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WHEN ARE MULTIPLICATIVE
(GENERALIZED)-(0,7)-DERIVATIONS ADDITIVE?

MOHAMMAD ASLAM SIDDEEQUE! AND NAZIM KHAN!

ABSTRACT. Let R be an associative ring. A multiplicative (generalized)-(o,7)-
derivation F' is a map on R satisfying F'(zy) = F(z)o(y) + 7(z)g(y) for all z,y € R,
where o, 7 are homomorphisms on R and g is any map on R. In this article, we have
obtained some conditions on R, which make both F' and g additive.

1. INTRODUCTION

The study of the additivity of mappings on rings as well as operator algebras has
been an active area of research. Rickart [10] and Johnson [7] raised questions about
when a multiplicative isomorphism becomes additive. Both imposed some sort of
minimality conditions on ring R and answered it. Martindale [8] answered the above
questions under some restriction on R which contains a family of idempotent elements.
Daif et al. [1] introduced the definition of multiplicative derivation on R by choosing
a mapping d : R — R such that d(zy) = d(x)y + zd(y) for all z,y € R and proved
that if R contains nontrivial idempotent elements then any multiplicative derivation
is additive. Lu and Xie [3] established a condition on R, in the case where R may not
contain any non-zero idempotents, that assures that a multiplicative isomorphism is
additive, which generalizes Martindale’s result. As an application, they showed that
under a mild assumption, every multiplicative isomorphism from the radical of a nest
algebra onto an arbitrary ring is additive.

Now let us recall the basic definition of Peirce decomposition. Let e in R be an
idempotent element so that e # 1,e # 0 (R need not have an identity). We will
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formally put e; = e and e = 1 —e. Then, for R;; = e;Rej, where i, = 1,2,
one may write R in its Peirce decomposition as R = Ri; ® Ris ® Ro1 @ Raa, i.e.,
R=ceRe®eR(l—e)®(1—e)Re® (1 —e)R(1 —e). An element of the subring R;;
will be denoted by a;;. More transparently, e induces on R the generalized matrix
ring structure

= ( (1 iP;(;Re (1 iRe()l}zﬁeZ e) ) ’

with the obvious matrix addition and multiplication. Here eRe, eR(1 —¢), (1 — e)Re
and (1 — e)R(1 — e) are abelian subgroups of R.

A map F': R — R is called a multiplicative left centralizer if F(zy) = F(x)y
for all x,y € R. In [12], M. S. Tammam El-Sayiad, M. N. Daif, and V. De Filippis
proved especially the result for the additivity of the multiplicative left centralizers
in prime and semiprime rings which contain an idempotent element. A map F on
R is called a multiplicative generalized derivation of R if F(zy) = F(z)y + xd(y)
for all x,y € R and some derivation d of R. Similarly, a map F' on R is called a
multiplicative semi-derivation of R if F(zy) = F(x)g(y) + zF(y) = F(x)y + g(x)F(y)
and F(g(z)) = g(F(z)) for all z,y € R, where g is any map on R. Daif et al.
[2, Theorem 2.1] and Siddeeque et al. [11, Theorem 2.1] proved the additivity of a
multiplicative generalized derivation and multiplicative semi-derivation on an arbitrary
ring under certain conditions, respectively.

Let R be a ring and 0,7 be two endomorphisms on . An additive mapping
F : ® — R is called a generalized (o, 7)- derivation on R if there exists a (o, 7)-
derivation d : R — R such that F(zy) = F(x)o(y) + 7(z)d(y) holds for all z,y € R.
A map on a ring R defined as * — ao(x) + 7(2)b, where a,b are fixed elements of
R, called as generalized (o, 7)-inner derivation, is an example of generalized- (o, 7)
derivation. More details about derivation, multiplicative derivation, and generalized
derivation can seen in [4,5], and [9]. Hou et al. [6] proved that if R contains nontrivial
idempotent elements, then any multiplicative (o, 7)-derivation is additive and such
map is called (o, 7)-derivation. We give the notion of multiplicative (generalized)-(o, 7)
derivation as below.

