ISSN 1450-9628

KRAGUJEVAC JOURNAL
OF MATHEMATICS

Volume 50, Number 8, 2026

University of Kragujevac
Faculty of Science



CIP - Karanorusammja y mybiankanuju
Hapoauna 6ubsmoreka Cpbuje, Beorpag

51

KRAGUJEVAC Journal of Mathematics / Faculty of Science,
University of Kragujevac ; editor-in-chief Suzana Aleksié
. - Vol. 22 (2000)- . - Kragujevac : Faculty of Science, University
of Kragujevac, 2000- (Belgrade : Donat Graf). - 24 cm

Deset puta godisnje. - Delimi¢no je nastavak: Zbornik radova
Prirodno-matematickog fakulteta (Kragujevac) = ISSN 0351-6962. -
Drugo izdanje na drugom medijumu: Kragujevac Journal of
Mathematics (Online) = ISSN 2406-3045

ISSN 1450-9628 = Kragujevac Journal of Mathematics
COBISS.SR-ID 75159042

Published By: Faculty of Science
University of Kragujevac
Radoja Domanovica 12
34000 Kragujevac
Serbia
Tel.: +381 (0)34 336223
Fax: +381 (0)34 335040
Email: krag_j_math@kg.ac.rs
Website: http://kjm.pmf.kg.ac.rs

Designed By: Thomas Lampert
Front Cover: Zeljko Maligié
Printed By: Donat Graf, Belgrade, Serbia

In 2026, the journal is published in one volume with ten issues.


mailto:krag_j_math@kg.ac.rs
http://kjm.pmf.kg.ac.rs

Editor-in-Chief:

e Suzana Aleksi¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

Associate Editors:

e Tatjana Aleksi¢ Lampert, University of Kragujevac, Faculty of Science, Kragujevac,
Serbia

e Dorde Barali¢, Mathematical Institute of the Serbian Academy of Sciences and Arts,
Belgrade, Serbia

e Dejan Bojovi¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Bojana Borovicanin, University of Kragujevac, Faculty of Science, Kragujevac,
Serbia

e Nada Damljanovi¢, University of Kragujevac, Faculty of Technical Sciences, Cacak,
Serbia

e Sladana Dimitrijevi¢, University of Kragujevac, Faculty of Science, Kragujevac,
Serbia

e Jelena Ignjatovi¢, University of Nis, Faculty of Natural Sciences and Mathematics,
Nis, Serbia

e Bosko Jovanovi¢, University of Belgrade, Faculty of Mathematics, Belgrade, Serbia

e Emilija Nesovi¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Marko Petkovi¢, University of Nis, Faculty of Natural Sciences and Mathematics,
Nis, Serbia

e Nenad Stojanovi¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Tatjana Tomovi¢ Mladenovi¢, University of Kragujevac, Faculty of Science, Kragu-
jevac, Serbia

e Milica Zigi¢, University of Novi Sad, Faculty of Science, Novi Sad, Serbia

Editorial Board:

e Ravi P. Agarwal, Department of Mathematics, Texas A&M University-Kingsville,
Kingsville, TX, USA

e Dragi¢ Bankovi¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Richard A. Brualdi, University of Wisconsin-Madison, Mathematics Department,
Madison, Wisconsin, USA

e Bang-Yen Chen, Michigan State University, Department of Mathematics, Michigan,
USA

e Claudio Cuevas, Federal University of Pernambuco, Department of Mathematics,
Recife, Brazil

e Miroslav Ciri¢, University of Ni§, Faculty of Natural Sciences and Mathematics, Nis,
Serbia

e Sever Dragomir, Victoria University, School of Engineering & Science, Melbourne,
Australia



e Vladimir Dragovi¢, The University of Texas at Dallas, School of Natural Sciences
and Mathematics, Dallas, Texas, USA and Mathematical Institute of the Serbian
Academy of Sciences and Arts, Belgrade, Serbia

e Paul Embrechts, ETH Zurich, Department of Mathematics, Zurich, Switzerland

e [van Gutman, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Nebojsa ITkodinovié¢, University of Belgrade, Faculty of Mathematics, Belgrade,
Serbia

e Mircea Ivan, Technical University of Cluj-Napoca, Department of Mathematics,
Cluj- Napoca, Romania

e Sandi Klavzar, University of Ljubljana, Faculty of Mathematics and Physics, Lju-
bljana, Slovenia

e Giuseppe Mastroianni, University of Basilicata, Department of Mathematics, Infor-
matics and Economics, Potenza, Italy

e Miodrag Mateljevi¢, University of Belgrade, Faculty of Mathematics, Belgrade,
Serbia

e Gradimir Milovanovié, Serbian Academy of Sciences and Arts, Belgrade, Serbia

e Sotirios Notaris, National and Kapodistrian University of Athens, Department of
Mathematics, Athens, Greece

e Miroslava Petrovi¢-Torgasev, University of Kragujevac, Faculty of Science, Kragu-
jevac, Serbia

e Stevan Pilipovi¢, University of Novi Sad, Faculty of Sciences, Novi Sad, Serbia

e Juan Rada, University of Antioquia, Institute of Mathematics, Medellin, Colombia

e Stojan Radenovié¢, University of Belgrade, Faculty of Mechanical Engineering, Bel-
grade, Serbia

e Lothar Reichel, Kent State University, Department of Mathematical Sciences, Kent
(OH), USA

e Miodrag Spalevi¢, University of Belgrade, Faculty of Mechanical Engineering, Bel-
grade, Serbia

e Hari Mohan Srivastava, University of Victoria, Department of Mathematics and
Statistics, Victoria, British Columbia, Canada

e Marija Stani¢, University of Kragujevac, Faculty of Science, Kragujevac, Serbia

e Kostadin Trencevski, Ss Cyril and Methodius University, Faculty of Natural Sciences
and Mathematics, Skopje, Macedonia

e Boban Velickovi¢, University of Paris 7, Department of Mathematics, Paris, France

e Leopold Verstraelen, Katholieke Universiteit Leuven, Department of Mathematics,
Leuven, Belgium

Technical Editor:

e Tatjana Tomovi¢ Mladenovié¢, University of Kragujevac, Faculty of Science, Kragu-
jevac, Serbia



Contents

M. Ashraf

Md A. Madni
Md S. Akhter

M. R. Mozumder

S. Maharana
P. Baliarsingh

A. Das
P. Panigrahi

O. Tyr

S. R. Swamy
D. Breaz

L-1. Cotirla
K. Venugopal

. Osoba
. G. Jaiyéola
. Balogun

Ammar
. Jeribi
. Saadaoui

@rpE OXw

. Bhushan

. S. Sandhu
Ali

. L. M. Ferreira

. Arhrrabi
. El-Houari

TH m»raw

On the Characterization of Non-linear Mixed Bi-skew Jordan
Triple Derivations on #-Algebras....................... 1207

On Generalized Maddox Spaces via Difference Operator1221

Some Classes of Simultaneous Cospectral Graphs for Adja-
cency, Laplacian and Normalized Laplacian Matrices ..1243

On the Boundedness of ¢-Hausdorff Operators on g-Hardy

SPACES ettt 1261
Bi-univalent Function Subclasses with (p, ¢)-Derivative Oper-
ator linked to Horadam Polynomials................... 1279
Bryant-Schneider Group of Basarab Loop.............. 1297

S Spectral Theory of Multivalued Linear Operator in Banach
SPACES . vttt 1313

On Centrally-extended Generalized Jordan x-Derivations in
Rings ..o 1329

Study of Kirchhoff Curvature Problem with v-Hilfer Deriva-
tive and p(-)-Laplacian Operator ...................... 1353

1205






KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 50(8) (2026), PAacEs 1207-1219.

ON THE CHARACTERIZATION OF NON-LINEAR MIXED
BI-SKEW JORDAN TRIPLE DERIVATIONS ON xALGEBRAS

MOHAMMAD ASHRAF!, MD ARSHAD MADNI!, MD SHAMIM AKHTER!,
AND MUZIBUR RAHMAN MOZUMDER!*

ABSTRACT. In this article, it is shown that a map & : 2 — 2 (not necessarily linear)
satisfies {((AoB)e(C) = (£(A)oB)eC+(Ac&(B))eC+ (Ao B)e&(C) holds for all
A, B,C € 2 if and only if £ is an additive *-derivation where 2l a unital x-algebra
over the complex fields C. As applications, we apply our main result to some special
classes of unital x-algebras such as prime *-algebras, standard operator algebras,
factor von Neumann algebras and von Neumann algebras with no central summands
of type I;.

1. INTRODUCTION

Let 2 be a x-algebra over the complex field C. A map £ : A — 2A is called an
additive derivation if (A + B) = £(A) + &(B) and {(AB) = {(A)B + A¢(B) holds
for all A, B € 2. Moreover, £ is said to be an additive *-derivation if it is an
additive derivation and {(A*) = £(A)* holds for all A € 2. For A, B € 2, define
the Jordan product and bi-skew Jordan product of A and B by Ao B= AB + BA
and A e B = AB* + BA*, respectively. A map £ : 2 — 2 (not necessarily linear)
is said to be nonlinear Jordan derivation (resp. nonlinear Jordan triple derivation)
if (Ao B) =¢&(A)oB+ Ao&(B) (resp. (Ao B)o(C) = (((A)oB)oC + (Ao
£(B)) o C + (Ao B)o{(C)) holds for all A,B,C € . Analogously, a map ¢ :
2A — 2 (not necessarily linear) is called a nonlinear bi-skew Jordan derivation (resp.
nonlinear bi-skew Jordan triple derivation) if £(A e B) = {(A) @ B+ A e &(B) (resp.
£((AeB)e() = (((A)eB)eC+(Ae(B))eC+(AeB)eL(C)) holds forall A, B,C € . In

Key words and phrases. Additive #-derivation, mixed bi-skew Jordan triple derivation, *-algebras,
Von Neumann algebra.
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the last decade, many mathematicians devoted themselves to the study of mappings
involving new products on various kind of rings and algebras. These kind of new
products are playing an increasingly important role in some research topics, and their
study has attracted the attention of many authors (see [1,2,4-8,12,13,15-18]). In
2016, Zhang [17] studied nonlinear skew Jordan derivations on factor von Neumann
algebras and proved that every nonlinear skew Jordan derivation on a factor von
Neumann algebra is an addtive x-derivation. Later, this result has been extended
to skew Jordan triple derivation and skew Jordan-type derivations on *-algebras in
[8,18], respectively. Khan [5] proved that every multiplicative bi-skew Jordan triple
derivations on a prime x-algebra is an additive x-derivations. This result has been
generalized in [2] by Ashraf et al. where they proved that every nonlinear bi-skew
Jordan-type derivation on a factor von Nuemann algebra is an additive x-derivation.
Recently, many researchers paid more attention to the study of Lie (Jordan) mappings
involving two different kinds of products at the same time in the nonlinear settings
(see, for examples [9-11,19,20]). In [20], Zhou et al. proved that every nonlinear mixed
Lie triple derivation on prime *-algebra is an additive x-derivation. Rehman et al. in
[11] proved that every nonlinear mixed Jordan triple derivation on a x-algebra is an
additive #-derivation. Similar kinds of problems has been investigated in [9, 10, 19].
Motivated by the above cited works, in this article, we combine the Jordan product
and the bi-skew Jordan product in order to get the mixed bi-skew Jordan triple
product (Ao B) e C, where A, B,C € 2. Correspondingly, a map & : 2 — 2 (not
necessarily linear) is called a nonlinear mixed bi-skew Jordan triple derivation if

E((AoB)e () =({(A)oB)e(C + (Ao&(B))eC+ (Ao B)e((C)

holds for all A, B,C € 2. The aim of this article is to find the relationship between
nonlinear mixed bi-skew Jordan triple derivations and additive *-derivation on ar-
bitrary =x-algebras. More precisely, we show that, under mild assumptions, every
nonlinear mixed bi-skew Jordan triple derivation on a unital *-algebra is an additive
x-derivation.

2. THE MAIN RESULTS
The main result of this article states as follows.

Theorem 2.1. Let A be a x-algebra with the unity I and containing a nontrivial
projection Py. Write P, = I — P, and assume that 2l satisfies

(2.1) XAP, =0=X=0 (k=1,2),

where X € A. Then a map § : A — A (not necessarily linear) satisfies

(2.2) E((AoB)e () =({(A)oB)e(C + (Ac&(B))e(C + (Ao B)e&(C),
for all A, B,C € A if and only if £ is an additive x-derivation.

Proof. Let us choose an arbitrary nontrivial projection P, and write P, = I — P;.
Then, 2 can be written as A = PiRAP;, + PRAP; + PRAP, + PRAP,.
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Let At = {H e A : H* = H} and 2~ = {S € 2 : S* = —S}. Further write
AL =PATP, i =1,2and A}, = {PLHP, + B, HP, : H € AT}, Then, any H € A
can be written as H = H11 + H12 + H22, where H” c Q[iia 1= 1,2 and H12 < qug It
is easy to verify that if £ is an additive x-derivation, then it satisfies (2.2). Thus, here
we only need to prove the necessity part, which will be established by checking the
following series of lemmas. Taking A = B = C' = 0 in (2.2), the following lemma is
easy to obtain. 0

Lemma 2.1. £(0) = 0.
Lemma 2.2. {(H)* = &(H) for every H € 2AT.
Proof. For any H € A", we have H = (H o %) e 1 Thus, we obtain

(1) 1)
(om0
ong o w3 <) 2 )

ol 3

and hence,

o -t ({3 )

I( (1\" I\’ I\’ I
(o) eme(z) ) oel) o)
That is, {(H) = §(H)* for all H € AT, O

Lemma 2.3. For any Hy, € 2f;, Hi» € A}, and Hyy € A3y, we have
§(Hn + Hig) = §(Hi) +&(Hi2) and  §(Hig + Ha) = §(Hiz) + (Haa).

Proof. Assume that T' = {(Hyy + Hio) — §(Hyp) — §(Hiz). It is easy to observe that
T* = T by Lemma 2.2. Our target is to show that 7' = 0. Using the fact that
(Hqp o Py) @ P, = 0 and making use of Lemma 2.1, we have

E(((Hiy + Hiz) o Py) @ Py)
=(((Hi10P) @ Py)+&((Hipo Po) e Py)
:((f(Hn) +&(Hiz)) 0 Pz) o Py
+ ((Hiy + Hi2) 0&(Ps)) @ Py + ((Hyy + Hiz) o Py) @ E(P).
On the other hand, we have
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5(((1’111 + Hyz)o Py)e PQ) =((H1y1 + Hi2) o Po) @ Py + ((Hyy + Hiz) 0 £(P)) @ Py
+ ((Hy1 + Hyz) o Py) @ £(P).

On comparing the above two expressions for £(((Hy1 + Hi2) o P) @ P), we get ((T o
P,) e P,) = 0. Application of the fact that 7" = T leads us to 115 = Ty = T = 0.
Invoking the fact (Hiz 0 (P, — P;)) @ P, = 0 and Lemma 2.1, we find that

5(((H11+H12)0(P2—P1))°P1)
=£((Hyo (Po— P)) o P) +&((Hizo (P — P1) o PY)
:<(§<H11) +&(Hi2)) o (P — P1)> o P+ ((Hi1+ Hiz) o&(P, — Pp)) o P,
+ ((Hin + Hig) o (P, — Py)) o &(Py).
On the other hand, we have
f(((Hn + Hyp)o (P, — Py))e Pl)
=((Hn + Hiz)o (P — Py)) @ Pi+ (Hii + Hig) 0&(P— Py)) o P
+ ((Hu + Hiz) o (P, — P1)) o ().

From the last two expressions for £(((H11 + Hi2) o (P> — Py)) @ P;), we obtain ((7" o
(P, — Py)) e P;) = 0. Using the fact 7% = T and simplifying gives 77; = 0. Hence,
T =0, that is, {(Hyy + Hio) = £(Hu) + E(Hio).

Symmetrically, one can prove that £(Hyo + Hao) = {(Hia) + £(Hae). O

Lemma 2.4. For any Hy, € 2f,, Hi» € A}, and Hyy € A3, we have
§(Hy + Hip + Hyo) = E(Hu) + E(Hiz) + §(Hao).

Proof. Let T = £(Hy1+ Hyo+ Hoo) —&(Hyy ) —&E(Hio) —&(Hao). Tt is easy to observe that
T* =T by Lemma 2.2. We show that 7" = 0. Using the fact that (Hj; 0 P,) @ P, =0
and Lemmas 2.1 and 2.3, we have

5(((1‘111 + Hig + Hy)o Py) e P2)
=£((Hyp 0 Py) @ Po) + &(((Hyg + Hag) 0 Py) @ Py)
:((é(Hn) +&(Hiz) + §(Haz)) 0 Pz) o P+ ((Hi + Hip + Hy) 0 §(Py)) @ P
+ ((Hiy + Hig + Hy) o Pr) @ E( ).
On the other hand, we obtain
f(((Hll + Hig + Hy)o Py) e Pz)
=<§(H11 + Hip + Hp) o P2) o Py + ((Hiy + Hig + Hy) 0 &(P)) o Py
+ ((Hi1 + Hig + Hyp) 0 Po) @ ().
(

Comparing the above two expressions for £(((Hyy + His + Hay) o P) @ Py), we find
that (T o P,) @ P, = 0, which in turn implies that 715 = Ty, = Tos = 0.
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Invoking the fact (Hoy 0 Py) @ P = 0 and using Lemmas 2.1 and 2.3, we find that
(((Hy + Hyz + Hy) o Pr) o P)
=¢(((Hy + Hyp) o Py) @ P) + £((Hyy 0 Pr) @ P)
=<(§(H11) + &{(Hiz) + £(H2)) 0 Pl) o PL+ ((Hu + Hix + Hy) 0 {(P,)) o Py
+ ((H11 + Hia + Ha) o P) @ &(P).
On the other hand, we have
E(((Hy + Hiz + Hy) o Pr) o P)

=(E(Hyi + Hyo + Hap) 0 Py) @ Py+ ((Hyy + Hyg + Hay) 0E(P1)) @ Py
+ ((Hiy + Hio + Hyp) o Pr) @ (Py).

Comparing the above two expressions for £(((Hy; + His + Haz) o Py) ® Pp), we obtain
that (7o P;) e P, = 0 which further implies that 7; = 0. Hence, T' = 0, that is,

E(Hv + Hig + Hao) = E(Hu1) + §(Ha2) + E(Ha).

Lemma 2.5. For any Hyy, Hy, € Ay, we have E(Hyo + Hyy) = E(Hy) + E(H).
Proof. For any Xia, Y12 € ya, let Hio = X15 + X7, and H12 =Y + Y. Then, it is
easy to calculate that

(Py+ Hiz) o (Py+ H1p) o 5

=((P1+ X12 + Xjp) o (Pa+ Yiz +Y3)) @ g
=(X12 + X7o) + (Yiz + Y15) + (X12V75 + Yo XTy) + (X15Y12 + Y15.X00)
=Hyy+ Hyy + Hyy + Hy,

where Hy; = X0V} + Y2 X7y € A} and Hyy = X5,Y10 + Y5 X 9 € 3,. Therefore,

using Lemmas 2.3 and 2.4, we have
§(Hrg + Hyp) + E(Hiy) + E(Hy,)
=¢(Hyo + Hyy + Hyy + Ha,)

~€(((R + Xia 4 X0 (P24 Vi ) o )

:<((§(P1) +E(X + Xy)) o (P +Yia +175)) @ é)

(P4 X X3 o (€(P) + €+ YD) o)
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+(((Pl+X12+Xf2)O(P2+Y12+Yfz))°§<g>>
~¢((Ropeg)+e((Roiryaned)

re((0n+ X5 oo L) +e( (0 + X o (a4 ¥z o )

—E(Haa) + E(Hy) + E(Hiy) + €(Ha).
Hence, £(Hg + Hyy) = E(Hyp) + E(Hy,) for any Hig € A, and Hy, € 2. O
Lemma 2.6. For any Hy, Hy; € A for i = 1,2, we have
§(Hyi + Hyy) = §(Hi) +E(Hyy)  and  €(Hay + Hyp) = §(Han) + §(Hyy).

Proof. Let T = &(Hyy + Hyy) — E(Hyp) — E(Hy,). Tt is easy to observe that T* = T by
Lemma 2.2. We show that T'= 0.
Using the fact that (H; 0 P,) e P, = (H,, o P,) ® P, = 0 and Lemma 2.1, we obtain

E(((Hu + Hyy) o Pa) o P)

=¢((Hi1 0 Py) o B) +&((H,yy 0 Po) o Py)

((§(Hyy) +&(Hy,)) 0 Po) @ Py+ (Hy + Hyy) 0 £(Py)) o Py

+ ((Hu + Hyy) o Py) o £(Py).

On the other hand, we have

f(((H11+H11)OP2)'P2) :(f((HnJth)OP2)°P2+((H11+H11>05(P2))'P2
+ ((Hu + Hyy) o Py) @ £(Py).

Comparing the above two expressions for £(((Hy, + Hy,) o P») @ P,), we find that
(T o P,) ® P, =0, which in turn gives T15 = Ty = Tas = 0.

Next, we show that 73; = 0. For this, assume that Hys = X5 + X, for some
X2 € Ay, then Hyy € A, and it is easy to observe that

1 / I
((Hn o Hip)e 2>, ((Hn o Hyy)e 2) € 2.

Thus, using Lemma 2.5, we find that

e((+ ) o oo )

:§<(HH o Hyy)e g) + 5<(H11 o Hyy) e g)

=(6(H) + E(H}y)) o Han) o 5 + ((Hux + H]y) 0 E(Fro)) o
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+ ((Hy + Hyy) o Hip) o 5(5)

On the other hand, we have
, I , I / I
E\ ((Hi + Hjp)o Hpp) e 5 =((Hu + Hyy)oHyp)e 5t (Hi+ Hyy)o&(Hyp)) e 3

+ ((Hy + Hyy) o Hip) @ f(é)

From the last two expressions for 5(((H11 + Hi;)oHyy)e é), we get (T'o Hiz) o4 =0
and using the fact that 7™ =T, we get T' X5 + T X{y + X121 + X{,T = 0. Multiplying
it by P; and P, from left and right, we obtain T7; X P, + P; XT5, = 0. Since Ty, = 0,
we obtain 73; X P, = 0. Application of the condition (2.1) yields T}; = 0. Hence,
T =0, that is, £(Hy + Hy,) = £(Hyp) + €(Hy,). Symmetrically, one can prove that
E(Ha + Hyy) = E(Haa) + E(Hayy). O

Using Lemmas 2.4, 2.5 and 2.6, the following lemma is easy to obtain.
Lemma 2.7. £ is additive on A" .

Lemma 2.8. (/) = 0.

Proof. 1t follows from é = (é o %) ° % that

1 I I 1
() <((5°3)-3)
I 1 I I 1 I I 1 1
- () )

Simplifying with the help of Lemma 2.2, we obtain

1 I 1 1

() =<(z) =<(5) +<2)

Hence, 5(%) = 0. Since ¢ is additive on AT, we get (1) = 5(%) + 5(%) =0. O
Lemma 2.9. For any S € 2™, we have £(5)* = —=£(5).

Proof. Since 0 = ((S ol)e é) for any S € 2, using the facts that (1) = S(%) =0,
we obtain

1 1
0=¢0 =¢((Sene ;) = (€S 0D y),
which implies that £(5)* = —¢(5) for any S € A~. O
Lemma 2.10. £(i) = 0.
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Proof. We have £(i)* = —£(il), by Lemma 2.9. Since (i oil) @ I = —4I, invoking
Lemmas 2.7 and 2.8, we obtain that

0= —4€(I) = &(—4I) = (il o il) o I) = (£(il) 0 il) o T + (il o £(iI)) ® I = £(iI).
U
Lemma 2.11. For any H € A", we have §(iH) = i§(H).

Proof. Observe that (i¢Hoil)el = —4H for any H € A". Using Lemmas 2.7, 2.8, 2.9
and 2.10, we find that

—4¢(H) =&(—4H) =&((iHoil) o I) = (£(iH) oil) o I = 4i&(iH),
which implies that £(iH) = i{(H). O
Lemma 2.12. For any A € A, we have {(A*) = £(A)*.

Proof. Let A = Hy+1iH, € 2 for some Hy, Hy € A" Since 4H; = ((Hy+iHy)o1)e 1,
and making use of Lemmas 2.7 and 2.8, we obtain

A§(Hy) =€(4Hy) = €(((Hy +iHy) o I) @ 1)
:(g(Hl + ZHQ) e} I) o/ — 2{5([’[1 + ZHQ) + §(H1 + ZHQ)*}

Thus, we have
(2.3) 26(Hy) = &(Hy +1iHs) + £(Hy +iHo)™.

On the other hand, we have 4Hy = ((Hy + iHs) o I)  iI. Invoking Lemmas 2.7, 2.8
and 2.10, we obtain

A§(Hy) =€(4H) = §(((Hy + iH3) o 1) @il)
=(&(Hy + iHy) o 1) @il = 2(&(Hy + iHy) — §(Hy + iH)").

Therefore, we have

(2.4) 2¢(Hy) = E(Hy + iHy) — E(Hy + iH,)*.
The addition of (2.2) and (2.3) yields
(2.5) E(Hy +iHy) =¢(Hy) + i€(Hy).

Since ¢ is additive on A" and £(0) = 0, we have {(—H) = —§(H) for any H € AT,
By using (2.4) and Lemmas 2.2 and 2.7, we have

§(A) =E(Hy +iHy)" = (§(Hy) +1i€(Ha))" = E(Hy) — i€(H>)
={(H, —iHy) = £(AY),

for all A € 2. O
Lemma 2.13. ¢ is additive on 2.
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Proof. Let us consider any two arbitrary elements A; = Hy +1Hs, Ay = Hi + @'H; e
for some Hy, Hy, Hy, H, € A", Using (2.4) and Lemma 2.7, we find that

(A1 + Ag) =€((Hy +iHs) + (H, +iH,)) = ((Hy + H,) +i(Hs + H,))

—¢(Hy 4 H)) + i&(Hy + Hy) = £(Hy) + E(H)) + i€(Hy) + i€ (H,)
E(Hy) +i€(Ha) + E(HY) + i€(Hy) = E(Hy + iH) + E(H] + iHy)
§(A1) +E(A). O
Lemma 2.14. For any A € A, we have {(1A) = i§(A).

Proof. Let A = H, +1H, € 2 for some H;, H, € A". Invoking Lemmas 2.11 and 2.13,
we obtain

f(iA) :f(iHl - HQ) = f(iHl) - f(Hz) = if(Hl) - f(H2)
=i(§(H1) + i§(H2)) = i(§(Hy + iH3)) = i§(A). O

Lemma 2.15. £ is an additive x-derivation on 2.

Proof. In view of Lemmas 2.12 and 2.13, it is sufficient to show that £(A;A42) =
E(A1) A + A1€(Ay) for all Ay, Ay € 2. First, we show that

E§(HH') =&(H)H + HE(H'), forall H H' € AT,
Using Lemmas 2.2, 2.7 and 2.8, we have
2(HH + HH)=¢(2(HH +HH))=¢(HoH') o)
—(E(H)oH )o I+ (Ho&(H)) ol
—2(¢(H)H + H'¢(H) + HE(H' ) + S(H)H).
Thus, we have
(2.6) S(HH') + E(H H) =¢(H)H + H'§(H) + HE(H) + §(H ) H.
Also, in view of Lemma 2.11, we have
2E(HH—-HH)=£(2i(HH —HH))=¢(Hol)eiH)
=(&(H)oI)eiH + (Hol)e&(iH)
=2i(S(H)H — H'§(H) + HE(H') — &(H

!

)H).
Consequently, we get

(2.7) E(HH') —&§(H'H) =¢(H)H — H'¢(H) + HE(H') — €(H
The addition of (2.5) and (2.6) yields

(2.8) §(HH')=&(H)H + HE(H'), forall H H AT,

’

V.
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Now, let Ay = H; + iHy and Ay = Hi + iHé be any two arbitrary elements of 2,
where Hy, Hy, H,, Hy, € A", In view of (2.7) and Lemmas 2.13 and 2.14, we find that

§(A1Ag) =¢((HyHy — HyHy) +i(Hy Hy + HyH,))
=&(H Hy — HoHy) + i€(H Hy + HyH,)
=C(H\H,) — E(HoHy) + i€ (Hy Hy) + i€ (H2 H, )
—C(Hy)Hy + H\E(Hy) = §(H) Hy — Hof(Hy) + i€ (Hy ) Hy + iH1§(Hy)
+i€(Hy) Hy + iHot(H,)
and
E(A) Ay + A1€(Ay) =€(Hy + iHy)(Hy + iHy) + (Hy + iHa)E(Hy + i Hy)
=(E(Hh) + i€(Ha))(H, + iH,) + (Hy + iHy)(E(H,) + i€ (Hy))
=¢(Hy)Hy + H\E(Hy) — E(Hy) Hy — Hof (Hy) + i€ (Hy) H,
+ iH E(Hy) + i€(Hy) H, 4 iHyE(H,).
Therefore, we have
E(A1Ay) = (A Ay + AE(Ay), for all Ay, Ay € 2.
Hence, the proof of Theorem 2.1 is complete. O

3. APPLICATIONS

In this section, we apply Theorem 2.1 to certain special classes of x-algebras, namely
prime x-algebras, standard operator algebras, factor von Neumann algebras and von
Neumann algebras with no central summands of type I;. Recall that an algebra 2l is
prime if for any A, B € 2, AAB = {0} implies that either A =0 or B = 0. It is easy
to verify that every prime *-algebra satisfies (2.1). Therefore, as a direct consequence
of Theorem 2.1, we have the following result.

Corollary 3.1. Let 2 be a unital prime x-algebra containing a nontrivial projection.
Then a map & : A — A satisfies

E(AoB)e()=(((A)oB)eC+ (Aoc&(B))eC+ (Ao B)eg(C),
for all A, B,C € A if and only if £ is an additive x-derivation.

Let H be a complex Hilbert space and B(H) be the algebra of all bounded linear
operators on H. Let F(H) C B(H) denote the subalgebra of all bounded finite rank
operators. A subalgebra 20 C B(XH) is called a standard operator algebra if it contains
F(H). Now we have the following result.

Corollary 3.2. Let H be an infinite dimensional complex Hilbert space and 2 be a
standard operator algebra on H containing the identity operator I. Suppose that 2 is
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closed under the adjoint operation. Then, a map & : A — B(H) satisfies
E(AoB)e()=(((A)oB)eC + (Ao&(B))eC + (Ao B)e(C),

for all A, B,C € A if and only if £ is a linear x-derivation. Moreover, there exists an
operator T' € B(H) satisfying T + T* = 0 such that £(A) = AT — T A for all A € 2,

that is, & is inner.

Proof. Since 2 is a unital prime *-algebra containing nontrivial projections, then by
Corollary 3.1, we see that £ is an additive #-derivation. It follows from [14] that &
is an linear inner derivation, that is, there exists an operator S € B(H) such that
£(A) = AS — SA for all A € 2. Using the fact that £(A*) = £(A)", we have

A*S — SA* = (A7) = £(A)" = STA* — A*S,

for any A € 2, This leads to A*(S + 5*) = (S + S*)A*. Hence, S+ S* = A for some
A € R. Letting T' = S — \I, one can check that T+ 7% = 0 and {(A) = AT —TA
for all A € 2. O

A von Neumann algebra 2( is a weakly closed, self adjoint algebra of operators on
a Hilbert space H containing the identity operator I. A von Neumann algebra 2l is
a factor von Neumann algebra if its center contains only the scalar operators. It is
well known that a factor von Neumann algebra is prime, thus, it always satisfies (2.1).
Hence, as an immediate consequence of Corollary 3.1, we get the following.

Corollary 3.3. Let A be a factor von Neumann algebra with dim(2() > 2. Then, a
map & : A — A satisfies

E(AoB)e(C)=(((A)oB)eC+ (Ao&(B))eC+ (Ao B)eg(C),
for all A, B,C' € 2 if and only if € is an additive x-derivation.

Further, it is well-known that every von Neumann algebra with no central summands
of type I satisfies (2.1) (see [3,6] for details). Therefore, applying Theorem 2.1, we
have the following result.

Corollary 3.4. Let A be a von Neumann algebra having no central summands of type
Iy. Then a map & : A — A satisfies

E(AoB)e(C)=(((A)oB)eC+ (Ao&(B))eC + (Ao B)eg(C),
for all A, B,C € A if and only if £ is an additive x-derivation.

4. CONCLUSION

In this paper, we have studied the relationship between nonlinear mixed bi-skew
Jordan triple derivations and additive *-derivations on arbitrary *-algebras. In fact,
it is shown that, under certain assumptions, every nonlinear mixed bi-skew Jordan
triple derivation on a unital *-algebra is an additive *-derivation.
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ON GENERALIZED MADDOX SPACES VIA DIFFERENCE
OPERATOR

SUBHASMITA MAHARANA! AND PINAKADHAR BALIARSINGH?*

ABSTRACT. In the present work, we begin our investigation with some dynamic
properties of new generalized difference operator AZ’ﬁ "7 defined in Baliarsingh
[5]. Combining this operator with the well known Cesaro operator, we also in-
troduce new classes of generalized Cesaro summable difference sequence spaces
w(AZ’ﬁ’“’,p),wo(AZ’ﬁ"y,p) and wOO(AZ’ﬁ"Y,p), which are the natural extension of
the spaces wP, w} and wk, defined in [12] and wo(p), w(p), and wee(p) defined
by Maddox [21]. We establish various topological properties on these spaces along
with some inclusion relations with other basic sequence spaces. Further, our in-
vestigation is carried out to determine a*- and *- duals and characterize matrix
transformations on these spaces.

1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

One of the potential fields of sequence spaces as well as the growing achievements
of summability theory is the difference sequence spaces, which enriched with the
existence of sequence spaces via various difference operators providing wide range of
applications in both pure and applied area of mathematics. Moreover, ideal concepts of
difference operators and the related spaces are stimulating diverse fields of research like
approximation theory [11,19], spectral theory and linear algebra [1,7,15], numerical
analysis [8], compact operator theory [25,31], fractional calculus [5,6] and matrix
theory [13,26,29], etc.

A sequence space is a subspace of linear space w (the space of all real or complex
valued sequences), for instance, ¢, ¢y and f, are the spaces of all convergent, null,

Key words and phrases. Sequence spaces, difference operators, topological properties, matrix
transformations, dual spaces.
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and bounded sequences, respectively, normed by ||z|s = supy |zx|- As the initial
development of this theory, in 1981, the idea of difference sequence spaces X (A) =
{z = (xr) € w: Az € X}, where X € {cp, ¢, {~} had been considered by Kizmaz [20],
by using the forward difference operator

(1.1) Axp =z — k41, k € Ny (the set of all non negative integers).

Recently, the difference space bv, consisting of the sequences z = (z) such that
(), — x—1) € £, have been studied in the case 0 < p < 1 by Altay and Basar [2], and
in the case 1 < p < +oo by Bagar and Altay [13]. The reader also refer to the recent
monograph [29], and references therein, devoted to the matrix transformations and
related topics.

In 1995, these spaces had been extended to the case of integer order 'm’ by Et and
Colak [17], using the difference operator A™, defined by

(12) AMx, = f:(—l)z (T) Thti k € Np.

=0
Latter, Baliarsingh [4] (see, also [8]) extended these spaces by using fractional order
difference operator, A® for a positive proper fraction «, i.e.,

> - Da+1)
1. Aoy =S (~1)- 2T g ke N,
(13) o §< Vitar1—go kel

where T'(«) denotes the Euler gamma function. Quite recently, the idea has been
extended to the case of arbitrary order «, 3,y by Baliarsingh [5] by defining

o8, w (—a)i(=p)i
(14) Ah ’yxk‘ - ;} (—”}/)Z Z' ha+57,\/xk‘ﬂ:i7

where (o) is the Pochhamer symbol or shifted factorial for ¢ € R, defined by

1, oc=0or k=0,
(o) ={

olo+1)---(c—k+1), keN

In particular, if h = 1 the above operators include the cases, such as the operator
A' ([20]) for a = 1, B = =, the operator A ([17]) for « = m € N,y = 3 and
the operator A ([4]) for § = 7. Note that matrix representation of the operators
A= (61), A™ = (3m), A% = (6%,) and Ap™7 = (5p07) (defined in (1.1), (1.2), (1.3)

and (1.4)), respectively, are as follows:

1’ k == Tl/, 17 k: = n’
0, k> n, 0, k> n,
1, k - 7’L, 17 k’ = n?
o —Q)p—k a,b,c —)p—k(—B)n_

07 k>n7 0, k> n.
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Several authors including Mursaleen, Altay and Bagar [27], Mursaleen and Bagar [29],
Dutta and Baliarsingh [6], Tripathy and Sarma [30], Aydin and Polat [26], Vardwayj
and Gupta [14], Et [16], etc., have given their valuable attempts to construct new
sequence spaces by combining the notion of difference operators with some functions
(like Modulus function, Orlicz function, ¢ function, etc.), and certain means (Cesaro
mean, Norlund mean, Riesz mean, Euler mean, etc.). In this regard, various authors
studied the topological properties on defined sequence spaces along with their matrix
transformations, inclusion relations and also determined their dual spaces. It has
been remarked that the above works will be more convenient if the used difference
operators defined by (1.1), (1.2), (1.3) and (1.4) are well defined and the related
difference sequences are convergent. In fact, the behavior of the operators mentioned
earlier on any arbitrary sequences is completely dynamic in nature. At this stage, we
want to emphasize this dynamic nature by following examples.

Ezample 1.1. Let a >y >0, § =0, h =1 and define a sequence z = () = (), k €
Ny. Then, we have

ARy 1 & 1

g ZO "f“:fﬂfZ vii! 50
1+Z°° Da—2)--(a—i+1) 1
= (7—2)---(7—i+1)i! 5
1 &

-

By applying D’Almbert’s ratio test, we obtain the right hand side of above series

ti —
lim L Jim ‘ (a ,Z> =0.
isoo | t; itoo | (y — i) (i 4+ 1)5
This ultimately makes the sequence AZ"B T converges. So, the above series is conver-

gent.

Ezample 1.2. Let = e = (1,1,1,...) and @« > v > 0 and § = 0, h = 1. Then,
clearly, the sequence A‘f"ﬁ Tz converges. But, for 5 = v, h = 1, it can be observed

that
ala+1)

A %, =a+ 5

+--- = 400, ask — +oo,
which is divergent.

