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ON THE CHARACTERIZATION OF NON-LINEAR MIXED

BI-SKEW JORDAN TRIPLE DERIVATIONS ON ∗-ALGEBRAS

MOHAMMAD ASHRAF1, MD ARSHAD MADNI1, MD SHAMIM AKHTER1,
AND MUZIBUR RAHMAN MOZUMDER1∗

Abstract. In this article, it is shown that a map ξ : A → A (not necessarily linear)
satisĄes ξ((A◦B)•C) = (ξ(A)◦B)•C +(A◦ ξ(B))•C +(A◦B)• ξ(C) holds for all
A, B, C ∈ A if and only if ξ is an additive ∗-derivation where A a unital ∗-algebra
over the complex Ąelds C. As applications, we apply our main result to some special
classes of unital ∗-algebras such as prime ∗-algebras, standard operator algebras,
factor von Neumann algebras and von Neumann algebras with no central summands
of type I1.

1. Introduction

Let A be a ∗-algebra over the complex field C. A map ξ : A → A is called an
additive derivation if ξ(A + B) = ξ(A) + ξ(B) and ξ(AB) = ξ(A)B + Aξ(B) holds
for all A, B ∈ A. Moreover, ξ is said to be an additive ∗-derivation if it is an
additive derivation and ξ(A∗) = ξ(A)∗ holds for all A ∈ A. For A, B ∈ A, define
the Jordan product and bi-skew Jordan product of A and B by A ◦ B = AB + BA

and A • B = AB∗ + BA∗, respectively. A map ξ : A → A (not necessarily linear)
is said to be nonlinear Jordan derivation (resp. nonlinear Jordan triple derivation)
if ξ(A ◦ B) = ξ(A) ◦ B + A ◦ ξ(B) (resp. ξ((A ◦ B) ◦ C) = (ξ(A) ◦ B) ◦ C + (A ◦
ξ(B)) ◦ C + (A ◦ B) ◦ ξ(C)) holds for all A, B, C ∈ A. Analogously, a map ξ :
A → A (not necessarily linear) is called a nonlinear bi-skew Jordan derivation (resp.
nonlinear bi-skew Jordan triple derivation) if ξ(A • B) = ξ(A) • B + A • ξ(B) (resp.
ξ((A•B)•C) = (ξ(A)•B)•C+(A•ξ(B))•C+(A•B)•ξ(C)) holds for all A, B, C ∈ A. In

Key words and phrases. Additive ∗-derivation, mixed bi-skew Jordan triple derivation, ∗-algebras,
Von Neumann algebra.
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the last decade, many mathematicians devoted themselves to the study of mappings
involving new products on various kind of rings and algebras. These kind of new
products are playing an increasingly important role in some research topics, and their
study has attracted the attention of many authors (see [1, 2, 4–8, 12, 13, 15–18]). In
2016, Zhang [17] studied nonlinear skew Jordan derivations on factor von Neumann
algebras and proved that every nonlinear skew Jordan derivation on a factor von
Neumann algebra is an addtive ∗-derivation. Later, this result has been extended
to skew Jordan triple derivation and skew Jordan-type derivations on ∗-algebras in
[8, 18], respectively. Khan [5] proved that every multiplicative bi-skew Jordan triple
derivations on a prime ∗-algebra is an additive ∗-derivations. This result has been
generalized in [2] by Ashraf et al. where they proved that every nonlinear bi-skew
Jordan-type derivation on a factor von Nuemann algebra is an additive ∗-derivation.
Recently, many researchers paid more attention to the study of Lie (Jordan) mappings
involving two different kinds of products at the same time in the nonlinear settings
(see, for examples [9–11,19,20]). In [20], Zhou et al. proved that every nonlinear mixed
Lie triple derivation on prime ∗-algebra is an additive ∗-derivation. Rehman et al. in
[11] proved that every nonlinear mixed Jordan triple derivation on a ∗-algebra is an
additive ∗-derivation. Similar kinds of problems has been investigated in [9, 10, 19].
Motivated by the above cited works, in this article, we combine the Jordan product
and the bi-skew Jordan product in order to get the mixed bi-skew Jordan triple
product (A ◦ B) • C, where A, B, C ∈ A. Correspondingly, a map ξ : A → A (not
necessarily linear) is called a nonlinear mixed bi-skew Jordan triple derivation if

ξ((A ◦ B) • C) =(ξ(A) ◦ B) • C + (A ◦ ξ(B)) • C + (A ◦ B) • ξ(C)

holds for all A, B, C ∈ A. The aim of this article is to find the relationship between
nonlinear mixed bi-skew Jordan triple derivations and additive ∗-derivation on ar-
bitrary ∗-algebras. More precisely, we show that, under mild assumptions, every
nonlinear mixed bi-skew Jordan triple derivation on a unital ∗-algebra is an additive
∗-derivation.

2. The Main Results

The main result of this article states as follows.

Theorem 2.1. Let A be a ∗-algebra with the unity I and containing a nontrivial

projection P1. Write P2 = I − P1 and assume that A satisfies

(2.1) XAPk = 0 ⇒ X = 0 (k = 1, 2),

where X ∈ A. Then a map ξ : A → A (not necessarily linear) satisfies

ξ((A ◦ B) • C) =(ξ(A) ◦ B) • C + (A ◦ ξ(B)) • C + (A ◦ B) • ξ(C),(2.2)

for all A, B, C ∈ A if and only if ξ is an additive ∗-derivation.

Proof. Let us choose an arbitrary nontrivial projection P1 and write P2 = I − P1.
Then, A can be written as A = P1AP1 + P1AP2 + P2AP1 + P2AP2.
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Let A
+ = ¶H ∈ A : H∗ = H♢ and A

− = ¶S ∈ A : S∗ = −S♢. Further write
A

+

ii = PiA
+Pi, i = 1, 2 and A

+
12 = ¶P1HP2 + P2HP1 : H ∈ A

+♢. Then, any H ∈ A
+

can be written as H = H11 + H12 + H22, where Hii ∈ Aii, i = 1, 2 and H12 ∈ A
+
12. It

is easy to verify that if ξ is an additive ∗-derivation, then it satisfies (2.2). Thus, here
we only need to prove the necessity part, which will be established by checking the
following series of lemmas. Taking A = B = C = 0 in (2.2), the following lemma is
easy to obtain. □

Lemma 2.1. ξ(0) = 0.

Lemma 2.2. ξ(H)∗ = ξ(H) for every H ∈ A
+.

Proof. For any H ∈ A
+, we have H =



H ◦ I

2



• I

2
Thus, we obtain

ξ(H) =ξ



H ◦
I

2



•
I

2



=



ξ(H) ◦
I

2



•
I

2



+



H ◦ ξ



I

2



•
I

2



+



H ◦
I

2



• ξ



I

2



=ξ(H)
I

2
+

I

2
ξ(H)∗ +



Hξ



I

2



+ ξ



I

2



H



I

2
+

I

2



ξ



I

2



∗

H + Hξ



I

2



∗


+ Hξ



I

2



∗

+ ξ



I

2



H,

and hence,

ξ(H)∗ =ξ(H)
I

2
+

I

2
ξ(H)∗ +



Hξ



I

2



+ ξ



I

2



H



I

2

+
I

2



ξ



I

2



∗

H + Hξ



I

2



∗


+ Hξ



I

2



∗

+ ξ



I

2



H.

That is, ξ(H) = ξ(H)∗ for all H ∈ A
+. □

Lemma 2.3. For any H11 ∈ A
+
11, H12 ∈ A

+
12 and H22 ∈ A

+
22, we have

ξ(H11 + H12) = ξ(H11) + ξ(H12) and ξ(H12 + H22) = ξ(H12) + ξ(H22).

Proof. Assume that T = ξ(H11 + H12) − ξ(H11) − ξ(H12). It is easy to observe that
T ∗ = T by Lemma 2.2. Our target is to show that T = 0. Using the fact that
(H11 ◦ P2) • P2 = 0 and making use of Lemma 2.1, we have

ξ


((H11 + H12) ◦ P2) • P2



=ξ((H11 ◦ P2) • P2) + ξ((H12 ◦ P2) • P2)

=


(ξ(H11) + ξ(H12)) ◦ P2



• P2

+ ((H11 + H12) ◦ ξ(P2)) • P2 + ((H11 + H12) ◦ P2) • ξ(P2).

On the other hand, we have
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ξ


((H11 + H12) ◦ P2) • P2



=(ξ(H11 + H12) ◦ P2) • P2 + ((H11 + H12) ◦ ξ(P2)) • P2

+ ((H11 + H12) ◦ P2) • ξ(P2).

On comparing the above two expressions for ξ(((H11 + H12) ◦ P2) • P2), we get ((T ◦
P2) • P2) = 0. Application of the fact that T ∗ = T leads us to T12 = T21 = T22 = 0.
Invoking the fact (H12 ◦ (P2 − P1)) • P1 = 0 and Lemma 2.1, we find that

ξ


((H11 + H12) ◦ (P2 − P1)) • P1



=ξ


(H11 ◦ (P2 − P1)) • P1



+ ξ


(H12 ◦ (P2 − P1)) • P1



=


(ξ(H11) + ξ(H12)) ◦ (P2 − P1)


• P1 + ((H11 + H12) ◦ ξ(P2 − P1)) • P1

+ ((H11 + H12) ◦ (P2 − P1)) • ξ(P1).

On the other hand, we have

ξ


((H11 + H12) ◦ (P2 − P1)) • P1



=(ξ(H11 + H12) ◦ (P2 − P1)) • P1 + ((H11 + H12) ◦ ξ(P2 − P1)) • P1

+ ((H11 + H12) ◦ (P2 − P1)) • ξ(P1).

From the last two expressions for ξ(((H11 + H12) ◦ (P2 − P1)) • P1), we obtain ((T ◦
(P2 − P1)) • P1) = 0. Using the fact T ∗ = T and simplifying gives T11 = 0. Hence,
T = 0, that is, ξ(H11 + H12) = ξ(H11) + ξ(H12).

Symmetrically, one can prove that ξ(H12 + H22) = ξ(H12) + ξ(H22). □

Lemma 2.4. For any H11 ∈ A
+
11, H12 ∈ A

+
12 and H22 ∈ A

+
22, we have

ξ(H11 + H12 + H22) = ξ(H11) + ξ(H12) + ξ(H22).

Proof. Let T = ξ(H11+H12+H22)−ξ(H11)−ξ(H12)−ξ(H22). It is easy to observe that
T ∗ = T by Lemma 2.2. We show that T = 0. Using the fact that (H11 ◦ P2) • P2 = 0
and Lemmas 2.1 and 2.3, we have

ξ


((H11 + H12 + H22) ◦ P2) • P2



=ξ((H11 ◦ P2) • P2) + ξ(((H12 + H22) ◦ P2) • P2)

=


(ξ(H11) + ξ(H12) + ξ(H22)) ◦ P2



• P2 + ((H11 + H12 + H22) ◦ ξ(P2)) • P2

+ ((H11 + H12 + H22) ◦ P2) • ξ(P2).

On the other hand, we obtain

ξ


((H11 + H12 + H22) ◦ P2) • P2



=


ξ(H11 + H12 + H22) ◦ P2



• P2 + ((H11 + H12 + H22) ◦ ξ(P2)) • P2

+ ((H11 + H12 + H22) ◦ P2) • ξ(P2).

Comparing the above two expressions for ξ(((H11 + H12 + H22) ◦ P2) • P2), we find
that (T ◦ P2) • P2 = 0, which in turn implies that T12 = T21 = T22 = 0.
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Invoking the fact (H22 ◦ P1) • P1 = 0 and using Lemmas 2.1 and 2.3, we find that

ξ


((H11 + H12 + H22) ◦ P1) • P1



=ξ


((H11 + H12) ◦ P2) • P1



+ ξ((H22 ◦ P1) • P1)

=


(ξ(H11) + ξ(H12) + ξ(H22)) ◦ P1



• P1 + ((H11 + H12 + H22) ◦ ξ(P2)) • P1

+ ((H11 + H12 + H22) ◦ P1) • ξ(P1).

On the other hand, we have

ξ


((H11 + H12 + H22) ◦ P1) • P1



=(ξ(H11 + H12 + H22) ◦ P1) • P1 + ((H11 + H12 + H22) ◦ ξ(P1)) • P1

+ ((H11 + H12 + H22) ◦ P1) • ξ(P1).

Comparing the above two expressions for ξ(((H11 + H12 + H22) ◦ P1) • P1), we obtain
that (T ◦ P1) • P1 = 0 which further implies that T11 = 0. Hence, T = 0, that is,

ξ(H11 + H12 + H22) = ξ(H11) + ξ(H12) + ξ(H22).

□

Lemma 2.5. For any H12, H
′

12 ∈ A
+
12, we have ξ(H12 + H

′

12) = ξ(H12) + ξ(H ′

12).

Proof. For any X12, Y12 ∈ A12, let H12 = X12 + X∗

12 and H
′

12 = Y12 + Y ∗

12. Then, it is
easy to calculate that

((P1 + H12) ◦ (P2 + H
′

12)) •
I

2

=


(P1 + X12 + X∗

12) ◦ (P2 + Y12 + Y ∗

12)


•
I

2
=(X12 + X∗

12) + (Y12 + Y ∗

12) + (X12Y
∗

12 + Y12X
∗

12) + (X∗

12Y12 + Y ∗

12X12)

=H12 + H
′

12 + H11 + H22,

where H11 = X12Y
∗

12 + Y12X
∗

12 ∈ A
+
11 and H22 = X∗

12Y12 + Y ∗

12X12 ∈ A
+
22. Therefore,

using Lemmas 2.3 and 2.4, we have

ξ(H12 + H
′

12) + ξ(H11) + ξ(H
′

22)

=ξ(H12 + H
′

12 + H11 + H
′

22)

=ξ



((P1 + X12 + X∗

12) ◦ (P2 + Y12 + Y ∗

12)) •
I

2



=



((ξ(P1) + ξ(X12 + X∗

12)) ◦ (P2 + Y12 + Y ∗

12)) •
I

2



+



((P1 + X12 + X∗

12) ◦ ((ξ(P2) + ξ(Y12 + Y ∗

12))) •
I

2


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+



((P1 + X12 + X∗

12) ◦ (P2 + Y12 + Y ∗

12)) • ξ



I

2



=ξ



(P1 ◦ P2) •
I

2



+ ξ



(P1 ◦ (Y12 + Y ∗

12)) •
I

2



+ ξ



((X12 + X∗

12) ◦ P2) •
I

2



+ ξ



((X12 + X∗

12) ◦ (Y12 + Y ∗

12)) •
I

2



=ξ(H12) + ξ(H
′

12) + ξ(H11) + ξ(H
′

22).

Hence, ξ(H12 + H
′

12) = ξ(H12) + ξ(H
′

12) for any H12 ∈ A
+
12 and H

′

12 ∈ A
+
12. □

Lemma 2.6. For any Hii, H
′

ii
∈ A

+

ii for i = 1, 2, we have

ξ(H11 + H
′

11) = ξ(H11) + ξ(H
′

11) and ξ(H22 + H
′

22) = ξ(H22) + ξ(H
′

22).

Proof. Let T = ξ(H11 + H
′

11) − ξ(H11) − ξ(H
′

11). It is easy to observe that T ∗ = T by
Lemma 2.2. We show that T = 0.

