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GENERALIZED CAPUTO PROPORTIONAL BOUNDARY VALUE
LANGEVIN FRACTIONAL DIFFERENTIAL EQUATIONS VIA
KURATOWSKI MEASURE OF NONCOMPACTNESS

SAMIRA ZERBIB!, KHALID HILAL!, AND AHMED KAJOUNTI!

ABSTRACT. This manuscript aims to discuss the existence of solutions for nonlinear
boundary value Langevin fractional differential equations involving the generalized
Caputo proportional fractional derivative via Kuratowski measure of noncompact-
ness in an arbitrary Banach space. Using the measure of noncompactness approach
and Monch’s fixed point theorem, we demonstrate the existence result. An illustra-
tive example is provided as an application to illustrate our main results.

1. INTRODUCTION

The concept of fractional calculus has enormous potential to change the way we see
and model the nature around us. With a particular attention of physicists as well as
engineers, remarkable research activities has been devoted to fractional calculus. They
claimed that the use of fractional derivative and integration operators are desirable for
describing the properties of several materials. Indeed, we discovered that a number
of theoretical and experimental investigations demonstrate that differential equations
with fractional derivatives govern specific thermal systems (heat diffusion) [1], physical
systems (electricity) [2], and reological systems (viscoelasticity) [3]. For additional
information regarding fractional differential equations (see [4,5,22-25]). Recently,
particular attention has been focused on the study of Langevin fractional differential
equations. The Langevin equation, which describes the evolution of physical events in
fluctuating environments, was first proposed by Langevin in 1908 and is a key theory

Key words and phrases. Differential equations, generalized Caputo proportional fractional deriva-
tive, measure of noncompactness, fixed point theorem.
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of Brownian motion [6,7]. A more flexible fractional model for simulating fractal
processes is the Langevin equation’s fractional model, which is a generalization of the
classical one and yields a fractional Gaussian process parametrized by two indices
[8,9]. In [10], the authors established the existence of solutions for nonlinear Langevin
equations with multistrip boundary and nonlocal multipoint conditions. The authors
of [11], studied an antiperiodic boundary value problem for the Langevin equation with
two fractional orders. For more details on Langevin fractional differential equations,
we recommend reading [15-17].

Inspired by the previously stated research, we address the existence of solutions
for the following nonlinear boundary value Langevin fractional differential equation
involving the generalized Caputo proportional fractional derivative
(1.1)

S (§DJ + x) (w(t) = K(t,2(t)) = L(t,x(1)), t€ A= a,b],
(x(t) — K(t,2(1)),—, = (x(t) K(t, (1)), = 0,
SO (a(t) = K(t,a(t) oy = 1§D (w(t) = K(t,2(8)),oy = v, pyv €R,

where A = [a, b] be a finite interval of R with (a > 0), 1 <a <2,0< 3 <1, §Dg(-)
is the generalized Caputo proportional fractional derivative of order «, y € R*, and
K,L € C(A x E,FE) are given functions checking certain assumptions that will be
defined later and E is a Banach space with the norm || - ||.

To the best of our knowledge, this is the first time that the nonlinear boundary value
Langevin fractional differential equation involving the generalized Caputo proportional
fractional derivative (1.1) is being studied.

2. PRELIMINAIRES

Some definitions and properties of the generalized Caputo proportional fractional
derivative and the Kuratowski measure of noncompactness are the focus of this section.

e The Banach space of continuous functions with the norm ||A||. = sup{||h(t)] :
t € A} is denoted as C(A, E).

e We say that the function f : A x F — FE satisfies the Caratheodory conditions if:

(7) f(t,x) is measurable with respect to ¢ for every x € E;

(#7) f(t,z) is continuous with respect to x € E for every t € A.

e Throughout this paper we consider that the function ¢ : A — R is a strictly
positive increasing differentiable function.

Definition 2.1 ([12,13]). Let 0 < §d < 1, a > 0, ® € L'([a,b], E). The left-sided
generalized proportional fractional integral with respect to g of order « of the function
® is given by:

1

aﬁfﬂﬂZ5@«@A%%“@ﬂ@w@xmw—mﬁw*@@ma

where I'(a) = [ e "t tdr, a > 0, is the Euler gamma function.
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Definition 2.2 ([12,13]). Let 0 < 6 < 1, (,p : [0,1] x R — [0,400) be continu-
ous functions such that lims_,o+ ((d,t) = 0, lims ;- ((0,t) = 1, lims_,o+ p(d,t) = 1,
lims ;- p(d,t) = 0, and ((d,t) # 0, p(d,t) # 0 for each § € [0,1], ¢ € R. Then, the
proportional derivative of order ¢ with respect to g of the function ® is given by

’

@ (t)
g(t)
In particular, if {(d,t) = 0 and p(d,t) = 1 — 0, then we have
o'(t)
g'(t)
Definition 2.3 ([12,13]). Let § € (0,1]. The left-sided generalized Caputo propor-
tional fractional derivative of order n — 1 < a < n is defined by

sDIB(t) = p(5, ) D(t) + C(5,1)

sDI®(t) = (1—0)P(t)+ 9

@ 1 ! o=l —g(s ! n—o— n
5§ Dyd(t) = (;n_aF(n_a)/a e’5 W79 g (5)(g(t) — g(5))" "> (sD™IP)(s)ds,
where n = [a] + 1 and s§D™9 = ;DJD? - - -5 DY.
—_—
n—times

Lemma 2.1 ([12,13]). Let t € A, § € (0,1], o,0 > 0, and ® € L'(A, E) then we
have

ST GITID()) =5 102 (19 (t)) =5 I 90(1).

Throughout this paper, as a simplification, we set

(2.1) Q0(t,a) = e OO-9) (g(1) — g(a))’.
Lemma 2.2 ([12,13]). Let « >0, 6 > 0, and 6 € (0,1]. Then, we have
(i) (s Ijige%l 99 (g(7) — g(a))’~1)(t) = == Fr((j)+ 9)6%@@)_9@))( g(t) — g(a))e+o-1:
(i) § D25 D=9 (g(r) — g(a))*1)(t) = g?er_(i))e%(g(t)—g(a))(g(t) — g(a))P-ot.

Lemma 2.3 ([12,13]). Let a > 0, § € (0,1], and ® € L'Y(A,E). Then, we have
limy_,q (51,7 ®(t)) = 0.

Lemma 2.4 ([14]). Let 6 € (0,1], n— 1 < a <n, n=[a] + 1. Then, we have
o« (6D"®)(0)

sIZE(§DIED(t)) = (1) — kz_: STk 1) ot a).

Next, we give some definitions and properties concerning the Kuratowski measure
of noncompactness.
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Definition 2.4 ([18]). Let E be a Banach space and F' be a bounded subset of E. We
define the Kuratowski measure of noncompactness by the mapping A : F' — [0, +00)
defined as follows

A(A) =inf{p > 0/A C U A; and diam(A4;) < o}.

Lemma 2.5 ([18]). Let N and G be two bounded subset of the Banach space E, then
we have the following properties:

(1) NC G = A(N) <AG);

(2) AN +G) < A(N) + A(G);

(3) A(aN) = |a]A(N), a € R;

(4) A(N) =0« N is relatively compact in E;

(5) AINUG) = max{A(N),A(G)};

(6) A(N) = A(N) = A(convN), where N and conv N denote the closure and the

convex hull of N, respectively.

Definition 2.5 ([21]). Let T : F' — E be a continuous bounded operator. Then, T
is A-Lipschitz if there exists a constant ¢ > 0, such that for all N C F we have
A(T(N)) < OA(N).

Lemma 2.6 ([19]). Consider that N € C(A,E) is a bounded and equicontinuous
subset. Then, the function t — A(N(t)) is continuous on A and

A (/abx(s)ds> < /abA(N(s))ds,
where N(s) ={z(s):x € N}, s € A.

Theorem 2.1 (Monch’s fixed point theorem [20]). Let W be a closed, bounded and
convex subset in a Banach space E such that 0 € E and let J : W — W be a
continuous mapping satisfying:

(2.2) U=cowJ(U) or U=JU)U{0}=AU)=0, foralUcCW.
Then, the mapping J has a fixed point.
3. AUXILIARY RESULTS

In this section, we prove the equivalence between an integral equation and our
problem (1.1), and we give an existence theorem of the solution to the nonlinear
boundary value Langevin fractional differential equation (1.1).

Lemma 3.1. Let A = [a,b] and K,L € C(A x E,E). Then, x is a solution of
problem (1.1) if and only if

w(t) =13 “L(t (1)) — xs L0 (2(t) — K (t,2(t)) + p(sI00)e 7 @09t
(3.1) + T 5ot —9(a N(g(t) — g(a))P* + K(t, z(t)),
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where

(3 2) H — ( UV —¢s [s:igL(bw]j(b)) — Me%(g(b)f‘q(a)) )

OL(B +2)e’T OO (g(b) - g(a))
Proof. Consider that x(t) is a solution of the nonlinear boundary value Langevin
fractional differential equation (1.1). Applying the operator sI357(-) on both sides of
the problem (1.1) and using Lemma 2.4, we get

§ DI (w(t) = K(t,w(t)) =sI02 L(t, 2(t)) — x ((t) = K(t,2(t)) + Coe 5 009D
e 5 (9()—g(a)

(3.3) + O (g(t) — g(a)).

Now, applying the operator 5[6849 (+) on both sides of the integral equation (3.3) and
using Lemma 2.4, we get

x(t) — K(t,z(t))
=sI°FPIL(, (1)) — XxsI%9 (x(t) — K (t, 2(t)) + Co(sI179)e"s (90)-9(a)
=L (g(t)—g(a))

(34)  + (I (e 5

(9() - g(a») + Cye 7 00-0(@),

with Cy, C7 and C5 € R.
Using Lemma 2.2 (i), the integral equation (3.4) becomes

x(t) — K(t,z(t))
=5 ISP, (1)) — I (2(t) — K(t,2(t)) + Co(sI00)e s @-9(@)
025t (9(H)—g(a))
§THD(5 +2)

Next, let’s determine the constants Cy, Cy, and Cy. In the integral equation (3.5),
putting ¢t = a, using the Lemma 2.3, and the initial condition (z(t) — K(¢, z(t)),_, = 0,
then we have

(3.5) +C (g(t) — g(a))P*! + Che’T0=9()

Cy = (x(t) — K(t, x(t)),_, = 0.
Now we proceed to determine Cj, by applying the operator ngf’C) on both sides
of the integral equation (3.5) with Cy = 0 and using Lemma 2.2 (i7), we get the
integral equation (3.3), putting ¢ = a in this equation, using Lemma 2.3, and the
initial condition (;Cfo (z(t) — K(t,z(t)),_, = p, we get
Co =5 DY (x(t) = K(t2(t))—y = o
This time, putting t = b in the integral equation (3.3) with (Cy = p) and using the
initial condition § D¢ (x(t) — K(t,z(t)),_, = v, we get

§ D () = K (t,2(t)),y =L Lt (1)) o=y — x (2(t) = K (8, 2(1)) -,
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. oS5 (9(b)~g(a))
+ pe’ g(a +le(g(b) —g(a)),

this implies that
¢35+ (9(b)—g(a))

4]

DY L. I49L(b, 2(b)) — pe’s 9®)=9(@)
b ¢S GO-90) (g(b) — g(a)) :
Substituting Cy, Cy, and C5 in (3.5) we obtain

x(t) — K (t, 2(1))
=5 LML (1)) = xs L (@() = K (8 a(0)) + ps L )e"s 000l
v = I7PL(b (b)) — e’
BIL(B +2)e’s @9 (g(b) — g(a))
This implies that

o) =sI5PO L (0) = Xl (o) = K(talt) + plsIi)e s ot ste)
T P (ZGR 9D (g(t) — g(a))* T + K(t, z(t)),

where II is given by (3.2).
The opposite follows by direct computation. 0

v =5 I°9L(b, (b)) + pe’s G090 4 ¢y

therefore

Next, we introduce the following conditions.

(C4) The functions L, K € C(A x E, E) satisfy the Carathéodory conditions.

(Cy) The function K : A x E — E is A-Lipschitz, i.e., there exists a constant 6 > 0,
such that for all N C E we have

A(K(t,N)) <OA(N).
(C3) There exists a constant & such that for each x € C(A, E) and ¢t € A, we have
(o) < €l

(Cy4) There exist w € C(A,RT) and ¢ € C(R*,R™) such that ) being nondecreasing.
Then, for all t € A and x € E, we have:

IL(t 2) [} < w@)p(f[z])-
(Cs) For every bounded subset N C F and for each t € A, we have:
A(L(t,N)) < w(t)A(N).
Let x € C(A,E) and t € A, then we define the operator ¥ as follows:
(Sa)(t) =s I Lt (1)) = 2 (a(t) = K (1, (1)) + o) 5 00 ale)
+ 1065 0O (g(t) - g(a))"! + K (¢, (1)),
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where II is given by (3.2).

Note that if the operator X has a fixed point, then this implies that the nonlinear
Langevin fractional differential equation (1.1) has a solution in C'(A, E).

It is now appropriate for us to provide the main result of this paper, which is the
existence theorem of problem (1.1).

Theorem 3.1. Assume that all conditions (C1)—~(Cs) hold. Then, the nonlinear
boundary value Langevin fractional differential equation (1.1) has at least a solution
on A provided that the following inequality is satisfied:

_ wi(gb) —g(@)**  [xl(g(b) — g(a))’(1+0)

= SetBl(a+ B+ 1) SAT(B+ 1) o<1

(3.6)

Proof. Let ¥ : C(A,E) = C(A, E). Then we consider the set B, defined as:
B, ={z e C(A E) : ||zl < p},

@ .
where p > ;" with

o W*@Z)(p) a+
O =5t 1 g 1) B 9@’
37) S g 00 ~ @)’ + T(a(8) ~ 9(a))*,

where w* = sup,ca{w(t)}, and

M (1+9)
= (g 90 — 9@ +&

It is easy to see that B, is a convex, closed, and bounded subset of the Banach space
C(AE).

The proof is given in the several steps.

Step 1. X(B,) C B,.

Let z € B, and t € A, then by using the fact that "5 (90)=90)) < 1 we have

(3.8) O,

(X))l
1 b oo g(t)—g(s)) ./ a+p-1
S(WOH—B)/(; es o) ())9 (s)(g(t) —g(s)) g I L(s,z(s))l|ds
+;¥%%l%*“@ﬁ@wwxmw—mﬁﬁ*w@mw
Fgan TG0 ~ o6 K o) s
+ 5ﬂ¥t(|ﬁ) /at e T W96 g/ (5)(g(t) — g(s))e"F W9 g

n He%(g(t)—g(a))(g(t) — g(a)" + |K (¢, z(t)) ||
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wP(p)
S(Sawr(a +6+1)
b0~ g
1]
ST(B+ 1)

w*P(p)
_5a+ﬁr(a+5+1>(9( ) —

b S at) ~ @)’ + ) - gl

o (BRSO - a(a)” +¢)
=0, + pO, < p,

(90) = 9@ + S5 Ys 0(0) - 0)’

+ (g9(b) — g(a))® + T(g(b) — g(a))**' + &p

where ©; and O, are given by (3.7) and (3.8), respectively.

Therefore, > maps B, into itself.

Step 2. The operator X is continuous.

Let (z,,)nen be a sequence of B, such that x,, — = as n — +o0 in B,. Then, we
have

1(Bn)(t) — (Bx) (@)
<sLot TN LE 2 (t) = L{t ()] + X612 lza(t) — 2 (1)
XL Kt (t) = K (1 ()] + K (8 wa(t) = K (8 2(0))]]

by using the fact that the functions L and K satisfy the Carathéodory conditions,
and by Lebesgue dominated convergence theorem, from the above inequality, we get:

|(Zx,)(t) — (Zx)(t)|| = 0 as n — +oc.

This implies that the operator X is continuous.
Step 3. The operator X is equicontinuous.
Let t1,t2 € A, t; < t9, and x € B,. Then, we have

1(32)(t2) = (B2) (8]

S&wqéﬁﬁﬂﬁ“cﬁwl@%@—afﬁ%ua»d@muaagwm

]_ t2 ’
F st , O 0 ()1 2(5)) s

+[x] [55;(5) /atl (2 (t2,0) = )7 (t1,0)) g (5)][(2(s) — K (s,(5)))lds
+W&mﬂfﬁ*%ﬂM@Wﬂ@—K@ﬂ@wﬁl
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!

! " - - =L (g(s)—g(a
+ [ul [551“(@/ (207 (t2, ) — " (t1,0)) g ()€ T-OO 9 g
1

to , y
0°L(B) / Qg_l(t% a)g (S)egé(g(s)—g(a))ds‘|
t1

+ 11 (Qg“(tg, a) — Qg“(h, a)) + | K (t2, 2(t2)) — K (t1, x(t1))][

+

where QU)(t,a) is given by (2.1).

By using the continuity of the functions Qg)(t, a), K, and by Lebesgue dominated
convergence theorem, from the above inequality, we get |(Xx)(t2) — (Xz)(t1)| — 0 as
t1 — to.

Therefore, the operator X is equicontinuous.

Step 4. Checking for condition (2.2) of Theorem 2.1.

Let W C conv(X%(W) U {0}) be a bounded and equicontinuous subset. Then,
the function J(¢) = A(W(t)) is continuous on A. Next, by using Lemma 2.6, the
conditions (C3) and (C5), we obtain:

J() =AW (1)) < A(conv((XW)(#) U{0})) < A((EW)(1))

]. t 6—1 ’
A / (9(1)=9(s))
< {5a+ﬂp(& +B) Ja €’ g (s)

x (g(t) — g(s))** P~ L(s, x(s))ds : x € W}

+ A{éﬁlzé(/@) /at e‘s%l(g(t)_g(s))g/(s)(g(t) _ g(S))ﬂ_lx(s)ds re W}

+ A{(Sﬁlz((@) /ateagl(g(t)_g(s))g/(s)(g(t) _ 9(8))5_1K(s,x(s))ds re W}
+ A {p(s ) T 0O79@) ¢ e A}

+ A{Hea%(g(t)*g(a))(g(t) _gla) it e A}

+
-
=
=

w[J| t
~ 6l (a + B) Ja
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+ 2L 1 tato) - oty as
# DAL [ 61000 = g6 as 01

<|lJ] w'(g(b) = 9(a)™”  IXl(9(b) —9(a)"(1+6)
Jotl(a+ B+ 1) (B +1) ‘
This implies that
[T l[ee < @|[]loo,
where w is given by (3.6).

According to condition (3.6), we conclude that ||J|| = 0. Therefore, for all ¢t € A,
we have J(t) = 0 which implies that A(W(t)) = 0. Then, W (¢) is relatively compact
in E. Hence, by using Arzela-Ascoli theorem, we conclude that W is relatively compact
in B,. We observe that, all conditions of Theorem 3.1 are satisfied. As a result, there

is a fixed point for the operator ¥ on B, which solves problem (1.1). The proof is
then finished. 0

4. EXAMPLE

An exemplary example to demonstrate the applicability of our results will be covered
in this section.

Let A =1[0,7/2] and E = {z = (21,22,...,Zp,...) : T, — 0} be the Banach space
of real sequences (z,)nen+, such that z,, — 0, with the norm ||z||oc = sup,,en+ |Znl-

We consider the following nonlinear boundary value Langevin fractional differential
equation:

3 1
¢D2! <CDgf + 2) ( (t) — La(t) Cos2(t))
L (m —|——sm x(t)| ), te A=0,7%],

Comparlng System (4.1) with Problem (1.1).
X = 25, and L, K : A x E — FE, such that:

L(t,z) = ! (xi + 1sin(]:1:n|)) , K(t,z) =

2
11+ ¢2 5 7 cos™({),

19
with z = {z,,} € E.

Now we check for conditions (C1)-(Cs5).

It is easy to see that the functions L and K satisfy the Caratheodory conditions.
We have:

1 1 4
IK@#2)| < g llall - and 1L 2)] < 57 (el +1)
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Then, the conditions (C5) and (C}) hold with w(t) =
and § = %. For each bounded set N C E, we have

wH(t) = {5, ¥(x) = 2+ 1,

—
H‘H

1
11+¢2°

A(L(E NY) < w(®A(N) and A (K(t N)) < —A (N).

Then, the conditions (C3) and (C5) are satisfied with § = ;5.
Next, checking for the condition (3.6). Then, we have:

W (g(b) — g(a)*?  F(g(b) — g(a))’(1 +6)
JHBl(a+ B+ 1) WT(B+1)
3,1 1
1 r\2t2 2 (72 1
=X (Z > l5) I+ 5 1
= (3) +25(21) ( 19)+19:0,6684<1.
3)7°TE+3+)  (3)°TG+D
We note that all conditions of Theorem 3.1 hold. Then, the nonlinear boundary value

Langevin fractional differential equation (4.1) has at least one solution on [0, 7].

+6

5. CONCLUSION

The theory of nonlinear boundary value Langevin fractional differential equations
has been developed in this manuscript. We have established the existence of solutions
for a given nonlinear boundary value Langevin fractional differential equation involving
the generalized Caputo proportional fractional derivative in arbitrary Banach space.
Using the measure of noncompactness approach and Moénch’s fixed point theorem,
we were able to demonstrate the existence of solutions. Finally, a suitable example
effectively illustrates our results.
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GROWTH ESTIMATES FOR CERTAIN CLASS OF
MEROMORPHIC FUNCTIONS

ADIL HUSSAIN

ABSTRACT. In this paper, we establish some lower bound estimates for a certain
class of rational functions on a disk with prescribed poles and restricted zeros. The
results obtained strengthen some known results for rational functions and in turn
produce generalizations of some polynomial inequalities as well.

1. INTRODUCTION

Let IP,, be the set of all complex polynomials f(z) := 37_,a;2? of degree at most
n. Then it is well known that
(1.1) s |7/(2)] < nmax 1 (2)
and
(1.2) Ilggiflf(Z)I Sp”lgl‘gflf(Z)L p>1

The above inequalities are known as Bernstein inequalities, and have been the start-
ing point for a considerable literature in approximation theory. Several papers and
research monographs have been written on this subject (see, for example, Marden [7],
Rahman and Schmeisser [11], or Milovanovié et al. [8]).

If one applies inequality (1.2) to the polynomial f(z) = 2" f(£) and uses maximum
modulus principle, one easily get
(1.3) fﬂaXIf(Z)l > ptmax|f(z)], 0<p<l.

2=p 2
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It is noted that equality holds in (1.1), (1.2) and (1.3) if and only if f(z) has all its
zeros at the origin. Inequality (1.3) is due to Varga [14], who attributes it to E. H.
Zarantonello. It was shown by Govil, Qazi and Rahman [4] that the inequalities (1.1),
(1.2) and (1.3) are all equivalent in the sense that any of these inequalities can be
derived from the others. In 1960 Rivlin [13] improved inequality (1.3) for a restricted
class of polynomials that do not vanish, in the unit disk |z| < 1. In fact, he proved
that if f(z) # 0in |z] < 1, then (1.3) can be replaced by

(1.4 |ﬂmﬂz<1+ﬂ\ﬂ>ufmo<p<L

The inequality is best possible and equality holds for f(z) = (%)n, where || = |5].
As a generalization of (1.4), Aziz [2] proved that if f(z) # 0 in |z| < 1, then,

(1.5) U@MZ<1+0lﬂﬂaﬂﬂk2Lp<L

and
p+k
(16) ool (2

The result is sharp and equality holds for f(z) = (z + k)™

Although the literature on polynomial inequalities is vast and growing, interested
readers can consult the books of Marden [7] and Milovanovi¢ et al. [8]. Rather et
al. [12] gave a new perspective to the above inequalities (1.5) and (1.6) and extended
them to rational functions with prescribed poles. Essentially, in these inequalities,
they replaced the polynomial f(z) by a rational function r(z) with poles ay, as,. .., a,
all lying in |z| > 1 and 2™ by a Blaschke product B(z). Before proceeding towards
their results, let us introduce the set of rational functions involved.

For a; € C with j =1,2,...,n, let

) If(2)], for k<1, 0<p<k>

n
H z — a;)
j=1

and

1;[<z—a]> Rn::Rn(al,ag,...,an):{I;[f/((zz):fGPn}.
Then, R,, is the set of rational functions with poles ay,as,...,a, at most and with
finite limit at +o00. Note that B(z) € R,, and |B(z)| = 1 for |z| = 1. Throughout this
paper, we shall assume that all the poles ay, as, ..., a, lie in |z| > k.

Very recently, Rather et al. [12] obtained certain growth estimates for rational
functions r € R,, having no zero in |z| < k. In this direction, they first present an
extension of inequality (1.5) to the rational functions. More precisely, they proved
the following result.
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Theorem 1.1. If r € R,, having no zeros of r lie in |z| < k, k > 1, then for every
p<1and|z| =1,

17) o) = (8) T (e

Jj=1

Next they proved the following extension of (1.6).

Theorem 1.2. Ifr € R, having no zeros in |z| < k, k < 1, then for every 0 < p < k?
and |z| =1,

19 o> (5) T (12 o

7=1

In this paper, we established some lower bound estimates for the maximal modulus
of a certain class of rational functions on a disk with prescribed poles and restricted
zeros. The results obtained strengthen some known results for rational functions
by using some of the extremal coefficients of the underlying polynomial and in turn
produce generalizations of some polynomial inequalities as well.

2. MAIN RESULTS

Theorem 2.1. If r € R,, having no zeros of r lie in |z| < k, k > 1, then for every

p<1landl|z|=1,
k+p n+ 1 (ao| — k"|an|
1+k k=1 \ |ao| + |an| 1+k

Remark 2.1. Since r(z) = If,(é)) has all its zeros in |z| > k, therefore P(z) has all its

zeros in |z| > k, we always have the situation

(2.1) [r(p2)| = {

H |a;] — } (2)].

L lag] +p

|ao| — K" |an|

> 0.
|ao] + |an]

(2.2)

Therefore, for all rational functions satisfying the hypothesis of Theorem 2.1 excepting
those satisfying |ag| = k™|a,|, the inequality (2.1) sharpens the inequality (1.7).

Remark 2.2. If we take £ = 1 in Theorem 2.1, we get the following extension and
refinement of (1.4) to the rational functions.

Corollary 2.1. If r € R,, having no zeros of r lie in |z| < 1, then for every p < 1

and |z| =1,
1+p>" <|a0|—|an|)<1—0>n " gyl 1
_ _|_ T z)l.
( 2 ao 110 )\ 2) | e ()

r(p2)| = {
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Remark 2.3. Taking W(z) = (z — a)", |a| > 1, in Theorem 2.1, inequality (2.1) then
reduces to the following inequality
}lf (2)].

|f(pz)]
(2.3)

Fap\", L (laol =K"an]) (1=p)"

1+ k Er=1\ |ao| + |an] 1+k
Theorem 2.2. Ifr € R,, having no zeros of r lie in |z| < k, k < 1, then for every
0<p<k®and|z| =1,

(lors)
>
ol +p
k+p n+ |ao| — K"|ax| A
1+k lao| + |an| 1+ k

Letting |a| — 400 in (2.3), we get refinement of (1.5).
where A = min{l — p, k + p}.

pz — «
z—

H loyl 1 } 2,

’aJ""P

(2.4)  [r(p2)] = {

Remark 2.4. As in remark 2.1, inequality (2.4) refines (1.8).

Remark 2.5. Taking W(z) = (z — )", |a| > 1, in Theorem 2.2, inequality (2.4) then
reduces to the following inequality
}lf (2)I-

£ (p2)]

(2.5)
kE+p n+ L (|ag| — k™| an| A\
1+ k Er=1\ |ao| + |an] 1+k

- (=)

Letting |o| — 400 in (2.5), we get refinement of (1.6).

Pz —

zZ—Q

3. LEMMAS
For the proofs of our results, we shall make use of the following lemmas.

Lemma 3.1. Forany0 <p<1andp; >k>1,1<j<n, we have
ﬁ pri\ < (kte "+ 1 |pipa---pn— k" (1=p\"
. 14+p;) ~ \k+1 k=t pipo--opn+1 | \1+k)
Lemma 3.2. Forany0<p<1andp; >k>1,1<j<n, we have
ﬁ P+ Py k+p n+ L |pip2---pn— k" A"
iz \1+p; k+1 k=l pipgopn +1 (\14+Ek) 7

where A = min{l — p, k + p}.

The above two lemmas are due to Kumar and Milovanovié [6].
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4. PROOF OF THE THEOREMS

Proof of Theorem 2.1. By hypothesis, r(z) = VI:,((ZZ) € R, has all its zeros in |z | <
k, k> 1. It follows that P(z) has all its zeros in |z| < k, k > 1, therefore if z; = p;e’
0<6<2m 1<j<n,are zeros of P(z), then we write P(z) =cllj_i (2 — pjewf),

where p; > k>1, j=1,2,...,n. Hence, for p <1 and 0 <60 < 27, we have

7

1) rlpe”)| _ [Plpe”)| | W(e) | _ 1 pe’? = pie™ ﬁ e —a;
,r(eZQ) P(eze) W(pezG) o et — pjewj o peze _ a]
Now,
1
fi pe’’ — pje’” __fi pe“e‘@)-— - fi p*+ pi —2ppjcos(f — 0;) | °
i eie _ pjeiej _j:1 ei(9 09 Jalet 1 + p? _ 2p] COS(@ _ 9])
TPt
(4.2) > as p < 1.
jI;II 1+ p;
Using Lemma 3.1 to the right hand side of (4.2), we get

o~

_peze

ﬁ > k+p n+ prpa oo — K"\ (1—=p\"
i1 I+k Ev=t\ pipe---pn+1 1+k)

Using the fact that pips---p, = %7

" pet? — pyel k+p\" 1 (lagl = K'an|\ (1 =p\"
4.3 >
(4:3) 1;[ —pew —<1+k:> T lao| + |an] 1+k)’
also for |a;| > 1, j=1,2,...,n, we have
nolet? — g mola| —1
(4.4) —L / :
o=, % Wia 5,

Using inequalities (4.3) and (4.4) in (4.1), we get
E+p n+ 1 (lao| — k™an|\ (1 —p\"
1+ k k=t \ ag| + |an| 1+k
Thus,

E+p\" 1 (ao| — k™ an]\ (1 —p\"
> - °
‘T(pz)l—{ <1+k> +k;n—1< |ao| + |an| L+k

This completes the proof of Theorem 2.1.

rlpe
r(e?)

rlagl —1
e

n

7%= 1}|r<z>|.

j=1 |aJ| + P

Proof of Theorem 2.2. By hypothesis, r(z) = VI;((ZZ)) € R, has all its zeros in |z| <

k, k > 1. It follows that P(z) has all its zeros in |z| < k, k& > 1, therefore if
zi = p;ie,0 < 0 < 2m, 1 < j < n, are zeros of P(z), then we write P(z) =
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cl_[?zl(z—pjewj), where p; > k>1, j=1,2,...,n. Hence, for p < 1and 0 < 6 < 27,
we have

(4.5) r(pe®)| _ | P(pe?)| | W(e”) | _ w”—mwjjie —a;
: () P(e?) | |W(pe®)| ~ h| e —pse |14 [pe? —a
Now,
1
ﬁ pe? — pietti _ 12[ peil0=6;) ,Oj‘ _ ﬁ p* 4 p5 —2ppjcos(0 — 0;) \ *
W= | = U faman = | = L\ T =5 como— 5
o Pt 2
4.6 > as 0 < p < k°.
(4.6) _jl;[1 T <p<

Using Lemma 3.2 to the right hand side of (4.6), we get
H > k+p n L (pip2---pn—k L—p ‘

=i 1+k ket pipz - opn+1 J\1 4K
Using the fact that pips---p, = D

Y — pjet k+p\" | (laol = k"an\ [ X )"
47 pe_Tpif Tl (ETe :
(47) 1 i _<1~|—k> ( lag| + |an] 1+k
also for |a;| > 1, j=1,2,...,n, we have

(4.8) H

Using inequalities (4.7) and (4.8) in (4.5), we get

k+p n+ |ao| — k"|ax]

1+k lao| + |an] 1+k‘
k)", (laol = Flan\ (A N
1+k lao| + |an| L+k) |5

orlal -1
1:[ |a,| +P}‘r(2)"

pe
_pew

0
€ (lJ

ﬁ la;] — 1

pe? — a; ajl+p

r(pe”)
r(e?)

H ‘a]’

>

Thus,

r(p2)| = {

This completes the proof of Theorem 2.2. O

5. CONCLUSIONS

A sequence of publications (see, for example [5,9] and [10]) on inequalities for
rational functions has been published in recent years, and significant progress has
been made. Both mathematics and practical fields are interested in inequalities of
these types. In this work, we continue our investigation of inequalities of this nature
by taking into consideration the location of all the zeros and extremal coefficients of
the underlying polynomial.
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ON THE DISCRETE HARDY INEQUALITY WITH VARIABLE
EXPONENT

RENE ERLIN CASTILLO!, BABAR SULTANZ, AND HECTOR CAMILO CHAPARRO?

ABSTRACT. We obtain the celebrated Hardy’s inequality in the context of variable
exponent sequence spaces.

1. INTRODUCTION

The Hardy inequality is a classical result in analysis and the mathematical inequal-
ities, named after mathematician Godfrey Harold Hardy. It has a long and very
rich history, starting in 1915 when G.H. Hardy [1] needed an estimate for arithmetic

means, more precisely, an inequality of the form

too 1 2 +00

Z *An S CZ |a'n|27

n=117 n=1
with A, = >27_; a and {ay},cy @ sequence. Later, this inequality was extended to
1

iAn
n

+oo

D

n=1
In his famous 1925 paper [2], Hardy proved the discrete and the integral version
of what is known today as Hardy’s inequalities. The discrete version of Hardy’s
inequality asserts that
(L) S(Eva)<(5) S
1.1 — ak> < () iy
=1 p—1

n=1 n=1

p oo
<Cp Y a1 <p < +oo.
n=1

where p > 1 and {ak}gj is a sequence of nonnegative real numbers.

Key words and phrases. Hardy’s inequality, variable exponent, sequence space.
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Since then, this type of inequality has been intensively studied. There are a lot of
research articles on the topic, as well as surveys and books. For example, the survey
[4] contains several proofs and historical aspects are given. In [3], authors proved
improved classical Hardy inequality for sequences of non-negative real numbers. In
[6], Lefévre obtained a short direct proof of the discrete Hardy inequality provided
that constant p’ is optimal. For more on Hardy’s inequality, we refer the reader to [5]
and [7].

In this note, we define the (variable) Lebesgue sequence spaces, equipped with
Luxemburg norm. We will prove Hélder’s inequality in this setting. Finally, our main
goal is to obtain the Hardy inequality (1.1) for these spaces.

2. {,) SPACES AND HOLDER’S INEQUALITY

We give here some definitions and results that will be useful in the coming section.
Let H be a measurable subset of R" and let p : H — [1,400) be a measurable
function. We suppose that

(2.1) 1 <p_(H) <p(x) < ps(H) < 400,
where p_ :=ess inf p(x), py = esssup p(z).

zcH z€H

Let p(-) > 1. The conjugate exponent of p(-) is denoted by p/(-) and is defined as
/ p()
p() = :

) p() -1
Definition 2.1. ¢,y denotes the variable exponent Lebesgue sequence space (some-
times denoted by £,,.)(N)), which is the set of all sequences a = {a,}, .y such that

+oo
p(.)(a) = Z |an|p(m) < +00.

n=1

We equip £,y with the Luxemburg norm

) a
lallpe) = inf {A Hlp() (A> < 1} :

where we use the convention that inf ) = +oo.

a
I <1,
" (Hallpo)
where ||al[,) # 0.

We state and prove Holder’s inequality for /..

Note that

Theorem 2.1. Let a € I, and b € I,y with ﬁ + ﬁ = 1. Then,

+oo
Z |anbn| < Kpyllallpe) [0llc)-

n=1
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Proof. If ||al|py = 0 and ||b]|¢) = O, then ab = 0, so there is nothing to prove.
Therefore we may assume that ||al[,.) > 0 and ||b||4.) > 0, moreover by homogeneity
we may assume that ||al|p.) = [|b]lq¢) = 1.

By Young’s inequality for variable exponent we have

Z‘anb ‘<Z ’ n’p +Z ’an’q

T 1
<—1I,y(a)+—1,(b
p p<>( ) - a(»(0)

1 a 1 b
PN +I.(>
- p“(nanp(.)) ¢\ bl

1 1 1 1
<—+—<—+1-—.
p—  q- "~ po P
Finally
Sl < (145 = 0 lalhoy s = Bl
ay, — — — | |la = a
— » e p(+) q(-) = Pp() p(: q(:
where ky.y =1+ p% — i. So, the proof is now complete. 0J

Remark 2.1. For the sake of completeness and the convenience of the reader, we would

like to present another proof of Theorem 2.1. In order to do so, let us first check that

q_ = q. Since % + Tlx) =1, then ﬁ q(q()) so q(z) = p(z)(¢(z) — 1). Now,

(
q- =essinf ¢(z) = essinf (p(x)) (¢(z) — 1) = essinf (—p(z)) (1 — q(z))
= —esssup (p(x)) (1 — g(z)) = —esssup (—p(z)) (¢(z) — 1) = —esssup (—q(x))
= — esssup (—qy)
=q+.
Thus, ;- + =+ =1 +1-

? p— P+

Alternative proof of Theorem 2.1. Young’s inequality can also be viewed as

1 1 1
|anbn| <——|an |’ @4 — ‘an‘q(x) < —an|"t + —la, |
p( ) q(x) p- q-
Then,
400 +o00 P+ +00 9+
Z anbn, ’ Si Z an, 1 b,
o=t L lallp 0llaey | ~ o= =i Hlallpe — = ollac
LZZSE |an |P* i e |bn |
= ||a|]§6 q- “bHZ{)
1 1 1 1 1 1
- =41l — =14 — - —.

b-  gq- D- D+ N
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So,

oo 11
> anbn| < (1 + — - ) lallpeyl0llay = Kooy llallpey 101lgc)
p— b+

n=1

where k,) =1+ p% - L OJ

P+’
3. HARDY’S INEQUALITY ON /) SPACES

We state and prove our main result, which is the ¢,.) version of (1.1).