Example 1.3. Let the sequence x = (zj) be defined by x) = k3, k € Ny. Then, it can
be easily observed that

Az, =k3 — (k+1)% = —2—0(/65) — —00, as k — 400,

which is divergent. But, for « =3, § =, h =1 we obtain
APz, =k — 3(k+1)% +3(k+2)3 — (k+3)3
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55 15
—k3 —3 {k: + §k:% + gk% + O(k—%)}
15 5 135 .

. 1 5
+3{k3+5k3+;k§+0(ls‘§)}—{k2+2kz+ > k:2+0(k‘§)}—>0,

as k — +oo.

As a result, we conclude that the sequence A3z is convergent.

FEzample 1.4. Let x = (z) be the oscillating sequence defined by zj = % +
k € Ny. Now, after applying the operator A* on = we have,

204—1 k .
— 1S even
(6% 3 J )
A%x, = {

20471 .
—=5—, kisodd,

which is a divergent sequence.

Furthermore, the study on convergence of difference sequences up to the case of
fractional order, is found in the work of Baliarsingh [6]. But, convergence analysis
in general case is quite challenging, which to be discussed in this sections. Moreover,
our aim is to construct some new class of difference sequence spaces by combining the
generalized difference operator with Cesaro operator of order one and also investigate
their topological properties with some inclusion relations. Usually, the Cesaro operator
C; of order one, and its inverse (C})~!, respectively, in matrix form are given by

C) = (cni), and O7 ' = (s,z), where

n+1, k =n,

1 < k<

Cppe = { L Osksn, and s, =¢—(k+1), k=n-—1,
0, elsewhere, 0 lsewh

, elsewhere.

7 and Cesaro operator Cf,

we have the generalized Cesaro difference operator (C1A77) as

Now, combining the generalized difference operator AY

oy el i 0 <k <,
(OlA?:Eﬁ)nk = %_H, k = n,
0, k> n.

Using Theorem 2 and Remark 1 of [9], we determine the inverse of C1 A explicitly

as
(=) I, (L + 1) DE_(CLATPT), i 0 <k < n,
(CL AT =+ 1, k=n,
0, k> n,
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where
(1.5)
k+1 (=a)i(=8); 1

k+2 Z] =k ( 'y) ig! k2 0
~ Ek+]§ )i (= ?)' Ek+]1 (=)= ')j 1
Dfi(ClA‘f‘f’”) k+3 J ( 'Y)].] k+3 J (=7);3! k+3

—a)g( B _1 swn—1 (—a)j(—ﬁ)j . k+1 i(=B);
n+1 Z 753! n+l ~j=k  (—v);j! n+1 Z )Jj!

This follows from the fact that (C’lA(f‘f’V)_l = (A?,’ﬁﬁ)—lc;l. Note that Cl_ is as

stated above and

Y

L, k =n,
(AT = ()" FDE(ATEY), 0<k<n—1,
0, k> n,
where o )
dip din - dip
) dyo dyn -+ dap
DZ(A??V) =|d3o ds1 -+ dyn-a],
an dnl Czn,n—l
where djp = =22, dyy = 1, dln 1 =0, dag = %, doy = _%ﬂa d2,n71 =0,
duo :—a(a — D(a—=2)B(8—1)(6 —2)
3y(y = 1) (v —2) ’
= ala—1 -1 ~
ds1 = ( , LG >, d3n-1 =0,
2ly(y—1)
d=(_pe= D=2 (a—nt DAE - 1(E-2) - (B-n+])
! Y =D =2)(y—n+nl ’
5 yala—1D@=2)---(a-—n+2)f(E-1)(B—-2)--- (B —n+2)
dn1 =(—1) '
Yy =Dy =2)-- (v =+ 2)(n 1)
PR
v

Let p = (px) be bounded sequence of positive real numbers and M = sup,{1, px.}

and

0 < inf pg. Then, the spaces wy(p), w(p) and ws(p) of all sequences that are strongly

summable to zero, summable and bounded sequences, respectively defined in [21,

as follows:

5l =0},

Z |z, — U|P* =0, for some [ € (C}

wo(p) :{x = (z) €Ew: nl_l}I_Poo e

1
w(p) :{x = (zy) €Ew: nl_lgloo e

22]
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Weo (P) :{x = (x1) € w: s%p( —1Fl Z ]:L’k|p’“> < +oo}

which are complete paranormed space with respect to the paranorm [12]

n €L

1 b3
— Pk
o(e) =sup (g 2 )

Motivated by the idea above, we define following new spaces by combining the gener-
alized difference operator A?7 with Cesaro operator of order one Cy as

1 n
wo(Aa’fw,p) { = (z) €w: lim > ]A;:é"’xﬂpk = 0},

n%+oon—|—]_k p

Z ]Ao"ﬁ“’x —IPr =0,

By .
w2 ) ={e = ) €we lim

for some [ € (C},

1
Woo Z’fw’p) { = (zx) € w: sup <+1 Z |Aaﬁvm |Pk) < —i—oo}
" k=0

where Azﬁj Yoy = 5% (_(ﬁ%xk ;- In particular, these spaces includes the

following spaces.

(a) For a =0, 8 = 7, h =1, the above spaces are reduced to the basic spaces
defined by [21].

(b) For (pi) = (p), where 1 < p < 400, @« =0, f =, h =1, the above spaces
are reduce to the basic spaces w?,, w and w” defined by [12].

Now, we provide certain definitions which are used in the sequel.

e Let g be a function from a linear space to R, is said to be a paranorm if it
satisfies the following axioms
(a) g(x) =0if z = 0;
(b) g(—z) = g(x);
(©) glz+y) < g(z)+9(y);
(d) If (pn) be a sequence of scalars with p, — pasn — +oo, and (2, )nen, T €

X. Then, g(p,z, — pz) — 0 as n — +o0.

Moreover, (X, g) is called the paranormed space (cf. [12])

e A sequence space F is said to be solid, if (\yzx) € F, for all sequence of scalar
|)\k| < 1, for (l’k) e k.

e A sequence space F is said to be separable if there exists a countable dense
subspace for this space.
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2. MAIN RESULTS

This section 1ncludes some results associated with convergence of generalized dif-
ference sequence A "z, and topological properties of newly defined spaces. Before
proceeding further, we required the following definition (cf. [6]),

A sequence x = (z1) € w is said to be of order v > 0, i.e., x = O(k") if there exits
a positive constant C such that

7k < CKY, k=0,1,2,...
Motivated by the work in [6], we generalize the following theorem.
Theorem 2.1. Let a, 3,7y € RY (the set of positive real numbers) and x = (), be a

sequence of order v such that o+ 3 — v > v. Then, the difference sequence (Azfvxk)
is absolutely convergent.

Proof. Suppose x = () is a sequence of order v. Then there exists a positive constant
M, such that,
|z < MEY, k€ Ny.

Now, the series defined in equation (1.4) becomes

a,B,y = (_&)1(_6)2
|Ah,€ x| = %z'( ~)ihatB- S Tk—i
(—a)i(=B)i
2(:) I(—7)shoth= 7 Th—i
| (=a)i(=B)s v
=M < |il(=y)shot A= Ik =il
= |a(a — )"(04—(i—l))ﬁ(ﬁ—l)“'(ﬁ—(i—1))"|k_i|y
ithetF=ry(y = 1)+ (y = (i = 1))

_ M = (i—(a+1))(z’—(a+2))---(z’—(onrz'))‘
ha-l—b—c — 7
TG D)= GO

=y +D)—(y+2) (i —(v+1i))

M 400 O(ii_(a+1))0(ii_(ﬁ+l))
Shaww ; il (it 0r+D)
M O(i2i—(a+ﬂ)—2)
:ha+ﬁ—'y ; O(i%-(r+1)
M =
_ IICIGRSAaE
hotB—y =

Note that for ¢ — +oo, |% —1|* — 1, and the right hand side converges if v — (a +
B)+7v—1< —1 which implies v < o + § — 7.

el

v

S -1
]

v

o
1
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For more clarity, we mention the plots of Ay b, P7qy, for the set of sequences ), =
ER05 gL g5 pLIs gl k2 with o = 1 58, b =311, v =312, h =1 as
below. ]

1500 2000 2500 3000 3500 4000 4500

F1Gure 1. Convergence of (AZ? 7Txy), using the condition as in Theo-
rem 1

Theorem 2.2. For every convergent sequence x = (xy), the difference sequence
(Azéka) converges if a+ [ > .

Proof. Suppose z = (xy) is a convergent sequence. Then, for each € > 0, there exist
[ € C and K € Ny such that

|z — 1| <€, forall k> K.

So, the series,

= _(=a)i(=B)
B = il(—cy)ihoth ki = EF l’
| (=a)i(=B)i (=a)i(=0);
S I Fra e M ﬁ
= ( Oé)l<_ﬁ)z
=il +¢) il(—c);hoth—y
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Note that the convergence of the difference sequence depends on the convergence of
series in right hand side, above. For simplicity we take h = 1. Then, applying Raabe’s
test in the above series, we obtain

1 (=a)i(=B)i (=) (i 1)

)| = dm ST S s
— lim —a(—a+1)---(—a+i—1) ’
ivtoola(—a+1)(—a+2) - (—a+1)

‘— 6+1 (= ﬁ+z‘—1)(i+1)—7(—v+1)-'-(—7+i)‘

(=B+1D-(=B+i) ==y +1) - (y+i-1)

. (z+1)(—’y+i)
=t Z((—oH—i)(—B—l—i) - 1)‘
—iy+i2—y+i—af +ia+if — i

= lim |7 ’

e i(=+D(=F+1)
(a+B-—y+1) - 250

2

lim ‘z( i

imtool M@t =00

= lim 3

oo (—e (=2 )

This implies that the difference sequence converges while a + 8 — v+ 1 > 1, i.e.,
a + [ > v, which concludes the proof. 0

=a+pB-v+1

Remark 2.1. 1t is pertinent to note here that,
(Ail_’ﬁl M (A??_ﬂzﬁz (xk)) o (Ai1_+a2+51+ﬁ2m+72 (l’k)),
which can be countered by following example.

Ezample 2.1. Suppose the sequence x = (zy) is defined by zy = 1, k € Ny. Then it
can be easily observed that

1,2,2 0+1,-1+43,5-3
AL Ty = Al,t + T = A(ZL’k) = 0, as k — +oo.

But, for a; =0, as =1, g1 = -1, fo =3, 1 = =3, 72 =5Hand h = 1 and we
obtain,

135, X (—1)i(—3);

=0
which is a divergent sequence as k — 400, from Rabee’s test of a series. Consequently,
the sequence (AYZ""?(A7?°zy)) is divergent.

Remark 2.2. The spaces X (Aa"g "7p), X € {w,wy, ws}, respectively, form linear

B0, exists for all k € N.

spaces, provided Ay’
Proof. The proof is trivial, hence omitted. O

Theorem 2.3. The spaces X(Azé Tp), X € {w,we} form complete paranormed
spaces with respect to the paranorm
1
Pk) M

g(z) = sup (nil EH:

k=0

a, B, v
A
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B,y

where M = max{1, H} and H = sup,py. However, the space ws(Ap"",p) is a

paranormed space if and only if inf pi, > 0.

Proof. Clearly, if z = 6 = (0,0,...), then g(z) = 0. Now, we prove the theorem for
X =w.

Again,
1 & M
— _1 Aau B,y _ pk)
gte) =sm (g 3 - DAR ()
1 & Pr 77
— E Aa7 577 ) — _ X
Sl7llp (n—Flk:o i ’ o=
Also,

Z A + )

1
Pk \ M
o )
1
1
a, 57 <, ﬁ’
cop (e E e ) s (0t )

=g(z) + g(v).

Now, let (¢") be a sequence of scalar with ¢" — g as n — 400 and 2" € w(

Then,
pk) 37

gz +y) =sup (

L
M

A 27 p).

>

A:,’—ﬂ’ (¢ "z — qzy)

9(¢"z" — qx) =sup

n

7N T N
S
s
—
il
=}

< - By n,.n n n P\ 37
= sup n+1,§A’_ (¢"vg — "7 + q"2p — qay) >
I ¢ o, B, Y (n(n n )M
=sw (5 2 |A0 @t = w0 +ate ") 0
as n — +00. As (¢") and (z") converge to ¢ and z respectively, the right hand side

tends to zero.

For the case of w.. (A} f 7. p) the proofs of condition 1, 2 and 3 of the paranorm
are similar, hence we omit these. For last condition, we require the followings.

Let A = (\,,) be the sequence of scalar with A, — 0 and z be fixed (implies \x — 6
(null sequence)). We need to prove inf p; > 0 to form a paranormed space.

On contrary, suppose inf py < 0 (Theorem 2 in [23]). Then, there exist ki, ko, . . ., ki,

. such that )
Pk < 24727

where 2! < ky <22, 22 <ky < 23,...,2" <k < 2"l Again consider,

h(z) —sup{ Z’ 8,7 . !

k}M‘
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Let (x)) be the sequence such that, Af‘f“’xk — 1 as k — +o0o. Now, let us define the
sequence T = () by

— Az’é,ka7 k = kl)
T = ’
0, elsewhere.
Clearly, = = (7y) € woo(Ai’f’v,p). Again,

1
hAZ) = oo 3 [ARP g [P = AP < A= =1, asi— +oo

Moreover,

(2.1) g(;) < h(z) < 2¢(x),

provided, the series for the operator A;"”" exists. This implies g(Az) > %, which is a
contradiction. So, this proves the condition.

Secondly, our claim is now reduced to show the completeness property. So, let (z°)
be any arbitrary Cauchy sequence in w(Az’ﬁ 7 p).

By definition, for each € > 0, there exists I € Ny such that

By
—

glx' —2?7) <€, forallij>1T

e L
=7 Yieo ‘Aﬁffv(m‘}c — ) pk) M < ¢ for all 4,5 > I. This implies that

for each sufficiently large k € Ny the sequence (z%), forming a Cauchy sequence in

implies sup,, (

C, which is complete and so convergent to I (say), i.e., |z}, — [}|?* < &, where let
‘Azf’vxk =F.
Now,
, . 1 X . PR\ 37 € < e F\ 1
' —1') =su ( AP (gh [ ) < =Y |AYP < <> <€,
g( ) np n_i_lkz:%) h, (k k:) —sz:%) h, F

for all # > I, for all k. Now (z°) is the Cauchy sequence with strong limit [° ultimately
gives ' € w(AY™7, p) ([24], page 320). O

Theorem 2.4. The space w(Aif’v, p) is not separable in general.

Proof. The proof follows from [14, Theorem 3.7]. Let us take the sequence = = (),
such that for each ¢ >0 € R

rr =kY+r, wherer € R.

Obviously, for each p € R, (z) € w(A'ff’ﬁ, p), (for a >, f="7).

Now consider p = (px) = (e) and the set, A = {k? + r, k? + s, k¥ +¢,...} =
{ar 2% 2", ...}, where |r —s| > 3.

Now, g(x" — x°) = sup,, n%rl Sho |Aaf’6(xz —zp)| =|r—s|> 3.

Clearly, A is uncountable. Again, consider D be any arbitrary dense subset of
w(ATPP, p).
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Moreover, for each 2" = (a7} )ken, € w(A?f’ﬁ, p), we can find y" = (y})ken, € D
such that g(z" —y") < .

Now, let us define the transformation f as f: A — D, 2" = (a}) — f(2") = (y},).
Again g(a" —y*) = g(a" —a* + 2" —y°) > g(a” —y*) —g(y* —2°) > s —F = ¢.

This inequality represents for " # x® implies that y" # y* with respect to the
paranorm. This shows that f is one-to-one. Furthermore, f(A) C D and f(A) is
hence uncountable. Since, D is any arbitrary dense set so, the space w(Ai’f"B , p)is
not dense in general. O

Theorem 2.5. The space wo(A]” ©5 " p) forms a solid space. But, w(Aﬁff“,p) does
not form solid in general.

Proof. Suppose (Ax) is any sequence of scalar such that [A\;| < 1, for all £ € N,.
Now, the sequence (Apxy), for (x)) € woo Z’éw,p) So,

sup

— Z \Aa’ﬂ T Neg| P =sup ——

— Z ’)\k‘Pk|Aa57xk|pk
k=0

<sup ——— > [ARP g P .
_s%anrlZ! Py |Pr < +o0

This implies that (A\yzy) € woo(Agf 7. p) and makes the space woo(AZ:[_g ' p) as a solid

space. But the space w(AfL‘f 7
by following counter example.

Let (px) = (1,1,1,...), B =+, h =1 and the sequence of scalar A = () be
{1 k is even,

,p) does not form solid in general, which can be proved

27
0, otherwise.

A =

Clearly, |\x| < 1, for all k£ € Ny. Suppose that, z; = ¢ is any constant sequence, which
gives us x € w(A?”f’ﬁ, p). But,

¢ kis even c 2072 k is even
PV 4 Cand ARy T ’
Yk = Atk {0, k is odd, L IR T Ze 202 ks odd,

i.e., we can not get an unique [ € C such that (y;) & w(Aa’fﬁ, D). d

Theorem 2.6. The space wx Aa"é_gﬁ,p does not form a sequence algebra, in general.
h7

Proof. Let x = (x3) and y = (yx) be two sequences such that, zp = k and y, = k?,
for all k € Ny with (py) = e. Clearly, x = (z1),y = (yx) € woo(Aféﬁ,p) But, for
2 = xpyp = K3, for all k € Ny and Aié”gzk =6k—2.

Again, sup,, (n%rl > h_o(6k — 2)) = 00, which consequently, gives us z = (2x) €
woo(A%’[jB ,p) and completes the proof. O
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Theorem 2.7. (a) If a4+ 5 > 7, then ¢ C w(Ai"‘_g”’p),

(b) If AyP7(e) emists, then Loy C weo (AT, p).

(¢) wo(ALPY, p) C w(ALPY p) C wao(ALP, p).

(@) e(A327) € (AT, p), for pu < M, for all k € Ny, where (A7) = {u €
w: (AT ) € ¢

Proof. (a) Let x € ¢ be any convergent sequence, with o + 5 > 7. This implies,
(Aa"g Tz, is convergent. Ultimately, we obtain

Z |Aaﬁvxk —I"* =0, for somel € C,

lim
n—+oom, 4+ 1

ie.,
x € w(Azf’v,p) = cC w(Azf’V,p).

Furthermore, this inclusion is strict by the following example.

Let xp = k%, for all £ € Ny, a > 1, being a fixed real number. If a + 3 — v > a,
then x = (z) € w(AZ‘f’”,p). But, (xy) is a divergent sequence. The proofs of (b)
and (c) are similar as above.

(d) Let z € c(A‘iﬁ”), which implies |A°"B Yy, — 1] < e < ¢, for some | € C.

Clearly,

Z [ARZ e — i < ()M = ¢,

lim
n—+oon + 1
ie., zew(AP" p).
ThlS inclusion being strict by taking (zx) = (1,3,1,3,1,...) (see [14, Theorem 3.3]),
such that w(A%EB, e) ¢ (Ai[iﬂ)
This completes the proof. 0

We obtain our next results by following to Maddox [22]. Hence consider the set
wo(AYP7 | p) denoting the set such that,

Pk
(2.2) PES

— 0,

where Y, is the sum over the k for k € [27,2""!) and r being any integer.
Theorem 2.8. ([22, Theorem 7]) wo(Azf”,p) C wo(Azf’v, e) if and only if
(a) there exists an integer N > 1 such that
B, =max M w2 "5 = 0(1),

(b) inf lim sup2™"M,(s) = 0, where M,(s) is the number of k in [2",2""1), such

s>11r—00

that pr, > s.
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Proof. Let x € wo(Ai’f . p), i.e., there exists N € Ny for sufficiently large r, such
that,

1 1
-
Now, we may subdivide the sum as
2T Y AR = 2 Y A Ty e 4 27 S AR,
T 1 2

representing the sum >, and >, over p, < 1 and pr > 1. Let us consider p; < 1 and
Qx = pik. We get the following inequalities

MIAZP gy [P 2770 < MIAGH a2 < M 277 37 |ASE g o,
1

Again,
7SI € 2 Y M |
1 1
This implies,
|Az:€v’7$k| SMl_qk|$k|pk 2—r+rq,

27N AR gy <27 MY |ARPT qyfPr 2rae pp
1 1
<27"M B, Y |AYPz [P = O(1) - o(1) = o(1),

where the notation O is defined earlier and o( f2(y)) = fi(y), for every positive constant
M and there exists a constant g, such that 0 < fi(y) < M fo(y), for all y > yo.
Our claim is now reduced to prove that, 27", |A?L€7xk| =o(1).
Let € > 0 be arbitrary. Then, there exists s > 1 such that 27" N,(s) < €, for all
sufficiently large r. We may write the sum as
SUIARI m = STIANI a4 Y ARy,
2 3 4

over the sum |AZ‘€ 7 <1 and |AZ‘§ Txr| > 1, respectively. Again, p, > 1, resulting
27N AR Ty = 27 ST ARy P = o(1).
1 1

Let us subdivide the sum in two parts, i.e., 1 < pr < s and pg > 1, respectively, as

257 26'

Moreover, we found

> |Az§7xk| <> 1= M,(s).
6 6

This implies 27" Y |A,O:§ Txk| < e, for sufficiently large r. Now, only we want to show
it for 35 .
Letting r so large that

277y |Az‘£’7xk|pk < min{e, €°}.
T
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From [22] we get that for sufficiently large r that,

B

9T Z |A2§7$k| <2 Z |Ac;£ﬁxk’pk + <2—r Z |Az£ka|pk> < e.
T r 6
So, all the inequalities obtained above ultimately resulting our claim that

27y |AZ§“’$;€| — 0, asr— 400,
T

i.e.,
x € wo(ARP7 e) = wo(Ahﬁ ,p) C wo(ARY @B ).
This completes the proof. 0
3. DUAL SPACES

Suppose X and Y are two non-empty sequence spaces, then the set
S(X,Y) = {z cw : xz = (xRz) €Y, for every x € X},

is called the multiplier space of X and Y. The special multiplier space that are
S(X, 1), S(X,cs) and S(X,bs), respectively, called as a-, - and ~y-duals of X (cf.
[12]). In order to remove ambiguity, let us take X* = S(X,l;), X#" = S(X,¢s),
X7 = 5(X,bs).

Theorem 3.1. (a) {woo(Ai’f’v,p)}a* = D,, where

D, :M(l{a = (a,) Ew: Sl;p; zk:( 13[ (I+1)DF_ (C1AY M )ay, M| < +oo}
(b) {wo(ATEY, p)}e” = Dy, where

DQ:MLgl{ = (an) € w: s%pznj]%:(— E[lﬂ H(CIAY ) a, M~ | < +oo}
() {w(AT27,p)}" = Ds, where

Dy=Dy0 Uda = (@) e w: supz\z - knm (CIAT)a, | < oo},

M>1

Proof. The proof follows from Theorem 8 of [8]. Suppose a € Dy and x € woo(A‘ff’ﬁ ,D).
Now,

Z |anxn| :Z |an| |
n n

Tk

n’f]‘[z+1 _(C1ATPT)

MHZH L (CrAsEm|

|:En|
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‘M Pk]xn]Z

n

i 2
% [10+ DS (AT )a,

=k

-

pr| < 400, for all k€ Ny.

So,
a € {wa (AT, p)}* = Dy C {weo (AT, p)}.

Conversely, suppose a ¢ D, Then, exists M > 1 such that,

SIS (=) ’fH [+ 1)DE L (CL AT )a, Mx

n ok
Thus, we can find strictly increasing sequence of integer n(s) such that,

n(l) =1 <n(2) <n(3) <---<n(s) <n(s+1)

= +00.

n(s+1)
“HH W(CIAP M| > 1
Now, let us define a sequence = = (z,,) by
0, if 1 <n <n(s),
=\ M > (=1 kH 14+ 1)DE_ (C1AY ﬁ7)sgn(an) n(s) <n<n(s+1).
k
Clearly, z = (z,,) € wm(A?fv, p).
Moreover,
+00 n(2) n(3)
S anza = D0 anyal + D lanyal + -+
n=0 n=n(1) n=n(2)
(2) n B
S an - [p77 >0 I+ DD (CraT?)|
n=n(1) =k
+ Z ’an| ‘M sz nkHl+ 01A057)+ ..
+o0
>3 1> +o0.
n=1

ie.,a=(a,) & {woo(Ai"ﬁ“’, p)}*". By contra positively, we get wuo{(AY 1 2 p)re C
Dl, which consequently results {woo(Aifﬁ’, p)}* = Dy.
So, it completes the proof. Similarly, we may prove the other two results. 0

Theorem 3.2. (a) {w. (AT, p)}P" = Dy, where

D4 = ﬂ {CL = (an w: lim Z’ 7‘L k ﬁ(l —+ ]-)DfL—k(ClAiyfq)anMi Converges}.
=k

%
M>1 nortee
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(b) {wo(AT p)}?" = Ds, where
D = U {a: (an) ) kH I+ 1)D C’lA‘f_ YanM Pk | < oo}.

(c) {w(A‘f‘f’”, p)}?" = D¢ D7, where

Ds=J {a:(an)Ew:

M>1

- kH [+ 1)DE L (CL AT )a, M7 — b

= 0, forall by € C}

and

D, :{a: (a,) € w:

lim Z

*>
n+ook

”’szH W(CIAY Y a, — b,

— 0, for allby € (C}.

Proof. On contrary, let a = (a,) be a sequence such that a ¢ {woo(A?f”, )}
Then, there exists © = (7,) € weo (AT 2P p) such that Y a,, does not converge.

n

Consequently, this leads that Z |a,x,| diverges to co. Furthermore,
n

D lantal =3

n n

1 1 k—mn (__
anMaM*aZ(_ ”’“Hz+1 CAaﬁ”k}rlZ(
§=0

H (l+1)D ClAﬁfv)anMPk

—n

(—a)j  —L
3 C% i,
k +1:= !

— oo, for larger n.

Since, x € woo(Aff’f’v, p), implies

> |(=

k

Hl+1 W(CLATP Y, M| — o0,

which is a contradiction to the fact that a € D,. So, we get a & {we (AP, p)}F”
and Dy C {wo (AT, p)}o.

Conversely, suppose that a € {woo(Ai’g’w, p)}?". By definition ¥, a,x, converges,
which necessarily gives ngrﬁ)o an,x, = 0. So, for each € > 0, there exists N € Ny such
that |a,z,| <€, foralln > N. Again,

k’—n
|anz,| =|an, > (=1)"" kHl—i—l C’le‘ﬁV)MPkM k+lz

k j=0
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a);
su E M kan
_nk>pN‘k+1 =

S 1L+ DDE (A

k =k

X Mﬁan < €,

for some M > 1. For x € wu( ?’E’y, p), it brings

> |(

k

i.e., a € Dy, which implies {woo(A‘ff’w, )} = D,.
Otherwise, for any larger k¥ € N by Theorem 5.1 in [18], there exists b = (by) be
any sequence of scalar in C, such that

lim Z

*)
n+ook

D [0+ 1D (CL AP M,
=k

< €,

n’sz+1 (CLAYP Y M, — | =0,

i.e., converges. So, it completes the proof. Similarly, we may obtain the other two
results. 0

4. MATRIX TRANSFORMATIONS

In this section, we characterize some matrix transformations among newly con-
structed sequence spaces as defined earlier. We characterize matrix transformations
among spaces wOO(A1 =), O(Aﬁfy,p) and w( ‘f"fﬂp) with classical sequence
spaces ¢(q), co(q) and £ (q).

In brief, for A, be an infinite matrix from X to Y, i.e., A : X — Y, where for all
x = (z,) € X, implies that

(A} ={ T awn} ev

Suppose that (X, Y’) denote the set of all matrix transformations from X to Y. Before
proceeding further. We need the following propositions from [18], for (gx)ren,, non
decreasing bounded sequence of positive real numbers. For more convenience, we can
replace the > 2, by > ;.

(a) A€ (lo(p), l(q)) if and only if for all M, such that

1\ 9n
(4.1) sup <Z ‘ank’MPk> < +o0.
" k
(b) A € ({o(p), c(q)) if and only if exists 7y, such that
(4.2) sup » |ank|Mi < 400, for all integers M > 1,
"ok

and

1 dn
(4.3) lirrln(Z‘ank—nk‘M_Pk> =0, forall M >1.
e
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(c) A€ (co(p),f(q)) if and only if exists M, such that

In
(4.4) sup (Z ’ank’M Pk) < +00.
(d) A € (co(p),c(q)) if and only if (4.4) holds for all L exist M, and n; € R such
that
(4.5) lim supz ]ank|M_i < 00,
(4.6) sup Lian Z ‘ank - nk’M P < 400,
(4.7) lim |ane — ne|™ = 0.

n—+oo

(e) A€ (co(p),co(q)) if and only if for all L, exists M, such that
(4.8) sup L > ’ank’Mfi < +o0.
" k
(f) A€ (c(p),ls(q)) if and only if (4.2) holds
Z - n
k

(g) A€ (lo(p), co(q)) if and only if for all M,

(4.9) sup < +00.

(4.10) liy(Z‘ank—nk‘M_;kyn =0 < 4o0.
k

(h) A € (c(p),c(q)) if and only if (4.2), (4.5), (4.6) hold, exists a € R, such that

dn

(4.11) = 0.

(i) A € (co(p),€(q)) if and only if exists M € N

(4.12) supz > an M- m

n 'kekK

(j) A€ (c(p),£(q)) if and only if (4.11) holds and
dn

Z Ank

&

Consider the infinite matrix A = (d,;) via the matrix A = (an;) as

< +00.

(4.13) < +o0.

+oo k
s = > (=D I+ 1) Di_(CL AT ) ay,,
=k =1

where D,i_i(ClA‘f‘f 7) is defined as in equation (1.5) and A is called the associated
matrix of A.
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Theorem 4.1. (a) A € (ww(Af‘7’f’7,p),€w(q)) if and only if (4.1) holds, with G
instead of .

(b) A € (woo(AT?7,p), clq)) if and only if (4.2) and (4.3) hold, with ., instead
of Q.

(c) A€ (wool (i’f’v,p),co(q)) if and only if (4.9) holds and (4.2), (4.3) hold, with
Qi tnstead of any, with ng = 0.

Theorem 4.2. (a) A € (w(A?”f’V,p),Em(q)) if and only if (4.4), (4.8) hold, with Gy
instead of app.

(b) A € (w(Ai’f”,p),c(q)) if and only if (4.5), (4.6) and (4.11) hold, with Gy
instead of .

(c) A€ (w(AY?7,p),eolq)) if and only if (4.6), (4.7) hold, with G,y instead of any
with n, = 0.

Theorem 4.3. (a) A € (wo(Ai’f{”,p),foo(q)) if and only if (4.4) holds, with Gy
instead of .

(b) A€ (wo(A?”f”,p),c(q)) if and only if (4.5), (4.6), (4.7) hold, with Gy, instead
of Q.

(c) A € (wo(AT?7,p), co(q)) if and only if (4.1), (4.3) holds and (4.6), (4.7) hold,
with any instead of an, with n, = 0.

Proof. Suppose that A € (wu( ?f’“’,p), ls(q)). Then, by the definition > a,xyr €

lso(q), for every y = (yx) € woo(A?f”, p). Again, y = (yx) € woo(A?f”, p), if and

only if § = C1 AP (y) € Loo(p). From Lemma 4.1 of [28], we get Y75 anndin € Loo(q),
and the matrix A € ((oo(p), loo(q)). Using the equation (4.1), A € (loo(p), loo(q)) if

1

qn
and only if sup,, <Zk )&nk’M%> < +0o0. This completes the proof of the first bit.

We can prove the remaining parts of the theorem and the next theorems using similar
argument. O
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SOME CLASSES OF SIMULTANEOUS COSPECTRAL GRAPHS
FOR ADJACENCY, LAPLACIAN AND NORMALIZED
LAPLACIAN MATRICES

A. DAS! AND P. PANIGRAHI?

ABSTRACT. In this paper we construct several classes of non-regular graphs which
are co-spectral with respect to all the three matrices, namely, adjacency, Laplacian
and normalized Laplacian, and hence we answer a question asked by S. Butler.
We make these constructions starting with two pairs (G, Hy) and (G2, Ha) of A-
cospectral regular graphs, taking their R-graph R(G;), R(H;), i = 1,2, and finally
making some kind of partial joins between R(G1) and R(G3); and R(H;) and R(Hz).
Moreover, we determine the number of spanning trees and the Kirchhoff index of
the newly constructed graphs.

1. INTRODUCTION

In recent years, construction of cospectral graphs for different matrices is one of the
interesting research problem in the area of spectral graph theory. Here we construct
some graphs which give an answer to the question “Is there an example of two non-
regular graphs which are cospectral with respect to the adjacency, combinatorial
Laplacian and normalized Laplacian at the same time?” asked by Butler [2]. To
present the results of the paper we need some definitions and terminology as follow.
All graphs considered in the paper are simple and undirected. For any graph G, we take
V(G) and E(G) as the vertex set and edge set of G, respectively. The adjacency matriz
of graph GG, denoted by A(G), is a square matrix whose rows and columns are indexed
by vertices of graph G, and the (u,v)™ entry is 1 if and only if vertex u is adjacent to
vertex v and 0 otherwise. If D(G) is the diagonal matrix of vertex degrees in GG, then

Key words and phrases. Adjacency matrix, Laplacian matrix, normalized Laplacian matrix, R-
vertex-vertex join, R-edge-edge join, R-edge-vertex join.
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the Laplacian matriz L(G) is defined as L(G) = D(G) — A(G) and the normalized
Laplacian matriz £(G) of G is defined as £L(G) = I — D(G)~"Y?A(G)D(G)~/? with
the convention that D(G)™!(u,u) = 0 if degree of u is zero. For a given square matrix
M of size n, we denote the characteristic polynomial det(zl, — M) by fu(z). The
eigenvalues of A(G), L(G) and £(G) are denoted by A\ (G) > Xo(G) > -+ > N\ (G),
0 =m(G) < pa(G) < -+ < (@), and 0 = 6,(G) < 6,(G) < -+ < 6(G) < 2,
respectively, where n is the number of vertices of G. The multiset of eigenvalues
of A(G) (respectively, L(G), £(G)) is called the adjacency (respectively, Laplacian,
normalized Laplacian) spectrum of G, and denoted by A-spectrum (respectively, L-
spectrum, L-spectrum). Two graphs are said to be A-cospectral (respectively, L-
cospectral, £-cospectral) if they have the same A-spectrum (respectively, L-spectrum,
L-spectrum).

The R-graph R(G) [6] of a graph G is the graph obtained from G by introducing a
new vertex u, for each e € E(G) and making u. adjacent to both the end vertices of
e. The set of such new vertices is denoted by I(G), i.e., I(G) = V(R(G))\V(G). The
partial joins of R-graphs which are considered in the paper are given in the definition
below.

Definition 1.1. Let GG; and G5 be two vertex-disjoint graphs with number of vertices

ny and ng, and edges m; and my, respectively. Then the following hold.

(i) The R-vertez-vertex join of G; and Go, denoted by R(G1)VR(Gs), is the graph
obtained from R(G;) and R(Gs) by joining each vertex of V(G;) with every
vertex of V(G3). The graph R(G1)VR(Gs) has ny + ng + my + my vertices and
3my + ning + 3my edges.

(ii) The R-edge-edge join of Gy and G, denoted by R(G;)VR(Gy), is the graph
obtained from R(G;) and R(G3) by joining each vertex of I(G;) with every
vertex of I(Gy). The graph R(G1)VR(Gy) has ny + ny + my + my vertices and
m1(3 + mg) + 3my edges.

(iii) The R-edge-vertex join of G and Gy, denoted by R(G1)VR(Gs), is the graph
obtained from R(G;) and R(G3) by joining each vertex of I(G;) with every
vertex of V(Gy). The graph R(G1)VR(Gs) has ny + ny + my + my vertices and
m1(3 + ng) + 3my edges. (We note that R-vertex-edge join of G; and Gy is
isomorphic to the R-edge-vertex join of Gy and G7.)

FEzample 1.1. Let us consider two graphs G; = P3 and Gy = P, (see Figures 1, 2
and 3). The set of dark vertices of G; and Gy are I(G) and I(Gs), respectively.

In the following lemma we find the degrees of vertices in the above constructed
graphs.

Lemma 1.1. (i) The degree of any vertez v in R(G1)VR(Gy) is given by
N9 + QdGl (U), Z'f’U € V(Gl),

2, if ve I(G1)UI(Ga),

dy(cyyir(an) (V) =
ny + 2dg, (v), ifv e V(Gy).
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FIGURE 1. R-vertex-vertex join of P3 and P

FIGURE 2. R-edge-edge join of P53 and P,

FIGURE 3. R-edge-vertex join of P53 and P,

(ii) The degree of any vertex v in R(G1)VR(Gs) is given by
2dG1(U), ifv e V(Gl),
()= 24+my, ifvel(Gy),
ReTR@\Y T 2, (0),  ifv € V(Gy),
2+m1, Zf’UEI(GQ)

(i43) The degree of any vertex v in R(G1)VR(Gy) is given by

d

2dG1 (U), ZfU S V(G1>,

d _ (’U) _ 2 + ng, ifve ](Gl),
R(G1)VR(G2) 2dG2 (U) —+ my Zf’U S V(GQ),
2, ifv e I(Gy).

For two matrices A and B, of same size m xn, the Hadamard product Ae B of A and
B is a matrix of the same size m x n with entries given by (AeB);; = (A);;-(B);; (that
is entrywise multiplication). Hadamard product is commutative, that is Ae B = Be A.

Notation. Throughout the paper, for any positive integers k, n, and ns, I} denotes
the identity matrix of size k, J,,xn, denotes ny x ns matrix whose all entries are 1,
1,, stands for the column vector of size n with all entries equal to 1, K, «, denotes an
n X n matrix whose all entries are the same. In other words, K, «, = aJ,xn, for a
real number . For any positive integers s and ¢, O,y denotes the zero matrix of size
s X t.

To prove our results we need some basics as given below.
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Lemma 1.2 (Schur complement [7]). Suppose that the order of all four matrices M,
N, P and Q satisfy the rules of operations on matrices. Then we have

M N

P Q =|Q|-|M - NQ'P| (if Q is a non-singular square matriz)

=|M|-|Q — PM~'N| (if M is a non-singular square matriz).

Lemma 1.3 ([7]). For a square matriz A of size n and a scalar o, det(A+ adywn) =
det(A) + a1l adj(A)1,,, where adj(A) is the adjugate matriz of A.

