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A NOTE ON THE BOUNDEDNESS OF HIGHER ORDER
COMMUTATORS OF FRACTIONAL INTEGRALS IN GRAND
VARIABLE HERZ-MORREY SPACES

MEHVISH SULTAN! AND BABAR SULTAN?

ABSTRACT. In this paper we obtain the boundedness of the higher order commu-
tators of the fractional integral operator of variable order on the grand variable
Herz-Morrey spaces.

1. INTRODUCTION

We consider the Riesz potential operator

P f(z) = /Rn |x_f;|?i>_mdy, 0 < Az) <n.
Note that A(x) is the order of the Riesz potential operator which is variable. Re-
searchers in harmonic analysis, functional analysis, and related areas often use these
variable exponent function spaces to address challenging problems that cannot be
adequately handled by classical function spaces. They offer a powerful framework for
studying functions with diverse characteristics, making them a valuable tool in modern
mathematical research. This field has seen substantial advancements in recent times.
This progress involves the development of new techniques, deeper understanding of
the structure and properties of these function spaces, some instances of this work are
in [6,7,14,15].

In [16], authors describe a Sobolev-type theorem that concerns the potential oper-
ator I1*®) mapping from a Lebesgue space LP0) into a weighted Lebesgue space L{j}(’)
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in R™. The theorem is established under specific conditions on the exponent function
p(z), which is allowed to vary with the point .

Grand variable Herz spaces is the generalization of Herz spaces, the boundedeness
of some operators can be checked in [19,25-27]. Moreover the grand variable Herz-
Morrey spaces are the generalization of grand variable Herz spaces and they were
introduced in [20,21]. Grand weighted Herz spaces and grand weighted Herz-Morrey
spaces are the generalizations of weighted Herz spaces and weighted Herz-Morrey
spaces respectively, see for instance [22,23]. For more results in these spaces see
[1-4,9,10, 18, 24].

Inspired by the concept, in this article we will obtain the boundedness of higher
order commutators of fractional integrals of variable order in grand variable Herz-
Morrey spaces. We divided this article into different sections. Apart from introduction,
a section is dedicated for providing necessary definitions, lemmas, and preliminary
results. Then in the last section we will prove our main results.

2. PRELIMINARIES

This section is dedicated to some necessary definitions and important lemmas to
prove our main results.

2.1. Function spaces with variable exponent. For this section we refer to 7,14,
15].

Definition 2.1. Let @ be a measurable set in R” and r(-): @ — [1,+00) be a
measurable function. We suppose that

(2.1) 1<7r(Q) <r(q) <ri(Q) < 400,
where r_ :=ess inf r(q), ry := esssup r(q).
qu qEQ
(a) Variable Lebesgue spaces L™)(Q) are defined as
h(@) )"
L"(Q) = { h measurable : / () dx < 400, where v is a constant ; .
Q Y

Norm in L™(Q) can be defined as

r(z)
h
|WMM@fﬂﬁ{7>0{/<|@%> dxﬁl}
e\ 7

(b) The space LI)(Q) is defined as

ocC

LT(')(Q) = {h che L"(')(K) for all compact subsets K C Q}.

loc

The log-condition is stated as follows:

(2.2) r(@) — r(y)| < — )

1
<——— |lr—yl<5, 2,y€q,
—Infz —y|

27
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where C(r) >0
And the decay condition: there exists a number 7, € (1,+00), such that

C
2.3 — e < ——m——
(2.3 () = el <
and also decay condition
C 1
2.4 — 7l < —— < =
( ) |T’([E) T'()| = 1n|x|’ |$| = 27

holds for some 7 € (1, +00).
We use these notations in this article.

(i) B(x,r) is the ball of radius r and center at the point x.
(ii) By := B(0,2%) = {z € R": |z| < 2*} for all k € Z.
(iii) Ry, := B, \ B; ={x :t <|z| <7} is a spherical layer.
(IV) Rk = Bk \ Bk 1-
(V) Xk = XRy» Xt = XRe.,-
(vi) Let f € L .(H) be a locally integrable function, then the Hardy-Littlewood
maximal operator M is defined as

Mf(x) :=supr " / |f(z)|dx, x€ H,

r>0 Ber)
where
B(z,r):={y€ H: |z —y| <r}.