Theorem 3.1. Let {a,} be a sequence of positive real numbers such that the series

neN
o2 aP+ converges, then
+o00 1 P+ +o00
Z (Zak> S C(p_7p+)za£+,
n=1 \" =1 n=1

where C(p—,py) = {ﬁ (p% - i + 1>]p+.

Proof. Let «,, = % where A, = a; +as + --- + a,. Then, A, = na,, so a1 + as +
-+ a, = nay,, from which we get that

a, = na, — (n—1)ay,_1.
Now, let us consider
oP* — g_aP+la, =Pt — q_[nay — (1 — a2t
=aPt — g naft +q_(n—Da,_ 1P+,
By Young’s inequality

n

D- q-

P+ q+(p+—1)
g-(n — Day_1aP+ 1 <q_(n—1) [a SR 1

P+

=q_(n—1) [O‘;‘ll + (n —1)ak+

- 1 P+
_(n=Dany (n— 1)+,
p_—1

Therefore,

(n—1)

D+ _ p+—1 Dy D+ D+ _ D+
ol —q ol a, <aolt —q_naolt + a1+ (n—1)ak

p_—1
_ —1
:Oé,lr){‘— — pp—lna£+ + i)n—l)afﬁl + (n — 1)0&?#
1

:p_ — {(n —1)abt, — naﬁ*]
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From which

N D N 1 N
> okt — 5 — ; > okt la, Sp — > [(n —1)abt, — nafﬁ}
n=1 - n=1 - n=1
1
:ﬁ[—CVTJF +Ck117+ —204127+ + .- —No/;\,*}
_ Nkt
p_—1
<0.
Then,
N P N
Z abt < — Z aﬁ*’lan.
n=1 p-— 1 n=1

By Holder’s inequality we have

Then,

This implies

+00 1. P+ +o00
( Z ak) <C(p-,py) Z apt,
n=1 n k=1 n=1
where C'(p_,ps) = [pf’:l (p% — i + 1)}10+ , which completes the proof. 0
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A NOTE ON THE BOUNDEDNESS OF HIGHER ORDER
COMMUTATORS OF FRACTIONAL INTEGRALS IN GRAND
VARIABLE HERZ-MORREY SPACES

MEHVISH SULTAN! AND BABAR SULTAN?

ABSTRACT. In this paper we obtain the boundedness of the higher order commu-
tators of the fractional integral operator of variable order on the grand variable
Herz-Morrey spaces.

1. INTRODUCTION

We consider the Riesz potential operator

P f(z) = /Rn |;1;_J;(|?i>—k(m)dy’ 0 < Az) <n.
Note that A(x) is the order of the Riesz potential operator which is variable. Re-
searchers in harmonic analysis, functional analysis, and related areas often use these
variable exponent function spaces to address challenging problems that cannot be
adequately handled by classical function spaces. They offer a powerful framework for
studying functions with diverse characteristics, making them a valuable tool in modern
mathematical research. This field has seen substantial advancements in recent times.
This progress involves the development of new techniques, deeper understanding of
the structure and properties of these function spaces, some instances of this work are
in [6,7,14,15].

In [16], authors describe a Sobolev-type theorem that concerns the potential oper-
ator I1*®) mapping from a Lebesgue space LP() into a weighted Lebesgue space L{j}(’)

Key words and phrases. Lebesgue spaces, BMO spaces, weighted estimates, fractional integrals,
grand variable Herz-Morrey spaces.
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in R™. The theorem is established under specific conditions on the exponent function
p(z), which is allowed to vary with the point .

Grand variable Herz spaces is the generalization of Herz spaces, the boundedeness
of some operators can be checked in [19,25-27]. Moreover the grand variable Herz-
Morrey spaces are the generalization of grand variable Herz spaces and they were
introduced in [20,21]. Grand weighted Herz spaces and grand weighted Herz-Morrey
spaces are the generalizations of weighted Herz spaces and weighted Herz-Morrey
spaces respectively, see for instance [22,23]. For more results in these spaces see
[1-4,9,10, 18, 24].

Inspired by the concept, in this article we will obtain the boundedness of higher
order commutators of fractional integrals of variable order in grand variable Herz-
Morrey spaces. We divided this article into different sections. Apart from introduction,
a section is dedicated for providing necessary definitions, lemmas, and preliminary
results. Then in the last section we will prove our main results.

2. PRELIMINARIES

This section is dedicated to some necessary definitions and important lemmas to
prove our main results.

2.1. Function spaces with variable exponent. For this section we refer to 7,14,
15].

Definition 2.1. Let @ be a measurable set in R” and r(-): @ — [1,+00) be a
measurable function. We suppose that

(2.1) 1<7r(Q) <r(q) <ri(Q) < 400,
where r_ :=ess inf r(q), ry := esssup r(q).
qu qEQ
(a) Variable Lebesgue spaces L™)(Q) are defined as
h()] )"
L"(Q) = { h measurable : / () dx < 400, where v is a constant ; .
Q Y

Norm in L™(Q) can be defined as

r(z)
h
|WMM@fﬂﬁ{7>0{/<|@%> dxﬁl}
e\ 7

(b) The space L)(Q) is defined as

ocC

LT(')(Q) = {h che L"(')(K) for all compact subsets K C Q}.

loc

The log-condition is stated as follows:

(2.2) r(@) — r(y)| < — )

1
<——"— |lr—yl<5, 2,y€q,
—Infz —y|

27
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where C(r) >0
And the decay condition: there exists a number 7, € (1,+00), such that

C
2.3 — e < ——m——
(2.3 () = el <
and also decay condition
C 1
2.4 — 7l < —— < =
( ) |T’([E) T'()| = 1n|x|’ |$| = 27

holds for some 7 € (1, +00).
We use these notations in this article.

(i) B(x,r) is the ball of radius r and center at the point x.
(ii) By := B(0,2%) = {z € R : |z| < 2*} for all k € Z.
(ili) Ry, =B, \ By ={x :t < |z| <7} is a spherical layer.
(IV) Rk = Bk \ Bk 1-
(V) Xk = XRy» Xtir = XRe.,-
(vi) Let f € Li.(H) be a locally integrable function, then the Hardy-Littlewood
maximal operator M is defined as

Mf(x) :=supr " / |f(z)|dx, x€ H,

r>0 Ber)
where
B(z,r):={y€ H: |z —y| <r}.

(vii) The set P(H) consists of all measurable functions ¢(-) satisfying ¢— > 1 and
q+ < +00.
(viii) P8 = Pl8(H) consists of all functions ¢ € P(H) satisfying (2.1) and (2.2).
(ix) Poo(H) and Po o0 (H) are subsets of P(H) and the values of these subsets lie in
[1,4+00) which satisfy the condition (2.3) and both conditions (2.3) and (2.4),
respectively.
(x) In what follows, we denote x; = xr,, B = B\ Bi_1, By = B(0,2!) = {z €
R™ : |z| < 2!} for all | € Z.
(xi) By p/(z) = p(x)/(p(z) — 1), we denote the conjugate exponent of p(-).
(xii) C' is a constant, its value varies from line to line and is independent of the
main parameters involved.

2.2. Variable exponent Herz spaces. In this section we will define variable expo-
nent Herz spaces.
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Definition 2.2. Let p,q € [1,40c0) and o € R, the norms of classical versions of
non-homgeneous and homgeneous Herz spaces are given below,

hSRtS

1 Uiy, oy = I liomony + 4 222 | [ If@)Pdy | ¢
ieN Fily

where

1l oy = 222 |/ (y)[Pdy ,

SY/
2z 191

respectively, where Fhi-1 i := B(0,2°)\B(0,2"°1).

Definition 2.3. Let ¢ € [1,+00), p(-) € P(R") and o € R. The homgeneous version
of variable exponent Herz space K () (R™) is defined as

R = { € R {0)) : 1k < +00}

where

+o0o ) %
”fHK"(q) Rn) — Z HQMinHqu(.) .

1=—00

Definition 2.4. Let ¢ € [1,4+00), @ € R and p(:) € P(R™). The non-homgeneous
version of variable exponent Herz space K ;‘(’% (R™) is defined as

KR = {7 € D@\ (0)) ¢ [ lzgeny < +00

where

1
q
1 s ey = 1F 1o m0,1) ( > 127 Fxill e ) :

2.3. Herz-Morrey spaces. Now we will define variable Herz-Morrey spaces.
Definition 2.5. Let a(-) : R - R, 0 < ¢ < 400, p(-) € P(R") and 0 < f < +00. A
variable Herz-Morrey spaces M K;I()())”B (R™) is defined by

ME @) = {7 € LY@ N0 : 1l oy < +00)

where

1
ko ' K
HfHMKO‘(')’B(R") = sup 277 ( > HQQ(')leiH%pm) :
4.p() ko€Z

1=—00
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Definition 2.6. To define homogeneous version of GVHM spaces, let p : R" —
[1,400), ¢ € [1,4+0), 0 > 0,0 < < 400, and «af-) € L*°(R™). The GVHM spaces
are given by

~a(+),9),0 rrpn R™
MEED®RY) = {1 € D@ NOD : 1fll sty < +00}

where

q(1+e€)
_ —koB 7,a q 1+6
a(),0),0 ey = SUP SUP 2 2 .
||f||MKg,p(A()] (R™) E>£) kOE% ( Z_Z:OO || fXZHLp() )
The non-homogeneous version of GVHM spaces can be defined in a similar way.
As grand variable Herz-Morrey spaces are the generalization of grand variable Herz
spaces, 3 = 0, grand variable Herz-Morrey spaces become grand variable Herz spaces.

Definition 2.7 (BMO space). A BMO function is a locally integrable function u
whose mean oscillation given by |T£| I |u(y) — ug|dy is bounded. Mathematically,

1
lullpaso = sup — [ lu(y) —usldy < +oc.
5 |BlJ

2.4. Basic Lemmas.

Lemma 2.1. ([17]) Let D > 1 and g € Py ~(R"). Then,

1 _n_ _n_
—770 < |IxBo.0mBON 100 < CrT®,  for 0 <r <1,
0

and

1 n
cirqoo < ||XB(0,D7")\B(O,T)||L(1(') < Cool i, for r > ]-7
00

respectively, where ¢y > 1 and ¢, > 1 depend on D but do not depend on r.

Holder’s inequality in the variable exponent case has the form:

/u D) dz < |l 9] o

where Kk = — + and () is a measurable subset of R".

®)- ’)
The next “statement is the generalized Holder inequality for variable exponent

Lebesgue spaces (see [7,14]).

Lemma 2.2. Let Q) be a measurable subset of R™ and p(-) be an exponent such that
1<p(Q) <pi(Q) <400 and q_,r— > 1. Then,

HngL”(')(Q) < 21/LHfHLP(-)(Q)||9HLq<->(Q)

holds, where f € LPV(Q), g € L1Y(Q) and % = ﬁ + ﬁ'
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Lemma 2.3 ([13]). Let b € BMO(R"), m € N, ro,ty € Z, with ro < to. Then, we
have

1”bHBMO (Rm) = SUP (b= bB)" x5l L) < CHb”TgMO(R”)v

swalt | X5 Lac
[(b—bB,,)" X8l Lae SC’( 0 = 70)" |6l Baro@m) X By I La -

Assuming that the order of the Riesz potential operator A(x) is not continuous

but rather is a measurable function in R"™ adds an interesting twist to the study of

potential operators. We mentioned that the measurable function A(z) satisfies certain
conditions:

(a) Ao := essinf ern AN(x) > 0;
(b) esssup,epn 7()A(2) < n;
(c) esssup,epn r(00)A(z) < n.
Proposition 2.1 ([16]). Let r(-) € P8(R") N Py o (R™) N P(R"), and assume
1 <r(oo) <r(x) <ry < 4oo.
Let \(x) be a measurable function in R"™ satisfying the conditions (1),(2) and (3).

Under these conditions, we establish the following weighted Sobolev-type estimate for
the fractional operator I*0):

11+ |27 PO e < C Ul s
where

is the Sobolev exponent
v(z) = CA(z) (1 - A(x)) < ﬁC’,

where C'is the Dini-Lipschitz constant from the inequality (2.3) in which o(-) replaced
by r(-).
Remark 2.1. (i) Under the given condition (2.3): |A(z) — Aso| < W for € R™.
Then, we can check that (1 + |z|)77*) is equivalent to the weight (1 4 |z|)™7>.

(ii) The behavior of the Riesz potential operator over a bounded domain and how
this behavior doesn’t change significantly when replacing the variable order A(z) with

A(y). The difference in potentials is unessential if the function A(x) satisfies the
smoothness logarithmic condition as given in (2.2)

Crle =y < o =y < Co o —y "

Let b be a locally integrable function, 0 < A(z) < n, and m € N the higher order
commutators of fractional integrable operator of variable order 1)) are defined by

(25) RO = [ Wﬂwdy

n ]9&—



GRAND VARIABLE HERZ-MORREY SPACES 1069

When m = 0, then ;""" = I*0) and for m = 1, I;}"* = [b, I"]. The Hardy-Littlewood-
Sobolev theorem provides an important result regarding the boundedness of the
fractional integral operator, denoted as I*, from one Lebesgue space to another under
certain conditions. Specifically, the theorem asserts that this boundedness holds when
the exponents of the Lebesgue spaces satisfy the equation:

1 1 A
(2.6) r.ory n
where 0 < r; < ry < +00.

The next proposition is a generalization of variable exponents Herz spaces in [5].
We omit the proof of Proposition 2.2 since it is essentially similar to the proof given
in [5] and with slight modification, we can obtain following result in grand variable
Herz-Morrey spaces.

Proposition 2.2. Let a,p,q are as defined in Definition 2.6, then

q(1+e)
io( (14€)
P — W( $2 20 gy )

>0 ko€Z i=—o00

>0 ko<0,ko€Z

1=—00

1 q(1+e)
~max{sup Sup 9—koX (60 Z 2ia(0)q(1+e)||in||;1)E.1)+e)) ’

-1 a+e
— e € (1+e
sup sup 2R (69 S 2@ fyg 103 )

e>0 ko>0,koEZ 1=—00

a(1+e)
+sup sup 27 oA ( o szmq (te) ||sz”qu1<J§6))

€e>0 ko>0,koEZ

3. BOUNDEDNESS RESULTS FOR GRAND VARIABLE HERZ-MORREY SPACES

Theorem 3.1. Let 1 < ¢ < +o0, b € BMO(R"), ;T%x)_m%z) = ¥ and 0 < 8 < +oo.
If 0 < A(:) <n and o, py € Py oo(R™) such that

g < o a0) <
— (00% ) o ’
Pioo Pioo’ D1(0) p1(0)

then

) TA
H(1+ |$|) —(@) [ ()b (f)HMKa()?))G(Rn) = C||f||MKa()Q>9(Rn)‘

Proof. Let f € MK (R™) and f(z) = 52, f(z)vi(x) = T2 fi(w), we have

B,p2(+) t=—o00

A()b ,
10+ )R sy
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ko ) q(1+6) Q(11+6)
= sup sup 2P [ ¢ Z 2““(')(1 + |x|)_”’(z)l;>f')’b(f)xi
e>0 ko€Z i=—00 p2(")
ko 00 q(1+e)\ a0+o
<supsup 277 [ S [ S [2°0(1 4 |2)) I LI fx) v
>0 ko€Z oo \i——eo p2()
ko i q(l+€)\ a0+
<sup sup 277 [ ¢ 200 (1 + |z (')’b i
< sup sup 2 t_Z_:OO A+ |z))7 (Pl
ko 00 (I+e)\ 20+9
+ sup sup 2778 [ ¢ Z Z ool (1 + |z|)” (=) IA PFxe) X
>0 ko€Z =0 p2(")

t=i+1
:IEl -+ EQ.

Now we will find the estimate for E, for each i € Z with t < i a.e. Let x € R;,
y € Ry. Then, |z —y| ~ |z| ~ 2%, and we get

RONPO@| C [ =y bla) = )" w)ldy
<027 [ 1aPOl(e) — o) (9l dy

< €272 | [b(a) — bs,|" / )y + / [ )IIb(y) — ba,"dy

< C27 P || fill i (106) = b ™ el + 100 = bm)™xellpy) -
It is known, see e.g. [30] that
PO((b(z) — bg,)"xi) () = IA(')( )( ) - (xa) ()
— b t m
/ = ‘ oW oxle)
> C|b(l“) - bBt|m|iL“|A 2 xa(x)
> Clb(z) — bg, " |2 - xi(x).
Consequently, we have
s+ )@ RO )|

<C2 il (|0 + a7 b = b

pa() HXt”p’l()

pz(‘))

<C2 il (04 1)L ~ b))

110 = b)) Xelly ) (14 2D 7O PO (x5,
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p2(')>

<Cc2™™ ”fthl( ((Z - )" HbHBMO(Rn) Xl ) ||Xth/1()

+ 1101 Barogen Ixellyy o l1Xillni))
<C27™(i —t

1071

110 = b5) "Xl (1 1) PO ()

)" W0 B ar0@n el Xl o Xl lpr ) -
By Lemma 2.8,

(t—i)n
(3.1)

9= m”Xthl ||Xz||p1( < C2” m2p1<0)2p1(0) < C2 PO

Splitting F, by using Minkowski’s inequality we have

i=—00 \t=—00

ko i g(1+6)\ 7079
Ey <supsup2 ™7 [ ST 3 2901 + |z|) Y@ O () v
>0 kocZ ; p2()

A/ max {sup sup 9 kob
e>0 ko<0,ko€Z

o a(1+9)\ 7T
x (EG'Z gia(0)a(1+9 < > |1+ ) TSRO () pQ(.)> ) :

sup sup 9~ hob
a(1+e)\ 70T
P2(')> )

e>0 ko>0,ko€EZ
_1
q(1+€)\ a(i+e)
('))

-1
> (69 Z 27,a(0)q(1+6)< H + |£L’D ~v(x) I/\ (th)
1=—00 t=—
We will find the estimate for £y and Ejy, estimate for E] is obtained similarly. For

>0 ko>0,ko€Z

( Z_OT“M“*”(_Z |1+ [2) RO (fxe)xi

+sup sup 9 kof
= Inax {Ei, E11 + E12} .
FEqq we get

Ey <sup sup 9~ ko
e>0 ko>0,koEZ

( 22“ o ( R A G ORY

<C Hb”BMO (R™) Sllp sup 2*160,3 ( Z 2104 q(1+¢€)

(1-‘1—6) 1+€)
<->> )

>0 ko>0,koEZ

1=—00
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i ' q(1+€)\ aC+e)
X ( > (i f)’"?meXth(~)HXth'l(oHXinlc)) )

t=—00

<C[bllgrro@ny sup  sup 2~ of
>0 ko>0,k0€EZ

1 4 i (—i)n a9 a9
v (60 Z 2za(O)q(1+6) < Z (Z . t)m? p1(0) ”thle()> ) .

Let by := p,L(O)—oz(O)7 applying the fact 2790+ < 279 Heélder’s inequality and Fubini’s
1
theorem we get

En <C|bllpyoy@nysup  sup 2757

€e>0 ko>0,ko€Z

-1 i ‘ q(1+€)\ ai+e
x ( > (Z 2O | il <z’—t>m2”1<“>) )

i=—00 \t=—00

<C bl E 0@
-1 )
X sup  sup 9—kof |:€9 Z ( Z 9a(0)q(1+e)t HfX Hq (1+4¢) obig(1+e)(t— z)/2>
>0 ko>0,koEZ S\

a(te) 77010
(q(14¢€))’

x ( Z (i _t)m(q<1+e>>’/22b1<q<1+e>>'<t¢>/2)

t=—o00

<CIbzromn

o FIeRm)
X sup sup 2 kP [ Z Y oo ©)a(1+t || £, Hq (14€) gbiq(1-+e)(t—i)/2 ]

e>0 ko>0,kg€Z i=—00 t=—00

<CIbErmown

1
—! —1 _ late
X sup sup 2—k:05 lEQ Z 2&(0)q(1+e ”fX ||q (1+e¢) Z 2b1q(1+e)(t—z)/2]

e>0 ko>0,ko€Z t=—o00 i=t

-1 q(1+4e€)
- a( €) 1+e
<C'bll5rromn) sup. - sub 2 H0F (69 > 20O py f”;g(J)r )

>0 ko>0,koEZ t=—o00
1
q(1+e)
2a( tf H (1+5))

()

ko
_C’||b||BMO (=) SUP  SUD 9~ kof (69 >

>0 ko>0,ko€Z
<Cbzromn

ke
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Now for F45, by using Minkowski’s inequality we have

E, <sup sup 2 P
>0 ko>0,ko€Z

x (69§:2iamq(l+e) ( 22: ‘
i=0 t=—00

<sup sup 9 kob
€>0 ko>0,ko€Z

k‘o —1
X (6022qu(1+e) ( Z ‘
=0 t=—00

kof3

q(1+e) q(11+6)
Xi(1+ ‘:1;")W(x)[%(‘):b(th)Hm(.)) )

g(1+0)\ a5
xi(1+ |x|)_7(z)]%(~),b(th)sz(‘)> )

+sup sup 27
>0 ko>0,ko€EZ

X (69 f: 9itooq(l+e) (i ‘
i=0

t=0
Z:Al + AQ.

1

q(1+€)\ a(i+o
el ) )

The estimate for A, follows in a similar manner to E1; by replacing p/(0) with p/ .
For A; we have

tn

. . _in_ — —in fn_
(3.2) 2_m||Xz‘||p1(~)||Xth’1(-)(Rn) < 027"M2P100 2710 < (027100 27100

As as — 7+ < 0, we have
p

loo

A, <Csup sup 2 Hf
e>0 ko>0,koEZ
1

q(1+e)\ a0+o
xill+ |:E|)_W($)Iﬁm(')’b(f><t)Hm(_)> )

ko —1
X (GQZQiO‘wQ(1+6) < Z ’
i=0

t=—00

ko
<sup sup 2 Ko [¢f Z icooq(l+e)
e>0 ko>0,koEZ i=0

1 q(l-l-e) q(11+6)
x ( > 2_m||fxt||p1(-)||b||’§M0(Rn)(i—t)m||Xt||p’1(~)||Xi||p1(-))

j=—o0

<C|]blErro@nysup ~ sup 2 kof
>0 ko>0,ko€Z

b . . g1+ 7T
¢!y greeealite) ( 3 (i = t)m27m2mes 2700 th||p1(.)> ]

X

=0 t=—o00

<C|bllErvomn) sup  sup 2~ ko8
e>0 ko>0,ko€Z
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ko -1 in q(1+€)7 q(i+e)
X [ee Z 220‘oo<I(1+6) ( Z (l o t)m2ploo 2p (0) ||th||p1 ) ]

t=—o0
<C|b][Brromn)y sSup  sup 2~ kot
>0 ko>0,k0EZ

1
ko k| dco— " )q(1+€) —1 ) tn q(1+€)7 a+e)
X [EQZQ ( Ploo) ( Z (1 —t)™2m® Hth||p1(-)>
i=0

t=—00

-1 n q(1+e)7 a+o
<C||b||BMO (Rn) SUP  SUp 2~ ko? [ GZ ( Z (i — t)m2p/1(0) ||th||p1(~)> ]

e>0 ko>0,koE€Z i=0 \t=—o0
<ol Brro@n sup sup 277
>0 ko>0,ko€Z
_ q(1+€)7 q(+e)
“ 92(2 210 (; — £ym2 1@ OT T | £y, o ) ]
t=—o0

<C|]blEro@n sup  sup 2 koP

e>0 ko>0,ko€Z

Jof (£ momnngstos)

t=—00

71 ‘ . /
x Z (i — t)m(‘l(1+€))’/227(m*a(o))q(ue) /2

t=—00

)q<1+e>/<q<1+e>>’ Fee=)

<C|]blErro@n sup  sup 2 koh

e>0 ko>0,ko€Z

1
ko [ 1 na(0))q(14a/2 ) | T
" [692 ( > 2000 | 06592 (sim—a®)a+o/ )l
=0

t=—00

1
- Plee=s)
<C ||b“BMO (R") sup sup 2*1605 <€9 § : 2(1 q(1+e€)t ||fX Hq(1+e )

e>0 ko>0,kg€Z t=—00
1
ko q(1+e)
1+e€)
ko8 [ 6 a()t a(
=C It 5ar0 @ Sup. Sub 2 € D0 |2 fx H
>0 ko>0,ko€Z oo Q)

<C ||b||7£MO(R”) HfHMKZ(;’?))’a(IR") '
P11

Now we will find the estimate for Fs, for every i € Z witht > i+ 1 a.e. Let z € R;
and y € Ry, we known that |z — y| ~ |y| ~ 2!, we consider

DO ) () < € /R o =y b(x) — b(y) ™ f (y)|dy



GRAND VARIABLE HERZ-MORREY SPACES 1075

<02 [P b() — b)) dy
< 027" fa | [b(a) — b, |" / W)y + / ) [b(y) = ba|"dy

< C2 PO fill ey (16G) = b ™ el + 10 = be)™xelly0) -
Similarly to F, for Fy, we have

(L + [2) 7D LX) )

<C2 " il ([ 1+ o) AP0 = b)) Il
108l 0+ )P )
<CT il (L + DDLU = b)) llg

P2(')>

<O | fillyy (6= O 10 Barogery Illn s Il

+ 1Bl Bason el o 1l )
<C2 (i = )" bl Bason el el o 1l -

1106 = b)™Xilly ) |1+ [2) PO (xg,)

Next we find estimate of E,

1
q(1+€)\ a(te
pz('))

€>0 koeZ i=—oco \t=i+1

ko 00
By Ssupsup 27 (€ 3 (Z 2901+ eI LD ()i

/A~ max {sup sup 9 kob
e>0 ko<0,koEZ
1 q(1+e) q(11+6>
) [ 3 20059 [ 3 (14 1) O ROY o, 7
. p2(°)
1=—00 t=14+1
sup sup 9 hkob

>0 ko>0,kg€EZ

a(1+o)\ 7079
Xi ’p2(~))

1=—00 t=14+1

Z gl (Z |1+ 12O RO fxe)

+sup sup 9 hob
>0 ko>0,ko€EZ
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ko
% 69 Z 2iaooq(1+e) ( H + |$|) ~v(x) I/\ (th)
t=i+1

i=—0

q(1+€) q4<11+e>
(-))

We will find the estimates for Ey; and Es, the estimate for EY is obtained similarly.
First, we will find an estimate for Eas,

= Inax {Eé, E21 + EQQ} .

Ey <C'sup sup 9~koB
€>0 ko>0,ko€Z

922%«1 1+e) ( 3 ‘

t=i+1

_1
q(1+e)

(1+€)
Xi(1+ [2)) @R ()| (_)>

<Clbll oy sup  sup 2708

e>0 ko>0,koEZ

ko [e%) (I(1+5) q(1+e)
> ( > 2% | fxell ey (G = t)m2d(’_t)) )

i=0 \t=i+1
where d = }& + (oo > 0. Then, we use Holder’s theorem for series and 2770+€) < 24
to obtain

Eyy <C||b|| prroy@nysup  sup 27 *0?

e>0 ko>0,ko€Z

=0 \t=i+1

ko 0o
Qoo €) 1+e €)(i—
[ £ iy osee)
1
Q(1+5)/ q(1+4e€)

[e%S) (a(1+e€))
x [ I (i — tymtaa+a)/2dlati+0) (=02

t=i+1
<C'|b]|’» sup sup 27FP
BMO(R") ® p p
>0 ko>0,ko€Z
©° (14¢) q(1+e)
% EHZ Z 2aooq (I+e)t ||fX ||q € 2dq(1+e i— t)/2‘|
1=0 t=i+41

<CHbHBMO (rn) SUP  SUp 9kob

€>0 ko>0,ko€Z

1
q(1+e)
( 0 Z 2aooq (1+e)t HfX ” 1+€) Z 2dq 1+€)(i—t)/2 )

<CHbHBMO (R") sup sup 27 kOB

>0 ko>0,ko€Z
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1
q(1+e)
( 92 Z 2C¥oo‘I(1+e HfX ||q (1+€) szq (1+e)(i—t)/ )

t=0 j=—o00
ks ; oo t—2 da Yt/ q(11+6)
<C'||b n SU su 27F0F | ¢ 2da(1+e)(i=t)/2 a(-).),
| “BMOR ) ng0>015)62 < g; ||f||MKB,(p)1?-))9(R")
m
<Clolpsro@n 1/l kaer00 gny -
For Es;, by using Minkowski’s inequality,

Ey <sup sup 2 Fof
>0 ko>0,kg€EZ

q(1+e)

q(1+¢)
X1+ [2) O RO )| ) :

eizm 1+e(z‘

1=—00 t=14+1

Ey <sup sup 2 Fof
>0 ko>0,kg€EZ

B By q(14+€)\ q(i+e)
< | € Z 9ic(0)g(1+¢) ( Z ‘Xi(l + |$D’Y(x)lr)\”(.)jb(fxt)up2('))
t

1=—00 =k-+2

+sup sup 9 hob
>0 ko>0,koE€Z

X (69 i 9ia(0)g(1+e) (i’
4 P

g(1+6)\ 71T
L+ o) RO )| ) )

The estimate for B; can be obtained in a similar way to that of Fss by replacing pio
with p1(0) and using the inequality ORI a(0) > 0, ™= + ao > 0. For By we have

(3.3) 2 Xl ) el ) < oz—mzﬁzqﬁ < Contrgns,
and

By, <Csup sup 2 "8
€>0 ko>0,ko€Z

> (EO i 2ia(0)q(l+€) (i‘
t=0

1=—00

(1+e)\ a@+o
X1+ \x!)‘”(x)I?n")’b(fxt)Hm(,)> )

<C||b||BM0Rn)SUP sup 27M7
>0 ko>0,k0€Z

-1 0o I q(1+€)\ a+e
% | € Z 9ia(0)g(1+¢) (Z(z i t)m27tn2m2plloo ”thle(')>

i=—00 t=0
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<C||bHBM0Rn)SUP sup 2P
>0 ko>0,koEZ
in . —tn q(1+6) m
Z (Z 20 — "‘2?1@*“(0)2%‘t““”foth(J)
<Cbll 5o (R") sup sup 2 k0P
>0 k,‘o>0 koEZ
- > in . —tn 1+€)/2
X <69 > (Z ota(0)(g(1+¢)) <2p;w)+m(0>2pl;_m(o>>q< e/ )
i=—o00 \t=0

1
a(1+e) q(1+€)

ko in_ . in (q(1+e)) /2 T@(Te)
< Pxell 25 (Z ((z’ - t)m2p1(0)+m(0)2p1too_ta(0)> )

t=0

<C HbHBMO (& sup Sup 9—kof3 ( Z Z2ta )(g(1+€)) I fxe ”(I(l—l-e

>0 ko>0,ko€EZ i=—00 t=0

1
—tn ta(0)> q(1+€)> q(1+e€)
Ploo

— fe € 1+e€)
<C ||b||BMO &) sup sup 9 koB ( 0 Z ot (0)(q(1+¢)) ||fX “fl( +e)
>0 ko>0,koEZ

y (21711'?0)+ia(0)2

1

q(1+¢)/2\ 10T
x Z (2p1<0>+’“(° 27ine _ta(0)> )

1=—00

<C HbHBMO &) sup sup 27k05 ( 0 Z Z oja (0)(g(1+¢€)) “fXJHq (14¢)

>0 ko>0,ko€EZ t=0 j=—00

1
q(1+e€)
X Z 2171(0)+ 2171 . ~te(0)

1=—00

ot in_ L. tn a+e)
<C||b||BMO (Rn) Sup sup 27 ko8 (692 Z 21,1(0)+%a(0)2m;ta(0))

>0 ko>0,ko€Z =0 i=—oo
X ~a(,0),0 1om
HfHMKa,(p)l?»))e(R )
m
<C bl Brorn) ||f||MKgfzfl’<q.)>’e(R") '
Combining the estimates for E; and FE, yields

A(4),b m )
Ty S W W

which completes the proof.
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A NOTE ON A NEW SHARP RESULT IN SPACES OF
PLURIHARMONIC FUNCTIONS AND RELATED PROBLEMS

ROMI SHAMOYAN!

ABSTRACT. We provide a new sharp result in Bergman spaces of pluriharmonic
functions related to the trace operator, extending previously known assertions. Re-
lated new estimates for other pluriharmonic spaces in product domains will be also
discussed.

1. INTRODUCTION

Let n € Nand C" = {z = (21,...,2,): 2z € C,1 <k <n} be the n-dimensional
space of complex coordinates. We denote the unit polydisk by

U'={2e€C": |z| <1,1<k<n}
and the distinguished boundary of U™ by
T ={2e€C": |z|=1,1<k<n}.
We define Lusin cone in a usual manner as follows
L) ={{2€U: |1 —2¢ <a(l—|z])}, wherea>1¢eT.

We use my to denote the volume measure on U™ and m,, to denote the normalized
Lebesgue measure on T". Let H(U™) be the space of all holomorphic functions on
U™. When n = 1, we simply denote U by U, T* by T, mo, by my, m, by m. We
refer to [4,5,13] for further details.

Key words and phrases. Trace operator, pluriharmonic functions, analytic functions, product
domains, polydisk, unit disk.
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The Hardy spaces, denoted by H?(U™), 0 < p < +00, are defined by
HP(U™) = {f € HU™): sup My(f,r) < —i—oo},
0<r<1

where

M(F) = [ AFGOP dma(©), Muo(fir) = max|£(rE)].
€ (0,1), f € H(U™).

As usual, we denote by @ the vector (aq, ..., ay).
For a; > —1,5=1,...,n, 0 <p < +o0, recall that the weighted Bergman space
AL(U™) consists of all holomorphic functions on the polydisk satisfying the condition

(see [4,5,13])
1AW = [ PP TI = [2P) 7 dma, (2) < +oo.
“ ur i=1
Let
7 = {(ky,... kn): k; € Zy = NU{0}},
2" ={(ky,...,kn): kj€Z_,j=1,...,n}.

If w is n-harmonic (harmonic by each variable), then as usual

—+o00 n
u(r e, ... et = E Chy.. e | | Tl. il gikies
k1,....kn=—00 7j=1

We define a fractional derivative of order « of an n-harmonic function in a usual
way as follows

I F(a+]k!+1) n Ik

Doy (Fei?) = Chroton ryoletii,
kl,...,kznz—oo ' F(a + 1>F<|k| + 1) j=1 !
where
C(a+ k| +1) _ﬁ I'(aj + |k +1) o> —1
— ; .

Do+ DI(|k] + 1)
Let further

hP (@) = {u is n—harmonic:/ T = |z)) |u(z1, - . ., 20) [ dmo, (2) < 400,
U p=1

F(Oéj + 1)F(|]€]| + 1)7

J=1

O<p<+oo,04k>—1,k:1,...,n}.

Note that it is easy to check that D*u is n-harmonic if u is n-harmonic.
We will call a function u pluriharmonic if u = Re(f), f € H(U™), and we denote

hP(&) = {u is pluriharmonic: [wllpo(ay < +o0}-

If1 <p< +4o0,j =1,...,n, both h(a) and h?(&) are Banach spaces, for
0<p<1,j=1,...,n, h?(a) and h?(d) classes are quasinormed spaces.
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Some interesting results for pluriharmonic functions can be found in [8-13]. Some
results on related plurisubharmonic functions can be seen in [6, 7].

Throughout the paper, we write C' (sometimes with indexes) to denote a positive
constant which might be different at each occurrence (even in a chain of inequalities)
but is independent of the functions or variables being discussed.

The notation A < B means that there is a positive constant C', such that g <AL

C'B. We will write for two expressions A < B if there is a positive constant C' such
that A < CB.

2. MAIN RESULTS

Let us remind the main definition.

Definition 2.1 (see [1-5]). Let X € H(U),Y C H(U™) be subspaces of H(U) and
H(U™). We say that the diagonal of Y coincides with X if for any function f, f € Y,
f(z,...,2) € X, and the reverse is also true: for every function g from X there exists
an expansion f(z1,...,2,), f € Y such that f(z,...,2) = g(2).

Note that when diag(y) = X, then || f||, < infg [|®(f)[y, Wwhere ®(f) is an arbitrary
analytic extension of f from the diagonal of the polydisk to the polydisk. The study
of the diagonal map and its applications was first suggested by W. Rudin in [1-5].
Later several papers appeared in which the complete solutions were given for classical
holomorphic spaces such as the Hardy, Bergman classes see [1-5] and references there.
Recently, a complete answer was given for so-called mixed norm spaces in [1-5]. For
many other classes, the answer is unknown. The goal of this note is to add various
new results in this research area.