Lemma 1.4. For any real numbers c¢,d > 0, we have
1 d

(CIn - dJan)_l = *[n +

—————Juxn-
c c(c—nd)"""

Proof. We have
adj(cl, — dJpxn) A 2(c—nd)l, + " 2dJpn

(el — dJpsn)

" det(cly — dduxn) (¢ — nd)
1 d
=1t ————Josn. N
c + c(c—nd)""”
For a graph G on n vertices and m edges, the vertez-edge incidence matriz R(G)
of G is a matrix of size n x m, with entry r;; = 1 if the " vertex is incident

to the j*' edge, and 0 otherwise. In particular, if G is an r-regular graph then
R(G)R(G)T = A(G) +rI, = 2rl, — L(G) = r(2I, — L(G)).

Notation. The M-coronal of an nxn matrix M, denoted by I'y/(z), is defined [5,10]
as the sum of the entries of the matrix (zI,, — M)~!, that is, [y (x) = 11 (2, — M)7'1,,.

Lemma 1.5 ([5]). If M is an n x n matriz with each row sum equal to a constant t,
then T'p(x) = 2.

r—t

Butler [2] constructed non-regular bipartite graphs which are cospectral with respect
to both the adjacency and normalized Laplacian matrices, and then asked for existence
of non-regular graphs which are cospectral with respect to all the three matrices,
namely, adjacency, Laplacian and normalized Laplacian. In this paper we construct
several classes of such graphs taking help of the operations R-vertex-vertex join, R-
edge-edge join, and R-edge-vertex join. We also find the number of spanning trees
and Kirchhoff index for all the partial join of R-graphs constructed here.

2. ADJACENCY, LAPLACIAN AND NORMALIZED LAPLACIAN SPECTRA OF THE
GRAPHS

In this section we consider regular graphs G; on n; vertices, m; edges, and with
degree of regularity r;, ¢ = 1,2. To obtain the required matrices we label the vertices
of the graphs in the following way. Let V(G1) = {v1,...,vn, }, I(G1) = {e1, ..., €m, }+
V<G2) = {Ul, . ,UnQ}, I(GQ) = {fl, ey me} Téen, V(Gl) U I(Gl) U ‘i(GQ) U ](Gg)
is a partition for all V(R(G1)VR(Gs)), V(R(G1)VR(Gs)) and V(R(G1)VR(Gs)).
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Lemma 2.1. Fori=1,2, let G; be a graph with n; vertices and m; edges.

have the following:

(1)
A(Gl) R(Gl) meng
R<G1)T Oml Om1><n2

ARG)VR(G) = | O Im G
Omaxm Omaxmy B(G2)"

(ii)
A<G1)T R(G1)  On,xny
ARGITRGD) = | 71 0.,
Omxms Iy R(Go)T

(i)
A(Gl)T R(G1)  Onyxng
ARGCOTR(G)) = | FGDT Oma Ty

OngX’nl Jnngl A(GQ)
Omanl Om2><m1 R<G2)T

On1 Xma

Om1 Xma .
R(Gy) |’
O,

On1 Xma

Jml Xma .
R(Go) |’
O,

On1 Xma

Om1 Xma

R(Gs)
O,

1247

Then, we

Theorem 2.1. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then, the adjacency spectrum of R(G1)VR(Gs) consists of:

(i) two roots of the equation x* — N\;(G1)x —r1 — \(G1), for every eigenvalue \i(Gy),

i=2,3,....m, of A(Gy);

(ii) two roots of the equation x* — \;(Ga)x — 1o — \;(Ga), for every eigenvalue \;(Gs),

J=2,3,...,n2, of A(G2),
(iii) the eigenvalue 0 with multiplicity my + mo — nq — no;

(iv) four roots of the equation x* — (ry +1r9)x® — (2r) +nyng +2ry — 1119 x? + 4riroz +

4riry = 0.

Proof. The adjacency characteristic polynomial of R(G1)VR(G2) is

xlnl - A(Gl) _R(Gl) _Jn1><n2 On1><m2

. _ _R(Gl)T :E[rm Om1 Xng Om1 Xma

faw@numeay (@) =det | 570 p o A(Ga) —R (G
Omgxnl Om2><m1 _R(G2)T $Im2

= 2" det(95),

where

_R(Gl)T $[m1 Om1><n2

:L‘]nl - A(Gl) _R(Gl) _Jnlxng
S pu—
_JTLQan Oanml xInz - A(G2)

o) (Omaxns O R(Gy)")
- miXmso - mo XNy moXmi 2
—R(Gy)) "
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I]nl — A(Gl) —R(Gl) _Jn1><'rl2
— —R(Gl)T IIml Om1><n2 :
_Jn2><n1 O’I’LQXml x]-’nz - A(GQ) - iR(GQ)R(GQ)T
Hence,
1
det(S) = det(x1,, — A(Gy) — ;R(GQ)R(GQ)T) det(W)
= 11 {o = 6w - 2 = M b aanqn),
e T T

where

Om1><n2 x
— 'T[nl A(Gl) - FA(GQ)“F%R(GQ)R(GQ)T (m)‘]nl XNy R(Gl)
—R(Gl)T I[ml
Then,
1
det(W) =2 det (ﬂm — A(G1) = Ta(@ys L r@n) R(Go)T (£) Ty — xR(Gl)R(Gl)T>

—g™ [det (ﬂm — A(Gy) - ;R(Gl)R(Gl)T>

. 1
- FA(G2)+%R(G2)R(G2)T(x)]-;;l adj (wfm - A(Gy) — xR(Gl)R(Gl)T> 1n1]
_™ det (xfm _AGY) - iR(Gl)R(Gl)T>

1 —1
X [1 — )+ L R(G)R(G)™ (0) 10, <$~7n1 — A(Gh) - xR(Gl)R(Gl)T> 1n1]

ni

™ ] {x NG =2 ”Gl)}

et x x
X [1 - FA(GQ)Jr%R(Gg)R(Gg)T<x>FA(G1)+%R(G1)R(G1)T(xﬂ

=2z ] {x - Xi(Gy) — 2 Ai(Gl)} [1 - i~ 2ry nl_ 2”] '

baie x x T—reg— =2 r—11— =

Therefore,

= r A G
fa@@yiry () =z™a™ [ ] {m MG — ;1 A 1)}

i=1 z
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xH{x— (Ga) ——AJ'(GQ)}

X T

1 2 n
X — .
x—m—% r—r -

xT

=g My 1_1[ {xQ —Xi(Gr)z — 11 — )‘i(Gl)}

xH{x —N(Gr)x — 1y — )\(Gg)}[l‘ —(r1 + 1)z 3

— (2r1 + nyng + 2ry — rire)a? + drirox + 47’17*2},
and the result follows immediately. O

Theorem 2.2. Fori = 1,2, let G; be an r;-regular graph with n; vertices and m;
edges. Then, the adjacency spectrum of R(G1)VR(Gs) consists of:
(i) two roots of the equation x*> — X\;(G1)x — 11 — N\i(G1), for every eigenvalue \i(G),
1= 2,3, .., ny, OfA(Gl),'
(ii) two roots of the equation x* — \;(Ga)x — 1o — \;(Ga), for every eigenvalue \;(Gs),
§=2.3,... n2, of A(Gs);
(iii) the eigenvalue 0 with multiplicity my + mo — nq — no;
(iv) four roots of the equation x* — (11 +1r9)x® — (2ry +mymeg +2re —ri7r9)x® + (drire +
Mmamary + mamare)T + 4riry — mymaryre = 0.

Proof. The adjacency characteristic polynomial of R(G1)VR(Gy) is
x[nl - A(Gl) _R(G1> On1 XMNno On1 Xmeo

_ _R(G1>T ‘T]m1 Om1><n2 _Jlemz
Fa@nmmean @) =det |5 g L, S A(Gy)  —R(Ga)
Omanl _Jm2><m1 _R(G2)T x‘[m2
= 2™ det(95),
where
el — A(G)) —R(G)  Onns
S = _R(GI)T x-[ml OlenQ
On2><n1 On2><m1 xlnz - A(G2)

On1Xm1 1

- _Jm1><’rn2 - (Omgxm _ngxml _R(GQ)T)
—R(Gy) ) *

(l’fm - A(Gl) _R(Gl) OTLlXTLQ )

_R(Gl)T x[m1 — 2 Jm1><m1 _l‘]leng(GQ)T

T

On2><n1 R(G2)Jm2><m1 $In2 - A<G2) - iR(GQ)R<G2)T
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Hence,
det(S) = det (x[n2 — A(Gq) — iR(GQ)R(Gg)T> det(W)
10 { ) - ”G)} det(1V),
where

W = xl,, — A(Gh) —R(G) _ On, xng
—R(Gl)T «TI — 2 J mixXmy _ijmlxng(G2>T
-1
X (ﬂm —A(G,) — $R(G2)R(G2)T> (O —LR(G2) Jinaen,)

(ﬂm—Awg —R(G») )
—R(Gy)" Ty — 22y xmy — T2F A(G2)+LR(G2)R (Gg)T(x)Jm1><m1 .

Then,
det(W)

mo ’T‘%
=det | w1, — ?Jmlxml - EFA(GQ)—‘,-%R(GQ)R(GQ)T(‘r)‘]mlxml

x det (x[m — A(Gy) — R(Gy)

2

-1
mo T
X (xfml - ?Jmlxml - 1:22FA(GQ)Jr;R(GQ)R(GQ)T<x>Jm1><m1> R(GI)T)

2

mi 2 T ma
=T {1 - (m + ;FA(GQH;R(GQ)R(GQ)T(??)) m} det [xfnl — A(Gh)

2
(™2 + 2T 4 (gy)4 L RG2)R(G)T (T)
(G2)+; R(G2)R(G2) T R(Gl)T

7,,2
w(z —mi(F + a1 LR R T (2

. my 12 my
=z {1 - < + 2FA(G2)+ L R(Ga)R(Go)T (T )) I}

- R(Gy) {i m

xz

x det (:L’[m — A(Gy) — ;R(GQR(GQT

2

(% + %F 2)+1R(G2 2 r (@

B = JCAREYALTER ) R(G) o vm R(G)T
z(z —mi(%2 + 20 A+ Lren R(G)7 (7))

. my 12 my
=z {1 - <x + 2FA(G2)+ L R(Gy)R(Go)T (T )) I}
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x det (:L’Im — A(Gy) — iR(Gl)R(Gl)T

T'2
2 (% + m%FA(Gz)—i- R(GQ)R(GQ)T(:E)) J )
1 m nipXni
z(x —m (%2 FA(G2)+ R(GQ)R(GQ)T(x)))

2
me my
=X {1 - (:L’ + xQFA(GQ)“F R(G2)R(G2)T ( )> ZL’}
1
x det <$[m — A(Gy) — ;(Tllm + A(Gl)))

7.2
(% + 3T aG)+ LR re) T (BT A6+ L r@n) REGHT (T)

7,,2
z(r —my ("2 + ;%FA(GQ)-&-%R(Gg)R(Gg)T(x)))

X |1—

I
&
3
——
—_
|
~
§
Hl\? /7~

Therefore,
2
_ __,.mi1,.m2 (M2 TN mq
FaenTreay (®) =22 {1 ( PR P——— 2;2)> - }
i 1 )\Z(Gl)
X — )\Z Gqi) — —=
I {r - aion -2 -2
2 T9 A (Gz)
X —(Gy) — = =+
]131{55 i(G2) . .
2 ma r2ng
Tl (CC _'_ xz(x_TQ_rQ)>nl
x |1
2

=M M M2 H{I’ — (Gl)m — " = )‘%(Gl)}

X H{x — XN (Go)x — 1o — X\ (G2)}

X [JC4 — (ry +19)2® — (2r) + mymg + 2ry — ri1y)2?
+ (4779 + mymary + mymere)x + 4111y — MmymariTel,

and hence the result follows. [l
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Theorem 2.3. Fori = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then, the adjacency spectrum of R(G1)VR(Gs) consists of:
(i) two roots of the equation x* — \;(G1)x — 11 — Ni(G1), for every eigenvalue \;(G),
1= 2,3, .o, ny, 0fA(G1>,’
(ii) two roots of the equation x* — \;(Ga)x — 12 — X\ (G2), for every eigenvalue \j(Gz),
j = 2,37 ..., Ng, OfA(GQ),'
(iii) the eigenvalue 0 with multiplicity mq + my — ny — ng;
(iv) four roots of the equation x* — (ry +ry)x® — (2ry +myng +2re — rira)a? + (dryiry +
rlmlng)x + 47”17"2 =0.

Proof. The adjacency characteristic polynomial of R(G1)VR(Gs) is
xlnl - A(Gl) _R(Gl) On1><n2 On1><m2

_ _R(Gl)T mIml _Jm1 Xng Om1 Xma
Fanimean(®) =det |5 0 el — A(Gs) —R(Ga)
Omgxnl Om2><m1 _R(G2)T ‘TImZ
= 2™ det(.9),
where
xlﬂl - A(Gl) _R(Gl) On1><n2
S = —R(Gl)T 1y, —Jmyxns
OTLQX’nl _Jngxml x[nz - A(GQ)
On1><m2 1
- Om1 Xmao - (OmQan Omng1 _R(GQ)T>
—R(Gy)) *
[L’Inl — A(Gl) —R(Gl) On1><n2
= _R(Gl)T x[ml _Jm1><n2 .
Ongxnl _Jn2><m1 :L‘]nz - A(GQ) - %R(GQ)R(GQ)T
Hence,
1
det(S) = det(x1,, — A(Gy) — ;R(GQ)R(GQ)T) det(W)
_ {:p o (Gy) = T2 G) } det(WW),
i=1 t
where

ZE]nl —A(Gl) —R(Gl)
WZ( “RGY)T al, )

_Jm1 Xng

<3c[m — A(GY) —R(G1) ) |

—R(Gy)" Ty — FA(G2)+%R(G2)R(G2)TJm1Xm1

B < Oy xns > ($]n2 — A(Gg) — ;R(GQ)R(GQ)T)_l (Ongxnl _Jn2><m1>
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Then,

— R(G1)(x1m, — FA(Gg)—Q—iR(G’g)R(Gg)TJmlXml)_lR<G1)T)

my

=z™ (1 ~ La@a)+ 1RG0 R(G) T (2) . )det [gg[m — A(GY)
: Lagares ()
— R(Gy){ =L, + A(G2)+1R(G2)R(G2) o L rr
v I(J} N mlFA(GQ)J'_%R(GQ)R(GQ)T (.I‘))

m my 1
:x1(1—FMGﬁﬂR@ﬂM%ﬂ(@:E>d%<x%l—fﬂGﬂ——mR«ﬁﬂﬂGﬂT
FA(GQ)—&—%R(GQ)R(GQ)T(x)

R(G1) Iy xem R(Gl)T>
z(z — mlFA(GQ)—I—%R(Gg)R(Gg)T(I)) e
ma my
=X (1 — FA(GgH»%R(GQ)R(Gg)T (:L’)x> det (m[nl — A(Gl)

1 FA G +lR G2)R(G T(x)
B fR(Gl)R(Gl)T _ 7”% (G2)++ R(G2)R(G2) Jn1><n1)
T a;(x - m1FA(GQ)+%R(G2)R(G2)T(x))

my
<1 - FA(GQ)-I—;R(GQ)R(Gz)T(x)x)

det (21, = A(G)) = ~(i T, + A(G) )

mi

=T

X [1 _ T a2 renren™ @)L a6 12 R renr (©)
T (:C — mIFA(Gg)Jr%R(Gz)R(GﬂT(a:))
=™ (1 =
(1

s T e

T =1

_ 316(7“1 + Ai(ca))}

2
Tinineg
X |1— !

Therefore,

" mine
FaGyimesy (@) =2 2™ (1 - :v( ))
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X |1 —

2r min 2r
x(x—rl—wl><$—1%r2)<x—r2—x?>
T—ro— =~

:$m1—n1xm2—n2 H{.TQ — )\Z(Gl).T — 7Ty — )\1(G1)}
=2
X H{I‘Q — )\J(Gg)l’ — T9 — )\J(Gg)}[ﬂf4 — (7“1 + 7"2)1‘3
j=2

— (2r1 + mung + 2ry — riro)z? + (dryrg + rimang )z + 47’17’2},

and the result follows. OJ

In the similar way we can obtain Laplacian and normalized Laplacian spectra of
the partial join of R-graphs, which are given below.

Lemma 2.2. We have the following Laplacian matrices:

(i)

(7"1 + n2)In1 +TL(G1) _R(Gl) _Jnl XMng On1 Xmo
v _ _R(Gl) 2Im1 Om1 X 12 Om1 xma | .
L(R(G1)VR(G3)) = ) S Onyxmy  (ro +n1)In, + L(G2) —R(G) |’
Omz Xn1 Omngl _R(G2)T QImQ
(i)
Tl‘[nl + L(gl) _R(Gl) On1 XMno On1 XMmo
— o —R(Gl) (2 +m2)1m1 Om1 Xng _Jm1><m2 .
L(R(G1>\/R(G2)) o O’n2 Xni Onngl T2In2 + L(GQ) _R(GQ) ’
Omanl _Jm2><m1 _R(GQ)T (2 + ml)Im2
(iii)
rllnl + L(gl) _R(Gl) On1 Xng OTL1 XMmo
\/ _ _R(Gl) (2 +n2)Im1 _Jm1><n2 Om1><m2
HRONVRCD = Opens gy (2 m) oy + L(G2) —R(Go)
O?TLQ XN Omng1 _R(GQ)T 2Im2

Theorem 2.4. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then, the Laplacian spectrum of R(G1)VR(G3) consists of:
(i) roots of the equation x* — (2411 +na + pi(G1))z + 2ng + 31 (G1) = 0, for every
eigenvalue p;(G1), i =2,3,...,n1, of L(Gy);
(ii) roots of the equation x* — (2 +12 4+ n1 + p;(Ga))x + 2n1 + 3u;(G2) = 0, for every
eigenvalue 11;(Gz2), j = 2,3,...,n92, of L(Gs);
(iii) the eigenvalue 2 with multiplicity mq + mg — Ny — ng;
(iv) four roots of the equation x* — (4 41y + 1y +ny +no)x® + (4 + 4ny + 4ng + 2r) +
2ry + 1179 + 11Ny + Tang)x? — 2(2n1 + 209 + 110y + rong)z = 0.

Theorem 2.5. Fori = 1,2, let G; be an r;i-regular graph with n; vertices and m;
edges. Then, the Laplacian spectrum of R(G1)VR(G,) consists of:
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(i) roots of the equation x> — (2+11+ma+ ;i (G1))x+r1mo+3u;(G) +mau; (G1) = 0,
for every eigenvalue 1;(G1), i =2,3,...,n1, of L(Gy);
(ii) roots of the equation x* —(24ro+mq+1;(G2))x+rom +3p,;(Ga) +mip1i(G2) = 0,
for every eigenvalue pj(Gs), 7 =2,3,...,n9, of L(Gs);
(iii) the eigenvalue 2 + mo with multiplicity my — ny;
(iv) the eigenvalue 2 + my with multiplicity ms — ng;
(v) four roots of the equation x*—(4+r1+ro+mi+mo)x3+(4+2r +2ro+rire+rim,+
ToMo + 2m1 + 2m2 +rime + T2m1>l’2 — (27“17712 + 27’277’1,1 +riromy + 7’17’277’1,2)]3 =0.

Theorem 2.6. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then, the Laplacian spectrum of R(G1)VR(Gs) consists of:
(i) roots of the equation x* — (2411 +no+ w;(G1))x +ring +3u;(G1) +nopi (G1) = 0,
for every eigenvalue 1;(Gy), i =2,3,...,n1, of L(Gy);
(ii) roots of the equation x* — (2 + 19 + my + p;(Gz2))x + 2my + 3u,;(G2) = 0, for
every eigenvalue pj(Gs), 7 =2,3,...,n9, of L(Gs);
(iii) the eigenvalue 2 + ng with multiplicity my — nq;
(iv) the eigenvalue 2 with multiplicity mo — na;
(v) four roots of the equation x* — (441 +ry +my +no)x + (4 + 2r + 2ry + 4my +
2Ny + 1179 + 1My + ring + rang )z — (dmy + 2rymy + 2ring + rirang)z = 0.

Lemma 2.3. We have the following normalized Laplacian matrices:

(2)

L(G1> L] B(Gl) —CR(Gl) —Kn1><n2 OanmQ
. . —CR(Gl)T Iml Om1><n2 Om1><m2
L(R(G1>\/R(G2)) = — Ky, Ory s L(Gg) ° B(Gg) —dR(G2> )
Omzxnl Omgxml _dR(GQ)T [mg

1
\/(27‘1 +n2)(2r2+n1) ’
B(G) is the ny X ny matriz whose all diagonal entries are 1 and off-diagonal entries

are s—— B(G4) is the ny X ng matriz whose all diagonal entries are 1 and off-diagonal

2r1+ng’
entries are 5—>—, c is the constant whose value 1is S
r2tny 2(2r14n2)

. 1 .
value s WorTent
(i)

where Ky, xn, 15 the matriz of size ny X ny with all entries equal to

, d is the constant whose

L<G1) hd B<G1) _CR(G1> On1 Xno OanWLQ
Vi _ _CR(Gl)T ]m1 Om1><n2 _Km1Xm2
L(R(Gl)\/R(G2)> = Ome Ome1 L(Gg) ° B(Gg) _dR<G2) )
Omgxnl _ngxn’u _dR(GQ)T ImQ

I S
(2+m2)(2+m1)’
B(G) is the ny X ny matriz whose all diagonal entries are 1 and off-diagonal entries

are -, B(G3) is the ny X ny matriz whose all diagonal entries are 1 and off-diagonal

where Ky, xm, 15 the matriz of size my X mg with all entries equal to
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entries are 27"722, c s the constant whose value is > (12+ ) d s the constant whose
value 1§ ———;
27‘2(2+m1)
(131)
'[’(Gl) o B(gl) _CR(Gl) Om Xn2 Onl Xma
= —cR(Gh) I — K« O, x
L(R(G1)VR(Gs)) = ¢ m e i
ROV = 0y —Kiun, £(Go) o B(Ga) ~dR(G) |
Osznl Om2><m1 _dR(G2)T [mz

1
v/ (2+n2)(2ra+m1)’
B(Gh) is the ny x ny matriz whose all diagonal entries are 1 and off-diagonal entries

are 3-, B(Gs) is the ny X ny matriz whose all diagonal entries are 1 and off-diagonal

entries are

where K, xn, @S the matriz of size my X ny with all entries equal to

5-2—, C is the constant whose value is ——L_ d is the constant whose
T2 M1 \/27r1 (2+n2)

1

value 18 ————.
\/ 2(2r2+m1)

Theorem 2.7. Fori = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then, the normalized Laplacian spectrum of R(G1)VR(Gs) consists of:

(i) roots of the equation 2(2r1+nsy)x? —2(3r; +2n9+120;(G1))w+2n2+3r16;(G1) = 0,
for every eigenvalue 0;(G4), i = 2,3,...,n1, of L(G1);
(ii) roots of the equation 2(2ry+ny)x? —2(3ra+2n1+790,;(Ga))x42n143r20;(G2) = 0,
for every eigenvalue §;(G2), j =2,3,...,n2, of L(Gs);
(iii) the eigenvalue 1 with multiplicity mq + my — nq — ng;
(iv) four roots of the equation (4rire + 2ring + 2r9ng + ning)z* — (12r1re + 7Tring +
Trong+4ning )3+ (9r1ry+8r1ny +8ryng+5n1ns ) x* — (3r1ng +3rans +2n1n)x = 0.

Theorem 2.8. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then, the normalized Laplacian spectrum of R(G1)VR(Gy) consists of:
(i) roots of the equation 2(2 4+ mg)x® — (6 + 3ma + 26;(G1) + madi(G1))x + ma +
30;(G1) + mad;(G1) = 0, for every eigenvalue §;(G1), i =2,3,...,n1, of L(G1);
(ii) roots of the equation 2(2 + mq)z? — (6 + 3my + 20;(Ga) + m1;(Ga))z + my +
30;(G2) + m10;(G2) =0, for every eigenvalue §;(G2), j =2,3,...,n2, of L(G2);
(iii) the eigenvalue 1 with multiplicity mq + my — ny — ng;
(iv) four roots of the equation 4(4 + 2my + 2my + myms)z* — 12(4 + 2my + 2msy +
myms)x® + (36 + 22my + 22my + 9myma)x? — 2(3my + 3my + myme)z = 0.

Theorem 2.9. Fori = 1,2, let G; be an r;-regular graph with n; vertices and m;
edges. Then, the normalized Laplacian spectrum of R(G1)VR(Gs) consists of:
(i) roots of the equation 2(2+mng)x® — (64 3ny +26;(G1) +n26;(G))x +ns+306;(Gy) +
n20;(G1) = 0, for every eigenvalue §;(G1), i = 2,3,...,n1, of L(Gy);
(ii) roots of the equation 2(2ry+my)z?—2(3ra+2mq +728;(Ga))x+2my +3r20,(Gz) =
0, for every eigenvalue 0;(G2), j =2,3,...,n2, of L(G2);
(iii) the eigenvalue 1 with multiplicity my + mo — nq — no;
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(iv) four roots of the equation (8ro~+4rony+4my +2ming)x* — (24ry+12rony + 14my +
Tmaing)a® + (18ry + 11rong + 16my + 7Tmyng)x? — (3rang + 6my + 2myng)z = 0.

3. SIMULTANEOUS COSPECTRAL GRAPHS

In this section we present the main result of the paper. We construct several classes
of non-regular graphs which are cospectral with respect to all the three matrices,
namely, adjacency, Laplacian and normalized Laplacian. For the construction of
these graphs we consider two pairs of A-cospectral regular graphs, which are readily
available in the literature, for example see [11]. Then we take partial join of R-graphs
belong to different pairs.

The following lemma is immediate from the definition of Laplacian and normalized
Laplacian matrices.

Lemma 3.1. (i) If G is an r-regular graph, then L(G) = rl, — A(G) and L(G) =
I, — %A(G).

(i) If G4 and Gy are A-cospectral reqular graphs, then they are also cospectral with
respect to the Laplacian and normalized Laplacian matrices.

Observation. From all the theorems given in the previous section we observe
that the adjacency, Laplacian and normalized Lpalacian spectra of all the partial join
graphs R(G1)VR(Gy), R(G1)VR(Gy), and R(G1)VR(Gy), depend only on the number
of vertices, number of edges, degree of regularities, and the corresponding spectrum
of G; and G,. Furthermore, we note that, although G; and G, are regular graphs,
R(G1)VR(Ga), R(G1)VR(Gy), and R(G1)VR(Gs) are non-regular graphs.

The following theorem is the main result of the paper.

Theorem 3.1. Let G;, H;, i = 1,2, be reqular graphs, where Gy need not be dif-
ferent from Hy. If Gy and Hy are A-cospectral, and Gy and Hy are A-cospectral
then R(G1)VR(Gy) (respectively, R(G1)VR(Gy), R(G1)VR(Gy)) and R(H,)VR(H,)
(respectively, R(H,)VR(Hy), R(H,)VR(H,)) are simultaneously A-cospectral,
L-cospectral and L-cospectral.

Proof. Follows from Lemma 3.1 and the above observation. U

4. SPANNING TREES AND KIRCHHOFF INDICES

Applying the results on Laplacian spectra, we find the number of spanning trees
and Kirchhoff index of all the partial join graphs constructed in the paper.

Let ¢(G) denote the number of spanning trees of G. It is well known [6] that if G
is a connected graph on n vertices with Laplacian spectrum 0 = p1(G) < po(G) <

- < n(Q), then t(G) = 7"2(@ n(G)

The Kirchhoff index of a graph G, denoted by K f(G), is defined as the sum of
resistances between all pairs of vertices [1,9] in G. For a connected graph G on n
vertices, the Kirchhoff index [8] can be expressed as K f(G) =n 3, o (G
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Theorem 4.1. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then,

(i)

tR(G1)VR(G2))
2MATM2=MI=N2 L 9Dy + 2ng + TN + Tong) - iﬁQ(ZTLQ + 3ui(G1)) - ﬁz(an +3115(G2))
ni + ng +mp + mo : ;
(i)
HR(G1)VR(G2))

=(24+m)™ " (24 my )2

ni n2

(2rimg 4 2ramy + riramy 4+ rirame) - [ (rima + 3ui(G1) + mapi(G1)) - [ (rema + 35 (G2) + map;(Ge))
i=2

X

j=2

n1 +n2 +mi + ma
(iii)

t(R(G1)VR(Gy))

=(2 4 ng)™ ™ L 2M2T2 L (Amy + 2rymy + 2rng + T1raNg)

I (ring + 31:(G1) + nggus(G) - TH (21 +31,(G))
1= Jj=
N1+ ng + my + mao

X

Theorem 4.2. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then,
(i)

K f(R(G1)VR(G2))

mi+mo —ny—n
:(n1+n2+m1+m2)( ! 22 L

+4—|—4n1+4n2+27“1+27“2+7“1r2+r1n1—I—Tgng+i2+rl+n2—l—ui(G1)
2(2”1 =+ 2712 —+ rnq + TQTZQ) i—2 2712 + SMZ(G1>
241y +ny + p(G
+Z 2 1 ,Ug( 2))

’

= 2mt 3u;(Go) /
(ii)
K f(R(G1)VR(Ga))

mp—m mo — N =
:(nl + N9 +mp + m2)

2+ 1 +mo+ i(Gh)
2+m2 2+m1

= rimag + 3ui(G1) + mapi(Gh)
4+ 211 + 2r9 + riry + rymy + rameo + 2my + 2meg + rime + romy

2r1m2 + 27"27711 + r1romy + r17raMms
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f: 2+r2+m1+uj(G2)
Tomq + 3IUJ(G2) + ml/,Lj<G2)

)
Jj=2

K f(R(G1)VR(G2))
mp —m Mo — Ny
24 ny 2
i 4+ 2r; + 2ry +4my + 2ng + rirg +rimg + ring + rang
dmy + 2rymy + 2ring + rirang
247 +ng+ pi(Gr) 2 2419 +my + pi(Ga)
= ring + 3ui(G1) + napi(Gh) 2my + 3;(Ga)

:(m + %) + mq + mg)

=2

5. CONCLUDING REMARKS

The main result of the paper is based on regular A-cospectral graphs and certain
operations on a pair of these graphs so that the operated (or resultant) graphs are
non-regular and their adjacency, Laplacian and normalized Laplacian spectra depend
on only the order, size, degree of regularity and spectra of the original graphs. Thus
following the technique of this paper one may construct some more graphs like here.

[1]
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ON THE BOUNDEDNESS OF ¢-HAUSDORFF OPERATORS ON
¢-HARDY SPACES

OTHMAN TYR!

ABSTRACT. E. Liflyand and F. Moricz proved that the Hausdorff operator generated
by a function p € L'(R) is a linear operator bounded on the real Hardy space H!(R)
by using the classical Fourier transform and the Hilbert transform, they also proved
that this operator commutes with Hilbert transform. In this work, we extend these
results to the context of g-harmonic analysis associated with the g-Rubin’s operator,
we introduce the ¢-Hilbert transform on the real line, we study some of its main
properties. Next, we define the g-Hardy spaces Hé (Rq) by means of the ¢-Hilbert
transforms, we finally study the g-Hausdorff operator and we prove the boundedness
property and the commuting relation of this operator and g-Hilbert transform in
g-Hardy spaces.

1. INTRODUCTION AND PRELIMINARIES

The Hausdorff operator is one of the important operators in harmonic analysis, it
has a deep root in the study of the Fourier analysis. Particularly, a one-dimensional
Hausdorff operator in Euclidean space is closely related to the summability of the
classical Fourier series. The modern theory of Hausdorff operator started with the
work of Siskakis in the complex analysis setting and with the work of Liflyand-Moéricz
in the Fourier transform setting [20], for more information about the background and
the development of the Hausdorff operator one can refer to [7,13,15,18,19,21] and
references therein. For a locally integrable function ¢ on (0, +00), the one-dimensional

Key words and phrases. g-Fourier transform, g-translation operator, g-Hilbert transform, ¢-Hardy
spaces, g-Hausdorff operator.
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Hausdorff operator is defined in the integral form by

r@ = [ (5

0

It is worth pointing out that if the kernel function ¢ is taken appropriately, then the
Hausdorff operator reduces to many classical operators in analysis such as the Hardy
operator, the Cesaro operator, the Riemann-Liouville fractional integral operator and
the Hardy-Littlewood average operator (see, e.g. [7,13] and references therein).

Let L'(R), be the space of all Lebesgue measurable and integrable complex-valued
functions defined on R endowed with the usual norm

7= [ 1Ot < +oo.

Then, we define the Fourier transform f of a function f € L'(R) by the following
equality

~

Fla) = (2m) 172 / f(t)e~"=dt, for all z € R.
R
We also consider H(f) the Hilbert transform of a function f € L'(R) in the form

(L) H(f)(@) ::iP_v, / Wdyzlhm +oo f(x —y) = flz +y)

T el0 Je

dy,

for all x € R. We recall the definition of the Hardy space H!(R) as follows (see [20])
H'(R) == {f € L'(R) : H(f) € L'(R)},

endowed with the norm ||f||g: = ||f||zr + ||H(f)||z:. It has been proved in [2,24]
that J is a linear multiplier operator given by

F(F)(t) = —i sgn(t)f(t), forallteR,
where sgn(t) equals +1 for ¢t > 0, —1 for ¢ < 0 and cancels at 0. This familiar identity
is valid for all f € H'(R) and plays a crucial role in this work.

In [20], E. Liflyand and F. Méricz studied the Hausdorff operators related to the
Fourier transform on the real Hardy spaces H'(R) and proved the boundedness
property and the commuting relations of these operators and Hilbert transforms.
These results were recently obtained for the Dunkl-Hausdorff operator in [8]. For
further details, the reader is invited to consult the following references [1,3,7,12,20,26].

In the present paper, by using some elements of the g-harmonic analysis associated
to the ¢g-Rubin’s operator introduced in [22,23], we attempt to explore the validity of
these results in case of the ¢-Fourier transform. To describe our results, we introduce
some necessary fundamental concepts of quantum analysis which will be used in this
paper. For this purpose, we refer the reader to the book by G. Gasper and M. Rahman
[10], for the definitions, notations and properties of the g-shifted factorials and the
g-hypergeometric functions. We can also see the following references [4,9-11,25].
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We mention that, in this paper, we will follow all the so-mentioned works which,
for a convergence argument, they imposed that the parameter 0 < ¢ < 1 satisfies the
condition

log(1 —q)

log(q)
Throughout this paper, we assume 0 < ¢ < 1 and we denote
R, ={x¢":neZ}, RS ={¢":neZ} and R, = R, U {0}.
For a € C, the g-shifted factorials are defined by:

€ 2Z.

n—1 “+o00
(@q)o=1, (9)n=][[0-0ad), n=12...., (a59)x=]](1—ad)
=0 =0
We also denote for all z € C and n € N
1—¢q" (¢; O
[]g = 1—q’ [n]gt =[]y X [2]g x -+ % [n]y = Wa [0]g! = 1.

The ¢-Gamma function is given by (see [16])

_ (q7Q)OO . 11—z T . _
Ly(z) = (qx;q)oo(l q) 7, #0,—-1,-2,...

It satisfies the following relations
Fy(z+1)=[z],ly(z), T,(1)=1 and limI,(z)=TI(z), Re(z)>0,

q—1-

and tends to the classical Gamma function I" when ¢ tends to 1~.
The g-derivative of a function f is given by

D,f(x) = W, if © #£0,

where D, f(0) = f'(0) provided f'(0) exists. We recall the following definition of the
g-trigonometric functions. We define the ¢-cosine by

2 Jio (n+1) x?"
cos(xz;q°) = ) (—=1)"¢"" ,
n=0 [2n]q|
and the ¢-sine by
) +oo (nt1) l,2n+1
sin(z; ¢%) = -)"g"" T —
(25¢°) ngo( )"q o0 1],
So, we deduce the g-analogue of the classical exponential function by
(1.2) e(iz; ¢*) = cos(z; ¢°) + isin(x; ¢*).

These three functions are entire on C and when ¢ tends to 17, they tend to the
corresponding classical ones pointwise and uniformly on compacts.
The following estimates are available for all z € R, (see [22])

1
(¢ Q>oo.

| cos(z; ¢*)| < , |sin(z;¢?)| <

(¢ 9)oo
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So,
o, 2
(1.3) le(iz; ¢7)| < (0~

The Rubin’s ¢-differential operator is defined in [22,23] by

fla ')+ f(—q o)~ f(qz)+f(—qz)—2f(—x) " 0
0g(f)(x) =1 . ELEE itz 0,
alnlgtl)aq(f)(x) in Ry, if x =0.

Remark that if f is differentiable at x, then liril 0,(f)(x) = f ().
q—1

The following equality for the g-exponential function (see [23])
(1.4) o,elitr; %) = ite(itr; ¢*), x € R,.

holds, for every t € C.
The g-Jackson integrals are defined by (see [16, Sections 1.10 and 1.11])

| 1@ = (1= qa quaq [ s = [ sy~ [ s

[T r@da=0-0 3 75

n=—0oo

/mf( Ydgx = (1 - q) Z " [f(q") + f(=q™)],

-0 n=—00

provided the sums converge absolutely. In particular for a € R;,
+o00
[ @ =0 -ga 3 s

Lemma 1.1. The g-analogue of the integration theorem by a change of variable can
be stated when u(x) = axﬁ a € C as follows:

/ f(u)d u—/ f(u()D prpu(t)d,yst.

Proof. See [17]. O

The proof of Lemma 1.2 is straightforward: just use the definition of ¢-Jackson
integrals.

Lemma 1.2. If the stated integrals exist, then for all a € R,, we have the following.
o If f is odd, then

/ "yt = 0.

—a

o If f is even, then

/ " f(t)dgt =2 /0 " F()dt.

—a

In what follows, let us fix some notations.
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e CI(RR,) is the space of functions f, p times g-differentiable on ]Rz such that for

all 0 <n < p, 9] f is continuous on I@;.
o §,(R,) is the space of functions f defined on R, satisfying

Prmg(f) = sup|a™0] f(x)| < +oo, foralln,m €N,
T€Ry
and
:lcl_r%a;(f)(:p) (in R,) exists.
o LP(R,), p € [1,+00], is the set of all functions defined on R, such that

+o0 1/p
</ |f(x)|pdqx> < 400, if 1 <p< +oo,

suﬁ|f(x)| < 400, if p=+4o0.
z€ERy

£ llqp =

Definition 1.1. The ¢-Fourier transform f (+; ¢?) associated with the g-Rubin operator
9y is defined for every function f in L;(R,) by
~ +oo
(1.5) i) = K [ f0e(=ita; )y,
for all z € I@; where K = (1+ q)"/2/2T2(1/2).