(vii) The set P(H) consists of all measurable functions ¢(-) satisfying ¢— > 1 and
q+ < +00.
(viii) P8 = Pl8(H) consists of all functions ¢ € P(H) satisfying (2.1) and (2.2).
(ix) Poo(H) and Po o0 (H) are subsets of P(H) and the values of these subsets lie in
[1,4+00) which satisfy the condition (2.3) and both conditions (2.3) and (2.4),
respectively.
(x) In what follows, we denote x; = xr,, B = B\ Bi_1, By = B(0,2!) = {z €
R™ : |z| < 2!} for all | € Z.
(xi) By p/(z) = p(x)/(p(z) — 1), we denote the conjugate exponent of p(-).
(xii) C' is a constant, its value varies from line to line and is independent of the
main parameters involved.

2.2. Variable exponent Herz spaces. In this section we will define variable expo-
nent Herz spaces.
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Definition 2.2. Let p,q € [1,400) and o € R, the norms of classical versions of
non-homgeneous and homgeneous Herz spaces are given below,

RS

1 Uiy, oy = I lomony + 4 222 | [ @)y | ¢
ieN Fly

where

1l ey = 222 |/ (y)[Pdy ,

S/
2z 191

respectively, where Fhi-1 i := B(0,2°)\B(0,2"°1).

Definition 2.3. Let ¢ € [1,+00), p(-) € P(R") and o € R. The homgeneous version
of variable exponent Herz space K () (R™) is defined as

R = { € R \{0)) : [ llgg e < +00

where

+o0o ) %
”fHK"(q) Rn) — Z HQaZinHqu(.) .

1=—00

Definition 2.4. Let ¢ € [1,4+00), @ € R and p(:) € P(R™). The non-homgeneous
version of variable exponent Herz space K ;‘(’% (R™) is defined as

K3 = {7 € D@\ (0)) ¢ [ lzgeny < +00

where

1
q
1 s ey = 1F 1l m0,1) ( > 127 Fxillfe ) :

2.3. Herz-Morrey spaces. Now we will define variable Herz-Morrey spaces.
Definition 2.5. Let a(-) : R" - R, 0 < ¢ < 400, p(-) € P(R") and 0 < f < +00. A
variable Herz-Morrey spaces M K;I()())ﬂ (R™) is defined by

ME @) = {7 € O@ N0 : 1l oy < +00}

where

1
ko ' K
HfHMKO‘(')’B(R") = sup 277 ( > HQQ(')leiH%pm) :
4.p() ko€Z

1=—00
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Definition 2.6. To define homogeneous version of GVHM spaces, let p : R" —
[1,4+00), ¢ € [1,4+0), 0 > 0,0 < < 400, and «af-) € L*°(R™). The GVHM spaces
are given by

~a(+),9),0 rrpn R
MEED®RY) = {1 € @ \OD: 1fll a0y < +00}

where

q(1+e€)
_ —koB 7,a q 1+6
a(),0),0 s = SUP SUP 2 2 .
||f||MKg,p(A()] (R™) E>£) kOE% ( Z_Z:OO || fXZHLp() )
The non-homogeneous version of GVHM spaces can be defined in a similar way.
As grand variable Herz-Morrey spaces are the generalization of grand variable Herz
spaces, 3 = 0, grand variable Herz-Morrey spaces become grand variable Herz spaces.

Definition 2.7 (BMO space). A BMO function is a locally integrable function u
whose mean oscillation given by |T£| [ |u(y) — ugl|dy is bounded. Mathematically,

1
lullpaso = sup — [ lu(y) —usldy < +oc.
5 |BlJ

2.4. Basic Lemmas.

Lemma 2.1. ([17]) Let D > 1 and g € Py ~(R"). Then,

1 _n_ _n_
—770 < |IxBo.0mBON 100 < COr 1@, for 0 <r <1,
0

and

1 n_
cirqoo < ||XB(0,D7")\B(O,T)||L(1(') < Cool e, for r > ]-7
©0

respectively, where ¢y > 1 and ¢, > 1 depend on D but do not depend on r.

Holder’s inequality in the variable exponent case has the form:

/u D) dz < | o 9] o

where Kk = — + and () is a measurable subset of R".

®)- ’)
The next “statement is the generalized Holder inequality for variable exponent

Lebesgue spaces (see [7,14]).

