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A NOTE ON DISCRETE CLASSICAL ORTHOGONAL
POLYNOMIALS

BAGHDADI ALOUI*®, JIHAD SOUISSI?, AND WATHEK CHAMMAM?3:4:5:*

ABSTRACT. We introduce the concept of D,, ,-classical orthogonal polynomials,
where D, is the lowering operator given by Dy, = —“—== w,p € C, with
T_wf(z) := f(z + w). We conclude that these polynomials are the shifted discrete

classical orthogonal polynomials.

1. INTRODUCTION

An orthogonal sequence of polynomials {p,},>0 is called classical if {p] },>0 is
also orthogonal. This characterization is essentially the Hahn-Sonine characterization
(see [11,19]) of the classical orthogonal polynomials. In [12], Hahn proved similar
characterizations for orthogonal sequences of polynomials p,, such that D,,p, or H,p,
(n > 1) are again orthogonal sequences. Here, D,, is the difference operator and H,

is the ¢-difference operator given, respectively, by D, f(x) = [atw)=J(@) ) £ 0 and

H,f(z) = %, q # 1. Note that differentiation, difference, and ¢-difference are
lowering operators as they reduce the degree of a polynomial by exactly one.
The concept of O-classical orthogonal polynomials, where O is an operator on the
space of polynomials, has been studied by many authors in the literature (see [1-14]).
The aim of the present paper is to pick up orthogonal sequences of polynomials under

a lowering operator denoted by D,,,, where D, ,f(z) := {etwl-f(zip)

— , generalizing
w—p
the difference operator D, f(z) := W (see [1]).
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The structure of this paper is as follows. In Section 2, we present the terminology
and basic definitions that will be used later on. In Section 3, we give some properties
of the D,, ,-classical orthogonal polynomials.

2. PRELIMINARIES

Let P be the linear space of polynomials in one variable with complex coefficients
and P’ its dual space, whose elements are forms. We denote by (u,p) the action of
u € P on p € P. In particular, we denote by (u), := (u,2"), n > 0, the moments of
u.

Let us introduce some useful operations in . For any u € P, g € P, a € C\{0},
and b € C, we let Du =/, gu, hyu and myu, be the forms defined by duality [15]

(W, f)=—(u, f), (gu,f)=(u.gf), feP

(hau, ) :=(u, ha f) = (u, f(ax)), (Tpu, f) == (u,7f) = (u, f(x = b)), feP

A form w is called normalized if it satisfies (u)o = 1. We assume that the forms
used in this paper are normalized.

Let {P,},>0 be a sequence of monic polynomials (MPS) with deg P,, = n and let
{un}n>0 be its dual sequence, u,, € P, defined by (u,, P,) = dpm with n, m > 0.
Note that ug is said to be the canonical functional associated with the MPS {P,},>o.

Let us recall the following result.

Lemma 2.1 ([15,16]). For anyu € P" and any integer m > 1, the following statements
are equivalent:
(i) (u, Pp_1) #0, (u, P,) =0, n>m;

m—1
(ii) exist \, € C, 0 <v <m—1, A\p,_1 # 0 such that u = Z AUy .
v=0
The form u is called regular if we can associate with it a sequence { P, },>¢ such
that
(u, Py Pr) = m0pm, 7o # 0,m,m > 0.
The sequence {P,},>0 is then called an orthogonal sequence of monic polynomials
(MOPS) with respect to u. Note that u = (u)oup = ug. When w is regular, let ' be a
polynomial such that if F'u =0, then F' = 0 (see [18]).

Proposition 2.1 ([15,16]). Let {P,},>0 be an MPS with deg P, =mn, n >0, and let
{tn}n>o be its dual sequence. The following statements are equivalent.