Theorems on the diagonal map have numerous applications in the theory of holo-
morphic functions. Analogues of the diagonal map problem so-called trace problems
in various functional spaces in R™ are well-known (see, for example, [1-5]).

Note that, very similarly, the definition of the diagonal map (Definition 2.1) can
be extended to spaces of pluriharmonic functions in the unit polydisk. In this case,
the restriction of such a function to the diagonal (z, ..., 2) is an n-harmonic function.
Moreover to the following sharp result is valid.

Theorem 2.1. Let 0 < p < 400, o;j > =1, 5 =1,...,n. Then,
diag(h?(&)) = hp<Zaj +2n — 2), n>1.
j=1

Remark 2.1. Since 71”(62) classes contain holomorphic Bergman spaces in polydisk,
Theorem 1 can be considered as an extension of the theorems on the diagonal map in
AL(U™) - Bergman classes in the polydisk (see [1-5]).

Proof. The proof of Theorem 2.1 almost repeats the corresponding proof for the
classical Bergman classes in the polydisk (see, for example, [1-5]). We add few
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remarks that are needed. For every harmonic function v such that
Lw@wmy—mwmm@)<+m,(1>L0<p<+m,

where

1 n(8+2)
mwxy—mﬁww”>%m( )

—(wa)

1
szl (1 . (zk,i)))ﬁJrQ) de(w).

v(w)(1 — ]w[2)”(ﬁ+2)2Re(

Note that u(z,...,z) = v(z), z € U™, and u is a pluriharmonic function. Indeed to
prove the last assertion we have

+oo
U(w) = Z C’kp‘k\ellw’ w = peze’ 5 = 7”62%0,

k=—o00

L & k| ik0 2 2)—2
w(z1, -y 2n) :C’(ﬁ)/o / Z C'kp| |t (1—p )n(5+ )—
T k=—0c0

POOANRI+2) al gkl
" iy TOTDNR D7

(ko) €27 UL

« [T el pdp it
j=1
T+ 1k +2) & kol ko
= (ﬁ) Z Ck r. J 6z iP5
(1 ,...okin ) EZTLUZ™ LB+ 2)0([k +1) ;257

1 " _
X/g (1 _p2)n(6+2)—2p2(2j:1|k]\)+1dp

K1l kn| ik ik
— Z Ckl 77777 knrl ...frlnn‘e 1¢1 el e "‘p”’
(K1) €2 VLT

hence w is pluriharmonic (see, for example, [1-5]). O

The rest is a repetition of the arguments in the proof of the well-known theorem on
traces in classical analytic Bergman spaces in the unit polydisk. We refer the reader
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to [1-5] for this

/T sup --- Sup |f(217"'7zn)|pd£7

z1€T4(€) zZn €l (€)

q

/01 /z1|<T o /Izn<r FEI ﬁ<1 = [2))* dms, (2) p (1- T)BdT

j=1
(we consider only g = p case for this quazinorm below).

The proofs of these assertions, as in the case of Bergman spaces which were consid-
ered above, are the similar to the proofs for analytic function spaces cases provided
earlier in [3].

We denote last two spaces indicated in the polydisk by MP9 and N g 5 of plurihar-
monic functions.

Theorem 2.2. 1) We have
Moo (U) C diag(MP9)(U"),

where || =Y 5o, 0 <p <400, a=(a,...,0), 05 >—1,7=1,...,n
2) We have

h§+|a\+2n—1(U) C dlag(Ng,ﬂ)(Un)v
where 0 < p < 400, o;j > —1,5=1,...,n, > —1.

Related problems on the diagonal can be considered for Bergman-Sobolev type
function classes of n-harmonic functions, that is, for spaces of n-harmonic functions
with finite quazinorms HDﬁ f HAP with some restrictions on the parameters p, a and 5.
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STUDY OF DOUBLE PHASE-CHOQUARD PROBLEM IN
GENERALIZED y-HILFER FRACTIONAL DERIVATIVE SPACES
WITH p-LAPLACIAN OPERATOR

ELHOUSSAIN ARHRRABI' AND HAMZA EL-HOUARI?*

ABSTRACT. In this paper, our focus is on a specific class of non-linear -Hilfer
fractional generalized double phase-Choquard differential equations involving the
p-Laplacian operator with Dirichlet boundary conditions. The equation is given by:

VPV = 7G(u(x)) T u in
LB _</Q xyP\d)g( (1), i,

u =0, on 01,
with £7%% is defined as:
LBy = DY (|Dgf;¢u|p—2 DY u + a(a) DY w12 Dgf;wu)’

where ]D)%’ﬁ ¥ and ]D)'OYL;B ¥ are y-Hilfer fractional derivatives of order % <7v<1
and type 0 < 8 < 1 and a(-) is non-negative weight function, and G(-) represents
Choquard nonlinearities satisfying a certain growth conditions. By employing the
mountain pass theorem without the Palais-Smale condition, along with the Hardy-
Littlewood-Sobolev inequality, we establish the existence of a weak solution to the
aforementioned problem. Our main results are novel and contribute to the literature
on problems involving -Hilfer derivatives with the p-Laplacian operator. This
investigation enhances the scope of understanding in this specific class of problems.

Key words and phrases. Generalized -Hilfer derivative, double phase-Choquard equation, moun-
tain pass theorem, Hardy-Littlewood-Sobolev inequality.
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1. INTRODUCTION

The equation known as the Choquard equation, given by

2

(1.1) —Au+u= </ u(y) dy) u, u€ H'(R?),
B |2 — |

was initially introduced by Choquard in 1976 and has since captured considerable
attention in the realms of physics and mathematical analysis [35]. This equation
serves as an approximation to the Hartree-Fock theory of a one-component plasma,
providing insights into intricate interactions between particles. Lion in [33] studied
the normalized solutions of the following problem

(1.2) —Au+ I = (/R3 w?(y)V (o — y|)dy> u(z), in R

where V' is some given positive function. In the special case where V' = 1/|z|,
equation (1.2) returns to equation (1.1). Furthermore, Penrose proposed it as a model
for elucidating the self-gravitational collapse of a quantum mechanical wave function,
underscoring its significance in comprehending essential quantum phenomena [36].

In the context of Choquard equations driven by a p-Laplacian operator, P. Le in
[32], established the existence of weak solutions to the following semilinear Choquard
equation, which appears as a model in quantum mechanics,

1 _
—Ayu = <|x’n_a * \u]q> lu|"?u, ueR",

where 2 < p < ¢ < n and max{0,n — 2p} < a < n. In [1], the authors studied the
existence of semiclassical ground state solutions to the following generalized Choquard

equation
—Ayu+ |ufP~? = (/RS Mdy> flu(z)), in R™

Alternatively, the fractional diffusion integrodifferential equation problems are as
follows

2 tT (2, 7)(t — )~ O+

13 (Caaln= / ESY
T(2,0) = 6(z), T(0,6)=0, t>0.

dr, r€eR",a>0,0< <1,

The authors in [46] discuss the exactly solution and the asymptotic behavior of the
problem (1.3) for different values of A, i.e., for A = 1 and 0 < A < 1. The authors in [31]
solved exactly the following fractional diffusion equation based on Riemann-Liouville
fractional derivatives

Dg+f(7“, t) - CaAf(T’ t),

where f(r,t) denotes the unknown field and C,, denotes the fractional diffusion con-
stant with dimensions [cm/s®| and D§, is the Riemann-Liouville derivative of order a.
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Numerous researchers have suggested employing fractional time derivatives to ad-
dress problems involving linear or non-linear differential equations. The essential
question is whether there exists a connection between fractional derivatives and gra-
dient terms. The answer is provided in [45], where the authors extend gradient
elasticity models to characterize materials exhibiting fractional non-locality and frac-
tality. They derive a generalization of three-dimensional continuum gradient elasticity
theory, starting from integral relations and assuming a weak non-locality of power-law
(fractional) type. This results in constitutive relations featuring fractional Laplacian
terms, achieved through the application of fractional Taylor series in wave-vector
space. Subsequently, the authors explore non-linear field equations with fractional
derivatives of non-integer order to describe nonlinear elastic effects in gradient materi-
als with power-law long-range interactions within the framework of weak non-locality
approximation. The specific constitutive relationship detailed in this study could
serve as the foundation for developing a fractional extension of deformation theory
in gradient plasticity. On the other hand, related to the double phase problem, the
stationary general reaction diffusion double-phase is given by the form

(1.4) uy = div[A(2)Vu] + b(z,u), with A(z) = |VulP~? + |[Vu|? 2,

where the function u represents a concentration, and div[A(x)Vu] relates to diffusion
with diffusion coefficient A(x). The term b(x,u) corresponds to sources and loss
processes, and this type of problem has applications in physics and allied fields such
as biophysics, plasma physics, solid state physics, and chemical reaction design. For
more information, refer to [4,7]. One example of this type of problem is the following
equation:

—Apu— Agu+ [ulP2u+ |u|fu = flr,u) iR 1< p<g<+oo,

which is connected with the general reaction-diffusion system (1.4). The equation
involves two distinct materials with power-hardening exponents p and g. Many authors
have established existence, multiplicity, and regularity results for this type of problem
in bounded or unbounded domains, as discussed in [23,24,30] and the references
therein.

In the context of fractional differential equation boundary-value problems with
p-Laplacian operator, for the existence and non-existence of weak solutions to the
nonlinear examination of solution existence and stability can be found in [39], the
equation as the form

D5 (DG ula) P2 DG ulz) ) = Mu(e)P~u(z) + b{a) u(a) " u(a),
IgJ(rB—l)ﬂbu(O) _ Ig(ﬁ—l);¢u(T) =0,

where ]D)g"f i ]D%’ﬁ ¥ are y-Hilfer fractional derivatives left-sided and right-sided of
order L <o <1, type0<B<1,1<qg<p—1< oo, be LX(Q)and I
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Ig(ﬁ D are 1-Riemann-Liouville fractional integrals left-sided and right-sided, for all
reQ=10,T].

In 2023, Sousa et al. [44], discussed the existence and regularity of weak solutions for
-Hilfer fractional boundary value problem by using an extension of the Lax-Milgram
theorem to the following nonlinear boundary value problem

D5 (DG ule) P2 D (@) + u(@) = A0(tu(@), ¢ e (0.7)
Ig&gil);wu(()) _ Ig(ﬁfl);wu(T) —0,
where D3 ]D)S"f ¥ are -Hilfer fractional derivatives left-sided and right-sided of
order 3 < a < 1, type 0 < 3 < 1, respectively, Igiﬂ_lw, I?‘B‘W are t-Riemann-
Liouville fractional integrals left-sided and right-sided of order (/5 — 1), respectively,
A is a parameter and @ : [0,7] x R — R is a continuous function.
In [38], the authors established the existence of solutions to the following new class

of singular double phase p-Laplacian equation problems with a -Hilfer fractional
operator combined from a parametric term, namely:

D%ﬁ;w<|®gﬂwu|p_2 Dgf;wu + M($)|D8"+B;wu|q_2 Dgé,f;wu>
= &(2)u™ + A", in Q=10,7T] x1[0,T],
u =0, on 0f).

We can not quote all reference in the existence of solution for fractional equation, for
that we refer for interesting reader to [2,3,5,8-22,25-29, 40-45].

Motivated by these results, we turn our attention to the exploration of the exis-
tence solution in a suitable fractional ¢-Hilfer derivative space for the double phase-
Choquard problem with p-Laplacian operator presented in this paper, namely

(15) LVFivy = (/Q Mdm) g(u(y)), inQ,
u =0, on 012,
with
LBy, — D“j@ﬂ%¢<|mgf;¢u|p—2 D%y + a(z)| DY) Dgfﬂﬁu)?

where DJ" and ID)gf ¥ are ¢-Hilfer fractional derivatives of order % < v <1and

type 0 < 5 < 1 and a(x) is non-negative weight function with compact support in
and g : RN — R is a continuous function satisfying:

(1) N>2,1<p<N,p<q<p+ F and a(-) € C°(Q2) with 0 < o < 1;
(g92) the growth condition, i.e.,
lg(&)] < cl<|§|”_1 + |§|r2_1)7 for all £ € RY and ¢; > 0,
where

(1.6) p<7Try < 7Tre < pt,
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and 7 = 2N/(2N — )\) > 1 and p* being the critical Sobolev exponent to p;
(g3) there is o > ¢ such that

3
0 <aG(€) <2g(&)E,  where G(€) ::/O g(T)dr.

To our surprise, these results represent the first contributions available in the
literature for the w-Hilfer fractional generalized double phase-Choquard differential
equations involving the p-Laplacian operator with Dirichlet boundary conditions
within the framework of i-fractional derivative space Hgff{ﬂ) Our approach to
establishing existence results for problem (1.5) hinges on utilizing the mountain pass
theorem without the Palais-Smale condition [6]. Initially, we demonstrate that the
energy functional € connected to the problem (1.5) adheres to the mountain pass
geometry. We establish the boundedness of a sequence {uy}ren in Hgﬁw(ﬁ) that
does not satisfy the Palais-Smale condition. Ultimately, we leverage the properties of
the transformed sequence along with technical skills to achieve the existence result
for problem (1.5). One of the key challenges in this approach lies in utilizing the
Hardy-Littlewood-Sobolev inequality for nonlinearities involving v-Hilfer fractional
derivative.

This work is organized as follows. In Section 2, we provide a brief overview of
the key features of Musielak spaces and -fractional derivative spaces. Moving on
to Section 3, we present the existing solutions to problems (1.5), along with their
corresponding proofs.

2. PRELIMINARY

In this section we refer to [38]. Consider the nonlinear function H : Q@ x Rt — R*
defined by

H(x,u) = uP + a(x)ul.
Let M (Q2) be the space of all measurable functions u : 2 — R. Then, Musielak space
L (Q) is given by
Q) = {u e M(Q) : "(u) = [ 3z ul)dr < +oo},
Q
equipped with the Luxemburg norm

||ul|s = inf {6 >0: 0" <§> < 1}.

Moreover, we define the weighted space

L9(Q) = {f eM(0): [ a(a)lffdr < —l—oo},

1£llag = (/Qa(x)|f|q>q.

with the seminorm

=
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y-fractional derivative space. Let A :=[c,d], —oc0o <c<d< 400, n—1<7vy<mn,
n €N, f, ¢ € C"(I,R) such that 1 is increasing and ¢'(x) # 0, for all u € A.
e The left-sided fractional ¢—Hilfer integrals of a function f is given by

(2.1 L) = 5 000 = vw) .

e The right-sided fractional w—Hllfer integrals of a function f is given by

(2.2) I"f(x / V()W) — D) E(y)dv.

e The left-sided v-Hilfer fractlonal derivatives for a function f of order v and type
0 < B <1 is defined by

D%ﬂ;iﬁf( )_Iﬁ(n v)w< 1 d

- nI(l—B)(n—v);wf .
o @) ! o

e The right-sided v-Hilfer fractional derivatives for a function f of order v and type
0 < B <1 is defined by

) 1 d
DVBYE(p) = TP ( B > (A=A =)
c (.CL') d w/(x) dx d ( )
Choosing 3 — 1, we obtain 1-Caputo fractional derivatives left-sided and right-sided,
given by

v; _1(n—); 1 . d\" T
v (n—7)5 1 d\" o
(2.4) DI () =1 (- T dw) £(z).

Remark 2.1. The -Hilfer fractional derivatives defined as above can be written in
the following form

Dz,ﬁ;wf(x) — I/;—W;tz;tbf(x)
and

]D)Z’B;wf(x) — Ig—w;wm;wf@,
with g = v + B(n —~) and I#%% T47% D7% and D} as defined in (2.1), (2.2),
(2.3) and (2.4).

In this paper, we take Q = Ay X -+ X Ay = [¢1,d1] X -+ X [en, dn]| where 0 < ¢; < d;
foralli € N, 0 <~y,...,7v < 1. Consider also 9(-) to be an increasing and positive
monotone function on (¢1,dy), ..., (cy,dy), having a continuous derivative 1'(-) on
(Cl, dl], ceey (CN, dN]

e The -Riemann-Liouville fractional partial integral of order ~ of N-variables
f=(fy,...,fy) is defined by

g /A 1 /A 2 /A ) — ¥(y))(y)dv,
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with ¢/ (y) (¥ (2) =¥ (y) )~ = @' (vi) (P(21) = (vi)) 7 (on) (Y (zn) =P (on) )V
and I'(y) = (7)) (72) - - - T'(yw), us = uqug -+ - uy and dv; = dvgdo, - - - doy, for all
ie{l,2,...,N}.

e The 1-Hilfer fractional partial derivative of N-variables of order v and type
(0 < B < 1) is defined by

]D)%B_”pf(xi) — Iﬁ(n_—v);lb( 1 . aN)I(l__B)("_V);wf(xi),
C,T; C,T; ¢/($Z) 8ZUZ C, T4
with Ox; = 0xq,0xs,...,0xy and ¢'(x;) = U'(z1)Y (z2) - - - Y/ (zn) for all ¢ €
{1,2,..., N}. Analogously, it is defined Dgid’()
e The left-sided t-fractional derivative space Hgﬁﬁ’(ﬂ) is defined by

5 (Q) = {u e L(Q): DI u| € LY(Q);u=0a.eQ\ o},
equipped with the norm
lullose = D32 wllac + llullac,

where H]D)gf;wUH}c = ||]]Dgf;¢u|||}(.

v,85¢
Remark 2.2. Note that Hgﬁ%Q) = C’OOO(Q)HO’“ @

H5" () is given by [lullogc = 1D ulls.

, and the equivalent norm on

The results below will be needed for our purposes.

Proposition 2.1 ([39]). Let (g1) be satisfied. Then, the following embeddings hold:
(1) L™(Q) — L"(Q2) and WHH(Q) — WL(Q) are continuous for all v € [1,p];
(i) WIH(Q) — L"(Q) is continuous for all r € [1,p*];

(ii1) WHH(Q) — L™(Q) is compact for all r € [1,p*);

(iy) L™(Q) — Li(Q) is continuous;

(vi) L)) — L(Q) is continuous.
Proposition 2.2 ([39]). Let (g1) be satisfied, v € L*(Q), ¢ > 0 and o™ previously
defined. Then, the following hold:

(i) if v # 0, then ||v||sc = c if and only if o™ (%) =1;

(ii) ||v|lsc < 1 (resp. > 1,=1) if and only if 0*(v) < 1 (resp. > 1,=1);

(idd) if vllac < 1, then o5 < o”(v) < ||vl3;

(i) if [Jvllse > 1, then [[o][5 < o™ (v) < [[yll5;;

(y) l|v]lsc — 0 if and only if 0" (v) — 0;

(vi) ||v|lsc = +oo if and only if o™ (v) — +o0.

Proposition 2.3 ([39]). Let (g1) be satisfied. Then, the embedding Hgf{w(ﬂ) — L"(Q)
is continuous for all r € [p,p*].

Remark 2.3. From (1.6) and Proposition 2.3, we have
(2.5) Hyw(Q) = L™(Q), withr; € [p,p*],i=1,2.
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Proposition 2.4 (Hardy-Littlewood-Sobolev inequality). Let p,q > 1 and0 < A < N
with 1/p+ A/N +1/q =2, f € LP(Q) and g € LY(Y). Then, there exists a sharp
constant C(p, N, X, q), independent of f, g, such that

1) )

2.6
(2.6) axq | —y|?

< Clp, N, A QI lle gl Loy

3. MAIN RESULT
Our first main result is the following.

Theorem 3.1. The problem (1.5) has a nontrivial solution under the conditions
(91)-(93)-

In the proof of Theorem 3.1 we will use variational methods. The energy functional
¢ Hgfﬂ(@) — R associated with (1.5) is given by

1, s
E(u) = *IID”MUIlﬁ + glngf’%HZ,q = U(u),

2// |x—y|’\ ))dxdy.

Theorem 3.1 is proved in several steps.
Step 1. The energy functional € satisfies the mountain pass geometry, i.e., satisfies
the following lemma.

where

Lemma 3.1. The functional € exhibits the following characteristics.
(i) For sufficiently small p > 0, €(u) > n holds for u € HV’M’(Q) with ||ullosc = p,
where n > 0.
(13) There exists an element e € HVBlﬁ(Q) such that ||e||logc > p and &(e) < 0.

First, we need to demonstrate the following useful property.

Proposition 3.1. For each v € H”W(Q), we have the following property: G and gv
are belong to L7(2).

Proof. Due to (gq), if u € R and u(z) # 0, then
(3.1) lg(u(@))| < ex(u(@)]" 7 + fu(z)[> 7).

Also, from the last inequality, we deduce

|G(v)| = / g(z)dz| < cl/ (|u|”_1 + \u|r2_1>da: < cl(|"0|’"1 + ‘U|T2).
0 0
Hence,

(3:2) G)[™ < cafo ™+ [o[72),

where ¢ = ¢]. Now, utilizing (2.5), we deduce that G € L7(2). By a similar argument
as above, which applies to g(u)v, we deduce that gv € L™(1). O
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Lemma 3.2. For each u € ]H['Yﬂw(Q). We have the following properties:

(4)

/QXQ |G(u(:v|)£g_(t;(|zi))v(y)|dxdy < 400, forallv e C§(Q);

(i)

| Clu@)a@w)oWl 4.4, < ClG @l gl for allv € CF(@).

|z —y|?

Proof. Taking into account Proposition 3.1, equations (2.5), (3.1), and the fact that
(a+b)P < 207 1(a? +bP), for every a,b > 0 and 1 < p < +o0, as well as Proposition 2.4,
we arrive at the proof of Lemma 3.2. O

Corollary 3.1. For each v € Hwﬁzﬁ(Q), with ||vllose < 1, the sequence
{llg(ug)v||r-} k € N is bounded.

Proof. Due to (3.1) and (2.5), we obtain

[ gty e [ (a0 + fue ()0 ) o)l dy
r1—1 1 rg—1
"1 Tr & Tr 2
(i) ™ (f1otran) ™ ( [ lua)
Q Q Q
’7’7‘2d T2
< ([ Iwl)mdy) ]

1 T T(ro—1 T
I 0@ + @I o))

(
(33 <aa [l IER ™ + ) 15557 ) < +oo.

<co

O

Corollary 3.2. The function € belongs to C* (H&’%WQ),R), and we can express it
as follows:

¢ (u)v —/ (|D75w |p 2 D7ﬁ¢u + a(x)|]D)gf;¢u|q_2 Dg;ﬁwu) ]D)gf;d’vdx

(3.4) / / 2 —y|)‘)) (y)dxdy,

for all u,v € HV'Blp(Q).

Proof. Using the analysis presented earlier, along with a similar approach as in
Lemma 3.2 of [1], we confirm the validity of this corollary. O
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Proof of the main Lemma 3.1. Let prove (7). Applying Propositions 3.1, Lemma 3.4
and Proposition 2.4, we have

[ G gy < oy

|z —y|?

for all u € HWﬁw(Q). Due to (3.1) and (3.2), we have

35 1GWlr@ < ealullfn + lalln ) < sl + lulih),

where ¢; is a constant that does not depend on u € ]HI’YM’(Q) with ||ullos =
D3 ullsc + lulls < 1 we get that

€() 2 ZIDFull + <103 el = ol + el

z%M%ﬂ—woww%+mma)

where ¢g and ¢; are constants that do not depend on w. The fact that ro > p/2, then
the result follows by fixing ||u||o5 = p with p > 0 small enough.
Let prove (i7). Let us fix ug € Hgfﬂ(ﬂ)\{D} with ug > 0 and define

J(t) = G(x, |t“0

)7 for t > 0,u € Q,
|U0||0,9{

The condition (g2) implies that

‘5((;)) > % for ¢ > 0,
Integrating this over [1, s||ugl|os¢] with s > m we get
G(z, sug) > G(m, 0) (8||U0||0,j}f)a/2.
[[uollos¢
With this, we are able to compose
(su0) < IDR Vol + = IDF wl,

swmm%/ /G(,M) ( uo>
_— — 12V dy |G dx
2 Ja =y )T g

Since o > ¢ > p we can choose s > large enough such that e = suy with

[[uo ||

lellosc > p and €(e) < 0. This finishes the proof of the main Lemma 3.1. O

Step 2. The sequence {uy}ren, which does not satisfy the (PS)-condition, is a
bounded sequence in Hl’ 2 w(Q) Recalling that the mountain pass theorem without the
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Palais-Smale condition (refer to [6], Theorem 5.4.1) states the existence of a sequence
{ug }ren C Hgﬁ%@) such that:

(3.6) E(ug) — 0
and
(3.7) ¢ (uy) — 0,

where 6 > 0 is the mountain pass level defined by
6 := inf sup €(y(t)),

€L te(0,1]
with
D=1y € C(Hyy" (), Hy5P (Q)) : 7(0) = 0,~(1) =
. Y 0,H » =20,H i Y €r.
Concerning the sequence mentioned earlier, we observe the following auxiliary
characteristic.

Lemma 3.3. The sequence {uy}ren is bounded in ]HI”W(Q).

Proof. Note that

(3.8) € (up) —

¢ (ug)u
<O]:)k S 0 + 1 + HukHog-f,

for k large enough. Moreover, from Proposition 2.2 and (g3) we have for [Jug|/osc > 1
that

¢ 1 1
() - S (1 )||D”% ||z+(q D)oz,

o p
// (@, ux(@)) (g(v, u(y))ur(y)  Gv,u(y)) ddy
|z — yP a 2
1 1
. >(-—— .
(39 L
Hence, (3.8) and (3.9) owing to the boundedness of {uy }ren in Hgﬁfd’(ﬂ) O

Step 3. Existence of solution, i.e., critical point of €.
First, we need the following two lemmas.

Lemma 3.4. The following limits hold for a subsequence:
(i)
/ Gla, u(2))g(v, u@)oly) , o Gz, u(x))g(v, u(y))v(y)
axQ |z —y|* axQ |z — y|A
for all v e CX(Q);
(i)

dxdv,

dxdy — 0,

[ G, ur(2)) (9(v, u(y)v(y) = 9(v,uly))v(y))

lz —y|*
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for allv e CX(Q);

(441)
// (1 |x_y|§) drdy %// ‘x_yp)) W) g,
for all v € C(Q).

Proof. (i) Lemma 3.3, (2.5), and Proposition 3.1 collectively establish that {G (ux) }ren
forms a bounded sequence in L7(R"). Leveraging the continuity of GG, along with the
previously mentioned information and the pointwise convergence G(uy(z)) — G(u(z))
almost everywhere in R”, we deduce that G(ux) — G(u) in L™(R"). By virtue of
Proposition 2.4, it follows that the function

_ w(z)g(u(y))v(y) .
w)—/Q/Q SO weL)

defines a continuous linear functional. Since G(ug) — G(u) in L7(Q2), it follows that

// (1 !:c—y!g) dxdy —>// ‘x_y‘A))v(y)d:I:dy,

which proves (i).
For (ii), since {G(uy)}ren is bounded in L7(2), we have

/ Gup(x)) (g(ue(y))v(y) — Q(U(y))v(y))dxdy
Qx0

|z —y|A

SCSHG(W)HLT(mHg(“’C)U — 9w L™(Q)

Let v € CX(Q). Since 2 is bounded the compactness of the embeddings

Hg:?{”’((z) — L7(Q), implies that there exist h € L™ (Q) and w € L™?(Q2) such
that

(3.10)  up(r) = u(z) aein Q, |ug(z)| < h(z) and  |up(z)| < w(z)a.e in .

Combining (3.10) with Lebesgue’s dominated convergence theorem, we infer that
lg(ur)v = g(w)v]| - @) = l9(ur)v = g(u)v]| @) = 0.

The proof for (ii) is now complete, and (izi) directly follows from both (z) and (i7). O

Proposition 3.2. Let hypotheses (g1)-(g3) be satisfied. For a subsequence of {ur} oy,
we have

]D)gf’wuk — Dg’f’wu, pointwise a.e. in €.

Consequently, it holds
—2 —2 N
(3.11) gV ue| DRy, = (D3] DY, in L9 ()]
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(3.12) Dy w|" Dy — DR | D, i LT (@)
Proof. We refer to the proof of Lemma 13 in [37]. O
Lemma 3.5. The function u is a critical point of €.
Proof. First of all, we claim that
¢ (up)v — E'(u)v, for all v € C(Q).

To verify such limit, note that

¢ (u)v :/ <|]Dgf”’bu|p_2 Dgf% +a(z )|Dvﬂwu|q—2 Dgfﬂpu) 'Dgf;wvdx

/ / |x—y|x)) ®) gray,

Lemma 3.4, Proposition 3.2 owing to

G (ur(2))g(ur(y))v(y) G (u(r))g(uly))v(y)
3.13 / dxd dad
(3:13) axQ |z — y|A Y Joxa |z — y|* v
and

|Dg,+ﬁ¢ |p 2 ]DVBwukjLa(x) |Dg,+ﬂw |q 2 Dvﬂiﬁ
(3.14) = DI ulP? DIV + az)| DY u|? DI Y.

From relations (3.13) and (3.14), the claim follows. As €'(ug)v — 0, this claim implies
that & (u)v = 0 for all v € C(R™). With the knowledge that C2°(R") is dense in
Hgﬁcw(ﬁ), the lemma follows. O

Proof of Theorem 3.1. If u # 0, then u serves as a nontrivial solution, concluding the
theorem. However, if u = 0, the task is to locate another solution v € Hw{ PP@)\{0}
for equation (1.5). In pursuit of this objective, the assertion presented below plays a
pivotal role in our reasoning.

Claim. There exist s > 0, ¥ > 0 and a sequence (v,,), C €2 such that

(3.15) lim inf |ug(z)[Pdx > 9 > 0.

n—-+oo B, (Un)

Proof. In fact, if the above claim does not hold, by Lions’s lemma ([34], Lemmma
[.1), one has

(3.16) up — 0, in L7(Q).

Moreover, Proposition 2.4 owing to,

// (ur(z ’$_y’(g))uk(y)dxdy

< ClIG (un (@) o lg (wr () () || (<)
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By (3.3), (3.5), and 3.16, we obtain that
/|Guk )|"dz — 0 and /|guk y))u(y)|"dy — 0.

Therefore,

L/‘(?(uk(x))g(uk(y))uk(y)

|z =y
Using (3.7) together with (3.17) give

/ <|Dgf;¢u|p_2 Dy u + a(z) DY ulr=? DY ) Dy vdr — 0.
Q

(3.17) dxdy — 0.

This limit leads to &(ug) — 0, which contradicts (3.6). O
Due to the next lemma, we finish the prove of Theorem 3.1.

Lemma 3.6. Let {ug}tren C Hgff(ﬂ) be such that € — 0. Then, there exists
{Uk }ren C Q such that the translated sequence
0= ug(T + Ug)

has a subsequence which converges in HVBw(Q).

Proof. By utilizing the fact that € (ug)ury — 0 and E(ug) — 6, we can employ the
same reasoning as in the proof of Lemma 3.3 to demonstrate that the sequence {uy }ren
is bounded in Hgﬁcw(Q) Then, considering ux(z) = ux(z + 7x) and a subsequence, we
can find @ € Hg%w(ﬂ) such that @, — @ in Hvﬁlb(ﬁ) and @ # 0 according to (3.15).

Furthermore, for (t;)reny > 0, we can construct 0y = tty € Hg}ﬁcw(()) Then,

E(vy) < max E(tuy) = E(uy),

and so

(3.18) &) — 0.

Since (3.18) holds, we have that {0y }xen is bounded in ]HI'Y’B 2%(€2), which implies that
we can assume U — 0 in H”’B (). Moreover, (tg)ren is bounded and converges to
to > 0. Suppose for contradlctlon that ¢ty = 0. Then, by the boundedness of {uy }ren,
we have [|0g||o5c = ti||txllo5c — O, which contradicts () — 6 > 0. Hence, ¢, > 0.
Since the weak limit is unique, we have v = tou and u # 0. Thus, ¥, — 0 in Hv’ﬂ w(Q),
and consequently 4 — @ in H75¢(Q). O

REFERENCES

[1] C. O. Alves and M. Yang, Ezistence of semi classical ground state solutions for a generalized
Choquard equation, J. Differential Equations 257(11) (2014), 4133-4164. https://doi.org/10.
1016/j.jde.2014.08.004

[2] E. Arhrrabi and H. El-Houari, On a class of generalized capillarity system involving fractional
-Hilfer derivative with p(-)-Laplacian operator, Math. Math. Methods Appl. Sci. (2024), 1-23,
https://doi.org/10.1002/mma. 10495.


https://doi.org/10.1016/j.jde.2014.08.004
https://doi.org/10.1016/j.jde.2014.08.004
https://doi.org/10.1002/mma.10495

DOUBLE PHASE-CHOQUARD PROBLEM 1101

[3] E. Arhrrabi and H. El-Houari, On a class of generalized capillarity phenomena involving fractional
W-Hilfer derivative with p(-)-Laplacian operator, Kragujevac J. Math. (2026) (to appear).

[4] G. M. Bisci, V. D. Radulescu, and R. Servadei, Variational Methods for Nonlocal Fractional
Problems, Cambridge University Press, 2016.

[5] L. S. Chadli, H. El-Houari and H. Moussa, Multiplicity of solutions for monlocal parametric
elliptic systems in fractional Orlicz-Sobolev spaces, J. Elliptic Parabol. Equ. 9(2) (2023), 1131-
1164. https://doi.org/10.1007/s41808-023-00238-4

[6] J. H. Chabrowski, Variational Methods for Potential Operator Equations: with Applications to
Nonlinear Elliptic Equations, Walter de Gruyter, 2011.

[7] E. Di Nezza, G. Palatucci and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces,
Bull. Sci. Math. 136(5) (2012), 521-573. https://doi.org/10.1016/j.bulsci.2011.12.004

[8] H. El-Houari, H. Moussa and H. Sabiki, Multiplicity and concentration properties of solutions
for double-phase problem in fractional modular spaces, J. Elliptic Parabol. Equ. (2024), 1-47.
https://doi.org/10.1007/s41808-024-00278-4

[9] H. El-Houari, L. S. Chadli and H. Moussa, FEzistence of a solution to a nonlocal Schréidinger
system problem in fractional modular spaces, Advances in Operator Theory 7(1) (2022), 1-30.
https://doi.org/10.1007/s43036-021-00166-x

[10] H. El-Houari, L. S. Chadli and H. Moussa, Existence of solution to M-Kirchhoff system type,
7th International Conference on Optimization and Applications (ICOA), IEEE, (2022), 1-6.
https://doi.org/10.1109/IC0A51614.2021.9442669

[11] H. El-houari, H. Moussa and L. S. Chadli, A class of elliptic inclusion in fractional Orlicz-
Sobolev spaces, Complex Var. Elliptic Equ. 69(5) (2024), 755-772. https://doi.org/10.1080/
17476933.2022.2159955

[12] H. El-Houari, L. S. Chadli and H. Moussa, A class of non-local elliptic system in non-reflexive
fractional Orlicz-Sobolev spaces, Asian-Eur. J. Math. 16(07) (2023), Article ID 2350114. https:
//doi.org/10.1142/51793557123501140

[13] H. El-Houari, H. Sabiki and H. Moussa, On topological degree for pseudomonotone operators in
fractional Orlicz-Sobolev spaces: study of positive solutions of non-local elliptic problems, Adv.
Oper. Theory 9(2) (2024), 16 pages. https://doi.org/10.1007/s43036-023-00313-6

[14] H. El-Houari, L. S. Chadli and H. Moussa, A weak solution to a non-local problem in fractional
Orlicz-Sobolev spaces, Asia Pac. J. Math. 10(2) (2023), 17 pages. https://doi.org/10.28924/
APJM/10-2

[15] H. El-Houari, L. S. Chadli and H. Moussa, Ground state solutions for a nonlocal system in
fractional Orlicz-Sobolev spaces, Int. J. Differ. Equ. 2022(1) (2022), Article ID 3849217.

[16] H. El-Houari, H. Moussa, S. Kassimi and H. Sabiki, Fractional Musielak spaces: a class of
non-local problem involving concave-convex nonlinearity, J. Elliptic Parabol. Equ. (2023), 1-39.
https://doi.org/10.1007/s41808-023-00252-6

[17] H. El-Houari, L. S. Chadli and H. Moussa, Nehari manifold and fibering map approach for
fractional p(-)-Laplacian Schridinger system, SeMA J (2023), 1-23. https://doi.org/10.1007/
s40324-023-00343-3

[18] H. El-Houari and E. Arhrrabi, Fractional 1)-Hilfer derivative spaces: study of Kirchhoff Problem
with p(-)-Laplacian Operator, Bull. Transilv. Univ. Brabésov Ser. III. Math. Comput. Sci. (2024)
(to appear).