Lemma 2.2. Let Q) be a measurable subset of R™ and p(-) be an exponent such that
1<p(Q) <pi(Q) <400 and q_,r— > 1. Then,

HngL”(')(Q) < 21/LHfHLP(-)(Q)||9HLq<->(Q)

holds, where f € LPV(Q), g € L1Y(Q) and % = ﬁ + ﬁ'
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Lemma 2.3 ([13]). Let b € BMO(R"), m € N, ro,ty € Z, with ro < to. Then, we
have

1”bHBMO (Rm) = SUP [(b—b5)"xBl L0 < CHb”TgMO(R”)v

swalt | XB | Lo
[(b—bB,, )" X8, Il Lae SC’( 0 = 70)" |6l Baro@m) X By I La -

Assuming that the order of the Riesz potential operator A(x) is not continuous

but rather is a measurable function in R™ adds an interesting twist to the study of

potential operators. We mentioned that the measurable function A(z) satisfies certain
conditions:

(a) Ao := essinf ern A(x) > 0;
(b) esssup,epn 7()A(2) < n;
(c) esssup,epn r(00)A(z) < n.
Proposition 2.1 ([16]). Let r(-) € P8(R") N Py o (R™) N P(R"), and assume
1 <r(oo) <r(z) <ry < 4oo.
Let \(x) be a measurable function in R"™ satisfying the conditions (1),(2) and (3).

Under these conditions, we establish the following weighted Sobolev-type estimate for
the fractional operator I*0):

11+ |2) 7P e < C Ul s
where

is the Sobolev exponent
v(z) = CA(z) (1 - A(x)) < ﬁC’,

where C'is the Dini-Lipschitz constant from the inequality (2.3) in which o(-) replaced
by r(-).
Remark 2.1. (i) Under the given condition (2.3): |A(z) — Aso| < W for € R™.
Then, we can check that (1 + |z|)77*) is equivalent to the weight (1 4 |z|)™7>.

(ii) The behavior of the Riesz potential operator over a bounded domain and how
this behavior doesn’t change significantly when replacing the variable order A(z) with

A(y). The difference in potentials is unessential if the function A(x) satisfies the
smoothness logarithmic condition as given in (2.2)

Crle =y < o =y < Co o —y "

Let b be a locally integrable function, 0 < A(z) < n, and m € N the higher order
commutators of fractional integrable operator of variable order 1)) are defined by

(25) RO = [ Wﬂwdy

" ]9&—
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When m = 0, then ;""" = I*0) and for m = 1, I;}"* = [b, I"]. The Hardy-Littlewood-
Sobolev theorem provides an important result regarding the boundedness of the
fractional integral operator, denoted as I*, from one Lebesgue space to another under
certain conditions. Specifically, the theorem asserts that this boundedness holds when
the exponents of the Lebesgue spaces satisfy the equation:

1 1
(2.6 e

T1 T9 n

where 0 < r; < 79 < +00.

The next proposition is a generalization of variable exponents Herz spaces in [5].
We omit the proof of Proposition 2.2 since it is essentially similar to the proof given
in [5] and with slight modification, we can obtain following result in grand variable
Herz-Morrey spaces.

Proposition 2.2. Let a,p,q are as defined in Definition 2.6, then

q(1+e)
io (1+4€)
P — W( $2 20 gy )

>0 ko€Z i=—o00

—1 q(1+e)
~max{sup sup 2 For [0 i ()g(1+e) | £y qa(1+e) ’
0 ko<Ouez ( 3 1 xillyy

-1 +e
— e € (1+e
sup sup 2R (69 S 2@ £y 103 )

e>0 ko>0,koEZ 1=—00

a(1+e)
+sup sup 27 oA ( o szmq (Ite) ||sz”qu1<J§6))

€>0 ko>0,ko€Z

3. BOUNDEDNESS RESULTS FOR GRAND VARIABLE HERZ-MORREY SPACES

Theorem 3.1. Let 1 < ¢ < +o0, b € BMO(R"), ;T%x)_m%z) = ¥ and 0 < 8 < +oo.
If 0 < A(:) <n and o, py € Py oo(R™) such that

g < o a0) <
T Qoo ) «Q )
Pioc Pies’ P1(0) p1(0)

