“_2r)n(1_|_2r)2 B <7)m_ é m
gcﬁr,n gcgr,n*m gcgr,n+m - 427 £ 547 lé 2 5 5 ,

where 9 is given by (3.1).

Corollary 3.2. (Cassini identity for generalized commutative r-Jacobsthal quater-
nions) Let n > 1, v > 0 be integers. Then,

9032771 - gCE]r,nfl : gCQT,n+1 = (_4r - 27«)”71(1 + 2T)2’Yé,

where 0 is given by (3.1).

Corollary 3.3. (d’Ocagne identity for the generalized commutative r-Jacobsthal qua-
ternions) Letn >0, m > 0, r > 0 be integers such that n > m. Then,
903r,n : 963r,m+1 - gCET,nJrl : gCHT,m
(1+27)2/4-2r + 5. 4" _ _
— /LA (AN n—m __ sn—m
4-20+5-4r ( /"8 (v ).
where y0 is given by (3.1).
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Corollary 3.4 (Vajda identity for the generalized commutative r-Jacobsthal quater-
nions). Letn > 0, m > 0, k > 0, r > 0 be integers such that n > k and n > m.
Then,

963r,m+k : gcar,n—k - gcar,m : gcar,n

e [])

where 9 is given by (3.1).

In particular, by Theorem 3.1, we obtain the following identities for generalized
commutative Jacobsthal quaternions.

Corollary 3.5 (Catalan identity for generalized commutative Jacobsthal quaternions).
Let n >0, m > 0, be integers such that n > m. Then,
gCHZ - gCanm : g03n+m
1
=5(=2" " (=2)" - 1> (1 —2a+48 — 8afB + (1 +48)es + (5 — 10a)e, + Hes).

Corollary 3.6 (Cassini identity for the generalized commutative Jacobsthal quater-
nions). Let n > 1 be an integer. Then,

gcd —gcdn-1-9cdni1i = (=2)" 11 —2a+48—8aB+ (1+48)e; + (5 —10a)es + bes).

Corollary 3.7 (d’Ocagne identity for the generalized commutative Jacobsthal qua-~
ternions). Let n >0, m > 0 be integers. Then,

gcdn - gcdm+1 — g€ Int1 - 9 Im

1

=5 (-2)" (2m™ = (=1)") (1 = 20+ 48 — 8aB + (1 + 4B)es + (5 — 10a)es + Se).
Corollary 3.8 (Vajda identity for the generalized commutative Jacobsthal quater-
nions). Letn >0, m >0, k > 0 be integers such that n > k. Then,

9Cdmik - 9CIn—k — g dm - gcdn

— ;(—2)’” ((—1)”—7” [(=2)F = 1] 427 l(—é) - 1D
X (1—=2a+48 —8af + (1 +4P)e; + (5 — 10a)es + bes).

Now, we give the convolution identity for the generalized commutative r-Jacobsthal
quaternions.