[19] E. H. Hamza, A. Elhoussain and J. V. D. D. C. Sousa, On a class of Kirchhoff problems with
nonlocal terms and logarithmic nonlinearity, J. Pseudo-Differ. Oper. Appl. 15(3) (2024), 52 pages.
https://link.springer.com/article/10.1007/s11868-024-00624~-z

[20] A. Elhoussain, E. H. Hamza and J. V. da C. Sousa, On a class of capillarity phenomenon with
logarithmic nonlinearity involving 0(-)-Laplacian operator, Comput. Appl. Math. 43(6) (2024),
Article ID 344. https://link.springer.com/article/10.1007/s40314-024-02863-8


https://doi.org/10.1007/s41808-023-00238-4
https://doi.org/10.1016/j.bulsci.2011.12.004
https://doi.org/10.1007/s41808-024-00278-4
https://doi.org/10.1007/s43036-021-00166-x
https://doi.org/10.1109/ICOA51614.2021.9442669
https://doi.org/10.1080/17476933.2022.2159955
https://doi.org/10.1080/17476933.2022.2159955
https://doi.org/10.1142/S1793557123501140
https://doi.org/10.1142/S1793557123501140
https://doi.org/10.1007/s43036-023-00313-6
https://doi.org/10.28924/APJM/10-2
https://doi.org/10.28924/APJM/10-2
https://doi.org/10.1007/s41808-023-00252-6
https://doi.org/10.1007/s40324-023-00343-3
https://doi.org/10.1007/s40324-023-00343-3
https://link.springer.com/article/10.1007/s11868-024-00624-z
https://link.springer.com/article/10.1007/s40314-024-02863-8

1102 E. ARHRRABI AND H. EL-HOUARI

[21] H. El-Houari, L. S. Chadli and H. Moussa, Multiple solutions in fractional Orlicz-Sobolev spaces
for a class of nonlocal Kirchhoff systems, Filomat 38(8) (2024), 2857—-2875. https://doi.org/
10.2298/FIL2408857E

[22] H. El-Houari, H. Sabiki and H. Moussa, Multivalued elliptic inclusion in fractional Orlicz-
Sobolev spaces, Complex Anal. Oper. Theory 18(4) (2024), 94. https://doi.org/10.1007/
s11785-024-01541-1

[23] G. M. Figueiredo, Ezxistence of positive solutions for a class of p&q elliptic problems with critical
growth on RN J. Math. Anal. Appl. 378(2) (2011), 507-518. https://doi.org/10.1016/j.
jmaa.2011.02.017

[24] G. M. Figueiredo, Existence and multiplicity of solutions for a class of p&q elliptic problems
with critical exponent, Math. Nachr. 286(11-12) (2013), 1129-1141. https://doi.org/10.1002/
mana.201100237

[25] A. Ghanmi, H. Mguagli, S. Turki and N. Zeddini, Existence of positive bounded solutions for
some nonlinear elliptic systems, J. Math. Anal. Appl. 352(1) (2009), 440-448. https://doi.
org/10.1016/j . jmaa.2008.04.029

[26] A. Ghanmi, Nontrivial solution for Kirchhoff-type problem involving the p(x)-Laplace operator,
J. Math. 48(4) (2018), 1145-1158. https://doi.org/10.1216/RMJ-2018-48-4-1145

[27] A. Ghanmi and S. Horrigue, Exzistence of positive solutions for a coupled system of nonlinear
fractional differential equations, Ukr. Math. J. 71(2) (2019), 39-49. https://doi.org/10.1007/
s11253-019-01623-w

[28] H. El-Houari, L. S. Chadli and H. Moussa, Ezistence of ground state solutions of elliptic
system in fractional Orlicz-Sobolev spaces, Res. Nonlinear Analysis 5(2) (2022), 112-130. https:
//doi.org/10.53006/rna.1021871

[29] H. El-Houari, L. S. Chadli and H. Moussa, On a class of fractional T'(-)-Kirchhoff-Schrédinger
system type, Cubo 26(1) (2024), 53-73. http://dx.doi.org/10.56754/0719-0646.2601.053

[30] C. He and G. Li, The regularity of weak solutions to nonlinear scalar field elliptic equations
containing p&q-Laplacians, Ann. Acad. Sci. Fenn. Math. 33(2) (2008), 337-371.

[31] R. Hilfer, Fractional diffusion based on Riemann-Liouville fractional derivatives, J. Phy. Chem.
B 104(16) (2000), 3914-3917. https://doi.org/10.1021/1p9936289

[32] P. Le, Liouville theorems for a p-Laplace equation with Hartree type nonlinearity, Vietnam J.
Math. (2023) 1-14. https://doi.org/10.1007/s10013-021-00508-5

[33] P. L. Lions, The Choquard equation and related questions, Nonlinear Anal. 4(6) (1980), 1063—
1072. https://doi.org/10.1016/0362-546X(80)90016-4

[34] P. L. Lions, The concentration-compactness principle in the calculus of variations. The locally
compact case, Part 2, Ann. Inst. H. Poincaré C Anal. Non Linéaire 4(1) (1984), 223-283. https:
//doi.org/10.1016/50294-1449(16)30428-0

[35] E. H. Lieb, Existence and uniqueness of the minimizing solution of Choquard’s nonlinear equation,
Stud. Appl. Math. 57(2) (1977), 93-105. https://doi.org/10.1002/sapm197757293

[36] R. Penrose, On gravity’s role in quantum state reduction, Gen. Relativity Gravitation 28 (1996),
581-600. https://doi.org/10.1007/BF02105068

[37] H. M. Srivastava and J. V. da Costa Sousa, Multiplicity of solutions for fractional-order differ-
ential equations via the k(x)-Laplacian operator and the Genus theory, Fract. Fract. 6(9) (2022),
Article ID 481. https://doi.org/10.3390/fractalfract6090481

[38] J. Sousa, K. B. Lima and L. S. Tavares, Ezistence of solutions for a singular double phase
problem involving a ¥-Hilfer fractional operator via Nehari manifold, Qual. Theory Dyn. Syst.
22(3) (2023), 1-26. https://doi.org/10.1007/s12346-023-00794~-z

[39] J. Sousa, C. Vanterler da, J. Zuo and D. O’Regan, The Nehari manifold for a v-Hilfer fractional
p-Laplacian, Applicable Anal. 101(14) (2022), 5076-5106. https://doi.org/10.1080/00036811.
2021.1880569


https://doi.org/10.2298/FIL2408857E
https://doi.org/10.2298/FIL2408857E
https://doi.org/10.1007/s11785-024-01541-1
https://doi.org/10.1007/s11785-024-01541-1
https://doi.org/10.1016/j.jmaa.2011.02.017 
https://doi.org/10.1016/j.jmaa.2011.02.017 
https://doi.org/10.1002/mana.201100237 
https://doi.org/10.1002/mana.201100237 
https://doi.org/10.1016/j.jmaa.2008.04.029
https://doi.org/10.1016/j.jmaa.2008.04.029
https://doi.org/10.1216/RMJ-2018-48-4-1145
https://doi.org/10.1007/s11253-019-01623-w
https://doi.org/10.1007/s11253-019-01623-w
https://doi.org/10.53006/rna.1021871
https://doi.org/10.53006/rna.1021871
http://dx.doi.org/10.56754/0719-0646.2601.053
https://doi.org/10.1021/jp9936289
https://doi.org/10.1007/s10013-021-00508-5
https://doi.org/10.1016/0362-546X(80)90016-4
https://doi.org/10.1016/S0294-1449(16)30428-0
https://doi.org/10.1016/S0294-1449(16)30428-0
https://doi.org/10.1002/sapm197757293
https://doi.org/10.1007/BF02105068
https://doi.org/10.3390/fractalfract6090481
https://doi.org/10.1007/s12346-023-00794-z
https://doi.org/10.1080/00036811.2021.1880569
https://doi.org/10.1080/00036811.2021.1880569

DOUBLE PHASE-CHOQUARD PROBLEM 1103

[40] C. E. T. Ledesma and J. V. D. C. Sousa, Fractional integration by parts and Sobolev type
inequalities for y-fractional operators, Math. Meth. Appl. Sci. 45(16) (2022), 9945-9966. https:
//doi.org/10.1002/mma. 8348

[41] J. V. D. C. Sousa, D. S. Oliveira and S. L. Tavares, Solutions of the mean curvature equation
with the Nehari manifold, Comput. Appl. Math. 43(1) (2024), 24 pages. https://doi.org/10.
1007/s40314-023-02534-0

[42] J. V. D. C. Sousa, K. D. Kucche and J. J. Nieto, Existence and multiplicity of solutions for
ractional k(§)-Kirchhoff-type equation, Qual. Theory Dyn. Sys. 23(1) (2024), 27 pages. https:
//doi.org/10.1007/s12346-023-00877-x

[43] J. V. D. C. Sousa, D. S. Oliveira and R. P. Agarwal, Existence and multiplicity for fractional
Dirichlet problem with ~(§)-Laplacian equation and Nehari manifold, Appl. Anal. Disc. Math.
17(2) (2023), 480-495. https://www.jstor.org/stable/27281422

[44] J. Sousa, C. Vanterler da, M. A. P. Pulido and E. C. D. Oliveira, Ezistence and regularity of
weak solutions for y-Hilfer fractional boundary value problem, Mediter. J. Math. 18(4) (2021),
Article ID 147. https://doi.org/10.1007/s00009-021-01789-3

[45] V. E. Tarasov and E. C. Aifantis, On fractional and fractal formulations of gradient lin-
ear and nonlinear elasticity, Acta Mech. 230 (2019), 2043-2070. https://doi.org/10.1007/
s00707-019-2373-x

[46] W. Wyss, The fractional diffusion equation, J. Math. Phy. 27(11) (1986), 2782—-2785.

I'ENSI: ScHOOL OF NEW SCIENCES AND ENGINEERING, TANGIER, MOROCCO.

2AMNEA GROUP, DEPARTMENT OF MATHEMATICS,

FACULTY OF SCIENCES AND TECHNIQUES ERRACHIDIA,
MOULAY ISMAIL UNIVERSITY OF MEKNES,

BoutaLAaMINE, PO. BOX 509, 52000 ERRACHIDIA, MOROCCO

*CORRESPONDING AUTHOR

Email address: arhrrabi.elhoussain@gmail.com
ORCID iD: https://orcid.org/0000-0002-9239-4603
Email address: h.elhouari94@gmail . com

ORCID iD: https://orcid.org/0000-0003-4240-1286


https://doi.org/10.1002/mma.8348
https://doi.org/10.1002/mma.8348
https://doi.org/10.1007/s40314-023-02534-0
https://doi.org/10.1007/s40314-023-02534-0
https://doi.org/10.1007/s12346-023-00877-x
https://doi.org/10.1007/s12346-023-00877-x
https://www.jstor.org/stable/27281422
https://doi.org/10.1007/s00009-021-01789-3
https://doi.org/10.1007/s00707-019-2373-x
https://doi.org/10.1007/s00707-019-2373-x
https://orcid.org/0000-0002-9239-4603
https://orcid.org/0000-0003-4240-1286




KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 50(7) (2026), PAGES 1105-1117.

ON THE JACOBSON SEMISIMPLE SEMIRINGS
A. K. BHUNIYA AND PUJA SARKAR

ABSTRACT. Based on the minimal and simple representations, we introduce two
types of Jacobson semisimplicity, m-semisimplicity and s-semisimplicity, of a semir-
ing S. Every m(s)-semisimple semiring is a subdirect product of m(s)-primitive
semirings. It is shown that a commutative s-primitive semiring is either a two
element Boolean algebra or a field. Every s-primitive semiring is isomorphic to a
1-fold transitive subsemiring of the semiring of all endomorphisms of a semimodule
over a division semiring.

1. INTRODUCTION

A semiring is an algebraic structure satisfying all the axioms of a ring, but one
that every element has an additive inverse. The absence of additive inverses forces a
semiring to deviate radically from behaving like a ring. For example, ideals are not
in bijection with the congruences on a semiring. Further, the presence of additively
idempotent semirings makes the class of the semirings abundant. Now semirings have
become a part of mainstream mathematics for their importance in theoretical computer
science [30], graph theory [16] and automata theory [9,11,13]; and for the surprising
‘characteristic one analogy’ of the usual algebra over fields [10,12,25,26]; and for the
role of additively idempotent semirings in tropical mathematics [1,7,14,19,20,27].

In a recent paper [24], Katsov and Nam considered two Jacobson type semisimple
semirings - J-semisimple semirings and Js-semisimple semirings. They characterized
J-semisimple semirings within the class of all additively cancellative semirings and
additively idempotent Js-semisimple semirings. Besides characterizing the semirings
S such that J(S) = Js(S), a problem stated in [24], Mai and Tuyen [28] extended the
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study of the Jg-semisimple semirings to the class of all zerosumfree semirings. They
proved that every J,-semisimple zerosumfree commutative semiring is semiisomorphic
to a subdirect product of its maximal entire quotients.

This article is a continuation of [6] under the project to develop a radical theory
of semirings that can be used to study semiring in general. Based on the minimal
and simple representations of a semiring, the present authors introduced and studied
two Jacobson type radicals - Jacobson m-radical and s-radical of a semiring in [6].
Here, we define and study two types of Jacobson semisimple semirings - Jacobson
m-semisimple and s-semisimple semirings.

Since ideals are not in bijection with the congruences on a semiring, it is not sur-
prising that replacing ideals with the more general notion of congruences on semirings
exhibits many excellent properties and several analogies with classical results on the
rings [3,22,23]. In our approach, the annihilator anng(M) of an S-semimodule M is
considered as a congruence on S. Similarly to the semirings, subsemimodules are not
in bijection with the congruences on a semimodule; which produces three variants of
‘irreducibility’ of semimodules — minimal semimodules, elementary semimodules, and
simple semimodules [8,21]. In [6], the authors of the present article introduced and
characterized two Jacobson type Hoehnke radicals, namely, m-radical and s-radical of
a semiring S as two congruences on S. Here we introduce m-semisimple, s-semisimple,
m-primitive and s-primitive semirings in an obvious way. Considering radical as
a congruence makes it easy to represent these semisimple semirings as a subdirect
product of suitable class of primitive semirings. The two element Boolean algebra
and the fields are the only commutative s-primitive semirings. Hence the study of
commutative s-primitive semirings characterizes the subdirect products of the copies
of the two element Boolean algebra and fields.

This paper is organized as follows. Section 2 briefly recaps the necessary definitions
and associated facts on semirings and semimodules. Section 3 introduces m-primitive
and s-primitive semirings and characterizes Jacobson semisimple semirings as sub-
direct products of primitive semirings. Every commutative (s)m-primitive semiring
is a (congruence simple) semifield. Since every congruence simple semifield S with
|S| > 2 is a field, every commutative s-semisimple semiring is a subdirect product of
a family of semirings, each of which is either the 2-element Boolean algebra or a field.
Finally, every s-primitive semiring is represented as a 1-fold transitive subsemiring of
the semiring of all endomorphisms of a semimodule over a division semiring.

2. PRELIMINARIES
A semiring (S,+,-) is a nonempty set S with two binary operations ‘+’ and **’
satisfying:
e (S,4) is a commutative monoid with identity element 0;
e (S,-) is a semigroup;
e a(b+c¢)=ab+acand (a+b)c=ac+ be for all a,b,c € S.
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Moreover, we assume that the additive identity element 0 is absorbing, i.e., 0s = s0 = 0
for all s € S. There is no consensus whether every semiring contains a multiplicative
unity 1. In this article, we follow the convention of Hebisch and Weinert [17], that a
semiring does not contain 1, in general. Also, there are many articles on semirings
where the existence of unity is not assumed [4,5,18,21,31,32]. On the other hand,
in Golan [15], it is assumed that every semiring contains 1. If a semiring S with
multiplicative identity is such that every nonzero element has a multiplicative inverse,
then S is called a division semiring. A commutative division semiring is called a
semifield. A semiring S is said to be an additively idempotent semiring if a+a = a for
all @ € S. Both the two element Boolean algebra B and the max-plus algebra R, ..
are additively idempotent semifields.

Definition of the ideals, congruences and homomorphisms of semirings are as usual.
Here it is assumed that every semiring homomorphism ¢ : S; — S; satisfies ¢(01) = 0.
The kernel of a semiring homomorphism ¢ : S; — Sy is defined by ker ¢ = {(a,b) €
S1 % Sy | p(a) = ¢(b)}. Then ker ¢ is a congruence on Sy and S;/ ker ¢ =~ ¢(5).

A semiring S is said to be congruence-simple if it has no congruences other than the
equality congruence Ag = {(s,s) | s € S} and the universal congruence Vg =S x S.

Let I be a (left, right) ideal of a semiring S and p be a (left, right) congruence
relation on S. Then, [ is said to be a u-saturated (left, right) ideal of S if for every
s€ Sandi €I, (s,i) € puimplies that s € I. Thus, an ideal I is p-saturated if and
only if I = Uges[al,.

A right S-semimodule is a commutative monoid (M, +,0,;) equipped with a right
action M x S — M that satisfies for all m,mq, mo € M and s, s1,89 € S

(my 4+ ma)s = mys + mas;
m(sy + sg) = ms; + msa;
m(s182) = (msy)sa;

Unless stated otherwise, by an S-semimodule M, we mean a right S-semimodule.
The annihilator of an S-semimodule M is defined by

anng(M) = {(s1,82) € S x S | ms; = ms, for allm € M}.

Then anng(M) is a congruence on S. If ¢ : S — Endg(M) is the representation of S
induced by the right action of S on the semimodule M, then ker ¢ = anng(M).

If M is a right S-semimodule then for every congruence p on S with p C anng(M),
the scalar multiplication m[s], = ms makes M an S/p-semimodule.

The following result can be proved easily, and so we omit the proof.

Lemma 2.1. Let S be a semiring and p be a congruence on S.

(a) If M is an S/p-semimodule, then M becomes an S-semimodule under the scalar
multiplication ms = m[s]. Moreover, p C anng(M).

(b) Let M be an S-semimodule and p C anng(M). Then, anng;,(M) = anng(M)/p.

An S-semimodule M is said to be faithful if anng(M) = Ag.
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Following Chen et al. [8] we define the following.

Definition 2.1. Let M be an S-semimodule such that MS # 0. Then M is called

(i) minimal if M has no subsemimodules other than (0) and M;
(ii) simple if it is minimal and the only congruences on M are Ay, and Vj; where
Ay is the equality relation on M and Vy; = M x M.

In [21], simple semimodules have been termed as irreducible semimodules. We
denote the class of all minimal and simple S-semimodules by M(S) and 8(S5), respec-
tively. If R is a ring then M(S) = 8(5) [6].

In this paper, we will have many occasions to use the following characterization
[6,21] of the minimal semimodules.

Lemma 2.2. A nonzero S-semimodule M is minimal if and only if M = mS' for all
m(# 0) € M.

The classes M(S) and 8(5) of minimal and simple representations of a semiring S
induces the following two notions of Jacobson type radicals of a semiring [6].

Definition 2.2. Let S be a semiring. We define

(a) m-radical of S by rad,,(S) = Nuensyanng(M);

(b) s-radical of S by rads(S) = Nares(syanng(M).

If there are no minimal semimodules over S, then we define rad,,(S) = V. Simi-
larly, we define rads(S) = Vg if there is no simple S-semimodules.

Both the assignments S +— rad,,(S) and S +— rads(S) are Hoehnke radicals on §

6].

A right congruence p on S is said to be a regular right congruence if there exists
e € S such that (es,s) € pu for every s € S. If p is a regular right congruence on S,
then M = S/p is a right S-semimodule such that M.S # 0.

The subsequent two results characterize the regular congruences p on S such that
the quotient semimodule S/p is a minimal or a simple semimodule over S.

Lemma 2.3 ([6]). Let M be an S-semimodule. Then, M is minimal if and only
if there exists a regular right congruence p on S such that S/p ~ M and [0], is a
mazimal p-saturated right ideal in S.

Every simple semimodule is congruence-simple. Therefore, for every right con-
gruence g on S, if S/p is simple, then p is maximal. Hence, the following result
follows.

Lemma 2.4 ([6]). Let M be a S-semimodule. Then M is simple if and only if there
ezists a mazimal reqular right congruence p on S such that S/p ~ M and [0], is a
mazimal p-saturated right ideal in S.

A regular right congruence p on S is said to be m-regular if [0], is a maximal -
saturated right ideal in S; and s-regular if it is a maximal regular right congruence such
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that [0],, is a maximal p-saturated right ideal in S. We denote the set of all m-regular
right congruences on S by RC,,(S) and the set of all s-regular right congruences on

S by RC,(S).
The following internal characterization of the m-radical and the s-radical of a
semiring was proved in [6].
Lemma 2.5 ([6]). Let S be a semiring. Then,
(i) rad,(S) = Nuere,n(s)1s
(ii) TadS(S) = Nuere,(s) -

The following result has useful applications.

Lemma 2.6 ([6]). Let R and S be two semirings. Then, rad,,(R x S) = rad,,(R) x
rad,,(S) and rads(R x S) = rads(R) x rady(S).

The reader is referred to [6] for more details on the m-radical and the s-radical of
a semiring and to [17] for the undefined terms and notions concerning semirings and
semimodules over semirings.

3. JACOBSON SEMISIMPLE SEMIRINGS

In this section, we introduce and study the Jacobson m-semisimple and s-semisimple
semirings.

Definition 3.1. A semiring S is said to be m-semisimple if rad,,(S) = Ag; and
s-semisimple if rads(S) = Ag.

Since RC,(S5) C RC,,(.9), it follows that rad,,(S) C rads(S). Therefore, every s-
semisimple semiring is m-semisimple. The following example shows that the converse
does not hold in general.

Example 3.1. Let H be the ring of all real quaternions. Since H is a division ring,
rad,(H) = rad;(H) = Ag. Also, rad,(Ryu:) = Ag,,,., and p = {(—o0,—00)} U
{(r,s) | r,s € R} is the only s-regular congruence on R4, implies that rads(R,,..) = p
(6, Example 3.9]. Consider the semiring S = H X R,,,,. Then, by the Lemma 2.6, we
have

rad,(S) = rad,,(H) x rad,(Rye:) = Ag X Ag,,,. = Ag,

rads(S) = rads(H) X rads(Rpa:) = Ag X p.

Therefore, S is m-semisimple but not s-semisimple.
Now we give an example of an s-semisimple semiring.

Ezxample 3.2. Both the ring H of all real quaternions and the semiring N° of all
nonnegative integers are s-semisimple. Hence, it follows from the Lemma 2.6 that the
semiring S = H x N is both s-semisimple and m-semisimple.
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If S is a Jacobson m-semisimple semiring, then Nyepsyanng(M) = Ag implies
that every m-semisimple semiring is a subdirect product of the family of semirings
{S/anng(M) | M € M(S)}. Also, for every M € M(S), by Lemma 2.1, implies that
M is a minimal and faithful S/anng(M)-semimodule. Similarly, every s-semisimple
semiring S is a subdirect product of the family of semirings {S/anng(M) | M € 8(S)}
where each quotient semiring S/anng(M) has a faithful and simple semimodule M.
Intending to characterize the structure of semisimple semirings, we introduce the
following two notions.

Definition 3.2. Let S be a semiring. Then, S is called

(i) m-primitive if there is a faithful minimal S-semimodule M;
(ii) s-primitive if there is a faithful simple S-semimodule M.

If S'is an m-primitive semiring, then there is a minimal S-semimodule M such that
anng(M) = Ag. Hence rad,,(S) = Nuenmesyanns(M) = Ag and so S is m-semisimple.
Similarly, every s-primitive semiring is s-semisimple.

A congruence o on S is said to be an m-primitive (s-primitive) congruence if
the quotient semiring S/o is an m-primitive (s-primitive) semiring. Thus, o is m-
primitive(s-primitive) if and only if there exists a faithful minimal (simple) S/o-
semimodule M.

If p is a right congruence on S, we define

(p:Vs)=A{(z,y) € Vg | (sz,sy) € p for all s € S}.
Then, (p: Vg) is a congruence on S.

Lemma 3.1. Let o be a congruence on S. Then, the following conditions are equiva-
lent:

(a) o is m-primitive (s-primitive);

(b) o = anng(M) for some minimal (simple) S-semimodule M ;

(c) o =(p: Vg) for some p € RC,,,(S) (p € RC,(9)).

Proof. We prove the result for m-primitive congruences. The other cases are similar.
(a) = (b) Let 0 be an m-primitive congruence on S. Then there exists a faithful min-
imal S/o-semimodule M. Hence, by Lemma 2.1, M is also a minimal S-semimodule
such that o C anng(M) and Ag/, = anng/,(M) = anng(M)/o, i.e., 0 = anng(M).
(b) = (c¢) Let M be a minimal S-semimodule and ¢ = anng(M). Then M is a
minimal and faithful right S/o-semimodule. Theorem 2.3 implies that there exists p €
RC,(S) such that M ~ S/p; and hence anng(M) = (p : Vg). Then anng/o) (M) =
anng(M)/o = Ag)s) implies that anng(M) = 0. Hence, (p: Vg) = anng(M) = o.
(c) = (a) Let p € RC,,(S) and 0 = (p : Vg). Then S/p is a minimal right S-
semimodule and anng(S/p) = (p: Vg) = 0. Since o is a semiring congruence on S
and o = (p : Vg), it follows that S/p is a minimal right S/o-semimodule. Also, by
Lemma 2.1, we have anng/,(S/p) = anng(S/p)/c = Ag/,. Hence, S/p is a minimal
and faithful right S/o-semimodule, so ¢ is a m-primitive congruence on S. 0J
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From the definition, it follows that a semiring S is an m-primitive (s-primitive)
semiring if and only if Ag is an m-primitive (s-primitive) congruence on S. Thus, we
have the following.

Corollary 3.1. Let S be a semiring. Then, S is

(a) m-primitive if and only if there exists p € RC,,(S) such that (p: Vg) = Ag;
(b) s-primitive if and only if there ezists p € RCs(S) such that (p: Vg) = Ag.

A division semiring is a noncommutative generalization of a semifield. The following
result shows that primitive semirings are another class of noncommutative generaliza-
tions of semifields. The m-primitive semirings generalize the semifields, whereas the
s-primitive semirings generalize the congruence-simple semifields.

Theorem 3.1. Let S be a commutative semiring. Then, S is

(a) m-primitive if and only if it is a semifield;
(b) s-primitive if and only if it is a congruence-simple semifield.

Proof. (a) Let S be a commutative m-primitive semiring. Then, by Corollary 3.1,
there is a regular right congruence p in RC,,(S) such that (p : Vg) = Ag. Since §
is a commutative semiring, p becomes a congruence on S and so p = (p: Vg) = Ag.
Therefore Ag € RC,,,(S) and there is an element e € S such that es = s = se for
all s € S. Thus, e is a multiplicative identity in S. Also p = Ag € RC,,(S) implies
that (0) is maximal Ag-saturated ideal in S. Since every ideal in S is Ag-saturated,
it follows that (0) and S are the only two ideals in S. Now for each non-zero element
a € S, aS is a non-zero ideal in S. Hence, aS = S, which implies that there exists an
element b € S such that ab = e = ba. Thus, S is a semifield.

Conversely, let S be a semifield. Then M = S is a minimal S-semimodule and
anng(M) = {(s1,82) € S xS | ss1 = ssy forall s € S} = Ag. Therefore, S is
m-primitive.

(b) Let S be a commutative s-primitive semiring. Then S is m-primitive, and so, by
(a), it is a semifield. Also, by Corollary 3.1, there exists a right congruence p € RC,(.S)
such that (p: Vg) = Ag. Since S is commutative, it follows that (p : V) = p. Hence
Ag = p € RC,(S) which implies that M = S/p ~ S is a simple S-semimodule. Hence,
the semifield S is congruence-simple.

Conversely, if S is a congruence-simple semifield, then S itself is a faithful simple
S-semimodule. Hence, S is s-primitive. ([l

Theorem 3.1 tells us that the congruence-simple semifields constitute an important
subclass of the semifields. Similarly to the fields, the Krull-dimension of a congruence-
simple semifield is 0, whereas there are semifields, say, for example, R,,,, having the
Krull-dimension 1 [22]. A semiring S is called zerosumfree if for every a,b € S, we
have a+b = 0 implies that a = 0 and b = 0. It is well known that a semifield S'is either
zerosumfiree or is a field [15, Proposition 4.34]. Every field is a congruence-simple
semifield. If S is zerosumfree, then p = {(s,t) € S x S |s# 0# ¢t} U{(0,0)} is a



1112 A. K. BHUNIYA AND P. SARKAR

congruence on S. So for S to be congruence-simple, we must have |S| = 2. Then S is
the 2-element Boolean algebra B. Thus, a congruence-simple semifield is either the
2-element Boolean algebra B or a field.

However, in the following, we include an independent proof.

Theorem 3.2. Let S be a semiring with |S| > 2. Then, S is a congruence-simple
semifield if and only if it is a field.

Proof. First, assume that S is a congruence-simple semifield. Denote Z(S) = {z €
S |x+y =0 for somey € S}. Then, Z(95) is an ideal of S; and so Z(5) is either {0}
or S. If Z(S) = {0}, then S is zerosumfree. So, {(0,0)} U{(s,t) € S xS |s#0#t}
induces a nontrivial congruence on .S, which contradicts that S is congruence-simple.
Hence, Z(S) = S which implies that (S,+) is a group. Thus, S is a field.

The converse follows trivially. O

Thus a zerosumfree semifield S with |S| > 2 cannot be congruence-simple. So, in
particular, we have the following example.

Example 3.3. The max-plus algebra R,,,, is a semifield but not congruence-simple.
Hence, R, is an m-primitive semiring but not s-primitive.

The 2-element Boolean algebra B and the field Zs of all integers modulo 2 are the
only semifields of order two up to isomorphism. Hence, it turns out to be the following
specific characterization of the commutative s-primitive semirings.

Corollary 3.2. A commutative semiring S is s-primitive if and only if it is either
the 2-element Boolean algebra B or a field.

A semiring S is called a subdirect product of a family {S,}a of semirings if there
is an one-to-one semiring homomorphism ¢ : S — [[x S, such that for each @ € A,
the composition 7, 0 ¢ : S — S, is onto where 7, : [[A So — S, is the projection
mapping.

It is well known that a semiring S is a subdirect product of a family {S,}a of
semirings if and only if there is a family {p,}a of congruences on S such that S/p, ~
S, for every a € A and Nap, = As.

Theorem 3.3. A semiring S is m-semisimple (s-semisimple) if and only if it is a
subdirect product of m-primitive (s-primitive) semirings.

Proof. We prove the result for m-semisimple semirings. The proof for s-semisimple
semirings is similar.

First, assume that S is a m-semisimple semiring. Then rad,,(S) = Nuens)
anng(M) = Ag. Hence, S is a subdirect product of the family {S/anng(M) | M €
M(S)} of semirings. Lemma 3.1 implies that anng(M) is an m-primitive congruence
on S for every minimal S-semimodule M. Therefore, every semiring in the family
{S/anng(M) | M € M(S)} is an m-primitive semiring, and so S is a subdirect
product of m-primitive semirings.
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Conversely, let S be a subdirect product of a family of m-primitive semirings
{S; | for all i € A}. Then there exists a one-to-one homomorphism ¢ : S — I1;c.S;
such that the mapping m; 0 ¢ : S — S; is onto for all i € A. Thus S/ ker(m; o ¢) = S;
for all i € A. Let M; be a faithful minimal S;-semimodule for each i € A. Then, by
the Lemma 2.1, M; is a minimal S-semimodule where ms = mm; o ¢(s) for all s € S
and m € M;. Hence, Nyenmesyanns(M) C Nieaanng(M;). Now (a,b) € anng(M;)
implies that mm; o ¢(a) = mm; o ¢(b) for all m € M;; and so (m; o ¢(a), m; o p(b)) €
anng,(M). Since M; is faithful over S;, it follows that m; o ¢(a) = m; o ¢(b). Hence,
Nieaanns(M;) = Ag which implies that rad,,(S) = Nauen(syanng(M) = Ag. Thus,
S is a m-semisimple semiring. 0

Now, taken together the structure of an s-semisimple semiring characterized in
Theorem 3.3 and the characterization of the commutative s-primitive semirings in
Corollary 3.2 turn out to be an characterization of the commutative s-semisimple
semirings.

Corollary 3.3. Let S be a commutative semiring. Then, S is an s-semisimple
semiring if and only if it is a subdirect product of a family of semirings that are either
the 2-element Boolean algebra B or fields.

Mischell and Fenoglio [29] and Basir et al. [2] independently proved that a com-
mutative semiring S with |S| > 2 is congruence-simple if and only if it is either
a field or the 2-element Boolean algebra B. Hence, it follows that a commutative
semiring is s-semisimple if and only if it is a subdirect product of congruence-simple
commutative semirings. A semiring homomorphism f : S; — S5 is said to be semi-
isomorphism if, for every a € Si, we have f(a) = 0 only for a = 0. Katsov and Nam
[24] proved that a commutative semiring S is Brown-McCoy semisimple if and only if
S is semi-isomorphic to a subdirect product of a family of semirings that are either
the 2-element Boolean algebra B or fields. Hence, every commutative s-semisimple
semiring is Brown-McCoy semisimple in the sense of Katsov and Nam.

FExample 3.4. Consider the semiring N of all nonnegative integers. Then, for every
prime p, the Bourne congruence o,y is a maximal regular congruence on N with
[0]5,, = pN. If J is a opn-saturated ideal in N with pN & J, then there exists a € J
such that 0 < a < p. By the Fermat’s little theorem, we have a?~! =1 (mod p) which
implies that 1 € J and so J = N. Thus, pN = [0, is a maximal o,n-saturated ideal
in N and it follows that o,y € RCs(N). Hence rads;(N) C No,ny = Ay; and so N is an
s-semisimple semiring.

Also, Nop,y = Ay implies that N is a subdirect product of the family of fields
N, = N/o,n, where p is a prime.

We conclude this section with a representation of s-primitive semirings as a semiring
of endomorphisms on a semimodule over a division semiring.
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The opposite semiring S of a semiring (S, +,-) is defined by (S,+,0), where
aob=>b-aforall a,b € S. Hence, a semiring S is a division semiring if and only if
the opposite semiring S is so.

Definition 3.3. Let M be a semimodule over a division semiring D. Then a sub-
semiring T of the endomorphism semiring Endp(M) is called 1-fold transitive if for
every non-zero m € M and n € M there exists o« € T such that a(m) = n.

In the context of semirings, Schur’s lemma [21] states that if M is a simple S-
semimodule, then the endomorphism semiring Endg(M) is a division semiring.

Let M be a right S-semimodule and E' = Endg(M). Then for the division semiring
D = E°P, M is a right semimodule over D where the scalar multiplication is defined
by m-a = a(m) for all m € M and a € D.

Theorem 3.4. If S is a right s-primitive semiring, then S°P is isomorphic to a
1-fold transitive subsemiring of the semiring Endp(M) of all endomorphisms on a
semimodule M over a division semiring D.

Proof. Let M be a faithful simple right S-semimodule. By Schur’s Lemma for semi-
modules [21], the semiring £ = Endg(M) is a division semiring. Hence, D = E" is a
division semiring, and so M as a right D-semimodule where m - a — a(m).

For every a € S, define a mapping ¢, : M — M by ¥,(m) = ma. Then for every
a € D, we have ¢,(m.a) = ¢, (a(m)) = a(m)a = a(ma) = (ma) - o = Y,(m) - a. In
fact, 1, is an endomorphism on M considered a D-semimodule.

Also, the mapping ¢ : S — Endp(M) defined by ¥(a) = 1, is a semiring
homomorphism. Moreover kerv) = anng(M) = Ag implies that ¢ is an injective
homomorphism; and so S is isomorphic to the subsemiring 7' = {¢, | a € S} of

Since M is a simple right S-semimodule, by Lemma 2.2, for every m(# 0) € M,
mS = M. Then for every n € M there exists a € S such that ma = n and so
ta(m) =n. Thus, T is a 1-fold transitive subsemiring of Endp(M). O

It follows from Corollary 3.2 that the semifield F' = R4, is not an s-primitive
semiring. Since F' contains 1, every F-endomorphism on F' is of the form v, : F' — F
given by ©,(m) = am. Hence, F' ~ Endp(F) which implies that Endp(F) is not
s-primitive; whereas Endp(F') is a 1-fold transitive subsemiring of itself. Thus, the
converse of the Theorem 3.4 does not hold. However, the converse holds in the
following weaker form.

Theorem 3.5. Let D be a division semiring and M be a right D-semimodule. If T is
a 1-fold transitive subsemiring of Endp(M), then T°P is a right m-primitive semiring.

Proof. Define M x T°? — M by m - a +— a(m). Then M is a right T°P-semimodule.
Let m be a non-zero element in M. Then, for every n € M, there exists a € T
such that m - @ = n. Therefore, mT°? = M which implies that M is minimal, by
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Lemma 2.2. Now

{(a,) €T xT |m-a=m-fforalme M}
={(a,B) €T xT | a(m) = p(m) for all m € M}
{(a

and so M is a faithful minimal 7T°P-semimodule. Therefore, T is a m-primitive
semiring. 0

4. CONCLUSION

In [6], based on the notions of minimal semimodule and simple semimodule, the
Jacobson m-radical and s-radical of a semiring S have been considered as a congruence
on S. In Section 3 of this article, we introduce the m-semisimple and s-semisimple
semirings as the semiring that has the trivial Jacobson m-radical and s-radical, re-
spectively. These two notions of semisimplicity effectively characterize the structure
of semirings, including the additively idempotent semirings. The m-semisimple (s-
semisimple) are isomorphic to a subdirect product of m-primitive (s-primitive) semir-
ings. In particular, a commutative semiring is s-primitive if and only if it is a subdirect
product of the fields and copies of the two element Boolean algebra. Finally, every
s-primitive semiring is represented as a suitable subsemiring of the semiring Endp (M)
of all endomorphisms on a semimodule M over a division semiring D.