then

) TA
H(l—l— |$|) —(@) [ ()b (f)HMKa()?))G(Rn) = C||f||MKa()‘I>9(Rn)‘

Proof. Let f € MK (R™) and f(z) = 52, f(z)vi(z) = T2 fi(w), we have

A()b ,
10+ 1) R sy
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ko ) q(1+6) Q(11+6)
= sup sup 2P [ ¢ Z 2““(')(1 + |x|)_”’(z)l;>f')’b(f)xi
e>0 ko€Z i=—00 p2(")
ko 00 q(1+e)\ a+o
<supsup 277 | S [ S [2°0(1 4 |2) I LI fx) v
>0 ko€Z oo \i——eo p2()
ko i a(l+€)\ a0+
<sup sup 277 [ ¢ 20 (1 + |z (')’b i
< sup sup 2 t_Z_:OO A+ |z))7 (Pl
ko 00 (I+e)\ a(+o
+ sup sup 2778 [ ¢ Z Z ool (1 + |z|)” (=) IA PFxe) X
>0 ko€Z =— 00 p2(")

t=i+1
:IEl -+ EQ.

Now we will find the estimate for E, for each i € Z with t < i a.e. Let x € R;,
y € Ry. Then, |z —y| ~ |z| ~ 2%, and we get

RONPO@| C [ =y bla) = )" w)ldy
<027 [ 2P Olb(e) - b))l dy

< €272 | [b(a) = bs,|" / )y + / [ )IIbly) — b, dy

< C27 P || fill 0 (186) = b ™ el + 100 = bm)™xellpy) -
It is known, see e.g. [30] that
PO((b(z) — bg,)"xi) () = IA(')( )( ) - (xa) ()
— b t m
/ = ‘ oW oxle)
> C|b(l“) - bBt|m|iL“|A 2 xa(x)
> Clb(z) — bg, " |2 - xi(x).
Consequently, we have
s+ )@ RO )|

<C2 il (|0 + a7 b = b

pa() HXt”p’l()

pz(‘))

<C2 il (04 12D O PO ~ b))

110 = b)) Xell o (14 2D 7O PO (x5,
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p2(')>

<Cc2™™ ”fthl( ((Z - )" HbHBMO(Rn) Xl (- ||Xth/1()

+ 1101 Barogen Ixelly o1l
<C27™(i —t

1071

110 = b5) "Xl (1 1) PO ()

)" W0 B ar0@n el Xl o Xl lpr -
By Lemma 2.8,

(t—i)n
(3.1)

9 m”Xthl ||Xz||p1( < C2” m2p1<0)2p1(0) < C2 PO

Splitting F; by using Minkowski’s inequality we have

i=—00 \t=—00

ko i g(1+6)\ 7079
Ey <supsup2 ™7 [ ST 3 2901 4 |z|) Y@ O () xa
>0 kocZ ; p2()

A max {sup sup 9 kof
e>0 ko<0,koEZ

% (Eali 9ia(0)g(1+e) < Z H 1+ |z))” (')’b(th) .

q(1+e) ﬁ
- X p2<~>> ) ’
g(1+e)\ TTF
P2(')> )
1
q(14€)\ q(i+e
(-)) )

We will find the estimate for £y and Ej,, estimate for E] is obtained similarly. For
FEqq we get

sup sup 9~ hob
€>0 ko>0,ko€Z

—1
% (60 Z 2ia(0)Q(1+6)< H + |z|)” (@) ]/\ (th)
i=—00 ==

+sup sup 9 kof
>0 ko>0,ko€Z

( Z_OT“M“*”(_Z |1+ [2) DO (fxe)xi

= Inax {Ei, E11 + E12} .

Ey <sup sup 9 ko
e>0 ko>0,koEZ

( 22“ o ( R A G ORY

<C Hb”BMO (R™) Sllp sup 2*160,3 ( Z 2104 q(1+¢€)

(1-‘1—6) 1+€)
<->> )

>0 ko>0,koEZ

1=—00
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i ' q(1+€)\ a(+e
X ( > (i f)’"?meXth(~)HXth'l(oHXinlc)) )

t=—00

<C[bllgrro@ny sup  sup 2~ hof
>0 ko>0,ko€EZ

1 4 i (—i)n a9 a9
v (60 Z 2za(O)q(1+6) < Z (Z . t)m? P (0) Hthle()> ) .