A multiplicative (generalized)-(o, 7)-derivation is a map satisfying F(xy) =
F(z)o(y) +71(x)g(y) for all x,y € R, where ¢ is any map on R. Similarly a map
F : R — R is called a reverse multiplicative (generalized)-(o, 7)-derivation on R if
F(zy) = o(x)F(y) + g(x)7(y) holds for all x,y € R. Here o and 7 are endomorphisms
and ¢ is any map on R.

Now, we construct an example to support the definition of multiplicative (general-
ized) - (o, 7)- derivation, which is not additive as follows.

Example 1.1. Let C0, 1] be the ring of all complex-valued continuous functions defined
on [0,1]. It can be easily verified that ® = C|0, 1] x C|0, 1], forms a ring with regard
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to component wise operations. Define the maps F', g, 0 and 7 :  — R such that:

h(a_z:) log |h(x)], k(z) log |k(x)|) , if h(z) # 0 and k(z) # 0,

F (h(z), k(z)) = E),k(a:) log |k(x)]), if h(z) =0 and k(z) # 0,
’ h(z)log |h(x)|,0), if h(z) # 0 and k(z) =0,

(0,0), if h(z) =0 and k(x) =0,

g(h(z), k(x)) = F(h(z),k(x)) and o (h(z), k() = 7 (h(z).k(x)) = (h(2),k(z)),

where h denotes the conjugate of h. It can be easily proved that o, 7 are auto-
morphisms of i and F' is a multiplicative (generalized)-(o, 7)-derivation of R, i.e.,
F(zy) = F(x)o(y) + 7(x)g(y) for all z,y € R. But F is not additive on .

Motivated by the above-cited results, we have proved the additivity of multiplicative
(generalized)-(o, 7)-derivation under some conditions on R as follows.

Theorem 1.1. Let R be an associative ring with identity containing an idempotent
e(e # 0,1) which satisfies the following conditions:
(1) 2R=(0) = = =0,
(77) R = (0) = = =0.
If F is any multiplicative (generalized)-(o,T)-derivation on R, i.e., F(zy) =
F(z)o(y) + 7(x)g(y) holds for all x,y € R, where o,7 are endomorphisms on R
and g is any map on N which is additive on 11 and R, then F and g are additive.

For proof of Theorem 1.1, first we will prove some auxiliary results as follows.
Lemma 1.1. F(0) = 0.
Proof. By the definition of F, we have F(0) = F(00) = F(0)o(0) + 7(0)g(0) =
F(0)0 4+ 0g(0) = 0, which completes the proof. O

Lemma 1.2. For any a;; € N1, az € oo, bia € N1z and by € RNay, the following
hold

(1) glai + ba1) = glawr) + g(bar),
(i7) g(age + b12) = g(ag2) + g(bi2).

Proof. We prove only (i), and the proof of (i7) goes similarly.
(i) For any t,; € R,1 where n € {1,2}, we have

T(tn1)(g(a11) + g(ba1)) = 7(tn1)g(ar) + 7(tn1)g(b21)
= F(tma11) — F(tp)o(an) + F(tnibar) — F(tn1)o(bar)
= F(tpia11) — F(tn)o(an) — F(tn1)o(bar)
= F(tpi(an + ba)) — F(tni)o(an + bar)
= 7(tp1)g(ar1 + ba1).
This implies that
(1.1) 7(tn1)[(g(an1) + g(b21)) — g(arr + b21)] =0
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and

T(tn2)(g(an) + g(ba1)) = 7(tn2)g(an) + 7(tn2)g(b1)

(tnoa11) — F(tn2)o(ar1) + F(tnabar) — F(tne)o(bar)
(tnbo1) — F(tn2)o(a11) — F(tn2)o(ba1)

(tna(a11 + ba1)) — F(tn2)o(arr + bar)

T (tn2) (a1 + bar).