There is another notion of simplicity of semimodules, namely the congruence simple
semimodules which are known as elementary semimodules [8]. An attempt may be
taken to characterize the e-semisimple semirings which are defined based on the class
of elementary semimodules.
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HESITANT FUZZY SET THEORY APPLIED TO HILBERT
ALGEBRAS

AIYARED IAMPANY* S, YAMUNADEVI?, P. MARAGATHA MEENAKSHI?,
AND NEELAMEGARAJAN RAJESH,*

ABSTRACT. The concept of hesitant fuzzy sets (HFSs) was first introduced by
Torra (V. Torra, Hesitant fuzzy sets, Int. J. Intell. Syst. 25 (2010), 529-539). In this
paper, the concept of HFSs to subalgebra, ideals, and deductive systems of Hilbert
algebras is introduced. The relationships between hesitant fuzzy subalgebras (HF
subalgebras), hesitant fuzzy ideals (HF ideals), and hesitant fuzzy deductive systems
(HF deductive systems) and their level subsets are provided.

1. INTRODUCTION

The concept of fuzzy sets was proposed by Zadeh [21]. The theory of fuzzy sets has
several applications in real-life situations, and many scholars have researched fuzzy
set theory. After introducing the concept of fuzzy sets, several research studies were
conducted on the generalizations of fuzzy sets. The integration of fuzzy sets and
uncertainty theories, such as soft sets and rough sets, has been discussed in [1,2,5].

In 2009-2010, Torra and Narukawa [19,20] introduced the notion of hesitant fuzzy
sets, which is, a function from a reference set to a power set of the unit interval.
The notion of hesitant fuzzy sets is the other generalization of the notion of fuzzy
sets. The hesitant fuzzy set theories developed by Torra and others have found many
applications in the domain of mathematics and elsewhere. After the introduction of the
notion of hesitant fuzzy sets by Torra and Narukawa [19,20], several researches were
conducted on the generalizations of the notion of hesitant fuzzy sets and application

Key words and phrases. Hilbert algebra, hesitant fuzzy subalgebra, hesitant fuzzy ideal, hesitant
fuzzy deductive system.
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to many logical algebras, such as: in 2012, Zhu et al. [23] introduced the notion of
dual hesitant fuzzy sets, which is a new extension of fuzzy sets. In 2014, Jun, Ahn
and Muhiuddin [15] introduced the notions of hesitant fuzzy soft subalgebras and
(closed) hesitant fuzzy soft ideals in BCK/BCl-algebras. Jun and Song [16] introduced
the notions of (Boolean, prime, ultra, good) hesitant fuzzy filters and hesitant fuzzy
MV-filters of MTL-algebras. In 2015, Jun and Song [17] introduced the notions of
hesitant fuzzy prefilters (resp., filters) and positive implicative hesitant fuzzy prefilters
(resp., filters) of EQ-algebras. In 2016, Jun and Ahn [14] introduced the notions of
hesitant fuzzy subalgebras and hesitant fuzzy ideals of BCK/BCl-algebras. Iampan
[11] introduced a new algebraic structure called a UP-algebra, and Mosrijai et al. [18]
introduced the notion of hesitant fuzzy sets on UP-algebras. The notions of hesitant
fuzzy subalgebras, hesitant fuzzy filters and hesitant fuzzy ideals play an important
role in studying the many logical algebras. Diego proved [7] that Hilbert algebras
form a variety which is locally finite. Hilbert algebras were treated by Busneag [3, 4]
and Jun [13], and some of their filters forming deductive systems were recognized.
Dudek [8] considered the fuzzification of subalgebras/ideals and deductive systems in
Hilbert algebras. In 2022, Iampan et al. [12] introduced the concepts of anti-hesitant
fuzzy subalgebras, ideals, and deductive systems of Hilbert algebras.

This paper introduces the concept of HFSs to subalgebra, ideals, and deductive
systems of Hilbert algebras, which provides a generalization of the concept of HF
fuzzy subalgebras/ideals/deductive systems. The relationship between HF subalge-
bras/ideals/deductive systems and their level subsets is provided. In the future, our
research team hopes to apply these concepts to solving decision-making problems.

2. PRELIMINARIES

Before we begin, let us go through the concept of Hilbert algebras as described by
Diego [7] in 1966.

Definition 2.1 ([7]). A Hilbert algebra is a triplet X = (X,-,1), where X is a
nonempty set, - is a binary operation, and 1 is a fixed element of X such that the
following axioms hold:

(1) (Vo,y € X)(z-(y-2) = 1),
(2) (Vo,y,2€ X)((z-(y-2)) - ((x-y) - (z-2)) =1),

B) Vr,ye X)(z-y=1Ly-z=1=x=y).
The following result was proved in [8].

Lemma 2.1. Let X = (X,-,1) be a Hilbert algebra. Then,
(1) Ve e X)(z-xz=1),

(2) (Vze X)(1 -z =ux),

(3) (Ve e X)(xz-1=1),

(4) (Vo,y,z € X)(z-(y-2) =y- (v 2)),

(5) (Va,y,z € X)((z-2) - ((z-y) - (x-y)) =1).
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In a Hilbert algebra X = (X, -, 1), the binary relation < is defined by
(Vr,ye X)(z<yer-y=1),
which is a partial order on X with 1 as the largest element.

Definition 2.2 ([22]). A nonempty subset D of a Hilbert algebra X = (X,-,1) is
called a subalgebra of X if x -y € D for all x,y € D.

Definition 2.3 ([6]). A nonempty subset D of a Hilbert algebra X = (X,-,1) is
called an ideal of X if the following conditions hold:

(1) 1e D,

(2) Ve,ye X)(ye D=xz-ye D),

(3) (Vz,y1,92 € X)(y1,92 € D= (y1 - (y2 - ) - x € D).

Definition 2.4 ([10]). A nonempty subset D of a Hilbert algebra X = (X,-, 1) is
called a deductive system of X if

(1) 1 € D,

(2) Vz,y € X)(xz,x-ye D =ye D).

A fuzzy set [21] in a nonempty set X is defined to be a function p : X — [0, 1],
where [0, 1] is the unit closed interval of real numbers.

Definition 2.5 ([8]). A fuzzy set p in a Hilbert algebra X = (X, -, 1) is said to be a
fuzzy subalgebra of X if the following condition holds:

(Vo,y € X)(p(z - y) > min{u(z), u(y)}).

Definition 2.6 ([9]). A fuzzy set p in a Hilbert algebra X = (X, -, 1) is said to be a
fuzzy ideal of X if the following conditions hold:

(1) (Vo e X)(u(1) > p(x)),
(2) (Vo,y € X)(u(x-y) > u(y)),
(3) (Vr,y1,92 € X)(u((y1 - (2 - @) - 2) = min{pu(y1), 1(y2)})-

Definition 2.7 ([8]). A fuzzy set p in a Hilbert algebra X = (X, -, 1) is said to be a
fuzzy deductive system of X if the following conditions hold:

(1) (Vo € X)(u(1) > p(z)),
(2) (Vo,y € X)(pu(y) > min{u(z - y), p(x)}).

Definition 2.8 ([19]). Let X be a reference set. A hesitant fuzzy set (HFS) on X is
a mapping h : X — P([0, 1]), where P([0, 1]) means the power set of [0, 1].

We will review the definition of the characteristic HFS, which is an important and
convenient tool for investigating various properties of HF subalgebras/ideals/deductive
systems of Hilbert algebras.
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Let X be a reference set. If Y C X, the characteristic HFS hy on X is a function
of X into P([0, 1]) defined as follows:

1) vz € X) (hy<x> - {[0’@,”’ Jffefv@ '

By the definition of characteristic HFSs, hy is a function of a nonempty set X into

{0,[0,1]}. Hence, hy is an HFS on X.

Definition 2.9 ([19]). Let & be an HFS on a nonempty set X. The HFS h is defined

by h(z) =[0,1] — h(z) for all x € X which is said to be the complement of h on X.
3. HESITANT Fuzzy SUBALGEBRAS/IDEALS/DEDUCTIVE SYSTEM OF HILBERT

ALGEBRAS

In this section, we introduce the concepts of HF subalgebras/ideals/deductive
systems of Hilbert algebras and investigate some related properties.

Definition 3.1. An HFS h on a Hilbert algebra X = (X,-, 1) is called a hesitant
fuzzy subalgebra (HF subalgebra) of X if it satisfies the following property:

(3.1) (Va5 € X)(h(z - ) 2 h(x) N h(y)).
Ezxample 3.1. Let X = {a,b, c,d, 1} with the following Cayley table:
a b c d 1

all 1 1 1 1

bla 1 ¢ 1 1

cla b 1 1 1°

dla b ¢ 1 1

lla b ¢ d 1

Then, X is a Hilbert algebra. We define an HFS h on X as follows:
h(1) = {0.5,0.2}, h(a) = h(b) = h(c) = h(d) = {0.2}.
Then, h is an HF subalgebra of X.
Proposition 3.1. If h is an HF subalgebra of a Hilbert algebra X = (X, -, 1), then
(3.2) (Vz € X)(h(1) 2 h(z)).
Proof. For any x € X, we have h(1) = h(z - z) 2 h(z) N h(z) = h(z). O

Lemma 3.1. The constant 1 of a Hilbert algebra X = (X,-,1) is in a nonempty
subset S of X if and only if hs(1) 2 hg(x) for allx € X.

Proof. If 1 € S, then hg(1) = [0,1]. Thus, hg(1) = [0,1] 2 hg(x) for all z € X.
Conversely, assume that hg(1) D hg(z) for all z € X. Since S is a nonempty subset

of X, we have a € S for some a € X. Thus, hg(1) D hg(a) = [0, 1], so hg(1) = [0, 1].

Hence, 1 € S. O
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Theorem 3.1. A nonempty subset S of a Hilbert algebra X = (X, -, 1) is a subalgebra
of X if and only if the characteristic HFS hg is an HF subalgebra of X.

Proof. Assume that S is a subalgebra of X. Let z,y € X.

Case 1: x,y € S. Then, hg(z) = [0,1] and hs(y) = [0,1]. Thus, hs(z) N hs(y) =
[0,1]. Since S is a subalgebra of X, we have z -y € S and so hg(z -y) = [0,1].
Therefore, hg(z - y) = [0,1] 2 [0,1] = hg(x) N hg(y).

Case2: z € Sandy ¢ S. Then, hg(x) = [0,1] and hg(y) = 0. Thus, hs(x)Nhs(y) =
(). Therefore, hg(x -y) 2 0 = hs(z) N hs(y).

Case3: x ¢ Sandy € S. Then, hg(x) = ) and hg(y) = [0, 1]. Thus, hg(x)Nhs(y) =
(). Therefore, hg(x -y) 2 0 = hs(z) N hs(y).

Case4: z ¢ Sandy ¢ S. Then, hg(z) = 0 and hs(y) = 0. Thus, hs(z)Nhs(y) = 0.
Therefore, hg(x - y) 2 0 = hg(z) Nhs(y).

Hence, hg is an HF subalgebra of X.

Conversely, assume that hg is an HF subalgebra of X. Since hg(1) D hg(z) for all
x € X, it follows from Lemma 3.1 that 1 € S. Let 2,y € S. Then, hg(z) = [0,1] and
hs(y) = [0,1]. Thus, hs(z -y) 2 hs(x) N hs(y) = [0,1], so hs(x - y) = [0, 1]. Hence,
x -y € S and so S is a subalgebra of X. O

Definition 3.2. An HFS h on a Hilbert algebra X = (X, -, 1) is called a hesitant
fuzzy ideal (HF ideal) of X if it satisfies the following properties:

(3.3) (Vo € X)(h(1) 2 h(x)),
(3.4) (Vz,y € X)(h(z - y) 2 h(y)),
(3.5) (Va, y1,y2 € X)(h((y1 - (y2 - 2)) - ) 2 h(y1) N h(y2)).
Ezxample 3.2. Let X = {1, z,y, z,0} with the following Cayley table:
-1z y 2z O
111 2y 2z 0
z|1 1 y 2z 0
yl|l 1 2z z°
z|1 1 y 1y
0/j1 1 1 11

Then, X is a Hilbert algebra. We define an HFS h on X as follows:

h(1) ={04,0.5,0.7}, h(x) ={04,0.5}, h(y)={0.5}, h(z)=h(0)=0.
Then, h is an HF ideal of X.
Proposition 3.2. If h is an HF ideal of a Hilbert algebra X = (X, -, 1), then
(3.6) (Va,y € X)(h((y - ) - ) 2 h(y))-

Proof. Putting y; =y and y = 1 in (3.5), we have h((y - z) - z) 2 h(y) N h(1) = h(y)
for all z,y € X. O
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Lemma 3.2. If h is an HF ideal of a Hilbert algebra X = (X,-,1), then
(3.7) (Va,y € X)(z <y = h(z) C h(y)).
Proof. Let x,y € X be such that x < y. Then, -y =1 and so
h(y) =h(1-y) = h(((z-y) - (z-y)) - y)
2h(z - y) N h(z)
=h(1) N h(z) = h(x). O

Theorem 3.2. Fvery HF ideal of a Hilbert algebra X = (X, -,1) is an HF subalgebra
of X.

Proof. Let h be an HF ideal of X and let x,y € X. Since y < x -y and by Lemma
3.2, we have h(y) D h(z - y). It follows from (3.4) that

h(z - y) 2 h(y) 2 h(z - y) N h(z) 2 h(z) N h(y).
Hence, h is an HF subalgebra of X. 0J

Definition 3.3. An HFS h on a Hilbert algebra X = (X, -, 1) is called a hesitant fuzzy
deductive system (HF deductive system) of X if it satisfies the following properties:

(3.8) (Ve € X)(h(1) 2 h(z)),
(3.9) (Vo,y € X)(h(y) 2 h(z -y) N h(z)).

Proposition 3.3. Every HF ideal of a Hilbert algebra X = (X, -, 1) is an HF deductive
system of X.

Proof. Let h be an HF ideal of X and let z,y € X. If y; = 2 -y and y, = x, then by
Lemma 2.1 and (3.5), we have

hy) = h(1-9) = h((z9) - (- 9)) - ¥) 2 bz ) N ().
Hence, h is an HF deductive system of X. O
Lemma 3.3. If h is an HF deductive system of a Hilbert algebra X = (X, -, 1), then
(3.10) (Vz,y,z € X)(2 <z-y= h(y) D h(z)Nh(z)).
Proof. Let z,y,z € X be such that z <z -y. Then, z- (z-y) =1 and so
W) Dh(z - y) N A(z) D bz - (z - 3)) N A(z) N ()

=h(1) N h(z) N h(z) = h(z) N h(z). O
Lemma 3.4. If h is an HF deductive system of a Hilbert algebra X = (X, -, 1), then
(3.11) (Vz,y € X)(z <y = h(y) 2 h(z)).

Proof. Let z,y € X be such that x < y. Then, z-y =1 and so h(y) 2 h(x-y)Nh(x) =
h(1) N h(z) = h(x). O
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Theorem 3.3. A nonempty subset D of a Hilbert algebra X = (X, -, 1) is a deductive
system of X if and only if the characteristic HFS hp is an HF deductive system of X.

Proof. Assume that D is a deductive system of X. Since 1 € D, it follows from
Lemma 3.1 that hp(1) D hp(z) for all x € X. Next, let z,y € X.

Case 1: x,y € D. Then, hp(x) = [0,1] and hp(y) = [0, 1]. Thus, hp(y) =1[0,1] D
hp(z-y) = hp(x-y) N hp(z).

Case 2: x ¢ D and y € D. Then, hp(z) = 0 and hp(y) = [0,1]. Thus, hp(y) =
0,1 20 = hp(z-y)Nhp(x).

Case 3: x € D and y ¢ D. Then, hp(xz) = [0,1] and hp(y) = 0. Since D is a
deductive system of X, we have x -y ¢ Dorx ¢ D. But x € D, so z-y ¢ D. Then,
hp(x-y) = 0. Thus, hp(y) =02 0 = hp(z-y) N hp(z).

Case 4: z ¢ D and y ¢ D. Then, hp(z) = 0 and hp(y) = 0. Thus, hp(y) =0 D
0 =hp(z-y)Nhp(x).

Hence, hp is an HF deductive system of X.

Conversely, assume that hp is an HF deductive system of X. Since hp(1) D hp(x)
for all x € X, it follows from Lemma 3.1 that 1 € D. Next, let z,y € X be such
that z -y € D and x € D. Then, hp(z -y) = [0,1] and hp(z) = [0,1]. Thus,
hp(y) 2 hp(x - y) Nhp(z) = [0,1], so hp(y) = [0, 1]. Therefore, y € D and so D is a
deductive system of X. 0

Theorem 3.4. A nonempty subset I of a Hilbert algebra X = (X, -, 1) is an ideal of
X if and only if the characteristic HF'S hy is an HF ideal of X.

Proof. Assume that [ is an ideal of X. Since 1 € I, it follows from Lemma 3.1 that
hi(1) 2 hs(x) for all z € X. Next, let z,y € X.

Case 1: z,y € I. Then hy(z) = [0,1] and h;(y) = [0, 1]. Thus, h;(z-y) =[0,1] D
hi(y)-

Case 2: x ¢ [ and y € I. Then, hy(z) = 0 and h;(y) = [0,1]. Thus, h;(z-y) =
[07 1] 2 hl(y)'

Case 3: z € [ and y ¢ I. Then, h;(x) = [0,1] and h;(y) = 0. Since I is an ideal
of X,wehavez-y¢ lTorx ¢ . Btz € I,soz-y ¢ I. Then, hy(z-y) = 0. Thus,
hi(z-y) =020 =hi(y).

Case 4: x ¢ [ and y ¢ I. Then, h;(x) = 0 and h;(y) = 0. Thus, hy(z-y) =0 2
0= hi(y).

Now, let z,y1,y2 € X.

Case 1: x,y1,y2 € I. Then, hy(z) = [0,1], hr(y1) = [0,1], and h;(y2) = [0, 1]. Since
I is an ideal of X, we have (y; - (y2-2)) -2 € I. Thus, hi((y1 - (y2 - x)) - z) =[0,1] D
hi(y1) 0 ha(ys)-

Case 2: x ¢ I and yy,y2 € I. Then, h;(x) =0 and h;(y1) = hi(y2) = [0,1]. Since
I is an ideal of X, we have (y; - (y2 - x)) - @ € I. Thus, hy((v1 - (y2-z)) = [0,1] D
hi(y1) 0 hi(yz)-
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Case3: x € I,and y; ¢ [ oryp ¢ I. Then, hy(z) = [0,1] and h;(y1) = 0 or hy(y2) =
(0. Since [ is an ideal of X, we have yy - (y2-2) - ¢ I. Then, hy((y1- (y2-2)) - z) = 0.
Thus, hy((y1 - (y2 - 2)) -2) =020 = hr(y1) N hi(ya).

Cased: v ¢ I,and y; ¢ [ or yo ¢ I. Then, hy(x) =0, and hy(y1) = 0 or hi(y2) =
Since I is an ideal of X, we have (y; - (yo - x)) -« ¢ I. Then, h;((y1 - (y2 - x)) - x)
Thus, hy((y1 - (y2 - @) -2) =020 = hr(y1) N hs(ye).

Hence, h; is an HF ideal of X.

Conversely, assume that Ay is an HF ideal of X. Since h;(1) D hs(z) for all x € X,
it follows from Lemma 3.1 that 1 € I. Let z € X and y € I. Then, h;(y) = [0, 1].
Thus, hr(z-y) D hi(y) = [0,1], so hy(x -y) = [0,1]. Hence, z -y € I. Next, let
x,y1,Y2 € X be such that y; € I and yo € I. Then, h;(y1) = hs(y2) = [0,1]. Thus,
hi((yr - (y2 - ) - @) 2 hy(y1) N hi(yz) = [0, 1], s0 hy((y1 - (y2 - ) - #) = [0, 1]. Hence,
(y1 - (y2-x)) -z € I and so [ is an ideal of X. O

0.
0.

4. LEVEL SUBSETS OF AN HFS ON HILBERT ALGEBRAS

In this section, we provide the relationship between HF subalgebras, ideals, and
deductive systems and their level subsets.

Definition 4.1. Let h be an HFS on a Hilbert algebra X = (X,-,1). For any 7 €
P([0,1]), the sets U(h,m) ={z € X | h(x) D 7} and UT(h,7) ={z € X | h(z) D 7}
are called an upper m-level subset and an upper w-strong level subset of h, respectively.
The sets L(h,m) = {x € X | h(z) C 7} and L~ (h,7) = {x € X | h(z) C 7} are
called a lower 7-level subset and a lower m-strong level subset of h, respectively. The
set E(h,m) = {z € X | h(x) = 7} is called an equal w-level subset of h. Then,
U(h,m) =U"(h,m)U E(h,w) and L(h,7) = L~ (h,7) U E(h, 7).

Theorem 4.1. An HFS h on a Hilbert algebra X = (X, -, 1) is an HF subalgebra of
X if and only if for all m € P(]0,1]), a nonempty subset U(h,m) of X is a subalgebra
of X.

Proof. Assume that h is an HF subalgebra of X. Let m € P(]0,1]) be such that
U(h,n) # () and let € U(h, ). Then, h(z) D 7. Since h is an HF subalgebra of X,
we have h(1) D h(xz) D 7. Thus, 1 € U(h,w). Let z,y € U(h,w). Then, h(z) D 7 and
h(y) D . Since h is an HF subalgebra of X, we have h(z -y) 2 h(z) Nh(y) 2 7 and
thus, z -y € U(h, 7). Hence, U(h, ) is a subalgebra of X.

Conversely, assume that for all 7 € P([0, 1]), a nonempty subset U(h,7) of X is a
subalgebra of X. Let z,y € X. Choose m = h(z) Nh(y) € P([0,1]). Then h(z) D7
and h(y) 2 w. Thus, z,y € U(h,n) # (). By assumption, U(h, ) is a subalgebra of X
and thus -y € U(h, ). So, h(z-y) D m = h(z)Nh(y). Hence, h is an HF subalgebra
of X. O

Theorem 4.2. An HFS h on a Hilbert algebra X = (X,-,1) is an HF ideal of X if
and only if for all m € P([0,1]), a nonempty subset U(h,7) of X is an ideal of X.
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Proof. Assume that h is an HF ideal of X. Let 7w € P([0, 1]) be such that U(h,7) # ()
and let © € U(h,m). Then, h(z) O m. Since h is an HF ideal of X, we have
h(1) D h(z) D w. Thus, 1 € U(h, ). Next, let z,y € X be such that y € U(h, 7).
Then, h(y) 2 w. Since h is an HF ideal of X, we have h(z -y) O h(y) 2 7. So,
x-y € U(h,m). Let z,y1,y2 € X be such that y;,y, € U(h, 7). Then, h(y;) 2 7 and
h(y2) 2 7. Since h is an HF ideal of X, we have h((y;-(y2-2))-2)) 2D h(y1)Nh(y2) D 7.
So, (y1 - (y2 - x)) - x € U(h, 7). Hence, U(h,7) is an ideal of X.

Conversely, assume that for all 7 € P([0,1]), a nonempty subset U(h, ) of X is
an ideal of X. Let x € X. Then h(x) € P([0,1]). Choose 7 = h(x) € P([0,1]).
Then, h(z) 2 w. Thus, x € U(h,7) # 0. By assumption, we have U(h, ) is an
ideal of X and thus, 1 € U(h, 7). So, h(1) O m = h(x). Next, let x,y € X. Then,
h(x),h(y) € P(]0,1]). Choose m = h(y) € P([0,1]). Then, h(y) Dm,sox € X andy €
U(h,n) # 0. By assumption, we have U(h, ) is an ideal of X and then z-y € U(h, ).
Thus, h(z -y) O m = h(y). Let z,y1,y. € X. Then, h(z),h(v1), h(y2) € P([0,1]).
Choose m = h(y1) N h(y2) € P([0,1]). Then, h(y1) 2 7 and h(y2) D 7, so x € X
and y1,y2 € U(h, ) # (). By assumption, we have U(h, ) is an ideal of X and then
(y1 - (y2-x)) -z € U(h,m). Thus, h((y1 - (y2-x)) - x) 2 7 = h(y1) N h(y2). Hence, h is
an HF ideal of X. O

Theorem 4.3. An HFS h on a Hilbert algebra X = (X,-,1) is an HF deductive
system of X if and only if for all m € P([0,1]), a nonempty subset U(h,m) of X is a
deductive system of X.

Proof. Assume that h is an HF deductive system of X. Let m € P([0, 1]) be such that
U(h,7) # 0 and let © € U(h,w). Then, h(x) D . Since h is an HF deductive system
of X, we have h(1) D h(z) D 7. Thus, 1 € U(h,m). Next, let z,y € X be such that
z,x -y € U(h,m). Then, h(x) O 7w and h(z -y) D w. Since h is an HF deductive
system of X, we have h(y) D h(z-y) Nh(zx) D 7. So, y € U(h,n). Hence, U(h, ) is
a deductive system of X.

Conversely, assume that for all 7 € P([0,1]), a nonempty subset U(h, ) of X is
a deductive system of X. Let x € X. Then h(z) € P([0,1]). Choose m = h(z) €
P([0,1]). Then h(z) 2 w. Thus, x € U(h,m) # 0. By assumption, U(h,n) is a
deductive system of X and thus 1 € U(h, 7). So, h(1) D m = h(z). Let z,y € X.
Then, h(x),h(xz-y) € P([0,1]). Choose m = h(z)Nh(z-y) € P([0,1]). Then, h(x) D7
and h(z -y) 2 m so z,x -y € U(h,7) # (). By assumption, U(h,7) is a deductive
system of X and then y € U(h, 7). Thus, h(y) 2 © = h(x) N h(z - y). Hence, h is an
HF deductive system of X. O

Theorem 4.4. Let h be an HFS on a Hilbert algebra X = (X, -,1). Then the following
statements hold.

(1) Ifh is an HF subalgebra of X, then for allw € P([0,1]), UT (h, m) is a subalgebra
of X if Ut (h,7) is nonempty and E(h, ) is empty.

(2) If Im(h) is a chain and for all m € P([0,1]), a nonempty subset U*(h, ) of X
is a subalgebra of X, then h is an HF subalgebra of X.
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Proof. (1) It is straightforward by Theorem 4.1.

(2) Assume that Im(h) is a chain and for all 7 € P([0,1]), a nonempty subset
Ut (h,m) of X is a subalgebra of X. Assume that there exist z,y € X such that
h(z - y) 2 h(z) N h(y). Since Im(h) is a chain, we have h(x - y) C h(z) N h(y). Then,
h(z -y) € P([0,1]). Choose m = h(z -y) € P([0,1]). Then, h(z) D 7 and h(y) D 7.
Thus, z,y € Ut (h,7) # 0. By assumption, we have U"(h, ) is a subalgebra of
X and thus z -y € UT(h,7). So, h(z -y) D m = h(x - y), a contradiction. Hence,
h(z -y) D h(z) N h(y) for all z,y € X. Therefore, h is an HF subalgebra of X. [

Theorem 4.5. Let h be an HE'S on a Hilbert algebra X = (X, -,1). Then the following
statements hold.
(1) If h is an HF ideal of X, then for all m € P([0,1]), Ut (h,7) is an ideal of X
if Ut (h,m) is nonempty and E(h, ) is empty.
(2) If Im(h) is a chain and for all m € P([0,1]), a nonempty subset U™ (h,7) of X
is an ideal of X, then h is an HF ideal of X.

Proof. (1) It is straightforward by Theorem 4.2.

(2) Assume that Im(h) is a chain and for all # € P([0,1]), a nonempty subset
U*(h,m) of X is an ideal of X. Assume that there exists z € X such that (1) 2 h(z).
Since Im(h) is a chain, we have h(1) C h(x). Choose m = h(1) € P(]0,1]). Then
h(z) D h(1) = w. Thus, z € UT(h,7) # 0. By assumption, we have U*(h, ) is
an ideal of X and thus 1 € U*(h, 7). So, h(1) D ® = h(1), a contradiction. Hence,
h(1) D h(x) for all x € X. Assume that there exist z,y € X such that h(x-y) 2 h(y).
Since Im(h) is a chain, we have h(x-y) C h(y). Choose m = h(z-y) € P([0, 1]). Then,
h(y) D m. Thus y € U (h,m) # (. By assumption, we have UT(h, ) is an ideal of
X and thus z -y € Ut (h,7). So, h(z -y) D m = h(x - y), a contradiction. Hence,
h(z -y) 2 h(y) for all z,y € X. Assume that there exist x,y;,y2 € X such that
h((y1-(y2-x))-x) 2 h(y1) Nh(ys). Since Im(h) is a chain, we have h((y1 - (y2-x))-z) C
h(y1)Nh(y2). Choose m = h((y1-(y2-x))-x) € P([0,1]). Then, h(y,) D mand h(y2) D 7.
Thus, y1,y2 € UT(h,7) # 0. By assumption, we have Ut (h,7) is an ideal of X and
thus (y1 - (yo - x)) -z € U (h, 7). So, h((y1 - (y2-x))-z) Dm=h((y1- (y2-)) - x), a
contradiction. Hence, h((y1-(y2-x))-z) 2 h(y1)Nh(ys) for all z,y;,y2 € X. Therefore,
h is an HF ideal of X. O

Theorem 4.6. Let h be an HFS on a Hilbert algebra X = (X, -,1). Then the following
statements hold.
(1) If h is an HF deductive system of X, then for all m € P([0,1]), UM (h,7) is a
deductive system of X if UT(h,m) is nonempty and E(h, ) is empty.
(2) If ITm(h) is a chain and for all m € P([0,1]), a nonempty subset UT (h, ) of X
s a deductive system of X, then h is an HF deductive system of X .

Proof. (1) It is straightforward by Theorem 4.3.
(2) Assume that Im(h) is a chain and for all # € P(]0,1]), a nonempty subset
Ut (h,7) of X is a deductive system of X. Assume that there exists z € X such that
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1) 2 h(zx). Since Im(h) is a chain, we have k(1) C h(z). Choose m = h(1) € P([0, 1]).
Then, h(z) D h(1) = w. Thus, x € Ut (h,n) # (). By assumption, we have U™ (h, ) is
a deductive system of X and thus, 1 € U (h, 7). So, h(1) D m = h(1), a contradiction.
Hence, h(1) D h(x) for all z € X. Assume that there exist z,y € X such that

y) 2 h(z-y) Nh(x). Since Im(h) is a chain, we have h(y) C h(z-y) Nh(z). Choose
7 = h(y) € P([0,1]). Then, h(x-y) D 7 and h(z) D 7. Thus, z-y,x € U (h,7) # 0.
By assumption, we have U™ (h,7) is a deductive system of X and thus y € Ut (h, ).
So, h(y) D m = h(y), a contradiction. Hence, h(y) 2 h(x-y) N h(z) for all z,y € X.
Therefore, h is an HF deductive system of X. O

Theorem 4.7. Let h be an HFS on a Hilbert algebra X = (X,-,1). Then, h is an
HF subalgebra of X if and only if for all m € P([0,1]), a nonempty subset L(h, ) of
X is a subalgebra of X .

Proof. Assume that h is an HF subalgebra of X. Let 7 € P([0,1]) be such that
L(h,7) # 0 and let z,y € L(h,7). Then h(x) C 7 and h(y) C 7. Since h is
an HF subalgebra of X, we have h(x -y) 2 h(z) N h(y) and so [0,1] — h(z - ) 2
([0,1] = () N ([0, 1] = A(y)) = [0,1] = (A(x) Uh(y)). Thus, h(z-y) € h(z)Uh(y) €

So, -y € L(h, ). Hence, L(h, ) is a subalgebra of X.

Conversely, assume that for all 7 € P([0,1]), a nonempty subset L(h,7) of X is a
subalgebra of X. Let x,y € X. Choose m = h(z) U h(y) € P(]0,1]). Then h(x) C 7
and h(y) € 7. Thus, 2,y € L(h,m) # (. By assumption, we have L(h,7) is a
subalgebra of X and thus z -y € L(h,m). So, h(z-y) C m = h(z) U h(y). Thus,
Mz -y) =[0,1] = h(z - y) 2 [0,1] = (h(z) Uh(y)) = ([0,1] = h(x)) N ([0, 1] — A(y)) =
h(z) N h(y). Hence, h is an HF subalgebra of X. O

Theorem 4.8. Let h be an HFS on a Hilbert algebra X = (X,-,1). Then h is an HF
ideal of X if and only if for all m € P([0,1]), a nonempty subset L(h, ) of X is an
ideal of X.

Proof. Assume that h is an HF ideal of X. Let m € P([0,1]) be such that L(h,w) # ()
and let a € L(h, 7). Then, h(a) C 7. Since h is an HF ideal of X, we have h(1) 2 h(a).
Thus, [0,1] — A(1) D [0,1] — h(a). So, h(1) C h(a) C 7. Hence, 1 € L(h, ). Next, let
x,y € X be such that y € L(h, 7). Then, h(y) C 7. Since h is an HF ideal of X, we
have h(z-y) 2 h(y) and so [0, 1]—h(z-y) 2 [0,1]—h(y). Thus, h(z-y) C h(y) C 7. So,
x-y € L(h,m). Also, let x,y;,y2 € X be such that y;,y, € L(h, 7). Then, h(y;) C 7
and h(y;) C 7. Since h is an HF ideal of X, we have h((y; - (y2-2)-z)) 2 h(y1) Nh(ys)
and 50 [0, 1)—h(((y1-(52-2))-2)) 2 ([0, 1~h())N(0, 1~ h(g2)) = [0, 11— (hya) Uh(ys).
Thus, A((y1 - (y2 - ) - z) C h(x) Uh(y) C 7w So, (y1- (y2 - x)) -z € L(h, 7). Hence,
L(h,m) is an ideal of X.

Conversely, assume that for all 7 € P([0,1]), a nonempty subset L(h,7) of X
is an ideal of X. Let x € X. Choose m = h(z) € P([0,1]). Then, h(z) C m,
so x € L(h,m) # (. By assumption, we have L(h,7) is an ideal of X. Thus,
1 € L(h,m). So, h(1) C m = h(z). Hence, h(1) = [0,1] — h(1) D [0,1] — h(z) =
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h(z). Next, let 7,y € X. Choose 7 = h(y) € P([0,1]). Then, h(y) C w. Thus,
y € L(h,m) # 0. By assumption, L(h,7) is an ideal of X and thus, -y € L(h,7).
So, h(z - ) C 7 = Aly). Thus, Kz -y) = [0,1] = h(z - y) 2 [0,1] — h(y) = A(y).
Also, let z,y1,y2 € X. Choose m = h(y1) U h(ys) € P([0,1]). Then h(y;) C 7 and
h(ye) C m. Thus, y1,y2 € L(h,7) # (. By assumption, L(h,7) is an ideal of X
and thus, (y1- (y2 - z)) - @ € L(h,m). So, h((y1 - (y2 - 2)) - ) C 7 = h(y1) U h(y2).
Thus, h((y1 - (y2 - x)) - 2) = [0,1] = h((y1 - (y2 - z)) - ) 2 [0,1] — (h(y1) U h(y2)) =
([0,1] = h(y1)) N ([0, 1] — h(y2)) = h(y1) N h(y2). Hence, h is an HF ideal of X. O

Theorem 4.9. Let h be an HFS on a Hilbert algebra X = (X,-,1). Then h is an HF
deductive system of X if and only if for all m € P([0,1]), a nonempty subset L(h, )
of X is a deductive system of X.

Proof. Assume that h is an HF deductive system of X. Let = € P([0, 1]) be such that
L(h,7) # 0 and let a € L(h,w). Then h(a) C 7. Since h is an HF deductive system of
X, we have h(1) 2 h(a). Thus [0,1]—h(1) 2 [0,1]—h(a). So, h(1) C h(a) C w. Hence,
1 € L(h,m). Next, let z,y € X be such that x-y,z € L(h,7). Then, h(z-y) C 7 and
h(z) C 7. Since h is an HF deductive system of X, we have h(y) 2 h(z-y)Nh(y) and
s0 [0,1] = h(y) 2 ([0,1] = Az - y)) N ([0, 1] — h(x)) = [0,1] = (A(z - y) U h(x)). Thus,
h(y) € h(x -y) Uh(z) C 7. So, y € L(h,m). Hence, L(h,n) is a deductive system
of X.

Conversely, assume that for all 7 € P([0, 1]), a nonempty subset L(h,7) of X is a
deductive system of X. Let x € X. Choose m = h(z) € P(]0,1]). Then, h(z) C =«
so x € L(h,m) # 0. By assumption, L(h,n) is a deductive system of X. Thus,
1 € L(h,7). So, h(1) C m = h(x). Hence, h(1) = [0,1] — h(1) 2 [0,1] — h(x) = h(x).
Next, let z,y € X. Choose m = h(z - y) U h(z) € P(]0,1]). Then, h(z -y) C 7 and

h(x) C w. Thus, x -y,z € L(h,m) # 0. By assumption, L(h, ) is a deductive system
of X and thus y € L(h,m). So, h(y) C m = h(z-y)Uh(z). Thus, h(y) = [0,1]—h(y) 2
[0,1] = (h(z - y) U h(z)) = ([0, 1] — h(z - ¥)) 01 (10,1] = h(z)) = Kz - y) N (a). Hence,
h is an HF deductive system of X. O

Theorem 4.10. Let h be an HFS on a Hilbert algebra X = (X,-,1). Then, the
following statements hold.