It was shown in [23] that the g-Fourier transform f (+; ¢*) verifies the following prop-
erties.

o If f,0,f € Ly(R,), then
8/(17(35; ) =ixf(z;q?), forallze ]I/Q\q.
o If f € Li(R,), then %) € Co(R,) and we have
~ 2K
1.6 30 g < ——— .
(1.6) 175 a7 g, @ q)OOHqu,l

Theorem 1.1. (i) The q-Fourier transform f(.;q%) is an isomorphism from L2(R,)
into itself and satisfies the following q-Plancherel formula:

(1.7) 1F 3@ az = 1 lge:  for all f € L3(R,).

(ii) If f € Ly(R,) such that flig?) e Ly(Ry), then the g-inversion formula holds
and we have
+oo

flx) =K | f(t;q%)elitr;¢*)dyt, for all x € R,

The ¢-translation operator T,,, € R, is defined on 8,(R,) by (see [5,22])

~

Tea(f)y) = K /_:o F(t; q?)e(ite; ¢*)e(ity; ¢°)dgt,
Too(F) ) = f(y).
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In particular the product formula

(1.8) Tea(e(its4))(y) = elitw; ¢*)elity: ), @,y,t € Ry,
holds. It was shown in [8] that the g-translation operator can be also defined on
L2(R,) and we have the following result.

Proposition 1.1. For all f € LZ(R,), we have Ty f € LZ(R,) and
2 ~

T,z < , forallz e R,.

1T4.2(F) a2 (q;q)oonHq’2 i g

Furthermore, the ¢-translation operator verifies the following properties.
Proposition 1.2. For all f € Ly(R,), t,z € Ry, we have
Taa(f)(t) = Tau(f)(2),

[ i = [ pwdy,

(1.9) To (1)t 4%) = elita; ) f(t: ¢%).
2. ¢-HILBERT TRANSFORM

In this section, we introduce the g-analogue of Hilbert transform and we study some
of its main properties by using the g-harmonic analysis associated with the ¢-Rubin
operator 0.

For f € §,(R,), we define the g-analogue of Hilbert transform under the ¢g-Rubin
operator J,, also called the g-Hilbert transform operator J, by the principal value of
the singular integral

oo T (F)(—t
(2.1) T, (f)(2) = a, P.V./ q’(ft)()dqt,

where a, = (1 + ¢)/2qI'2(1/2) and the principal value integral is defined to be
lim .

=0t Jit|>e

Remark 2.1. (1) Letting ¢ tends to 1~ subject to the formula (2.1), gives, at least
formally, the classical Hilbert transform given by the formula (1.1).
(2) In view of formula (1.9), the function T, ,(f) € 8§,(R,) and one can write

i [T Taa (N1 = T (@)
(2.2) Hy(H)(x) = aglim | ; dgt.

Let now us calculate the ¢-Hilbert transform of some basic functions, for this, we
need the following proposition.

Proposition 2.1. The following identities are valid

t 1 1+qg 1

—o00 t
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Proof. See [14, Proposition 5.3]. O
Proposition 2.2. The following identities are fulfilled for all x € R,:
(24) H(cos(+; ¢*))(w) = sin(w; %),
(2.5) Ho(sin(; ¢%))(x) = — cos(x; ¢°).
Proof. Using the linearity of the g-translation and (1.2), we conclude that
(2.6) To(e(i;0*) () = Tyu(cos(5¢*))(t) + iTqu(sin(5 ¢*))(2).
On other hands, it follows from (1.2) again that
e(iz; ¢*) - e(it; ¢°) = cos(x; ¢°) cos(t; ¢°) — sin(z; ¢°) sin(t; ¢%)
(2.7) +1 [cos(x; ¢*) sin(t; ¢*) + sin(z; ¢*) cos(t; QQ)} .
Using the product formula (1.8) and combining the relations (2.6) and (2.7), we have

T,.2(cos(:;¢%))(t) = cos(w; ¢°) cos(t; ¢*) — sin(z; ¢*) sin(t; ¢°),

Toa(sin(;¢%)(t) = cos(x;¢%)
Therefore, by using the fact that cos(+; ¢?) is even and sin(-; ¢?) is odd, it follows from
the definition of ¢-Hilbert transform (2 2) and Proposition 2.1 that
(

sin(t; ¢*) + sin(z; ¢°) cos(t; ¢°).

2

3y (cos( 4)) () = alim | 0 Tgu(cos(-i g ))(—t>t—Tq,x(cos(~;q2)>(t)dqt

+oo gin(t: 2
= 2a, sin(z; q2)/ 7sm( 7)

d,t
0 t 1

= sin(x; ¢%).
Similarly we have

#90 Ty (0 %)) (1) — Ty (sin(52) (1)

Hy(sin(-; ¢°))(x) = ag lim dyt
el0 t
400 @i t. 2
= —2a, cos(:z:;qQ)/ Sm(t’Q)dqt
0
= —cos(z; ¢?).
Thus, Proposition 2.2 is proved. 0

Remark 2.2. From (2.4) and (2.5), we have
H,(e(i;¢*)(x) = —ie(iz; ¢°), = €R,.

Now, we are giving a very important property for the ¢g-Hilbert transform under the
g-Rubin operator, it has been proved in [24] and also in [2] that the Hilbert transform
is a multiplier operator. Now, in the following theorem, we give a ¢-Fourier version
of this result.
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Theorem 2.1. Let f € §,(R,). Then, the q-Hilbert transform is a multiplier operator
with

— ~

(2.8) I, ()t ¢%) = —i sgn(t) f(t: ¢°),
for allt € R,.
Proof. For £ € R,, we put

Ae(—ité; ¢?) — e(it€, ¢?
9q,§(€,A):/E ( §Q)t (gq)dqt, (e, A) € R} x R

In view of (1.2), we get

Ge(e, A) — /aA e(—it€; q2)t— e(its; ¢* )d P /EA Sm(ttf, )dqt

— —2i sgn(¢) /6 jg Sin(i; )

d,t.

Consequently, by (2.3), we have

[%(1/2)  —isgn(¢)
l+q¢'  a

li_r)% Sqe(e, A) = —2i sgn(§)

A—+o00

Furthermore, since
+oo /\
T,

0.2(f)(t) = 20 () (&5 q*)e(it€; ¢*)dyt,

then, using Fubini’s theorem and dominated convergence theorem, we get

_ aq/ /+°° T E ) (6(—it£;q )t— e(ité; q )dq§> 0.t

= a, hm / D& q%)SGge(e, A)dy
A—>+oo

=a lim [ " e(i26 ) (& ) Gele, A€
A—+o00

+o00 —~
— =i [ sen(©) (€ aP)eling; ¢*)dyg.
By the uniqueness of ¢-Fourier transform, we get exactly (2.8). 0
Some direct application of the last theorem include the following.

Proposition 2.3. Let f € §,(R,). Then, the following equality is valid for the
q-Hilbert transform H,:

(2-9) j{q(g{qf) =—f
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Proof. Let t € R,, then by using (2.8), we get
Ho(Hof) (4 ¢%) = —i sgn(t)F, f(t; ¢°) = —i sen(t) x —i sen(t) f(t:6°) = —f(t; ¢°).

Hence, by uniqueness of ¢-Fourier transform, we have the result. O

Note that, from (2.9), we can see that Hgq is a unitary operator in L2(R,) and
we have 3{2 = —J, where J denotes the identity operator in LZ(R ). From this, the
inverse ¢- Hﬂbert transform operator can be written symbolically as 3 = —%,, and
S0,

o) = e v, [ TGN,

Theorem 2.2. (i) The q-Hilbert transform H, is an isomorphism from 8,(R,) onto
itself. Moreover, for all f € 8,(R,), we have the following isometric property

(2.10) 1Fg(Nllg.2 = 1 Flg.2-

(ii) The q-Hilbert transform can be uniquely extended to an isometric isomorphism
on L2(R,).

Proof. Let f € 8,(R,). From (1.3) and (1.4), we can easily see that the g-Fourier
transform leaves §,(R,) invariant and by taking into account the relation (1.9), we
conclude that T, .(f) leaves §,(R,) invariant, too. Therefore, H,(f) € §,(R,) and
the application H, : §,(R,) — 8,(R,) is well defined. The bijectivity of H, follows
immediately from relation (2.9). On the other hand, in view of Theorem 2.1 and
g-Plancherel formula (1.7), we have

2 T 22
196,012 = 1RGN = [ 17FE )Pyt
+oo —~ oo
= [ Tl=ismOf Pt = [ If )P

= 1752 = 11132
Then we have (2.10). The result of (ii) follows from (i) and the density of §,(R,) in
LZ(R,) (see [4]). O

Let Dy, s > 0, s € R,, be the dilation operator defined by D, f(z) = f(sx) and R
be the reflection operator Rf(z) = f(—xz). Then, the following properties are fulfilled
for the g-Hilbert transform J(,.

Proposition 2.4. The g-Hilbert transform H, commutes with q-translations T,
z € Ry, positive dilations Dy and anticommutes with the reflection R, that means

(2.11) Ho(Tawf) = Tqu(Hof),
(2.12) Hy(Dsf) = Ds(IH,f),
(2.13) Ho(Rf) = =R(H,f),

forall f € L2(R,).
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Proof. Let t € R,, according to the formula (1.9) and Theorem 2.1, we have
TouHof (8 4°) = elite; ¢*) T, f (t:4°) = —i sen(t)e(itz; ¢°) f (£ )
=1l Sgn<t)7q,xf(t; q2) = j_ng‘q,ﬂcf(t; q2)-

By injectivity of g-Fourier transform, we get (2.11). To prove (2.12), let f € LZ(R,),
then D, f € LZ(Rq) and by a simple change of variable, we can see that

D/\Sf(t;qQ) = s_lf(t/s;qQ), t,s e R, s> 0.
From this and (2.8), we have
D f(t¢%) = —i sgn(t)D,f(t:q%) = —i sen(t)s ' f(t/510%)
— (i sgn(t/s) [(t/s:4%) = 5 TGS (15 6%) = D (b ).
By uniqueness of ¢g-Fourier transform, we get (2.12) and it is equally obvious that
Hy(Dsf) = —Dy(H,f), fors<D0.
From this, (2.13) is proved in the case s = —1. O

3. THE ¢-HAUSDORFF OPERATORS IN ¢-HARDY SPACES

To give the main results of this work, we first introduce the g-analogue of Hardy
spaces using the ¢ Hilbert transform on the image under the ¢-Fourier transform.
Next, we prove the boundedness of ¢-Hausdorff operator by using the closed graph
theorem and the fact that if f € L}(R,) satisfies

f(t;q®) =0, fort<0(ort>0)teR,,
then f € H(R,).
Let f € Ly (R,) and = € R,. Since for all z,t € Ry, |e(—itz;¢?)| <
t— e(itz; ¢?) is in L (R,), then

“+o0o “+oo
/ / ‘f(z)e(z'tq:; q*)e(—itz; q2)‘ dgtd,z

2
(¢:9) o0’ and

< 2 /+w/+w]f(z)|‘e(itm'q2)‘dtdz
T (@ @)o0 S0 S o
Ml s, <+

Therefore, we can define the g-Hilbert transform on Lj(R,) as

~

+oo
Ho(f)lw) = =i [ sen(d)f(t:g)elit: ¢*)dt
So, the g-Hardy space H,(R,) is an important subspace of L}(R,) defined by

Hy(R,) == {f € Ly(R,) : 3,(f) € Ly(R,)},
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endowed with the norm

(3.1) [ ey == 1 lgx + 11Ha (g1

This space is a Banach algebra under pointwise addition, scalar multiplication and
convolution. It is much better adapted to problems arising in the theory of ¢g-harmonic
analysis.

Furthermore, it follows from (2.8) that, if f € H(R,), then

(3.2) H,f(t:q%) = —i sgn(t) f(t; ¢%)
and
(3.3) Hy(FH f)t) = —f(t), teR,

From (3.3), we can easily see that J(, is a bounded operator from Hj,(R,) into itself.
In particular, if f € H(R,), then 3, (f) € H(R,) and we have

[FHq (M ez = (1S ez

In what follows, we give some auxiliary results interesting in themselves.

Proposition 3.1. If f belongs to H)(R,), then

“+oo
(3.4) / F(t)d,t = 0.
Proof. Since f € H;(RQ), then by using the definition of ¢-Hardy space, we have
f e Ly(Ry) and H,(f) € Ly(R,), by using the relation (1.6) and the fact that

~ AK
17 (30 llg.oo SWHquJ < oo,

— 4K
190.f (-3 ) llg.c0 SWHJ{q(f)HqJ < oo,

we have f(-;q%), H,f (- q%) € CI(R,). From (3.2), it follows that

~

Hof(0;4°) = =i f(0;¢°) = if (0;¢%).
So, f(0;¢%) = 0, which gives (3.4). O
Proposition 3.2. If f belong to Ly(R,) and satisfies:

(3.5) f(t; ¢*)=0, fort>0andteR,,
or
(3.6) ft;¢*) =0, fort>0andteR,,

then f € H,(R,).
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Proof. 1t follows from (2.8) and (3.5) that
Hof(t:q%) = —i sen(t) f(t;¢°) = i (t; 4°).

By uniqueness of ¢g-Fourier transform, we get

(3.7) Hy(H)(8) = f (1),
for almost all ¢ € R,, therefore the result follows from (3.7). A similar proof is
obtained from (3.6). O

Proposition 3.3. If f € Hé(Rq), then there are two functions f, and fy both in
H(Ry) such that f = fi + fo and

E(t; ¢*) =0, fort>0andtcR,,
fat:?) =0, fort>0andteR,.
Proof. We set

£i(t) = ft) + izfq(f)@) and  fo(t) = ft) — ig{q(f)(t).
By (3.3), we have fi, f, € H(R,). Furthermore, assume that ¢t < 0 with ¢ € R, and

according to the formula (3.2), we get

~ ~

2fi(t:0°) = F(t:¢°) +iH,f(t:4°) = F(t:4°) + i (=i sen()f(t:4))
= (1+sen(t)f(t;¢°) =0,

and analogously, we have

~

26t %) = (1 —sgn(t)) f(t;¢%) =0, fort>0,te R,,
which completes the proof. 0
In the following, we introduce the g-analogue of Hausdorff operator in ¢-Fourier
analysis, also known as the ¢g-Hausdorff operator. We define the g-Hausdorff operator

hg. of a function f € Lé(Rq) generated by a function ¢ belonging also to Lé(Rq) as
follows:

— +oo
(3.8) haid G0%) = [ flzig)o@d,a, teR,
provided the integral is convergent, where
+o0 t
(3.9) hof () = [ w‘;) (f) dt, TR,

For x > 0, x € R, by a change of variables, one has
+o0 f t T
hoof @) = [ ‘i’) () dt
The existence of such a function hyf in L;(Rq) will be clear from the proof of the
following theorem.
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Theorem 3.1. Let f,1) belong to Ly(R,). Then, the q-Hausdorff operator hyy :
Li(Ry) — Li(R,) is a bounded operator with

g f g < [ fllqall®llg,
and the formula (3.8) holds.

Proof. Let f, 1 € Ly(R,), from (3.9), we have
+o0 t
tast@1< [ T4 |1 (5)

Putting £ = z/t and by using Fubini’s theorem, we have

g lar = [ Vg ()ldga
(3) o

_/loo dt/m
= N () e [ dt/m (5)
= [Tl [ i@l [ e \dt/ &)l
= [Tlowld [ 1@l

= 1 ol

which completes the proof of boundness of gy on Li(R,). Finally, to get (3.8), it
follows from (1.5) and (3.9) that

d,x

qwftq K/ —itz; ¢*)hgp f (2)d,x
oo oo b (§)
—K/ zwq)dm/ioo ‘ﬂf()qf

_/+°° (;dgf(/ () —itz; ¢?)d,x
_/_OO v qu/ <> —itz; ¢ dya

:/0 W(e)d §K/ (—it€u; ¢°)d,
0 oo
+ /_ W(OAEK [ f(uel(—itcui )y
:/+°° qu/+oo (—itéu; ¢*)d,

—/ Ft& ) (€)dy€.



1274 0. TYR

Then, Theorem 3.1 is proved. 0
Theorem 3.2. Let ¢ belongs to Ly(R,), such that

(3.10) Y(t) =0, fort<0,teR,.

Then, hey : Hi(Ry) — HL(R,) is a bounded operator.

Proof. Assume that ¢» € L}(RR,) such that condition (3.10) is satisfied. Let f € HJ(R,).
By Proposition 3.3, there are two functions f; and f, both in Hé(RQ) such that
f = fi+ fo. The ¢-Hausdorff operator is clearly linear, hence

(3.11) hgwf = hgpfi + hgyfo

Furthermore, from (3.8) and by a change of variable, we get

hod (6 = [ Flem oy =1 [ se(0 (& Puie/nd,

_ |t1| / +: FE (/1) dyg.

According to Proposition 3.3, we have

(3.12) Al&d) =0, for&<0,
and the condition (3.10) yields to
(3.13) P(&/t) =0, fort<0and¢>D0.
Therefore, from (3.12) and (3 13), we conclude that
B4 ke = o [ REauE/ndg =0, fori <o
In the same way, we establish that
+oo
(3.15) hewfa(t:¢%) = f2(& (€ t)d,E =0, fort > 0.

[¢] Jo

Finally, by Theorem 3.1, Proposition 3.2 and combining the formulas (3.14) and
(3.15), both hgy fo and hyy fo belongs to Hi(R,). From (3.11) it follows that hy,f €
H (R,), which completes the proof. O

Remark 3.1. In the general case, we decompose ¢ € L;(R,) in the trivial way:

Y(x) = i(z) + Ya(),
where
P1(x) = V(@)X (0,400)(¥) and  Po(z) = Y(x) — ¢1(2),

X(0,4+00) () being the indicator function on (0, +o00). Clearly, we have

hQﬂ/Jf = hq71/11f+hqﬂ/’2f7 f€ H;(Rq);

and the special cases in Theorem 3.2 apply separately to hy ., f and hy 4, f, Tespectively.
Therefore, we have hyy f € H}(R,) whenever f € H(R,).
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Theorem 3.3. If ¢ belongs to L) (R,), then the q-Hausdorff operator hq, : HI(R,) —
H,(R,) is a bounded operator.

Proof. In this proof, we shall apply the closed graph theorem, which says that a linear
operator mapping a Banach space into another Banach space is bounded if and only
if it is closed. Linearity of the g-Hausdorff operator h,,, is obvious. We have to show
that the graph of h,, is closed. To this effect, assume that a sequence of functions
{fn:n=1,2,...}, belonging to H((R,) exists, such that

fo—f and hgyfn — g, asn— 400,
with f, g € H,(R,). This implies that
[ fo = fllmy — 0 and  [[hgyfo — gllm — 0.

From (3.1), the above expression yields

fo = fllax + 11Hq(fa = F)llgr = 0, asn — o0,
and
g frn = gllg1 + [1Hq(hgpfn — 9)llgr = 0, as n — +o0.
Hence,
I fo— fllga — 0 and  ||hgyfn —9gllga — 0, asn — 4o0.

By Theorem 3.1, we have hgy : Li(Ry) — Lj(R,) is a bounded operator and hence
by the closed graph theorem its graph must be closed.
Since

(fo, hgufn) = (f.9), asn — +oo.

Hence,

(f,9) € graph(hqy),

whence we conclude that h,f = ¢g. This implies that the graph of hy, is closed in
Hé(Rq). OJ

Theorem 3.4. If ¢ belongs to Ly(R,), then for all f € H}(R,), we have
Ho(hgwf) = hasenree) (Hq(f))-
Proof. Let us put

U(t) = sgn(t)(t), teR,,

and let f € H,(R,), then by Theorem 3.3, we have hg, f € H(R,), thus I, (hgyf) €
L}I(Rq), then in view of formula (3.2) and the fact that the function signum verify

sgn(t) x sgn(x) = sgn(tx), forallt,ze R,
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we have conclude that

— — +oo
Ho(hawf)(t; %) = — isgn(t)hg f (t; ¢*) = —isgn(t) /m J(tw; ) (x)dgz
+o0 —~

= —isgn(t) [ sen®(a) flta; )la)dya
+00 —~ ~

= / —isgn(tz) f(tz; ¢*)v(x)d,x
+oo ~ —

_ L _ Hf s yi@)dge = hy () (10).

Then, by uniqueness of the g-Fourier transform, we have the desired result. U

A consequence of the last theorem is to give another version of the proof of Theo-
rem 3.3.

Theorem 3.5. If ¢ belongs to Li(R,), then for all f € HL(R,), we have heyf €
H,(R,) and
(g F Iy < [ f 1w [1]]g1-

Proof. Assume that f € H}(R,). Then, H,(f) € Li(R,). Thus, in view of (3.1) and
Theorem 3.1, we get

hgw Iy = [lhgwfllax + 113 (P g = [P fllar + 117, 5(Haf)lga
< 1 aallellg + 113 f gl 9]0
= [[fllgallllgn + [1Hafllqallllgr = (1 lax + [1Haf g l[lg
= HfHHéHqu,l- 0
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BI-UNIVALENT FUNCTION SUBCLASSES WITH
(p,q)-DERIVATIVE OPERATOR LINKED TO HORADAM
POLYNOMIALS

S. R. SWAMY!, DANIEL BREAZ?, LUMINITA-IOANA COTIRLA®, AND KALA VENUGOPAL*

ABSTRACT. In the open unit disk {¢ € C: |s| < 1}, two subclasses of bi-univalent
functions related to Horadam polynomials are presented and examined in this paper.
For functions belonging to the recently established classes, we obtain the estimates
of the first two coefficients. Furthermore, an estimate of the Fekete-Szegd problem
is provided for functions in these classes. We also provide some observations and
draw relevant connections to earlier research.

1. PRELIMINARIES

The quantum calculus is very important because it is applied in numerous subfields
within computer science, mathematics, physics, and other relevant disciplines. The
significance of the g-derivative operator is demonstrated by its ability to be applied
to various subclasses of holomorphic functions. Jackson [27] first investigated the
g-analogue of the derivative and integral operator in 1908, along with some of its
uses. Later, in [26], the concept of g-extension of the family of starlike functions
was introduced. Subsequently, ¢-calculus was studied in the context of theory of
univalent functions by Srivastava [38] and several mathematicians: the g-analogue
of the Ruscheweyh operator was presented in [29]; authors looked at some of its
applications for multivalent functions in [7,8]; the convolution concept was used in
[56] to establish the g-starlike functions linked to the generalized conic domain. Many
authors have recently published several articles on sbclasses of ¢-starlike functions

Key words and phrases. Bi-univalent functions, (p, ¢)-derivative operator, subordination, Horodam
polynomials, Fekete-Szegd functional.
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and other related classes (see [2,17,19,31,42-44,47]). Scholars investigating these
topics might find Srivastava’s expository review paper [39] to be beneficial.
Furthermore, the extension of the g-calculus to the (p, ¢)-calculus, was taken into
consideration by the researchers. The (p, ¢)-calculus, which includes the (p, ¢)-number,
is first examined around the same time (1991) and subsequently on its own by [6,11,
12,54]. In [12], the (p, ¢)-number was explored as a way to unify or generalize various
forms of g-oscillator algebras. The investigation of the (p, ¢)-number in [11] allows for
the construction of a (p, ¢)-Harmonic oscillator. The (p, g)-numbers are investigated in
[54] in order to calculate the (p, ¢)-Stirling numbers. Fibonacci oscillators were studied
with the presentation of the (p, ¢)-number in [6]. Consequently, many mathematical,
physical, and chemical problems require knowledge of (p, ¢)-calculus. Expanding upon
the previously mentioned papers, numerous scientist have studied the (p, ¢)-calculus
in a variety of research fields since 1991. A syntax for embedding the g¢-series into
a (p, q)-series was given by the results in [28]. Additionally, they looked into (p, q)-
hypergeometric series and discovered some outcomes that matched (p, ¢)-extensions
of the well-known g¢-identities. The g¢-identities are extended correspondingly to
yield the (p, q)-series (see, e.g., [5]). We provide some basic definitions of the (p, q)-
calculus concepts used in this paper. The (p, ¢)-bracket number is given by [j],, =

P24+ p R 4+ pgd 2 4+ 7 = =2 p £ ¢, which is an extesion of

p=q’
g-number (see [27]), that is [j], = %, q # 1. Note that [j],, is symmetric and if
p =1, then [jl,,=[jl,-
Let {¢ € C:|¢] < 1} =D be the open unit disk, and let the set of complex numbers
be C. Let N represent the natural number set and R the real number set.

Definition 1.1 ([53]). Let 0 < ¢ < p < 1 and g be a function defined on C. Then
the (p, q)-derivative of g is defined by

D)= LI (4

and D, ,g(0) = ¢'(0), provided ¢'(0) exists.

We note that D, (7 = [j],,¢’ and D,,In(¢) = 1(;(5512' Also, we observe that
[7]pg = jif p=1and ¢ — 1~. Therefore, D, ,9({) = ¢'({) asp=1land ¢ — 17. Any
function’s (p, ¢)-derivative is a linear operator. More accurately D, ,(ag(¢) +bh(()) =
aD, ,9(C) + bD, ,h((), for any constants a and b. The product rule and quotient rule
are satisfied by the (p, ¢)-derivative (see [35]). The exponential functions are used to
define the (p, ¢)-analogues of many functions, including sine, cosine, and tangent, in
the same way as their well-known Euler expressions. In addition, the (p, ¢)-derivatives

of these functions have been examined by Duran et al. [15].
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The set of functions g that are regular in ® and have the following form is repre-
sented by A:

=2
with ¢’(0) — 1 = 0 = ¢(0). 8 represents a sub-set of A that consists of univalent
functions in ©. If g €A is of the form (1.1), then

(1.2) Dpqg(Q) =1+ Z[j]p,qdjfjila (eD.
j=2
We say that g, is subordinate to g, for g,,g, € A regular in ©, if there is a
Schwarz function v(¢) that is regular in ® with |¢(¢)] < 1, ¥(0) = 0, such that

9:(¢) = g.(¥(C)) (see [16]). The notation g, < g, or g,(¢) < 8.(¢), ¢ € D, denotes
this subordination. Specifically, when g, € §, we have

8.(¢) < 8.(¢) © 9.(0) = g.(0) and g,(D) C g.(D).

The Koebe theorem (see [16]) states that the inverse of each function ¢ in 8 is given
by

(1.3) g Yw) = w — dow? + (2d5 — d3)w® — (5d3 — bdads + dy)w* + -+ = f(w)

satisfying ¢ = g7'(9(()), 9(g7"(w)) = w, [w| < ro(g) and 1/4 < ro(g), (,w € D. In
D, a member g of A given by (1.1) is called bi-univalent if g € 8 and ¢! € 8. The set
of such functions in ® is represented by o. %log (%
of the functions in the o family. Nevertheless, despite being in 8, { — %, #7 and the
Koebe function do not belong to o. For a concise analysis and to discover some of the
remarkable characteristics of the family o, see [9,10,30,51] and the citation provided
in these papers. Similar to the well-known subclasses of the family 8, Srivastava et al.
[45] have introduced a number of subclasses of the family o. In reality, many writers
have since investigated a variety of alternative subfamilies of ¢ as follow-ups to the
aforementioned subfamilies (see, for example [14,20,21,41,52]). The majority of these
publications focus on the analysis of the Fekete-Szegd problem of functions in distinct
o subclasses.

The (p, q)-calculus was used previously to study several subclasses of the class 8
and the class 0. In [46], the subordination principle is used to define the classes of
(p, q)-starlike and (p, ¢)-convex functions. Novel subclasses of the class o associated
with (p, ¢)-differential operators have also been presented and examined in a number
of studies (refer to [3,4,13,23,32,33]).

The Horadam polynomials (s, u, v;7, s) (or H;(s)) have recently been studied
and quantified using the recurrence relation given below by Horzum and Koger [24]
(see also [25]):

(1.4) Hji(oe) = raedj_1(5¢) + sH;_a(2),

), —log(1—¢) and 1f—< are some
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with 3 (5¢) = u, Ha(s) = vse, where s, r,s,u,v € R, and j € N\{1,2}. It is evident
from (1.4) that

(1.5) Hs(s) = rvse® + su = Z.

For j € N, the sequence 3(;(3), has the following generating function (see [24]):

(v—ur)»+u
1 — 7 —sC?’

(1L6) 2:% g1 =

where » € R, ¢ € C with s # R(() .

For specific selections of u, v, r and s, Horadam polynomials H; (s, u,v,;,r, s) leads
to various known polynomials (see [40]). Interesting findings regarding coefficient
estmates and Fekete-Szego6 functional [18] have been found in [22,34,36,48,49,55] for
members of certain subclasses of ¢ associated with Horadam polynomials.

We present two new subclasses of o subordinate to polynomials H;(s) as in (1.4)
and its generating function (1.6). The Fekete-Szegd functional on specific subclasses
of o and the patterns in the citations discussed above on coefficient-related problems
serve as the inspiration for these families. H(s¢,<) is as in (1.6), ¢ ' (w) = f(w) as in
(1.3), x € R, ( € ® and w € D are assumed throughout this paper, unless otherwise
mentioned.

Definition 1.2. A function g in o that possesses the series (1.1) is said to be a part

of the class Q"sp’q(u, ), v>1,0<d<1land7>1,if

1 V[Dpg(CDpqg(Q)]" + (1 —v) i (V[Dp,q<<Dp,qg<C))]T + (1 - V)>§
2 Dyq9(C) Dyq9(C)
<1 —u+H(x()

and

L VM%AmefwMV+%1—V)+<VU%AmeﬂwDF+(L—W>§
2 Dyf () Dyaf ()
<1 —u+ H(¢,w).

For particular selections of p, ¢, v and 7, the family )7
and existing subfamilies of ¢. This is shown below.
5 — s ~
L9, () =290 (v, ), v>1,0<§ <1, is the set of members g of o that
satisfy

0 (v, 5) includes many new

L[ VD0a(CDyag(Q) + (1= ¥) | (vDyy(CDy9(O) + (1= 1)\ *
2 { Dy.49(C) i ( Dyq9(C) ) }
<1—u+H(2,)
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and

L[ vDyy(wDyf(w) + (1= v) | (qu,q<pr,qf<w>> (1= ,,)>;
2 Dy qf(w) Dy of(w)
<1 —u+ H(e, w).

2. 370 (3) =70 (1,%),0< § < 1and 7> 1, is the set of elements g of o that

satisfyg’m o

1 [ [Dyg(CDpag () <[Dp,q@Dp,qg(o)r)é o

2 { Dy 49(C) " Dy 49(C) } *1-utHE0
and

U [ D@Dy f)  (Dpg(@Dy )N\
2{ T G )}“ )

3. If p=1and ¢ = 1~ in the set Y7 (v, %), then we obtain a subset T7°(v, ),

7>1,0<0<1,v>1, which is the collection of members g of o that satisfy

L {v[(@/(c))’r +(-v), (uuc O +(1-)

)5} <1—u+H(s()

2 g'(¢) g'(¢)

and

; {V[(wf’(w}?’(];;r (1-v) <V[(wf’(w])2;];)+ (1- >)} < 1—u+H(ew).

4. 37, (v, ) = ;’,zlo,q(’/’ »), v > 1 and 7 > 1 is the set of elements g of o that
satisfy

{V[Dp,q(gDp,Dqg(g)()g; + (1 — V)} <1—u+ H<%7 C)
and
{V[Dp,q(wD%Iﬂ;]()u))]) +(- y)} <1—u+H(ew).

Remark 1.1. i) ﬁgvp’q(l, %) = 33,:?,751(%);

ii) ﬁ;p,q(% %) = srlf,p,q(y’ %);

iii) 37 ,,(1,2¢) = I00 (5).

Definition 1.3. A function g in o that possesses the series (1.1) is said to be a part
of the class T72 (v,5),0<~v<1,0<é<1land T >1,if

o,p,q

L] Da0)r 275 A A
{79(Q+(1—7><+(vg(()ﬂl—v)c) }41 HHEee)

2
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and

1{ w(Dy o f (W) +< w(Dp o f (w))"

s et o (st =) }“‘“H(”’“’)'

For particular selections of v, 7, and ¢, the family S;;g7q(7, ») includes many new
and preexisting subfamilies of o, as shown below.
1. €70 () =%72 (0,5),0 <6 <1and 7 > 1, is the set of members g of o that

Satisfy o o
= ((Dpag(Q) + (Dpgg(©)F) < 1=+ H(o2, )
and .

> (D (@) + Dy (@)F) < 1=t Hise,w).

2. Q7 (x) = ‘Igf;,q(l, %), 0 <d<1and 7 >1,is the family of elements g of &

that satisfy

1 {«Dp,qg(o)f ) <<<Dp,qg<<>>f>§} <l utHO)

2 9(¢) 9(¢)
and 1
L Jw(Dpgf(w))” w(Dpgf (w))™\?
2{ Fw) +< Fw) > }<l—u+H(%,w).
3. If p=1and ¢ — 1~ in the class T79 (v, »), then we have a subset I'J°(v, »),

7>21,0<0<1,0<~v<1of g € o that satisfy

Ly SUAS) A U
2 {79(6)+(1 ¢ " <’m(<) +(1 —7)C> } <1-utHeC)

and

L w(fw)y ol @) N\ L i
2{vf(w)+(1—v)w+(vf(w)+(1—v)w> }“ +HGe .

4. O7  (v,%) = FT2L (v,5), 0 <y < 1and 7 > 1, is the group of g € o that

satisfy o o
((Dpg9(Q))" N
90+ (1 —p¢ ST et RO
and
w(Dpqf (w))

<1—-u+H(xw).

) + (-7 )

Remark 1.2. 1) 7 (z) = OF , (1, %);
H) F;’I(y7 %) = D;,pzl,q—ﬂ* (77 %)
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In Section 2, we find estimates for |ds|, |ds| and |ds — ud3|, u € R, for functions

in P70 (v, 5). In Section 3, we find estimates for |ds, |ds| and |ds — pd3|, p € R,
for functions in Igf, (7, 7). Interesting results are also presented along with relevant

connections to the published research.

2. RESULTS FOR THE CLAss 979 (v, )
First, we determine the coefficient estimates for any function g € 979 (v, »), the
class as defined in Definition 1.2.
Theorem 2.1. Let 0 <6< 1l,v>1andT>1. Ifg € qu( v, ), then

20|y /|v|

(2.1) |da] < 21912 2 211727912 ’
\/](25(5 + DX 4+ (1—-0)W [2]p’q)(v%) —(6+1)2W [2]p7qZ|
462 (v¢)* 20|vs|
(2.2) |d3| < ,
(6 + 1)2W2[2]12,7q 0+ 1)U[3],4
and for p € R
26 |v| |1 _ <J
TINGE pl < J,
(23)  |ds — pdj| < {“*”UW 182l 1 L=l >
(251X +(1=0)2W2[2]2 ) (v3) 2 —(0+1)2W2[2]2 7] [1—pl=J,
where
(2.4) I (2000 +1)X + (1 — 5)W2[2]§7q)1)2%2 — (0 +1)2°W?22)*Z
| 26(1+ 0)U[3ly 072" |
(2.5) X =U[3lpq + VI2]2,,
(2.6) U=vr[3],, — 1,
vr(t —1)(2
(2.7) V =1—vr[2],, + ( 5 ) L’"’,
(2.8) W =vr[2],, — 1,

and Z is as in (1.5).
Proof. Let g € qu(% »). Then, because of Definition 1.3, we obtain
29) { /[Dyo(CDyog O + (1= v) (V[Dp,q«Dp,qg@)r +(1-v) )}

Dy,49(¢) Dy49(¢)
=1 —u+H(e,m(())

and
U [ WIDa(Dyaf ) + (1= ) | (VDyawDyf @) + (1 = 1)\
(210) 2{ Dyaf(w) *( Dyaf(0) ) }
=1 —u+ H(e, n(w)),
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where
(2.11) m(¢) = miC+moC® +msC® 4+ - and n(w) = nw + ngw? + naw® + -+ - |
are some functions holomorphic in ® with [m(¢)| < 1, |n(w)| < 1 and is known that
(2.12) lm;| <1 and |n| <1, ieN

From (2.9)—(2.11), it follows that

2.13) ;{”U%ﬂ@f%mﬂéﬂr4-ﬂ-w_+< 0GPy + a—-m>6}

Dyq9(¢
=1 —u+ Hi(3) + Ho()m(¢) + Hs(z)m?*(¢) + - - -

and

(214) ;{WQWWDMﬂme+O_W)+<4QmmDmﬂme+ﬂ—u»§}

Dy qf (w) Dy qf(w)
=1 — u + Hi(50) + Hao(ze)n(w) + Hz(se)n?(w) + - -
In the light of (1.4), we determine from (2.13) and (2.14) that
L[ vIDyalCDpag () +(1=v) | (VIDpalCDpag( ) + (1= 1) )?
(2.15) 3 { D, .09(0) + ( D, (0] ) }
=14 Ho(2e)my ¢ + [Ha(e)my + Hz(se)mi] 2 + - -

and
1| v[Dp(wDy o f (w))]” + (1 —v) v[Dypg(wDp o f(w))]" + (1 —v) :
(2.16) 2 { Dy f(w) * ( Dy o f(w) )
=14 f]'fg(%)nlw + [g'fg(%)ng + %3(%)11%]W2 + -
Using (1.2) and comparing (2.15) and (2.16), we have

o+ 1)W|[2
(;5[]Md2 — 3‘(2(%)1111,

>
——

(2.17)

(218) 5—’_71 (U[3]p7qd3 + V[Q];qd%)—i— ! 2(5 W2[ ] dg = 5{2(%)1112—1—3{3(%)111%,
20 40

O+ D)Wy , _
(219) —T dg = j‘(z(%)ﬂl
and
(2.20)

<5;_51> (U[3]p7q(2d§ —d3) + V[2];2),qd%) + (14525> W?2[2 ] d% = Fy(se)ng + Hs(s0)n?,
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where U, V and W are as mentioned in (2.6), (2.7) and (2.8), respectively. From
(2.17) and (2.19), we easily obtain

(221) m; = —ny,
and also
(2.22) O+ VW 2s 2 _ (2 4 2) (302000

262
The bound on |ds| is obtained by adding (2.18) and (2.20)

22 (55 o () | = s tma b )+ 5 4 )

where X is as in (2.5). The value of m? + n? from (2.22) is substituted in (2.23),
yielding
20233 () (mg + ng)

(2.24)  d3= (2005 + 1)X + (1 — 6)W2[2]2 )H3(5) — (6 + 1)2W2[2]2 Hy(5)

Using (1.5) and applying (2.12) to the coefficients my and ny yields (2.1).
We deduct (2.20) from (2.18) to get the bound on |d3]:

Ho () (mg — n5)
(%) U
Then in view of (2.21) and (2.22), (2.25) becomes

202H2(s)(m2 +1n2)  6FHo(s0)(my — ny)
(0 4+1)2W2[2)2, 6+ 1D)UB,,

(2.25) ds = dj +

d3:

and applying (2.12) for the coefficients my, my, ny and ny we get (2.2).
From (2.24) and (2.25), for 4 € R, we get in view of (1.4) that

’ds - Md§|
0 )
B | (0 + gy, ) et (B0 G
where
=M (2000 + )X + (1 —6)W?2[2 qu)f}fg(%) —(0+ 1)2W2[2]12,7qf}(3(%)'
Clearly

20|3Ha (5)| )
|ds — pd3] < {<6+1> i 0 < |8, 29)| < o,

2|5C(50)|1B. (1, 59)|. - B, )| 2 oo
which results in (2.3) with J as in (2.4) and Z as in (1.5). O
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Corollary 2.1. Let us assume that 7 = 1 in Theorem 2.1. Then, for any function
g € 0, (v, %) the upper bounds of |da|, |ds| and |ds—pd3], p € R, are given by (2.1),
(2.2) and (2.3), respectively, with U = Uy = v[]3|,q — 1,V =Vi =1—-v[2],,, W =
Wi=-Viand X = X, = U1[3]p’q—|—V1[2L2,7q. To change Uy, Vi, Wy and X, for U, V,
W and X, respectively, for J in (2.4) and Z, as stated in (1.5).