F
F
F

Thus, we obtain that

(1.2) T(tw2)[(g9(a11) + g(ba1)) — g(ann + ba1)] = 0.
Using (1.1) and (1.2), we have R[g(ai1 + ba1) — g(a11) — g(ba1)] = (0). Using the
hypothesis of Theorem 1.1, we get g(ai; + ba21) = g(ai1) + g(ba). O

Lemma 1.3. For any a1 € %11, Qo2 € §R22, b € %12, ba1 € o1 and by € §R22, we
have the following:

(Z) F(CLH + blg) = F(CLH) + F(blg),

(#9) F(age + ba1) = F(ag) + F(ba),

(ZZZ) F(CLH + b22) = F(an) + F(bgg),

(iv) F(ai +ba) = F(ai) + F(ba),

(U) F(CLQQ + blg) = F(a22> + F(blz)

Proof. Proofs of (i), (i1) and (ii7) are similar to each other. Similarly the proofs of
(iv) and (v) are on the same pattern. Therefore we prove only (i) and (iv).
(i) For any ty,, € Ry, where n € {1, 2}, we have

(F(ay) + F(b2))o(ti,) = Flai)o(t,) + F(bia)o(ti,)
= F(antin) — 7(a11)g(tin) + F(biatin) — o(b12)g(t1n)
= F((ai + biz)tin) — 7(a11 + b12)g(t1n)
= F(a11 + bi2)o(tin).
Thus, we obtain that
(1.3) [F(ay; + biz) — F(a1) — F(bi2)]o(t1,) = 0.
For any to, € R, where n € {1,2}, we have
(F(ay) + F(b2))o(tan) = Flai)o(ta,) + F(bia)o(tay,)
aritan) — T(a11)g(tan) + F(bratan) — 7(b12)g(t2n)
(@11 + bi2)tan) — 7(a11)g(t2n) — 7(b12)g(t2n)
(a11 + bi2)ton) — T(a11 + bi2)g(tan)
a1 + biz)o(tan).

~ N

This implies that
(14) [F(a11 + b12) — F(CLH) — F(blg)}g(tzn) =0.
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Using (1.3) and (1.4), we arrive at [F(a1; + b12) — F'(a11) — F(b12)]R = (0). Using the
hypothesis of Theorem 1.1, we get F'(ay; + bi2) = F(a11) + F(b12).
(iv) For any to, € Ra,, where n € {1,2}, we have
(F(a11) + F(ba1))o(ten) = F(ay)o(ta,) + F(ba)o(tay,)
= F(ajiton) — 7(a11)g(tan) + F(borta,) — 7(ba1)g(ton)
= — 7(a11 + ba1)g(t2n)
= — F((aiu + ba1)tan) + F(a11 + ba1)o(t2n)
= F(ay1 + ba1)o(tan).
This implies that
(1.5) [F(ay1 + ba1) — F(ayy) — F(bgy)|o(ta,) = 0.
For any t1,, € Ry, where n € {1,2}, we have
F(ay + ba1)o(tin) = F((ai + ba1)tin) — 7(an + ba1)g(tin)
=F((eg + a11)(tin + bartin)) — 7(ar1 + ba1)g(tin)
=F(ez + a11)o(tin + bartin) + 7(e2 + a11)g(tin + bartin) — 7(a11 + b21)g(t1n).
Using Lemma 1.3 (7i7) and Lemma 1.2, we have
F(ay + ba1)o(tin)
=F(e3)o(t1n) + F(es)o(bartin) + Flair)o(ti,)
+ F(aj1)o(bartin) + 7(e2)g(tin) + 7(e2)g(bortin) + 7(a11)g(t1n)
+ 7(a11)g(batin) — 7(a11)g(tin) — 7(b21)g(t1n)
=F(eat1n) + Fexbortin) + F(aintin) + F(apibaity,) — 7(a11)g(tin) — 7(ba1)g(t1n)
=F(bo1t1p) + F(antin) — 7(a11)g(t1n) — 7(b21)g(t1n)
=F(bo1)o(t1n) + F(a11)o(t1n)
=(F'(ba1) + F(a11))o(tin)-
This shows that