(1) Ifh is an HF subalgebra of X, then for all w € P([0,1]), L~ (h, ) is a subalgebra
of X if L~ (h,7) is nonempty and E(h,n) is empty.

(2) If Im(h) is a chain and for all m € P([0,1]), a nonempty subset L~ (h,m) of X
is a subalgebra of X, then h is an HF subalgebra of X .

Proof. (1) It is straightforward by Theorem 4.7.
(2) Assume that Im(h) is a chain and for all # € P([0,1]), a nonempty subset
L~ (h, 7r) of X 1s a subalgebra of X. Assume that there exist z,y € X such that
Mz -y) D h(z Since Im(h) is a chain, we have h(z - y) C h(z) N h(y) and
S0 Z o) 0o1] ) (0r1) = o)) = (0] — (hia) 0 Ay, The,
( y) D h(z) Uh(y). Choose m = h(z -y) € P([0,1]). Then h(z) C 7 and h(y) C 7.
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Thus, z,y € L™ (h,7) # (). By assumption, we have L~ (h,7) is a subalgebra of X
and thus z -y € L™ (h,m). So, h(z -y) C m = h(x - y), a contradiction. Hence,
h(z-y) 2 h(z) N h(y) for all z,y € X. Therefore, h is an HF subalgebra of X. [

Theorem 4.11. Let h be an HFS on a Hilbert algebra X = (X,-,1). Then the
following statements hold.
(1) If h is an HF ideal of X, then for all = € P([0,1]), L™ (h,7) is an ideal of X
if L= (h,m) is nonempty and E(h, ) is empty.
(2) If Im(h) is a chain and for all m € P([0,1]), a nonempty subset L~ (h,m) of X
is an ideal of X, then h is an HF ideal of X .

Proof. (1) It is straightforward by Theorem 4.8.

(2) Assume that Im(h) is a chain and for all # € P([0,1]), a nonempty Subset
L= (h,m) of X is an ideal of X. Assume that there exists € X such that h(1) 2 h(z
Since Im(h) is a chain, we have h(1) C h(x). Then, [0,1] — h(1) C [0,1] — h(x )
Choose m = h(1) € P([0,1]). Then, h(z) C h(l) = m. Thus, x € L™ (h,7) # 0.
By assumption, L~ (h, ) is an ideal of X and thus 1 € L~(h,w). So, h(1l) D 7 =
h(1), a contradiction. Hence, h(1) D h(x) for all x € X. Assume that there exist
z,y € X such that h(z -y) 2 h(y). Since Im(h) is a chain, h(z - y) C h(y) and so
0,1] — h(z-y) C [0,1] — h(y). Then, h(z-y) D h(y). Choose m = h(x - y) € P([0, 1]).
Then, h(y) C m. Thus, y € L™ (h,m) # 0. By assumption, L~ (h,7) is an ideal of
X and thus z -y € L™ (h,m). So, h(z-y) D m = h(z - y), a contradiction. Hence,
h(z-y) 2 ( ) for all z,y € X. Assume that there exist z,y;,y, € X such that
M(y1-(ya-x))-x) 2 h(y1)Nh(ys). Since Im(h) is a chain, h((y1-(y2-x))-x) C h(y1)Nh(ya)
and so [0, 1] M(y1-(y2-2))-x) C ([0, 1]=h(y1))N([0, 1] =h(y2)) = [0, 1] = (h(y1) Uh(y2).
Then. h((y1 - (y2-x)) - 2) D h(y1) U h(ys). Choose m = h((y; - (y2 - z)) - x) € P([0, 1]).
Then, h(y;) C mand h(ys) C 7. Thus, y1,y2 € L™ (h, ) # 0. By assumption, L™ (h, )
is an ideal of X and thus (v - (y2 - x)) - @ € L~ (h,m). So, h((y1 - (y2-x)) -x) D 7w =
h((y1 - (y2 - 2)) - x), a contradiction. Hence, h((yy - (y2 - x)) - x) 2 h(y1) N h(ys) for all
x,91,y2 € X. Therefore, h is an HF ideal of X. O

Theorem 4.12. Let h be an HFS on a Hilbert algebra X = (X,-,1). Then the
following statements hold.
(1) If h is an HF deductive system of X, then for all m € P([0,1]), L™ (h,7) is a
deductive system of X if L~ (h, ) is nonempty and E(h, ) is empty.
(2) If Im(h) is a chain and for all m € P([0,1]), a nonempty subset L~ (h,m) of X
is a deductive system of X, then h is an HF deductive system of X.

Proof. (1) It is straightforward by Theorem 4.9.

(2) Assume that Im(h) is a chain and for all # € P([0,1]), a nonempty subset
L~ (h ) of X is a deductive system of X. Assume that there exists v € X such that
h(1) 2 h(x). Since Im(h) is a chain, we have k(1) C h(z). Then [0,1]—h(1) C [0,1] —
h( ). Choose m = h(1) € P([0,1]). Then h(x) C h(1) = . Thus, z € L~ (h, ) # 0.
By assumption, we have L~ (h, ) is a deductive system of X and thus, 1 € L™ (h, 7).



1132 A. IAMPAN, S. YAMUNADEVI, P. MARAGATHA MEENAKSHI, AND N. RAJESH

So, h(1) D m = h(1), a contradiction. Hence, h(1) D h(x) for all z € X. Assume
that there exist z,y € X such that h(y) 2 h(z - y) N h(z). Since Im(h) is a chain, we
e ) < ey (2 a0 10,11 () < (0,1) Ao 93 (01 ~ hol) =

[0,1] — (h(x - y) U h(x)). Then, h(y) D h(z-y)U h(x). Choose 7T = h(y) € P([0, 1]).
Then, h(z -y) C m and h(x) C w. Thus, z-y,x € L™ (h,7) # (. By assumption,
L= (h,n) is a deductive system of X and thus, y € L~ (h, ) So, h( ) D7 =h(y),a

contradiction. Hence, h(y) 2 h(z - y) N h(x) for all 2,y € X. Therefore, h is an HF
deductive system of X. O
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INEQUALITIES FORMULATED BY A SPECIAL CLASS OF
BAZILEVIC FUNCTIONS COMBINING THE BELL SERIES

G. MURUGUSUNDARAMOORTHY! AND RABHA W. IBRAHIM?

ABSTRACT. We study a family of inequalities formed by the Fekete-Szegd design,
making use of the normalized analytic functions in the open unit disk. We investigate
the following functional:

1-9,//
w(e) = V)

P1=0(2)
where ¥ > 0 acts on a domain having the starlike with respect to the boundary
of the unit disk and symmetric with respect to the real axis. In addition, various
presentations of the central result for functions formulated by convolution are in-
vestigated. As a special instance of this result, Fekete-Szego issue associated with
Special functions (differential operators) is studied. Moreover, by using bounds of

the initial Taylor coefficients, we discussed Second Hankel determinant results.

1. INTRODUCTION

We deal with the class of normalized analytic functions denoting by A taking the
construction series

(1.1) W(2) :z+i1/}kzk (zeA:={zeC||z] <1})

and 8 be the subclass of A owing the univalent functions. Moreover, there is another
class of analytic function in A taking the series

0(2) =1+ Lz + Loz> + L32® +--- (L > 0),

Key words and phrases. Analytic functions, Bazilevic functions, subordination and superordina-
tion, Fekete-Szego inequality, fractional calculus.
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such that ¢(0) = 1, ¢'(0) > 0, which maps the unit disk A onto a starlike domain,
which is symmetric with respect to the real axis. A subclass of 8§ symbolized by S*(¢)
and recognized by

2’ (2)
U(2)
Furthermore, a subclass of § symbolized by C(¢) and defined by

Ziﬂ”( Z)
V'(2)
where < denotes the subordination between analytic functions. These classes were

formulated and investigated by Ma and Minda [14]. They have found the Fekete-Szego
inequality for the function in the class C'(¢). Since

Y eCp) & z'(z) € S*(p),

we get the Fekete-Szegd inequality for functions in the class S*(¢). A brief explanation
of the Fekete-Szegd problem for the class of starlike, convex, and close-to-convex func-
tions can be found in the most recent publication by Srivastava et al. [22]. Motivated
by the classes defined above, we consider a function associated with the Bell numbers.

The Bell numbers (BNs) b, having the following binomial coefficients b,.; =

o (})bk. Clearly, [3-6,25-27]

<p(z) (z€A).

1+ < p(z) (z€A),

bo = bl = 1, bg = 27 b3 = 5, b4 = 157 b5 =52 and b6 = 203.

Cho et al. [9] and Kumar et al. [12] considered the function

400 n
(1.2) P(2) i=e® — 1= ZBn% = 1+z+z2+223+gz4+--~ (z € A),

n=0 :
which is starlike and its coefficients generate the BNs and established the first order
differential subordination relations between functions with a positive real part and
starlike functions related to the Bell numbers. We now consider the function ¢(z) :=
e®” — 1 with its domain of definition as the open unit disk A. We shall see that the
function ¢1, defined by

2 g(t) — 1 17 , 245
¢1(Z)=ze><p</0 ¢()t dt>=Z+22+23+1824—288z5+-",

would serve as an extreme function in many problems.

The Fekete-Szegd inequality is obtained in this study for functions in a more
extended class BY(¢) of Bazilevi¢ functions, which we describe below. Furthermore,
we provide our findings with implementations to specific functions specified by the
convolution class.
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Definition 1.1. Let ¢(z) be a starlike function given by (1.2). A function ¢ € A
belongs to the class BY(¢) if

21719 /(4
o - 20

g
[ (=)
By fixing ¥ = 0 and ¥ = 1 we state the following.

Ezample 1.1. Let ¢(z) be given by (1.2) and starlike function. A function ¢ € A
belongs to the class &(¢) if

2 ()

U(2)
Example 1.2. Let ¢(z) be a starlike function given by (1.2). A function ¢ € A belongs
to the class Q(¢) if

< o(2).

P'(2) < ¢(z) (9 =0).
We request the next result.

Lemma 1.1 ([13]). If p(z) = 1 + ¢12 + c22* + - -+, with Re (p(z)) > 0, then the
following sharp estimate holds
(1.3) len| <2 (n=1,2,3,...),
ey — ve?| <2max{1, |2v — 1|},
and the result is sharp for the functions given by
1+ 22 (2) = 1+ 2
1o PETI

Lemma 1.2 ([14]). Suppose that p1(z) = 1 + 12 + ¢2® + -+ is a function with
positive real part in A. Then,

p(2)

e forv <0 orv>1, the equality

—4dv+2, ifv<0,
lco —vei] < {2 if0<wv<1,

4v — 2, ifv>1,
holds if and only if pi(2) is (14 2)/(1 — 2) or one of its rotations;
e for 0 <wv < 1, then equality holds if and only if
1+ 22
Pl =7

or one of its rotations;
e for v =0, the equality holds if and only if
1 1 \1+4+z2 1 1 \N1—-=2
=(=+=\) — ——=A 0<A<1
nz) <2+2 )1—z+<2 2 )1+z (0sAs1)
or one of its rotations;
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o for v =1, the equality holds if and only if pi is the reciprocal of one of the
functions such that the equality holds in the case of v = 0.

Furthermore, the top bound above is sharp; it may be made better when 0 < v < 1:
lco — v |+ vl <2 (0 < v <0.5)
and
lco — v+ (1 =) P <2 (05<v<).
2. COEFFICIENT BOUNDS AND FEKETE-SZEGO PROBLEM

Our main result is the following.

Theorem 2.1. Let ¢(z) be given by (1.2). If 1(z) given by (1.1) belongs to BY(¢),

then
az) <
Cl/ S —
2 _19+ 1)
as] < 1 . V% + 30 +4
a ——— max _ | 5.
=92 20+ 1)2
Further,
1 /R 1-9 Zf <
240~ o T a0 . H =01,
|az — pa3| < @7 o if o1 < p < oy,
9 T (1f19)2 ~ 20702 if = 0,
where
(1-19)(2+9)
g1 = s
2(24 )
i 2140+ (1—-9)(249)
2 2(2 +9) '

The result is sharp.

Proof. Since 1) € BY(¢) there exists an analytic function w with w(0) = 0 and
|lw(z)] < 1in A such that

1-9,//
(2.1) W — Sw(2)).
Define the function p; by
pi(z) = izgz; =14 cz+c22+e328+--- 7

or, equivalently

2)—1 1 c c
(2.2) w(z):]p;iEZgHZQ lC1Z+<02—21> Z2+<C3—0102+41> 23—1--"].
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Given p;(0) = 1 and Re (p1(2)) > 0, p; is analytic in A. Obviously, we have

(2.3) p(w(z)) = ¢ <m) =1+ %z + %27:2 + ; (Cs ;11 > 25+

Since

A L (@-DE+2) , 2 2
) 1+2w+l)+< 5 2+W+m3>

9—1)(0—2)(9+3
(2.4) +{a4(19+3)+(19+1)(79—3)a2a3+ ( I 5 ) )ag}zg’—l—
Equating the coefficients of z, z? in (2.3) and (2.4), we get
1
2. =
(2:5) 2w 1)
1 (-1 +2) ,
2. = |d¢y —
( 6) as 8(19"‘2)[02 (19+1)2 Cl
1 . _02(19—1)(19+2)
2042 |7 Y 4412 |
In view of Lemma 1.1, we have
1
<
ozl < 577
and
|a | < Lmax 1 w
=942 2012 |
Further, we have
1
(2.7) az — paz = 20+ 9) {02 — vc?} )
where
2+ 9)2u+09 1)
B 4(1+0)?
Our result now follows by Lemma 1.2. The upper bounds are sharp in terms of the
following conclusion. Formulate the functional K;Zn, n=23,..., by
UK (2) _
—¢1—19 = Cb(zn 1)> Kon(O) =0= [K:Zn]/(o) -1
[K2.(2)]

and the function FY and G%, 0 < A < 1, by

SR _ (z(zm
Fe)] LAz

>,ﬁxm:0:pym—1
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and

AGY () (_z(z + )
Gl LA

Clearly, the functions K3, FY,GY € B(¢). Also, we write K} := KJ,. We have the
following inequalities

» GA(0) = 0 = G4(0) — 1.

e 11 < 0y0r ft> 0y ifand only if ¢ € K}Z or its rotations;
® 01 < i < 0y if and only if ¢ € Kgg or its rotations;

e ;= oy if and only if ¢ € FY or its rotations;

e /= 0y if and only if ¢ € GY or its rotations.

O

Remark 2.1. e For 01 < pu < o9, then, in view of Lemma 1.2, Theorem 2.1 can be
modified.
e For o3, we have
(1+9)2+ (1 —9)(2+9)
2(2+9)

03 =

e For 01 < < 03, we get

Ly (9P [2p Y = 1)(249) o 1
a5 — pag| + (2 + ) 2(149) a2 249
o If o3 < < 0y, then
, (140)2 Qu+9—-1)2+9)], , 1
— — < -
a5 = pas] + 577 2(1+ 9) 2" < 555

Theorem 2.2. Assume that ¢(z) is defined by (1.2). If 1(2) as in (1.1) belongs to
B?(¢), then for a complex number p1, we have

1 2+Np 9?4390 +4
2. — pa;] = —— 1 - :
( 8) |a3 ,uaz2| 2+19maX{ 9 (1_‘_19)2 2(1_1_19)2
In particular,
laz — a3 = Lmaux 1 _v
ST T o4y 120 +9)| )
Proof. Using (2.5), (2.6) and (2.7) we have
1
2 . 2
N TP w2~ vl

where

| @4+9)2u+Y—1)
_[ 4(1 +0)? ]

In view of Lemma 1.1, we have the desired assertion. O
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3. APPLICATION TO FUNCTIONS ASSOCIATED WITH SPECIAL FUNCTIONS

Let ¢(2) = 242525 ¢hn2", ¥, > 0. Since f(2) = 2+ X% a,2" € BY(¢) if and only
if (f*1) =2+, Ynanz" € BY,(¢), we obtain the coefficient estimate for functions
in the class ‘B}Z(qﬁ) from the corresponding estimate for functions in the class B7(¢).
Applying Theorem 2.1 to the function (f *1)(z) = 2z + ¥9as2* + ¥zaz2® + - - -, we get
the following results, Theorem 3.1 after an obvious change of the parameter u. For
various choices of ¥(z) we get different operators, which are listed below.

(a) For ¥(z) = 2+30% 5 i“ I"(BSSQ)I"I(/B)(:‘??*(L 5. ¢, we get the Dziok-Srivastava

operator H, s(a) f(z) introduced by Dziok and Srivastava [11].
(b) For ¥(z) = ¢(a,c,z) = S5 ((a; 2", we get the Carlson-Shaffer operator
L(a,c)f(z) introduced by Carlson-Shaffer [7].
(c) For ¢(z) = oy, we get the Ruscheweyh operator DA f(z) introduced by
Ruschweyh [20].
(d) For ¥(z) = 2z + 3/25n™2" m > 0, we get the Saldgean operator D™ f(z)
introduced by Salagean [21].

k
(e) For ¢(z) = 2+ >0°, (M) 2", A >0, k € Z, we get the multiplier transfor-

ED)
mation /(\, k) introduced by Cho and Srivastava [10].

k
(f) For p(2) = z+>/%5n (@) 2", A >0, k € Z, the multiplier transformation

i)
J(A, k) introduced by Cho and Kim [§].

(g) For ¥(z) = z + 32 2% 2", where z,a,0 € C, f #0,—1,—2,... and
Re(B8) > 0, Re () > 0, the Mittag-Lefller function denoted by E, 3(¢) (see
2,17]).

(h) For A\ # 2,3,4,..., let ¥(2) = 2+ >, %Wanz", we get fractional

derivatives and fractional integrals operator (Q*f)(z) (also see [23,24].

(i) A variable X is said to be Poisson distributed if it takes the values 0,1,2,3, ...
with probabilities e™™, m-, m?S5~, m3S-, ..., respectively, where m is
called the parameter. Thus, P(X = r) = mrf;m, r=20,1,23,.... In [18],
Porwal introduced a power series whose coefficients are probabilities of Poisson
distribution

mn— 1

Jsz—z—i—Z mem (2 € A),

where m > 0. By ratio test the radius of convergence of above series is infinity.
Due to Porwal [18] (see [15,16,19]) we have

n—l

I XKn( z—i—Z a2t (2 € A).

n—l
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(j) The symmetric differential operator [28]

(0Y)7(2) = 2+ Z (1 — ) (=1)")]™y 2"
(k) The conformable dlfferentlal operator [29]
k1(p, 2) Ko (g, 2) /
B TR o) ) o)

_Z+Z ("ﬁ(@a )+/mo(@>z)>¢k2k

k=2 Rl(@? )+'L€O(pv Z)
(1) The hybrid fractional integro-differential operator is given by [30]

(TP =+ 3 Kalo) (TG T o

k=2

. Ki(p)t+kro(p)
where :Kk(@) = ;@11(@)—&-'@00(@) '

Theorem 3.1. Assume that ¢(z) is defined by (1.2). If f(2) as in (1.1) belongs to
BY(¢), then

% {2#%19 (14:%#)3 7+ 2813%2} ) if p <oy,
|ag — paz| < ﬁ ' 2(2119) if o1 < p < 0o,
% {_24%19 + (1#@%% - 28;352} ,if p> 0,
where
o ::7,07% . (1—=9)(2+7)
V3 22+9)
-\ ::wj 201 +19)2 + (1 —9)(2 +19).
V3 2(2+9)

The result is sharp.

Theorem 3.2. Let ¢(z) be given by (1.2). If f(2) given by (1.1) belongs to %Z(@,
then for complex p we have

1
3.1 — ] 1,
31 g — padl (Qw)%max{

4. SECOND HANKEL DETERMINANT OF ANALYTIC FUNCTIONS

2+ D) 9> +30+4
1+ 2(1+9)2

Here, the Second Hankel determinant of analytic functions 1 € B7(¢).
Lemma 4.1 ([13]). Let p € P with ¢; > 0. Then it satisfies the series

(4.1) 29 =c% +2(4 — ¢?),
dez3 =3 +2(4 — A)err — (4 — )a® + 204 — A) (1 — |z%2),

for some x, z, with |x| <1 and |z| < 1.
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Theorem 4.1. Let the function f € BY($) be given by (1.1).

(1) If 9 < 0,
10 (9 — 1) (9 — 200 + 3) 449 12
GrDW+3) T @+0i0+3) W10 +22(0+3)  @12)7?

499 — 36
T OT 1201220 13)

then the second Hankel determinant satisfies

<0,

’a2a4 - ag‘ < %
(¥ +1)2

(2) If 9 = 0,
10 (9 — 1) (92 — 200 + 3) 449 12

‘(19+1)(19+3)+ G+ Di0+3) @+ P@+22@0+3) @427

B ( 36 ) >0
(4 1)2(9+2)2(9+3)) —
or the conditions ¥ < 0,
‘ 10 (0 — 1)(9? — 200 + 3) 4490 12

G+DW+3) T @+ 0+3) 0104220 +3) @127
40 — 36 .
O+ 1)2(9+2)2(9+3) = 7

then the second Hankel determinant satisfies

+

‘a2a4 — a%‘
Y 10 (¥ —1)(9% — 200 + 3) 449 R
12 [(9+1)(9+3) (9 + 1)4(9 + 3) (9 +1)2(0 +2)2(9+3) (9 +2)2
969 (9 + 4) — 320
(94 1)2(9+2)2(9 + 3)°
(3) If ¥ > 0,

10 (9 —1)(9* — 200 + 3) 449 12
G+D0+3) | @+D0+3) @+ P@+220+3)  @+2)7

56 <0
- <(z9+1)2(19+2)2(19+3)> -

then the second Hankel determinant satisfies

3’ 10 (@-D®2-200+3) 12 | 880108

‘ _ 2’ < R [CACAR) @+1)%(9+3) (0+2)2| T (W0+1)2(9+2)2(0+3)

4204 — 3| = 75 10 (0-1)(92—209+3) 12 | _ 36 '
’(19+1)(19+3) T o w3 0122 | ~ WID20+2)2(013)

Proof. Since f € BY(¢) and equating the coefficients of z, 22, 2% in (2.3) and (2.4) we get

B L fa- g {eherny,

2w+ BTow+) [P 1 W+
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and further by using the above, we get

1 H_l + (“9_1)(—(19 —2)(9 +3) +3(9 + 1)( — 3))} ot

M R0+ 3) 9+ 1)
12(0 — 3
_ (M) c1co + 2403]
1 9 —1)(209% — 79 — 3 12(0 — 3
T B+ 3) _{< )((19+1)3 ) ‘1}6?_< (qg+2)))6102+24c3 |
Therefore,
s 1[4 [@—=1)0%—=200+3) 6
4204 743 Zg6 1 { 20+ AW +3) W+ 1)@ +2)2(0+3)
5 6 2410 )
T OFDW+3) (ﬂ+2>2} + ((m 1)2(19+2)(19+3)) 226y
24c1c3 243
TOID0+3)  @r22|
Let
g =4
(W+1)(W+3)’
0 489(V9 + 2)
2T W+ 1200 + 3)(0 + 2)2
—24 1
b T
J (W -1 -200+3) 6 N 5 6
R CEECES) W+ 1)(0+220+3)  @+1D0+3) @+2)?2
(4.2) :(19—1)(192—2019+3)_ 1
' 2(0 4+ )49+ 3) (W +1)(9+3)
Then,
(4.3) lagay — a§| =T|dycres + dQC%CQ + dgcg + d4céll|,

since the function p(e?), § € R, belongs to the class P for any p € P, there is no loss of
generality in assuming ¢; > 0. Write ¢; = ¢, ¢ € [0, 2]. Substituting the values of ¢y and cs,
respectively, from (1.4) and (1.5) in (2.2), we obtain

T
lagay — a3 =7 ‘&(dl + 2dy 4 d3 + 4dy) + 22c*(4 — 2)(dy + do + d3)
+(4 = )z (—dre? + dy(4 = ) + 2dre(4 — )1 — |o)z|,

Replacing |z| by p and substituting the values of dy,ds, ds and d4 from (2.6) yield

T [ 4|20 = 1)(9* — 200 + 3) 20
a2 < = |t
laza4 — a3 < 7 lc (0 + 140 +3) (0 +1)(9 +3)
489 24 48¢c(4 — ) (1 — u?)

T 120220432 (W+22| W+ 1D(9+3)
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12 + 249
(O + 1)+ 2)%(0 + 3))

24¢? + 96(9? + 40 + 3)
—p*(4 =) < (9 + 1)(9 +3) (0 + 2)? >

(4.4) +4pc?(4 — ) (

7 lc‘* 200 — 1) (92 — 209 + 3) 20
4 (9 +1)4(0 + 3) (0 +1)(9 + 3)
9619 24 12¢(4 — c?)
TOF 0220132 @122 WrD@+3)

12 4+ 29
(4= ) <(ﬁ )@+ 2200+ 3))
6p°(4 — )
T D@ +3)(0 +2)
(4.5) = Fl(c,u,9).

[(c—2)(—20(9+4) + (c — 6))]]

Note that for (c,u,d) € [0,2] x [0, 1], differentiating F'(c, u,?) in (2.8) partially with
respect to p yields

(4.6)
OF A4 —c?) (c—2)(—=29(9 +4) + (c —6))
o = o D20+ 2T T G nwr sz LU CQ”]’

then for 0 < ¢ < 1 and for any fixed ¢ with 0 < ¢ < 2, it is clear from (2.9) that g—i > 0, that

is, F(c, u,v) is an increasing function of p. Therefore, for some special fixed parameters, we
get max F'(c, u,9) = F(e,1,9) = G(c). In addition, we have

C4

!
24 72 29

T2z ((19+1)(19+2)2(19+3))} +4c? ((19+ 1)(19—1—2)2(19+3)>
24(12 + 40(9 + 4)) ]

W+ 1)+ 2)%(0+3)

Gle) = i6

2(9 — 1)(9% — 209 + 3) 20 88Y
D+DI0+3) @+ D@+3) @O+ 120+220+3)

Moreover, by the conclusion

le{‘2(0—1)(192—200+3) N 20 N 88Y
4 (9 + DAV + 3) W+ 1)@ +3) " (9+1)20 +2)2(0 + 3)
24 72
C(942)? _((19+1)(z9+2)2(19+3))}’

29

@=4 ((19+ 1)(19+2)2(19+3)) ’
24(12 + 49(0 + 4))

W+ 1)(I9+2)2(0+3)

(47 R=
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We have,
R, Q<0,P<-9
lagay — a3| < % 16P+4Q +R, Q<0,P>-%,
4PTEQ27 Q>O7P< _%7
where P, Q and R are given by (4.7). O

5. CONCLUSION

In this investigation, we define a new subclass B7(¢) of normalized analytic functions
in the open unit disk A, which is associated with Bell Numbers. We then successfully
investigate several properties and characteristics, such as estimates for the first few Taylor-
Maclaurin coefficients, the Fekete-Szegd problem, and the second-order Hankel determinant
H(2). Finally, we indicate a number of known operators (or special functions) listed in
Section 3, that are already available in the literature on the subject and their application.
The appropriate approximation for functions in the class ’Bﬁ(qﬁ) is used to estimate the
coefficients for functions in %Z(qﬁ).
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FRACTIONAL CALCULUS PERTAINING TO MULTIVARIABLE
I-FUNCTION

DINESH KUMAR! AND FREDERIC AYANT?23

ABSTRACT. In this paper, we study and investigate unified and extended fractional
integral operator involving the multivariable I-function defined by Prasad, Raizada’s
generalized polynomial set and general class of multivariable polynomials. During
the present study, we derive five theorems pertaining to Mellin transforms of these
operators. Furthermore, on account of the general nature of the functions involved
herein, many known and (presumably) new fractional integral operators involved
simpler functions can be obtained. We also give the special case concerning the
multivariable H-function.

1. INTRODUCTION AND PRELIMINARIES

Fractional calculus is a branch of mathematical analysis that deals with derivatives
and integrals of arbitrary orders. Recently, it has been shown many phenomena in
physics, mechanics, biology, chemistry and other sciences can be described successfully
by models using mathematical tools from fractional calculus. Baleanu et al. [2] have
given generalized fractional integrals for the product of two H-functions and a general
class of polynomials. Certain unified fractional integrals and derivatives for a product
of Aleph function and a general class of multivariable polynomials have been studied by
Choi and Kumar [5]. Chaurasia and Srivastava [3], Daiya et al. [6], Kumar and Daiya
[12], Kumar et al. [13] and others have studied the fractional calculus pertaining
to the multivariable H-function [24]. Recently, Kumar and Ayant [9] have given
formulas for fractional calculus pertaining to the multivariable I-function defined by

Key words and phrases. Multivariable I-function, generalized set polynomial, fractional integral,
general class of multivariable polynomials, Mellin transform, multivariable H-function.
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Prathima. The eeader can also refer to recent work on multivariable special functions,
for example, see [1,10,11,18].

The explicit form of Raizada’s generalized polynomial set [16, Eqn.(2.3.4), p.7] is
defined and represented by

SeBT (w0, 5,9, A, Bym, k]

T & (D (-0), (a),

) (1 gy 53 S

v=0 e=0 =0 p=0

x“?ief;i;f“” () (7)) ()

p

plolel !

It may be pointed out here that the polynomial set defined by (1.1) is very general in
nature and it unifies and extends a number of classical polynomials.

The generalized polynomials defined by Srivastava [23], are given in the following
manner:

SN [y - Y]
[N1/Ma] [Ns/Ms] —N,

= Z PRI (:l)]ylmx'.x()]'\[J(A[leKla7N87K5:|y{<1y5[(87
K1=0 Ks=0 Kyl K

where M, ..., M, are arbitrary positive integers and the coefficients A [Ny, K7;. . .;
Ny, K] are arbitrary constants, real or complex.

The multivariable I-function [15] is an extension of the multivariable H-function
[24]. Tt is defined in term of multiple Mellin-Barnes type integral, given by

<1 / 1
_ 70,m2;0,n3;...;0,n0:m/ 0/ 5.5m(T) n () . a2j5 a2] a2] 1ps )
I(Zl,...,zr) —[ ;o (T) ('r) N
P2,92,P3,435--;Pr,qrP ,q ;.- ipY /g : b B /8 . .
Py 255 P25y P2 14 c
T

o (r) . () ()
(aw,aj,...,a,,j)mr : (a],aj)l’p/,...,(aj ey L)

(r) . . () g '
(brjy Tj7."76Tj>l,qr : ( j76;)1,q’7""(bj 7/8] )Lq(T)
1 . s
(1.2) :W/Ll"'/rﬁﬁ(ﬁa---,sr) 121_1191(50 ;' dsy - - ds;.

For the existence and convergence conditions of defined integral of the above function,
see Prasad [15].

The condition for absolute convergence of multiple Mellin-Barnes type contour
(1.2) can be obtained by extension of the corresponding conditions for multivariable
H-function, given by

1
larg z;| < 592 T,
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where
n(®) 0 p 0 m(?) (i q ny P2
S SINCII SRPYCEE P (R Sl (z > <>)
k=1 k=n(®)+1 k=1 k=m(®)+1 k=1 k=na+1
G () ) s ) N0
+ Zarlc_ Z Oy _<Zﬁzk+253k+'“+25rk>7
k=1 k=n,+1 k=1 k=1 k=1

where i = 1,...,r and z; € C\ {0}.

Throughout the present paper, we assume the existence and absolute convergence
conditions of the multivariable /-function.

We may express the asymptotic expansion in the following convenient form:

I(z, ) =0(lal™, . lal"), max{|al],... [z} =0

I(z1,-2) =0 (]2, ol

"), min{|z], ... |z} = +oo,
where k =1,...,2, o) = min [Re (bﬁk)/ﬂj(k))} ,j=1,...,myg, and

), = max [Re ((ag-k) — 1) /ayg))} =

In this paper, we also use the following notations:

r—1
A= (a2k> O/Qlw O/Qlk)l,pg Yy (a(r—l)k7 O/(rfl)kv al(lrfl)kv ce ’agrflgk)l,ppl
r—1
(b2k7 52]0 2k)1 Q2 Y (b(r—l)k7 ﬁérfl)lm Bégﬂfl)ka s ,6((7471))’6)17%—1 )
:(askv Qs Aoy - - Oérk)lp ; = ( Tkvﬁrkaﬁrkw"?ﬁ:k)l,qra
_ (r) () . _ . () )
_(a k> )1p’7 (ak » Qg >1,p(7”)7 B _( k7ﬁk)l,q/7""(bk » Mk )Lq(r)'

The Mellin transform of f(x) will be denoted by M [f(z)] or F(s). If p and y are real,
we write s = p~t +4y. If p> 1, f(z) € £, (0,+00), then, for p =1, we have

! /F(s)x_sds.

%

+o00
M) = F(s)= [ 2 fa)de and fla) =
For p > 1,
M [f(x)] = F(s) = l.i.m. el f(z)dz,

1/x

where [.i.m. denotes the usual limit in the mean for £,-spaces.

2. DEFINITIONS

In the context of fractional calculus, extended fractional integral operators can
enhance our understanding and application of fractional integrals, especially when
dealing with functions that exhibit complex behavior.
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The pair of new extended fractional integral operators are defined by the following
equations:

. 5 T | A;A A
Qs [f(@)] =t~ [Ty (ot =) 1|
B:B: B
YnUn ’
k yt aj yt bj
X H‘S’s;,ﬁjfrj Zj (t) (1_t> ;ijsj7Qj>AjaBj7mjakj>lj
e T T
(7) (7)
t\9g t\h
(4) (4) 29) (%) 1 ( a %) 1 t
M s M . Y
(2.1) X H N<ly) LNY) m: . v (ﬁ) fly)dy
9 ()" -5y
and
oo 5 Tk | A A A
ROP (@) =tar [y (et T |
* B:B: B
Ynln ’
k . 2\ Y o bj
X .1_[1871;’]7] Zj (yt> <1_yt> ;TjasjaQﬁAijj?mj’kj’lj
]:
7) (7)
) g R
(J) ) 25]) (%) 1 (1 - %) t
M M . z
(2.2) X H NG, NO) : v <yt> fy)dy,

. t g& £
2" (1-5)
t\ Ui t\ Vi .Z’t Ug Jit Vg ] ]
where v; = (%) (1 — %) My = <?> (1 — ?) , t,u; and v, g§”,h§”, a; and b;
are positive numbers.

The kernels ¥ (g—:) and ¥ (5—;) appearing in (2.1) and (2.2), respectively, are as-
sumed to be continuous functions such that integrals make sense for a wide class of
functions f.

The existence conditions of these operators are given as follows:

(a) f €Ly (0, +00);

(b) 1 <p,g<+oo,pl+q =1

. b('b)

(c) Re [a + ta; (I; (mg + ni) + € + rising) |+t 30 s ming ;0 Re K - )} > —q 1
J
(i

(d) Re [B +tb; (I (m; 4+ ng) + e; + misimg)| +1 370 viming ;<) Re [(ﬂ{l))} > —q L

=

O“
s

B0
(e) Re [p+ta; (I; (m; + ng) + e; + risimg)] +¢ X7, viming <<, Re KB(’) )} > —p!

J
where i = 1,...,k. Condition (a) ensures that both operators defined in (2.1) and
(2.2) exist and belong to £, (0,400). These operators are extensions of fractional
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integral operators defined and studied by several authors like Erdélyi [7], Love [14],
Saigo et al. [19], Saxena and Kiryakova [20], Saxena and Kumbhat [21,22], etc.

3. MAIN RESULTS

In this section, we investigate a unified and extended fractional integral operator
involving the multivariable /-function defined by Prasad, Raizada’s generalized poly-
nomial set and a general class of multivariable polynomials. Here, we derive results
pertaining to the Mellin transforms of these operators.

Theorem 3.1. If f € £,(0,4+00),1 <p <2, or f e L£,(0,400),p > 2, and the
following conditions are satisfied: p~' + ¢t =1,
b(i) )]
i > g}
(1) ’
(51
by B
(ﬁ( )] o
and the integrals involved are absolutely convergent, then
(3.1) MA{QS? (@)} = M {f(x)} RS (1],

where M,(0,400) stands for the class of all functions f from L, (0,400) with p > 2,
which are the inverse Mellin-transforms of functions from L, (—oo, +00).

n

Re [+ ta; (I; (m; +n;) + e, + risimg)] + ¢ Z u; min Re

o 1<iEm

n

Re [B + tb; (I; (m; 4+ ny;) + €; + risimy)] + thi min Re

i—1 1<]<m

Proof. By making use of the Mellin transform of (2.1), we get

oo x Nnvr | A A A
Qs @y = [Tt et [y ey |

Yovn | BiB: B

g\ @ yt\ "
X H Saj By 2 ( t) (1 - (L’t> ;Tjasj;quAijﬁmj’kj’lj
J=1

pe ()

2 ()" -2
(])( >ggﬂ)( _gﬁ)hgj)

By interchanging the order of integration, which is permissible under the conditions,
the result (3.1) follows in view of (2.2). O

v (Zi)f(y)dy da.