Corollary 2.2. Let us assume that v = 1 in Theorem 2.1. Then for any function
g € 370 (50) the upper bounds of |dsl, |ds| and |ds — pd3|, € R, are given by (2.1),
(2.2) and (2.3), respectively, with U = Uy = 7[3],, — 1,V = Vo = 1 —7[2],, +
VB W= Wy = 72y — 1 and X = Xy = Us[3],.q + Va[212,. For J in (2.4),

2 p,q-

Us, Vo, Wy and X5 should be used in place of U, V., W and X, respectively, and Z,
as stated in (1.5).

Taking p =1 and ¢ — 17 in the Theorem 2.1, we get the following.
Corollary 2.3. Let 0<d6<1,7>1andv > 1. If g € Y7%(v, ), then

S|vse|y/2|v|
|do| <

VI + 1Y +2(1 = 6)(2v7 — 1)2) (0302 — 2(8 + 1)2(2v7 — 1)2Z]

Svse 2 26|v|
< (G T =D) * 55T Do =T

and for p € R
260 |v| |1 . <
vr—1)? ,u| = Jla
|ds — pds| < {3(6+1)(3 D e 1o 1 > J
[(6(6+1)Y +2(1=0) (2vr—1)2) (v32)2—2(5+1)2(2vr—1)2 2] * 1 —pl =],
where
7 ‘ (6(0 +1)Y +2(1 —0)(2vr — 1)*)(vs)* — 2(6 + 1)?(2vT — 1)*Z
1 p—

36(0 4+ 1)(3vr — 1)v?s52 ’
Y =8vr? —Tvr + 1 and Z is as in (1.5).

Remark 2.1. i) In Corollary 2.3, § = 1 yields Theorem 2.2 of Swamy and Sailaja [50].
Moreover, we obtain Corollaries 2.3 and 2.4 of Swamy and Sailaja [50], for 7 = 1 and
v = 1, respectively.

ii) Using = 7 = v = 1 in Corollary 2.3 we derive Corollary 1 of Horhan et al. [34].

Taking 0 = 1 in the above theorem, we get the following.
Corollary 2.4. If g € 37, (v,%), v> 1 and 7 > 1, then

0] < |v3e]y/|v] dy| < L0 v
2] = ’ 3 = )
JIX (W) = w222 7] W2215,  Uldlpg
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and for p € R

|| i Xv2:2-W?2[2)2Z
Ul3lp,q’ ‘1 'u’ S U[3]quv2%2
|ds —pd3| < 4"
3 2l = )3 [1—p] 11— p| > ’XU%LW[Q]?Z
X ()2 —W2[22 2]’ Hl = | 7078, 072

)

)

where X, U, V and W are as detailed in (2.5), (2.6), (2.7) and (2.8), respectively.

Remark 2.2. i) In Corollary 2.4, ¢ — 1~ and p = 1 yields Theorem 2.2 of Swamy and
Sailaja [50]. Moreover, we obtain Corollaries 2.3 and 2.4 of Swamy and Sailaja [50],
for 7 =1 and v = 1, respectively.

ii) Using v =7 =1, ¢ — 1~ and p = 1 in Corollary 2.4 we derive Corollary 1 of
Horhan et al. [34].

3. RESULTS FOR THE CLAss T70 (v, )

First, we calculate the coefficient estimates for any function g € ‘Z;f,,q(% »), the
class as defined in Definition 1.3.

Theorem 3.1. Let 0 <6 <1, 7>1and 0<v <1. Ifg € T;‘Sp’q(% »), then
20|vae| /v
(3.1) |da| <

J@00+ 1)(A+8) + (1—0)B2)(vs)? — (0 + 12B22]
462 (v)? 20 |v |

2 ds| <
(3:2) | 3|_(5+1)232 (0+1)A’
and for p € R
s [1—pl < Q,
(33) |d3 o 'ud§| < {(5+1)A 462 |vx|® [1—pl ‘1 . ’ > Q
[(26(6+1)(A+S5)+(1—0)B2)(vx)2—(6+1)2B2Z|’ p 2
where
(3.4) 0= (206 + 1)(A+S)+ (1 = §)B)*)v*»* — (6 + 1)*B)*Z
' B 20(1 + 6) Av2se2 )
(3:5) A =7[3]pq =
(1t —1)[2)?
pe =TT o
(3.7) B =7[2],4 -,

and Z is as in (1.5).

Proof. Let g € T2% (v, 7). Following that, due to Definition 1.3, we obtain

U7p7q

1 ((Dpgg(¢))" ¢(Dpgg(¢))"
B85 {vg(C) I (79(0 +(1 =7

)<> } =1—u+H(em(Q))
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and

(39) 1{ 0 Bpa/ b)) +< w(Dp’Qf(w))Tw>6}:1—u+H(%,n(w)),

2 | vf(w) + (1 =Nw  \7f(w)+(1—-7)

where m(¢) and n(w) are regular functions as given in (2.11) satisfying (2.12).
By going through the steps in the proof of Theorem 2.1 to obtain (2.13), (2.14),
(2.15), and (2.16), one can easily get the following in view (3.8) and (3.9).

0+1)B
(3.10) (%)dz =Ho(3c)my,
0+1 1-9
0+1)B
and

d+1 1-06
(3.13) (;) (A(Qd% —ds) + Sd%) + ( 152 ) B2d3 = Hy(5e)ng + Hy ()03,

where A, S and B are as mentioned in (3.5), (3.6) and (3.7), respectively. From (3.10)
and (3.12), we easily obtain

(314) m; = —ny,
and also
5+ 1)2B?
(3.15) O+ 1)°B° d5 = (m7 4+ n])(Ha(3))>.

262
We add (3.11) and (3.13) to obtain the bound on |ds|:

(3.16) <<M> (A+S) + <1 - 5) B2> da = Hy(5¢) (my + 1g) + Hs () (m3 + n).

) 202
The value of m? + n? from (3.15) is substituted in (3.16) to obtain
2023 (52) (my + ny)
(2606 + (A1 S) + (1= 6)B)H2(0) — (6 + 12 B°FHy ()

Using (1.5) and applying (2.12) for the coefficients my and ng, we obtain (3.1).
We subtract (3.13) from (3.11) to get the bound on |ds]:

H(50)(m2 — na)
; .
(54)4
Then in view of (3.14) and (3.15), (3.18) becomes
de — 252}(%(%) (m% + n%) 6}(2(%) (m2 — 1‘12)
’ (6 +1)2B? 0+1)A
and applying (2.12) for the coefficients m;, my, n; and ny we get (3.2).

(3.17) d5 =

(3.18) ds = ds +
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From (3.17) and (3.18), for 1 € R, we get in view of (1.4) that

2 [Ha(5)]| 0 s
|d3 — /Ld2| = 5 ‘(%l(ﬂ, %) + MA) my + <%l(/,b, %) — w) Nol,
where
B () — 262(1 — p)H3()
M (206 + 1)(A+S)+ (1 —0)B2)H3(5) — (6 + 1)2B2H;3 ()
Clearly,

|32 ()] 5
|d3 — ,udg| < (é—il)A’ 0 < B, (u, 5)| ng7
[ FHa ()| - [Bi(, 2)|,  [Ba(p, 22)| > BEDA

from which we conclude (3.3) with Q as in (3.4) and Z as in (1.5). O

Corollary 3.1. Let v = 0 in the above theorem. Then, the upper bounds of |ds|, |ds],
and |d3 — pd3|, p € R, for any function g € H°_ (5) are given by (3.1), (3.2) and

ap.q
(3.3), respectively, with A = Ay = 7[3],4, S =51 = T(T%)m?”‘ and B = By = 7[2],4.

Ay, Sy and By should be used in place of A, S and B, respectively, for Q in (3.4), and
Z is as stated in (1.5).

Corollary 3.2. Let v =1 in the above theorem. Then, the upper bounds of |da|, |ds|
and |ds — pd?|, u € R, for any function g € I7° () are given by (3.1), (3.2) and

o'?p7q
(3.3), respectively, with A = Ay = 7[3|,, — 1,5 = Sy = 1+ 7(7;2)[2]],(1 — 7[2],4
and B = By = 7[2],, — 1. Ay, Sy and By should be used in place of A, S and B,

respectively, for Q in (3.4), and Z is as stated in (1.5).
Taking p =1 and ¢ — 1~ in the Theorem 3.1, we get the following.
Corollary 3.3. Let 0 <6 <1, 7>1and 0 <~ < 1. If g € I'7°(v, »), then
|da < 26|U%|\/M ;
V1268 + D)F (vs)2 — (6 + 1)2(27 — 7)2Z]

200« ? 20|v|
““§<w+nef—w> G+ 1B =)’

and for p € R

26|v| ‘1 . ’ < @
S —n~) Bl = W,
|d3 - Md§| < {( e 2’\/(5)2\v%|3|17#\

[26(5+1)F (v2)2—(5+1)2(27—7)% 2] 11— > Qy,

where

20(6 + 1)F (v3)? — (6 + 1)2(21 — )*Z
@ | 5(6 +1)(31 — )22 ’

F=Qr+ 11—+ +([1-0)@2r—7),
and Z is as given in (1.5).
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Remark 3.1. i) In Corollary 3.3, v = 1 and 7 = 1 yield Theorem 2 of Srivastava et al.
[40].

ii) Corollary 3.3, where ¢ = 1, yields Corollary 3.3 in [49]. Furthermore, Theorem
2.1 of [1] is obtained when v = 1.

iii) In Corollary 3.3, 6 = 1,7 = 1 and v = 0 yield Corollary 2 of Horan et al. [34].

Corollary 3.4. If g € O7  (v,%),0<~v<1and 1 > 1, then

U’p7q

0] < |vse|y/|v] ds] < (v30)>  |vx|

+77

VIA+8) () — B22|] B A
and for p € R
L] > |G B

where Z, A, S and B are as mentioned in (1.5), (3.5), (3.6) and (3.7), respectively.

Remark 3.2. i) From Corollary 3.4, letting p = 1 and ¢ — 17, we obtain Corllary 3.3,
which is demonstrated in [49]. Moreover, Theorem 2.1 of [1] is obtained when v = 1.

ii) We obtain Corollary 2 of Horan et al. [34], if we take p=1,¢ — 17, v =0 and
7 =1 in Corollary 3.4.

4. CONCLUSION

This study establishes upper bounds on |dy| and |d3| for funcions in two subfamilies
of o related to Horadam polynomials. Moreover, the Fekete-Szegd functional |d3 —
ud3], p € R has been identified for functions in these subfamilies. By varying the
parameters in Theorem 2.1 and Theorem 3.1, we have been able to highlight a
number of implications. Additionally, pertinent links to the ongoing research are
found. Nevertheless, this paper does not address all of the significant subclasses of
o that exist in the literature. For example, authors [32,37] have examined various
subclasses involving operators introduced in (p, ¢)-calculus. It is recommended that
the interested reader review these papers and the associated references.

Acknowledgements. The authors express their gratitude to the referees for their
insightful comments and recommendations.
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BRYANT-SCHNEIDER GROUP OF BASARAB LOOP
BENARD OSOBA', TEMITOPE GBOLAHAN JAIYEQLA?, AND OLUWATOBI BALOGUN?

ABSTRACT. A loop (Q,0) is called Basarab loop if it is both a left and a right
Basarab loop; (z o yz”) o 2z = x o yz and yx o (z*z o x) = yz o  hold for all
x,y, z € @ respectively. In this paper, the characterizations of the Bryant-Schneider
group of a Basarab loop are studied using the left and right Basarab loop identities.
It is shown that the element, z* (2”) is in the left (right) nucleus if and only if the
middle inner map T, (inverse T}, ') is an automorphism. It is revealed that every
crypto-automorphism of a Basarab loop is an element of the Bryant-Schneider group.
Some related algebraic properties were also characterized. Furthermore, elements
of the Bryant-Schneider group of a Basarab loop in terms of pseudo-automorphism
and automorphism are also characterized. A subgroup of the Bryant-Schneider
group, characterized by the Basarab loop, is established. Finally, a right pseudo-
automorphic characterization of the isotopy-isomorphy of a Basarab loop is carried
out.

1. INTRODUCTION

Let (Q be a non-empty set. We can define a binary operation, denoted by ‘o’, on
this set. If the result of sot is always an element of @) for any s and ¢ in @), then the
pair (Q, o) is called a groupoid. Moreover, if the equations kos = [ and t ok = [ have
unique solutions s and ¢ for all k and [ in @, then (@, o) is called a quasigroup.

Furthermore, if (@, o) is a quasigroup and there exists a unique element, denoted
as the identity e € (), with the property that for any s € () we have soe =e05s = s,

Key words and phrases. Quasigroup, loop, crypto-automorphism, pseudoautomorphism Bryant-
Schneider group, Basarab loops.
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then (@, o) is known as a loop. We use st to represent s o t, with the understanding
that ‘o’ has lower priority than juxtaposition among factors to be multiplied.

Additionally, if (@, o) is a groupoid and k is a fixed element in @, then the left and
right translations of k, denoted by L; and Ry respectively, are defined as sLy = ko s
and sRy = sok for all s in Q. It is evident that (Q, o) is a quasigroup if its left
and right translation mappings are permutations. Since the left and right translation
mappings of a quasigroup are bijective, the inverse mappings L, and R, ' exist.

Let

K\l =1L, =kM;, and k/l=kR;"'=IM.",
and note that
FNl=m&kom=1[1 and k/l=m<<mol=k.

Thus, for any quasigroup (@, o), we have two new binary operations; right division (/)
and left division (\). Mj is the middle translation for any fixed k € Q). Consequently,
(@, \) and (@, /) are also quasigroups. Using the operations (\) and (/), the definition
of a loop can be restated as follows.

Definition 1.1. A loop (Q,0,/,\,e) is a set @) together with three binary operations
(o), (/), (\) and one nullary operation e such that

(i) ko (k\l) =1, (I/k) ok =1 for all k,l € Q;

(ii) k\k =1l/loreok =koe =k forall k,l € Q.

We also stipulate that (/) and (\) have higher priority than (o) among factors to be
multiplied. For instance, kol/m and kol\m stand for k(I/m) and a(b\c), respectively.

In a loop (@, o) with identity element e, the left inverse element of k € @) is the
element kJy = k* € @ such that

ok =e,
while the right inverse element of k € @) is the element k.J, = k” € @) such that
kokf =e.

If ¢ = x*, then we shall write Jy = J, = J where z.J = 27",

For more study on quasigroup and loop theories, readers can check [10,11,18,20-
23,25, 26,29, 30].

The study of a Bryant-Schneider group on an arbitrary loop was first introduced
in the work of Robinson [28] in 1980. The concept has been extended to different
loop structures, e.g., the study of the isotopy-isomorphy of Bol loops, Moufang loops,
and Osborn loops. In 2003 Adeniran [1] studied some properties of Bryant-Schneider
groups of certain Bol loops. Jaiyéold [13], and Jaiyéola et al. [14, 15] extended the
concept of the Bryant-Schneider group to the study of Smarandache loop, Osborn
loop, and their universality. A characterization of isostrophy Bryant-Schneider group-
invariant of Bol loops was studied in 2023 by Jaiyéold et al. [12]. The isotopic and
pseudo-automorphic characterizations of a loop were presented by (Capodaglio [3],
1993), where the crypto-automorphism of a loop was defined as a generalization
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of pseudo-automorphism. Further study of crypto-automorphism was carried out
by (Oyebo et al. [24], 2024). The work revealed that crypto-automorphisms of a
quasigroup with left and right identity elements forms a group.

In this study, we shall study the properties of the crypto-automorphism group and
Bryant-Schneider group of left (right) Basarab loop.

2. PRELIMINARIES

Definition 2.1. The set of all permutations on a non-empty set () forms a group
called the symmetric group of @, denoted as SY M(Q). Let (Q, o) be a loop, and let
A, B, and C be elements of SYM(Q). If tAoyB = (xoy)C for all z,y € @, then
the triple (A, B, () is termed an autotopism, and these triples form a group known
as the autotopism group of (Q, o), denoted as AUT(Q,0). If A= B = C, then A
is called an automorphism of (@, o), and the set of all such automorphisms forms a
group called the automorphism group of (@, o), denoted as AUM(Q, o). See [26].

Definition 2.2. Let (Q, o) be a loop.

(a) ¢ € SYM(Q) is called a left pseudo-automorphism with companion a € @ if
(¢La, ¢, ¢Ly) € AUT(Q,0). The set of such maps forms a group (see [26]).
(b) ¢ € SYM(Q) is called a right pseudo-automorphism with companion a € @) if
(¢, ®R,, 9R,) € AUT(Q, o). The set of such maps forms a group (see [26]).
(c) ¢ € SYM(Q) is called a crypto-automorphism with companions a,b € @ if
(Ra®, Ly, ®) € AUT(Q,0). The set of such maps forms a group (see [24]).
(d) A mapping ¢ € SYM(Q) such that (pR,*,¢L;', ¢) € AUT(Q,0) for some
f,g € G is called a Bryant-Schneider map of (@), o). The set of such maps
forms a group called the Bryant-Schneider group BS(Q, o) of (Q,0) (see [28]).

From Definition 2.2, it is clearly seen that

(0R,", L', ¢) = (0,0, 0) (R, ', L', 1),

which implies that ¢ is an isomorphism of (G, o) onto some f, g-isotope of it.

Theorem 2.1 ([28]). Let the set BS(Q,0) = {¢ € SYM(Q) : exists f,g € Q >
(0R, ", oLy", ¢) € AUT(Q,0)}, then BS(Q,0) < SYM(Q).

Theorem 2.1 is associated with Theorem 2.2.

Theorem 2.2 ([26]). Let (Q,0) and (H, o) be two isotopic loops. For some f,g € Q,
there exists an f, g-principal isotope (Q,*) of (Q,0) such that (H,o) = (Q, ).

Definition 2.3 ([26]). Let (@, o) be quasigroup with fixed elements a,b € Q). The
isotope of this form (R, L, !, I) is called LP-isotope.
Definition 2.4 (][26]). Let (Q, o) be a quasigroup. Then, the following hold.

(a) Right inverse property (RIP) holds if there is a mapping J, : ¢ — 2 such that
(yox)oxr =y forall z,y € Q.
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(b) Left inverse property (LIP) holds if there is a mapping Jy : z — 2* such that
ato(zoy) =y forall z,y € Q.

Inverse property (IP) if (a) and (b) hold.

Right alternative property (RAP) if y o zz = yx oz for all z,y € Q.

c)
d)
e) Left alternative property (LAP) if z o xy = xzz oy for all z,y € Q.
f)
)

(

(

(

(f) Flexible or elastic property if (x oy)ox =z o (y ox) holds for all z,y € Q.

(g) Cross inverse property (C1P) if there exist mapping Jy :  — z* or J, : © —

such that zyoa” =y or xoya”? = y or 22 oyxr = y or 2’y ox = y for all
T,y € Q.

Definition 2.5. A loop (@, o) is said to be

(a) an automorphic inverse property loop (AIPL) if (zy)~
Q;

(b) an anti-automorphic inverse property loop (AAIPL) if (zy)~' = y~'z~! for all
T,y € Q;

(c) a power associative loop if () is a subgroup for all x € @ and a diassociative
loop if (x,y) is a subgroup for all z,y € Q.

=gty tforall z,y €

Definition 2.6. Let (@, o) be a loop.

(a) Nx={veQ: (vox)oy=wvo(zoy) for all z,y € Q} is called the left nucleus
of Q.

(b)) N,={veQ:yo(zov) = (yox)ow forall z,y € Q} is called the right
nucleus of Q.

(c) N, ={veQ:(yov)ox=yo(vox) forall z,y € Q} is called the middle
nucleus of Q.

Definition 2.7 ([3]). In a loop (Q, o), a permutation ¢ is called a crypto-automo-
rphism if there exists a, b € () called the companions of ¢ such that for every z,y € Q)
(zoa)po(boy)d = (xoy)s.

Hence, ¢ is called a crypto-automorphism with companion (a, b).

Definition 2.8. Let (@, o) be a quasigroup. A mapping ¢ € SY M (Q) will be defined
as a two-middle pseudo-automorphism if there exists elements a and b in () such that

(9R;Y, oL\, ¢) € AUT(Q, ).

Remark 2.1. The collection of two-middle pseudo-automorphisms will be denoted as
PS,2(Q,0). It is worth noting that PS,(Q,0) C PS,2(Q,0).

Theorem 2.3 ([24]). The set of crypto-automorphisms CAUM (Q, o) of a quasigroup
(Q, o) with right and left identity elements forms a group.

Theorem 2.4 ([24]). Let (Q,0) be a loop. BS(Q,0) = CAUM(Q,o0).

Theorem 2.5 ([26]). Let (Q,0) be an inverse property loop. Then, for any a € Q:
(a) JARaJp = La)\,'
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(b) J,Rad, = Lao;
(C) JpLaJp = Rap,'
(d) JaLaJ, = Ry

Theorem 2.6 ([26]). Let P = (A, B,C) € AUT(Q,0) of a loop (Q,0).
(a) If (Q,0) is a left inverse property loop (LIPL), then Py = (JAJ,C,B) €
AUT(Q,o0).
(b) If (Q,0) is a right inverse property loop (RIPL), then P, = (C,JBJ, A) €
AUT(Q,0).

Theorem 2.7 ([26,31]). Let (Q,0) be a RIP or LIP or AAIP loop. Then, J, = J = J,

ie.,a’ =a*=a""' foralla € Q.

Definition 2.9. A loop (Q, o) is called

(a) left Basarab loop (LBal) if it satisfies the identity (z o yz”) o xz = x o yz for
all x,y,2 € Q;

(b) right Basarab loop (RBaL) if it satisfies the identity yx o (z*2 0 z) = yz oz for
all z,y, 2 € Q.

A Basarab loop was studied in Basarab’s work before Cote et al. [2] in 2010 worked
on classification of loops of generalised Bol-Moufang type. Basarab published two
prominent papers [4,5] in 1992, focusing on IK-loops in [6] and [7]. Some recent
studies of Basarab loop have been carried out in various fashions. The properties of
Basarab loop with invariants of inverse properties were examined in [16]. This study
revealed that a Basarab loop exhibits a cross inverse property if and only if it is an
abelian group, or if all left (right) translations of the loop are right (left) regular. The
same authors also investigated the Basarab loop and the generators of its total inner
mapping group [17]. In 2021, the characterization of subloops of a Basarab loop was
explored [8], and a recent announcement was made by Effiong et al. [9] regarding the
holomorphic characterization of a Basarab loop.

Theorem 2.8 ([16]). (a) In a left (right) Basarab loop, the following are equivalent:
i flexibility;
ii RIP (LIP);
iii RAP (LAP);
iv AAIP.
(b) In a Basarab loop, the following are equivalent:
i flexibility;
ii right inverse property;
iii left inverse property;
iv inverse property;
v right alternative property;
vi left alternative property;
vii alternative property.
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3. MAIN RESULTS

Lemma 3.1. Let (Q,0) be a loop. Then, (Q,0) is a

(a) left Basarab loop if and only if any of the following hold for all a,b € Q:
i (RueLg, Lo, Ly) € AUT(Q,0);
ii RoypLoRay = RyLy;
i RyoLo =T, = RyL R;';
iV LqLgopar = LbLa;'
V Lacbar = LglLbLa;
(b) right Basarab loop if and only if any of the following hold for all a,b € Q:
i (R, Lgp Ry, Ry) € AUT(Q,0);
i RyLarpoq = RoRa;
ili Lorpog = Ry RyRy;
iv Ly RoLyy = LyRy;
vV LRy =T, = LyR,L;}.

Proof. Use Definition 2.9 with the aid of autotopisms and translations. O

Theorem 3.1. Let (Q,0) ba a Basarab loop.

(a) a® € N, if and only if T, * € AUM(Q, o).
(b) a* € Ny if and only if T, € AUM(Q, o).

Proof. (a) If (Q,0) is a left Basarab loop, then from Lemma 3.1, (Ru» La, Lq, Ls) €
AUT(Q,o0) for all a € Q. If a” € N, then (I, Ry, Rye) is an autotopism of (), o) for
all a € (). The product

<[7 Ra”a Raﬂ)<RaPLa> La7 La) :(Ra/’Laa RaﬂLaa RaﬂLa>
is equivalent to (7', T."',T!) is an autotopism of (Q,0) for all a € Q. Thus, T, !

is automorphism of (@, o).

For the converse, we reverse the procedures to obtain a” € N, if and only if
(Rap Ly, Rar Lo, Raw Ly) € AUT(Q, o) is equivalent to T, ' € AUM(Q, o).

(b) If (Q,0) is a right Basarab loop, in Lemma 3.1, (R,, Loo Ra, R,) € AUT(Q, 0)
for all @ € Q. If a* € Ny, then (L., I, L, ) is an autotopism of (Q, o) for all a € Q.

The product
(La)‘a I) Lak)<Ra7 LaPRm Ra) :(La)‘Raa LaﬂRaa La)‘Ra)

is equivalent to (7,,T,,T,) € AUT(Q,0). Hence, T, is an automorphism of (Q, o).
For the converse, we simply do the reverse procedure. [l

Theorem 3.2. Let U be a crypto-automorphism of LBaL (Q, o) with companion (a,b).
Then, L, U € BS(Q,0) for all z € Q.

Proof. If (Q,0) is a LBaL. then P = (R» L, Ly, L,) is an autotopism of (@, o) for
all z € Q. If U be a crypto-automorphism of (Q, o), then 7" = (R,U, L,U,U) is an
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autotopism of (@, o) with a twin (a,b). The product

(3.1)
PT = (RIPLza Lza Lz)(RaUa LbUa U) = (RxpLxRaUa LbeUv LxU) S AUT(Q7 o)'

Set L,U = w in (3.1) to obtain

(3.2) (Rpe Ly R U, L, LyU,w) € AUT(Q, o).
Writing this in an equivalent form, for all y, z € ), we have
(3.3) YRy Ly R,U 0 2L, LyU = (y o 2)w.

Put y = e in (3.3) to obtain
eRw LR U 0 2L, LyU = (e 0 2)w =(xoex’)R,U o 2L, LU = zw
=zL, LLWUL,y = zw
(3.4) =2L, LU = 2wL}} = L, LU = wL,}.
Also, put z = e in (3.3) to get
YRy Ly R U o eL, LU = yw =yRu0 L, R,U o (ex) LU = yw

(3.5) =Y Ry Ly RoU Rpeyy = yw
=yRyp L, R,U = wa(_b}C)U
(3.6) =R, L, R, U = wR(_bi)U.
Using (3.4) and (3.6) in (3.2), we have (wR(_bi)U,ng(},w) € AUT(Q,0). Thus, w €
BS(Q,0) for all a,b € Q. O

Corollary 3.1. Let U be a crypto-automorphism of LBaL (Q,o) with companion
(a,b). Then, L,U € PS,2(Q,0) with companion ((bx)U, (aU)P).

Proof. This follows as a consequence of Theorem 3.2. O
Theorem 3.3. Let U be a crypto-automorphism of RBaL (Q,o) with companion
(a,b). Then,

(a) R, U € BS(Q,0) for all x € Q;

(b) R,U € PS,2(Q,0) with companion (bU, ((xa)U)?) for all x € Q

Proof. Follow similar steps as in Theorem 3.2. U

Theorem 3.4. Let (Q,0) be a LBaL with RIP. If the map 0 € BS(Q,0) such that
0 = wL' where w : e — e, then w is a unique right pseudo-automorphism with
companion (xg)~' for all x € Q and for some g € Q.

Proof. Let 6 € BS(Q,0). Then, M = (HR;,QL]?I,@) € AUT(Q, o) for some f,g € Q.
Since (@, 0) is a LBal, N = (Ryo Ly, Ly, L) € AUT(Q, o) for all z € Q. The product

(3.7)
MN = (9R,",0L;",0)(Roo Ly, Ly, L) = (0R, ' Ry Ly, 0L ' Ly, 0L,) € AUT(Q, 0),
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for some f,g € @ and for all z € Q.
Let (@, o) be a RIPL, applying Theorem 2.6 to the autotopism in (3.7), we get

(3.8) (0Ly, JOL;' Ly J,0R, Ryo Ly) € AUT(Q, 0),

for some f,g € ) and for all x € Q).
Let a = JOL;'L,J in (3.8). Then,

(3.9) (0Ly, o, 0R, Ryo L) € AUT(Q, 0),
for some g € @) and for all x € ). For all y, 2z € (), we have
yOL, 0 zao = (y o z)&R;IRmme.
If 0 =wL;?!, then L, = w, so, a = JwL;lLfleJ. Next, we have
(3.10) yw oz = (y o 2)wL, 'R, Ryp L.
Let y = e in (3.10). Then, we have

(3.11)
ew oz = zwL;lR;IRxpLx =z = zwL;lelRmpLz = o= wL;lREIRszm.

Using (3.10) and (3.11), (3.9) becomes
(w,wLy 'R, Ryp Ly, wL, 'R, Ryp L) € AUT(Q, 0),

for some g € () and for all x € Q.
Since, (@, o) is a left Basarab loop, R» L, = RgLﬁR;gl. Hence,
(w,wL,'R,'RyL, R, ,wL,'R 'Ry L, R, )

=(w,wL;'R,'RyL, R, ) ,wL, 'R, 'Ry L, R, }) = (w,wR,, ,wR, )

xg xg xrg

is an autotopism of (@, o) for some g € @ and for all z € . Thus, w is a right
pseudo-automorphism with companion (zg)™'.

Let wi L, = wo L}, where wy,wy : e — e, forall 21, 25 € Q. Then, L} 'L,, = wy tws.
So, eL 'Ly, = ew; twy implies L 'Ly, = I, implies L,, = L,,. Hence, z; = x5 and so
wi = wo. This implies that for all z € @, there exists a unique w such that § = wlL !
Hence, § = wL_' where w is a unique right pseudo-automorphism with companion

(zg)~* for all z € Q and for some g € Q. O

Corollary 3.2. Let (Q,0) be a LBalL with RIP. For some 6 € BS(Q,0) such that
wL;l =0, where w:e — e, we AUM(Q, o) is unique for all v € Q.

Proof. Set x = g~ ! in Theorem 3.4. U

Theorem 3.5. Let (Q,0) be a RBaL with LIP. If the map 6 € BS(Q,0) such that
0 = wR ', where w : e — e, then w is a unique left pseudo-automorphism with

x

companion (fz)~' for all x € Q and for some f € Q.
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Proof. Let 0 € BS(Q,0) then M = (9R;1,9Lj71,9) € AUT(Q, o) for some f,g € Q.
Since (Q,0) isa RBaL, N = (R, L, R,, R,) € AUT(Q, o) for all x € (). The product

(OR,',0L;",0)(Ry, Lz Ry, Ry) = (R, Ry, 0L Ln Ry, OR,) € AUT(Q, 0),
for some f,g € @Q and all x € Q. If (Q, o) is LIPL, by Theorem 2.6,
(3.12) (JOR,'R,J,0R,,0L; ' L,aR,) € AUT(Q, 0),
for some f,g € Q and all z € Q. Let o = JOR,'R,.J in (3.12), to get
(a,0R,, 0L L,aR,) € AUT(Q, o),

for all x € @ and some f € Q.
If 0 = wR,', then w = OR,. Thus, o« = JwR, 'R, 'R,J. Here, (3.12) becomes

(3.13) (a,w,wR'L;'LaR,) € AUT(Q, 0),
forall z € @ and some f € Q. Forall y, z € ), we have yaozw = (yoz)wR;lLJTILxARz.
Put z = e. Then,
(3.14)

Yo o ew :wa,;lL;lexRa; = ya = wa;lLJTILxARz = a = wR;lLJTILxARgC.
Now, using (3.14) in (3.13), we get
(3.15) (WR, 'Ly Lya Ry, w,wR, 'Ly ' LnR,) € AUT(Q, 0),
for all x € @ and some f € Q. Since (Q,0) is a RBalL, by Lemma 3.1, L,xR, =
L fRILJ?Il for all z, f € (). Thus, we have the last autotopism

(wR;nglLfoL;;,w,ngnglLfoL;;) = (wL;;,w,wL;;) € AUT(Q, o),

for all z € @ and some f € (). Thus, w is a left pseudo-automorphism with companion
(fz)~! for all z € Q and for some f € Q. The proof of the uniqueness of w is similar
to the one in Theorem 3.4. 0

Corollary 3.3. Let (Q,0) be a RBalL with LIP. For some § € BS(Q,0) such that

0 =wR', where w:e — e, we AUM(Q,0) is unique for all x € Q and for some
feaq.
Proof. Set x = f~! in Theorem 3.5. U

Theorem 3.6. Let (QQ,0) be a LBaL and let w = w(f,g) € BS(Q,0) such that
w:e—e. Then, w=w(f g) =w(f, ") and w=w(f, g) =w(g g).

Proof. Let w € BS(Q,0), then (wR;l,wal,w) € AUT(Q,o0) for some f,g € Q.
Since (@, o) is a LBaL, (Ry» Ly, Ly, L) € AUT(Q, o) for all x € ). The product

(3.16) (WR," wL7',w)(Ryo Ly, Ly, L) = (WR, Ry Ly, wL; ' Ly, wy)

is an autotopism of (@, o) for some f,g € @ and for all x € Q. For all y,z € @) we
have

(3.17) YywR, ' Ryp Ly 0 2wl Ly = (y 0 z)wL,.
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Put z = e in (3.17) to obtain
waglepLx o ewL;le =ywl, :>waglR$pLx o eLJTILx =ywl,
:>wag_1RxpLszfp =ywl,
=R, 'Rop Ly Roge = Lo,
=R, = L,R,;,L,'R,,,
for some f € @ and for all z € (). Set x = f in the last equality to get
-1 —1p-1 _ p-1
Rg —Lfo pr —pr
Hence, g = f?. On the other hand, set y = e in (3.17) to get

ewR;lepLx o zwL;le = zwl, :>6R;1RmpLx o ZWLfle = 2wl,
= (.1' o g*lxp> (ZWL;le) — ZWLI
=Lt = LoLiy 1,0 Ly

(zog—lzr)~x

Set z = ¢*, to get
Lt =LpL ) L =1L,

(grog=1(9)*") g

Thus, L;l = L;Al implies f = ¢”.

O

Corollary 3.4. Let (Q,0) be a LBaL. If w = w(f,g) € BS(Q,0), such that w : e — e,

for some f,g € Q, the following hold:

(a) w is a right pseudo-automorphism with companion f;
(b) [f] =2 or|g[ = 2.

Proof. Putting R;" = R;pl and L;l = Lg}l in (3.16), we get the autotopism

(WR, Rup Ly, wL 3\ Ly, Ly )

of (Q,0) for some f,g € @ and for all x € Q. Set x = f, to get (wa,ng}lLf,wa) €
AUT(Q, o) for some f,g € Q. Let g = f. Then, (wa,wL;}Lf,wa) € AUT(Q,0)
for some f € Q. For all y,z € @, we have ywLy o zwL;}Lf = (y o z)wLy. Setting

z =e, we get

ywlLy o ewL;}Lf =ywL; = ywljo f* =ywLl; = ywL;Rp = ywL; = | f| = 2.

Thus, (wLlf,w,wLf) € AUT(Q,0) for some f € (). Therefore, w is a pseudo-

automorphism with companion f for some f € Q).

O
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Theorem 3.7. Let (Q),0) be a LBalL with AAIP. Then,
BS'(Q,0) :{w € BS(Q,0) |w:e— e and (zw) ™ = <$_1)w}
:{w € SYM(Q) | exists f € Q> (wR;}l,ijl,uo € AUT(Q), ew=¢

and (zw)™' = (27w for all v € Q}
:{w € SYM(Q) | exists g € Q > (ng_l,wL;_ll,w) € AUT(Q),
ew = e and (zw)™' = (7w for all z € Q}
<BS(Q,0).
Proof. Let
BS'(Q,0) = {w € BS(Q,0) |w:e—eand (zw) ! = (:Ul)w} C BS(Q,0).
Using the connection from Theorem 3.6,

BS'(Q, o) :{w € BS(Q,0) |w: e — e and (1w)"" = (x_l)w}
:{w € SYM(Q) | exists | € Q 3 (wR;h . wL;'\w) € AUT(Q),
ew — e and (2w)™ = (zV)w for all z € Q}
:{w € SYM(Q) | exists g € Q > (ng_l,wL;_ll,w> c AUT(Q),

ew = e and (zw)™ = (z7")w for all x € Q}.

Note that el = e and (gI)™! = (¢ forall g € Q and (IR;*, IL;, 1) = (I,1,]) €
AUT(Q,0). Then, I € BS'(Q, o). Hence, BS'(Q, o) contains the identity map, thus
BS’(Q, o) is not empty.

Let a,0 € BS'(Q,0). Then, a,0 € BS(Q,0) and ea = e and (za)™' = (z7)a,
eo =e and (zo)™' = (z71)o for all z € Q.