Using the fact that (H11 ◦ P2) • P2 = (H
′

11 ◦ P2) • P2 = 0 and Lemma 2.1, we obtain

ξ


((H11 + H
′

11) ◦ P2) • P2



=ξ((H11 ◦ P2) • P2) + ξ((H
′

11 ◦ P2) • P2)

=((ξ(H11) + ξ(H
′

11)) ◦ P2) • P2 + ((H11 + H
′

11) ◦ ξ(P2)) • P2

+ ((H11 + H
′

11) ◦ P2) • ξ(P2).

On the other hand, we have

ξ(((H11 + H
′

11) ◦ P2) • P2) =(ξ((H11 + H
′

11) ◦ P2) • P2 + ((H11 + H
′

11) ◦ ξ(P2)) • P2

+ ((H11 + H
′

11) ◦ P2) • ξ(P2).

Comparing the above two expressions for ξ(((H11 + H
′

11) ◦ P2) • P2), we find that
(T ◦ P2) • P2 = 0, which in turn gives T12 = T21 = T22 = 0.

Next, we show that T11 = 0. For this, assume that H12 = X12 + X∗

12 for some
X12 ∈ A12, then H12 ∈ A

+
12 and it is easy to observe that



(H11 ◦ H12) •
I

2



,



(H
′

11 ◦ H12) •
I

2



∈ A
+

12.

Thus, using Lemma 2.5, we find that

ξ



((H11 + H ′

11) ◦ H12) •
I

2



=ξ



(H11 ◦ H12) •
I

2



+ ξ



(H
′

11 ◦ H12) •
I

2



=((ξ(H11) + ξ(H ′

11)) ◦ H12) •
I

2
+ ((H11 + H ′

11) ◦ ξ(H12)) •
I

2
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+ ((H11 + H ′

11) ◦ H12) • ξ



I

2



.

On the other hand, we have

ξ



((H11 + H ′

11) ◦ H12) •
I

2



=(ξ(H11 + H
′

11) ◦ H12) •
I

2
+ ((H11 + H

′

11) ◦ ξ(H12)) •
I

2

+ ((H11 + H
′

11) ◦ H12) • ξ



I

2



.

From the last two expressions for ξ


((H11 + H ′

11) ◦ H12) • I

2



, we get (T ◦ H12) • I

2
= 0

and using the fact that T ∗ = T , we get TX12 + TX∗

12 + X12T + X∗

12T = 0. Multiplying
it by P1 and P2 from left and right, we obtain T11XP2 + P1XT22 = 0. Since T22 = 0,
we obtain T11XP2 = 0. Application of the condition (2.1) yields T11 = 0. Hence,
T = 0, that is, ξ(H11 + H

′

11) = ξ(H11) + ξ(H
′

11). Symmetrically, one can prove that
ξ(H22 + H

′

22) = ξ(H22) + ξ(H
′

22). □

Using Lemmas 2.4, 2.5 and 2.6, the following lemma is easy to obtain.

Lemma 2.7. ξ is additive on A
+.

Lemma 2.8. ξ(I) = 0.

Proof. It follows from I

2
=


I

2
◦ I

2



• I

2
that

ξ



I

2



=ξ



I

2
◦

I

2



•
I

2



=



ξ



I

2



◦
I

2



•
I

2
+



I

2
◦ ξ



I

2



•
I

2
+



I

2
◦

I

2



• ξ



I

2



.

Simplifying with the help of Lemma 2.2, we obtain

ξ



I

2



=ξ



I

2



+ ξ



I

2



+ ξ



I

2



.

Hence, ξ


I

2



= 0. Since ξ is additive on A
+, we get ξ(I) = ξ



I

2



+ ξ


I

2



= 0. □

Lemma 2.9. For any S ∈ A
−, we have ξ(S)∗ = −ξ(S).

Proof. Since 0 =


(S ◦ I) • I

2



for any S ∈ A
−, using the facts that ξ(I) = ξ( I

2
) = 0,

we obtain

0 = ξ(0) = ξ



(S ◦ I) •
I

2



=


(ξ(S) ◦ I) •
I

2



,

which implies that ξ(S)∗ = −ξ(S) for any S ∈ A
−. □

Lemma 2.10. ξ(iI) = 0.
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Proof. We have ξ(iI)∗ = −ξ(iI), by Lemma 2.9. Since (iI ◦ iI) • I = −4I, invoking
Lemmas 2.7 and 2.8, we obtain that

0 = −4ξ(I) = ξ(−4I) = ξ((iI ◦ iI) • I) = (ξ(iI) ◦ iI) • I + (iI ◦ ξ(iI)) • I = ξ(iI).

□

Lemma 2.11. For any H ∈ A
+, we have ξ(iH) = iξ(H).

Proof. Observe that (iH ◦ iI) • I = −4H for any H ∈ A
+. Using Lemmas 2.7, 2.8, 2.9

and 2.10, we find that

−4ξ(H) = ξ(−4H) = ξ((iH ◦ iI) • I) = (ξ(iH) ◦ iI) • I = 4iξ(iH),

which implies that ξ(iH) = iξ(H). □

Lemma 2.12. For any A ∈ A, we have ξ(A∗) = ξ(A)∗.

Proof. Let A = H1 + iH2 ∈ A for some H1, H2 ∈ A
+. Since 4H1 = ((H1 + iH2) ◦ I) • I,

and making use of Lemmas 2.7 and 2.8, we obtain

4ξ(H1) =ξ(4H1) = ξ(((H1 + iH2) ◦ I) • I)

=(ξ(H1 + iH2) ◦ I) • I = 2¶ξ(H1 + iH2) + ξ(H1 + iH2)
∗♢.

Thus, we have

(2.3) 2ξ(H1) = ξ(H1 + iH2) + ξ(H1 + iH2)
∗.

On the other hand, we have 4H2 = ((H1 + iH2) ◦ I) • iI. Invoking Lemmas 2.7, 2.8
and 2.10, we obtain

4ξ(H1) =ξ(4H1) = ξ(((H1 + iH2) ◦ I) • iI)

=(ξ(H1 + iH2) ◦ I) • iI = 2


ξ(H1 + iH2) − ξ(H1 + iH2)
∗



.

Therefore, we have

(2.4) 2iξ(H2) = ξ(H1 + iH2) − ξ(H1 + iH2)
∗.

The addition of (2.2) and (2.3) yields

ξ(H1 + iH2) =ξ(H1) + iξ(H2).(2.5)

Since ξ is additive on A
+ and ξ(0) = 0, we have ξ(−H) = −ξ(H) for any H ∈ A

+.
By using (2.4) and Lemmas 2.2 and 2.7, we have

ξ(A)∗ =ξ(H1 + iH2)
∗ = (ξ(H1) + iξ(H2))

∗ = ξ(H1) − iξ(H2)

=ξ(H1 − iH2) = ξ(A∗),

for all A ∈ A. □

Lemma 2.13. ξ is additive on A.
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Proof. Let us consider any two arbitrary elements A1 = H1 + iH2, A2 = H
′

1 + iH
′

2 ∈ A

for some H1, H2, H ′

1, H ′

2 ∈ A
+. Using (2.4) and Lemma 2.7, we find that

ξ(A1 + A2) =ξ((H1 + iH2) + (H
′

1 + iH
′

2)) = ξ((H1 + H
′

1) + i(H2 + H
′

2))

=ξ(H1 + H
′

1) + iξ(H2 + H
′

2) = ξ(H1) + ξ(H ′

1) + iξ(H2) + iξ(H
′

2)

=ξ(H1) + iξ(H2) + ξ(H ′

1) + iξ(H
′

2) = ξ(H1 + iH2) + ξ(H ′

1 + iH ′

2)

=ξ(A1) + ξ(A2). □

Lemma 2.14. For any A ∈ A, we have ξ(iA) = iξ(A).

Proof. Let A = H1 + iH2 ∈ A for some H1, H2 ∈ A
+. Invoking Lemmas 2.11 and 2.13,

we obtain

ξ(iA) =ξ(iH1 − H2) = ξ(iH1) − ξ(H2) = iξ(H1) − ξ(H2)

=i(ξ(H1) + iξ(H2)) = i(ξ(H1 + iH2)) = iξ(A). □

Lemma 2.15. ξ is an additive ∗-derivation on A.

Proof. In view of Lemmas 2.12 and 2.13, it is sufficient to show that ξ(A1A2) =
ξ(A1)A2 + A1ξ(A2) for all A1, A2 ∈ A. First, we show that

ξ(HH
′

) = ξ(H)H
′

+ Hξ(H
′

), for all H, H ′ ∈ A
+.

Using Lemmas 2.2, 2.7 and 2.8, we have

2ξ(HH
′

+ H
′

H) =ξ(2(HH
′

+ H
′

H)) = ξ((H ◦ H ′) • I)

=(ξ(H) ◦ H
′

) • I + (H ◦ ξ(H
′

)) • I

=2


ξ(H)H
′

+ H
′

ξ(H) + Hξ(H
′

) + ξ(H
′

)H


.

Thus, we have

ξ(HH
′

) + ξ(H
′

H) =ξ(H)H
′

+ H
′

ξ(H) + Hξ(H
′

) + ξ(H
′

)H.(2.6)

Also, in view of Lemma 2.11, we have

2iξ(H
′

H − HH
′

) =ξ(2i(H
′

H − HH
′

)) = ξ((H ◦ I) • iH
′

)

=(ξ(H) ◦ I) • iH
′

+ (H ◦ I) • ξ(iH
′

)

=2i


ξ(H)H
′

− H
′

ξ(H) + Hξ(H
′

) − ξ(H
′

)H


.

Consequently, we get

ξ(HH
′

) − ξ(H
′

H) =ξ(H)H
′

− H
′

ξ(H) + Hξ(H
′

) − ξ(H
′

)H.(2.7)

The addition of (2.5) and (2.6) yields

ξ(HH
′

) = ξ(H)H
′

+ Hξ(H
′

), for all H, H
′

∈ A
+.(2.8)
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Now, let A1 = H1 + iH2 and A2 = H
′

1 + iH
′

2 be any two arbitrary elements of A,
where H1, H2, H

′

1, H
′

2 ∈ A
+. In view of (2.7) and Lemmas 2.13 and 2.14, we find that

ξ(A1A2) =ξ


(H1H
′

1 − H2H
′

2) + i(H1H
′

2 + H2H
′

1)


=ξ(H1H
′

1 − H2H
′

2) + iξ(H1H
′

2 + H2H
′

1)

=ξ(H1H
′

1) − ξ(H2H
′

2) + iξ(H1H
′

2) + iξ(H2H
′

1)

=ξ(H1)H
′

1 + H1ξ(H
′

1) − ξ(H2)H
′

2 − H2ξ(H
′

2) + iξ(H1)H
′

2 + iH1ξ(H
′

2)

+ iξ(H2)H
′

1 + iH2ξ(H
′

1)

and

ξ(A1)A2 + A1ξ(A2) =ξ(H1 + iH2)(H
′

1 + iH
′

2) + (H1 + iH2)ξ(H
′

1 + iH
′

2)

=(ξ(H1) + iξ(H2))(H
′

1 + iH
′

2) + (H1 + iH2)(ξ(H
′

1) + iξ(H
′

2))

=ξ(H1)H
′

1 + H1ξ(H
′

1) − ξ(H2)H
′

2 − H2ξ(H
′

2) + iξ(H1)H
′

2

+ iH1ξ(H
′

2) + iξ(H2)H
′

1 + iH2ξ(H
′

1).

Therefore, we have

ξ(A1A2) = ξ(A1)A2 + A1ξ(A2), for all A1, A2 ∈ A.

Hence, the proof of Theorem 2.1 is complete. □

3. Applications

In this section, we apply Theorem 2.1 to certain special classes of ∗-algebras, namely
prime ∗-algebras, standard operator algebras, factor von Neumann algebras and von
Neumann algebras with no central summands of type I1. Recall that an algebra A is
prime if for any A, B ∈ A, AAB = ¶0♢ implies that either A = 0 or B = 0. It is easy
to verify that every prime ∗-algebra satisfies (2.1). Therefore, as a direct consequence
of Theorem 2.1, we have the following result.

Corollary 3.1. Let A be a unital prime ∗-algebra containing a nontrivial projection.

Then a map ξ : A → A satisfies

ξ((A ◦ B) • C) = (ξ(A) ◦ B) • C + (A ◦ ξ(B)) • C + (A ◦ B) • ξ(C),

for all A, B, C ∈ A if and only if ξ is an additive ∗-derivation.

Let H be a complex Hilbert space and B(H) be the algebra of all bounded linear
operators on H. Let F(H) ⊆ B(H) denote the subalgebra of all bounded finite rank
operators. A subalgebra A ⊆ B(H) is called a standard operator algebra if it contains
F(H). Now we have the following result.

Corollary 3.2. Let H be an infinite dimensional complex Hilbert space and A be a

standard operator algebra on H containing the identity operator I. Suppose that A is
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closed under the adjoint operation. Then, a map ξ : A → B(H) satisfies

ξ((A ◦ B) • C) = (ξ(A) ◦ B) • C + (A ◦ ξ(B)) • C + (A ◦ B) • ξ(C),

for all A, B, C ∈ A if and only if ξ is a linear ∗-derivation. Moreover, there exists an

operator T ∈ B(H) satisfying T + T ∗ = 0 such that ξ(A) = AT − TA for all A ∈ A,

that is, ξ is inner.

Proof. Since A is a unital prime ∗-algebra containing nontrivial projections, then by
Corollary 3.1, we see that ξ is an additive ∗-derivation. It follows from [14] that ξ

is an linear inner derivation, that is, there exists an operator S ∈ B(H) such that
ξ(A) = AS − SA for all A ∈ A. Using the fact that ξ(A∗) = ξ(A)∗

, we have

A∗S − SA∗ = ξ(A∗) = ξ(A)∗ = S∗A∗ − A∗S∗,

for any A ∈ A, This leads to A∗(S + S∗) = (S + S∗)A∗. Hence, S + S∗ = λI for some
λ ∈ R. Letting T = S − 1

2
λI, one can check that T + T ∗ = 0 and ξ(A) = AT − TA

for all A ∈ A. □

A von Neumann algebra A is a weakly closed, self adjoint algebra of operators on
a Hilbert space H containing the identity operator I. A von Neumann algebra A is
a factor von Neumann algebra if its center contains only the scalar operators. It is
well known that a factor von Neumann algebra is prime, thus, it always satisfies (2.1).
Hence, as an immediate consequence of Corollary 3.1, we get the following.

Corollary 3.3. Let A be a factor von Neumann algebra with dim(A) ≥ 2. Then, a

map ξ : A → A satisfies

ξ((A ◦ B) • C) = (ξ(A) ◦ B) • C + (A ◦ ξ(B)) • C + (A ◦ B) • ξ(C),

for all A, B, C ∈ A if and only if ξ is an additive ∗-derivation.

Further, it is well-known that every von Neumann algebra with no central summands
of type I1 satisfies (2.1) (see [3, 6] for details). Therefore, applying Theorem 2.1, we
have the following result.

Corollary 3.4. Let A be a von Neumann algebra having no central summands of type

I1. Then a map ξ : A → A satisfies

ξ((A ◦ B) • C) = (ξ(A) ◦ B) • C + (A ◦ ξ(B)) • C + (A ◦ B) • ξ(C),

for all A, B, C ∈ A if and only if ξ is an additive ∗-derivation.