Theorem 3.2. If f € £,(0,+00),1 <p <2, or f €L,(0,+00),p > 2, and the
following conditions are satisfied : p~* +q~1 =1,
i -q
3

e [B 4 th; (I; (m; +ny;) + e; + 1risin;)) —|—tz:1)Z min Re

i 1<i<m®
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n

Re [p + ta; (I; (m; + n;) + e; + rising)| + tz V; miane
i=1 1< <ml

and the integrals involved are absolutely convergent, then

(3.2) MA{RS? [f(2)]} = M {f(x)} Q7 [1].

Proof. By making use of Mellin transform of (2.2), we get

M{R”’B [f(x)]} :/+OO 2 Lt /+OO y Pl (yt - $t)ﬂ I %:,ul A
o 0 x

Aot | BiB: B’

k 2\ Y 2\ Y
X H Sg;’ﬁjﬁj Zj () (1 — t) ;rj,sj,qj,Aj,Bj,mj,k‘j,lj

Y

J . hgj)

Ml(J) .... Ms(j) ( _?) mt

XHSNP N : v I f(y)dy ¢ da.

j=1 17 () )
20 (£)7 (1 - x;)hs
s \yt yt

By interchanging the order of integration, which is permissible under the conditions,
the result (3.2) follows in view of (2.1). O

—_
8

Theorem 3.3. If f € £,(0,+00), v € £,(0,400), and the following conditions are

satisfied:
b
s > —q !,
(65- >)]

b
J > —qil,
(@“)]

p~ L+ ¢! =1, and the integrals involved are absolutely convergent, then
+00 +oo
(3.3) | @ Qg f@)de = [ () RS o(a)] da.
Proof. The result of (3.3) can be obtained in view of (2.1) and (2.2). O

n

Re [a + ta; (I; (m; +ng) + e; + rising)] + tz u; min Re

i=1 1<i<m()

n

Re [B + tb; (I; (m; + ;) + €; + 1isim;)| +¢>_v; min Re

i_1 1< <m®

4. INVERSION FORMULAE
In this section, we we provide inversion formulas for the main results.

Theorem 4.1. If f € £,(0,+00), 1 <p <2, or f(z) € £L,(0,400), p > 2, and the
following conditions are satisfied: p~' + ¢ ' =1,

n b(l)
s S
(65- >)]

Re [a + ta; (I; (m; +n;) + e; + rising) | + tz u; min Re

7 1<j<m()

1=
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by )] L
i > —-q ,
(ﬁ§ )

Re [B + tb; (I; (m; + n;) + e; + rising)] + thi min Re

i=1 1<j Sm“)

and the integrals involved are absolutely convergent and

(4.1) Q% [f ()] = v(x),
then
+oo x
(12 o= [T e [ (5] a
where
(4.3) h(z) :2; /Cj:o y~! —;(Ss) ds,

R(s) =R3*T17(1].

Proof. By taking the Mellin transform of (4.1) and then applying Theorem 3.1, we
get
M {v(z)}
M el S e |
(f@)) = =5
which on inverting leads to
1 ctico M {U(.ﬁlﬁ')} 1 ctico =S +o0
- <. = ds = 7/ {/ d } ds.
/(@) 2im /cfioo ’ R(s) "7 2 Jeino R(s) Lo ()] dyg ds

Upon interchanging the order of integration, we have

s [ L2 G) mef

Now in view of (4.3), we obtain the desired result (4.2). O

Theorem 4.2. If f € £,(0,+00),1 <p <2 orfeL,(0,+0),p > 2, and the
following conditions are satisfied: p~* + ¢+ =1,
b(-i)
J > ¢!
(55. )>]

by
J_ = _p—l7
(65-””

Re [B 4 tb; (I; (m; + ny;) + €; + mism5)] + tz v; min Re
i=1

1<j<m(®

n

Re [p+ta; (I; (m; +n;) + e; + rising)] + tz u; min Re
=1

1<j<m(®

and the integrals involved are absolutely convergent and

(4.4) RoP[f ()] = w(x),
then

(45 s = [t fo ()] @
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1 c+ioco -
(4.6) 9(z) =5— /c_:oo y_I;(S) @
T(s)=Q¢"P[1].

Proof. By taking the Mellin transform into account of (4.4) and then applying Theo-
rem 3.2, we get

o g [ )

on interchanging the order of integration, then we have

o= [T L G) i

Now in view of (4.6), we obtain the desired result (4.5). O

5. GENERAL PROPERTIES

The properties given below are consequences of Definitions 2.1 and 2.2

b1 {1 s (1)} =R2A[f(x)],
iy (1)} =Q47 [f ()],

x
Q7 [ f ()] =Q5 7 [ f (x)]
e RS [f(2)] =R [2# ()]
The properties given below express the homogeneity of the operators ) and R, re-
spectively. If Qg‘f [f(z)] = v(z), then Qf;f [f(ex)] = v(ex), and Rfyf [f(z)] = w(x),
then R?P [f(cx)] = w(cx).

-1 p:ﬁ
T R%

6. MULTIVARIABLE H-FUNCTION

In this section, we give special case concerning multivariable H-function.

If U=V =A= B = 0, the multivariable /-function defined by Prasad reduces
to multivariable H-function [4,6,13], see also [8,17]. We obtain the two following
operators.

. M | A A
Q3 [f(a)] =t [yt =)' H
TnUn

k yt a; yt bj
x TSm0 |z (It> (1—3&) 1755855 Q3> Ajs By my, Ky 1

Jj=1

B: B
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1
M M) . Y’
< ]I SNl(la» N : v (ﬁ) f(y) dy,
-71 b b S .

under the same notations and conditions that (2.1) with U =V = A= B =0.

oo 5 NH | A A
REZ[f ()] =ta? [y (=) |
r Voo fon B:B
k 2\ Y 2\ Y
x [T Smm |z (yt> (1 - yt> 175 85, 45 Ajy Bjomy, Ky 1
j=1
() )
() (29 (1 _ zt\M
T M(]) M(J) zl (yt> (1 yt) :Et
< ]1 N0 N : v <t> f(y) dy,
j=1 Tt €) Y

P 05"

under the same notations and conditions as given in (2.2) with U =V = A= B = 0.
We can obtain the similar theorems and properties for multivariable H-function
concerning multivariable /-function.

7. CONCLUDING REMARKS

Fractional calculus involving multivariable I-functions is a rich area of study that
combines advanced mathematical concepts with practical applications. Understanding
the definitions and methods of fractional differentiation and integration is essential
for effectively leveraging these tools in real-world problems. The functions involved
in the results established in the present paper are of a unified and general nature,
hence a large number of known results lying in the literature follow as particular cases.
Further, on suitable specifications of the parameters involved, many new results
involving simpler functions can also be derived.

Acknowledgements. The first author (DK) would like to thank Agriculture Univer-
sity Jodhpur for supporting and encouraging this work.
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MOLECULAR TREES WITH EXTREMAL VALUES OF THE
SECOND SOMBOR INDEX

ZIKAI TANG! AND HANYUAN DENG!*

ABSTRACT. A new geometric background of graph invariants was introduced by
Gutman, of which the simplest is the second Sombor index SO, defined as SO, =

SO2(G) = > ver lfggglfzgil’ where G = (V, E) is a simple graph and dg(v)
denotes the degree of v in G. In this paper, the chemical applicability of the second
Sombor index is investigated and it is shown that the second Sombor index is useful
in predicting physicochemical properties with high accuracy compared to some well-
established and often used indices. Also, we obtain a bound for the second Sombor
index among all (molecular) trees with fixed numbers of vertices, and characterize

those molecular trees achieving the extremal value.

1. INTRODUCTION

Let G be a simple connected graph with vertex set V' (G) and edge set E(G), and
denote by n = |V(G)| and m = |E(G)| the number of vertices and edges, respectively.
The degree of a vertex v in G, denoted by dg(v) or d(u), is the number of its neighbors.
If the vertices u and v are adjacent, then the edge connecting them is labeled by
e = uv. In the mathematical and chemical literature, several dozens of vertex-degree-
based (VDB) graph invariants (usually referred to as "topological indices“) have been
introduced and extensively studied [1-5]. Their general formula is

TI(G) = Y F(dg(u),dg(v)),

wek

where F(z,y) is a function with the property F(z,y) = F(y,x).
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TABLE 1. Experimental values of the second Sombor index of for
octane isomers

Molecule SOs Molecule SOs
octane 1.2 2-methyl-heptane 2.5846
3-methyl-heptane 2.7692 4-methyl-heptane 2.7692
3-ethyl-hexane 2.9538 2,2-dimethyl-hexane 3.8471

2,3-dimethyl-hexane 3.3846 2,4-dimethyl-hexane 4.1538
2,5-dimethyl-hexane 3.9692 3,3-dimethyl-hexane 4.1647
3,4-dimethyl-hexane 3.5692 | 2-methyl-3-ethyl-pentane 3.5692
3-methyl-3-ethyl-pentane 4.4824 | 2,2 3-trimethyl-pentane  4.7117
2,2 4-trimethyl-pentane  5.2317 | 2,3,3-trimethyl-pentane  4.8447
2,3,4-trimethyl-pentane 4 2,2,3,3-tetramethylbutane 5.2941

Recently in [2] Gutman showed that geometry-based reasonings reveal the geo-
metric background of several classical topological indices (Zagreb, Albertson) and
introduced a series of new Sombor-index-like VDB invariants, denoted below by

S01,50s,...,504. The second Sombor index SO; of a graph G is defined as

\d2 (u) — dg,(v)|
(1.1) SOy = S0,(G) UUXE:E 2 (u) + &(v)
Also, Gutman pointed out at the end of the paper [2] that it would be interesting to
examine the properties of these geometry-based topological indices, and see if these
are usable in applications.

A molecular tree is a tree of maximum degree at most four. In this paper, the
chemical applicability of the second Sombor index is investigated and it is shown that
the second Sombor index is useful in predicting physicochemical properties with high
accuracy compared to some well-established and often used indices. Also, a bound for
the second Sombor index among all (molecular) trees with a fixed number of vertices
is obtained, and those molecular trees achieving the extremal value are characterized.

2. THE CHEMICAL APPLICABILITY OF THE SECOND SOMBOR INDEX

In this section, the chemical applicability of the second Sombor index is investi-
gated. We consider the data set of octane isomers for such testing and corresponding
experimental values of physico-chemical properties are collected from http: //www.
moleculardescriptors.eu/dataset /dataset. htm. First, we give experimental values of
the second Sombor index of octane isomers, which are listed in Table 1, where there
are two pairs of octane isomers with identical values of the second Sombor index since
they have the same degree coordinates.

By the experimental values of AcenFac, S, SNar and HNar of octane isomers (from
http://www.moleculardescriptors.eu/dataset /dataset.htm) and Table 1, we find the
correlation of AcenFac, S, SNar and HNar with the second Sombor index SO, for
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TABLE 2. The square of correlation coefficient of the second Sombor
index with AcenFac, S, SNar and HNar.

AcenFac S SNar HNar
SOs | 0.9202 0.8433 0.9356 0.9512

octane isomers. The data related to octanes are listed in Table 2. The following
equations give the regression models for the second Sombor index.

AcenFac =0.4536 — 0.0314 x SO,
S =119.1755 — 3.6697 x SOq,

SNar =4.6576 — 0.3003 x SO,

HNar =1.7137 — 0.0815 x SOs.

Figure 1 (1)—(4) reveal the strength of structure property relationship between SOy
and acentric factor, entropy, SHar and HNar, respectively.

AcentFac S
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FIGURE 1. Linear fittings of the second Sombor index (SO,) with
AcenFac, S, SNar and HNar for octane isomers.
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TABLE 3. The square of correlation coefficient of SO, with some
existing indices.

SO M, My F R SCI  SDD My
SO, | 0.918 0.9201 0.8679 0.9022 0.8969 0.9150 0.8820 0.9123

Abbreviations: SO, Sombor index; SCI, sum connectivity index; SDD, symmetric division
degree index.

By corresponding experimental values [6], we get the correlations of SO, with some
existing indices like Sombor index(SO), first (M;) and second (M) Zagreb indices,
forgotten topological index (F), connectivity index (R), sum connectivity index (SCI),
symmetric division degree index (SDD) and neighborhood Zagreb index (My), which
are listed in Table 3.

All these facts above show that the second Sombor index is useful in predicting
physicochemical properties.

3. EXTREMAL VALUE OF THE SECOND SOMBOR INDEX OF (MOLECULAR) TREES

Let G = (V, E) be a graph with order n and size m. By Definition 1.1 of the second
Sombor index of a graph, we have

max{dj( u),dZ (v)} 5
min d v
(3.1) 505(G) = > max{{dz((i G(< )ﬁ =m= > max{dZ (u),d% (v)}
weFrR p 7] —|— 1 uveFE —2G + 1
&8 min{dZ (u),dZ ()} min{dZ (u),d% (v)}

Note that 1 < %m < %Z, , where § and A are the minimum and maximum

degree in graph G, respectively. From (3.1), we straightforwardly obtain the following.

Theorem 3.1. Let G be a graph with m edges and the maximal degree A and the
minimal degree 6. Then,

A2 _ 52

AZ + 62

the left equality holds if and only if every component of G is reqular and the right

equality holds if and only if W =2 5 for any edge uv € E.

0< SO.(G) <m

Theorem 3.2. Let T be a tree with n > 1 vertices. Then,

6 (n? —2n)(n —1)
- < <
5 <500 = o 3

the left equality holds if and only if T is the path P, and the right equality holds if
and only if T' is the star S,.

Proof. From (3.1), we have

2
SOy (T) =n—1= > mex (WG]
uwek mln{d2 (u),d (U)}

b
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max{dy(u),dr(v)} _
and min{dg(u),d;(v)} sn 17 i
(n? —2n)(n—1)

n2—2n+2 '

SOy(T) <

with equality if and only if T"= S,,.

On the other hand, we know that f(x) = iz; is increasing for x > 0. Let E; be

the set of pendant edges in 7" and Fy = E — E;. Then, |E,| > 2, % > 2

for uv € E; and % > 1 for uv € Ey. By (3.1), we have
2

SO5(T) =n—1- EE max(d (.2 0)] | - z;; max(d% (. B 0)] |
WEEL min{d2.(u),d2.(v)} WEE2 min{d2.(u),d2.(v)}

2 3 6
>n—1——|Ey| —|Es| = Z|Ey| > =
with equality holds if and only if T'= P,. O

Let CT,, be the set of molecular trees with n vertices. Let m;; be the number of
edges with end vertices of degree ¢ and j in T.

(1) n=0(mod4) (2) n=1(mod4)
(3) n=2(mod4) (4) n=3(mod4)

FIGURE 2. Four types molecular trees with n vertices.

Denote by Ty the set of molecular trees T" with n = 0 (mod 4) vertices, where
T has no vertex with degree 3, every vertex of degree 2 is adjacent to two vertices
of degree 4 in T and there is exactly a pair of vertices with degree 4 adjacent to
each other, i.e., T is a tree on n vertices with mqy = "T*‘l, Moy = "T_s, mas = 1,
Mg = M3 = Moy = Mag = Mgz = mzq = 0 (an example is shown in Figure 2 (1)).

Denote by T; the set of molecular trees 7' with n = 1 (mod 4) vertices, where T’
has no vertex with degree 3, every vertex of degree 2 is adjacent to two vertices of
degree 4 in T" and no two vertices of degree 4 are mutually adjacent, i.e., T is a tree
with myy = 282, mag = 52, mys = mug = Moy = Moy = My = mags = mas = 0 (an
example is shown in Figure 2 (2)).
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Denote by T the set of molecular trees T" with n = 2 (mod 4) vertices, where
T has no vertex with degree 3, exactly one of vertices of degree 2 is adjacent to a
vertex of degree 4 and a vertex of degree 1, and other vertices of degree 2 are adjacent
to two vertices of degree 4, i.e., T is a tree with myy = 5, May = "T"l, miy = 1,
M3 = Moy = Maog = M3z = Mmzq = Mmyq = 0 (an example is shown in Figure 2 (3)).

Denote by T3 the set of molecular trees 7" with n = 3 (mod 4) vertices, where
T has exactly one vertex of degree 3, which is adjacent to two vertices of degree 1
and one vertex of degree 4 and every vertex of degree 2 is adjacent to two vertices
of degree 4, ie., T is a tree with myy = ”T’l, Moy = ”777, miz = 2, mgy = 1,
Mg = Mgy = Mg = M3z = myy = 0 (an example is shown in Figure 2 (4)).

Theorem 3.3. Let T' € CT,, withn > 5. Then,

126n — 108
1267;70307 n=0 (mOd 4),
6 %, n=1 (mod 4),
5 =50AT) =9 1967~ 102
m, n=2 (mOd 4),
n_
77 n=3 (mOd 4),

the left equality holds if and only if T = P, and the right equality holds if and only if
TeT; forn=1i (mod4),i=0,1,2,3.

Proof. By Theorem 3.2, we have SOy (T) > g with equality if and only if T'= P,.
From the Definition 1.1 of the second Sombor index, we have

3 4 15 5 3 7
3.2 SO, (T) = = - — — - — .
(3.2) o(7T') 5m12 + 5m13 + 17m14 + 13m23 + 5m24 + 25m34

Let n; be the number of vertices of degree 7 in T', i € {1,2,3,4}. We can get the
following system of six linear equations which are satisfied by all molecular trees

ny+mne +ng+ng=n,
ny + 2ny + 3ng + 4ny = 2n — 2,
Mig + M1z + Mg = N1,
miz + 2Mag + Ma3 + Moy = 2N,

m13 + Ma3 + 2mg33 + m3q = 3nas,

Mg + Mag + M3g + 2Myg = 4ny.
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Solving this system with unknowns myy4, Moy, n1, n9, n3 and ny, we can obtain

n+3  3miz Tmiz Moy Moz | M3z | M3y | May

=T > 6 2 6 6 T3 T
-~ :n -9 4 mi2 4 miz Moz dMig3 o Tmss . 4dmsy . 3y
2 2 6 2 6 6 3 2
n+3 mi2 mi3 ma2 ma3 mas3 M3y Myy
(3.4) MTTT T2 T 6 2 6 6 3 e
n :TL — 5 3m12 7m13 4 3m22 4 mMas . 7m33 . 2m34 . 3m44
2Ty 4 12 4 12 12 3 4
mi3 123 2mgz M3y
I T T N
- :n— 1 M2 Mz Mg a3 133 i m44.
4 4 4 4 4 4 4

Replacing my4 and may in (3.2) by (3.4), we have
. 126n — 30 36m12 11m13 6477122

SO,(T) = — —
(3.5) 2(T) 170 85 85 85
' _58m23 _ 47m33 B 96m34 - 39m44
221 85 425 85

which is maximal for a fixed number of vertices when the values mqo, m13, Mmoo, Mas3, Ms3,
may4, and myy are equal to zero. However, in the case of molecular trees with n vertices,
the condition

(3.6) Myg = M3 = Mgz = Moz = M3z = Mzq = Mgy = 0

can be satisfied only if n =1 (mod 4).

Any molecular tree satisfying (3.6) has no vertices of degree 3, all its vertices of
degree 2 are adjacent to two vertices of degree 4, and no two vertices of degree 4 are
mutually adjacent (see (2) in Figure 2).

Hence, if n =1 (mod 4), then for any molecular tree with n vertices,

126n — 35
50y(1) < 0=
with equality if and only if T' € T7.

If n# 1 (mod 4), then (3.6) cannot be satisfied by any molecular tree on n vertices.
In order to find the molecular trees with the maximal SO,-value, we have to find
the values of the parameters mqs, M3, Moo, Mag, M3z, M34, and myy as close to zero
as possible compatible to the existence of a molecular tree, i.e., for which the right-
hand sides of (3.4) are integers, and for which a graph exists and we have that
myg + Ma3 + 2m33 + m3q has to be a multiple of 3 from nz = "3 + =28 4 QWT“ +

By (3.5), we know that there is must be n3 =0 or ng =1 for n Z1 (mod 4) if T
is a molecular tree with the maximal SO5(T")-value.
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TABLE 4. All (mlg, Moz, 33, m34) satisfy mMi3 + Mas + 2msz3 +msgy = 3,
— 11 58 47 96
where t = ]5 17013 + 591 11023 + g5 11033 + 195771034

mi3 | Mag | M33 | M3q t mi3 | Mag | M33 | M3q t
1 1 0 1 |0.617715| 1 0 1 0 10.682341
0 1 1 0 10815374 | O 0 1 1 10.778823
2 1 0 0 10521233 1 2 0 0 |0.654266
1 0 0 2 10.581164 | 2 0 0 1 |0.484682
0 2 0 1 10.750748 | 0 1 0 2 10.714197

Case 1. If nsg = O, then mMi3 = Moz = 133 = MN34 = 0, and

126n — 30 3677112 64m22 39m44
3.7 T — _ _ _ .
(3.7) S0:(T) 170 85 85 85

To find the molecular tree(s) with the maximal SO (T)-value, we only need to consider
M1 + Mag + Mgy = 1.
If n =2 (mod 4), there are two types of molecular trees such that mis+maog+myy =
1, i.e., mig =1, maog = myy = 0 or myy = 0, Moy = 1, myy = 0. By simply computing
and comparing, for any molecular tree 7' with n = 1 (mod 4) vertices,
126n — 102
170 7

SO,(T) <

with equality if and only if T' € Ts.

If n =0 (mod 4), there is only one type of molecular trees such that mjg + mag +
myy = 1, i.e., mig = Moy = 0, myy = 1. Then, for any molecular tree with n = 0
(mod 4) vertices,
126n — 108

with equality if and only if T" € Ty,
If n =3 (mod 4), then there is no molecular trees such that mqy + maog + myy = 1.
Case 2. If ng = 1, then mq3 + mos + 2ms3 + ms4 = 3. To find the molecular trees
with the maximal SO4(T)-value, we only need to consider all possible choices of (m;3,
mas, M33, m34) such that mis -+ mos + 2m33 + msqy — 3 mis + mos + 2m33 + ms3qy — 3.
From Table 4 and (3.5), a molecular tree on n vertices and n3 = 1 with the maximal

SOs-value must satisfy
(3.8) Mig = Moy = Muag = Moz = Mgz =0, my3 =2, mgs =1,
and it can be satisfied only if n = 3 (mod 4). Then, for any molecular tree with n = 3
(mod 4) vertices,
315n — 281
SOy(T) < —————
(1)< =5
with equality if and only if T' € Tj. O
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GENERALIZATION OF INEQUALITIES FOR DIFFERENT TYPES
OF FUNCTIONS VIA y-CAPUTO FRACTIONAL DERIVATIVE

ABDELLAH TAQBIBT?, MOHAMED CHAIB!, AND M'"HAMED EL OMARI!

ABSTRACT. In this manuscript, we present a collection of inequalities that extend
and generalize the important results of the findings from [14], with the latter serving
as specific cases within our study. Our research takes many forms of fractional differ-
ential inequalities, including the comprehensive structure of the Caputo fractional
derivative operator with respect to a function . Furthermore, we demonstrate
the practical applications of o-convex functions in the domain of fractional calculus
within this framework.

1. INTRODUCTION

The broad applicability of fractional calculus in modeling natural phenomena across
various scientific and engineering fields has captured the interest of many researchers
[4,5,12,13,17]. These fields include physics, finance, biology, engineering and chem-
istry. To facilitate a deeper understanding of these phenomena, various definitions
of fractional derivatives have been introduced, including the Caputo derivative. This
last derivative, proposed by Italian Caputo in his article [3], is considered as an im-
portant contribution to fractional calculus [11], consisting of the introduction of a
new fractional derivation which is better adapted to to problems of partial differential
equations. This derivative has been generalised in different sense so that the reader
can see in [8-10] and the related references therein. In this study, our attention
will be directed towards the Caputo fractional operators, aiming to establish crucial
fractional inequalities. The concept of convexity is crucial in various domains in both
pure and applied sciences. Therefore, the classical concepts of convex sets and convex

Key words and phrases. Convex functions, o-convex functions, fractional inequalities, 1-Caputo
fractional operators.
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functions have been extended and generalized in different research directions. For
more information, we refer the reader to the references [7,14-16]. The close connection
between convexity theory and the theory of inequalities has been a significant factor,
drawing the attention of various researchers. The theory of mathematical inequalities
has seen extensive research through numerous extensions and various generalizations,
especially those dealing with Hadamard-type inequalities the reader can see in [2, 6]
and references therein.

In this section, we recall a few basics properties from the theory of fractional calculs.
The Caputo fractional derivatives of order « are defined for the first time by the Italian
mathematician Caputo which presented his fractional derivative of order o > 0 as in
the following definition o-convex functions.

Definition 1.1. A set Q C R is defined as a o-convex set with respect to a strictly
monotonic continuous function o if

Mpj(z,y) =0tz + (1 —t)y) €9, forallz,yeQ, tel01]

A function f : Q — R is defined as a o-convex function with respect to a strictly
monotonic continuous function o if

f (M[U](‘xay)) < tf(x) + (1 - t)f(y)a for all T,y € Qa te [07 1}
The set of o-convex functions will be denoted by Q([).

Definition 1.2. A function f : I C R — R is said to be P-function or belongs to
P(I), if it is nonnegative and for all z,y € I we have

F (M) (o), o)) < () + Fw).

Definition 1.3. Let h: J C R — R be a positive function. We say that f: I C R —
R is h-convex or that f belongs to the class of SX (h, I), if f is nonegative and for all
x,y € I XA €[0,1], we have

fQz+ (L= Ny) < hA) f(z) + k(1 = A)f(y).
Definition 1.4. Let a > 0, f € AC"[a, ],

t () (g
(1.1) DO F(t) = F(n1_&>L (tf8)£+)1_nds, t>a,
and
_qyn (g
(1.2) D F(t) = Fénl—)a) /t ' ; ! t)i+)1nds, t<b.

Ifa=ne€{l,2,3,... } and usual derivative of order n exists, then Caputo fractional
derivative “D%Y f(t) coincides with f()(t), while DY f(t) coincides with f(t) with
exactness to a constant multiplier (—1)".

The Caputo derivatives given in Definition 1.4 have been generalized by the /-
Caputo fractional derivative, as described below.
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Definition 1.5 ([1]). Let o > 0, f € AC™[a,b]. The 1-Caputo fractional derivatives
of order « are defined as follows

(13) DI f() / W (s)(W(t) — v(s)) ™ fil(s)ds, t>a,
and

—_1\" b
(1.4 C@;‘;ﬁ’f(t):Féf_)a) [ ) wls) vy s, 1<

where flgjn] (t) = (w,l(t) : %)nf(t)-

Within this section, we formulate new inequalities for various types of functions
using 1-Caputo derivatives.

Lemma 1.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If

is integrable over [a, b} then the following generalized fractional equality

(1.5) [[n] [n] } oz+))1n)a {C Y £(h) 4 (= 1)nc®&¢f(a>}
~(v )/01 1 = (L= 1)) £ (0T (tla) + (1= 6)u(b))) dt

holds.

Proof. Using Definition 1.5, we can write
DI FB) + (-1)" D (@) / ¥(r
(w<b> - wm)’”* +(0() = wla)" ar

Using integration by parts and by change of variable, it follows by taking v =
s £ (7) and v = ¢/ (7) (1 (b) — ¥ (7)"" + /(1) ($(7) — ()" that

X

‘Dot f(b) + (=1)" “Dy¥ f(a)
1 o () = v (6(r) — (@) "’
:F(n—a)x{_fq[p]ﬁ) n—oa+1 Jo'(7) n—a+l ]

L (w) ()" ((r) — b(a))
_F(n—a)/af‘[ﬁ](ﬂ[_ n—a+l " n—a+l ]dT’

)nfoH»l

a
n—a-+1




1174 A. TAQBIBT, M. CHAIB, AND M. EL OMARI

Now, we use the change of variable 7 = My (a,b) = ¢ (ta + (1 — t)b), we obtain

b) —(a))" "

o n n
DI+ 1D ) = T atD L @+ £
(0(0) = (@)
* F'n—a+1)
X / 1 £ (Mg (a, b)) [t = (1= )me] dt.
Finally, we multiply both sides of the previous equality by b)(nzp—gzz)l’;a we obtain
(0®) = v@)" "r, e
R 21y | PRS0+ (-1 D} f(a)
—[a) + 7)) + (@) [ 7 (0, 0) [ = (1= o]
Hence,

F(n—a+1)
(¥(b) — ¥(a))™
= (¢(b) —w(a))/o (1= — 72 I (Myg(a,b) ) .

@) + £ )] - 5 Dol F(b) + (1) Dy f(a)|

O

Theorem 1.1. Let us consider a differentiable function f : [a,b] — R defined over

the open interval (a,b). Assume that \fQEJn+1]| belongs to the class Q(I). Then, the
following inequality

[f&"}<a>+fz&”]<b>]—w<§? j(+>>” D2 F() + (—1)" D f(a)]
<(v0 - @) {(sE @]+ [0 [+ o]}

holds.

Proof. Combining the result of Lemma 1.1 and Definition 1.1, we have

[787e) + 1500 = oo DR 8 + (1) D} ()

_’(¢(b) —w(a)> /01 <(1 — )" =" a) f[n+1 ( w](a,b)) dt’
S(w(b) - w(a)) /01 ‘(1 — ) — t"*a‘ Htfllg)n-i-l](a” I ‘(1 _ t)szJn—l—l](b)H i
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We expand the product under the integral, and we obtain

£ ) + £ = ¢ J(g__g((;;ﬁ_a DI F®) + (1) D f(0)] |

S( ){‘ [n+1] )+ f[n+1( )‘ {/01(1 — el et gy

~(v0 - @) {la ]+ 0] [0 0 -0 v+ T

where B is the beta function, which completes the proof of the theorem. O

Corollary 1.1. If we take ¥ (x) = z, the 1»-Caputo fractional operators CDg‘jﬁp and
Dy are reduced respectively to the Caputo fractional operators “Dy  and “Dj_, and

the function f[ " s reduced to f (n+1) , then the inequality (1.6) reduces to the following
inequality
n n 'n—a+1 cyo n cyo
[f( )(a) + f( )(b)} — (([)_CL)’H_OC) |: ®a+ (b) + (—].) Db_f(a)} ‘

(400 s @) @]+ 70] 50— 0+ 0+ —]}

which it exactly the inequality obtained in [14, Theorem 2.1, when we replace the class
Q(I) in [14] by that in the Definition 1.1.

Theorem 1.2. Let us consider a diﬁer@ntiable function f : [a,b] — R defined over
the open interval (a,b). Assume that |f¢ +1]| belongs to the class Q(I). Then, the

following inequality
‘f["] o)+ ')  Tn—a+l) |
2(¥(b) — ¥(a))" "

b n+1 n+1
(1.6) s%{\[ i) + [}

"D F(b) + (~1)" Dy f(a)] |

holds.
Proof. Since ‘ f}f“l‘ is a 1Y-convex function, then in particular we can obtain

1.7 [”H My (z,y)) < t\f ["H] [”H (y), forall x,y € [a,].
(]
By the Lemma 1.1, we have

@)+ ) Th—a+1) [

2 2((b) — (a))" "

_ W/Ol (@ =ty =) £ (Mg (a, ) dt‘-

DI F(B) + (~1)" D} f(a)] |
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Therefore, using inequality (1.7) to the points a and b, we obtain
D@4 £ Th—atl) . " ey
T T 0 ey | DO+ (1 D)
P(b) — Y(a) [ yr—a _ gna ] ]
PO gy [+ 1= ) )
<O 1) e [ ] o) + \fr”\(b)} it
SL) {] £ (a /0 - Bredt + | £ () /0 1=y

£ /t” “dt + £ () /t” “dt}
:w(b) —Y(a [‘f¢n+1]’ ‘fwn-l—l]’ } '

n—a+1
So,
S@OFLNE) | Th—atl) n e £
. = St p@y [ D)+ (1) DR f(a)]
b) — [n+1 n+1
<O 1 o) 0]

O
Theorem 1.3. Let f be a function such that ’f[ ]‘ belongs to the class Q(I), a,b € I

with 0 < a < b and ‘f ]’ € L'[a,b]. Then, inequality

0 (W (w( >—2w<>)> _ Mm—a+1)

c Oé¢ n cqo,yP a
< e lroer o+ curepi s

(1.8)
holds for all o > 0.

Proof. Since f, s o convex, then we obtain

£ (v U]xy)\m( Fl@)] + (=] W)

In particular for A = 35, we get

e (w—l <¢( ) 72%/)( ))) <2 (|7 @) + | )
Substituting ¢ (x) = t1p(a) + (1 — t)(b) and ¥ (y) = (1 — t)(a) + t1p(b), we obtain
18 (7 (L)) <ot awtar+ (- )

(1.9) + @~ B(a) + (b)) |-

, forall z,y € [a,b], A € 0,1].

) ,  forall z,y € [a,].
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Multiplying both sides of (1.9) by "=~ we can get

e (w‘l (W))
+ AT — d(a) + (b))

and integrating the above inequality with respect to t over the [0, 1], we obtain

fv[bn} <¢ (W))/ " dt < 2(n — a)

AQW”VMGb<ww> u—ﬂwmnﬁ

tn—a—l

<ot 210 (@) + (L= 1)0(8)

+ [ 00) @) — wla) = 1 )]

Aot D) fepow s o (1) oD f(a)].
This ends the proof. ([l

~(0(b) — v(a)" "

Corollary 1.2. If we take ¥(x) = x. Then, the inequality (1.8) reduces to the
following inequality

10) (4 b) < QF((b"__a;)‘:al)

"D, f(b) + (=1)" “Dy_ f(a)|-

Theorem 1.4. Let f be a function such that ’fq’[,)n]‘ belongs to the class P(I), a,b € I
with 0 < a < b and ‘fz[pn]’ € L'a,b]. Then, inequality

e (w <¢(a)—2kw(b)>>| <(2F( a+>1)
(1.11) <[ 77y + |72
holds for all o > 0.

DY F(b) + (—1)" “Dy f(a)
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Proof. Using Definition 1.2 and substituting ¢(z) = t(a) + (1 — t)¥(b) and A = 3,

we obtain
s (@b‘l (wa);wb)))‘ <[ (w(a) +(1- t)@b(b))

(1.12) + 17 (1= )(a) + tw (b)),

for all t € [0,1]. As in the proof of the last theorem, multlplymg both sides of inequality
(1.12) by t"*~1 and integrating the resulting inequality with respect to t over the
interval [0, 1], we get

s (wl (w( a) + (b ))

/ o 1dt</ o 1“@) [(t(a) + (1 - o))
+ A= tya) + (b ))}dt.

Then,
)l (v(6) - ;m))”‘“ IR (CORD)
+ (0@) = 0@)" " @) 7 @)
And thus

Therefore,

(-1 ¥(a) +P(b) Fn—a+1)
G )>S(w<b>—w<:))”‘“

which completes the proof of the first inequality in (1.11). Since ‘ fi,n]‘ belongs to the
class P(I), then we can write

£ (07 (1) + (1 = 00 ) )| < [ £+ | £ 0)

D f(b) + (~1)" D f(a)

and

(0= et + )| < || + 4o
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Combining these two inequalities, provide that the dummy variable choosing in [0, 1]
for My is t, we obtain

(1.13)
77 (M (0@ 0 0)) )| + 25 (M (w00, w()) )| < 2(| 18 @) + [0

If we multiplie both sides of (1.13) by ">~ and integrate over the interval [0, 1]
with respect to the variable ¢, we get

/0 e [f[”]( i ((a) 0 0) ) + £ (M (9(0), (@) )| e

<a(fL / ey
it follows that

(v(0) 32)) Lo = v@)"" ™+ (0 - o) e @)
)|),

<2(| " (@)] + [ £
and therefore,
F(n—a+1) b ey n gy
- o f(0) + (=1)" “Dy* f(a )|d
(40) — 0()) [ e Jelit e

<2(|f"@)]+ [£0)]).

Finally, the second inequality of (1.11) is proved, which completes the proof. 0

Theorem 1.5. Assume that fl[bn] € 8X(h,I), a,b € I with a <b. Then,

1 m(a+b I'(n—a) - aw pS———
(5 )_(w(b)_w)m[ L)+ (<1 D f(a)]

(1.14) @y + £ / == R (8) + h(1 — b)]dt.

Proof. Applying the inequality in Definition 1.3, provided that ¢ (z) = ti(a) + (1 —
DY (b), P(y) = (1 —t)(a) +t(b), we get

s (M) < (3) [ @) o)

Multiplying both sides of (1.15) by t"~*~! and integrating the resulting inequality
with respect to ¢ over [0, 1], we obtain

+ [ (0= vt + )
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And thus,
1 ) (V(@) + 9(b)
h(%) (n—a) Jo ( 2 )
1 b n—a—1
< == [ 1 (0) = v()) @) ()

(v0) (@) [ w

+(0@) = v@)" " @ (@) fda
Consequently,

< [*DEY F(b) + (1) *DEY f(a))

1 ] (P(a) + (D)
h(;)(n—a)fw ( )

and the first part of the inequality (1.14) is proved. Since fl[pn] € 8X(h,I), we obtain

FP () + (1= 0 (y) < hE) @) + (1= 1) /()

and

FENQ = 9 (@) + t(y)) < h(1 —t) i (@) + h(E) £ ().

Combining these two inequalities, we get:
£t (@) + (1= 00 (y)) + £17((1 = (@) + t(y))
(1.16) <(h(t) + b1 = 1) | £7@) + £ ).