In addition, there exist f1, g1, fi1, 911 € Q with g1 = fi', fi1 = g;* such that

P (ozRgl,oszll,a), T = (URQH,ULE,U),
=(Ry,0 ', Lo ' 07! € AUT(Q, o),
PT~ 1:(04 gl,Osz1 )(Rgna_l,Lfna_l,a_l)
=(aR 1Rgua aLJ?llLfHa’l,agfl)EAUT(Q,O).

Let ¢ = oR,'Ry 07" and v = oL}'Ly, 07", such that (aoc~'p, a0 'y, a07") €
AUT(Q, o) if and only if for all a,b € Q

(3.18) aco tpobac 'y = (aob)ac .
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Setting a = e in @ and replacing b by boa™! in (3.18), we have

~1
(eac—1p)

(eac™0) o (by) =b= bYL(car-19 =b=7 =1L

Analogously, setting b = e in @, the identity element and replacing a by aca™! in

(3.18), we have
(ag) o (eao™y) = a = apRcar-14) = @ = 0 = R(_eia_l'y)'

Thus, g = eac 1y = ey = eaL;llLfncfl = [fuo(fi\e)]o™" = [fi10 fi']o™" and
f=caoc o =¢ep= eaR;;llRfila_l = eR;l,llRfila_l =[(e/fiH o falle™ = (fio
fit)o~ . Then, using Theorem 2.7, f~' = [(fio fii)o '™ = (fio f) 'o™ = (fii0
fit o™t = g. Hence, PT~! = (ac™ !0, a0 'y, a0™!) = (aailRJT,ll,aaflL]TI,aa*I) is
an autotospism of (Q,0), eac™! = e and (z7Haoc ™ = (zac™1)~! for all z € Q. So,
acl € BS'(Q,0). Also,

PT ! = (aa_lel, oza_lL;_ll, aot)

is an autotopism of (@Q,0) and eaoc™' = ¢ and (x7Hao™! = (zac™)~! for all z € Q.

So, ac™!t € BS'(Q,0). Hence, BS'(Q,0) < BS(Q, o). O
Corollary 3.5. Let (Q),0) be a LBaL with AAIP. Then, AUM(Q,0) < BS'(Q,0) <
BS(Q,0).

Proof. This follows as a consequence of Theorem 3.7. O

Theorem 3.8. Let (Q,0) be a LBaL with a RIP and let H = (A, B,C) € AUT(Q, o).
Then, there exists a right pseudo-automorphism w with companion yx, where eA = x
and eB =y such that

(A, B, C) = (w, wRyI, LURyx)(Lx—l, JL,-1J, R;,}Lx—l)fl.

Proof. Let (Q,0) be a LBaL, then (R }L,-1, L1, L,—1) € AUT(Q,0) for all z € Q.
Applying Theorem 2.6, (L,-1, JL,~1J, R} L,—1) € AUT(Q,0) for all x € Q). Suppose
that K = (A, B,C) is an autotopism of (Q, o), then the product

(A, B,C)(Ly-r, JLorJ, R} L)
=(ALy1,BJL,1J,CR,}L, 1) € AUT(Q,0), forallz € Q.

Replace AL,-1 with w and note that ew = eAL, 1 =2 1oz = e,
(3.19) twozBJLy1J = (toz)CR,) Ly
for all ¢,z € Q). Set t = e in (3.19), we obtain

ewo zBJL,1J=20R )L, 1+ =2BJL,1J = 2C0R,} L,

=BJL,1J=CR, L,,

for all z € Q. So, (3.19) becomes
(3.20) twozBJL,-1J = (toz)BJL,-1J,
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forallt,z € Q). Let z = e, then it follows from (3.20) that ywoeBJL,-1J = yBJL,-1J
implies wyJL,-1J = BJL,-1J, implies wR,, = BJL,-1J. Using this information in
(3.20), we get (w, wRy, wRy,) € AUT(Q, o). Hence, w is a right pseudo-automorphism
with companion (yz). So,

(A, B,C)(Ly-1, JLyJ, R} Ly1) = (w,wRys, wR,,)
=(A,B,0) = (w,wRys,wRy) (Ly—1, JLy1J, Ryp L)t O

Theorem 3.9. Let (Q,0) be a LBaL with a RIP such that |xz| =2 for all z € Q, and
leta®b=aR;'o bL;l, for any arbitrarily fixed a,b € Q and for all x,y € ). Then,
(Q,®) = (Q,0) if and only if there exists right pseudo-automorphism w of (Q, o) with
cCOmpanion yx.

Proof. Let C' be isomorphism between (@, @) and (Q, o). Then,
(a0b)C =aC @ bC =aCR," o bCL," = aBobA,

for all a,b € @, where B=CR;! and A = C’L;l. So, (B, A,C) € AUT(Q, o).
Let e and e* denote the identity elements in (@, o) and (Q,®), respectively. So,
since C' is an isomorphism, we have eC' = ¢*, where e¢* = y o x, and

(3.21) eA=eCR;' =e*R;' = (yox)R,' =y,
e B -1 _
(3.22) eB=eCL,” =e'L, = (yox)L, =
By Theorem 3.8, and going by (3.21), and (3.22), we have
(B, A, C) = (w,wRys, wRy) (Ly-1, JLy—1J, Ry} L),

where w is a right pseudo-automorphism of (Q, o) with companion yz.

Conversely, if w is right pseudo-automorphism with companion yz, then
(w,wRy,wRy,;) is a autotopism of (@, o). On the other hand, since (Q, o) is LBaL,
we have that (Ly-1, JL,1J, R, L,-1)~" is an autotopism of (Q,0). Now,

(B,A,C) =(w,wRye,wRys)(Ly-1, JLy—1J, Ry} L)~
=(w, wRys, WRy) (LY, LN T, L Ryo)
= (WL, wRye J LN T, wRye LY Ry ) € AUT(Q, 0).
Writing it in an equivalent relation form, for all a,b € (), we have
(3.23) awl, ' 0 bwRy, JL, L J = (a0 b)wRy, L, Ry = (a0 b)C = aB o bA,
where C' = wRy, L, Ryp, B=wL ', and A = wR,,JL,*\J. So,
eB = ewL;,ll = eL;,l1 =y Ne=y,
eA = cwRy JL T = Ry JL T = [y \(ya) ]
(3.24) =eA = [y\(yz)] ' =2 = 1.
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Note that we used the assumptions that |z| = 2 for all z € ) and @ has RIP, which
by Theorem 2.8 is equivalent to flexibility in a left Basarab loop.
Now, setting b = e in (3.23), to get

(3.25) aC =aBoeA = aC =aBox = aC =aBR, = B=CR,".
Put a = e in (3.23) to obtain
(3.26) bC = eBobA=bC =yobA=bC =bAL, = A=CL,".
So, using (3.23), (3.25) and (3.26), we obtain
(aob)C =aBobA=aCR;" obCL,' = aC ® bC,
for all a,b € Q. Hence, (Q,®) = (Q,0). O
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S SPECTRAL THEORY OF MULTIVALUED LINEAR OPERATOR
IN BANACH SPACES

AYMEN AMMAR!, AREF JERIBI!, AND BILEL SAADAOUI?

ABSTRACT. In this paper, we begin with the definition of the S-resolvent set of a
linear relation. Throughout this paper, X will denote a normed linear space over
the complex field C. Operator S plays the role of a transition multivalued linear
operator from X. It is the main goal of the present note to study the basic spectral
properties of T' linked to the transition multivalued linear operator S.

1. INTRODUCTION

Let TS : X — Y. Forall A € C, the map P(\) := T+\S is called a linear bundle. It
is know that many problems of mathematical physics (for example, quantum theory...)
are reduced to some study of certain reversibility conditions of operators P(\). In
light of this, this paper shares the same concern of these studies. In fact, it highlights
some recent mathematical developments, including the spectral theory of multivalued
linear operator bundle. The study of the spectral theory of linear operators, including
the study of S-essential spectrum, has recently been the core subject of several works.

Most importantly, A. Jeribi [13] has treated the notion of S-essential spectra in
a comprehensive account of the known definitions of essential spectra (see Chapter
9). In [2] T. Alvarez, A. Ammar and A. Jeribi have characterized some S-essential
spectra of a closed linear relation in terms of certain linear relations of semi-Fredholm
type. In [3], they studied the decomposition of Frobenius-Schur in order to determine
the essential spectrum of a matrix multivalued linear operator.

Most importantly in [4] A. Ammar, A. Jeribi and B. Saadaoui considered a 2 x 2
block multivalued linear operator matrices and described its essential pseudospectrum.

Key words and phrases. S-resolvent, S-spectra, linear relation, Banach space.
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Among the most important works on the spectral theory of block linear relation matrix,
we mention [5,6] where the authors proposed the development of the essential spectra
of a 2 x 2 block linear relation matrix. Recently, B. Saadaoui [15] continued this study
to investigate the (P,Q)-Outer Generalized inverses and their stability of pseudo
spectrum. In [7,16] B. Saadaoui generalized some known results in the condition
S-spectrum of a compact operator in a right quaternionic Hilbert space. Several
problems can be described by systems of mixed order linear differential equations
in mathematical physics. The localization of the essential spectra gave substantial
physical information. The findings acquired in this memorandum provides through
the conformable ones in [8], and they are robustly affined to notions from different
spectral problems in applied sciences (for concerning works see, for sample, [11,12,17]).
In specific, the research of different sort of degenerate equations on Banach spaces
could be done using the connotations and outcomes gained in the current note, cf. [11].
Paradigms to uncover the applicability of our theoretical processing will be extended
in [5]. More punctually, the main outcomes of this matter will be exercised to research
different perturbations of multivalued linear operator in Banach spaces in the spirit
of the results obtained in [9, 14].

The purpose of this paper is to extend the results of [10] to the case of multivalued
linear operators. It consists of three sections. In Section 2, we present some basic
notations and results connected to the main body of the work. In Section 3 we give a
characterization of the S-resolvent set of a closed multivalued linear operator 7T'.

2. PRELIMINARY RESULTS

This section contains some definitions and auxiliary results which will be needed
in the rest of this paper. We adhere with the notation and the terminology of the
book [10]. Let X,Y and Z be infinite dimensional vector spaces over K = R or C.
T multivalued linear operator or simply a linear relation 7" : X — Y is a mapping
from a subspace D(T') of X, called the domain of 7', into P(Y)\{(} (the collection of
non-empty subsets of Y) such that T'(cxy + fx2) = a1’ (x1) + ST(x5) for all non-zero
scalars o, f € K and 1,29 € D(T). If T maps the points of its domain to singletons,
then T' is said to be a single valued linear operator or simply an operator, which
is equivalent to 7'(0) = {0}. We denote by LR(X,Y) the class of linear relations
everywhere defined and we write LR(X) := LR(X,X). T € LR(X,Y) is uniquely
determined by its graph G(T'), which is defined by:

G(T):= {(x,y) € X x Y::UGD(T),yGT;E},

so that we can identify T with G(T). The closure of T, denoted by T, is the linear
relation defined by

G(T) := G(T).
We denote by CR(X,Y) the class of all closed linear relations from X to Y. If X =Y,
we take CR(X, X) := CR(X).



S-SPECTRAL THEORY OF MULTIVALUED LINEAR OPERATOR IN BANACH SPACES 1315

The inverse of 7' is a linear relation 7! given by:
G(T™) = {(y,x) EX XY :(x,y) € G(T)}.

If G(T) is closed, then T is said to be closed. We design by R(T) = T(D(T)) the
range of T. T is called surjective if R(T) = Y. The subspace N(T) := T7(0) is
called the null space of T. T is called injective if N(T') = {0}, that is, if 7! is a
single valued linear operator.

Notice that when x € D(T'), y € Tz if and only if Tz = y + T/(0).

For T, S € LR(X,Y), the notation T C S means that G(T) C G(S). The linear
relation 7'+ S is defined by:

G(T+095) = {(x,y) € X xY :y=u+wvwith (z,u) € G(T), (z,v) € G(S)}.

Let T € LR(X,Y) and S € LR(Y, Z) where R(T) ND(S) # (. The product of ST is
defined by:

G(ST) := {(x,z) € X x Z:(x,u) € G(T) and (u, z) € G(S) for some u € Y}.

Let Q7 denote the quotient map from X onto X/T(0). We shall denote Qm by
Qr. Clearly, Q7T is a single valued operator and the norm of 7" is defined by ||T|| :=
|QrT||. We say that T is continuous if for each neighborhood V in R(T), T=}(V)
is a neighborhood in D(T') (equivalently ||T'|] < +o00); bounded if it is continuous
with D(T') = X; open if T~! is continuous equivalently v(T') > 0 where v(T') is the
minimum modulus of T" defined by

Y(T) = sup {\ > 0 : Ad(z, N(T)) < || T|| for = € D(T)},

where d(z, N(T')) is the distance between = and N(7'). Continuous linear relations
defined everywhere on X are referred to as bounded linear relations. The class of
such relations is denoted by BR(X,Y). If X =Y, we take BR(X, X) := BR(X).
If M and N are subspaces of X and of the dual space X', respectively, then
M* = {x’ e X' :2'(x)=0forall z € M}
and
NT: {xEX:a:'(x) =0 for all 2/ GN}.
The conjugate of T € LR(X,Y) is the linear relation 7" defined by

/

G(T) =G(-THt cY x X,
so that (y,z") € G(T") if and only if y' (y) = «'(x) for all (z,y) € G(T).

Lemma 2.1 ([10]). Let X and Y be two vector spaces and let T € LR(X,Y). Then,
(a) D) = R(T); D(T) = R(T-);
(b) T is injective if and only if T™'T = Ip(p);
(c) T is single valued if and only if T(0) = {0};
(d) TT 'y =y+T(0), y € R(T), and T~ Tz =z + T (0).
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Proposition 2.1 ([10]). Let R, S,T € LR(X). Then,
(a) (R+ S)T C RT + ST with equality if T is single valued;
(b) T(R+ S) is an extension of TR+ TS and TR+TS =T(R+ S) if D(T) is
the whole space.
Lemma 2.2. Let X and Y be two vector spaces. Let T, S € LR(X,Y).
(a) ([10, Exercise 1.2.14 (b)]) If D(T) = D(S) and T(0) = S(0), then T = S or
the graphs of T and S are incomparable.
(b) ([10, Definition I1.5.1 (2) and, Proposition I1.5.3]) T~ is closed if, and only
if, T is closed if, and only if, Q7T is closed single valued and T(0) is a closed
space.

(c) ([10, Definition I1.5.1 (6)]) If T is continuous, D(T) and T(0) are closed, then
T s closed.

Lemma 2.3. (2, Lemma 2.2 (ii)] and [1, Lemma 3.1])
(a) Let S, T € LR(X,Y). If S(0) C T(0) and D(T) C D(S), then Qris =
Qr andT —S+S=T.
(b) If T € LR(X,Y) and S € LR(Y, Z) are closed with a(S) < +oo and R(S5)
closed, then ST € CR(X, Z).
(¢) If T(0) C N(S) or T(0) C N(R), then (R+ S)T = RT + ST.

Lemma 2.4. ([10, Exercise 11.5.18]) Let T' € BR(X,Y) be single valued and S €
CR(Y,Z). Then, ST € CR(X, Z).
Lemma 2.5. ([10, Theorem I1.3.11 and Corollary I11.7.7]) Let S,T € LR(Y, Z).
(a) If N(S) C R(T), then v(ST) > v(S)¥(T).
(b) Let T be open and injective with dense range. Then, for any relation S such
that S(0) C T'(0), D(S) D D(T') and ||S|| < ¥(T), we have T'+ S is open and
injective with dense range.

Proposition 2.2. ([10, Proposition VI.5.2]) Let X be complete, and let S, T € CR(X)
be bijective. Then, ST has the same properties.
Theorem 2.1. ([10, Theorem I11.4.2]) Let T € LR(X,Y) be closed. Then,

(a) T is continuous if and only if D(T) is closed;
(b) T is open if and only if R(T) is closed.

3. S-SPECTRAL THEORY OF MULTIVALUED LINEAR OPERATORS IN BANACH
SPACES

Definition 3.1. Let S, T € LR(X) with ||S]| # 0. We define the S-resolvent set of T’
by:
ps(T) := {)\ € C: \S — T is injective, open with dense range}.

The spectra of T is the set og(T) := C\ps(T).
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Lemma 3.1. Let S € LR(X) be continuous. For T € CR(X) such that ||S]| # 0,

S(0) € T(0) and D(T) C D(S), we have that instead of we define the S-resolvent set
of T by:

ps(T) :== {)\ € C: (NS —T)" is single valued and everywhere deﬁned}.

Proof. We remark that if X is Banach, then the Lemma 3.1 is true.

Indeed, let A\ € pg(T). Then, AS — T is closed. Indeed, AS — T is closed if, and
only if, Qg_7(AS — T') is closed and (AS — T')(0) is closed [2, Proposition 11.5.3].
But, (AS — T)(0) = AS(0) — T'(0) = T(0) closed (as S(0) € T'(0) and T closed)
and Qs _7(AS —T) = AQ7S — Q7T = \Q4QsS — QrT (where A := T(0)/S(0) by
virtue of [2, Lemma IV.5.2]) which is closed by [2, Exercise 11.5.16]. Now, the result
follows immediately from Theorem 2.1 and Lemma 2.3. Let A € pg(T'), then AS —
T is injective, open with dense range . Furthermore, N(AS — T') = (AS —T)~1(0) =
{0}, then (AS — T')~! is single valued.

On the other hand, AS — T is open, then applying Theorem 2.1 we obtain R(AS—T)
is closed. In short, R(AS —T) = R(\S —T) = X. O

Ezample 3.1. We see the following examples, where og(7") can be discrete or the whole
complex plane.

3 2 10
(a) Leth(O 5>andT:<0 0>.Then,aS(T):{3}.
2 1 20
(b) Leth(O O>andT:<0 0>.Then,05(T):C.
2 1 0 1
(c) LetT:<O 3>andT:<0 0>.Then,JS(T):@.
Remark 3.1. (a) It follows immediately from Definition 3.1 that, for S = I we have

p1(T) = {)\ € C: A\ — T is injective, open with dense range}.

(b) If X is a finite dimension space and S is an invertible operator such that
a(S)\{1} is not empty, then og5(S) = {1}, which implies that o(S) # os(.5).

Theorem 3.1. Let T € CR(X) and S € LR(X) be continuous such that S(0) C T(0),
IS #0, S#T and D(T) C D(S). Let A € ps(T), and let pn € C such that

Y8 —T)
p— A <=2
=A<
Then, 1 € ps(T) and
[(AS —=T)7!

MS—T_I S - '
It )|l L= [OS =) S]]

In particular, ps(T) is open.
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Proof. Let A € ps(T), and let (z,y) € G(T). Since (AS —T)~! is a bounded operator,
it follows from the identity (AS — T)~'(AS — T')z = x that

IAS =) M| - [[(AS = Tzl > ||=]l-
For each p € C one has
1S = T)z|| =[(AS = T)x = (n = A) S|
>[(AS = T)zl| = [ = A - [|Sz]]
Z[AS =Tl = = Al [[S] - (]l
which leads to
IAS =) M- [[(1S = T)al| Z[[(AS = T) M - [(AS — T
=l = AL IS =) - (1S [l
2|zl = [ = AL S =T) 7 - [1S1] - [l
=(1— | = AL [[AS =) - [ISID) - |-
This inequality shows that (45 —T')~! is a bounded operator. This leads to
[AS =T)~"|
= AL (IS =T)=H] - ISP

I8 = T) ) < —
0

Lemma 3.2. Let T € CR(X) and S € LR(X) be continuous such that S(0) C T(0),
IS #0, S#T and D(T) C D(S). If X € ps(T) and |p — A| < 7()|‘|gﬂT), then ps(T)
is an open set of C.

Proof. Since A € ps(T'), one has p € pg(T') and R(AS —T) = X, then y(AS —T') > 0.

Let |p— A < 7(’\“‘2]71). Then by Lemma 2.3 1. and Lemma 2.5 2., we have uS — T =

(L —A)S+ (AS —T) is injective and open with dense range. Therefore, u € pg(T'). In
particular, ps(7) is open. d

Theorem 3.2. Let X be a Banach space. Let T € CR(X) and S € BR(X) with
D(T) = X such that S(0) C T'(0) and dim S(0) < +oo. If 0 € p;(S), then

ps(T) = pr(S™'T) N pr(TS™H).

Proof. First of all, it should be mentioned that A\ —S~T is closed. In fact, D(S) = X
is closed, S(0) is closed (since dim S(0) < +o0) and S is continuous so that by Lemma
2.2 (c) S is closed. Then by Lemma 2.2 (b), S is closed. Further R(S™') = D(S) =
X, dim N(S7') = dim S(0) < +oc and T is closed and thus by Lemma 2.3 (b), S™'T
is closed. Now, applying Lemma 2.3, we get \I — S~!T is closed.

Moreover, A\I — T'S™! is closed. Indeed, since 0 € p;(S), then S~! is single valued
(since S is injective). We get S~! is closed, yet D(S7!) = R(S) = X, then S7! is a
bounded single valued. Thus, by Lemma 2.4, we have T'S~! is closed, which implies
by Lemma 2.3, that \I — T'S~! is closed.
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We can say that S(0) € ST-'(0) = (T'S™")~1(0) = N(T'S™'). So, using Lemma,
2.3, we infer that AS — T = (A — T'S™)S. Let x € D(S™!) = R(S) = X, then there
is @ € X such that (z,a) € G(S™'). This is equivalent to (a,z) € G(S). Therefore,
(r,7) € G(SS™1). We have I € SS! and consequently A\S —T C SS™'(\S —T) =
S(M — S7IT). So, we get AS —T C S(A — S7'T). It is easy to notice that

S(A — S7'T)(0) = S(A(0) — ST'T(0)) = SS~'T(0).
By using Lemma 2.1 (d) we get SS™!T(0) = T'(0) + S(0) = (AS — T)(0), additionally
D(AS — T) = D(AS) 1 D(T) = D(T) and

D(S(M — S7'T)) = {x e DM — 5y, M =S e 0 D(S) } .

=M -S""T)zNX #0
Equivalently,
DA — S7IT) =D\ ND(S™'T) = D(S'T)
={z e D(T): Tz N D(S™!) =Tz N R(S) # 0}
=D(T) = D(AS — 7).

Then, by Lemma 2.2 (a), we infer that AS — T = S(AI — S7IT). Let A € ps(T) such
that AS —T is closed and bijective. First of all, it should be mentioned that A\ — ST
is bijective. Indeed,

R —S7'T)=R(ST'AS —T)) = R(S™") =D(9) = X,
and let x € N(AI — S7'T) if and only if
x € D(STIT) and (M — S™'T)x = (M — S7'T)(0)

if and only if S(A\[—S™'T)x = S(A[—S~T)(0) if and only if (AS—T)z = (AS—T)(0)
if and only if x = {0} (since AS — T is injective).

Then, A — S™!T is bijective. In the same manner we can prove that \I — TS~} is
bijective. Accordingly, \I — T'S™! and \I — S™!T are bijective and closed, then

(3.1) ps(T) C p(TS™H) N p(S7'T).

Conversely, let A € p;(S7'T) N pr(T'S™). Then, \I — S7'T and M\ — T'S™! are
bijective. Hence, S is surjective, then R(AS —T) = SR\ — S~'T) = R(S) = X and
N(AS —T) € N(S"YAS — T)) = N(AI — S~'T) = {0}. Then,

(3.2) p(TS™) N p(S™'T) C ps(T).
By (3.1) and (3.2) we conclude that p(T'S™) N p(S™T) = ps(T). O
Remark 3.2. If T and S are single valued with S is invertible, then

ps(T) = p(T'S™") = p(S7'T).

Proposition 3.1. Let X be a Banach space. Let T € CR(X) and S € BR(X) be
single valued with D(T) = X. If 0 € p;(S), then

ps(T\{0} = pr(ST'T)\{0} = pr(T'S™H)\{0}.
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Proof. Let 0 € p;(S71), then N(S71) = S(0) = {0} and R(S™') = D(S) = X.
Consequently, S~ is single valued, hence S™1(0) = N(S) = {0}. Since S~ is closed
(since S is closed), D(S™') = R(S) = X, and S™! is single valued, then S~!
bounded.
Therefore, by Proposition 3.2 we get ps(T)\{0} = pr(STT)\{0} = p;(T'S™)\{0}.
U

Definition 3.2. Let S,T € LR(X) and A € C. We call the S-resolvent of T in A the
operator defined by:
Rs(A\,T):=(AS—T)*

Theorem 3.3. Let T' € CR(X) and let S € LR(X) be continuous such that S(0) C
T(0), ISl #0, S # T and D(T) C D(S) . Let \,u € ps(T'). Then, the following
hold.

(a) Rs(u, T) — Rs(A\,T) = (A — u)Rs(u, T)SRs(N, T).

(b) If pe ps(T) and |\ — p| - [|S| < v(uS =T), then

+o0

Rs(\,T) = > (A= p)' Rs(p, T)(SRs(p, T))"

i=0
Proof. (a) Let (z,y) € G(Rs(p,T) — Rs(\,T')), so that (z,y1) € G(R 5( T)) and
(z,y2) € G(Rs(A\,T)) with y = y; + y2. One has (y;,2) € G(uS —T) and (y2,z) €
GANS—=T)=GuS —T+ AN—pn)S). Then, x € (uS —T + (XN — pu)S)ys = (uS —
T)ya + (A — p)Sy,. By Lemma 2.3 we get o — (A — p)Sys € (uS — T)ye. Hence,
(y2, 2 — (A — p)Sy2) € G(uS — T'), so that

(v, A= p)Sy2) = (y1, ) — (y2, @ — (A — p)Sy2) € G(AS = T).
Implies that ((A—u)Sys,y) € G(Rs(A,T)). By Lemma 2.3 which shows that (yo,y) €
(A= pu)Rs(A, T)S. Then,

(z,y) € GI(A = p)Rs(A\, T)SRs (1, T)),
(ks

which leads to Rs(u,T) — Rs(A\,T) € (A — pu)Rs(p, T)SRs(A, T).

Conversely, let (z,y) € G((A — p)Rs(p, T)SRs(A,T)). Then, (z,2) € G(Rs(\,T)),
(z,w) € G(A— p)S) and (w,y) € G(Rg(p,T)) for some y,z € X. It follows from
(r,2) € G(Rs(A\,T)) that (z,2) € G(AS —T). So that,

r€ANS—T)z=(uS—T)z+ (A— pn)Sz.
By using Lemma 2.3 we get « + (1 — A\)Sz € (uS — T)z. Hence,
(z,24+ (n—N)Sz) € G(uS —T).
Since w € (u—A)Sz, then (2,2 —w) € (z,2+ (p—A)Sz) € G(uS—T). Consequently,
(z,z2+y) = (v —w,2) + (w,y) € G(Rs(p, T)).
Finally,
(#,y) = (2,2 +y) = (2,2) € G(Rs(p, T)) = G(Rs(A\, T)) C G(Rs(p, T) — Rs(A, T).
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We deduce that,

SO, <>‘ - H)RS(/La T)SRS<>" T) = RS(N? T) - RS(/\v T)
(b) Since (A — pu)Rs(p, T)SRs(A\, T) = Rg(p, T) — Rs(A, T'), then

n

Rs(A\,T) = (A= p)'Rs (11, T)(SRs(1))" + (A — )" " Rg (N, T) (SR (11, T))"+'.

i=0
From the estimation
I = )" Rs(N, T)(SRs (1, T))" M| < [[Rs(N DA = el - [[Rs (e, T - 1S,
and the inequality |\ — u| - [[Rs(p, T) - ||S]| < 1, it follows that the rest term
(A = )" Rs(A\, T)(SRs(u, T))" "
tends to 0 as n — +o0o. This completes the proof. [l

Theorem 3.4. Let T' € CR(X) and S € LR(X), which is continuous, satisfy S(0) C
T(0), |ISI| # 0, S # T and D(T) C D(S). For all A € ps(T), we have Rs(\,T)
commutes with S. Then,

}}_{%(M — A)(Rs(u, T) — Rg(N\, T)) = —Rs(A\, T)SRs(\, T).

Proof. Let X € pg(T'). We have from Theorem 3.3 that
(:u - A)il(RS(pﬁ T) - RS()‘a T)) + RS(Aa T)SRS()‘a T)
=— Rs(u, T)SRs(\,T) + Rs(A\, T)SRs(\,T)
Hence, we can write
||(:u - A)_I(RS(MvT) - RS()‘aT) + RS(/\7T)SRS(/\7T)H
<[ Rs(AT) = Rs(u, T - S]] - 1 Rs (A, T
Now we take [ — A| - [|S]| < [|[Rs(A\, T)||~*. Then,
2l = A IS R (A T < o0,

n>0

with (I — (A = p)SRs(\, 7)™ = 3 ,50( — A)"S"Rs(A, T)™. Since Rg(\,T) and S
commute, then for x € D(T') we have

A=) RsA\, T) 'SR\, T)x = (A — u)Rs(\, T) ' Rs(\, T)Sw.
By Lemme 2.1 4., we get
(A= 1)Rs(\, T)""SRs(\, T)x =(\ — p)Sz + T(0)
=Rs(\,T) 'z — Rg(p, T) .
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From the above we find

Rs(\T) "I — (A= p)SRs(\, T))x
=Rs\,T) 'z + (u— NRs(\, T) 'SRs(\, T))x
=Rs(\,T) 'z — Rs(\,T)'w + Rs(p, T) '
=Rs(\,T)"1(0) + Rs(p, T) .

Since Rg(A, T)71(0) = (AS — T)(0) = T(0) and Rg(p, T) 'z = (AS — Tz, then
Rs(\,T) ' (I — (A= p)SRs(\, T))x = Rs(p, T) '
This implies that Rg(u,T) = (I — (A — u)SRs(A, T)) ' Rs(\,T). So, in the first place,

we have

RS(M? T) = Z(A - u)nSnRS<)‘7 T>n+1'

n>0
In the second place, we have
RS(:“’: T) - RS(Au T) = Z()‘ - M)nSnRS<>‘7 T>n+1 - RS(/\7 T)
n>0

=Rs(A\,T) > (A= p)"S"Rs(A, T)",

n>1

and we conclude

1Rs(p, T) = Rs(X, T < 1 Rs(N T 22 [ = m)" - [IS]" - 1 Bs (A, T)[™

n>1
Arguing as above we conclude that

}gfi(ﬂ — N7 (Rs(n, T) = Rs(\, T)) = —Rs(\, T)SRs(\, T).
0

Corollary 3.1. Let T € CR(X) and S € LR(X), which is continuous, satisfy S(0) C
T(0), |ISI| # 0, S # T and D(T) C D(S). For all A € ps(T), we have Rs(\,T)
commutes with S.

The function ¢ : X — Rg(\,T) is holomorphic for all X € ps(T).

Proof. If X\ and p € pg(T), then

lim W = —Rg(\, T)SRs(\, T).

[l

Proposition 3.2. Let T' be open and injective with dense range. Then, for any
relation ||S|| # 0 such that S(0) C T'(0) and D(S) D D(T') we have

oo(T) C {/\ eC: A< 7”<STH)}
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Proof. Choose A such that 0 < |\| < ](TT”) Then, by Lemma 2.5 2., we have AS — T

is open, injective and has dense range. Thus, A € pg(T). d

Proposition 3.3. Let T € CR(X) and S € LR(X), which is continuous, satisfy
S(0) C T(0), ||S]| #0, S # T and D(T) C D(S). For all X € ps(T), we have
Rs(\, T) commutes with S, and ps(T') is nonempty and unbounded. Then,

lim ||Rs(A\,T)|| =0, forall X € ps(T).
[A]=+o0

Proof. Let A\, u € ps(T) and p be fixed,
(Rs(\T) — Rs(i, T)) (S — T) = (11— N Rs(\, T)S R (41, T) (1S — T).

This is equivalent to Rg(A, T)(uS —T) — Ipry = (u — A)Rg(A, T)S. It follows that,
= Al [[Rs A T - IS < 1+ [|wS = T - | Rg (A, T)|- Thus, since [|pS — T < +oo,

(I = AL 1S = S = T [Rs (A, T < 1.

1
Then, [|[Bs(\ D)l < pspoyas—y-

Theorem 3.5. Let T' € CR(X) and S € LR(X), which is continuous, satisfy S(0) C
T(0), ||S]] # 0, S # T and D(T) C D(S). For all A € ps(T), we have Rs(\,T)
commutes with S, and ps(T') is non-empty and unbounded. Then, the S-spectrum of
T is non-empty.
Proof. Suppose that pg(T) = C. We have for z € X and 2’ € X',
lim ' Rs(\,T)x — ' Rs(p, T)x
B A— o
Thus, the (single valued) function f()\) = ' Rg(\, T)SRg(\, T)z is an entire analytic
function.

Moreover, f(A) < [[a'|| - [Rs(X, T)|| - S]] - [[Bs(A, T)| - [|#]]. By Proposition 3.3,
it is clear that limy_e [[Rs(A,T)|| = 0, then we have f(A) = 0 for all A. Since
a’ is arbitrary, we have Rg(\,T)x = 0 for all x € X. Thus, X = N(Rs(\,T)) =
(AS —T)(0) =T(0), and hence,

0=Rs(A\,T)(AS —=T)(0) = R\, T)YNS —T)x =2, forallzeX

(since Rg(A,T) is injective), which contradicts with our assumption that X is non-
trivial. B

Consequently, lim|x 4o [|[Rs(A, T)|| = 0. O

= Ji/Rs()\, T)SRs()\, T)JJ.

Definition 3.3. The augmented S-spectrum of 7" is the set

B ~Jos(T)U{+oo}, if0€as(T),
os(T) = {US(T>7 otherwise.

The augmented S-spectrum is non-empty (if X # {0}) since if {0} € T5(T") then
0s(T) = 0g(T) is non-empty by Theorem 3.5.

The Mobius transformation n(\) = (u — A)™1, where p is a fixed point of C, and a
topological homeomorphism from C., onto itself.
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Theorem 3.6. Let S € LR(X,Y) be continuous and T € CR(X,Y) such that S(0) C

T(0) and {0} # D(T) D D(S) with u € ps(T'). Then,
n(0s(T)) = o(SRs(p, T))-

Proof. Without loss of generality, we assume that X is complete, T is closed and S is
continuous. Let A € C, A # p, and let A := (u— \)((u — A\)™' — SRs(u, T)). Then,

AS =T =(puS—T)—(p—A)S (since S(0) C T'(0))
(I — (4~ NSRs(\T)) (S — T)
=A(puS —-1T).

We shall verify that A is injective. Suppose that A € pg(T"). For z € X we have
A(z) = A(0) = 5(0), then (u— A)((u — A)~" = SRs(u, T))z = S(0) € (AS — T)(0),
which give Rs(\,T)(p — N)((r — N\t — SRs(u, T))x € Rs(\, T)(AS — T)(0) = 0.
This implies that (Rs(\,T) — Rs(\, T) + Rs(u, T))x = 0, equivalent to Rs(u, T)z = 0.
Therefore, (1S —T)Rs(p, T)x = (uS—T)(0) = T'(0). By using Lemma 2.1 (d) we get
x4+ (uS —T)(0) =2+ T(0) =T(0), so we conclude that x = 0. Then, A is injective.
Next we have X = R(AS —T) = R(A(uS —T)) C R(A). Hence, S is surjective. As
required, since S is both bijective and open, it follows that (1 —A)"! € pr(SRs(A, T)).
Conversely, let (u— )"t € pr(SRs(\,T)). For z € D(T), we have

IAS = T)z|| = |A(uS = T)z|| = y(A(uS — T))d(w, Rs(A, T)A™(0)).
Since S is injective, then Rg(\, T)A~(0) = Rs(\, T)(0) = 0. Therefore,
[(AS = T)al| = y(A(pS = T))l|]-

By Theorem 2.5 (a) as S is injective we have y(A(uS —T)) > v(A)y(uS —T'). Hence,
v(A) > 0 from the hypothesis, and ~v(uS —T') > 0 since pu € ps(T). Hence, it is easy
to verify that AS — T is injective and open, and we have A\S — T' is surjective. We
deduce that A\ € pg(T). O

Proposition 3.4. Let the relations S and T commute such that D(T) C D(S). Then,
(AS —=T) and (uS — T') have the same properties.

Proof. 1t is clear that the domains of (1S — T)(AS —T) and (AS —T)(uS —T) are
each equal to D(T?). We have for z € D(T?)
AS =T)(uS —T)x =(A\S = T)(uSz — Tx)
=(A\S = T){uy1 —y2 : 1 € Sz and yy € Tx,y1,y2 € D(T)}
={\uSy1 — ASys — uTy1 + Tys : y1 € Sz and y, € Tx,
y1.y2 € D(T)}
=\uS?x — A\STx — pT'Sx + T?x.
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Since T" and S commute, then
(AS = T)(uS — T)x = \uS*x — \T'Sx — puSTx + T?x
=(uS —=T)AS —T)x.
O

Proposition 3.5. Let p € ps(T) such that T € CR(X) and S € LR(X) be continuous
with S(0) C T(0), D(T') € D(S) and let X\ # p. Then,

NQAS =T)=N((u=N)"" = (uS=T)7'5).
Proof. Let p € ps(T) and X € C such that p # .
(a) T(0)+ (u— NSz = (uS — T)z. Indeed, let (z,y) € G(T —T + (1 — \)S), then

ze€DT)andy € (T — T+ (u— \)S)x, so that, y € T(0) + (u — \)S.
From another angle, 7'(0) = S(0) + 7'(0) C (AS — T')x, we obtain that

yeTO0)+ (u—NSxr C NS —T)x+ (p— \)Sx
=(uS —T)z (by Lemma 2.3 1.).

We infer that G(T'—T+(n—\)S) C G(uS—T). Furthermore, (T'—T+ (u—X)S)(0) =
T(0) = (uS —T)(0) and clearly D(T — T + (. — A\)S) = D(T)ND(S) = D(T) =
D(uS —T). So, by Lemma 2.2 (a) and Lemma 2.3 (a), we have

TO)+ (p—=NSz =N —=T)x+ (u—N)Sz = (uS —T)x.
(b)) NOAS —T) = N((p — N7t — (uS — T)7'S). Indeed, we first note that z €
N((p— AN = (uS —T)719) if, and only if, z = (u — \)(uS — T)~' Sz, because
(I = (= N)(uS = T)718)(0) =(p — \) (S — T) (S — T)(0)
=(uS = T)~'(0) = 0.