4. Conclusion

In this paper, we have studied the relationship between nonlinear mixed bi-skew
Jordan triple derivations and additive *-derivations on arbitrary *-algebras. In fact,
it is shown that, under certain assumptions, every nonlinear mixed bi-skew Jordan
triple derivation on a unital *-algebra is an additive *-derivation.
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ON GENERALIZED MADDOX SPACES VIA DIFFERENCE

OPERATOR

SUBHASMITA MAHARANA1 AND PINAKADHAR BALIARSINGH2,∗

Abstract. In the present work, we begin our investigation with some dynamic

properties of new generalized difference operator ∆α,β,γ
h , deĄned in Baliarsingh

[5]. Combining this operator with the well known Cesàro operator, we also in-
troduce new classes of generalized Cesàro summable difference sequence spaces

w(∆α,β,γ
h , p), w0(∆α,β,γ

h , p) and w∞(∆α,β,γ
h , p), which are the natural extension of

the spaces wp, w
p
0

and wp
∞

deĄned in [12] and w0(p), w(p), and w∞(p) deĄned
by Maddox [21]. We establish various topological properties on these spaces along
with some inclusion relations with other basic sequence spaces. Further, our in-
vestigation is carried out to determine α∗- and β∗- duals and characterize matrix
transformations on these spaces.

1. Introduction, Definitions and Preliminaries

One of the potential Ąelds of sequence spaces as well as the growing achievements
of summability theory is the difference sequence spaces, which enriched with the
existence of sequence spaces via various difference operators providing wide range of
applications in both pure and applied area of mathematics. Moreover, ideal concepts of
difference operators and the related spaces are stimulating diverse Ąelds of research like
approximation theory [11,19], spectral theory and linear algebra [1, 7, 15], numerical
analysis [8], compact operator theory [25, 31], fractional calculus [5, 6] and matrix
theory [13,26,29], etc.

A sequence space is a subspace of linear space w (the space of all real or complex
valued sequences), for instance, c, c0 and ℓ∞ are the spaces of all convergent, null,

Key words and phrases. Sequence spaces, difference operators, topological properties, matrix
transformations, dual spaces.
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and bounded sequences, respectively, normed by ∥x∥∞ = supk ♣xk♣. As the initial
development of this theory, in 1981, the idea of difference sequence spaces X(∆) =
¶x = (xk) ∈ w : ∆x ∈ X♢, where X ∈ ¶c0, c, ℓ∞♢ had been considered by Kızmaz [20],
by using the forward difference operator

(1.1) ∆xk = xk − xk+1, k ∈ N0 (the set of all non negative integers).

Recently, the difference space bvp consisting of the sequences x = (xk) such that
(xk − xk−1) ∈ ℓp have been studied in the case 0 < p < 1 by Altay and Başar [2], and
in the case 1 ≤ p ≤ +∞ by Başar and Altay [13]. The reader also refer to the recent
monograph [29], and references therein, devoted to the matrix transformations and
related topics.

In 1995, these spaces had been extended to the case of integer order ŠmŠ by Et and
Çolak [17], using the difference operator ∆m, deĄned by

(1.2) ∆mxk =
m
∑

i=0

(−1)i



m

i



xk+i, k ∈ N0.

Latter, Baliarsingh [4] (see, also [8]) extended these spaces by using fractional order
difference operator, ∆α for a positive proper fraction α, i.e.,

(1.3) ∆αxk =
∞
∑

i=0

(−1)i Γ(α + 1)

i!Γ(α + 1 − i)
xk+i, k ∈ N0,

where Γ(α) denotes the Euler gamma function. Quite recently, the idea has been
extended to the case of arbitrary order α, β, γ by Baliarsingh [5] by deĄning

(1.4) ∆α,β,γ
h xk =

∞
∑

i=0

(−α)i(−β)i

(−γ)i i! hα+β−γ
xk±i,

where (σ)k is the Pochhamer symbol or shifted factorial for σ ∈ R, deĄned by

(σ)k =







1, σ = 0 or k = 0,

σ(σ + 1) · · · (σ − k + 1), k ∈ N.

In particular, if h = 1 the above operators include the cases, such as the operator
∆1 ([20]) for α = 1, β = γ, the operator ∆(m) ([17]) for α = m ∈ N, γ = β and
the operator ∆α ([4]) for β = γ. Note that matrix representation of the operators

∆ = (δnk), ∆m = (δm
nk), ∆α = (δα

nk) and ∆α,β,γ
h = (δa,b,c

h,nk) (deĄned in (1.1), (1.2), (1.3)
and (1.4)), respectively, are as follows:

δnk =















1, k = n,

−1, k = n − 1,

0, k > n,

δm
nk =















1, k = n,

(−1)n−k


m

n−k



, 0 ≤ k < n,

0, k > n,

δα
nk =















1, k = n,
(−α)n−k

(n−k)!
, 0 ≤ k < n,

0, k > n,

and δ
a,b,c
h,nk =















1, k = n,
(−α)n−k(−β)n−k

(−γ)n−k (n−k)!
, 0 ≤ k < n,

0, k > n.
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Several authors including Mursaleen, Altay and Başar [27], Mursaleen and Başar [29],
Dutta and Baliarsingh [6], Tripathy and Sarma [30], Aydin and Polat [26], Vardwaj
and Gupta [14], Et [16], etc., have given their valuable attempts to construct new
sequence spaces by combining the notion of difference operators with some functions
(like Modulus function, Orlicz function, ϕ function, etc.), and certain means (Cesàro
mean, Nörlund mean, Riesz mean, Euler mean, etc.). In this regard, various authors
studied the topological properties on deĄned sequence spaces along with their matrix
transformations, inclusion relations and also determined their dual spaces. It has
been remarked that the above works will be more convenient if the used difference
operators deĄned by (1.1), (1.2), (1.3) and (1.4) are well deĄned and the related
difference sequences are convergent. In fact, the behavior of the operators mentioned
earlier on any arbitrary sequences is completely dynamic in nature. At this stage, we
want to emphasize this dynamic nature by following examples.

Example 1.1. Let α > γ > 0, β = 0, h = 1 and deĄne a sequence x = (xk) = ( 1
5k ), k ∈

N0. Then, we have

∆α,β,γ
h xk =

+∞
∑

i=0

(−α)i

(−γ)i i!
xk+i =

1

5k

+∞
∑

i=0

(−α)i

(−γ)i i!
·

1

5i

=
1

5k

+∞
∑

i=0

α(α − 1)(α − 2) · · · (α − i + 1)

γ(γ − 1)(γ − 2) · · · (γ − i + 1)i!
·

1

5i

=
1

5k

+∞
∑

i=0

ti.

By applying DŠAlmbertŠs ratio test, we obtain the right hand side of above series

lim
i→+∞

∣

∣

∣

∣

ti+1

ti

∣

∣

∣

∣

= lim
i→+∞

∣

∣

∣

∣

(α − i)

(γ − i)(i + 1)5

∣

∣

∣

∣

= 0.

This ultimately makes the sequence ∆α,β,γ
h x converges. So, the above series is conver-

gent.

Example 1.2. Let x = e = (1, 1, 1, . . . ) and α > γ > 0 and β = 0, h = 1. Then,

clearly, the sequence ∆α,β,γ
1 x converges. But, for β = γ, h = 1, it can be observed

that

∆−αxk = α +
α(α + 1)

2
+ · · · → +∞, as k → +∞,

which is divergent.

Example 1.3. Let the sequence x = (xk) be deĄned by xk = k
5

2 , k ∈ N0. Then, it can
be easily observed that

∆xk = k
5

2 − (k + 1)
5

2 = −
5

2
− O(k

1

2 ) → −∞, as k → +∞,

which is divergent. But, for α = 3, β = γ, h = 1 we obtain

∆3xk =k
5

2 − 3(k + 1)
5

2 + 3(k + 2)
5

2 − (k + 3)
5

2
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=k
5

2 − 3


k
5

2 +
5

2
k

3

2 +
15

8
k

1

2 + O(k−
1

2 )
}

+ 3


k
5

2 + 5k
3

2 +
15

2
k

1

2 + O(k−
1

2 )
}

−


k
5

2 +
15

2
k

3

2 +
135

2
k

1

2 + O(k−
1

2 )
}

→ 0,

as k → +∞.

As a result, we conclude that the sequence ∆3x is convergent.

Example 1.4. Let x = (xk) be the oscillating sequence deĄned by xk = 1
3

+ (−1)k

6
,

k ∈ N0. Now, after applying the operator ∆α on x we have,

∆αxk =







2α−1

3
, k is even,

−2α−1

3
, k is odd,

which is a divergent sequence.

Furthermore, the study on convergence of difference sequences up to the case of
fractional order, is found in the work of Baliarsingh [6]. But, convergence analysis
in general case is quite challenging, which to be discussed in this sections. Moreover,
our aim is to construct some new class of difference sequence spaces by combining the
generalized difference operator with Cesàro operator of order one and also investigate
their topological properties with some inclusion relations. Usually, the Cesàro operator
C1 of order one, and its inverse (C1)

−1, respectively, in matrix form are given by
C1 = (cnk), and C−1

1 = (snk), where

cnk =







1
n+1

, 0 ≤ k ≤ n,

0, elsewhere,
and snk =















n + 1, k = n,

−(k + 1), k = n − 1,

0, elsewhere.

Now, combining the generalized difference operator ∆α,β,γ
1,− and Cesàro operator C1,

we have the generalized Cesàro difference operator (C1∆
α,β,γ
1,− ) as

(C1∆
α,β,γ
1,− )nk =















1
n+1

∑n−k
j=0

(−α)j(−β)j

(−γ)jj!
, if 0 ≤ k < n,

1
n+1

, k = n,

0, k > n.

Using Theorem 2 and Remark 1 of [9], we determine the inverse of C1∆α,β,γ
1,− explicitly

as

(C1∆
a,b,c
1,− )−1

nk =















(−1)n−k ∏n
l=k(l + 1)D̄k

n−k(C1∆
α,β,γ
1,− ), if 0 ≤ k < n,

n + 1, k = n,

0, k > n,
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where
(1.5)

D̄k
n(C1∆α,β,γ

1,− ) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1
k+2

∑k+1
j=k

(−α)j(−β)j

(−γ)jj!
1

k+2 0 · · ·
1

k+3

∑k+2
j=k

(−α)j(−β)j

(−γ)jj!
1

k+3

∑k+1
j=k

(−α)j(−β)j

(−γ)jj!
1

k+3 · · ·
...

...
. . .

...
1

n+1

∑n
j=k

(−α)j(−β)j

(−γ)jj!
1

n+1

∑n−1
j=k

(−α)j(−β)j

(−γ)jj! · · · 1
n+1

∑k+1
j=k

(−α)j(−β)j

(−γ)jj!

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

This follows from the fact that (C1∆
α,β,γ
1,− )−1 = (∆α,β,γ

1,− )−1C−1
1 . Note that C−1

1 is as
stated above and

(∆α,β,γ
1,− )−1

nk =















1, k = n,

(−1)n−kD̃k
n−k(∆α,β,γ

1,− ), 0 ≤ k ≤ n − 1,

0, k > n,

where

D̃k
n(∆α,β,γ

1,− ) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

d̃10 d̃11 · · · d̃1,n−1

d̃20 d̃21 · · · d̃2,n−1

d̃30 d̃31 · · · d̃3,n−1
...

...
. . .

...
dn0 dn1 · · · d̃n,n−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,

where d̃10 = −αβ

γ
, d̃11 = 1, d̃1,n−1 = 0, d̃20 = α(α−1)β(β−1)

2!γ(γ−1)
, d̃21 = −αβ

γ
, d̃2,n−1 = 0,

d̃30 =
−α(α − 1)(α − 2)β(β − 1)(β − 2)

3!γ(γ − 1)(γ − 2)
,

d̃31 =
α(α − 1)β(β − 1)

2!γ(γ − 1)
, d̃3,n−1 = 0,

d̃n0 =(−1)n α(α − 1)(α − 2) · · · (α − n + 1)β(β − 1)(β − 2) · · · (β − n + 1)

γ(γ − 1)(γ − 2) · · · (γ − n + 1)n!
,

d̃n,1 =(−1)n−1 α(α − 1)(α − 2) · · · (α − n + 2)β(β − 1)(β − 2) · · · (β − n + 2)

γ(γ − 1)(γ − 2) · · · (γ − n + 2)(n − 1)!
,

d̃n,n−1 =
−αβ

γ
.

Let p = (pk) be bounded sequence of positive real numbers and M = supk¶1, pk♢ and
0 < inf pk. Then, the spaces w0(p), w(p) and w∞(p) of all sequences that are strongly
summable to zero, summable and bounded sequences, respectively deĄned in [21,22]
as follows:

w0(p) =


x = (xk) ∈ w : lim
n→+∞

1

n + 1

n
∑

k=0

♣xk♣pk = 0
}

,

w(p) =


x = (xk) ∈ w : lim
n→+∞

1

n + 1

n
∑

k=0

♣xk − l♣pk = 0, for some l ∈ C

}

,
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w∞(p) =


x = (xk) ∈ w : sup
n



1

n + 1

n
∑

k=0

♣xk♣pk



< +∞
}

,

which are complete paranormed space with respect to the paranorm [12]

g(x) = sup
n



1

n + 1

n
∑

k=0

♣xk♣pk


1

M

.

Motivated by the idea above, we deĄne following new spaces by combining the gener-
alized difference operator ∆α,β,γ

h with Cesàro operator of order one C1 as

w0(∆
α,β,γ
h,− , p) =



x = (xk) ∈ w : lim
n→+∞

1

n + 1

n
∑

k=0

♣∆α,β,γ
h,− xk♣pk = 0

}

,

w(∆α,β,γ
h,− , p) =



x = (xk) ∈ w : lim
n→+∞

1

n + 1

n
∑

k=0

♣∆α,β,γ
h,− xk − l♣pk = 0,

for some l ∈ C

}

,

w∞(∆α,β,γ
h,− , p) =



x = (xk) ∈ w : sup
n



1

n + 1

n
∑

k=0

♣∆α,β,γ
h,− xk♣pk



< +∞
}

,

where ∆α,β,γ
h,− xk =

∑+∞

i=0
(−α)i(−β)i

(−γ)i i! hα+β−γ xk−i. In particular, these spaces includes the

following spaces.

(a) For α = 0, β = γ, h = 1, the above spaces are reduced to the basic spaces
deĄned by [21].

(b) For (pk) = (p), where 1 ≤ p < +∞, α = 0, β = γ, h = 1, the above spaces
are reduce to the basic spaces wp

∞, w
p
0 and wp deĄned by [12].

Now, we provide certain deĄnitions which are used in the sequel.

• Let g be a function from a linear space to R, is said to be a paranorm if it
satisĄes the following axioms
(a) g(x) = 0 if x = 0;
(b) g(−x) = g(x);
(c) g(x + y) ≤ g(x) + g(y);
(d) If (µn) be a sequence of scalars with µn → µ as n → +∞, and (xn)n∈N, x ∈

X. Then, g(µnxn − µx) → 0 as n → +∞.
Moreover, (X, g) is called the paranormed space (cf. [12])

• A sequence space E is said to be solid, if (λkxk) ∈ E, for all sequence of scalar
♣λk♣ ≤ 1, for (xk) ∈ E.