(1.6) [F(a1 + ba1) — F(a11) — F(ba1)]o(t1,) = 0.
USiIlg (15) and (16)7 we have [F(CLH + bgl) — F(an) - F(bu)]?R = (0) With the help
of hypothesis of Theorem 1.1, we obtain F'(aj; + ba1) = F(a11) + F(ba1). O

Lemma 1.4. F is additive on R;o.
Proof. Let aja, b1 € K12 and ty,, € Ry, where n € {1,2}, we have
(F(a12) + F(b12))o(t1n) =F(a12)o(t1n) + F(bi2)o(t1n)
=F(aiat1n) — 7(a12)g(t1n) + F(biat1n) — 7(b12)g(t1n)
= — 7(a12 + b12)g(t1n)
= — F((ai2 + bi2)t1n) + F(a12 + b12)o(t1n)
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=F(a1z + b12)o(t1,).
This gives us
(1.7) [F(a12 + b12) — F(a12) — F(b1a)]o(t1,) = 0.
For any to, € Ra,, where n € {1,2}, we have
F(aiz + b12)o(tan)

=F((a12 + bi2)tan) — (@12 + b12)g(tan)

=F((e + ai2)(ton + braton)) — 7(a12 + b12)g(t2n)

=F(e + a12)o(tan + biaten) + 7(€ + a12)g(tan + biata,) — T(ar2 + b12)g(tan)-

Using Lemma 1.3 (i) and Lemma 1.2, we obtain

F(aiz + bi2)o(tan)
=F(e)o(tan) + F(e)o(biaten) + F(aia)o(tan) + F(az)o(biata,) + 7(e)g(tan)

+ 7(€)g(biatan) + T(a12)g(t2n) + T(a12)g(br2tan) — T(a12)g(tan) — 7(b12)g(tan)
=F(eto,) + F(ebiatan) + F(aiatan) + F(aiabiate,) — 7(a12)g(tan) — 7(b12)g(t2n)
=F(biston) + Faratan) — 7(a12)g(t2n) — 7(b12)g(t2n)
=F(bi2)o(tan) + F(a12)o(tan)
=(F(b12) + F(a12))o(tan).

This implies that

(18) [F(a12 -+ blg) — F(&lg) — F(bw)}O’(tzn) =0.
Using (1.7) and (1.8), we have [F'(ajs + b12) — F(a12) — F(b12)]R = (0). Using the
hypothesis of Theorem 1.1, we get F' is additive on Ry,. O

Lemma 1.5. F is additive on ;.
Proof. Proof is similar to Lemma 1.4. O
Lemma 1.6. F' is additive on R;;.
Proof. Let ai1,b11 € R11. We have,

F(an + bi1) = F(e(ai + b)) = F(e)o(an + bur) + 7(e)g(ay + bir).
Since g is additive on Ryy, we get F(ay; + b11) = F(ay1) + F(byy). O
Lemma 1.7. F is additive on %11 + K12 = eR.
Proof. Let ai; + a12,b11 + bia € eR. We have,
F((ai + aiz) + (b1 + bi2)) = F((a11 + bi1) + (a12 + bi2)).
Using Lemma 1.3 (i), we have