Theorem 3.2. Let m > 2,n > 1, r > 0 be integers. Then,

(3.2)
2gCHT,m+n ZQTQC Hr,m—l - gc gr,n + (4T + ST)QC 3r,m—2 - gc 37“,71—1

+ Jr,m+n - CYJ?“JrL—l—n—&Q - Bjr,m+n+4 - 290 3r7m+n+3 €3 + aﬂjr,m—i—n—i-G-
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Proof. By simple calculations we get
gc 37‘,m—1 - gc Hr,n
=Jrm-1drn + Jrm-1drni1€1 + Jrm-1rng2e2 + Jrmo1Jrnises
+ Jemdrner + adrmJrni1 + Jomdrn2es + adp g nises
+ Jrmt1drnes + Jrmrdrng1€s + BrmrJrng2 + Brmi1drnisen
+ Jrmi2drnes + adrmiodrnii€s + BIrmiodrn2er + BJrmyadrnts.
Moreover,
gc 3r,m—2 - gc 3r,n—1
=Jrm—-2Jrn-1 + Jrm—2Jrne1 + Jrm—2Jrnt1€2 + Jrm—2Jrnioe3
+ Jrm—1drn—re1 +adym1drn + Jrm—1dp 13 + dr 1 Jr ng2€2
+ Jrmdrn—1€2 + JrmJrnes + B mdrni1 + BIrmdrni2e
+ Jrmi1drn—1€3 + adrmirdrnés + BJrmi1drnrier + aBrmi1drngo.
Hence, we get
2"gcdrm1 gcdrn+ (4" +8")gcdrm—2 9cdrn
=2"Jr -1 + (4" +8") Jom—2Jr -1
+ 12" Jem—1dent1 + (4" +8") Jrm—2drn + 2" Jomdrn + (47 4+ 8") Jrm—1drn—1]er
12" et Jrmir + (A 4+ 8) Tomadrnst + 27 JomstJrn + (47 +87) Ty drn_i]e2
+ 2" Jem—1drngs + (4" +8") Jrm—2drni2 + 2" Jrmaadrn + (47 +8") Jpms1Jrn—1)es
+ (2 Ty Trmis + (A 8) et Ten) + B Trmit Tz + (& +87) T Trnin)
a2 Tomrnss + (A7 4+ 8) Tom1 Tz + 2" Tomia vt + (47 + 87) Jomar Jrnle
2 Tt Tnst + (A7 4+ 8") TomJom + 27 T Trmis + (A7 + 87) Jrn1 JrmsJes
4 B2 rmsadrmrat (A7 + 87 Tt Jmit + 2" i1 Jmss + (47 + 8T Jrmioler
+aB2" Jrmiadrnis + (4" +8") Jemi1rni2)-
Using Theorem 1.3, we get
2"gcdrm—1" 9cdrn + (4" +8") gcdrm—2 - gcdrn
=Jrmin + 2[Jrmint1€1 + Jrmini2€2 + Jrminises)
+adrmins2 + BIrmanta + 2Jrming3es
+ 20y minya€2 + 2800 mingser + BT minte
=29¢3rmin — Jrmin + 2(Jrmints + Jrminta€r + Jrmints€2
+ Jrmint6€s)es + @rminto + BIrminta — ABJrminte
=29¢drmin + 29¢drmint3 €3 — Jrmin + @S minio
+ B8Jrminta — ABJrminte-

Hence, we get the result.
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Remark 3.1. The formula (3.2) can be written in the following way
9Cdrmin =2"9Cdrm—1 - 9 Jrm + (4" +87)gCrm—2 - gcdrn—
—e19¢drmin+1 — €29Cdrmin+2 — €39Cdrmini3-
Corollary 3.9. Let m > 1, n > 1 be integers. Then,
29¢dmin =9¢dm-1-9cIn +29¢dm - gcdn-1
+ Jmin — @ming2 — BIminta — 29¢dminiz ez + aBJminye-

The next theorem presents a summation formula for the generalized commutative
r-Jacobsthal quaternions.

Theorem 3.3. Letn > 1, r > 0 be integers. Then,

i cg :Qcﬁr,n+1+(2r+4r)gc3r,n—(1+el+62+63)(1+3,2r+4r)
et gcari 4r + or+l _ 1

_(2r+1+1)61_(2r+2+3.4r+1)62_(1—|—5-27’—|—8~47‘—|—5.8T)€3.

n
Jr 27 447) Ty —1— 327 —47
Proof. By Theorem 1.2, we get Y J,; = 1+ 4f+2)”’1_1 . Hence, we have
=1

n

> gedry =Y (Jry+ Jripier + Jripoes + Jyigses)
=1 =1

= Z Jr,l + Z Jr,l-l—lel + Z JT,H—QGQ + Z Jr,l+363
=1

=1 =1 =1
:Zm;ﬂ_l [Jempr + (2 +47) S — 1327 — 4"
+ (Jemgo + (20 +4") o1 — 1 —3-2" —4")ey
+ (Jonta + (27 +4) g — 132" = 4")ey
+ (Jpga 4+ (27 +4) Jppss —1—3-2" — 4T)eg]
— Jrper — (S + Jrp)es — (Jpg + Jro + Jrg)es.
By simple calculations, we obtain

n 1
Codrl =7 @iy 1 Jrn +Jrn € +Jrn € +Jrn €
;9 dri 47,4_2,,«“_1[ n+1 n+2€1 n+362 n+4€3

+ (2T + 4r)(t]r,n + Jr,n+1€1 + Jr,n+262 + Jr,n+3€3)
(1432 +4)(I+er+er+e)| — (27 +1ey
— (22 434"+ 1)eg — (14+5-2"+8-4"+5-8)es

_ gcgr,n+1 + (2T + 47‘) g63r,n - (1 + €1 + €2 + 63)(1 + 3 - 27 +4T>
4r 4 2rtt — 1
_(2r+1+1)61_(2T+2+3.4T+1)62—(1—|—5'2r+8'4r+5'8T)63'D
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Corollary 3.10. Letn > 1 be an integer Then,
ZQCHz 908n+2 gcda).
Using the following identities ([4])

(3.3) > Jy = 2Jzn+1 —2),
=0

(34) Z JQZ_H 2J2n+2 +n+ 1)

we get the next results for the generahzed commutative Jacobsthal quaternions.