Let by := p,L(O)—oz(O)7 applying the fact 2790+ < 279 Hélder’s inequality and Fubini’s
1
theorem we get

En <C|bllpyoy@nysup  sup 2757

€e>0 ko>0,ko€Z

-1 i ‘ q(14+€)\ ai+e
x ( > (Z 2O | £l <z’—t>m2”1<“>) )

i=—00 \t=—00

<C bl E 0@
-1 %
X sup  sup 9—kos3 |:€0 Z ( Z 9a(0)q(1+e)t HfX Hq (1+€) obig(1+e)(t—i)/2 )
>0 ko>0,koEZ S\

a(te) 770170
(q(14¢€))’

x ( Z (i _t)m(q<1+e>>’/22b1<q<1+e>>'<t¢>/2)

t=—o00

<CIbzromn

o FIeRm)
xsup sup 2 kP [ Z Y oo ©)a(1+9t || £, Hq (14€) gbiq(1-+e)(t—i)/2 ]

e>0 ko>0,ko€Z i=—00 t=—00

<CIbIErown

1
—! —1 _ late
X sup sup 2—k:05 lEQ Z 2&(0)q(1+e ”fX ||q (1+e¢) Z 2b1q(1+e)(t—z)/2]

e>0 ko>0,ko€Z t=—o00 i=t

-1 q(1+4¢€)
- a( €) 1+e
<C'bll5rromn) sup. - sub 2 H0F (69 > 20O py f”;g(J)r )

>0 ko>0,koEZ t=—o00
1
q(1+e)
2a( tf H (1+5))

()

ko
_C’||b||BMO (=) SUP  SUD 9~ kof (69 >

>0 ko>0,ko€Z
<CIbzromn

ke
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Now for F49, by using Minkowski’s inequality we have

E, <sup sup 2 P
>0 ko>0,ko€Z

> (69§:2iamq(l+e) ( 22: ‘
i=0 t=—00

<sup sup 9 kof
€>0 ko>0,ko€Z

k‘o —1
X (6022qu(1+e) ( Z ‘
=0 t=—o00

kof

q(1+e) q(11+6)
Xi(1+ ‘:1;")W(x)[%(‘):b(th)Hm(.)) )

g(1+0)\ T
xi(1+ |x|)_7(z)]%(~),b(th)sz(‘)> )

+sup sup 2
>0 ko>0,ko€EZ

X (69 f: 9itooq(1+e) (i ‘
i=0

t=0
Z:Al + AQ.

1

q(1+€)\ a(i+o)
wre ol ) )

The estimate for A, follows in a similar manner to Fy; by replacing p/(0) with p/ .
For A; we have

tn

. . in — —in fn_
(3.2) 2_m||Xz‘||p1(~)||Xth’1(-)(Rn) < 027"M2P100 2710 < (027100 27100

As as — 7+ < 0, we have
p

loo

A, <Csup sup 2 Hf
e>0 ko>0,ko€EZ
1

q(1+e)\ a0+o
xill+ |:E|)_W($)Iﬁm(')’b(f><t)Hm(_)> )

ko —1
X (GQZQiO‘wQ(1+6) < Z }
i=0

t=—00

ko
<sup sup 2 Ko [¢f Z icooq(l+e)
e>0 ko>0,koEZ i=0

1 q(l-l-e) q(11+6)
x ( > 2_m||fxt||p1(-)||b||’§M0(Rn)(i—t)m||Xt||p’1(~)||Xi||p1(-))

j=—o0

<C|]blErro@nysup ~ sup 2 kof
>0 ko>0,ko€Z

- . . g1+ 7T
¢!y greeealite) ( 3 (i —t)m27m2mes 2700 th||p1(.)> ]

X

=0 t=—o00

<C|bllEromn) sup  sup 2~ kot
e>0 ko>0,ko€Z
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ko -1 in q(1+€)7 q(i+e)
X [ee Z 220‘oo<I(1+6) ( Z (l o t)m2ploo 2p (0) ||th||p1 ) ]

t=—o0
<C|b]IBrromn) sup  sup 2~ kot
>0 ko>0,k0EZ

1
ko oo — 72— | q(1+¢€) —1 _ in q(1+€)7] ai+e)
x 16922 (i) ( > <z—t>m2P1<o>\|fxt||pl<.>)
1=0

t=—00

-1 n q(1+e)7 a+o
<C||b||BMO (Rn) SUP  SUp 2~ ko? [ GZ ( Z (i — t)m2p/1(0) ||th||p1(~)> ]

>0 ko>0,koEZ i=0 \t=—o0
<ol Brro@n sup sup 277
>0 ko>0,ko€EZ
_ q(1+€)7 q(+e)
“ 92(2 210 (; — £ym2—1@ @7 | £y, ) ]
t=—o0