F((an + alg) + (bu + blg)) = F(CLH + bll) + F(CL12 + blg).
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Lemma 1.4 and Lemma 1.6, provide us
F((ay + arz) + (b1 + b12)) = F(an) + F(az) + F(bi1) + F(b12).
With the help of Lemma 1.3 (7), we get
F((ai + arz) + (b1 + b12)) = Flay + arz) + F(bin + bia).
That is, I is additive on eR.
Lemma 1.8. F is additive on Rao.
Proof. Proof is similar as Lemma 1.6.
Lemma 1.9. F is additive on R + Rog = eaR = (1 — e)R.
Proof. Let as; + agg, bay + bys € (1 — e)R. We have
F((a21 + ag) + (ba1 + b)) = F((ag1 + bar) + (azz + baz)).
Using Lemma 1.3 (ii), we get
F((ag1 + asz) + (b1 + b)) = F(az + bar) + F(azs + bya).
Lemma 1.5 and Lemma 1.8 provide us
F((a21 + asn) + (ba1 + ba2)) = F(agn) + F(as) + F(ba1) + F(ba2).
Lemma 1.3 (i7) provides us
F((a21 + age) + (ba1 + ba2)) = F(ag + ag) + F(ba1 + ba2).
That is, F' is additive on (1 — e)R.
Lemma 1.10. F' is additive on Ros + 12 = R(1 — e).
Proof. Let asy + a2, baa + b12 € R(1 — e). We have
F((age + arz) + (b2 + b12)) = F((ax + bxw) + (a12 + b12)).
Using Lemma 1.3 (v), we get
F((a22 + ai2) + (bag + b12)) = F(a + baz) + F(aiz + bi2).
Lemma 1.4 and Lemma 1.8, provide us
F((ag2 + a12) + (baa + b12)) = F(age) + F(ai2) + F(ba2) + F(b12).
With the help of Lemma 1.3 (v), we get
F((age + arz) + (b2 + b12)) = F(a + ai2) + F(byz + b12).
Hence, F' is additive on R(1 — e).
Lemma 1.11. F s additive on R;; + Ra; = Re.

995
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Proof. Let ai1 + asy, b1 + by € Re. We have

F((a11 + agn) + (b1 + b21)) = F((a11 + bi1) + (a1 + bar)).
By Lemma 1.3 (iv), we get

F((a11 + as) + (b1 + b21)) = F(an + b11) + F(a1 + bar).
Lemma 1.5 and Lemma 1.6, provide us

F((a11 + a21) + (b1 + b21)) = F(an) + F(axn) + F(bi1) + F(ba1).

Finally, we conclude by Lemma 1.3 (iv)

F((a11 + a2) + (b1 + b21)) = Flan + ax) + F(bi1 + ba1).
That is, F' is additive on Re.

Now, we prove Theorem 1.1.

Proof of Theorem 1.1. (i) First we prove that g is additive.
Let t € e = Ry + N2, z,y € R. We have tx, ty € eR.

T(t)(g(x) + g(y)) = T(t)g(x) + 7()g(y)
= F(tx) — F(t)o(z) + F(ty) — F(t)o(y)
= F(tx) + F(ty) — F(t)o(z) — F(t)o(y).
Lemma 1.7 provides us
T(t)(g(x) +9(y)) = Ft(z +y)) — F(t)o(z +y) = 7(t)g(z +y).
This implies that
(1.9) T(®)[(g(z) + 9(y)) —g(z +y)] = 0.
Also, let m € (1 — e)R = Rgy + RNoo. This shows that mz, my € (1 — e)R,

T(m)(g9(z) + g(y)) = 7(m)g(z) + 7(m)g(y)
(mx) — F(m)o(z) + F(my) — F(m)o(y)
(

Using Lemma 1.9, we get
T(m)(g(z) +9(y)) = F(m(z +y)) — F(m)o(z +y) = 7(m)(z +y).
This implies that
(1.10) T(m)[(g(x) +9(y)) — 9(z +y)] = 0.
On adding (1.9) and (1.10), we have

Tt +m)g(r +y) — g(z) — g(y)] = 0.

Since 7 is onto on R, we get

Rlg(z +y) — g(z) — g(y)] = (0).
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Using hypothesis, we conclude that

g(r +y) = g(x) + g(y).

(#7) Now, we prove that F' is additive.
Let t € Re = Ry1 + %21, m € §R<1 — 6) = Ry + §R127 and CL,b € R. Then at,bt € Re
and am,bm € R(1 —e),

(F(a)+ F(b)o(t) = F(a)o(t) + F(b)o(t) = F(at) — m(a)g(t) + F(bt) — 7(b)g(t)
= F(at) + F(bt) — (7(a) + 7(b))g(t).
Using Lemma 1.11, we get
(F(a)+ F(b)o(t) = F((a+b)t) — (a+b)g(t) = F(a+b)o(t).
This implies that
(1.11) [F(a+b) — F(a) — F(b)]o(t) = 0.
Also,

Lemma 1.10 provides us
(F(a) + F(b))a(m) = F((a +b)m) = 7(a + b)g(m) = F(a + b)a(m).
This implies that
(1.12) [F(a+b) — F(a) — F(b)]o(m) = 0.
On adding (1.11)and (1.12), we have
[F(a+0b) — F(a) — F(b)]o(t +m) = 0.