(1) {Py}n>0 is orthogonal with respect to uy.
(ii) For alln >0
u, = (ug, P2) ™~ Pug.
(ili) {Pn}n>0 satisfies the three-term recurrence relation

PQ(ZE):l, Pl(l'):l‘—ﬁo,

(TTRR> : { Pn+2(x) = (m - 6n+1)Pn+1(33) - 'Vn—&-an(m)’ n =0,
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where B, = (o, 2 P2) (g, P21, 1> 0 and Y1 = (ug, P2, ){ug, P21 £ 0, 1> 0.

If {P,}n>0 is a MOPS with respect to the regular form wg, then {Pn}n207 where
P,(x) = aP,(ax), n > 0, a # 0, is a MOPS with respect to the regular form
Uy = hgq-1ug, and satisfies [16]
{Po():1 ]51()—95—507 _
Poya(w) = (= Bus)) Pasi () = Fnp1 Pal), 0 >0,
where Bn = a_lﬁn and Yn+1 = a=? Tn+1-
Recall the operator
fl@+w) - f(z+p)
D, =
(Do) (@) 2
The transposition *D,,, of Dy, is —D_,, _,, with a slight abuse of notation which is
harmless. Thus,
(D_y—pu, fYy = —(u, Dy, f), ue?P fePwpeC.

Note that D, o reduces to the operator D,, where (D, f)(x) = fx++)($) (see [1]).

Lemma 2.2. The following formulas hold
2.1) (Duwpf9)(@) = (7] )(@)(Duwpg) (@) + (T-0g) (@) (Duwpf)(x), f.g€P,

aDawap © ha)(u), uweP, aecC\{0},
Dy iy o ha)(f), fEP, aeC\ {0},
The relations (2 1)-(2.4) are evident. Further, we have
(D—w,—p(gu), [) = = (u, g(Dwpf)) = = (U, Doy (f(Twg)) = (T-pf) Dwp(Twg))
(from (2.2))
=((Twg) (D, —ptt) + 7p((DuwpTwg)u), f),

(
(22)  (Dupf(rwg)) (@) = (T-pf) (@) (Dwp(Tw9)) (@) + 9(x)(Dwypf)(@),  f,9€P,
(2.3) (T—wf9)(@) = (T—u f) (@) (T-wg)(x), f.9€P,
(2.4) (T_wgu) = (T_wg)(T_wu), g€P, ueP,
(2.5) Dy —p(gu) = (Twg)(D-w,—pu) + (D—w,—pg)(1pu), g€ P, ue?,
(2.6) (TbOpr) f) = Duwpon)(f)
(750 Dy p)(u) = (Dypom)(u), feP, ue?, becC,
= (
= (a

but

Tp((Dw,png)u) :(Tp 0 Dyp 0 ng> (rpu)  (from(2.3))
(D_—pg)(mpu) (following the definitions.)

Hence, we have (2.5).
The proofs of (2.6)—(2.8) follow easily from the definitions.
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Now, consider {P, },>0 as above in Section 1 and let

(2.9) Pu(z) = nil(pw,ppnﬂ)(x), n>0.

Denoting by {7y, }nso the dual sequence of {P, },=0, we have the following result.
Lemma 2.3.
(2.10) D_y _p(tn) = —(n+ Dupyr, n>0.
Indeed, from the definition (a,, ﬁm) = 0pm, N, m > 0, we have —(D_,, _,(Uy), Prt1)
= (m + 1)6,,m, therefore
(D_1p—p(Un), Pn) =0, m>n+2,n>0,
(D y(@), Pass) = — (n+1), 730,

By virtue of Lemma 2.1,
n+1

D —p(Un) = Z An -
n=0

However, (D_,, _p(ty),Py) = Ay, 0 < p < nm+1land A\,, = 0,0 < p < mn,
Annt1 = —(n+1), n > 0. Hence, we have (2.10).

Let ¢ and ¥ be two polynomials with ¢ monic, and deg¢p =, degy) = ¢ > 1. We
suppose that the pair (¢, 1)) is admissible, i.e., when ¢ = t—1, writing ¢ (z) = a,z94- - -,
then a, is not a positive integer.