If we take z = a and y = b in inequality (1.16), multiplying its both sides by t"~*~!
and integrating the resulting inequality over [0, 1] with respect to t we obtain

/t”a{f(w<><L%wwn+ﬂ%u—www+wwww

(117 < [ () + - 0) [ + £ 0)ar
Hence,
F(TL—CL/) c Oé¢ n ¢,y
s DR F(B) + (~1)" D5 f(a)
((b) — () i)
(1.18) SEORSl ]/ £ ((t) + h(L —t))dt.

Thus, the second inequality of (1.14) is proved, hence the proof is completed. O
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2. CONCLUSION

We have formulated novel generalizations concerning inequalities of fractional type
associated with different class of o-convex type functions using the )-Caputo fractional
operator knowing that ) plays the same role as 0. Once again, we want to emphasize
that our major finding, which possesses a broad and general nature, can be adapted
to obtain various compelling fractional inequalities.

Acknowledgements. The authors are thankful to the referee for her/his valuable
suggestions towards the improvement of the paper.
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UNIFORMLY CONVERGENT TIME-FRACTIONAL
REACTION-DIFFUSION EQUATION

FEYISA EDOSA MERGA! AND GEMECHIS FILE DURESSA!

ABSTRACT. In this paper, singularly perturbed time-fractional parabolic reaction-
diffusion of initial boundary value problem is studied. The time-fractional derivative
is applied in the Caputo fractional sense and handled by implicit Euler method. The
spatial derivative is approximated by fitted cubic B-spline collocation method on a
uniform mesh. Convergence analysis of the scheme is conducted and it is accurate
of order O(h? + (At?~%)). To test the effectiveness of proposed method two model
examples are considered. The results from the experiment confirm that the scheme
is uniformly convergent and has twin layers at the end spatial domain.

1. INTRODUCTION

Fractional differential-equations are generalizations of the standard integer order
derivatives to an arbitrary (non-integer) order that can be obtained either in space or
time variable. Due to the ability to model complex phenomena fractional differential
equations currently attracted several scholars in the fields of engineering, physics,
chemistry, biology and other fields [1,2].

Alike character of classical differential equation, the solution of parameter dependent
fractional-differential equations also invariably characterized by large oscillation as the
perurbation parameter approaches to zero. Solving such fractional differential equa-
tions using classical numerical methods on a uniform mesh may arise large oscillations
in the entire domain of interest due to the boundary layer behavior. To overcome this,
appropriate numerical method whose accuracy doesn’t depend on the perturbation

Key words and phrases. Time-fractional, parabolic reaction-diffusion, fitted B-spline collocation
method, convergence analysis.
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parameter will be applied. Hence, there has been a lot of effort in developing numer-
ical methods for the solution of singular perturbed fractional-differential equations
[3-11]. This study concerns with the singularly perturbed time-fractional parabolic
reaction-diffusion of initial boundary value problem in the domain D = (0, 1) x (0, 77:

o~ 0?
(1.1) (atau —En + bu) (x,t) = f(z,t), (x,t) €D,
with an initial condition
(1.2) u(z,0) =¢(x), = €]l0,1],

and boundary conditions
(1.3) u(0,t) = @i(t), u(lt)=¢ (), tel0,T],

where € is a small perturbation parameter that satisfies 0 < ¢ < 1 and b(x,t) > 9 > 0is
a smooth function. Under sufficient smoothness and compatibility conditions imposed
on the functions ¥ (x), ¢i(t), ¢-(t) and f(z,t)) the initial-boundary value problem
admits a unique solution u(z,t) which exhibits twin boundary layer of width O(,/¢)
neighboring the boundaries * = 0 and x = 1.

Reaction-diffusion equations that time-derivative can be replaced by non-integer
fractional order is known as time-fractional reaction diffusion equations. Such differ-
ential equations are applied in modeling of oil reservoir simulation, the flow of fluid
in porous media, global water production, and many numerous natural phenomena
[12-14]. Because of the fractional order, obtaining the exact solutions of such prob-
lems is difficult. Therefore, developing reliable and effective numerical methods for
the solution of such equations is increasingly important.

Even though there have been several investigations into the case of integer order
singularly perturbed parabolic-reaction diffusion equations [15-22] and time fractional
parabolic reaction-diffusion [23], as the best of author knowledge no one can be ap-
plied the numerical scheme on singularly perturbed time-fractional parabolic reaction-
diffusion equation. Motivating on this, fitted cubic B-spline collocation method for
solving initial boundary value problem of one-dimensional singularly perturbed time-
fractional parabolic reaction-diffusion equation is presented in this paper.

The sequences of this study is: the preliminaries and continuous solutions is dis-
cussed in Section 2. In Section 3 and 4 numerical formulation and convergence analysis
are presented. Discussion of numerical results and conclusions are respectively given
under Section 5 and 6.

2. PRELIMINARIES AND CONTINUOUS SOLUTIONS

Definition 2.1. Let Z be a complex number such that Re(z) > 0, then the gamma
function defined by

['(z) = /0+OO exp(—x)z* 'dx.
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Definition 2.2. When the function h(t) possesses lowest bound of zero, then Caputo
fractional derivative is defined as

— ,tzi/h(") t—&)nolde, —l<a<n.
S = s [ (@ -9 e, n—1<a<n
Definition 2.3. The Caputo fractional differentiation of a function u(z, t) with respect
to t is defined as

o« (x t) _ {F(nl_a) Ot a";ﬁ(i’g) (t - f)n—a—ldg’ ifa € (7’L -1, n)’

—u
« anu(x’t) ] —
ot T if a = n.

Lemma 2.1. Let ty € (0,1) is the minimum value of the function g, where g € C[0,1].
Then,

—Q

ﬁ (9(to) — g(0)) <0,

where 0 < o < 1 and O represents the Caputo fractional derivative.

deg(to) <

Proof. Define the auxiliary function, k(t) = g(t) — g(to). Then, k(t) > 0 and k(to) =
g(to) — g(to) = 0. Now,

1

Ogk(ty) = =——

ch(to) I'(n—a)

Applying integration by parts we obtain

[t —ew©e

Igk(to) = Tn—a) (—ta"‘k(o) - Oé/oto(to — f)_a_lk/(ﬁ)dﬁ) :
1 —«
< m(—to k(0)),
< s (8 a(t0) = 9(0).
< 0. ]

The existence and uniqueness for a solution (1.1), (1.2), (1.3) can be established un-
der the assumption that the data b(z,t), f(z,t) are Holder’s continuous and satisfying
the compatibility conditions at the corner points (0,0) and (1,0). That is

©5(0,0) = ¢1(0),
901)(17 O) = SDT(O)7

21 « 2
. Pl — 200 1 b(0,0)4(0,0) = £(0,0),
PO P00 4 p(1,0)(1,0) = f(1,0).

Lemma 2.2 (Continuous Maximum Principle). Under the assumption of Lemma
2.1 the following inequality holds. Let A(x,t) be sufficiently smooth function which
satisfies A(x,t) > 0 on OD. Then, L .A(x,t) > 0 on D implies that A(x,t) > 0, for
all (z,t) € D.
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Proof. Let (A\,w) be a point that satisfy
A\, w) = min_A(z, 1),

(z,t)eD

and A(\,w) < 0. Then, A(\,w) ¢ OD. Then, we have

O*A(N
LA w) = eAge (N w) — bOA, w)A(\, w) — a(ta’“’) <
Since Agz(A,w) > 0 and aaggi\,w) = 0, then L. A(N\,w) < 0, which contradicts the
initial assumption. Therefore, A(\,w) > 0, for all (z,t) € D. O

Lemma 2.3 (Stability Estimate). Let u(x,t) be the solution of the continuous problem
of (1.1). Then,

. 2)]) < 07 1] + max { |

smax(larl, o)}

where ¥ = max(x), for all x € [0,1], v, = max(t), ¢, = maxp,(t), for all
te0,7].

Proof. Define barer functions ¥+ as
U, 1) = 07| £ + max [
At initial and boundaries we have
W (2, 0) =0~ || £]] + max { |
W0, £) =9~ || £]| + max {| ], max(|er] |, ]) } + 01 > 0,
WE(L, 1) =0 |+ max {[5], max(ial o)} £ ¢, 2 0.
Now, considering the differential operator £. on the domain D we have

O (x, 1)
ot

Jmax(|gl , [or])} £ u(, ),

qmax(|gi], lr]) |+ (2) >0,

N 4 P UE(a,t) N
(LE + 815“) U*(x,t) = B b(z, )= (z,t) +

Now, using the above barer function we obtain

o\ . P tux,t)  0UE(x,t)
<LE+> U (z,t) =—¢ 922 + e

ot~
+b(a, t) (971 || £I| + max { ¢}, max(|@], [ o)) })
+ f(z,t) + 0 (19_1 | £l +max{‘@/;
Since ||f|| > f(x,t), then we have

,max(|ey], |907‘|)}) '

(La + m) \Iji(x7t) = j:f(l’,t) + v (19_1 ||f|| + max {‘& 7maX<|4pl| ) |Q0r|)}) )

ot
> (max {‘@Z

smax(|gi] , |r)) }) > 0.
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It follows that from Lemma 2.2 we have W*(x,t) > 0, for all (z,t) € [0,1] x [0,T].
Hence,

97 ]+ maxe {4

(il s ler)) } £ ula,t) > 0,
which implies

[uz,t)] < 071 [|£]| + max { |, max(jeil , o)) } O

3. NUMERICAL SCHEME FORMULATION

3.1. Temporal Discretization. To discretize the time domain [0,7] into M sub-
intervals on a uniform step size t; = jAt, 7 =0,1,..., M, At = % The time fractional
derivative is approximated by Caputo sense that obtained from the quadrature formula
at the point (z,t;41) as

N 1 tiv1 QU (z, s) o
81% U(ZE, tj+1) = F(]_ — a) /0 Ds (tj+1 — S) dS,
1 (U T, tee1) — u(x, ty) tht1 o .
= I‘(]_ — a/) Z ( ( k+1At b ‘/tk (tj+1 — S) dS + 6]:;1,
k=0

J
=f Z wy (U(z, tj—pr1) — Ul tj-p)) + e]Atla

where 3 = r(1 a) wy = (k4 1) — (k)= and ' = 1 5 ft’““( tiv1 — 8)"ds.
Therefore, the Caputo fractional derivative Ofu(x,t) combmed with implicit Euler’s

method at the point (x,%;41) is

(3.1)

U (w,t31) = B( (U(x, ti) = Ulz,t))) + ZZ wi (U@, tj-p1) — Uz, tjk))) .

Now, using (3.1) into (1.1) we obtain the time semi-discrete equation

(3.2) 5 (U(‘%,thr;)l_a U(f,tj>> -+ B (i (U(x,tj_k+1) — U(x,tj_k))wk)

k=1
— UL () + VU (@) = [ (),
which is rearranged as
(3.3) (84 £2) U (x) = R,,
where

(ﬁ+L€At) Uj+1( ) Ug+1

(B+ V" (@)U (2),

_l’_
R = BU7(a ﬂ(zwk (i )—Uj’“(fc)))Jrfj“(:v)-
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Lemma 3.1. An error estimate associated with (3.3) satisfies the bounds
el < can @,
Proof. We have

: o(At) =2
el = M /t (tj+1 —s)ds

tk+1

< oA,

which implies ’ejil‘ < C(At)2=) where C is a constant independent of € and At. [

Lemma 3.2. The semi-discretize solution U(xz,t;+1) and its derivative satisfy the

following bounds
el () en (2]

akU(:U, tj+1)
oxk
3.2. Spatial Discretization. Consider a uniform mesh size in spatial domain [0, 1]
into N sub-intervals as 0 = 2y < 21 < -+ < zy = 1, with h = x4 — 2, © =
0,1,...,N — 1. Let B;(z) be the cubic B-spline basis function defined by:
(3.4)

with 0 < k < 4.

(z — z-9)%, Tico < < X1,
1 h3 + Shz(l’ — Ii—l) -+ ?)h(ZL' - l‘i_1>2 — 3((13 — xi_l)g’, Ti—1 S T S T,
Bi(z) = 7 h3 + 3h*(zi1 — o) + 3h(ziy — 2)* — 3(xi1 — ), 7 < o < @iy,
(Tiv2 — )3, Tiy1 S < Tiyo,
0, otherwise.
The values of B;(z) and its first and second derivatives at the knot points x; o,
Ti_1, T;, Tip1 and ;49 are given in Table 1. Let Z(z) be cubic B-spline collocation

TABLE 1. Coefficients of cubic B-splines and its derivatives at knots

xz Ti—2 Ti-1 Z; Ti+1  Ti42
Bz(a:) 0 1 4 1 0
Bi(x) 0 3/h 0 -3/h 0
B(x) 0 6/h2 —12/h® 6/h> 0O
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approximation to the solution U(z, ;1) given in (3.4) defined as

N+1

~ Y vBi(x)

i=—1

(3.5)

[I]

Differentiating (3.5) twice and using Table 1 we obtain an approximate value at the
knot point z; as:
i % 1+ 47 + Vi,

(36) %" (’Yz+l P)/ifl) )

= = ( Yie1 — 2% + Yir1) -
To control the effect of perturbatlon parameter on the solution behavior, we introduce
the fitting factor (o0; = o(z;,€)) in the way that the approximate solutions uniformly

converges to the exact solution of (1.1) and using (3.6) into (3.3) we obtain an
(N +3) x (N + 3) systems of linear equation:

110 [

(3.7)

60; 120; - . 60; _
(_ . Y8+ b]+1> g+11+< = bzq+1> %g+1+< 2 b;+1> %]:11 _ R,
that can be written as a three term recurrence relation of the form:
(38) E5) + Fl" + Gilfi = Hi, i=0,1,...,N,
where

E, =G, = —60; + (5 + bgﬂ) h?,
F,=120;+4 (5 + b{“) h2.

H’i == hQRZ‘,
and
B2 (1 4 2 cosh®(p;h A
(39) o; = ! i .COSQ (p ) ) Pi = : )
6 2sinh” p;h €

for |o; — | < Ch?* with C' is independent of € and h [24,25].
By imposing the boundary conditions (1.3) into (3.6) it yields
Y-1 = @itjr) — 4y — 1,

IN+1 = @r(tjs1) — Iv—1 — 4N

Substituting (3.10) into (3.8) we obtain an (N + 1) x (N + 1) systems of linear
equations:

(3.10)

(Fo — AE)) ™ + (Go — Eo)¥{™ = Hy — Eopi(tjnr),
(3.11) Bt +Frylt' + Gl = Hi, i=,1,...,N—1
(Ex — Gn) YA + (Fy —4Gn) 74 = Hy — Gregr(ti1).-

Y
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4. CONVERGENCE ANALYSIS
Lemma 4.1. The collocation cubic B-spline {B_1(x), Bo(x), ..., By(x), Byi1(x)}
defined in (3.4) satisfy the inequality

(4.1) Nf Bi(z)| <10, =€ [0,1].

i=—1
Proof. From triangular inequality we have
N+1

> Bi(x

i=—1

The cubic B-spline B;(x) is non-zero at only three nodal points. Thus, at any nodal
point xz;, we have

N+1
> |Bi()| = [Bioa(2)| + |Bi(@)] + |Bii(2)| = 1+ 4+ 1 =6 < 10.
i=—1

For x € [Ii,hl’i],

N+1 N+1
> |Bi(zi)] <4 and > |Bii(zio1)] <4,
i=—1 i=—1

and similarly for x € [x;_1, z;],

N+1 N+1
> IBipa(z)| <1 and > |Bi_a(xi—1)] < 1.

i=—1 =1
Therefore, for any point x € [z;_1, x;], we obtain

> |Bi(@)] = |Bia(z)| + |Bi—1(2)] + | Bi(2)] + |Bisa ()] < 10. 0

i=—1

Lemma 4.2. Let Z(x) be the collocation approzimation to the solution u(x)of the
boundary value problem of (3.3). If R € C?(0,1], then the parameter uniform error
estimate is given by

(4.2) lu(zi,tj41) = E(@)ll, < C (),
for sufficiently small h and C' is a positive constant.

Proof. Assume Z(z) be a unique spline that interpolate %(z) of the boundary value
problem (3.3) at the (j + 1) time level given by

N+1

~ Y %iBi(x)

i=—1

[I]I

(4.3)
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If b(z), R; € C?0,1], then u(z) € C*[0,1], for all j, 0 < j < M, and hence from error
bound estimate [26] we have
d*u(r)

4—n _
S| BT =012,

(44) | (a(2) - E@)] | < s

o

and ¢, is constant independent of term A and V.
Using triangular inequality we have

(4.5) () = Z(:) o < [|i:) — )

_+[E@) - E@)

Let (B + L?t’h) =(z;) = H; and (ﬁ + L?t’h) Z(x;) = H; that satisfies the boundary
conditions Z(zq) = ¢;(t;11) and Z(zx) = ©,(t;11). Then,

(4.6)

(8 + £2) 2w — (8 -+ £5) E(w) =

+ <ollb(i) oo | (:) || o-

dx?

<|o; — €| le] s2

o

Using the bound of artifial viscocity |o; — €| < Ch?, and Lemma 3.2 into (4.6) it gives

(4.7) max (5 + L?t’h) u(@, tjy1) — (5 + L?t’h> (w:)

[11

2
<ch",

where ¢ = ey + (Cz + Gollb(@i, t41)[|oo) 2*. )
Using (4.3) and (3.8) the i-th nodal point of ’(6 + L?t’h) (ﬂ(:v,) - E(xl))‘ yields

(4.8) 360010 = Yo,

(4.9) (=60 + B (B + i) (i1 + prir1) + (1205 + 407 (B + b)) = Vi
i=1,2,...  N—1,

(4.10) 360npun = Y,

where 1; = v — %, i=—-1,0,..., N+1andY; = H; — H;, i = 0,1,...,N. Then,
(4.9) given as

(411) (120’1 + 4h2 (ﬁ + bz)),LLz = K - <—6O'Z' + h2 (5 + bz))(,ul_l + /~Li+1)-

Define

Y= max Y, = max U,
1<i<N-1 " H 1§z’§N71M“

and using the condition 0 < n < b; into (4.11) we get
(12e + (4(B+n) + 12C)h*) u <Y + 2u (6 + (B +n + 6C) h?),

which gives
gh? ch? ch?
< — d < -,
B+n) M=36c M V=360

<
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The values of u_; and pyq is evaluated from (3.6) gives
1 1 1 1
S ot ma e | <ch?( 4+ ).
o= (90 O(B+n)> =2 (90 CB+n

With values of ¢, there exists a constant w, independent of h and ¢ such that

— 1 < oh?
(4.12) p=_max {u}<wh”

Results from (4.12) and Lemma 4.1 gives
(4.13) 1Z(z:) — Z(2)||so < 10wwh?.
Thus,
(@) = E(z)lo < CH?,
where C' = 10w + ¢h?. O
Theorem 4.1. Let u(x,t) be the solution of (1.1) and U(z;,t;j11) is the solution of

the total discretized equation. Under the hypothesis of Lemma 3.1 and Lemma 4.2,
then the e-uniform estimate holds

(4.14) max |U(z,t541) — E(z)] < C (B + (A)*7)

1<ij<N,M—1

where C' is the constant independent of €, h and (At).
Proof. The proof is applying triangular inequality. O

5. NUMERICAL RESULTS AND DISCUSSION

The results of maximum point-wise error is evaluated by double mesh principle. i.e.

N,M 2N,2M
ENM = max |UY - U
1<i<N-1

The e-uniform errors are approximated using
ENM — max ENM
and e-uniform rate of convergence is obtained by the formula
FNM IOg(EéV’M) - IOg(EgNQM).

) log(2)
Example 5.1.
0% 0?
il ga—;; + (1 + 2%+ t?e")u = ' — 1 +sin(rx), (a,t) € D,

subject to the initial and boundary conditions
u(z,0) =0, xe€Q=]10,1],

and
uw(0,t) =0=wu(l,t) =0, te]l0,1].
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Example 5.2.
0% 2u L
prrl iy + (1 +ze u = f(z,t), (x,t) €D,
subject to
u(z,0) =0, xe€Q=]I0,1],
and

uw(0,t) = ¢i(t), u(l,t)=p.(t), te]0,1],
where the functions ¢;(t), ¢,.(t) and f(x,t) are chosen from the exact solution

—(1—=)

e Ve
u(z,t) =t (6—1—6 - COSQ(WZ‘)) :

1—|—e%

TABLE 2. Maximum absolute error of Example 5.1 for a = 0.9 and
N=M

€ 16 32 64 128 256

278 6.5344e-03 3.8082¢-03 2.2185e-03 1.2487e-03 6.8766¢-04
2710 6.5321e-03 3.8081e-03 2.2185¢-03 1.2487¢-03 6.8766e-04
2712 6.5317e-03 3.8081e-03 2.2185¢-03 1.2487¢-03 6.8766e-04
271 6.5316e-03 3.8081e-03 2.2185¢-03 1.2487e-03 6.8766e-04
2716 6.5316e-03 3.8081e-03 2.2185e-03 1.2487e-03 6.8766e-04
2718 6.5316e-03 3.8081e-03 2.2185e-03 1.2487e-03 6.8766e-04
2720 6.5316e-03 3.8081e-03 2.2185e-03 1.2487e-03 6.8766e-04
2722 6.5316e-03 3.8081e-03 2.2185e-03 1.2487e-03 6.8766e-04

ENM - 6.5316e-03 3.8081e-03 2.2185e-03 1.2487e-03 6.8766e-04
rVM 0.77837 0.77949 0.82916 0.85394

To validate the theoretical findings point-wise maximum absolute error of the
test examples is given out in Tables 2 and 3. As observed from the tables, as the
perturbation parameter approaches zero and the mesh size increases, the result of
numerical examples converges uniformly which confirms an agreement with theoretical
findings. The physical behavior of the scheme is demonstrated in Figure 1 and 3 which
yields numerical example has twin layers at the end of the spatial domain. In Figure 2
and 4 the boundary layer behavior is displayed and it has a parabolic boundary
layer at x = 0 and z = 1. Finally, in Figure 5 and 6 the log-log scale of maximum
absolute error is illustrated and it shows as mesh points increases and £ — 0, then
the maximum absolute error decreases monotonically.
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TABLE 3. Maximum absolute error of Example 5.2 for a = 0.9 and
N=M

€ 8 16 32 64 128

278 5.9457e-03 3.9889e-03 2.5301e-03 1.5170e-03 9.7828e-04
2710 7.7475e¢-03 5.0285e-03 3.1961e-03 1.8801e-03 1.0662e-03
2712 8.0307e-03 5.7727e-03 3.5375e-03 2.0678e-03 1.1680e-03
271 8.0445e-03 5.9251e-03 3.6635e-03 2.1471e-03 1.2139e-03
2716 8.0477e¢-03 5.9292e-03 3.7472e-03 2.1816e-03 1.2326e-03
2718 8.0485e-03 5.9296e-03 3.7489%¢-03 2.2003e-03 1.2397e-03
2720 8.0487e-03 5.9297e-03 3.7489¢-03 2.2011e-03 1.2425e-03
2722 8.0487¢-03 5.9297¢-03 3.7489¢-03 2.2011e-03 1.2429e-03
2724 8.0487¢-03 5.9297e-03 3.7489%¢-03 2.2011e-03 1.2429¢-03

ENM 8048703 5.9297e-03  3.7489%e-03 2.2011e-03 1.2429e-03
rN-M 0.44080 0.66149 0.76824 0.82451

Numerical solution B-spline Collocation Method

0.8

0.6

0.4

MNumerical Solution ufx,t)

|I|\

l\||

|,||,'||'| ll\lll\all\‘llh

N

0 ’ X-axis

FIGURE 1. Numerical solution of Example 5.1 for N = M = 64 and & = 2719

6. CONCLUSIONS

A fitted cubic B-spline collocation method is conducted for one-dimensional initial
boundary value problem of singularly perturbed time-fractional parabolic reaction-
diffusion equations. By using the Caputo fractional sense and employing the implicit
Euler technique, the time fractional derivative is addressed. Spatial derivatives are
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o
s

Solution

o o
M) w

e

o

F1GURE 2. Boundary layer formation of Example 5.1

Numerical solution B-spline Collocation Method

Numerical Solution u{x.t)

FIGURE 3. Numerical solution of Example 5.2 for N = M = 64 and ¢ = 2719

dicretized by the fitted cubic B-spline collocation method. The convergence analysis
of the scheme is proved and it is accurate of order O(h? + (At)*~%). The results from
numerical examples confirmed that the scheme is uniformly convergent and has twin
layers at © = 0 and z = 1.
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0.2

Solution
Q
-

0.8 1

Maximum absolute error in log scale

-3
10
10’ 102
M in log scale

FIGURE 5. Log-log scale plot for Example 5.1

Maximum absolute error in log scale

10 +
10" 102
M in log scale

FIGURE 6. Log-log scale plot for Example 5.2

REFERENCES

[1] A.A.Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Fractional Differential
Equations, Elsevier-Mathematics Studies, North-Holland, 2006.



UNIFORMLY CONVERGENT TIME-FRACTIONAL REACTION-DIFFUSION EQUATION 1197

[2] C.Jadhav, T. Dale and S. Dhondge, A review on applications of fractional differential equations in
engineering domain, MSEA 71(4) (2022), 7147-7166. https://doi.org/10.17762/msea.v71i4.
1331

[3] A. Atangana, On the singular perturbations for fractional differential equation, Scientific World
Journal 2014 (2014). https://doi.org/10.1155/2014/752371

[4] Y. H. Feng and J. Q. Mo, Asymptopic solution for singularly perturbed fractional order differential
equation, J. Math. 36(2) (2016), 239-245.

[5] H. Jin, W. Liu and J. Zhang, Singularly perturbed fractional Schrodinger equation involving a
general critical nonlinearity, Adv. Nonlinear Stud. 18(3) (2018), 487-499. https://doi.org/10.
1515/ans-2018-2015

[6] A. Atangana and E. F. D. Goufo, The Caputo-Fabrizio fractional derivative applied to a sin-
gular perturbation problem, International Journal of Mathematical Modelling and Numerical
Optimisation 9(3) (2019), 241-253. https://doi.org/10.1504/IJMMNO.2019.100486

[7] K. Kumar, P. C. P and J. Vigo-Aguiar, Numerical solution of time-fractional singularly perturbed
convection-diffusion problems with a delay in time, Math. Methods Appl. Sci. 44(4) (2021),
3080-3097. https://doi.org/10.1002/mma.6477

[8] S. K. Sahoo and V. Gupta, A robust uniformly convergent finite difference scheme for the time-
fractional singularly perturbed convection-diffusion problem, Comput. Math. Appl. 137 (2023),
126-146. https://doi.org/10.1016/j.camwa.2023.02.016

[9] W. T. Aniley and G. F. Duressa, Nonstandard finite difference method for time-fractional singu-
larly perturbed convection-diffusion problems with a delay in time, Results Appl. Math. 21 (2024),
Article ID 100432. https://doi.org/10.1016/j.rinam.2024.100432

[10] H. G. Kumie, A. A. Tiruneh and G. A. Derese, Crank-Nicolson method for solving time-fractional
singularly perturbed delay partial differential equations, Results Appl. Math. 11(1) (2024), Article
ID 2293373. https://doi.org/10.1080/27684830.2023.2293373

[11] S. K. Sahoo, V. Gupta and S. Dubey, A robust higher-order finite difference technique for
a time-fractional singularly perturbed problem, Math. Comput. Simulation 215 (2024), 43—68.
https://doi.org/10.1016/j.matcom.2023.08.013

[12] V. Chuk, B. Datsko and V. Meleshko, Mathematical modeling of time fractional reaction-diffusion
systems, J. Comput. Appl. Math. 220(1-2) (2008), 215-225. https://doi.org/10.1016/j.can.
2007.08.011

[13] M. Daoud, E. H. Laamri and A. Baalal, A class of fractional parabolic reaction-diffusion systems
with control of total mass: theory and numerics, J. Pseudo-Differ. 15(1) (2024), 18 pages. https:
//doi.org/10.1007/s11868-023-00576-w

[14] K. Van Bockstal, M. A. Zaky and A. S. Hendy, On the existence and uniqueness of solutions to a
nonlinear variable order time-fractional reaction-diffsion equation with delay, Commun. Nonlinear
Sci. Numer. 115 (2022), Article ID 106755. https://doi.org/10.1016/j.cnsns.2022.106755

[15] J. B. Munyakazi and K. C. Patidar, A fitted numerical method for singularly perturbed parabolic
reaction-diffusion problems, Comput. Appl. Math. 32 (2013), 509-519. https://doi.org/10.
1007/s40314-013-0033-7

[16] C. Clavero and J. L. Gracia, A higher order uniformly convergent method with Richardson
extrapolation in time for singularly perturbed reaction-diffusion parabolic problems, J. Comput.
Appl. Math. 252 (2013), 75-85. https://doi.org/10.1016/j.cam.2012.05.023

[17] S. C. S. Rao, S. Kumar and J. Singh, A discrete Schwarz waveform relazation method of higher
order for singularly perturbed parabolic reaction-diffusion problems, J. Math. Chem. 58(3) (2020),
574-594. https://doi.org/10.1007/s10910-019-01086-1

[18] T. A. Bullo, G. F. Duressa and G. Degla, Accelerated fitted operator finite difference method
for singularly perturbed parabolic reaction-diffusion problems, Comput. Methods Differ. Equ. 9(3)
(2021), 886—898. https://doi.org/10.22034/cmde.2020.39685.1737


https://doi.org/10.17762/msea.v71i4.1331
https://doi.org/10.17762/msea.v71i4.1331
https://doi.org/10.1155/2014/752371
https://doi.org/10.1515/ans-2018-2015
https://doi.org/10.1515/ans-2018-2015
https://doi.org/10.1504/IJMMNO.2019.100486
https://doi.org/10.1002/mma.6477
https://doi.org/10.1016/j.camwa.2023.02.016
https://doi.org/10.1016/j.rinam.2024.100432
https://doi.org/10.1080/27684830.2023.2293373
https://doi.org/10.1016/j.matcom.2023.08.013
https://doi.org/10.1016/j.cam.2007.08.011
https://doi.org/10.1016/j.cam.2007.08.011
https://doi.org/10.1007/s11868-023-00576-w
https://doi.org/10.1007/s11868-023-00576-w
https://doi.org/10.1016/j.cnsns.2022.106755
https://doi.org/10.1007/s40314-013-0033-7
https://doi.org/10.1007/s40314-013-0033-7
https://doi.org/10.1016/j.cam.2012.05.023
https://doi.org/10.1007/s10910-019-01086-1
https://doi.org/10.22034/cmde.2020.39685.1737

1198 F. E. MERGA AND G. F. DURESSA

[19] F. W. Gelu and G. F. Duressa, Computational method for singularly perturbed parabolic reaction-
diffusion equations with Robin boundary conditions, JAMI 40(1-2) (2022), 25-45. https://doi.
org/10.14317/jami .2022.025

[20] N. A. Mbroh and J. B. Munyakazi, A robust numerical scheme for singularly perturbed parabolic
reaction-diffusion problems via the method of lines, Int. J. Comput. Math. 99(6) (2022), 1139-1158.
https://doi.org/10.1080/00207160.2021.1954621

[21] A. Gupta, A. Kaushik and M. Sharma, A higher-order hybrid spline difference method on
adaptive mesh for solving singularly perturbed parabolic reaction-diffusion problems with Robin-
boundary conditions, Numer. Methods Partial Differ. Equ. 39(2) (2023), 1220-1250. https:
//doi.org/10.1002/num. 22931

[22] G. F. Duressa, F. W. Gelu and G. D. Kebede, A robust higher-order fitted mesh numerical
method for solving singularly perturbed parabolic reaction-diffusion problems, Results Appl. Math.
20 (2023), Article ID 100405. https://doi.org/10.1016/j.rinam.2023.100405

[23] J. Zhang and X. Yang, A class of efficient difference method for time fractional reaction-
diffusion equation, Comput. Appl. Math. 37(4) (2018), 4376-4396. https://doi.org/10.1007/
s40314-018-0579-5

[24] M. K. Kadalbajoo and P. Arora, B-spline collocation method for a singularly perturbed reaction-
diffusion problem using artificial viscosity, Int. J. Comput. Methods 6(01) (2009), 23-41.

[25] N. T. Negero, A robust fitted numerical scheme for singularly perturbed parabolic reaction-
diffusion problems with a general time delay, Results Phys. 51 (2023), Article ID 106724. https:
//doi.org/10.1016/j.rinp.2023.106724

[26] C. A. Hall, On error bounds for spline interpolation, J. Approx. Theory 1(2) (1968), 209-218.
https://doi.org/10.1016/0021-9045(68)90025-7

'DEPARTMENT OF MATHEMATICS,

JiMMA UNIVERSITY,

JIMMA, ETHIOPIA

Email address: feyisae.2014@gmail.com

ORCID iD: https://orcid.org/0000-0002-8737-8684
Email address: gammeef@gmail.com

ORCID iD: https://orcid.org/0000-0003-1889-4690


https://doi.org/10.14317/jami.2022.025
https://doi.org/10.14317/jami.2022.025
https://doi.org/10.1080/00207160.2021.1954621
https://doi.org/10.1002/num.22931
https://doi.org/10.1002/num.22931
https://doi.org/10.1016/j.rinam.2023.100405
https://doi.org/10.1007/s40314-018-0579-5
https://doi.org/10.1007/s40314-018-0579-5
https://doi.org/10.1016/j.rinp.2023.106724
https://doi.org/10.1016/j.rinp.2023.106724
https://doi.org/10.1016/0021-9045(68)90025-7

KRAGUJEVAC JOURNAL
OF MATHEMATICS

About this Journal

The Kragujevac Journal of Mathematics (KJM) is an international journal devoted
to research concerning all aspects of mathematics. The journal’s policy is to motivate
authors to publish original research that represents a significant contribution and is
of broad interest to the fields of pure and applied mathematics. All published papers
are reviewed and final versions are freely available online upon receipt. Volumes
are compiled and published and hard copies are available for purchase. The journal
appears in one volume annually, with the publication frequency increasing over time:
four issues per annum (2018-2020), six issues per annum (2021-2025), and ten issues
per annum commencing from 2026.

During the period 1980-1999 (volumes 1-21) the journal appeared under the name
Zbornik radova Prirodno—matematickog fakulteta Kragujevac (Collection of Scientific
Papers from the Faculty of Science, Kragujevac), after which two separate journals—
the Kragujevac Journal of Mathematics and the Kragujevac Journal of Science—were
formed.

Instructions for Authors

The journal’s acceptance criteria are originality, significance, and clarity of presen-
tation. The submitted contributions must be written in English and be typeset in
TEX or BTEX using the journal’s defined style (please refer to the Information for
Authors section of the journal’s website http://kjm.pnf.kg.ac.rs). Papers should
be submitted using the online system located on the journal’s website by creating
an account and following the submission instructions (the same account allows the
paper’s progress to be monitored). For additional information please contact the
Editorial Board via e-mail (krag_j_math@kg.ac.rs).


http://kjm.pmf.kg.ac.rs
mailto:krag_j_math@kg.ac.rs

	1. Introduction
	2. Preliminaires
	3. Auxiliary Results
	4. Example
	5. Conclusion
	References
	1. Introduction
	2. Main Results
	3. Lemmas
	4. Proof of the Theorems
	5. Conclusions
	Acknowledgements.

	References
	1. Introduction
	2. p() spaces and Hölder's Inequality
	3. Hardy's Inequality on p() Spaces
	References
	1. Introduction
	2. Preliminaries
	2.1. Function spaces with variable exponent
	2.2. Variable exponent Herz spaces
	2.3. Herz-Morrey spaces
	2.4. Basic Lemmas

	3. Boundedness Results for Grand Variable Herz-Morrey Spaces
	References
	1. Introduction
	2. Main Results
	References
	1. Introduction
	2. Preliminary
	-fractional derivative space.

	3. Main Result
	Proof of Theorem 3.1

	References
	1. Introduction
	2. Preliminaries
	3. Jacobson Semisimple Semirings
	4. Conclusion
	References
	1. Introduction
	2. Preliminaries
	3. Hesitant Fuzzy Subalgebras/Ideals/Deductive System of Hilbert Algebras
	4. Level Subsets of an HFS on Hilbert Algebras
	Acknowledgements.

	References
	1. Introduction
	2. Coefficient Bounds and Fekete-Szegö Problem
	3. Application to Functions associated with Special functions
	4. Second Hankel Determinant of Analytic Functions
	5. Conclusion
	References
	1. Introduction and Preliminaries
	2. Definitions
	3. Main Results
	4. Inversion Formulae
	5. General Properties
	6. Multivariable H-Function
	7. Concluding Remarks
	Acknowledgements.

	References
	1. Introduction
	2. The Chemical Applicability of the Second Sombor Index
	3. Extremal Value of the Second Sombor Index of (Molecular) Trees
	Acknowledgements.

	References
	1. Introduction
	2. Conclusion
	Acknowledgements.

	References
	1. Introduction
	2. Preliminaries and Continuous Solutions
	3. Numerical Scheme Formulation
	3.1. Temporal Discretization
	3.2. Spatial Discretization

	4. Convergence Analysis
	5.  Numerical Results and Discussion
	6. Conclusions
	References