Theorem 3.4. Let n > 1 be an integer. Then,
(i) 2 gedn = $(29¢3an11 — n(29cds — gcds) — 2g¢d1);

(ii) :1 gedn 1 = 1 (29¢ 85 + n(29¢ 85 — geds) — 2g¢3o);
(iii)
=1

Proof. (i)

M=

9cdni1t = 5 (9CTnirsa — g dnia)-

~

chﬁgl :J2+J4+"'+J2n+<J3+J5+"'+J2n+1)61
=1

+ (Jat s+ -+ Janga)ea + (Js + Jr + -+ Jongs)es
Using twice (3.3) and (3.4), we have
lz: gcJo :;(QJQHH —n—2)+ (2Jap12 +1n — 2)eg
+ (2Jan43 — 1 — 6)ez + (2Jania + 1 — 10)e3)
::1))(2(J2n+1 + Jont2e1 + Jantsez + Joniaez) —n(l —e; +ex — e3)

1
—2(1+e1 + 3ex+ bey)) = 5(29632n+1 —n(2gcds — geds) — 2gcdy).

Z g032l_1 :Jl + J3 + -t JQn_l + (JQ + J4 + -+ Jgn)el
=1

+(Js+Js+ -+ Joppr)ea+ (Jo+ Jo+ -+ Jongo)es

By (3.3) and (3.4) we get

Z gcda1 —*(2J2n +n+ (2Jon41 —n —2)e
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+ (2Jonso +n —2)ex + (2J2p03 — 1 — 6)63)
1
:§<2(J2n + Jont1€1 + Jont2es + Jonyses) +n(l — e +ex —e3)
1
—2(eg + ey + 3e3)) = §(2g032n +n(2gc a2 — geds) — 2gc do).

(iii) By Corollary 3.10, we get

k n+k n—1
> gednn=>_ 9cdi— > gcdi
=1 =1 =1
1 1
=§(gcﬁn+k+2 — gcda) — 5(963n+1 — gcd)
1
25 (QC In+k+2 — gc 3n+1) . O

At the end, we give the generating function for the generalized commutative r-
Jacobsthal quaternions and the generalized commutative Jacobsthal quaternions.

Theorem 3.5. The generating function for the generalized commutative r-Jacobsthal
quaternions has the following form

f(t) = 9600 (gcdry — 2" gcdro)t
1—2rt — (2 + 47)¢2

Proof. Let
f(t) = gcdro+ gcdrat + gcgmt2 ot geont 4

be the generating function of the generalized commutative r-Jacobsthal quaternions.
Then,

2"t f(t) =2" gedrot + 2" gcdpat? + 2" ge g, ot?
o 2 ge gt
(27 + 4N f(t) =(2" +47) ge drot® + (2" +47) ge drnt?

+ (2" +4") gedoat! + -+
+ (247 gedrpat" +

By Proposition 2.1, we get

F&) =2t f(t) — (20 + 4N f(t) =gcdro + (gcdrn — 27 gedro)t
+(gcdro — 2" gcdry — (27 +47) gedr o)t + - -

=gcdro+ (gcdr1 — 2" gedro)t.

Thus,

_ gcdrot (gcdr1 — 27 gcdrp)t
1— 2t — (20 +47)t2

f(t)
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Using equality (2.3), we obtain
9cdro =14 (2" 4 Deg + (34" 4+ 27 )ey
+ (58" +5-4" 4+ 2")es,
9c¢drn —2"9cdrp =2"+14+(4"+2")e; +(2-8 +3-4"+2")ey
+(3-16"+5-8" 4+2-4")es. OJ
Corollary 3.11. The generating function for the generalized commutative Jacobsthal
quaternions has the following form

e1+ es + 3es + (1 + 2ey + 2e3)t
() = 1—t— 2 '

CONCLUDING REMARKS

In this paper, we introduced and studied generalized commutative Jacobsthal quater-
nions and their one-parameter generalization - generalized commutative r-Jacobsthal
quaternions. The Jacobsthal sequence can also be generalized using Jacobsthal poly-
nomials. It will be interesting to continue this research by defining r-Jacobsthal
polynomials and then examining generalized r-Jacobsthal commutative quaternion
polynomials.
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