Definition 2.1. A form u is called D,, ,-semi-classical when it is regular and satisfies
(2.11) D_y_p(ou) +¢u =0,

where the pair (¢, ) is admissible. The corresponding orthogonal sequence { P, },>0
is called D, ,-semi-classical.

Lemma 2.4. Consider the sequence {Pn}nZO obtained by shifting P,, i.c.,
P,(z) = a "P,(azx +b) = a " (hg o Ty P,)(z), n>0,a#0.
If ug satisfies (2.11), then @y = (hq-1 o T_p)ug fulfils the equation
(2.12) D_ a1 —pa—1 ($lin) + g = 0,
where ¢(x) = a"tp(ax + b) and P(x) = a'"1p(ax + b).
We need the following formulas, which are easy to prove.

g(TbU) = Tb((T—bg)u)7 g e fP,u € CP/? be (C7
9(hau) = ha((hag)u), g€ P,uc P, ac C\{0}.

Let ug = (75 © hy)tp and v = hytg. From (2.13) we have

Yug =y(mpv) = 7((T-p1)v)
=7,((7_p0) (hatin)) = (5 © hy)(ha © T_p10) g = (73 © ha) (Y(az + b)ig).

(2.13)
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Further, by using (2.13) and (2.7) we get
D y(6110) =D p($(70) = D p(m((7-40)0))
=730y ((7-60) (hatio) ) = D1 (ha (i © 7-18) fi0) )
=a"" (7 0 ha) D_ a1, _pa-1 (qb(cm + b)ﬂg).
Equation (2.11) becomes
(750 ha) (Dot —pa—1 (¢(az + b)ilo) + atp(az + b)itg ) = 0.,

Hence, we have the desired result.
Regarding general semi-classical sequences, we have the following statement that
we give for the sake of completeness [17,18].

Proposition 2.2. For any monic polynomial ¢ and any orthogonal sequence { Py, }n>0,
the following statements are equivalent.

a) There exists an integer s > 0 such that

o) Pu2) = S° APu(z), n s,

An—s 70, n > s+ 1.
b) There exists a polynomial ¥, degip = q > 1 such that
(2.14) D_y, _p(¢uo) + Yug = 0,
where the pair (¢,1) is admissible.

Remark 2.1. (a) We also have the following statement: the form ug is D, ,-semi-
classical if and only if the sequence {ﬁn}nzo is quasi-orthogonal of order s with
respect to ¢uyg.
(b) When {P, },>0 is orthogonal, it fulfils the standard recurrence relation
Py(x) =1, Pi(z)=2x— P,
{ Poa(z) = (2 = Bri1) Par1(2) — Yog1 Pu(®),  Yng1 #0, n > 0.

Likewise, when {ﬁn}nzo is orthogonal (s = 0), it fulfils the recurrence relation

{ 1?0(33):17 ﬁl(x)A:%jBo, R
Pn+2(x> - (iIZ' - ﬁn+1)Pn+1($) - ;)\/nJran(:U)? ;}\/nJrl 7£ 07 n 2 0.

3. THE D, ,-CLASSICAL ORTHOGONAL POLYNOMIALS

When s = 0, the sequence {P,},>¢ is called D, ,-classical (discrete classical orthog-
onal polynomials), moreover, we have the more accurate following statements.

Proposition 3.1. For any orthogonal sequence { P, }n>0, the following statements are
equivalent.

a) The sequence {P,}n>0 i Dy p-classical.
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b) The sequence {P,}nso is orthogonal.

c¢) There are two polynomials, ¢ which is monic with degree at most 2, and ¢ with
degree 1, along with a sequence {\,},>0, where each X, is nonzero for n > 0,
such that

S@) (D © D pPass)(&) = H@)D sy Pai)(2) + M Prsa(2) =0, 0 >0,
Proof. a) = b). From (2.14) and Lemma 2.2, we have

~ 1
<u07 ¢Pmpn> :m<Pm¢u07 Dw,an+1>

1

= ntl <D—w,—p(Pm¢U0)a P.1)