• A sequence space E is said to be separable if there exists a countable dense
subspace for this space.
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2. Main Results

This section includes some results associated with convergence of generalized dif-
ference sequence ∆α,β,γ

h,− x, and topological properties of newly deĄned spaces. Before
proceeding further, we required the following deĄnition (cf. [6]),

A sequence x = (xk) ∈ w is said to be of order ν > 0, i.e., x = O(kν) if there exits
a positive constant C such that

♣xk♣ ≤ Ckν , k = 0, 1, 2, . . .

Motivated by the work in [6], we generalize the following theorem.

Theorem 2.1. Let α, β, γ ∈ R
+ (the set of positive real numbers) and x = (xk), be a

sequence of order ν such that α + β − γ > ν. Then, the difference sequence (∆α,β,γ
h,− xk)

is absolutely convergent.

Proof. Suppose x = (xk) is a sequence of order ν. Then there exists a positive constant
M, such that,

♣xk♣ ≤ Mkν , k ∈ N0.

Now, the series deĄned in equation (1.4) becomes

♣∆α,β,γ
h,− xk♣ =

∣

∣

∣

∣

+∞
∑

i=0

(−α)i(−β)i

i!(−γ)ihα+β−γ
xk−i

∣

∣

∣

∣

≤
+∞
∑

i=0

∣

∣

∣

∣

(−α)i(−β)i

i!(−γ)ihα+β−γ
xk−i

∣

∣

∣

∣

≤M

+∞
∑

i=0

∣

∣

∣

∣

(−α)i(−β)i

i!(−γ)ihα+β−γ

∣

∣

∣

∣

· ♣k − i♣ν

=M

+∞
∑

i=0

∣

∣

∣

∣

α(α − 1) · · · (α − (i − 1))β(β − 1) · · · (β − (i − 1))

i!hα+β−γγ(γ − 1) · · · (γ − (i − 1))

∣

∣

∣

∣

· ♣k − i♣ν

=
M

ha+b−c

+∞
∑

i=0

∣

∣

∣

∣

(i − (α + 1))(i − (α + 2)) · · · (i − (α + i))

i!

∣

∣

∣

∣

×

∣

∣

∣

∣

(i − (β + 1))(i − (β + 2)) · · · (i − (β + i)))

(i − (γ + 1))(i − (γ + 2)) · · · (i − (γ + i)))

∣

∣

∣

∣

· ♣k − i♣ν

≤
M

hα+β−γ

+∞
∑

i=0

∣

∣

∣

∣

O(ii−(α+1))O(ii−(β+1))

i!O(ii−(γ+1))

∣

∣

∣

∣

· ♣k − i♣ν

=
M

hα+β−γ

+∞
∑

i=0

∣

∣

∣

∣

O(i2i−(α+β)−2)

O(i2i−(γ+1))

∣

∣

∣

∣

iν

∣

∣

∣

∣

k

i
− 1

∣

∣

∣

∣

ν

=
M

hα+β−γ

+∞
∑

i=0

∣

∣

∣

∣

O(iν−(α+β)+γ−1)
∣

∣

∣

∣

·

∣

∣

∣

∣

k

i
− 1

∣

∣

∣

∣

ν

.

Note that for i → +∞, ♣k
i

− 1♣α → 1, and the right hand side converges if ν − (α +
β) + γ − 1 < −1 which implies ν < α + β − γ.
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For more clarity, we mention the plots of ∆α,β,γ
h,− xk, for the set of sequences xk =

k1.05, k1.75, k1.25, k1.15, k1.95, k2, with α = 1.58, β = 3.11, γ = 3.12, h = 1 as
below. □
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Figure 1. Convergence of (∆α,β,γ
h,− xk), using the condition as in Theo-

rem 1

Theorem 2.2. For every convergent sequence x = (xk), the difference sequence

(∆α,β,γ
h,− xk) converges if α + β > γ.

Proof. Suppose x = (xk) is a convergent sequence. Then, for each ϵ > 0, there exist
l ∈ C and K ∈ N0 such that

♣xk − l♣ < ϵ, for all k ≥ K.

So, the series,

♣∆α,β,γ
h,− xk♣ =

∣

∣

∣

∣

+∞
∑

i=0

(−α)i(−β)i

i!(−γ)ihα+β−γ
xk−i

∣

∣

∣

∣

=
∣

∣

∣

∣

+∞
∑

i=0

(−α)i(−β)i

i!(−cγ)ihα+β−γ
xk−i − l + l

∣

∣

∣

∣

≤
+∞
∑

i=0

∣

∣

∣

∣

(−α)i(−β)i

i!(−c)ihα+β−γ

∣

∣

∣

∣

· ♣xk−i − l♣ + ♣l♣
+∞
∑

i=0

∣

∣

∣

∣

(−α)i(−β)i

i!(−γ)ihα+β−γ

∣

∣

∣

∣

=(♣l♣ + ϵ)
+∞
∑

i=0

∣

∣

∣

∣

(−α)i(−β)i

i!(−c)ihα+β−γ

∣

∣

∣

∣

.
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Note that the convergence of the difference sequence depends on the convergence of
series in right hand side, above. For simplicity we take h = 1. Then, applying RaabeŠs
test in the above series, we obtain

lim
i→+∞

∣

∣

∣i
 ai

ai+1
− 1


∣

∣

∣ = lim
i→+∞

∣

∣

∣

(−α)i(−β)i

(−γ)i i!
·

(−γ)i+1 (i + 1)!

(−α)i+1(−β)i+1

∣

∣

∣

= lim
i→+∞

∣

∣

∣

−α(−α + 1) · · · (−α + i − 1)

α(−α + 1)(−α + 2) · · · (−α + i)

∣

∣

∣

×
∣

∣

∣

−β(−β + 1) · · · (−β + i − 1)(i + 1) − γ(−γ + 1) · · · (−γ + i)

−β(−β + 1) · · · (−β + i) − γ(−γ + 1) · · · (−γ + i − 1)

∣

∣

∣

= lim
i→+∞

∣

∣

∣i
 (i + 1)(−γ + i)

(−α + i)(−β + i)
− 1


∣

∣

∣

= lim
i→+∞

∣

∣

∣i
−iγ + i2 − γ + i − αβ + iα + iβ − i2

i(−α
i

+ 1)(−β
i

+ 1)

∣

∣

∣

= lim
i→+∞

∣

∣

∣

∣

∣

(α + β − γ + 1) − αβ+γ
i

(−α
i

+ 1)(−β
i

+ 1)

∣

∣

∣

∣

∣

= α + β − γ + 1.

This implies that the difference sequence converges while α + β − γ + 1 > 1, i.e.,
α + β > γ, which concludes the proof. □

Remark 2.1. It is pertinent to note here that,

(∆α1,β1,γ1

1,− (∆α2,β2,γ2

1,− (xk)) ̸= (∆α1+α2+β1+β2,γ1+γ2

1,− (xk)),

which can be countered by following example.

Example 2.1. Suppose the sequence x = (xk) is deĄned by xk = 1, k ∈ N0. Then it
can be easily observed that

∆1,2,2
1,− xk = ∆0+1,−1+3,5−3

1,− xk = ∆(xk) = 0, as k → +∞.

But, for α1 = 0, α2 = 1, β1 = −1, β2 = 3, γ1 = −3, γ2 = 5 and h = 1 and we
obtain,

∆1,3,5
1,− xk =

+∞
∑

i=0

(−1)i(−3)i

(−5)i i!
,

which is a divergent sequence as k → +∞, from RabeeŠs test of a series. Consequently,
the sequence (∆0,−1,−3

1,− (∆1,3,5
1,− xk)) is divergent.

Remark 2.2. The spaces X(∆α,β, γ
h,− , p), X ∈ ¶w, w0, w∞♢, respectively, form linear

spaces, provided ∆α,β,γ
h,− xk exists for all k ∈ N0.

Proof. The proof is trivial, hence omitted. □

Theorem 2.3. The spaces X(∆α,β, γ
h,− , p), X ∈ ¶w, w0♢ form complete paranormed

spaces with respect to the paranorm

g(x) = sup
n



1

n + 1

n
∑

k=0

∣

∣

∣

∣

∆α, β, γ
h,− xk

∣

∣

∣

∣

pk


1

M

,
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where M = max¶1, H♢ and H = supk pk. However, the space w∞(∆α,β,γ
h,− , p) is a

paranormed space if and only if inf pk > 0.

Proof. Clearly, if x = θ = (0, 0, . . . ), then g(x) = 0. Now, we prove the theorem for
X = w.

Again,

g(x) = sup
n



1

n + 1

n
∑

k=0

∣

∣

∣

∣

(−1)∆α, β, γ
h,− (−xk)

∣

∣

∣

pk


1

M

= sup
n



1

n + 1

n
∑

k=0

∣

∣

∣

∣

∆α, β, γ
h,− xk

∣

∣

∣

∣

pk


1

M

= g(−x).

Also,

g(x + y) = sup
n



1

n + 1

n
∑

k=0

∣

∣

∣∆α,β,γ
h,− (xk + yk)

∣

∣

∣

pk


1

M

≤ sup
n



1

n + 1

n
∑

k=0

∣

∣

∣∆α, β, γ
h,− xk

∣

∣

∣


1

M

+ sup
n



1

n + 1

n
∑

k=0

∆α, β, γ
h,− yk

∣

∣

∣


1

M

=g(x) + g(y).

Now, let (qn) be a sequence of scalar with qn → q as n → +∞ and xn ∈ w(∆α, β,γ
h,− , p).

Then,

g(qnxn − qx) = sup
n



1

n + 1

n
∑

k=0

∣

∣

∣

∣

∆α, β, γ
h,− (qnxn

k − qxk)
∣

∣

∣

pk


1

M

≤ sup
n



1

n + 1

n
∑

k=0

∣

∣

∣

∣

∆α,β,γ
h,− (qnxn

k − qnxk + qnxk − qxk)
∣

∣

∣

∣

pk


1

M

= sup
n

 1

n + 1

n
∑

k=0

∣

∣

∣∆α, β, γ
h,− (qn(xn

k − xk) + xk(qn − q)
∣

∣

∣

pk

M

→ 0,

as n → +∞. As (qn) and (xn) converge to q and x respectively, the right hand side
tends to zero.

For the case of w∞(∆α,β,γ
h,− , p) the proofs of condition 1, 2 and 3 of the paranorm

are similar, hence we omit these. For last condition, we require the followings.
Let λ = (λn) be the sequence of scalar with λn → 0 and x be Ąxed (implies λx → θ

(null sequence)). We need to prove inf pk > 0 to form a paranormed space.
On contrary, suppose inf pk < 0 (Theorem 2 in [23]). Then, there exist k1, k2, . . . , ki,

. . . such that

pk <
1

i2
,

where 21 < k1 < 22, 22 < k2 < 23, . . . , 2r < k < 2r+1. Again consider,

h(x) = sup
r



1

2r

∑

r

∣

∣

∣∆α,β,γ
h,− xk

∣

∣

∣

pk

}
1

M

.
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Let (xk) be the sequence such that, ∆α,β,γ
h,− xk → 1 as k → +∞. Now, let us deĄne the

sequence x̄ = (x̄k) by

x̄k =







∆α,β,γ
h,− xk, k = ki,

0, elsewhere.

Clearly, x̄ = (x̄k) ∈ w∞(∆α,β,γ
h,− , p). Again,

h(λx̄) =
1

2ri

∑

ri

♣∆α,β,γ
h,− λxki

♣pki = ♣λ♣pki ≤ ♣λ♣
1

i2 → 1, as i → +∞

Moreover,

(2.1)
g(x)

2
< h(x) < 2g(x),

provided, the series for the operator ∆α,β,γ
h,− exists. This implies g(λx̄) ≥ 1

2
, which is a

contradiction. So, this proves the condition.
Secondly, our claim is now reduced to show the completeness property. So, let (xi)

be any arbitrary Cauchy sequence in w(∆α,β,γ
h , p).

By deĄnition, for each ϵ > 0, there exists I ∈ N0 such that

g(xi − xj) < ϵ, for all i, j ≥ I

implies supn



1
n+1

∑n
k=0

∣

∣

∣∆α,β,γ
h,− (xi

k − x
j
k)
∣

∣

∣

pk


1

M
< ϵ, for all i, j > I. This implies that

for each sufficiently large k ∈ N0 the sequence (xi
k), forming a Cauchy sequence in

C, which is complete and so convergent to li (say), i.e., ♣xi
k − li

k♣pk < ϵ
F

, where let
∣

∣

∣

∣

∆α,β,γ
h,− xk

∣

∣

∣

∣

= F .

Now,

g(xi − li) = sup
n



1

n + 1

n
∑

k=0

∣

∣

∣

∣

∆α,β,γ
h,− (xi

k − li
k)
∣

∣

∣

∣

pk


1

M

≤
ϵ

F

n
∑

k=0

∣

∣

∣

∣

∆α,β,γ
h,−

∣

∣

∣

∣

<



ϵ F

F


1

M

< ϵ,

for all i > I, for all k. Now (xi) is the Cauchy sequence with strong limit li ultimately

gives li ∈ w(∆α,β,γ
h,− , p) ([24], page 320). □

Theorem 2.4. The space w(∆α,β,γ
h,− , p) is not separable in general.

Proof. The proof follows from [14, Theorem 3.7]. Let us take the sequence x = (xk),
such that for each φ > 0 ∈ R

xk = kφ + r, where r ∈ R.

Obviously, for each p ∈ R , (xk) ∈ w(∆α,β,β
1,− , p), (for α > φ, β = γ).

Now consider p = (pk) = (e) and the set, A = ¶kφ + r, kφ + s, kφ + t, . . . ♢ =
¶xr, xs, xt, . . . ♢, where ♣r − s♣ > 1

3
.

Now, g(xr − xs) = supn
1

n+1

∑n
k=0 ♣∆α,β,β

1,− (xr
k − xs

k)♣ = ♣r − s♣ > 1
3
.

Clearly, A is uncountable. Again, consider D be any arbitrary dense subset of
w(∆α,β,β

1,− , p).
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Moreover, for each xr = (xr
k)k∈N0

∈ w(∆α,β,β
1,− , p), we can Ąnd yr = (yr

k)k∈N0
∈ D

such that g(xr − yr) < 1
6
.

Now, let us deĄne the transformation f as f : A → D, xr = (xr
k) 7→ f(xr) = (yr

k).
Again g(xr − ys) = g(xr − xs + xs − ys) ≥ g(xr − ys) − g(ys − xs) > 1

3
− 1

6
= 1

6
.

This inequality represents for xr ≠ xs implies that yr ̸= ys with respect to the
paranorm. This shows that f is one-to-one. Furthermore, f(A) ⊂ D and f(A) is

hence uncountable. Since, D is any arbitrary dense set so, the space w(∆α,β,β
1,− , p) is

not dense in general. □

Theorem 2.5. The space w∞(∆α,β,γ
1,− , p) forms a solid space. But, w(∆α,β,γ

h,− , p) does

not form solid in general.

Proof. Suppose (λk) is any sequence of scalar such that ♣λk♣ ≤ 1, for all k ∈ N0.

Now, the sequence (λkxk), for (xk) ∈ w∞(∆α,β,γ
h,− , p). So,

sup
n

1

n + 1

n
∑

k=0

♣∆α,β,γ
h,− λkxk♣pk = sup

n

1

n + 1

n
∑

k=0

♣λk♣pk ♣∆α,β,γ
h,− xk♣pk

≤ sup
n

1

n + 1

n
∑

k=0

♣∆α,β,γ
h,− xk♣pk < +∞.