Since o is onto on R, we conclude that

[F(a+b) — F(a) — F(b)]R = (0).
Using hypothesis, we get F(a + b) = F(a) + F(b), i.e., F' is additive. O

Corollary 1.1. Let R be a semi-prime ring with identity containing an idempotent
e #0,1. If F is any multiplicative (generalized)-(o, T )-derivation on R, i.e., F(zy) =
F(z)o(y) + 1(x)g(y) holds for all x,y € R, where o, T are endomorphisms on R and
g is additive on Ry, and Rao, then F and g are additive.

Now we construct an example to support the necessity of the condition that “g is
additive on both R;; and Ry” in Theorem 1.1 for additivity of F' on R.
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Fxample 1.2. Let S be an integral domain ring with the unity and

M:Ha b] |a,b,c€S}
0 c

be the ring of upper triangular matrices over S. Let C[0, 1] be the ring of all complex-
valued continuous functions defined on [0,1]. It can be easily shown that f =
C[0,1] x M forms a ring concerning component-wise operations. Define the maps F,
g, 0 and 7 : R — R as follows

o f<x>1og|f<x>|,[0 ate ) if f(z) #0,
a b 0 0

F(f(x), 0 ¢ ) - 0 a+c
i i 07[0 0 )a lff(l'):(),

(o[ 2]) =l 5 ) (o5 ) = o[ 2]),

mnog’m[g ;D if f(x) #0,

o6 0 ]) - 0’[0 _D

00 if f(z) =0,

where f denotes the conjugate of f. One can verify that R satisfies both the conditions
(7) and (7i) of Theorem 1.1 and also both o, 7 are automorphisms. F'is a multiplicative
(generalized)-(o, 7) derivation, i.e., F(zy) = F(z)o(y) + 7(x)g(y) for all x,y € K.

Obviously a non trivial idempotent element of the ring R is e = | 1(z), (1) 8 and
then 1 —e = <0(:c), 8 (1) , where 1(z) and 0(x) are the constant functions on

0, 1] defined as; 1(z) = 1 for all = € [0,1] and 0(x) = 0 for each = € [0, 1]. Then,

mllz{(f(x),[g 8]) |f(x)€0[0,1],a€5}

and

Ry — {(0@), [8 2]) 1 0(x) € C[0,1],a € s}.

Clearly, it can be proved that g is additive on Ry but not additive on ;. But F is
not additive on R.
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Similarly, if we choose another non-trivial idempotent element as

e = (0(93), [ (1) 8 D, then (1 —ep) = (1(x), l 8 (1) > In this case,

wo={fon s ) 10

m22:{<f(x),l8 SD |f(:c)€0[0,1],a€5}.

Here, one can observe that ¢ is additive on $;; but not additive on Ryy. However, F'
is not additive on .

and

Theorem 1.2. Let R be an associative ring with identity containing an idempotent
e(e # 0,1) which satisfies the conditions (i) and (ii) of Theorem 1.1. If F' is any
reverse-multiplicative (generalized)-(o, T)-derivation on R, i.e., F(zy) = o(x)F(y) +
g(x)71(y) holds for all x,y € R, where 0,7 are endomorphisms on R and g is additive
on N1 and Raa, then F and g are additive.

Proof. The proof is in the same pattern as done for multiplicative (generalized)-(o, 7)-
derivation in Theorem 1.1. O

Corollary 1.2. Let R be a semi-prime ring with identity containing an idempotent
e #0,1. If F is any reverse-multiplicative (generalized)-(o, T)-derivation on R, i.e.,
F(zy) = o(x)F(y) + g(x)1(y) holds for all x,y € R, where o, are endomorphisms
on R and g is additive on Ry and Roo, then F and g are additive.
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