The latter implies that # € R((uS — T)~™!) = D(uS — T) and, hence, it suffices to
consider the case x € D(T), x # 0: x € N(AS —T) if and only if

r€DANS—-T)=D(T) and (AS—T)z=(AS—T)(0)="1T(0)
if and only if
(S —T)x=ANS—T)z+ (u—N)Sx=T(0) — ASz + puSz  (by(a))
if and only if
(1S = )" (uS — T)a = (1S — T)~ (11 — NSz + T(0))
if and only if
v+ (S = T)7(0) = (n— \)(uS = T) "' S + (uS = T) (1S — T)(0)

if and only if
0= (I~ (u—AN(uS—T)"'9)z.
Then, N(AS —T) = N((p— Nt — (uS —T)719). O
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Theorem 3.7. Let T' € CR(X) and let S € BR(X) be single valued such that S and
T commute, with D(T) = X and 0 € p(S). Then, for any complex polynomial P, we
have

a(P(ST'T))Ua(P(TS™)) = P(os(T)).
Proof. Let A € C, and let

7j=1
Then,
pl — P(S7'T) :=c[[ S(a;I — S7'T)
j=1
and
pul — P(TS™ H (oI —TS™).

Without loss of generality, we assume that X is complete with S7'7" and T'S~* closed.

Let € o(P(ST'T)) Ua(P(TS™)). If aj € ps(T) = p(T'S™1) N p(T'S7?) for all
1 <j <n,then (a;] —TS™) and (a;I — S~'T) would be bijective for all 1 < j < n.
Since 0 € p(S), then S is bijective. Hence, by Proposition 2.2, ul — P(S™'T) and
wul — P(T'S™') are bijective. Contradicting the assumption that p € o(P(S™'T)) U
o(P(TS™1)). Thus exists j, 1 < j < n such that a; € os(T). Since P(a;) = p, it
follows that © € P(og(T)).

Conversely, suppose that y € P(og(T)). Then, p = P(X) for some A € og(7T).
Thus, AS = ;S since S is single valued, then A = A\SS™ = ;85! = o for some j
such that 1 < j < n. Since the factors commute (see Proposition 2.2), we may assume
that 7 = 1. We notice the existence of two cases.

1st case. Suppose that a;S — T is injective. Then it cannot be surjective (a; = A €
os(T)). Consequently, uI — P(S™'T) or ul — P(T'S™!') cannot be surjective. Thus,
€ a(P(S™T)).

2nd case. a;S — T is surjective for every j, 1 < j < n. Since oy € 0g(T), ;.S =T
cannot be injective. Thus, ul — P(S™'T) or ul — P(T'S™') is not injective. It follows
that p € o(P(S™T))Ua(P(TS™Y)). OJ
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*-DERIVATIONS IN RINGS
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ABSTRACT. Let R be an associative ring with an involution ’x’. In this article, we
introduce the notions of centrally-extended generalized Jordan *-derivation, centrally
extended Jordan left x-centralizer and characterize these mappings in involutive
prime rings.

1. INTRODUCTION

Throughout this study, R is an associative ring with center Z(R). R is called prime,
if for any a,b € R, aRb = (0) implies either a = 0 or b = 0; and it is called semiprime,
if aRa = (0), implies a = 0. Clearly, every prime ring is semiprime ring but the
converse need not be true, for instance Z x Z. The symmetric ring of quotients of R
is denoted by @), with center C', which is known as the extended centroid of R; clearly
R C Qs and Z(R) C C. It is well-known that if R is prime then ) is prime and
C'is a field. The central closure of R is denoted by A(= RC + C'); for more details
of these objects, we refer the reader to [6]. For any =,y € R, the commutator (resp.
anti-commutator) of z,y is defined as [z,y] = 2y — yx (resp. zoy = zy + yx). It is
established knowledge that R satisfies s4 (the standard identity in four noncommuting
variables), if for all xq, x5, x3, 24 € R, the equation

$a(21, 2, 3, 24) = D (—1)7Z0(1)To(2)To(3)To(e) = 0,
oESy
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extended generalized Jordan *-derivation, centrally-extended Jordan left #-centralizer.

2020 Mathematics Subject Classification. Primary: 16W10. Secondary: 16N60, 16W25.

https://doi.org/10.46793/KgIMat2608.1329B

Received: September 17, 2024.

Accepted: December 16, 2024.

1329


https://doi.org/10.46793/KgJMat2608.1329B

1330 B. BHUSHAN, G. S. SANDHU, S. ALI, AND B. L. M. FERREIRA

where Sy is the symmetric group of degree 4 and (—1)7 is the sign of permutation
o € Sy. For some interesting equivalent forms of s4, one can refer [11, Lemma 1].

For any n € Z*, R is called an n-torsion free if for any z € R, nx = 0 implies z = 0.
An anti-automorphism "« of R is called involution if (z*)* = x for all x € R. A ring
equipped with an involution "«" is called *-ring or ring with involution or involutive
ring. An element x in a x-ring R is called symmetric if ©* = x, and it is called
skew-symmetric if ¥ = —x. The set of symmetric and skew symmetric elements of
a ring R is denoted by H(R) and S(R), respectively. Moreover, if R is a prime ring
endowed with the involution '+, then '+’ can be uniquely extended to Q(R) (see [15,
page 4]).

Let R be a *-ring, an additive mapping d : R — R is called *-derivation if
d(zy) = d(z)y* + xd(y) for all z,y € R and it is called Jordan *-derivation if d(z*) =
d(z)z* + xzd(z) for all x € R. These notions are first mentioned in [12]. Note that
the mapping x — xa — az™, where a is a fixed element of R, is an example of Jordan
x-derivation, called inner Jordan *-derivation. Moreover, if a € (), then such a map
is called X-inner Jordan x-derivation. The study of Jordan x-derivations has been
originated from the problem of representability of quadratic forms by bilinear forms
(see [28,30]). Thereafter, some significant studies have taken place on the structure
of Jordan #-derivations in rings (see [5,14,16,21]).

In [2], Ali introduced the notion of generalized x-derivation, which is a self-map F of
R associated with a *-derivation d satisfying F(xy) = F(z)y* + xd(y) for all z,y € R.
In addition to this, a self-map F' of R is called a generalized Jordan x-derivation
associated with a Jordan *-derivation d if F(z?) = F(z)z* + zd(x) for all z € R (see
[16], [19]). For any fixed a,b € R, a map x — ax*+xb is a basic example of generalized
Jordan x-derivation, which is called generalized inner Jordan x-derivation. Further, if
a,b comes from (), then this map is called generalized X-inner Jordan %-derivation.
There has been an ongoing interest in the investigation of such mappings, for more
details we refer the reader to [1,4,5,16,19] and references therein.

A mapping f of R is called centralizing (resp. commuting) on a subset S of R
if [f(x),z] € Z(R) (resp. [f(x),z] = 0) for all x € S. To our best knowledge,
Divinsky [17] initiated the study of commuting and centralizing mappings in rings
by proving a classical result which states that a simple Artinian ring is commutative
if it admits a commuting nontrivial automorphism. Since then, many significant
results on commuting and centralizing mappings have been established by Posner
[27], Mayne [25], Bell and Martindale [8], Bresar [10]. Moreover, let R be a *-ring,
a mapping f : R — R is called *-centralizing (*-commuting) on a subset S of R if
[f(z),2*] € Z(R) (resp. [f(x),z*] =0) for all z € S (see [3]).

Bell and Daif [7] introduced centrally-eztended derivations and discussed their
existence. Accordingly, a mapping d : R — R is called centrally-extended derivation
if d(z +y)—d(z) —d(y) € Z(R) and d(zy) — d(z)y — zd(y) € Z(R) for all z,y €
R. Motivated by this, El-Deken and Nabiel [31] introduced that a mapping d is
called centrally-extended x-derivation if d(z +y) — d(x) — d(y) € Z(R) and d(xy) —
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d(z)y* —xd(y) € Z(R) for all z,y € R. Furthermore, a mapping F' is called centrally-
extended generalized x-derivation associated with a centrally-extended *-derivation d if
F(z+y)—F(z)—F(y) € Z(R) and F(zy)—F(x)y*—xd(y) € Z(R) forall z,y € R. In
a recent paper [9], we introduced and studied the concept of centrally-extended Jordan
«-derivation, which is a mapping d : R — R such that d(z +y) — d(z) — d(y) € Z(R)
and d(z oy) — d(x)y* — d(y)z* — xd(y) — yd(z) € Z(R) for all z,y € R. Nowadays,
centrally-extended mappings are getting attention of many researchers, consequently
there has been rising literature on these mappings in rings under different settings,
for instance, see [7,9,18,26,31-34].

In this article, we shall introduce centrally-extended generalized Jordan *-derivation
in rings and discuss their existence in noncommutative prime ring under suitable
torsion conditions. We also investigate some specific functional identities involving
centrally-extended generalized Jordan x-derivations. Precisely, in Section 4 of this arti-
cle, we prove a structural result on centrally-extended generalized Jordan *-derivations
which plays a key role in Sections 5 and 6, where we study centralizing and hyper-
commuting conditions involving centrally-extended generalized Jordan *-derivations,
respectively.

2. PRELIMINARIES

The following lemmas constitute a set of results that will be instrumental in the
development of the paper.

Lemma 2.1 (Brauer’s Trick). Let G be a group and Hy, Hy be subgroups of G. If
G = H,{ U H,, then either G = Hy or G = H,.

Lemma 2.2. If R is a prime ring, then Z(R) has no proper zero divisor.

Lemma 2.3. Let R is a prime for any a € Z(R). If there exists b € R such that
ab € Z(R), then either a =0 or b € Z(R).

Lemma 2.4. ([1, Proposition 2.3]). Let R be a 2-torsion free semiprime ring with
involution '*'. If f : R — R is an additive map such that f(z*) = f(x)x* for all
x € R, then there ezists q € Q,.(R) such that f(x) = qx* for all x € R.

Lemma 2.5. ([3, Lemma 2.2]). Let R be a 2-torsion free semiprime ring with involu-
tion '«'. If an additive mapping f of R into itself such that [f(x),z*] € Z(R) for all
x € R, then [f(z),2*] =0 for all z € R.

Lemma 2.6. ([6, Theorem 6.4.6]). Let R be a prime ring with extended centroid C,
anti-automorphism g and mazimal Tight Ting of quotients Qum.(R) = Q. If 0 # ¢ =
O(1, ..y Tn,9(x1), ..., 9(x)) € Qo< X Ug(X) > is a g-identity on K ideal of R,
then ¢ is a g-identity on Qs = Qs(R).

Lemma 2.7. (|9, Theorem 4.6]). Let R be a 2-torsion free noncommutative prime
ring. If R admits a non-zero centrally-extended Jordan derivation 0 : R — R such
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that [0(z),z] € Z(R) for all x € R, then either ® = 0 or R is an order in a central
simple algebra of dimension at most 4 over its center.

Lemma 2.8. (|9, Theorem 4.7]). Let R be a 2-torsion free noncommutative prime
ring with involution x. If R admits a non-zero centrally-extended Jordan derivation
0: R — R such that [0(x),x*] € Z(R) for all x € R, then either @ = 0 or R is an
order in a central simple algebra of dimension at most 4 over its center.

Lemma 2.9. ([10, Proposition 3.1]). Let R be a 2-torsion free semiprime ring and
U be a Jordan subring of R. If an additive mapping F' of R into itself is centralizing
on U, then F is commuting on U.

Lemma 2.10. ([10, Theorem 3.2]). Let R be a prime ring. If an additive mapping
F : R — R is commuting on R, then there exists A\ € C' and an additive £ : R — C,
such that F(x) = Az + &(x) for all x € R.

Lemma 2.11. ([19, Theorem 2.2]). Let R be a 2-torsion free prime ring with involu-
tion'«'. Let F': R — R be a generalized Jordan x-derivation associated with a Jordan
x-derivation d. Then, F is of the form F(z) = qz* + d(x) for all x € R and some

q € Qs(R).
Lemma 2.12. ([20, Theorem 1]). Let R be a prime ring with involution'" and center

Z(R). If d is a non-zero derivation such that [d(h),h] € Z(R) for all h € H(R), then
R satisfies sy.

Lemma 2.13. ([20, Theorem 3]). Let R be a prime ring with involution'x" and center
Z(R). If n be a fized natural number such that x™ € Z(R) for all x € H(R), then R
satisfies sy identity.

Lemma 2.14. ([20, Theorem 6]). Let R be a prime ring with involution'" and center
Z(R). If d is a non-zero derivation on R such that d(x)x + xzd(x) € Z(R) for all
x € H(R), then R satisfies s4 identity.

Lemma 2.15. ([20, Theorem 7]). Let R be a prime ring with involution " and center
Z(R). If d is a non-zero derivation on R such that d(x)x + xzd(x) € Z(R) for all
x € S(R), then R satisfies s, identity.

Lemma 2.16. [21, Theorem 1.3]). Let R be a 2-torsion free noncommutative prime
ring with involution 'x’, then any Jordan x-derivation on R is X -inner.

Lemma 2.17. Let R be a 2-torsion free prime ring. If ¢ € Qs(R) such that [q1, h] € C
for all h € H(R), then R satisfy s, identity or ¢, € C.

Proof. Let us consider
(2.1) lq1,h] € C, forall h € H(R).

Replacing h by h?, where h € H(R), we obtain [q, h]h + hlqi, h] € C, i.e., d(h)h +
hd(h) € C for all h € H(R), where d(z) = [q1,x]. If d # 0, we have the result by
Lemma 2.14. If d = 0, then we conclude ¢; € C, as desired. O
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Lemma 2.18. Let R be a 2-torsion free prime ring with involution. If [h, k] =0 for
all h € H(R), k € S(R), then R satisfy s, identity.

Proof. Suppose that R does not satisfy s, identity. By hypothesis, we have [h, k] =
0 € C forall he H(R) and k € S(R). In view of Lemma 2.17, it follows that either
R satisfies sy or k € Z(R) for all kK € S(R). Under the given hypothesis, we left with
S(R) C Z(R). Clearly hok € S(R) for all h € H(R) and k € S(R), therefore we have
[hok,k] =0, ie., [hklk+ klh,k] =0 for all h € H(R) and k € S(R). For a fixed
h € H(R), we have d(k)k + kd(k) = 0 for all k € S(R), where d(z) = [z, h] for all
x € R. If d # 0, then we have the result by Lemma 2.15. In case d = 0, we conclude
H(R) C Z(R) and hence by Lemma 2.13, we have a contradiction. Hence, R must
satisfies sy identity. O

3. DEFINITIONS AND EXAMPLES

We begin our discussions with the definition of centrally-extended generalized Jor-
dan x-derivations of rings with involution.

Definition 3.1. Let R be a ring with involution '+. A mapping F : R — R is
called centrally-extended generalized Jordan *-derivation associated with an centrally-
extended Jordan x-derivation d, if

(A) F(r+y)— F(z) - F(y) € Z(R),
(B) F(roy)— F(x)y" — F(y)z* — zd(y) — yd(z) € Z(R),

for all z,y € R.

Remark 3.1. If R is 2-torsion free noncommutative prime ring with involution ’*’, then
for an additive mapping F' to be a centrally-extended generalized Jordan x-derivation,
it is sufficient to satisfy the condition F(2?) — F(z)z* — zd(x) € Z(R) for all x € R.

Example 3.1. We now show the existence of centrally-extended generalized Jordan
x-derivations in certain rings.

(I) Let Z be the ring of integers and R = {( aZ: ? ) Xy, 2,1 E Z} , & NONCOmMMu-

tative prime ring. Then the mapping % : R — R such that < z ZL{ ) = < —tz _xy ) ,
T—1 y

FuR%Rw&&MF(iy>=< 0

t
defined as d| © Y ) = [ * 0
z 1 0
extended generalized Jordan *-derivation with associated centrally-extended Jordan
x-derivation d.

> with associated mappingd : R — R

. One can easily verify that F' is a centrally-



1334 B. BHUSHAN, G. S. SANDHU, S. ALI, AND B. L. M. FERREIRA

(IT) Let R be a ring defined as R := R x Z, where R = {(g Z) :x,y,zGZg}.

For any X = < 55 z ) € M, let us define X* = ( S i ) and hence (X, k)* = (X*, k),

which is an involution on R. Define I’ : R — R such that F (( g g ) ,k) =
0 =z . . . r oy
0 , 1] with associated mapping d : R — R defined as d 0 = k| =

0
derivation with an associated centrally-extended Jordan s-derivation.

(( - z ) ,1) . We observe that F'is a centrally-extended generalized Jordan -

Remark 3.2. It can be seen from the above example that every centrally-extended
generalized Jordan *-derivation is a centrally-extended Jordan *-derivation, but the
converse does not necessarily hold in general.

Definition 3.2. Let R be a ring with involution '«’. A mapping T : R — R is called
centrally-extended Jordan *-left centralizer (rvesp. centrally-extended Jordan *-right
centralizer) if

(A) T(x+y)-T(x) - T(y) € Z(R),
(B) T(2*) — T(x)z* € Z(R) (resp. T(2*) — 2*T(x) € Z(R)),

for all x,y € R. Moreover, T is called centrally-extended Jordan x-centralizer if it is
both a centrally-extended Jordan *-left centralizer and a centrally-extended Jordan
x-right centralizer.

Ezample 3.2. Let R be a ring defined as R := M3(R) x C, where My(R) denotes the
ring of 2 x 2 matrices over real numbers. For any r» = (z,21),s = (y,22) € R, we
define r* = (2*,%1), where z* is defined as in Example 3.1 (I) and Z; is the complex
conjugate of z;. Define a mapping 7' : R — R such that T'(z,z) = (0,1) for all
(x,z) € R. Then it can be easily verified that T is a centrally-extended Jordan x-left
centralizer of R.

4. AUXILIARY RESULTS

In this section, we shall mainly prove the following theorem which is crucial for the
results proved in the subsequent sections.

Theorem 4.1. Let R be a 2-torsion free noncommutative prime ring with involution
' and F be a centrally-extended generalized Jordan x-derivation of R associated with
a centrally-extended Jordan x-derivation 0. Then, there exists ¢ € Qs(R) such that
F(z) = qx* +0(x) for all x € R.

After proving few more facts in this regard, we shall return to the proof of Theo-
rem 4.1.
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Proposition 4.1. Let R be a 2-torsion free prime ring with involution ' and d :
R — R a Jordan x-derivation. Then, d can be uniquely extended to A, unless R
satisfies sy.

Proof. Suppose that R does not satisfy s, identity. By Lemma 2.16, there exists
a € Q4(R) such that d(z) = za — az* for all z € R. Let us define d(q) = qa — aq* for
all ¢ € A. Clearly, d is a well-defined map and it is an extension of d. Now, we claim
that the extension of d is unique.

Let D be also an extension of d. Since A is a noncommutative 2-torsion free prime
ring, D is X-inner on A, i.e., there exists b € A such that D(u) = ub — bu* for all
u € A. As D is an extension of d, so we have

(4.1) xb—bxr* = xa —ax*, forall x € R.

In particular by taking h for x in (4.1), where h € H(R), we obtain [h,b — a] = 0 for
all h € H(R). Using Lemma 2.17, we have b — a € C. That means there exists ¢ € C
such that b = a + ¢. From (4.1), we have zc — cz® = 0 for all x € R. Replacing x by
k in the last expression, where k € S(R), we get 2ck = 0 for all kK € S(R). If ¢ # 0,
then by using Lemma 2.2, we have S(R) = (0), thence H(R) = R; which implies that
for any z,y € R, we have zy = (zy)* = y*z* = yx, which is a contradiction. In case
c =0, we have a = b. It proves our claim. 0

Proposition 4.2. Let R be a 2-torsion free prime ring with involution '’ and F :
R — R a generalized Jordan x-derivation associated with d a Jordan x-derivation.
Then, F' can be uniquely extended to A, unless R satisfies sy.

Proof. By Lemma 2.11, there exists a € Q4(R) such that F'(x) = ax* + d(x) for all
z € R. We define F(u) = au* + d(u) for all u € A. By Proposition 4.1, F is a well
defined map and also it is an extension of F'. Now, we will show that extension of F'
is unique. Let G be also extension of F'. Using Lemma 2.11, there exists b € (s and
g a Jordan #-derivation on A such that G(u) = bu* + g(u) for all u € A. Since, G is

an extension of F'. Therefore
(4.2) ar® +d(z) =bx" +g(z), forallz e R.

By Lemma 2.16, there exists ¢, ¢ € Q, such that d(z) = zc — cz* and g(x) = xq — qz*
for all x € R. From (4.2), we have (a — ¢)z* + zc = (b — q)z* + xq for all z € R.
As the preceding equation is a g-identity on R, application of Lemma 2.6 yields
(a —c)x* + zc = (b— q)a* + xq for all z € Q4(R). Replacing = by 1, we obtain
a =b. From (4.2), we find d(x) = g(z) for all z € R. In fact, Proposition 4.1 gives
d(z) = g(z) for all x € A. It completes the proof. O

For the sake of brevity, we omit the proof of the following result, as it follows
proceeding along the same lines as the proof of Lemma 4.4 of [9], with insignificant
variations.
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Proposition 4.3. Let R be a ring with involution * and with no non-zero central
tdeal. If F' is a centrally-extended generalized Jordan x-derivation associated with
centrally-extended Jordan x-derivation 0 of R, then F is additive.

Corollary 4.1. Let R be a noncommutative prime ring with involution 's'. If F is
a centrally-extended generalized Jordan x-derivation of R associated with centrally-
extended Jordan x-derivation 0, then I is additive.

Proposition 4.4. Let R be a 2-torsion free noncommutative prime ring with invo-
lution ¥ and T : R — R a centrally-extended Jordan x-left centralizer. Then, there
exists ¢ € Qs(R) such that T'(z) = qx* for all x € R.

Proof. Note that T is additive by Proposition 4.1. If Z(R) = (0), then T'(2?) = T'(x)x*
for all z € R. Thus, we conclude the desired result by Lemma 2.4. In case Z(R) # (0),
we first claim that there exists 0 # z € Z(R) such that z* = z.

Let us suppose that 0 # 2. € Z(R). If 2} = z., then we are done. If z} # z., then
we take z; = z.+ 2; and observe that z; = z]. Therefore, we can say that there exists
0 # z € Z(R) such that z* = z.

By the assumption, we have

(4.3) T(2*) — T(x)z* € Z(R), forallz € R.
Polarizing (4.3), we get
(4.4) T(xy+yx) —T(x)y" —T(y)z* € Z(R), forallz,y€ R.

Replacing y by 22, where z € H(R) N Z(R) in (4.4) to get
T(v2* 4+ 2°x) — T(z)2* — T(2*)a* € Z(R), forallz € R.
It implies
T(xz* + 2*x) — T(2)2* — T(2)z2* — c1a* € Z(R), forall x € R,

where c; is the corresponding central element. It implies

(4.5) T(4x2?) — 2T (x)2* — 2T (2) 20" — 212" € Z(R).

Also, 422? = 2(zz + zx) + (22 + 2x)2. From (4.4), we have

T(z(xz+ zz) + (x2 + 22)2) — T(2)(2z + 2z2)* — T(xz + z2)2 € Z(R).

Again using (4.4) in the last summand of the above relation, we get

(4.6) T(4x2?) — T(2)(x*2 + 22*) — (T(2)z + T(2)x* + )z € Z(R),

where ¢, is the corresponding central element. Comparing (4.5) and (4.6) to obtain
T(1)2? — T(2)x*z — c12™ € Z(R).

It implies
([T(x)z, 2] = [T'(2)z*,2"])z = 0.

Application of Lemma 2.2 yields

(4.7) [T(x)z —T(z)x*,z*] = 0.
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Define &(x) = T'(x)z — T(z)z* for all z € R. From (4.7), we find & is an additive
k-commuting map. Applying involution in (4.7) and using Lemma 2.10 in order to
get &(x)* = A\x + o(z) for all z € R, for some A € C' and 0 : R — C. It implies
O(z)=T(z)z — T(z)z* = Naz* 4 o(x)*. Therefore, T'(x)z = (T'(2) + \*)z* + o(x)*
for all z € R. Tt can also be written as T'(z) = 27 (T'(z) + A*)z* + o(x)*2~!. Thus,
T(z) = qz* + o'(x) for all z € R where ¢ = 27 (T (2) + X\*) and o’(z) = 27 o(z)*.
From (4.3), we have q(z?)* + o’'(2?) — (qz* + o’'(z))z* € Z(R) for all x € R. It implies

(4.8) r*o'(z) € C, forall z € R..

For any fixed z € R, using Lemma 2.3 in (4.8), we have either x € Z(R) or ¢'(z) = 0.
As o’ is additive function, by application of Lemma 2.1, we find either = € Z(R) for
all x € R or ¢'(x) = 0 for all z € R. Since R is noncommutative, we have ¢’ = 0.
Thus, T'(z) = qz* for all x € R. O

Proof of Theorem 4.1. Let T'(x) = (F — 0)(x) for all x € R. Then for any = € R,
T(z*) = (F —0)(2?) = F(z)z* + 20(x) + ¢; — 0(x)x* — 20(x) — ¢ where ¢; and ¢, are
corresponding central element. It turns out to be T'(2?) — T'(x)x* = ¢1 + ¢» € Z(R)
for all x € R. Therefore T is a centrally-extended Jordan x-left centralizer. Invoking
Proposition 4.4, we get T'(z) = ga* for all z € R, where ¢ € Qs(R). Thus F(z) =
qr* +0(x) for all x € R. O

5. CENTRALIZING CONDITIONS

An astonishing result of Posner [27] states that a prime ring R is commutative if
it possesses a non-zero derivation d which is centralizing on R (i.e. [d(x),x] € Z(R)).
Proceeding this investigation, Mayne [24,25] studied automorphisms and derivations
which are centralizing on appropriate subsets of a prime ring. Later on, Bell and
Martindale [8] examined centralizing mappings of semiprime rings. Since then several
authors have extended these results in different directions. In 2014, Ali and Dar
[3] introduced the notion of *-centralizing mappings in prime rings with involution.
Motivated by these studies, in this section, we are intended to describe the structure
of centralizing and *-centralizing centrally-extended generalized Jordan *-derivations
of a prime ring with involution .

Theorem 5.1. Let R be a 2-torsion free prime ring with involution ' and F : R — R
a centrally-extended generalized Jordan x-derivation associated with centrally-extended
Jordan *x-derivation 0. If [F(x),x] € Z(R) for all x € R, then there exists A € C' such
that F(z) = Ax for all x € R, unless R satisfies s4.

Proof. Suppose that R does not satisfies s4. By hypothesis, we have

[F(z),z] € Z(R), forall ze€R.
If Z(R) = (0), then from Lemma 2.11, we find that there exists a € Q4(R) such that
(5.1) F(z) =ax*4+0(z), forallzeR.
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Since F' is a additive and centralizing map, by using Lemma 2.9 and Lemma 2.10,
there exists A € C' and a map o : R — C such that

(5.2) F(z)=Xx+o(x), forallxeR.
In view of Proposition 4.2, it follows from equations (5.1) and (5.2) that
(5.3) At +o(x) =ax* +0(x), forallzxe A

By Lemma 2.16 and Proposition 4.1, there exists b € Qs(R) such that 9(z) = xb— xb*
for all x € A. Therefore, from (5.3), we have

(5.4) Ax +o(x) = ax™ +xb—bz*, forall z € A
Taking 1 instead of = in (5.4), we find

(5.5) aeC.

Replacing z by h in (5.4), we obtain

(5.6) A+ o(h) =ah+d(h), forall he H(A),

where d(z) = [z,b]. Since a € C, from (5.6), we see that [d(h), h] = 0 for all h € H(A).
If d # 0, then Lemma 2.12 leads us to a contradiction.

On the other hand, let d = 0, i.e., b € C. Moreover, from (5.6), we get (A—a)h € C.
Since A —a € C, in view of Lemma 2.3, we have either A = ¢ or H(R) C Z(R). In
the latter case, we have a contradiction by Lemma 2.13, so we left with A = a. With
this, from (5.4) we obtain

(5.7) 2\k — 2bk € C, for all k € S(R).

As A\, b € C, it implies either S(R) C Z(R) or A = b. In the former case, we have the
desired result by Lemma 2.18 and in the latter case, (5.1) yields F/(z) = Az*+a2\—Az*
for all x € R, i.e., F(z) = Az for all x € R, as desired.

In case Z(R) # {0}, we have 0 # h, € Z(R) such that h* = h.. By the assumption
[F(z),z] € Z(R) for all € R. With the aid of Lemma 2.9 and Proposition 4.3, we
have

(5.8) F(z),z] =0, forallzeR.
From Lemma 2.10 and (5.8), we have
(5.9) F(z) =Xx+o(x), forallzeR,
for some A € C and a map o : R — C. Application of Proposition 4.1 in (5.9) yields
(5.10) qr* +0(z) = \x +o(z), foralzeR,
for some ¢ € Q5(R). From (B), we find
(5.11) F(xoh.) — F(x)h. — F(h.)z" — 20(h.) — heo(x) € Z(R), forall x € R.
Using (5.9) in (5.11), we find
Mz o he) — Axh, — Ahea™ — o(he)x™ — x0(he) — ho(x) € C,  for all z € R.
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It implies

(5.12) Mz — 2")h, — o(he)x™ — 20(h.) — ho(z) € C,  forall z € R.
Replacing z by h, in (5.12), we conclude

(5.13) o(he) € Z(R).

Replacing z by h in (5.12), where h € H(R), we obtain

(5.14) —o(he)h — ho(h.) — ho(h) € C.

It implies

(5.15) 0(he)lh, z] + o(he)[h, x] + heJo(h),z] =0, forall h € H(R),z € R.

Replacing h by h? in (5.15), we find
(5.16)
(0(he) +0(he))([h, z)h+h[h, z])+hJ]o(h)h+ho(h),z] =0, forall h € H(R),z € R.

Using (5.13) and (5.15) in (5.16), we obtain
he(@(h)[h,x] + [h,z]0(h)) =0, forall h € H(R),z € R.
It implies that

(5.17) o(h)[h,z] + [h,z]o(h) =0, forall he H(R),z € R.
Polarizing h in (5.17), we find
(5.18)

0(ha)[h, 2] + 0(h)[hy, z] + [k, z]0(hy) + [hy,z]0(h) =0, for all h,hy € H(R),z € R.
In particular, replacing h; by h. in (5.18) and thereby using (5.13), we conclude
(5.19) 20(he)[h,x] =0, forall he H(R),z € R.

If 9(h.) # 0, then Lemma 2.2 in (5.19) implies H(R) C Z(R). With the aid of Lemma

2.13, we arrive at a contradiction.
In case 0(h.) = 0, we obtain from (5.12) that

2\khe + o(h )k — hd(k) € C,  for all k € S(R).

It implies h.[0(k), k] = 0, for all £ € S(R). From the fact h. # 0 and Lemma 2.2, it
follows that

(5.20) (k) k] =0, forall ke S(R).
By using 9(h.) = 0 and replacing h by k? in (5.14), where k € S(R), we have
—o(h)k* — hoo(E?) € C.
It implies
—o(h)k* + hefo(k), k] € C, for all k € S(R).
From (5.20), we find

(5.21) o(h)k?* € C, for all k € S(R).
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If o(h.) # 0, then Lemma 2.3 in (5.21) implies k? € Z(R) for all k € S(R). For any
fixed z € R, we have [k, z]k + k[k,z] = d(k)k + kd(k) = 0 for all k € S(R), where
d(y) = [y,z] for all y € R. If d # 0, then Lemma 2.15 yields a contradiction. Now,
if d = 0, then we have [z,y] = 0 for all x,y € R, hence R is commutative, which is a
contradiction.

In case o(h.) = 0, using fact 9(h.) = 0, from (5.14), we have h.0(h) € Z(R) for all
h € H(R). Since h. # 0, we have 9(h) € Z(R) for all h € H(R) by Lemma 2.2. For
any fixed h € H(R), using Lemma 2.2 in (5.17) we find that for each h € H(R), either
o(h) =0or h € Z(R). Using Lemma 2.1, we have either 9(h) = 0 for all h € H(R)
or H(R) C Z(R). In latter case, we have a contradiction by Lemma 2.13. In case
0(h) =0 for all h € H(R), we have

(5.22) F(h?) — F(h)h € C, for all h € H(R).
Using (5.9) in (5.22), we conclude
(5.23) o(h)h € C, for all h € H(R).

For any fixed h € H(R), using Lemma 2.3 in (5.23), we have either o(h) = 0
or h € Z(R). Aid of Lemma 2.1, we have either o(h) = 0 for all h € H(R) or
H(R) C Z(R). In the latter case, we have the desired result by using Lemma 2.13.
In case o(h) = 0, replacing = by h, where h € H(R) in (5.10), we get

(5.24) qgh = Ah for all h € H(R).

Replacing h by h. in (5.24) and thereby using Lemma 2.2, we conclude ¢ = .
Replacing = by k in (5.10), where k € S(R), we find

(5.25) 0(k) =2X\k +o(k), forall k€ S(R).

Using (B), we have

(5.26) F(hok)+ F(h)k — F(k)h — hd(k) € Z(R), forall ke S(R), he H(R).
Using (5.9) and (5.25) in (5.26), we conclude

Ahok)+ Ahk — Akh — o(k)h — h(2Ak 4+ o(k)) € C, forall k € S(R),h € H(R).
It implies

(5.27) o(k)h e C, forall ke S(R),h € H(R).

If there exists k € S(R) such that (k) # 0, then using Lemma 2.3 in (5.27), we find
H(R) C Z(R). With the aid of Lemma 2.13, we get a contradiction. In case o(k) =0
for all £ € S(R). From (5.9) and fact o(k) = o(h) = 0, we find F(x) = F(h+ k) =
F(h) + F(k) = M + Mk = A(h + k) = \a for all = € R. O

Theorem 5.2. Let R be a 2-torsion free prime ring with involution ' and F : R —
R a centrally-extended generalized Jordan x-derivation with an associated centrally-
extended Jordan *-derivation 0. If [F(x),x*] € Z(R) for all x € R, then there exists
A € C such that F(x) = \x* for all x € R, unless R satisfies s.
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Proof. Suppose that R does not satisfies s4. If Z(R) = (0), then by Lemma 2.11, we
find

(5.28) F(z) =ax"4+0(z), forallze R,

for some a € Qs(R). From Lemma 2.5 and assumption, we find [F(z),z*] = 0 for all
x € R. Applying involution, we obtain [F(z)*, 2] = 0 for all z € R. By Lemma 2.10,
we have

F(x)* =Xz +o(z), forallzeR.

It implies

(5.29) F(z) = X2" +o(x)*, forallz € R.
By Proposition 4.2, Eq. (5.28) and (5.29), we conclude

(5.30) Na* 4 o(x)" =ax* +0(x), forallxe A

Replacing = by 1 in (5.30), we obtain
(5.31) aecC.
Using (5.31) in (5.30), we obtain
[0(z),2*] =0, forallze R.

Application of Lemma 2.8 implies 0 = 0 or R satisfy s, identity. For non trivial
solution, we have 0 = 0. Thus using it in (5.28), we obtain F(z) = azx* for all z € R,
where a € C as desired.

Let Z(R) # {0}. Then there exists 0 # h. € Z(R) such that hf = h.. By the
assumption, we have [F(z),z*] € Z(R) for all z € R. With the aid of Lemma 2.5 and
Lemma 4.3, we have

(5.32) [F(z),z*] =0, forallze R.
Applying involution both sides in (5.32), we find

(5.33) [F(z)*,z] =0, forallzeR.
Application of Lemma 2.10 in (5.33) implies

(5.34) F(z)" =Xz +o(x), forallxeR,

for some A € C' and a mapping o : R — C. Applying involution both sides in (5.34),
we get

(5.35) F(z) = X2" +o(x)*, forallz e R.
From (B), we have
(5.36) F(zoy)— F(x)y" — F(y)z* —x0(y) —yo(x) € Z(R), forallz,y € R.
Using (5.35) in (5.36), we find
N(woy) = A(2)y" — o)y — Ny"2" —o(y)'z" —2d(y) —yd(z) € C,.
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for all z,y € R. It implies

(5.37) —o(x)'y* —o(y)'a* —ad(y) —ydo(x) € C, forall x,y € R.
Replacing = and y by h. in (5.37), we find h.0(h.) € Z(R). It forces
(5.38) o(he) € Z(R).

Replacing y by h,. in (5.37) and using (5.38), we find

(5.39) —o(he) x* — 20(h.) — ho(x) € Z(R), forall z € R.

Replacing z by h in (5.39), where h € H(R), we have
—o(he)*h — ho(h.) — ho(h) € C.
Commuting with z and using (5.38), we obtain
(5.40) 0(he)[h, 2] + o(he)*[h, 2] + he[o(h), 2] =0, forallz € R,h € H(R).
Replacing h by A% in (5.40) and using it, we conclude
(5.41) o(h)[h, x] + [h,z]o(h) = 0.
Polarizing (5.41), we find
(5.42) d(h1)[h, 2] +0(h)[h1, z] + [h, z]0(hy) + [h1, z]0(h) =0,  for all h,hy € H(R).
In particular, replacing h; by h. in (5.42) to obtain
(5.43) 20(h.)[h,z] =0, forall h € H(R).
If 9(h.) # 0, then using Lemma 2.2 and (5.38) in (5.43), we find H(R) C Z(R). With

the aid of Lemma 2.13, we have contradiction.
In case 0(h.) = 0, from (5.39), we find [0(z),z*] = 0 for all x € R. For non trivial
solution, Lemma 2.8 yields @ = 0. Using it in (5.37), we get

o(y)*[z*,y*] =0, forallz,y € R.

For any fixed y € R, we have either o(y) = 0 or [y*, R] = 0. Application of Lemma 2.1
implies that either o = 0 or [y, R] = (0) for all y € R. But R is noncommutative, so
we left with 0 = 0. Thus, from (5.35) we have F(z) = az*, where a = \* € C. It
completes the proof. [l

6. HYPERCOMMUTING CONDITIONS

A pair of mappings f and ¢ satisfying the condition f(z)r — xg(x) = 0 (resp.
f(z)z* —2*g(x) = 0) on an appropriate subset K of a ring (resp. ring with involution)
R is called hypercommuting (resp. *-hypercommuting). Obviously, it is a more
general concept than that of commuting (x-commuting) mappings. In this section,
we study a pair (F,G) of centrally-extended generalized Jordan x-derivations which
is hypercommuting or *-hypercommuting.
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Theorem 6.1. Let R be a 2-torsion free prime ring with involution '’ and F,G :
R — R are centrally-extended generalized Jordan x-derivations with an associated
centrally-extended Jordan x-derivations 0, g, respectively. If F(x)x — xG(z) = 0 for
all © € R, then there exits A € C' such that F(z) = G(x) = \x for all x € R, unless
R satisfies sy.

Proof. Assume that R does not satisfy s4. By the hypothesis, we have
F(x)r —2G(x) =0, forallz € R.