This implies that (λkxk) ∈ w∞(∆α,β,γ
h,− , p) and makes the space w∞(∆α,β,γ

h,− , p) as a solid

space. But the space w(∆α,β,γ
h,− , p) does not form solid in general, which can be proved

by following counter example.
Let (pk) = (1, 1, 1, . . . ), β = γ, h = 1 and the sequence of scalar λ = (λk) be

λk =







1
2
, k is even,

0, otherwise.

Clearly, ♣λk♣ < 1, for all k ∈ N0. Suppose that, xk = c is any constant sequence, which

gives us x ∈ w(∆α,β,β
1,− , p). But,

yk = λkxk =







c
2
, k is even,

0, k is odd,
and ∆α,β,β

1,− yk =







c 2α−2, k is even,

−c 2α−2, k is odd,

i.e., we can not get an unique l ∈ C such that (yk) ̸∈ w(∆α,β,β
1,− , p). □

Theorem 2.6. The space w∞(∆α,β,γ
h,− , p) does not form a sequence algebra, in general.

Proof. Let x = (xk) and y = (yk) be two sequences such that, xk = k and yk = k2,

for all k ∈ N0 with (pk) = e. Clearly, x = (xk), y = (yk) ∈ w∞(∆2,β,β
1,− , p). But, for

zk = xkyk = k3, for all k ∈ N0 and ∆2,β,β
1,− zk = 6k − 2 .

Again, supn



1
n+1

∑n
k=0(6k − 2)



= +∞, which consequently, gives us z = (zk) ̸∈

w∞(∆2,β,β
1,− , p) and completes the proof. □
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Theorem 2.7. (a) If α + β > γ, then c ⊂ w(∆α,β,γ
h,− , p).

(b) If ∆α,β,γ
h,− (e) exists, then ℓ∞ ⊂ w∞(∆α,β,γ

h , p).

(c) w0(∆
α,β,γ
h,− , p) ⊂ w(∆α,β,γ

h,− , p) ⊂ w∞(∆α,β,γ
h,− , p).

(d) c(∆α,β,γ
h,− ) ⊂ w(∆α,β,γ

h,− , p), for pk < M, for all k ∈ N0, where c(∆α,β,γ
h,− ) = ¶x ∈

w : (∆α,β,γ
1,− xk) ∈ c♢.

Proof. (a) Let x ∈ c be any convergent sequence, with α + β > γ. This implies,

(∆α,β,γ
h,− xk) is convergent. Ultimately, we obtain

lim
n→+∞

1

n + 1

n
∑

k=0

♣∆α,β,γ
h,− xk − l♣pk = 0, for some l ∈ C,

i.e.,

x ∈ w(∆α,β,γ
h,− , p) =⇒ c ⊂ w(∆α,β,γ

h,− , p).

Furthermore, this inclusion is strict by the following example.
Let xk = ka, for all k ∈ N0, a > 1, being a Ąxed real number. If α + β − γ > a,

then x = (xk) ∈ w(∆α,β,γ
h,− , p). But, (xk) is a divergent sequence. The proofs of (b)

and (c) are similar as above.

(d) Let x ∈ c(∆α,β,γ
h,− ), which implies ♣∆α,β,γ

h,− xk − l♣ < ϵ
1

M < ϵ, for some l ∈ C.
Clearly,

lim
n→+∞

1

n + 1

n
∑

k=0

♣∆α,β,γ
h,− xk − l♣pk < (ϵ

1

M )M = ϵ,

i.e., x ∈ w(∆α,β,γ
h , p).

This inclusion being strict by taking (xk) = (1, 3, 1, 3, 1, . . . ) (see [14, Theorem 3.3]),

such that w(∆1,β,β
1,− , e) ̸⊂ c(∆1,β,β

1,− ).
This completes the proof. □

We obtain our next results by following to Maddox [22]. Hence consider the set

w0(∆
α,β,γ
h , p) denoting the set such that,

(2.2) 2−r
∣

∣

∣

∑

r

∆α,β,γ
h,− xk

∣

∣

∣

∣

pk

→ 0,

where
∑

r is the sum over the k for k ∈ [2r, 2r+1) and r being any integer.

Theorem 2.8. ([22, Theorem 7]) w0(∆
α,β,γ
h,− , p) ⊂ w0(∆

α,β,γ
h,− , e) if and only if

(a) there exists an integer N > 1 such that

Br = max
r

M
−

1

pk 2
−r+ r

pk = O(1),

(b) inf
s>1

lim
r→∞

sup 2−rMr(s) = 0, where Mr(s) is the number of k in [2r, 2r+1), such

that pk ≥ s.
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Proof. Let x ∈ w0(∆
α,β,γ
h,− , p), i.e., there exists N ∈ N0 for sufficiently large r, such

that,
1

2r

∑

r

♣∆α,β,γ
h,− xk♣pk <

1

M
.

Now, we may subdivide the sum as

2−r
∑

r

♣∆α,β,γ
h,− xk♣pk = 2−r

∑

1

♣∆α,β,γ
h,− xk♣pk + 2−r

∑

2

♣∆α,β,γ
h,− xk♣pk ,

representing the sum
∑

1 and
∑

2 over pk < 1 and pk ≥ 1. Let us consider pk < 1 and
qk = 1

pk
. We get the following inequalities

M q♣∆α,β,γ
h,− xk♣pk 2−rq ≤ M ♣∆α,β,γ

h,− xk♣pk2−r ≤ M 2−r
∑

1

♣∆α,β,γ
h,− xk♣pk .

Again,

2−r
∑

1

♣∆α,β,γ
h,− xk♣ ≤ 2−rM−qk

∑

1

2rqk M qk ♣∆α,β,γ
h,− xk♣.

This implies,

♣∆α,β,γ
h,− xk♣ ≤M1−qk ♣xk♣pk 2−r+rq,

2−r
∑

1

♣∆α,β,γ
h,− xk♣ ≤2−2r M

∑

1

♣∆α,β,γ
h,− xk♣pk 2rqk M−qk

≤2−rM Br

∑

r

♣∆α,β,γ
h,− xk♣pk = O(1) · o(1) = o(1),

where the notation O is deĄned earlier and o(f2(y)) = f1(y), for every positive constant
M and there exists a constant y0, such that 0 ≤ f1(y) < Mf2(y), for all y ≥ y0.

Our claim is now reduced to prove that, 2−r ∑

2 ♣∆α,β,γ
h,− xk♣ = o(1).

Let ϵ > 0 be arbitrary. Then, there exists s > 1 such that 2−rNr(s) < ϵ, for all
sufficiently large r. We may write the sum as

∑

2

♣∆α,β,γ
h,− xk♣ =

∑

3

♣∆α,β,γ
h,− xk♣pk +

∑

4

♣∆α,β,γ
h,− xk♣,

over the sum ♣∆α,β,γ
h,− ♣ ≤ 1 and ♣∆α,β,γ

h,− xk♣ > 1, respectively. Again, pk ≥ 1, resulting

2−r
∑

4

♣∆α,β,γ
h,− xk♣ = 2−r

∑

4

♣∆α,β,γ
h,− xk♣pk = o(1).

Let us subdivide the sum in two parts, i.e., 1 ≤ pk ≤ s and pk > 1, respectively, as
∑

5,
∑

6.
Moreover, we found

∑

6

♣∆α,β,γ
h,− xk♣ ≤

∑

6

1 = Mr(s).

This implies 2−r ∑

6 ♣∆α,β,γ
h,− xk♣ < ϵ, for sufficiently large r. Now, only we want to show

it for
∑

5 .

Letting r so large that

2−r
∑

r

♣∆α,β,γ
h,− xk♣pk < min¶ϵ, ϵs♢.
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From [22] we get that for sufficiently large r that,

2−r
∑

r

♣∆α,β,γ
h,− xk♣ ≤ 2−r

∑

r

♣∆α,β,γ
h,− xk♣pk +



2−r
∑

6

♣∆α,β,γ
h,− xk♣pk


1

s

< 2ϵ.

So, all the inequalities obtained above ultimately resulting our claim that

2−r
∑

r

♣∆α,β,γ
h,− xk♣ → 0, as r → +∞,

i.e.,

x ∈ w0(∆
α,β,γ
h,− , e) =⇒ w0(∆

α,β,γ
h,− , p) ⊂ w0(∆

α,β,γ
h,− , e).

This completes the proof. □

3. Dual Spaces

Suppose X and Y are two non-empty sequence spaces, then the set

S(X, Y ) =


z ∈ w : xz = (xkzk) ∈ Y, for every x ∈ X

}

,

is called the multiplier space of X and Y . The special multiplier space that are
S(X, l1), S(X, cs) and S(X, bs), respectively, called as α-, β- and γ-duals of X (cf.
[12]). In order to remove ambiguity, let us take Xα∗

= S(X, l1), Xβ∗

= S(X, cs),
Xγ∗

= S(X, bs).

Theorem 3.1. (a) ¶w∞(∆α,β,γ
1,− , p)♢α∗

= D1, where

D1 =
⋂

M>1



a = (an) ∈ w : sup
k

∑

n

∣

∣

∣

∣

∑

k

(−1)n−k
n
∏

l=k

(l+1)D̄k
n−k(C1∆

α,β,γ
1,− )anM

1

pk

∣

∣

∣

∣

< +∞
}

.

(b) ¶w0(∆
α,β,γ
1,− , p)♢α∗

= D2, where

D2=
⋃

M>1



a = (an) ∈ w : sup
k

∑

n

∣

∣

∣

∑

k

(−1)n−k
n
∏

l=k

(l+1)D̄k
n−k(C1∆

α,β,γ
1,− )anM

−
1

pk

∣

∣

∣

∣

< +∞
}

.

(c) ¶w(∆α,β,γ
1,− , p)♢α∗

= D3, where

D3 =D2∩
⋃

M>1



a = (an) ∈ w : sup
k

∑

n

∣

∣

∣

∑

k

(−1)n−k
n
∏

l=k

(l+1)D̄k
n−k(C1∆

α,β,γ
1,− )an

∣

∣

∣ < +∞
}

.

Proof. The proof follows from Theorem 8 of [8]. Suppose a ∈ D1 and x ∈ w∞(∆α,β,β
1,− , p).

Now,
∑

n

♣anxn♣ =
∑

n

♣an♣ · ♣xn♣

=
∑

n

♣an♣M
1

pk M
−

1

pk

∑

k

∣

∣

∣

∣

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )

∣

∣

∣

∣

×

∣

∣

∣

∣

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )

∣

∣

∣

∣

−1

♣xn♣
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≤ sup
n

∣

∣

∣

∣

1

k + 1

k−n
∑

j=0

(−α)j

j!

∣

∣

∣

∣

·

∣

∣

∣

∣

M
−

1

pk ♣xn♣
∑

n

∣

∣

∣

∣

∑

k

∣

∣

∣

∣

(−1)n−k

×
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )an

∣

∣

∣

∣

M
1

pk

∣

∣

∣

∣

< +∞, for all k ∈ N0.

So,
a ∈ ¶w∞(∆α,β,γ

1,− , p)♢α∗

=⇒ D1 ⊂ ¶w∞(∆α,β,γ
1,− , p)♢α∗

.

Conversely, suppose a ̸∈ D1, Then, exists M > 1 such that,

∑

n

∣

∣

∣

∣

∑

k

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )anM

1

pk

∣

∣

∣

∣

= +∞.

Thus, we can Ąnd strictly increasing sequence of integer n(s) such that,

n(1) =1 < n(2) < n(3) < · · · < n(s) < n(s + 1)

< · · · <

n(s+1)
∑

n=n(s)

∑

n

∣

∣

∣

∣

∑

k

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )M

−
1

pk

∣

∣

∣

∣

> 1.

Now, let us deĄne a sequence x = (xn) by

xn =















0, if 1 < n < n(s),

M
−

1

pk

∣

∣

∣

∣

∑

k

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− ) sgn(an)

∣

∣

∣

∣

, n(s) < n < n(s + 1).

Clearly, x = (xn) ∈ w∞(∆α,β,γ
1,− , p).

Moreover,

+∞
∑

n=0

♣anxn♣ =
n(2)
∑

n=n(1)

♣anyn♣ +
n(3)
∑

n=n(2)

♣anyn♣ + · · ·

=
n(2)
∑

n=n(1)

♣an♣ ·
∣

∣

∣

M
−

1

pk

∑

k

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )

∣

∣

∣

+
n(3)
∑

n=n(2)

♣an♣ ·

∣

∣

∣

∣

M
−

1

pk

∑

k

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )

∣

∣

∣

∣

+ · · ·

≥
+∞
∑

n=1

1 > +∞.

i.e., a = (an) ̸∈ ¶w∞(∆α,β,γ
1,− , p)♢α∗

. By contra positively, we get w∞¶(∆α,β,γ
1,− , p)♢α∗

⊂

D1, which consequently results ¶w∞(∆α,β,γ
1,− , p)♢α∗

= D1.

So, it completes the proof. Similarly, we may prove the other two results. □

Theorem 3.2. (a) ¶w∞(∆α,β,γ
1,− , p)♢β∗

= D4, where

D4 =
⋂

M>1

{

a = (an) ∈ w : lim
n→+∞

∑

k

∣

∣

∣(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆α,β,γ

1,− )anM
1

pk

∣

∣

∣ converges
}

.
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(b) ¶w0(∆
α,β,γ
1,− , p)♢β∗

= D5, where

D5 =
⋃

M>1



a = (an) ∈ w : sup
n

∑

k

∣

∣

∣

∣

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )anM

−
1

pk

∣

∣

∣

∣

< ∞
}

.

(c) ¶w(∆α,β,γ
1,− , p)♢β∗

= D6
⋂

D7, where

D6 =
⋃

M>1



a = (an) ∈ w :

sup
n

∑

k

∣

∣

∣

∣

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )anM

−
1

pk − bk

∣

∣

∣

∣

= 0, for all bk ∈ C

}

and

D7 =


a = (an) ∈ w :

lim
n→+∞

∑

k

∣

∣

∣

∣

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )an − bk

∣

∣

∣

∣

= 0, for all bk ∈ C

}

.

Proof. On contrary, let a = (an) be a sequence such that a ̸∈ ¶w∞(∆α,β,γ
1,− , p)♢β∗

.

Then, there exists x = (xn) ∈ w∞(∆α,β,β
1,− , p) such that

∑

n

anxn does not converge.

Consequently, this leads that
∑

n

♣anxn♣ diverges to ∞. Furthermore,

∑

n

♣anxn♣ =
∑

n

∣

∣

∣

∣

anM
1

pk M
−

1

pk

∑

k

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )

1

k + 1

k−n
∑

j=0

(−α)j

j!
xn

∣

∣

∣

∣

≤ sup
n

∑

n

∣

∣

∣

∣

∑

k

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )anM

1

pk

×

∣

∣

∣

∣

1

k + 1

k−n
∑

j=0

(−α)j

j!
M

−
1

pk xn

∣

∣

∣

∣

→ ∞, for larger n.

Since, x ∈ w∞(∆α,β,γ
1,− , p), implies

∑

k

∣

∣

∣

∣

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )anM

1

pk

∣

∣

∣

∣

→ +∞,

which is a contradiction to the fact that a ∈ D4. So, we get a ̸∈ ¶w∞(∆α,β,γ
1,− , p)♢β∗

and D4 ⊂ ¶w∞(∆α,β,γ
1,− , p)♢β∗

.