- _1|_ 1 <(Tme)D_w7_p(¢u0) + (D—wv—ppm)Tp(¢u0)7 Pn+1>

= (TP )puo — (D—w,—me)Tp(¢U0)a Poi1)

= (o, (P Past = 97 (DoapPo)) Pas)) -

Consequently,

(puo, Pmﬁn> =0, 0<m<n-—1n>1,
~ 1 1
<¢u07 (Pn)2> :m <¢/(0) - 2¢”(O)n> <u07 Pr?—i—l) 7é O? n Z 07

since (¢, 1)) is admissible.
b) = ¢). From (2.10) and the assumptions,

(31) D—w,—p(ﬁnQO) = —xnpn+1U0, n Z 0,
with R
<ﬂ0,P2>
X,=(n+1)—==="~, n=>0.
) e, P2

For n =0 in (3.1), we obtain
(3.2) D_y,—p(T0) = =71 ' Pruo.
In accordance with Lemma 2.2, we have

D -p(Putio) = (7 Pu) (D, pfi0) + (Do, Pa) (7y00),
therefore, on account of (3.2),
(3.3) —Xo Py (TP )tg + (D —p o) (yllg) = =X Pryrtig, 1> 0.
Putting n = 1, we get

(3.4) 7p(To) = 71 ' Kpuo,
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where k¢(z) = Pi(x)(1uP))(x) — 27175 ' Pa(2) (¢ monic). So, Equations (3.3), (3.4)
and the regularity of uy imply

(@) (D—w—pPo) (x) = (@) (70 P) (@) + 1K X Ppa () =0, n 20,
with ¥(x) = k71 P;(z). Comparing the degrees, we obtain
1
5@ (0)n = ¢'(0) +mr' X, =0, >0,

which means that the pair (¢,) is admissible. Finally, we have the desired second-
order difference equation with A\, = y1x7*(n + 1)X,,, n > 0. In fact, we also have
proved that b) = c).

c) = a). From the given equation, we get

<u07 ¢(Dw,p o wa,prnJrl) - w(wa,prnJrl» = O, n Z 0.
Hence

<Dw,p (D—w,—p(¢u0) + 77Z)u0)7 Pn+1> - 07 n Z 0.
Since <Dw7p(D_w,_p(¢u0) + @Z)uo), 1> =0, we get
Duyp (D1, —p(S110) + thug ) = 0.
Hence, (2.14) where the pair (¢, 1) is admissible on account of A\, # 0, n > 0. O

Remark 3.1. (a) In the case s = 0, when the pair (¢, ) is not admissible, then the
solution u of (2.11) is not regular. In other words, when the solution u of (2.11) is
regular, then the pair (¢,1)) is necessarily admissible.

(b) Necessarily, we have

ko(x) =(1 — 29175 )2 4+ (29175 H(Bo + B1) — Bo — o — w)a
+ Bo(Bo +w) — 27175 (BB — ),

Proposition 3.2. If {P,},>0 is D, p-classical, the sequence {ﬁn}nZO is Dy_po-
classical and we have

(3.5) Dy o(r11i0) + Y1ty = 0,
with ¢1(x) = (7-u9)(x) and 1 (z) = (k7 (7-,P1) = (Dup®) ) ().
Proof. When {P,},>0 is D, -classical, we have (3.2)
D_y, (o) = —v; ' Prug.
Multiplying this equation by ¢, we get
¢D—w,—p(Tho) = =1 ' ¢Pruo.
But by (2.5), ¢D (o) = Do —p((7-00)ti0) = (D —p © T-u®) Tplo, 50 We have

D_w’_p((T_wgb)ﬁo) — (D_wﬁ_p o T_wqb)Tpﬂo = —y; 'O Pyug
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and
T—p© D—w,—p((T—wa)aO) — (Dup)iio = =71 T p(P1)7 <¢u0).

By (3.4), we have @y = 7 'k7_, (gbuo), and so we now get

D syipo(7-w®)ii0) + (57 (7 P1) = (D) )tig = 0.
This completes the proof. 0]
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