Suppose that Z(R) = (0). Clearly in this case F' and G becomes generalized Jordan
«-derivations. Thus with the aid of Lemma 2.11, we have F(z) = az* +9(z), G(z) =
bz* + g(x) for all z € R, where a,b € Q,(R). Using it in our hypothesis, we find

(az* +0(z))xr — x(ba* + g(x)) =0, forall z € R.

The fact of Lemma 2.16 yields ?(z) = zc — cz*, g(z) = xd — dz* for all x € R for
some ¢,d € Qs(R). In this view it follows that R satisfies the functional identity

(6.1) (ax*™ + xc — cx™)x = x(bz* + xd — dz*), for all z € R.
Application of Lemma 2.6 in (6.1) yields
(6.2) (ax” + xc — cx™)xr = x(bx™ + xd — dx*), for all x € A.

Replacing = by 1 in (6.2), we find @ = b. Polarizing (6.2), we obtain (az* + xc —
cx*)y + (ay* + yc — cy*)x = y(bx* + xd — dz*) + x(by* + yd — dy*) for all z,y € A.
Replacing y by 1, we get az* + zc — cx* + ax = br* + xd — dx* + xb for all z,y € A.
By using the fact a = b in preceding equation, we find

(6.3) zc—cx* —xd+de* +Ja,x] =0, forall x € A.
Replacing = by h in (6.3), where h € H(R), to obtain

It implies [d — ¢ + a, h] = 0. With the aid of Lemma 2.17, we have d —c+a € C.
Replacing = by k in (6.3), where k € S(R) and thereby using the fact d — c+a € C,
we find ko (¢ —d) + [¢c —d, k] =0 for all k£ € S(R). It implies

(6.5) (c—d)k=0, forall ke S(R).

Replacing k by h o k in (6.5), where h € H(R), k € S(R) and using (6.5), we find
(6.6) (c— d)hk =0, forall h € H(R),k € S(R).

From (6.5) and (6.6), we get

(6.7) (c—d)[k,h] =0, forall k€ S(R),h e H(R).

Replacing k by ko hy in (6.7), we obtain
(6.8) (c = d)hi [k, h] + (c — d)[k, h]hy + (¢ — d)k[h, hi] + (c — d)[h, h1]k = 0.
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Using (6.5) and (6.7) in (6.8), we find
(6.9) (¢ —d)hy[k,h] =0, forall k€ S(R),h,hy € H(R).
Equation (6.5) also implies
(6.10) (¢ — d)ky[k,h] =0, forall k,ky € S(R),h € H(R).
From (6.9) and (6.10), we have
2(c — dyalie, h] = (c — d)(22) [k, B
= (e = d)(hy + k1)[k, 1]
= (¢ = d)h[k, h] + (¢ — d)ku[k;, h]
=0, forallze R he H(R), ke S(R).
Thus, we have (¢ — d)R[k,h] = (0) for all k € S(R) and h € H(R). In case ¢ # d,
primeness of R implies [H(R),S(R)] = (0). Lemma 2.18 leads us to the contradiction.
In case ¢ = d, we find @ = g. Using the fact a = b, we conclude F(z) = G(z) for all

x € R. Thus, we have the desired result by Theorem 5.1.
Let Z(R) # (0). Then there exists 0 # h. € Z(R) such that h} = h.. By the

assumption, we have

(6.11) F(z)r —xG(x) =0, forallz € R.
Replacing = by h. in (6.11), we find

(6.12) F(h.) — G(h.) = 0.

Proposition 4.1 yields

(6.13) F(z) =qz" +9(z), forall z e R,

(6.14) G(z) =gz + g(x), forall z € R,

for some ¢, q2 € Qs(R). Using (6.13) and (6.14) in (6.12), we obtain
(6.15) (@1 — g2)(he) + (@ = g)(he) = 0.

Polarizing (6.11) to obtain

(6.16) F(z)y —yG(z) + F(y)r —2G(y) =0, for all x,y € R.
Replacing y by h. in (6.16) to obtain

(6.17) (F(z) — G(x))he + F(he)x — xG(h.) =0, forall z € R.
Using (6.12) in (6.17), we have

(6.18) (F(z) — G(x))h. + [F(h.),xz] =0, forall z € R.

Replacing h. by h? in (6.18) and using Lemma 2.2, we conclude
(6.19) [0(he),z] =0, forall xz € R.
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It implies ?(h.) € Z(R). In the same way, we compute g(h.) € Z(R). Using (6.13)
and (6.19) in (6.18), we obtain

(F(z) — G(x) + [q1,2])he =0, forall x € R.
It implies
(6.20) F(z) - G(z) + [q1,2] =0, forallz e R.

Since F' and G are centrally-extended generalized Jordan x-derivation, replacing x by
h o h. in (6.20) to obtain

(£(h) = G(h)he + (F(he) — G(he))h + he(0(h) — g(h))
(6.21) + h(o(he) — g(he)) + 2[q, hlhe € Z(R), for all h € H(R).
Using (6.12) and (6.20) in (6.21), we see that
(6.22)  (o(h) — g(h))he + [q, h)he + h(0(he) — g(h.)) € Z(R), for all h € H(R).
Replacing h by h? in (6.22), we obtain
(d(h) — g(h))hhe + h(d(h) — g(h))he + [q1, h]hhe + Rlqy, hlhe

(6.23) +h2(0(h.) — g(he)) € Z(R), forall h € H(R).
From (6.22) and (6.23), we conclude
(6.24) W*(d(he) — g(he)) € Z(R).

If 9(h.) — g(h.) # 0, then using Lemma 2.3 in (6.24), we have h* € Z(R) for all
h € H(R). Thus, we have the result by Lemma 2.13. If 9(h.) — g(h.) = 0, then from
(6.15), we obtain

(6.25) (¢1 — g2)he = 0.

Using Lemma 2.2 in (6.25), we have ¢; = ¢o. With the aid of (6.13), (6.14) and the
fact g1 = g9 in (6.20), we find

(6.26) o(x) —g(z) + [q1,2] =0, forall x € R.
Replacing = by h o k where h € H(R), k € S(R) in (6.26), we obtain
(0(h) — a(h))(=k) + k(0(h) — g(h)) + (0(k) — g(k))h + h(0(k) — a(k))
(6.27) + (g1, bk + k[q1, h] + [q1, k]h + hlg1, k] € Z(R).
Using (6.26) in (6.27) to conclude
(6.28) 2[q1,h|k € Z(R), forall he H(R),k € S(R).

We now split the proof into the following two parts.

Case 1. If mapping induced on centroid is non identity map, then there exists
0 # z € C such that z* # z. Replacing h by « + 2* and k by y — y* in (6.28), where
r,y € R in order to obtain

(6.29) 2, e +2"(y—y*) € Z(R), forallz,ye R.
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With the aid of Lemma 2.6 in (6.29), we have

(6.30) (1, +2%)(y —y*) € Z(R), forall m,y € Q,(R).
Replace y by z in (6.30), we have

(6.31) 1,z +2%](z— 2") € C, forall x € Q4(R).
Using Lemma 2.3 in (6.31), we have

(6.32) [,z + 2] € Z(R), forall z € Q4R).

Replacing x by h, where h € H(R) in (6.32), we obtain [¢1, h| € Z(R). Using Lemma
2.17, we conclude ¢; € Z(R). From (6.20), we have F(z) = G(z) for all z € R. Hence,
by Theorem 5.1, we get the desired result.

Case 2. If mapping induced on centroid is an identity map, then ¢* = ¢ for all
c € C. From (6.28), we have

(lg1, h)k)* = @, hlk, for all h € H(R),k € S(R).

It implies

(6.33) [q1, hlk — k[gi",h] =0, forall h € H(R),k € S(R).
Replacing k by k o hy in (6.33), where k € S(R), hy € H(R), we obtain
(6.34) [q1, hJhak + [q1, hlkhy — kha[gi™, h] — hak[g: ™, h] = 0.
Using (6.28) and (6.33) in (6.34) to conclude

(6.35)  [qu Blhnk — khi[g* Bl =0, for all h,hy € H(R), k € S(R).

Replacing hy by k% in (6.35), where k; € S(R), we find
(g1, hlk1)kik — kky(ki[qi*, h]) = 0.
It implies
(6.36)  ([qu, hlk)kik — kki([qu, hlk)* = 0,  for all h € H(R), k, k1 € S(R).
Using (6.28) and (6.33) in (6.36), we obtain
(6.37) [q1, hlk1[k1, k] = 0.

For fixed k; € S(R), from the fact g1, h]k; € C, using Lemma 2.2 in (6.37), we have
either [q1, hlky = 0 for all h € H(R) or [k, k] =0 for all k£ € S(R). Invoking Lemma
2.1 yields that either [¢1, hlk; = 0 for all h € H(R), ky € S(R) or [ki, k] = 0 for all
k,k; € S(R). In the latter case, replace ki by h ok to obtain [h, k]k + k[h, k] = 0
forall h € H(R), k € S(R). For any fixed h € H(R), we obtain d(k)k + kd(k) = 0,
where d(z) = [h,z] for all k € S(R). With the aid of Lemma 2.15, we find either R
satisfies s4 identity or d = 0. In case d = 0, we have H(R) C Z(R). Application of
Lemma 2.13 gives a contradiction. If [q1, h]k; = 0, then using the similar arguments
as in (6.5), we find [¢1, H(R)] = (0). With the aid of Lemma 2.17, we have ¢, € C.
From (6.20), we have F'(z) = G(z) for all € R. Thus, we get the desired conclusion
from Theorem 5.1. d
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Theorem 6.2. Let R be a 2-torsion free prime ring with involution's" and F, G : R —
R are centrally-extended generalized Jordan x-derivations associated with centrally-
extended Jordan x-derivations 0, g, respectively. If F(z)x* —2*G(x) =0 for all z € R,
then there exists A € C' such that F(x) = G(z) = \z*, unless R satisfies sy.

Proof. Suppose that R does not satisfies s4. By the hypothesis, we have F(z)x* —
z*G(x) =0 for all z € R.

If Z(R) = (0), then application of Lemma 2.11 yields F(z) = ax* + 0(x), G(z) =
br* + g(x) for all z € R, where a,b € Q,(R). Using it in our hypothesis, we find

(6.38) (ax™ 4+0(x))z" — 2" (bx* + g(x)) =0, forallz € R.

With the aid of Lemma 2.16, we conclude d(z) = zc — ca*, g(x) = xd — dx* for all
x € R for some ¢,d € U(R). Using it in (6.38), we find

(6.39) (ax™ 4+ xc — ca™)x™ = ¥ (ba™ + xd — dz*), for all z € R.
Using Lemma 2.6 in (6.39), we conclude
(6.40) (ax™ + zc — ca™)x* = 2" (ba™ +xd — dx*), forall x € A.

Replacing = by 1 in (6.40), we get a = b. Polarizing (6.40), we obtain
(ax™ + xc — cx®™)y* + (ay™ + yc — cy™)x*

(6.41) =y"(ba* + xd — dz*) + 2" (by" + yd — dy*), for all x,y € R.
Replacing y by 1 in (6.41), we find

(6.42) ar® + xc—cx* 4+ ax* = br* +xd — dx* + 2*b, for all x,y € R.
Using the fact a = b in (6.42), we conclude

(6.43) xc—cr* —xd+da* +[a, 2] =0, forall z € R.
Replacing = by h in (6.43), where h € H(R), we obtain

(6.44) —[e,h] + [d, h] + [a, h] = 0.

Since (6.44) is the same as (6.4), using similar arguments, we can reach our conclusion.
Let Z(R) # (0). Then there exists 0 # h. € Z(R) such that h% = h.. By the
assumption, we have

(6.45) F(z)z* —2*G(x) =0, forall xz € R.
Replacing = by h. in (6.45), we obtain

(6.46) F(h.) — G(he) = 0.

Invoking Proposition 4.1, we have

(6.47) F(z) =qz" +9(z), forallze R,

(6.48) G(r) =gz + g(x), forall x € R,

for some q1, g2 € Qs(R). Using (6.47) and (6.48) in (6.46), we obtain
(6.49) (01— @) () + (0 — g) (o) = 0.



1348 B. BHUSHAN, G. S. SANDHU, S. ALI, AND B. L. M. FERREIRA

Polarizing (6.45) to get

(6.50) Fx)y* —y"G(x) + F(y)z* —2"G(y) =0, forall x,y € R.
Replacing y by h. in (6.50), we see that

(6.51) (F(z) — G(x))he + F(h.)z* —2*G(h.) =0, forall x € R.
Using (6.46) in (6.51), we have

(6.52) (F(z) — G(x))he + [F(he),z*] =0, forall z € R.
Replacing h. by h? in (6.52), we obtain

(6.53) [P(he),z"] =0, forall z € R.

R). In the same way, one can easily observe that g(h.) € Z(R).

It implies 0(h.) € Z(
47

With the aid of (6.47), (6.53) in (6.52), we have

(6.54) (F(z) — G(x) + [q1,2*])h. =0, forall x € R.
It yields

(6.55) F(z) — G(x)+ [q,z*] =0, forall z € R.

Replacing = by h o h. in (6.55) where h € H(R), we obtain
(F'(h) = G(h))he + (F(he) = G(he))h + he(d(h) — g(h))
(6.56) + h(d(he) — g(he)) + 2[q, hlhe € Z(R), for all h € H(R).
Using (6.46) and (6.55) in (6.56), we conclude
(6.57)  (d(h) —g(h))he + [q, h]he + R(0(h.) — g(he)) € Z(R), forall h € H(R).
Replacing h by h% in (6.57), we obtain
(0(h) — g(h))hhe + h(d(h) — g(h))he + [q1, h]hhe + hlq, hlhe

(6.58) +h2(0(he) — g(he)) € Z(R), forall h € H(R).
From (6.57) and (6.58), we conclude
(6.59) W*(d(he) — g(he)) € Z(R).

If 9(h.) — g(h.) # 0, then using Lemma 2.3 in (6.59), we have h? € Z(R) for a 1
). Thus, a contradiction follows from Lemma 2.13. In case 0(h.) — g(h.) =

he HR
from (6.49), we obtain
(Q1 - q2)hc =0,
and it implies ¢; = ¢2. Now from (6.47), (6.48) and (6.55) we find
(6.60) o(x) —g(z) + [q1,2] =0, forallz € R.

Replacing x by hok in (6.60), where h € H(R), k € S(R), we find

(0(h) — g(h))(=k) + k(d(h) — g(h)) + (0(k) — g(k))h + h(2(k)
(6.61) —9(k)) — [q1, hlk — K[q1, h] — [q1, k]h — hlq1, k] € Z(R).
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Using (6.60) in (6.61), we conclude
(6.62) —2k[q1,h] € Z(R), forall h € H(R),k € S(R).

As (6.62) is same as (6.28), similar arguments are taking us to the desired conclusion.
U
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STUDY OF KIRCHHOFF CURVATURE PROBLEM WITH
»-HILFER DERIVATIVE AND p(:)-LAPLACIAN OPERATOR

ELHOUSSAIN ARHRRABI** AND HAMZA EL-HOUARI?

ABSTRACT. The paper focuses on the existence and multiplicity of weak solutions to
nonlinear Kirchhoff-type equations involving ¢-Hilfer derivatives with p(-)-Laplacian
operators and Dirichlet boundary conditions. Through the application of a critical
point approach, along with genus theory and variational techniques, we establish the
existence and multiplicity results within appropriate fractional -Hilfer derivative
spaces. Our novel main results contribute to the advancement of the literature on
differential equations involving fractional ¢-Hilfer generalized curvature phenomena.

1. INTRODUCTION

Fractional derivatives go beyond classical derivatives, extending the scope of tra-
ditional differentiation. Initially akin to ordinary differentiation, the concept of frac-
tional differentiation has evolved in recent research, emphasizing its broader applica-
bility. Within mathematical analysis, fractional analysis explores diverse methods of
defining real number powers or complex powers of the differentiation operator and
integration. The study extends to fractional order differential equations, which repre-
sent generalized and non-integer differential equations in both time and space domains.
These equations are characterized by a power-law memory kernel, capturing nonlocal
relationships, as highlighted by Kolma [29]. Several approaches exist for incorporating
fractional integro-differentiation operations, including the Riemann-Liouville, Caputo
and Grunwald-Letnikov methods, along with their modifications. It is crucial to note

Key words and phrases. Generalized -Hilfer derivative, Kirchhoff problem, curvature phenomena,
critical point theorem, genus theory, variational approach.
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that a significant portion of the literature on fractional differentiation primarily con-
centrates on Riemann-Liouville and Caputo fractional derivatives. However, there are
alternative well-established definitions, such as the fractional derivative of Hadamard,
the fractional derivative of Erdélyi-Kober, and others. Readers interested in delving
further into fractional calculus are referred to additional resources like [47] for more
comprehensive insights.

A fresh look at capillary phenomena in current literature highlights the need for
progress in this area. Capillary action, the movement of liquids through narrow spaces
without relying on external forces, is observed in various situations, like paint moving
between bristles or liquids flowing through thin tubes. This action is powered by the
forces between the liquid and solid surfaces. In small tubes, a combination of surface
tension and adhesive forces moves the liquid. Studying phenomena like water rising
in tubes or the formation of drops and bubbles involves using calculus variations,
providing a unified way to address mathematical questions across different scenarios.
Recently, interest in capillary phenomena has grown, driven by its relevance in fields
like industry, healthcare, and micro-fluids. Given the breadth of the subject, we will
touch on a few instances for those interested [8,27,32].

In the context of evolving trends in modern physics and mechanics, it becomes
crucial to consider the dynamic landscape when formulating mathematical models.
Drawing insights from pertinent research, it is essential to narrow our focus on spe-
cific domains in order to gain a deeper understanding of the underlying theory of
the primary research problem. To address this, we employ the generalized -Hilfer
fractional derivative to analyze a nonlinear Kirchhoff equation featuring a positive
parameter. This equation adheres to Dirichlet boundary conditions and is formulated
as follows:

(11) { — (o + BL(w)) LZ(Z;/)(U) = &u| @2y — h(z)|u|"® 24, in Q,
u=0, on 0,
with

27(x
<>) s

and

L7 (u) = D™ | |1+

yoritp [TE72 i

Y

where €2 is a bounded domain in RY, N > 3, with smooth boundary 99, «, 3 are
positive constants, h € C(Q,R), € is a positive parameter, 7,7 € CT () such that:
N
(1.2) l<r <r@) <rf <7 <7 <77 <217 <77 (2) = N—Tv(::zxy
for all = € ), h satisfies the following hypothesis:

(Ho) h: 2 — [0,00) such that h € L>(£2),
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D3 and DJ/%" are t-Hilfer fractional derivatives of order v € (%, 1) and type

k € [0,1] defined later, this type of derivative is introduced by Vanterler et al. [39],
by means of the Gronwall inequality. They explored specific cases of the generalized
fractional partial derivative, such as the ¢)-Riemann-Liouville and ¥-Caputo fractional
partial derivatives, discussed in detail in [36]. It’s worth noting that when x tends
toward 1 and ¢(x) = x, our problem (1.1) simplifies to the integer case, elucidated on
page 6 of [38]. This implies that our problem extends the scope of numerous Kirchhoff-
type papers in the literature, especially in the context of fractional integration. Recent
studies have investigated Kirchhoff equations using different operators. For instance,
in [6], the authors employed a variational approach with the mountain pass theorem
to establish the existence and multiplicity of solutions for a specific p(-)-Kirchhoff
type equation

1
—M (/ Mdm) diV(|Vu‘P(:v)72 Vu) = f(z,u), inQ,
@ p(z) [Vul
u =0, on 0G0,

(1.3)

where Q C RY is a bounded smooth domain, p € C(Q) with 1 < p(-) < N.

Chung in [7] used the mountain pass theorem combined with the minimum principle,
to obtained at least two non-negative, non-trivial weak solutions for the following
p(z)-Kirchhoff-type equations

1
- S S— T P -2,) .
M (/Q (@) [V dm) div(| Va2 Vu) = Af(z, 1), in Q,
u =0, on 90,
w20, in €,

(1.4)

where 2 C RY is a bounded smooth domain, p € C(Q) with 1 < p(-) < N and )
is a positive real parameter and f € C(Q2 x R,R) is a Caratheodory function that
may change sign. In [25] Shapour et al., used variational methods and critical point
theory to established the existence of multiple solutions for problem (1.3). For more
examples of Kirchhoff-type problem, we refer the reader to [15-18,46].

In the study of curvature problems related to the p(-)-Laplacian, an example can
be found in the work of authors in [26]. They employed Ricceri’s variational principle,
as developed by Bonanno and Molica Bisci, to establish the existence of at least one
weak solution and infinitely many weak solutions for the following Neumann problem.
This problem, originating from capillary phenomena, is a notable illustration in the
context of p(-)-Laplacian analysis

(1.5)

p(z)

—div | |1+ [Vul IVulPD2Vu | + a(@)|ulfD2u = Af(z,u), inQ,
1+ [Vul?@)

ou

0= 0, on 0f),
v




1356 E. ARHRRABI AND H. EL-HOUARI

where 2 C R" is a bounded domain with boundary of class C!, v is the outer unit
normal to 99, a € L>(Q), f is an L'-Caratheodory function. Furthermore, in [34], the
authors studied the existence and multiplicity of solutions for the following nonlinear
eigenvalue problems for p(x)-Laplacian-like operators

p(z)
—div | [ 1+ [Vl |VulPD=2Vu | = Af(x,u), inQ,
1+ [ Vu|?E)

u =0, on 0f),

where 2 C R" is a bounded domain with smooth boundary 9€2, p € C(£2) and p(x) > 2,
for all z € Q, A > 0 and f satisfies some growth condition and Ambrosetti-Rabinowitz
type condition (AR).

In the context of Kirchhoff-type problem involving tempered fractional derivatives,
we refer to [33]. The authors employed variational methods to establish the existence
of infinitely many solutions to the following:

M ( /R |D3‘F’Au(t)|2dt) DENDEMu(t)) = f(t,u(t)), tER,
u € Wi (R),

(1.6)

where Di”\(-) denote the left and right tempered fractional derivatives of order o €
(1/2,1], A > 0, f € C(R x R,R) and M € C(R*,R"). In [31], the authors studied
the existence and multiplicity of solutions to the following Kirchhoff equation with
singular nonlinearity and Riemann-Liouville fractional derivative:

(0 [ Wz D@D (o)) = 220 + 0, ute), v € 0.1
u(0) =u(T) =0,

wherea > 1,0, A > 0, p > 1 are constants, % <A>1,0<y<1,geC(0,1])and f €
CY([0,T] x R,R). Under appropriate assumptions on the function f, they employed
variational methods to show the existence and multiplicity of positive solutions of the
above problem with respect to the parameter A. All the problems discussed above are
associated to the stationary version of the Kirchhoff problem

82’& PO
(17) Q&ﬂ_< 2L/ )mﬁ_u

presented by Kirchhoff in 1883 [28], which extends d’Alembert’s wave equation One
. The

parameters L, h, E, m, Py in model (1.7) represent different physmal meanings, which
we will not cover here. For an application related to Kirchhoff problems in capillary
phenomena, we refer to [45], where the authors proposed a computational model to
simulate the interaction between a complex fluid and a solid material. The complex
fluid is represented using a diffuse-interface model, governed by the incompressible

notable feature of model (1.7) is that it contains a nonlocal term ! BNt o fo 5
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Navier-Stokes-Cahn-Hilliard equations. Preferential-wetting boundary conditions are
applied at the fluid-solid interface. The fluid-solid interaction involves fluid traction on
the interface, incorporating a contribution from capillary stress. The dynamic interface
condition considers the traction exerted by the non-uniform fluid-solid surface tension.
The authors formulated the complex-fluid-solid interaction problem in a weak form,
employing an Arbitrary-Lagrangian-Eulerian approach for the Navier-Stokes-Cahn-
Hilliard equations. They also appropriately reformulated the complex-fluid traction
and the fluid-solid surface tension. To validate their model, further details can be
found in the cited paper [45].

Our approach to proving the existence and multiplicity results for problems (1.1)
relies on the utilization of the critical points theorem together with genus theory and
variational approach.

This work is organized as follows. In Section 2, we provide a brief overview of the
key features of variable exponent Lebesgue spaces and -Hilfer fractional derivative
spaces. Moving on to Section 3, we present the existing solutions to problems (1.1),
along with their corresponding proofs.

2. PRELIMINARY

In this section we collect preliminary concepts of the theory of variable exponent
Lebesgue space, classical and fractional -Hilfer derivative space (see [2,4,5,11-14,
19-24,40-43]).

2.1. Variable exponent Lebesgue space. In the following, we define
CH(RY) = {7‘ cCRM): 1< <71t < +oo},

where

77 := inf 7(x) and 7" := sup 7(z).

Denote by U(RY) the set of all measurable real-valued functions defined in RY. For
any s € CT(RY), we denote the variable exponent Lebesgue space by

LT@®RN) = {u € URM) : /RN () @dx < +oo} ,

equipped with the Luxemburg norm
7(z)

|lul|r@ = inf {1/ >0: o

dxﬁl},

then, the variable exponent Lebesgue space (LT(”E) RM) -l LT(@) becomes a Banach
space.
We have the following generalized Holder inequality

(2.1) ‘ /R ufa)u(e)de

for u € L™@(RN), v € L7 ®(RYN) such that % + % =1

< 2ull g [Joll g
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At this point, let define the following map o (,) : L™@(RN) — R by

ooy () = [ | fu(a)["da.

Then, we can see the important relationship between the norm || - || -« and the
corresponding modular function o-(;)(+) given in the next proposition.

Proposition 2.1. If u and (ug)ren € L™@(RY), we have

(2.2) |ullpr <1 (=1,>1) if and only if o7y (u) <1 (=1,> 1),
(2.3) lull oy > 1, then |lull Ty < orey(w) < Jlull 7.
(2.4) lull oy < 1, then |full Ty < ory(w) < Jlull 7.
(2.5) kirrioo lur — ul| @) = 0 if and only if kirgoo Or(z)(ur —u) = 0.

Remark 2.1. Note that, by (2.3) and (2.4), we can derive the two subsequent inequal-
ities:
(26) full s <) + 1,

Tt T
(2.7) or(@) (1) <lullLre + [JullZ-e-
2.2. y-Hilfer fractional derivative space. Let A := [¢,d], —00 < ¢ < d < +0o0,
n—1<vy<n,neN, f e C"AR)such that ¢ is increasing and ¢’(x) # 0, for

all z € A. We recall the following definitions (see [39]).
e The left-sided fractional w—Hilfer integrals of a function f is given by

(28 ) = 5 [ )0E) = v ).
e The right-sided fractional w—Hllfer integrals of a function f is given by
(2:9) I / V() (@(y) — (@) E(y)dy.

e The left-sided t-Hilfer fractlonal derivatives for a function f of order v and type
0 < k <1 is defined by

_ . 1 d
D’Yv’ivwf — Iﬁ(n_7)7¢< ) I(l H‘)(n A/ wf
A () ot v (m) 1z (z).
e The right-sided -Hilfer fractional derivatives for a function f of order v and type
0 < k <1 is defined by

: 1 d
DY:RYvE I K(n— V)d)( > I(l K=y g
ct ( ) w/(’x) dx ( )
Choosing x — 1, we obtain ¢-Caputo fractional derivatives left-sided and right-sided,
given by

(2.10) DIPf(z) = Ii’i‘”?w(@ Y k@),
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: ) 1 d\"
2.11 DIYf(z) = I W( S ) £(x).
( ) d (:L‘) d w/( SL’) dz (x)
Remark 2.2. The -Hilfer fractional derivatives defined as above can be written in
the following form

DY f(x) = LD (x)
and
DY*Yf(z) = I DIV E(x),

with 1 = v 4 k(n — ) and I*77% 1477 D¥¥ and D)¥ as defined in (2.8), (2.9),
(2.10) and (2.11).

In this paper we take Q = Ay X -+ X Ay = [c1,d1] X+ X [en, dy]| where 0 < ¢; < d;
foralli e N, 0 < yp,...,9n < 1.

e The -Riemann-Liouville fractional partial integral of order v of N-variables
f=(f1,...,fy) is defined by

) = 5 [, [ L 0 — )y

with o' (y) (¥ () = (y)) ™ = @' (y2) (W (x1) = (Y)Y (yn) (Pew) =P lyn) )V
and I'(y) = D'(71)T(72) - - - T(yw), x5 = 2129 - - - &y and dy; = dyydys - - - dyy, for all

ie{l,2,...,N}.
e D77% is defined by

Dv,n_;wf(xi) _ In(ﬁ—v);lﬁ( 1 . 8N>I(1—_f€)(n—v);¢f(xi)
C, Ty C,Tj q/}/(l‘z) axz C, Xy )
with Ox; = 0xq,0xs,...,0xy and ¢'(z;) = ¥'(x1)Y (z2) - - - Y/ (zn) for all ¢ €
{1,2,..., N}. Analogously, it is defined D)% (-).
Now that we have all the necessary tools, we are ready to commence our study. To
facilitate this, we define the v-Hilfer fractional derivative space J{Z(';)¢(Q) as follow

HG () = How (Q) = {u € L'™(Q) : DI u| € LT(I)(Q)},
equipped with the norm

lllst, ) = llull e + 1D ull o

Proposition 2.2 ([44]). Let 0 < v < 1,0 <k <1 and 1 < 7(z). Hy)(Q) is a
reflexive and separable Banach space.

Remark 2.3. We can define U{Z(Z%(Q) = Hr(2)0(02) as the closure of C§°(€2) in

iHZ(';)w(Q) which can be renormed by the equivalent norm ||ul| := HDgf’w This

tu(z)‘
space is a separable and reflexive Banach space (see [44]).



1360 E. ARHRRABI AND H. EL-HOUARI

Proposition 2.3 ([30]). Let Q be a Lipschitz bounded domain in RN . Let p € C°(Q).
If r: Q — (1,400) such that

N7(x) .
<N _
1 <r(x) <7(z) = V@)’ Zf (@) for all x € €,
+00, if yr(x) = N,
then, the embedding
(2.12) Hr()0(Q) = L"O(Q),

is compact and there is a constant co > 0, such that ||ul|r@) < col|ull.

2.3. Genus Theory. We introduce fundamental concepts related to Krasnoselskii’s
genus (refer to [9]) which will be employed in the proof of our main results. Let X
be a real Banach space and

R:={A C X\{0} : A is compact and symmetric} .
Definition 2.1. Let A € R and X = R¥. We define the genus of A as follows:
&(A) = inf {k >1:exists g e C (A,Rk\{O}) ,g is odd}
and €(A) = +oo, if does not exist such a map for any k > 0.

Theorem 2.1 ([9]). Let Q@ C RY be bounded symmetric with boundary 0. Assume
that 0 € Q, then B(02) = N.

Corollary 2.1 ([9]). The genus of unit sphere SN=1 of the space RY is N, i.e.,
B(SV1) = N.

Definition 2.2. Let X be a real Banach space, and T € C'(X,R). We say that T
satisfies the Palais-Smale condition ((PS) for short) if any sequence {uy}neny C X
such that {Y(u,)}nen is bounded and Y'(u,) — 0 as n — +o00, admits a convergent
subsequence.

Theorem 2.2 ([10]). Let T € CY(X,R) and let it satisfies the (PS) condition. Addi-
tionally, we assume the following conditions.

(1) YT is bounded from below and even.

(it) There is a compact set N € R such that &(N) =k and sup,cy Y(z) < Y(0).

Then, Y has at least k pairs of distinct critical points, and their corresponding
critical values are less than Y(0).

3. MAIN RESULT

In this section, we will proving the existence and multiplicity results for problems
(1.1) relies on the utilization of the critical points theorem together with genus theory
and variational approach.
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Definition 3.1. We say that u € H,(;)(2) is a weak solution of problem (1.1) if

(epe) (i o

=¢ [ Jul" 2upda — [ b))% da.
for all ¢ € Hyz)0(€).

(I) —2 D’Y?K;w

7(x)—2 .
Dgi@w

U
) Dgf;wgo dx

Let us introduce the energy functional € : 3, () 0(£2) — R associated to problem
(1.1)

h(z)

E(u) = al(u) + g (L(u))® — € A r(lx)\u|T(x)d:c + / u|"® d,

o 7(x)
for all u € G‘CT(J;),O(Q).

Observe that & € C! (I}CT(J}),O(Q), R) and it is noteworthy that the critical points
of € correspond to weak solutions of (1.1) and its Gateaux derivative is

(€(u),v)

DW’*#’ 27(z)—2

p 7(z)—2 o
1+

—5/ |u|"® uvda:—l—/ z) [u|" @2y d,
Q

for all u,v € Hr(5)0(2).
Note that the functional £ € C* (9{7(1),0(9), R) and its derivative operator in weak

sense L' @ Hr(4)0(Q2) — (fHT(z),O(Q))* is such that

(&), v = | (\D

for all u,v € Hr(4)0(92).

D”/'ﬂl)

) Dgf;wv dx

’D” i 272

i o

Theorem 3.1. Problem (1.1) admits at least k pairs of different critical points if
(1.2) holds.

T(x)—2 P
DI

Dwﬁ;lﬂu
0+ .
Dgf’wv dz,

Proposition 3.1 ([1]). The functional £ is a convex. The mapping L' : H;(2)0(Q) —
(Hr@),0(2))* is bounded homeomorphism and strictly monotone operator, and is a
mapping of type (S+), i.e., if un, — w in Ho(z)0(Q) and lim, 400 (L' (un) — L' (), uy —
u) <0, then u, — u in Hr(2)0(2).

Lemma 3.1. The functional € satisfies the (PS) condition.
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Proof. Let show that {u,}nen is bounded in H;(4)0(€2). Let {un }nen C Hr(z)0(S2) be
a (PS) sequence. Employing a proof by contradiction, we assume that, possibly after
considering a sub-sequence, still denote by {un }nen, one has |lu,| — 400 as n — +oo.

Let us choose 0 < w < {r+v 71+7 PTeean
large n, one has

¢+ |lunll >€(un) — w (€ (un) , un)

1 2
- 7’§'¢) 7'(3?) I‘C’IZ) TJ;
2a <T+ w)/g |Dg+ u, | dx + 3 < 20+ ) </ |D7 Uq| )
1 1
_ - _ r(z) _ ()
5(T_ w)/ﬂ|un| dr + <T+ w)/gh(q:)mn] do
1 - 1 w . 1
20 <T+ —w) lunll” + 8 <2(T+)2 - T) [[wn]] —&co (r —W> Jwnll -

Dividing the aforementioned inequality by ||u,|| and taking the limit as n — +o00, we
arrive at a contradiction. It is implied by (1.2) that the sequence {u, },en is bounded
in U‘CT(x)jo(Q).

Moreover, based on Proposition 2.3, we can assume that

} According to Proposition 2.3, for sufficiently

u, — u strongly in L"®) (),
(3.1) up(r) = u(z) a.e in Q,
Uy, — u weakly in ;) 0(€2).

Using Holder’s inequality and (3.1), one has
’/ || ™20, (1, — )| < / || |y, — | de

< ||un||TT<I |tn — ul|-z) = 0, asn — 4o0.

@1
Therefore,

(3.2) /Q |t |20y, (u, — u)dz — 0,  as n — 400,
and

(3.3) /Q || " 2, (1, — w)dz — 0, as n — o0.
Then,

(& (up),up —u)y — 0, asn — +oo.
This implies that

<Q§'(un)7un —u)

v,k 27(x)—

vk
(o + BL(un)) / D32 D, 4 108 e T DR
0 \/1 4 ‘D’Y FMZ) n 27'(3:)

75/ |un|r(z)72un(un7u)dx+/h(x)|un| (@)= 2un(un7u)dx%(), as n — +oo.
Q Q

n) Dgf;w (un — u) dzx
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Thus, we can infer from equations (3.2) and (3.3) that
wa Uy 27(z) -2 D%“Z’/’ Uy
(a+ BL(uy)) / (‘D’Yﬁw un | |

\/1+ ’ny/{@[) n 27':1?
X (Dgf;wun - Dgf;wu) dx — 0, asmn — +oo.

T(x)—2

Dy, +

Therefore, according to Proposition 3.1, u, — u in 3—(7(%)70(9). Hence, we conclude
the proof. 0

Lemma 3.2. The functional € is coercive and bounded from below.

a5 [

Proof. For any u € J,(;)0(£2), we have

e(w) =7 [ Dy 4 2<f+ (/o3
+ F/h(w)|u|7(”’)dx

Using Propositions 2.1 and 2.3, we have two cases.
Case 1. If ||u||jr@ > 1, then
g

a -

According to (1.2), € is coercive and bounded from below.

=TS

Case 2. If ||u|| ;- < 1, then

Q Tt B 27'7L gc(]
—lul™ + 2(T+)2HUH ™
Since 277 > 71 and 277 > 77, this implies that & is coercive and bounded from
below. 0

Proof of Theorem 3.1. Let (s,),., be a Schauder basis for the space H,+((f2) and
Y}, = span{sy, S, ..., sk}, the subspace of H,+ ¢(€2) generated by s1, So, . .., s5,. Clearly,
Y}, is subspace of J{T+,0(Q). Then, since H+ () C Hr(2),0(2) C LT(I)(Q) we have
Yy € L"®(Q). Also, since Y}, is a finite-dimensional space, the norms || - || and || - || ;.-
are equivalent on Y. Therefore, there exists a positive constant ¢, such that

E(u) >

lull prey > cillu|l,  for all u € Y.

2T
Note that since \/1 + ‘wa ‘ (*) < 2’D7”w @ , we have

(3.4) ) < 7/ Dy

Let u € Y} such that ||u]| < 1, then using (3.4) and (Hy) one has

6 x T\
2<<>>—sﬂr(ﬂm da +/ ||>m

¢E(u) =al(u) +
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< il e 525 [ s

1
- Tﬂ/ﬂ|u|f<x>dx+ — [ h@)luda
T T rt 1 T
<er (Il + ulP") = eolullin + —Nallz
T T rt
<ea(lull™™ + lal") = eallul

=l fea (rull™ =" + > ") = e

There exists A € (0, 1) sufficiently small such that X" < 1 and ¢sA7 " +¢z\> " <

C4
2

. Let consider Sy := {u € Y : |lu|| = A}. We have

E(u) <A (03/\77_'#r e\ T - c4> :

for all u € S§. Thus,

sup €(u) < (624 — 04) = —%4 < 0= ¢&(0).

k
u€Sy

Since Y; and R* are isomorphic, S§ and S¥~! are homeomorphic, thus & (S’;) =k
According to Theorem 2.2, € has at least k pairs of different critical points. 0
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