Conversely, suppose that a ∈ ¶w∞(∆α,β,γ
1,− , p)♢β∗

. By deĄnition
∑

n anxn converges,
which necessarily gives lim

n→+∞
anxn = 0. So, for each ϵ > 0, there exists N ∈ N0 such

that ♣anxn♣ < ϵ, for all n > N . Again,

♣anxn♣ =
∣

∣

∣

∣

an

∑

k

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )M

1

pk M
−

1

pk
1

k + 1

k−n
∑

j=0

(−α)k−n

(k − n)!
xn

∣

∣

∣

∣
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≤ sup
n,k>N

∣

∣

∣

∣

1

k + 1

k−n
∑

j=0

(−α)j

j!
M

−
1

pk xn

∣

∣

∣

∣

·
∣

∣

∣

∣

∑

k

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )

× M
1

pk an

∣

∣

∣

∣

< ϵ,

for some M > 1. For x ∈ w∞(∆α,β,γ
1,− , p), it brings

∑

k

∣

∣

∣

∣

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )M

1

pk an

∣

∣

∣

∣

< ϵ,

i.e., a ∈ D4, which implies ¶w∞(∆α,β,γ
1,− , p)♢β∗

= D4.
Otherwise, for any larger k ∈ N by Theorem 5.1 in [18], there exists b = (bk) be

any sequence of scalar in C, such that

lim
n→+∞

∑

k

∣

∣

∣

∣

(−1)n−k
n
∏

l=k

(l + 1)D̄k
n−k(C1∆

α,β,γ
1,− )M

1

pk an − bk

∣

∣

∣

∣

= 0,

i.e., converges. So, it completes the proof. Similarly, we may obtain the other two
results. □

4. Matrix Transformations

In this section, we characterize some matrix transformations among newly con-
structed sequence spaces as deĄned earlier. We characterize matrix transformations
among spaces w∞(∆α,β,γ

1,− , p), w0(∆
α,β,γ
1,− , p) and w(∆α,β,γ

1,− , p) with classical sequence
spaces c(q), c0(q) and ℓ∞(q).

In brief, for A, be an inĄnite matrix from X to Y , i.e., A : X → Y, where for all
x = (xn) ∈ X, implies that

{

(Ax)n

}

=


∑

k∈N0

ankxk

}

n∈N0

∈ Y.

Suppose that (X, Y ) denote the set of all matrix transformations from X to Y . Before
proceeding further. We need the following propositions from [18], for (qk)k∈N0

, non
decreasing bounded sequence of positive real numbers. For more convenience, we can
replace the

∑

∞

k=0 by
∑

k.

(a) A ∈ (ℓ∞(p), ℓ∞(q)) if and only if for all M, such that

(4.1) sup
n



∑

k

∣

∣

∣ank

∣

∣

∣M
1

pk

qn

< +∞.

(b) A ∈ (ℓ∞(p), c(q)) if and only if exists ηk, such that

(4.2) sup
n

∑

k

♣ank♣M
1

pk < +∞, for all integers M > 1,

and

(4.3) lim
n



∑

k

∣

∣

∣ank − ηk

∣

∣

∣M
−

1

pk

qn

= 0, for all M > 1.
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(c) A ∈ (c0(p), ℓ∞(q)) if and only if exists M, such that

(4.4) sup
n



∑

k

∣

∣

∣ank

∣

∣

∣M
−

1

pk

qn

< +∞.

(d) A ∈ (c0(p), c(q)) if and only if (4.4) holds for all L exist M , and ηk ∈ R such
that

lim
M

sup
n

∑

k

♣ank♣M
−

1

pk < +∞,(4.5)

sup
n

L
1

qn

∑

k

∣

∣

∣ank − ηk

∣

∣

∣M
−

1

pk < +∞,(4.6)

lim
n→+∞

♣ank − ηk♣qn = 0.(4.7)

(e) A ∈ (c0(p), c0(q)) if and only if for all L, exists M, such that

(4.8) sup
n

L
1

qn

∑

k

∣

∣

∣ank

∣

∣

∣M
−

1

pk < +∞.

(f) A ∈ (c(p), ℓ∞(q)) if and only if (4.2) holds

(4.9) sup
n

∣

∣

∣

∣

∑

k

ank

∣

∣

∣

∣

qn

< +∞.

(g) A ∈ (ℓ∞(p), c0(q)) if and only if for all M,

(4.10) lim
n



∑

k

∣

∣

∣ank − ηk

∣

∣

∣M
−

1

pk

qn

= 0 < +∞.

(h) A ∈ (c(p), c(q)) if and only if (4.2), (4.5), (4.6) hold, exists α ∈ R, such that

(4.11) lim
n

∣

∣

∣

∣

∑

k

ank − η

∣

∣

∣

∣

qn

= 0.

(i) A ∈ (c0(p), ℓ(q)) if and only if exists M ∈ N

(4.12) sup
k

∑

n

∣

∣

∣

∣

∑

k∈K

ankM
−

1

pk

∣

∣

∣

∣

qn

< +∞.

(j) A ∈ (c(p), ℓ(q)) if and only if (4.11) holds and

(4.13)
∑

n

∣

∣

∣

∣

∑

k

ank

∣

∣

∣

∣

qn

< +∞.

Consider the inĄnite matrix Â = (ânk) via the matrix A = (ank) as

ânk =
+∞
∑

j=k

(−1)k−i
k
∏

l=i

(l + 1)D̄i
k−i(C1∆

α,β,γ
1,− )anj,

where D̄i
k−i(C1∆

α,β,γ
1,− ) is deĄned as in equation (1.5) and Â is called the associated

matrix of A.
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Theorem 4.1. (a) A ∈ (w∞(∆α,β,γ
1,− , p), ℓ∞(q)) if and only if (4.1) holds, with ânk

instead of ank.

(b) A ∈ (w∞(∆α,β,γ
1,− , p), c(q)) if and only if (4.2) and (4.3) hold, with ânk instead

of ank.

(c) A ∈ (w∞(∆α,β,γ
1,− , p), c0(q)) if and only if (4.9) holds and (4.2), (4.3) hold, with

ânk instead of ank, with ηk = 0.

Theorem 4.2. (a) A ∈ (w(∆α,β,γ
1,− , p), ℓ∞(q)) if and only if (4.4), (4.8) hold, with ânk

instead of ank.

(b) A ∈ (w(∆α,β,γ
1,− , p), c(q)) if and only if (4.5), (4.6) and (4.11) hold, with ânk

instead of ank.

(c) A ∈ (w(∆α,β,γ
1,− , p), c0(q)) if and only if (4.6), (4.7) hold, with ânk instead of ank

with ηk = 0.

Theorem 4.3. (a) A ∈ (w0(∆
α,β,γ
1,− , p), ℓ∞(q)) if and only if (4.4) holds, with ânk

instead of ank.

(b) A ∈ (w0(∆α,β,γ
1,− , p), c(q)) if and only if (4.5), (4.6), (4.7) hold, with ânk instead

of ank.

(c) A ∈ (w0(∆
α,β,γ
1,− , p), c0(q)) if and only if (4.1), (4.3) holds and (4.6), (4.7) hold,

with ânk instead of ank with ηk = 0.

Proof. Suppose that A ∈ (w∞(∆α,β,γ
1,− , p), ℓ∞(q)). Then, by the deĄnition

∑+∞

k=0 ankyk ∈

ℓ∞(q), for every y = (yk) ∈ w∞(∆α,β,γ
1,− , p). Again, y = (yk) ∈ w∞(∆α,β,γ

1,− , p), if and

only if ȳ = C1∆α,β,γ
1,− (y) ∈ ℓ∞(p). From Lemma 4.1 of [28], we get

∑+∞

k=0 ânkȳk ∈ ℓ∞(q),

and the matrix Â ∈ (ℓ∞(p), ℓ∞(q)). Using the equation (4.1), Â ∈ (ℓ∞(p), ℓ∞(q)) if

and only if supn



∑

k

∣

∣

∣ânk

∣

∣

∣M
1

pk

qn

< +∞. This completes the proof of the Ąrst bit.

We can prove the remaining parts of the theorem and the next theorems using similar
argument. □

Acknowledgements. Authors express their sincere thanks to the anonymous referees
for their valuable suggestions.
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SOME CLASSES OF SIMULTANEOUS COSPECTRAL GRAPHS

FOR ADJACENCY, LAPLACIAN AND NORMALIZED

LAPLACIAN MATRICES

A. DAS1 AND P. PANIGRAHI2

Abstract. In this paper we construct several classes of non-regular graphs which
are co-spectral with respect to all the three matrices, namely, adjacency, Laplacian
and normalized Laplacian, and hence we answer a question asked by S. Butler.
We make these constructions starting with two pairs (G1, H1) and (G2, H2) of A-
cospectral regular graphs, taking their R-graph R(Gi), R(Hi), i = 1, 2, and Ąnally
making some kind of partial joins between R(G1) and R(G2); and R(H1) and R(H2).
Moreover, we determine the number of spanning trees and the Kirchhoff index of
the newly constructed graphs.

1. Introduction

In recent years, construction of cospectral graphs for different matrices is one of the
interesting research problem in the area of spectral graph theory. Here we construct
some graphs which give an answer to the question “Is there an example of two non-
regular graphs which are cospectral with respect to the adjacency, combinatorial
Laplacian and normalized Laplacian at the same time?” asked by Butler [2]. To
present the results of the paper we need some definitions and terminology as follow.
All graphs considered in the paper are simple and undirected. For any graph G, we take
V (G) and E(G) as the vertex set and edge set of G, respectively. The adjacency matrix

of graph G, denoted by A(G), is a square matrix whose rows and columns are indexed
by vertices of graph G, and the (u, v)th entry is 1 if and only if vertex u is adjacent to
vertex v and 0 otherwise. If D(G) is the diagonal matrix of vertex degrees in G, then

Key words and phrases. Adjacency matrix, Laplacian matrix, normalized Laplacian matrix, R-
vertex-vertex join, R-edge-edge join, R-edge-vertex join.
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the Laplacian matrix L(G) is defined as L(G) = D(G) − A(G) and the normalized

Laplacian matrix L(G) of G is defined as L(G) = I − D(G)−1/2A(G)D(G)−1/2 with
the convention that D(G)−1(u, u) = 0 if degree of u is zero. For a given square matrix
M of size n, we denote the characteristic polynomial det(xIn − M) by fM(x). The
eigenvalues of A(G), L(G) and L(G) are denoted by λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G),
0 = µ1(G) ≤ µ2(G) ≤ · · · ≤ µn(G), and 0 = δ1(G) ≤ δ2(G) ≤ · · · ≤ δn(G) ≤ 2,
respectively, where n is the number of vertices of G. The multiset of eigenvalues
of A(G) (respectively, L(G), L(G)) is called the adjacency (respectively, Laplacian,
normalized Laplacian) spectrum of G, and denoted by A-spectrum (respectively, L-
spectrum, L-spectrum). Two graphs are said to be A-cospectral (respectively, L-
cospectral, L-cospectral) if they have the same A-spectrum (respectively, L-spectrum,
L-spectrum).

The R-graph R(G) [6] of a graph G is the graph obtained from G by introducing a
new vertex ue for each e ∈ E(G) and making ue adjacent to both the end vertices of
e. The set of such new vertices is denoted by I(G), i.e., I(G) = V (R(G))\V (G). The
partial joins of R-graphs which are considered in the paper are given in the definition
below.

Definition 1.1. Let G1 and G2 be two vertex-disjoint graphs with number of vertices
n1 and n2, and edges m1 and m2, respectively. Then the following hold.

(i) The R-vertex-vertex join of G1 and G2, denoted by R(G1)∨̈R(G2), is the graph
obtained from R(G1) and R(G2) by joining each vertex of V (G1) with every
vertex of V (G2). The graph R(G1)∨̈R(G2) has n1 + n2 + m1 + m2 vertices and
3m1 + n1n2 + 3m2 edges.

(ii) The R-edge-edge join of G1 and G2, denoted by R(G1)∨R(G2), is the graph
obtained from R(G1) and R(G2) by joining each vertex of I(G1) with every
vertex of I(G2). The graph R(G1)∨R(G2) has n1 + n2 + m1 + m2 vertices and
m1(3 + m2) + 3m2 edges.

(iii) The R-edge-vertex join of G1 and G2, denoted by R(G1)∨̇R(G2), is the graph
obtained from R(G1) and R(G2) by joining each vertex of I(G1) with every

vertex of V (G2). The graph R(G1)∨̇R(G2) has n1 + n2 + m1 + m2 vertices and
m1(3 + n2) + 3m2 edges. (We note that R-vertex-edge join of G1 and G2 is
isomorphic to the R-edge-vertex join of G2 and G1.)

Example 1.1. Let us consider two graphs G1 = P3 and G2 = P4 (see Figures 1, 2
and 3). The set of dark vertices of G1 and G2 are I(G1) and I(G2), respectively.

In the following lemma we find the degrees of vertices in the above constructed
graphs.

Lemma 1.1. (i) The degree of any vertex v in R(G1)∨̈R(G2) is given by

dR(G1)∨̈R(G2)(v) =











n2 + 2dG1
(v), if v ∈ V (G1),

2, if v ∈ I(G1)
⋃

I(G2),
n1 + 2dG2

(v), if v ∈ V (G2).
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Figure 1. R-vertex-vertex join of P3 and P4

Figure 2. R-edge-edge join of P3 and P4

Figure 3. R-edge-vertex join of P3 and P4

(ii) The degree of any vertex v in R(G1)∨R(G2) is given by

d
R(G1)∨R(G2)

(v) =



















2dG1
(v), if v ∈ V (G1),

2 + m2, if v ∈ I(G1),
2dG2

(v), if v ∈ V (G2),
2 + m1, if v ∈ I(G2).

(iii) The degree of any vertex v in R(G1)∨̇R(G2) is given by

d
R(G1)∨̇R(G2)

(v) =



















2dG1
(v), if v ∈ V (G1),

2 + n2, if v ∈ I(G1),
2dG2

(v) + m1 if v ∈ V (G2),
2, if v ∈ I(G2).

For two matrices A and B, of same size m×n, the Hadamard product A•B of A and
B is a matrix of the same size m×n with entries given by (A•B)ij = (A)ij ·(B)ij (that
is entrywise multiplication). Hadamard product is commutative, that is A•B = B •A.

Notation. Throughout the paper, for any positive integers k, n1 and n2, Ik denotes
the identity matrix of size k, Jn1×n2

denotes n1 × n2 matrix whose all entries are 1,
1n stands for the column vector of size n with all entries equal to 1, Kn×n denotes an
n × n matrix whose all entries are the same. In other words, Kn×n = αJn×n, for a
real number α. For any positive integers s and t, Os×t denotes the zero matrix of size
s × t.

To prove our results we need some basics as given below.
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Lemma 1.2 (Schur complement [7]). Suppose that the order of all four matrices M ,

N , P and Q satisfy the rules of operations on matrices. Then we have
∣

∣

∣

∣

∣

M N

P Q

∣

∣

∣

∣

∣

=♣Q♣ · ♣M − NQ−1P ♣ (if Q is a non-singular square matrix)

=♣M ♣ · ♣Q − PM−1N ♣ (if M is a non-singular square matrix).

Lemma 1.3 ([7]). For a square matrix A of size n and a scalar α, det(A + αJn×n) =
det(A) + α1T

n adj(A)1n, where adj(A) is the adjugate matrix of A.