<C|]blEro@n sup  sup 2 koP

e>0 ko>0,ko€Z

Jof (£ momennigslos)

t=—00

71 ‘ . /
x Z (i — t)m(‘l(1+€))’/227(m*a(o))q(ue) /2

t=—00

)q<1+e>/<q<1+e>>’ Feem)

<C|]blErro@n sup  sup 2 kof

e>0 ko>0,ko€Z

1
ko [ 1 na(0))q(14a/2 ) | T
" [692 ( > 20| |06 592 (sim—a®)a+o/ )l
=0

t=—00

1
- Pee=s)
<C ||b“BMO (R") sup sup 2*1605 <€9 § : 2(1 q(1+e€)t ||fX Hq(1+e )

>0 ko>0,kg€EZ t=—00
1
ko q(1+e)
1+e€)
ko8 [ 6 a()t a(
=C It 5ar0 @) Sup. Sub 2 e D0 |2 fx H
>0 ko>0,ko€Z oo Q)

<C ||b||7£MO(R”) HfHMKZ(;’?))’a(IR") '
P11

Now we will find the estimate for Fs, for every i € Z witht > i+ 1 a.e. Let z € R;
and y € Ry, we known that |z — y| =~ |y| ~ 2!, we consider

DO (fxa) () < € /R o =y b(x) — b(y) ™| f (y)|dy
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<02 [P b(e) — b)) dy
< 027" fa | [b(a) — b, |" / W)y + / ) [bly) — ba|"dy

< C2 PO fill ey (18G) = b ™ el + 10 = be)™xellyy0) -
Similarly to Fy, for Fy, we have

(1 + 1) DI xa)

<C2 ™ fllgy ([0 12D P = b )™ Tl
0= a1+ 12O PO )
<C2™ | filly (H eI = ba) "X, el

P2(')>

<O | filly gy (6= ™ 10 Barogery Illn ) Il

+ 1Bl Baron Il o 1l )
<C2 (i = )" bl pason el el o 1l -

1106 = b)) ™Xilly ) [ (1 + [2) O (xg,)

Next we find estimate of E,

1
q(1+€)\ a(ite
pz('))

€>0 koeZ i=—oco \t=i+1

ko 0o
By Ssupsup 27 (€ 3 (Z 2901+ 2O LD (fre)x

/A~ max {sup sup 2 kob
e>0 ko<0,koEZ
1 q(1+e) q(11+6>
) (@3 20059 (3 14 1) O ROY Frx, 7
. p2(°)
1=—00 t=14+1
sup sup 9 kob

>0 ko>0,kg€EZ

a(1+o)\ 7079
Xi ’p2(~))

1=—00 t=14+1

Z gl (Z |1+ 12O RO fxe)

+sup sup 9 hob
>0 ko>0,ko€EZ
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ko
% 69 Z 2iaooq(1+e) ( H + |$|) ~v(z) I/\ (th)
t=i+1

i=—0

q(1+e) q(11+6)
('))

We will find the estimates for Ey; and Es, the estimate for EY is obtained similarly.
First, we will find an estimate for Eas,

= Inax {Eé, E21 + EQQ} .

Ey <C'sup sup 9~koB
€>0 ko>0,ko€Z

922%«1 1+e) ( 3 ‘

t=i+1

1
q(1+e)

(1+€)
Xi(1+ [2)) O LN ()| (_)>

<Clbll oy sup  sup 270

€>0 ko>0,koE€Z

ko [e%) (I(1+5) q(1+e)
66 Z ( Z ool ||th||p1(-) (Z _ t)mzd(z—t)) ’

i=0 \t=i+1
where d = ﬁ + (oo > 0. Then, we use Holder’s theorem for series and 2-70+€) < 24
to obtain

Eyy <C||b|| prroy@nysup  sup 27 *o?

e>0 ko>0,ko€Z

=0 \t=i+1

ko [e'¢)
Qoo € 1+e €)(i
xkz(22QHan+wWW“ﬂ
1
Q(1+5)/ q(1+e€)

[e%S) (a(1+e€))
x [ (i — tymtaa+a)/2dlati+e) (=0)2

t=i+1
<C|bll's sup sup 2P
BMO(E") > p p
>0 ko>0,koEZ
> (14¢) qa(1+e)
% [EHZ Z 2aooq (1+e)t ||fX ||q € 2dq(1+e i— t)/2‘|
1=0 t=i+41

<CHbHBMO (rn) SUP  SUp 9 hkob

€>0 ko>0,ko€Z

1
q(1+e)
( 0 Z 9aeoq(l+e)t HfX ” 1+6) Z 9dq(1+€)(i—t)/2 )