Lemma 1.4. For any real numbers c, d > 0, we have

(cIn − dJn×n)−1 =
1

c
In +

d

c(c − nd)
Jn×n.

Proof. We have

(cIn − dJn×n)−1 =
adj(cIn − dJn×n)

det(cIn − dJn×n)
=

cn−2(c − nd)In + cn−2dJn×n

cn−1(c − nd)

=
1

c
In +

d

c(c − nd)
Jn×n. □

For a graph G on n vertices and m edges, the vertex-edge incidence matrix R(G)
of G is a matrix of size n × m, with entry rij = 1 if the ith vertex is incident
to the jth edge, and 0 otherwise. In particular, if G is an r-regular graph then
R(G)R(G)T = A(G) + rIn = 2rIn − L(G) = r(2In − L(G)).

Notation. The M -coronal of an n×n matrix M , denoted by ΓM(x), is defined [5,10]
as the sum of the entries of the matrix (xIn−M)−1, that is, ΓM(x) = 1T

n (xIn−M)−11n.

Lemma 1.5 ([5]). If M is an n × n matrix with each row sum equal to a constant t,

then ΓM(x) = n
x−t

.

Butler [2] constructed non-regular bipartite graphs which are cospectral with respect
to both the adjacency and normalized Laplacian matrices, and then asked for existence
of non-regular graphs which are cospectral with respect to all the three matrices,
namely, adjacency, Laplacian and normalized Laplacian. In this paper we construct
several classes of such graphs taking help of the operations R-vertex-vertex join, R-
edge-edge join, and R-edge-vertex join. We also find the number of spanning trees
and Kirchhoff index for all the partial join of R-graphs constructed here.

2. Adjacency, Laplacian and Normalized Laplacian Spectra of the
Graphs

In this section we consider regular graphs Gi on ni vertices, mi edges, and with
degree of regularity ri, i = 1, 2. To obtain the required matrices we label the vertices
of the graphs in the following way. Let V (G1) = ¶v1, . . . , vn1

♢, I(G1) = ¶e1, . . . , em1
♢,

V (G2) = ¶u1, . . . , un2
♢, I(G2) = ¶f1, . . . , fm2

♢. Then, V (G1) ∪ I(G1) ∪ V (G2) ∪ I(G2)

is a partition for all V (R(G1)∨̈R(G2)), V (R(G1)∨R(G2)) and V (R(G1)∨̇R(G2)).
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Lemma 2.1. For i = 1, 2, let Gi be a graph with ni vertices and mi edges. Then, we

have the following:

(i)

A(R(G1)∨̈R(G2)) =











A(G1) R(G1) Jn1×n2
On1×m2

R(G1)
T Om1

Om1×n2
Om1×m2

Jn2×n1
On2×m1

A(G2) R(G2)
Om2×n1

Om2×m1
R(G2)

T Om2











;

(ii)

A(R(G1)∨R(G2)) =











A(G1) R(G1) On1×n2
On1×m2

R(G1)
T Om1

Om1×n2
Jm1×m2

On2×n1
On2×m1

A(G2) R(G2)
Om2×n1

Jm2×m1
R(G2)

T Om2











;

(iii)

A(R(G1)∨̇R(G2)) =











A(G1) R(G1) On1×n2
On1×m2

R(G1)
T Om1

Jm1×n2
Om1×m2

On2×n1
Jn2×m1

A(G2) R(G2)
Om2×n1

Om2×m1
R(G2)

T Om2











.

Theorem 2.1. For i = 1, 2, let Gi be an ri-regular graph with ni vertices and mi

edges. Then, the adjacency spectrum of R(G1)∨̈R(G2) consists of:

(i) two roots of the equation x2 −λi(G1)x− r1 −λi(G1), for every eigenvalue λi(G1),
i = 2, 3, . . . , n1, of A(G1);

(ii) two roots of the equation x2 −λj(G2)x−r2 −λj(G2), for every eigenvalue λj(G2),
j = 2, 3, . . . , n2, of A(G2),

(iii) the eigenvalue 0 with multiplicity m1 + m2 − n1 − n2;

(iv) four roots of the equation x4 − (r1 + r2)x3 − (2r1 +n1n2 + 2r2 − r1r2)x2 + 4r1r2x+
4r1r2 = 0.

Proof. The adjacency characteristic polynomial of R(G1)∨̈R(G2) is

fA(R(G1)∨̈R(G2))(x) = det











xIn1
− A(G1) −R(G1) −Jn1×n2

On1×m2

−R(G1)
T xIm1

Om1×n2
Om1×m2

−Jn2×n1
On2×m1

xIn2
− A(G2) −R(G2)

Om2×n1
Om2×m1

−R(G2)
T xIm2











= xm2 det(S),

where

S =







xIn1
− A(G1) −R(G1) −Jn1×n2

−R(G1)
T xIm1

Om1×n2

−Jn2×n1
On2×m1

xIn2
− A(G2)







−







On1×m2

Om1×m2

−R(G2)







1

x

(

Om2×n1
Om2×m1

−R(G2)
T
)
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=







xIn1
− A(G1) −R(G1) −Jn1×n2

−R(G1)
T xIm1

Om1×n2

−Jn2×n1
On2×m1

xIn2
− A(G2) − 1

x
R(G2)R(G2)

T





 .

Hence,

det(S) = det(xIn2
− A(G2) − 1

x
R(G2)R(G2)

T ) det(W )

=
n2
∏

j=1

{

x − λj(G2) − r2

x
− λj(G2)

x

}

det(W ),

where

W =

(

xIn1
− A(G1) −R(G1)

−R(G1)
T xIm1

)

−
(

−Jn1×n2

Om1×n2

)

(

xIn2
− A(G2) − 1

x
R(G2)R(G2)

T
)

−1 (

−Jn2×n1
On2×m1

)

=

(

xIn1
− A(G1) − ΓA(G2)+ 1

x
R(G2)R(G2)T (x)Jn1×n1

−R(G1)

−R(G1)
T xIm1

)

.

Then,

det(W ) =xm1 det
(

xIn1
− A(G1) − ΓA(G2)+ 1

x
R(G2)R(G2)T (x)Jn1×n1

− 1

x
R(G1)R(G1)

T
)

=xm1



 det

(

xIn1
− A(G1) − 1

x
R(G1)R(G1)

T

)

− ΓA(G2)+ 1

x
R(G2)R(G2)T (x)1T

n1
adj

(

xIn1
− A(G1) − 1

x
R(G1)R(G1)

T

)

1n1





=xm1 det
(

xIn1
− A(G1) − 1

x
R(G1)R(G1)

T
)

×


1 − ΓA(G2)+ 1

x
R(G2)R(G2)T (x)1T

n1

(

xIn1
− A(G1) − 1

x
R(G1)R(G1)

T

)

−1

1n1





=xm1

n1
∏

i=1

{

x − λi(G1) − r1

x
− λi(G1)

x

}

×
[

1 − ΓA(G2)+ 1

x
R(G2)R(G2)T (x)ΓA(G1)+ 1

x
R(G1)R(G1)T (x)

]

=xm1

n1
∏

i=1

{

x − λi(G1) − r1

x
− λi(G1)

x

}[

1 − n2

x − r2 − 2r2

x

· n1

x − r1 − 2r1

x

]

.

Therefore,

fA(R(G1)∨̈R(G2))(x) =xm1xm2

n1
∏

i=1

{

x − λi(G1) − r1

x
− λi(G1)

x

}
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×
n2
∏

j=1

{

x − λj(G2) − r2

x
− λj(G2)

x

}

×
[

1 − n2

x − r2 − 2r2

x

· n1

x − r1 − 2r1

x

]

=xm1−n1xm2−n2

n1
∏

i=2

{

x2 − λi(G1)x − r1 − λi(G1)
}

×
n2
∏

j=2

{

x2 − λj(G2)x − r2 − λj(G2)
} [

x4 − (r1 + r2)x
3

− (2r1 + n1n2 + 2r2 − r1r2)x
2 + 4r1r2x + 4r1r2

]

,

and the result follows immediately. □

Theorem 2.2. For i = 1, 2, let Gi be an ri-regular graph with ni vertices and mi

edges. Then, the adjacency spectrum of R(G1)∨R(G2) consists of:

(i) two roots of the equation x2 −λi(G1)x− r1 −λi(G1), for every eigenvalue λi(G1),
i = 2, 3, . . . , n1, of A(G1);

(ii) two roots of the equation x2 −λj(G2)x−r2 −λj(G2), for every eigenvalue λj(G2),
j = 2, 3, . . . , n2, of A(G2);

(iii) the eigenvalue 0 with multiplicity m1 + m2 − n1 − n2;

(iv) four roots of the equation x4 − (r1 +r2)x3 − (2r1 +m1m2 +2r2 −r1r2)x2 +(4r1r2 +
m1m2r1 + m1m2r2)x + 4r1r2 − m1m2r1r2 = 0.

Proof. The adjacency characteristic polynomial of R(G1)∨R(G2) is

f
A(R(G1)∨R(G2))

(x) = det











xIn1
− A(G1) −R(G1) On1×n2

On1×m2

−R(G1)
T xIm1

Om1×n2
−Jm1×m2

On2×n1
On2×m1

xIn2
− A(G2) −R(G2)

Om2×n1
−Jm2×m1

−R(G2)
T xIm2











= xm2 det(S),

where

S =







xIn1
− A(G1) −R(G1) On1×n2

−R(G1)
T xIm1

Om1×n2

On2×n1
On2×m1

xIn2
− A(G2)







−







On1×m1

−Jm1×m2

−R(G2)







1

x

(

Om2×n1
−Jm2×m1

−R(G2)
T
)

=







xIn1
− A(G1) −R(G1) On1×n2

−R(G1)
T xIm1

− m2

x
Jm1×m1

− 1
x
Jm1×m2

R(G2)
T

On2×n1
− 1

x
R(G2)Jm2×m1

xIn2
− A(G2) − 1

x
R(G2)R(G2)

T





 .
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Hence,

det(S) = det

(

xIn2
− A(G2) − 1

x
R(G2)R(G2)

T

)

det(W )

=
n2
∏

j=1

{

x − λj(G2) − r2

x
− λj(G2)

x

}

det(W ),

where

W =

(

xIn1
− A(G1) −R(G1)

−R(G1)
T xIm1

− m2

x
Jm1×m1

)

−
(

On1×n2

− 1
x
Jm1×m2

R(G2)
T

)

×
(

xIn2
− A(G2) − 1

x
R(G2)R(G2)

T
)−1

(

On2×n1
− 1

x
R(G2)Jm2×m1

)

=

(

xIn1
− A(G1) −R(G2)

−R(G1)
T xIm1

− m2

x
Jm1×m1

− r2

2

x2 ΓA(G2)+ 1

x
R(G2)R(G2)T (x)Jm1×m1

)

.

Then,

det(W )

= det

(

xIm1
− m2

x
Jm1×m1

− r2
2

x2
ΓA(G2)+ 1

x
R(G2)R(G2)T (x)Jm1×m1

)

× det
(

xIn1
− A(G1) − R(G1)

×
(

xIm1
− m2

x
Jm1×m1

− r2
2

x2
ΓA(G2)+ 1

x
R(G2)R(G2)T (x)Jm1×m1

)

−1

R(G1)
T
)

=xm1

{

1 −
(

m2

x
+

r2
2

x2
ΓA(G2)+ 1

x
R(G2)R(G2)T (x)

)

m1

x

}

det



xIn1
− A(G1)

− R(G1)











1

x
Im1

+
(m2

x
+

r2

2

x2 ΓA(G2)+ 1

x
R(G2)R(G2)T (x))

x(x − m1(
m2

x
+

r2

2

x2 ΓA(G2)+ 1

x
R(G2)R(G2)T (x)))

Jm1×m1











R(G1)
T





=xm1

{

1 −
(

m2

x
+

r2
2

x2
ΓA(G2)+ 1

x
R(G2)R(G2)T (x)

)

m1

x

}

× det



xIn1
− A(G1) − 1

x
R(G1)R(G1)

T

−
(m2

x
+

r2

2

x2 ΓA(G2)+ 1

x
R(G2)R(G2)T (x))

x(x − m1(
m2

x
+

r2

2

x2 ΓA(G2)+ 1

x
R(G2)R(G2)T (x)))

R(G1)Jm1×m1
R(G1)

T





=xm1

{

1 −
(

m2

x
+

r2
2

x2
ΓA(G2)+ 1

x
R(G2)R(G2)T (x)

)

m1

x

}
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× det



xIn1
− A(G1) − 1

x
R(G1)R(G1)

T

− r2
1

(m2

x
+

r2

2

x2 ΓA(G2)+ 1

x
R(G2)R(G2)T (x))

x(x − m1(
m2

x
+

r2

2

x2 ΓA(G2)+ 1

x
R(G2)R(G2)T (x)))

Jn1×n1





=xm1

{

1 −
(

m2

x
+

r2
2

x2
ΓA(G2)+ 1

x
R(G2)R(G2)T (x)

)

m1

x

}

× det
(

xIn1
− A(G1) − 1

x
(r1In1

+ A(G1))
)

×





1 −
r2

1(m2

x
+

r2

1

x2 ΓA(G2)+ 1

x
R(G2)R(G2)T (x))ΓA(G1)+ 1

x
R(G1)R(G1)T (x)

x(x − m1(
m2

x
+

r2

2

x2 ΓA(G2)+ 1

x
R(G2)R(G2)T (x)))







=xm1







1 −




m2

x
+

r2
2n2

x2
(

x − r2 − 2r2

x

)





m1

x







n1
∏

i=1

{

x − λi(G1) − 1

x
(r1 + λi(G1))

}

×









1 −
r2

1

(

m2

x
+

r2

2
n2

x2(x−r2−
2r2

x
)

)

n1

x

{

x − m1

(

m2

x
+

r2

2
n2

x2(x−r2−
2r2

x
)

)}

(

x − r1 − 2r1

x

)









.

Therefore,

f
A(R(G1)∨R(G2))

(x) =xm1xm2

{

1 −
(

m2

x
+

r2
2n2

x2(x − r2 − 2r2

x
)

)

m1

x

}

×
n1
∏

i=1

{

x − λi(G1) − r1

x
− λi(G1)

x

}

×
n2
∏

j=1

{

x − λj(G2) − r2

x
− λj(G2)

x

}

×









1 −
r2

1

(

m2

x
+

r2

2
n2

x2(x−r2−
2r2

x
)

)

n1

x

{

x − m1

(

m2

x
+

r2

2
n2

x2(x−r2−
2r2

x
)

)}

(

x − r1 − 2r1

x

)









=xm1−n1xm2−n2

n1
∏

i=2

¶x2 − λi(G1)x − r1 − λi(G1)♢

×
n2
∏

j=2

¶x2 − λj(G2)x − r2 − λj(G2)♢

× [x4 − (r1 + r2)x
3 − (2r1 + m1m2 + 2r2 − r1r2)x

2

+ (4r1r2 + m1m2r1 + m1m2r2)x + 4r1r2 − m1m2r1r2],

and hence the result follows. □
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Theorem 2.3. For i = 1, 2, let Gi be an ri-regular graph with ni vertices and mi

edges. Then, the adjacency spectrum of R(G1)∨̇R(G2) consists of:

(i) two roots of the equation x2 −λi(G1)x− r1 −λi(G1), for every eigenvalue λi(G1),
i = 2, 3, . . . , n1, of A(G1);

(ii) two roots of the equation x2 −λj(G2)x−r2 −λj(G2), for every eigenvalue λj(G2),
j = 2, 3, . . . , n2, of A(G2);

(iii) the eigenvalue 0 with multiplicity m1 + m2 − n1 − n2;

(iv) four roots of the equation x4 − (r1 + r2)x3 − (2r1 +m1n2 +2r2 − r1r2)x2 +(4r1r2 +
r1m1n2)x + 4r1r2 = 0.