<CHbHBMO (R") sup sup 27 kOB

>0 ko>0,koEZ
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1
q(1+e)
( 92 Z 2C¥oo‘I(1+e HfX ||q (1+€) szq (1+e)(i—t)/ )

t=0 j=—o00
hos ; oo t—2 dal Yoy q(11+6)
<C'||b n SU su 27F0F | ¢ oda(1+e)(i=t)/2 a(-).),
| “BMOR ) €k0>015)ez < g; ||f||MKB,(p)1?-))9(R")
m
<Clolprro@n 1/l iaer00 gny -
For Ey;, by using Minkowski’s inequality,

Ey <sup sup 2 P
>0 ko>0,kg€EZ

q(1+e)

q(1+¢€)
X1+ [2) 0RO )| ) :

eizm 1+e(z‘

1=—00 t=14+1

Ey <sup sup 2 Fof
>0 ko>0,kg€EZ

B By q(14+€)\ q(i+e)
< | € Z 9ica(0)g(1+¢) ( Z ‘Xi(l + m)v(fr)[%(')zb(th)Hm(.))
t

1=—00 =k-+2

+sup sup 9 hob
>0 ko>0,ko€Z

X (69 i gia(0)g(1+e) (i’
4 P

g(1+6)\ 7T
XL+ [2) IR0 (fx)| ) )

The estimate for B; can be obtained in a similar way to that of Fss by replacing pi

with p1(0) and using the inequality o5 + a(0) > 0, 2= + @ > 0. For By we have
(3.3) 27" Xl ) el < cz—mzﬁzqf% < C2n 2,
and

By, <Csup sup 2 "
€>0 ko>0,ko€Z

x (EO i 2ia(0)q(l+€) (i‘
t=0

1=—00

(1+e)\ a@+o
i1+ \x!)‘”(x)I?n")’b(fxt)Hm(,)> )

<C||b||BM0Rn)SUP sup 27M7
>0 ko>0,ko€Z

-1 0o o tn q(1+€)\ a+e
% | € Z 9ia(0)gq(1+¢) (Z(z i t)m27tn2m2plloo ”thle(')>

i=—00 t=0
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<C||bHBMO (Rn) SUP sup 2P
>0 ko>0,koEZ
in . —tn q(1+6) m
Z (ZQM O "‘21)1@*“(”)2%‘t“(“)foth(J)
<Cbll 5o (R") sup sup 2 k0P
>0 k,‘o>0 k‘oEZ
- > in . —tn 1+€)/2
X <69 3 (Z ota(0)(g(1+¢)) <2p;w)+m(o>2pl;_m(o>>q< e/ )
i=—o00 \t=0

1
a(1+e) q(1+€)

ko n (g(1+e€))'/2\ (a(+e)
X HthHq Cro (Z ((z — t)m2p1 oy T10(0) g ot —ta (0)> )

t=0

<C HbHBMO (& sup Sup 9—kof3 ( Z Z2ta )(g(1+€)) I fxe ”(I(l—l-e

>0 ko>0,ko€EZ i=—00 t=0

1
—tn tCM(O)) q(1+€)> q(1+€)
Ploo

— fe € 1+e€)
<C ||b||BMO &) sup sup 9 koB ( 0 Z ot (0)(q(1+¢)) ||fX “fl( +e)
>0 ko>0,koEZ

y (21711'?0)+ia(0)2

1

q(1+¢)/2\ 10T
x Z (2p1<0>+’“(° 27ine _ta(0)> )

1=—00

<C HbHBMO &) sup sup 27k05 ( 0 Z Z oja (0)(q(1+¢€)) “fXJHq (14¢)

>0 ko>0,ko€Z t=0 j=—00

1
q(1+e€)
X Z 2171(0)+ 2171 . ~te(0)

1=—00

ot in_ L. Ctn a+e)
<C||b||BMO (Rn) Sup sup 27 ko8 (692 Z 21,1(0)+%a(0)2m;ta(0))

>0 ko>0,ko€Z =0 i=—oo
X - a(,0),0 1om
||f||]MKﬁ,(za)lt(J‘))e(]R )
m
<C bl Brporn) ||f||MKgf;1’<q.)>’e(R") '
Combining the estimates for E; and FE, yields

A(4),b m )
Ty S W W

which completes the proof.
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