Proof. The adjacency characteristic polynomial of R(G1)∨̇R(G2) is

f
A(R(G1)∨̇R(G2))

(x) = det











xIn1
− A(G1) −R(G1) On1×n2

On1×m2

−R(G1)
T xIm1

−Jm1×n2
Om1×m2

On2×n1
−Jn2×m1

xIn2
− A(G2) −R(G2)

Om2×n1
Om2×m1

−R(G2)
T xIm2











= xm2 det(S),

where

S =







xIn1
− A(G1) −R(G1) On1×n2

−R(G1)
T xIm1

−Jm1×n2

On2×n1
−Jn2×m1

xIn2
− A(G2)







−







On1×m2

Om1×m2

−R(G2)







1

x

(

Om2×n1
Om2×m1

−R(G2)
T
)

=







xIn1
− A(G1) −R(G1) On1×n2

−R(G1)
T xIm1

−Jm1×n2

On2×n1
−Jn2×m1

xIn2
− A(G2) − 1

x
R(G2)R(G2)

T





 .

Hence,

det(S) = det(xIn2
− A(G2) − 1

x
R(G2)R(G2)

T ) det(W )

=
n2
∏

j=1

{

x − λj(G2) − r2

x
− λj(G2)

x

}

det(W ),

where

W =

(

xIn1
− A(G1) −R(G1)

−R(G1)
T xIm1

)

−
(

On1×n2

−Jm1×n2

)

(xIn2
− A(G2) − 1

x
R(G2)R(G2)

T )−1
(

On2×n1
−Jn2×m1

)

=

(

xIn1
− A(G1) −R(G1)

−R(G1)
T xIm1

− ΓA(G2)+ 1

x
R(G2)R(G2)T Jm1×m1

)

.
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Then,

det(W ) = det
(

xIm1
− ΓA(G2)+ 1

x
R(G2)R(G2)T Jm1×m1

)

det
(

xIn1
− A(G1)

− R(G1)(xIm1
− ΓA(G2)+ 1

x
R(G2)R(G2)T Jm1×m1

)−1R(G1)
T
)

=xm1

(

1 − ΓA(G2)+ 1

x
R(G2)R(G2)T (x)

m1

x

)

det



xIn1
− A(G1)

− R(G1)







1

x
Im1

+
ΓA(G2)+ 1

x
R(G2)R(G2)T (x)

x(x − m1ΓA(G2)+ 1

x
R(G2)R(G2)T (x))

Jm1×m1







R(G1)
T





=xm1

(

1 − ΓA(G2)+ 1

x
R(G2)R(G2)T (x)

m1

x

)

det
(

xIn1
− A(G1) − 1

x
R(G1)R(G1)

T

−
ΓA(G2)+ 1

x
R(G2)R(G2)T (x)

x(x − m1ΓA(G2)+ 1

x
R(G2)R(G2)T (x))

R(G1)Jm1×m1
R(G1)

T
)

=xm1

(

1 − ΓA(G2)+ 1

x
R(G2)R(G2)T (x)

m1

x

)

det
(

xIn1
− A(G1)

− 1

x
R(G1)R(G1)

T − r2
1

ΓA(G2)+ 1

x
R(G2)R(G2)T (x)

x(x − m1ΓA(G2)+ 1

x
R(G2)R(G2)T (x))

Jn1×n1

)

=xm1

(

1 − ΓA(G2)+ 1

x
R(G2)R(G2)T (x)

m1

x

)

det
(

xIn1
− A(G1) − 1

x
(r1In1

+ A(G1))
)

×


1 −
r2

1ΓA(G1)+ 1

x
R(G1)R(G1)T (x)ΓA(G2)+ 1

x
R(G2)R(G2)T (x)

x
(

x − m1ΓA(G2)+ 1

x
R(G2)R(G2)T (x)

)





=xm1

(

1 − m1n2

x(x − r2 − 2r2

x
)

)

n1
∏

i=1

{

x − λi(G1) − 1

x
(r1 + λi(G1))

}

×









1 − r2
1n1n2

x(x − r1 − 2r1

x
)
(

x − m1n2

x−r2−
2r2

x

)

(x − r2 − 2r2

x
)









.

Therefore,

f
A(R(G1)∨̇R(G2))

(x) =xm1xm2



1 − m1n2

x
(

x − r2 − 2r2

x

)





×
n1
∏

i=1

{

x − λi(G1) − r1

x
− λi(G1)

x

}

×
n2
∏

j=1

{

x − λj(G2) − r2

x
− λj(G2)

x

}
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×









1 − r2
1n1n2

x

(

x − r1 − 2r1

x

)(

x − m1n2

x−r2−
2r2

x

)(

x − r2 − 2r2

x

)









=xm1−n1xm2−n2

n1
∏

i=2

¶x2 − λi(G1)x − r1 − λi(G1)♢

×
n2
∏

j=2

¶x2 − λj(G2)x − r2 − λj(G2)♢
[

x4 − (r1 + r2)x
3

− (2r1 + m1n2 + 2r2 − r1r2)x
2 + (4r1r2 + r1m1n2)x + 4r1r2

]

,

and the result follows. □

In the similar way we can obtain Laplacian and normalized Laplacian spectra of
the partial join of R-graphs, which are given below.

Lemma 2.2. We have the following Laplacian matrices:

(i)

L(R(G1)∨̈R(G2))=









(r1 + n2)In1
+ L(G1) −R(G1) −Jn1×n2

On1×m2

−R(G1)T 2Im1
Om1×n2

Om1×m2

−Jn2×n1
On2×m1

(r2 + n1)In2
+ L(G2) −R(G2)

Om2×n1
Om2×m1

−R(G2)T 2Im2









;

(ii)

L(R(G1)∨R(G2)) =









r1In1
+ L(G1) −R(G1) On1×n2

On1×m2

−R(G1)T (2 + m2)Im1
Om1×n2

−Jm1×m2

On2×n1
On2×m1

r2In2
+ L(G2) −R(G2)

Om2×n1
−Jm2×m1

−R(G2)T (2 + m1)Im2









;

(iii)

L(R(G1)∨̇R(G2)) =









r1In1
+ L(G1) −R(G1) On1×n2

On1×m2

−R(G1)T (2 + n2)Im1
−Jm1×n2

Om1×m2

On2×n1
−Jn2×m1

(r2 + m1)In2
+ L(G2) −R(G2)

Om2×n1
Om2×m1

−R(G2)T 2Im2









.

Theorem 2.4. For i = 1, 2, let Gi be an ri-regular graph with ni vertices and mi

edges. Then, the Laplacian spectrum of R(G1)∨̈R(G2) consists of:

(i) roots of the equation x2 − (2 + r1 + n2 + µi(G1))x + 2n2 + 3µi(G1) = 0, for every

eigenvalue µi(G1), i = 2, 3, . . . , n1, of L(G1);
(ii) roots of the equation x2 − (2 + r2 + n1 + µj(G2))x + 2n1 + 3µj(G2) = 0, for every

eigenvalue µj(G2), j = 2, 3, . . . , n2, of L(G2);
(iii) the eigenvalue 2 with multiplicity m1 + m2 − n1 − n2;

(iv) four roots of the equation x4 − (4 + r1 + r2 + n1 + n2)x3 + (4 + 4n1 + 4n2 + 2r1 +
2r2 + r1r2 + r1n1 + r2n2)x

2 − 2(2n1 + 2n2 + r1n1 + r2n2)x = 0.

Theorem 2.5. For i = 1, 2, let Gi be an ri-regular graph with ni vertices and mi

edges. Then, the Laplacian spectrum of R(G1)∨R(G2) consists of:
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(i) roots of the equation x2−(2+r1+m2+µi(G1))x+r1m2+3µi(G1)+m2µi(G1) = 0,

for every eigenvalue µi(G1), i = 2, 3, . . . , n1, of L(G1);
(ii) roots of the equation x2−(2+r2+m1+µj(G2))x+r2m1+3µj(G2)+m1µj(G2) = 0,

for every eigenvalue µj(G2), j = 2, 3, . . . , n2, of L(G2);
(iii) the eigenvalue 2 + m2 with multiplicity m1 − n1;

(iv) the eigenvalue 2 + m1 with multiplicity m2 − n2;

(v) four roots of the equation x4−(4+r1+r2+m1+m2)x3+(4+2r1+2r2+r1r2+r1m1+
r2m2 + 2m1 + 2m2 + r1m2 + r2m1)x2 − (2r1m2 + 2r2m1 + r1r2m1 + r1r2m2)x = 0.

Theorem 2.6. For i = 1, 2, let Gi be an ri-regular graph with ni vertices and mi

edges. Then, the Laplacian spectrum of R(G1)∨̇R(G2) consists of:

(i) roots of the equation x2 − (2+r1 +n2 +µi(G1))x+r1n2 +3µi(G1)+n2µi(G1) = 0,

for every eigenvalue µi(G1), i = 2, 3, . . . , n1, of L(G1);
(ii) roots of the equation x2 − (2 + r2 + m1 + µj(G2))x + 2m1 + 3µj(G2) = 0, for

every eigenvalue µj(G2), j = 2, 3, . . . , n2, of L(G2);
(iii) the eigenvalue 2 + n2 with multiplicity m1 − n1;

(iv) the eigenvalue 2 with multiplicity m2 − n2;

(v) four roots of the equation x4 − (4 + r1 + r2 + m1 + n2)x3 + (4 + 2r1 + 2r2 + 4m1 +
2n2 + r1r2 + r1m1 + r1n2 + r2n2)x

2 − (4m1 + 2r1m1 + 2r1n2 + r1r2n2)x = 0.

Lemma 2.3. We have the following normalized Laplacian matrices:

(i)

L(R(G1)∨̈R(G2)) =











L(G1) • B(G1) −cR(G1) −Kn1×n2
On1×m2

−cR(G1)
T Im1

Om1×n2
Om1×m2

−Kn2×n1
On2×m1

L(G2) • B(G2) −dR(G2)
Om2×n1

Om2×m1
−dR(G2)

T Im2











,

where Kn1×n2
is the matrix of size n1 × n2 with all entries equal to 1√

(2r1+n2)(2r2+n1)
,

B(G1) is the n1 × n1 matrix whose all diagonal entries are 1 and off-diagonal entries

are r1

2r1+n2

, B(G2) is the n2×n2 matrix whose all diagonal entries are 1 and off-diagonal

entries are r2

2r2+n1

, c is the constant whose value is 1√
2(2r1+n2)

, d is the constant whose

value is 1√
2(2r2+n1)

;

(ii)

L(R(G1)∨R(G2)) =











L(G1) • B(G1) −cR(G1) On1×n2
On1×m2

−cR(G1)
T Im1

Om1×n2
−Km1×m2

On2×n1
On2×m1

L(G2) • B(G2) −dR(G2)
Om2×n1

−Km2×m1
−dR(G2)

T Im2











,

where Km1×m2
is the matrix of size m1 × m2 with all entries equal to 1√

(2+m2)(2+m1)
,

B(G1) is the n1 × n1 matrix whose all diagonal entries are 1 and off-diagonal entries

are r1

2r1

, B(G2) is the n2 × n2 matrix whose all diagonal entries are 1 and off-diagonal
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entries are r2

2r2

, c is the constant whose value is 1√
2r1(2+m2)

, d is the constant whose

value is 1√
2r2(2+m1)

;

(iii)

L(R(G1)∨̇R(G2)) =











L(G1) • B(G1) −cR(G1) On1×n2
On1×m2

−cR(G1)
T Im1

−Km1×n2
Om1×m2

On2×n1
−Kn2×m1

L(G2) • B(G2) −dR(G2)
Om2×n1

Om2×m1
−dR(G2)

T Im2











,

where Km1×n2
is the matrix of size m1 × n2 with all entries equal to 1√

(2+n2)(2r2+m1)
,

B(G1) is the n1 × n1 matrix whose all diagonal entries are 1 and off-diagonal entries

are r1

2r1

, B(G2) is the n2 × n2 matrix whose all diagonal entries are 1 and off-diagonal

entries are r2

2r2+m1

, c is the constant whose value is 1√
2r1(2+n2)

, d is the constant whose

value is 1√
2(2r2+m1)

.

Theorem 2.7. For i = 1, 2, let Gi be an ri-regular graph with ni vertices and mi

edges. Then, the normalized Laplacian spectrum of R(G1)∨̈R(G2) consists of:

(i) roots of the equation 2(2r1+n2)x2−2(3r1+2n2+r2δi(G1))x+2n2+3r1δi(G1) = 0,

for every eigenvalue δi(G1), i = 2, 3, . . . , n1, of L(G1);
(ii) roots of the equation 2(2r2+n1)x2−2(3r2+2n1+r2δj(G2))x+2n1+3r2δj(G2) = 0,

for every eigenvalue δj(G2), j = 2, 3, . . . , n2, of L(G2);
(iii) the eigenvalue 1 with multiplicity m1 + m2 − n1 − n2;

(iv) four roots of the equation (4r1r2 + 2r1n1 + 2r2n2 + n1n2)x
4 − (12r1r2 + 7r1n1 +

7r2n2+4n1n2)x3+(9r1r2+8r1n1+8r2n2+5n1n2)x2−(3r1n1+3r2n2+2n1n2)x = 0.

Theorem 2.8. For i = 1, 2, let Gi be an ri-regular graph with ni vertices and mi

edges. Then, the normalized Laplacian spectrum of R(G1)∨R(G2) consists of:

(i) roots of the equation 2(2 + m2)x
2 − (6 + 3m2 + 2δi(G1) + m2δi(G1))x + m2 +

3δi(G1) + m2δi(G1) = 0, for every eigenvalue δi(G1), i = 2, 3, . . . , n1, of L(G1);
(ii) roots of the equation 2(2 + m1)x

2 − (6 + 3m1 + 2δj(G2) + m1δj(G2))x + m1 +
3δj(G2) + m1δj(G2) = 0, for every eigenvalue δj(G2), j = 2, 3, . . . , n2, of L(G2);

(iii) the eigenvalue 1 with multiplicity m1 + m2 − n1 − n2;

(iv) four roots of the equation 4(4 + 2m1 + 2m2 + m1m2)x
4 − 12(4 + 2m1 + 2m2 +

m1m2)x
3 + (36 + 22m1 + 22m2 + 9m1m2)x

2 − 2(3m1 + 3m2 + m1m2)x = 0.

Theorem 2.9. For i = 1, 2, let Gi be an ri-regular graph with ni vertices and mi

edges. Then, the normalized Laplacian spectrum of R(G1)∨̇R(G2) consists of:

(i) roots of the equation 2(2+n2)x2 −(6+3n2 +2δi(G1)+n2δi(G1))x+n2 +3δi(G1)+
n2δi(G1) = 0, for every eigenvalue δi(G1), i = 2, 3, . . . , n1, of L(G1);

(ii) roots of the equation 2(2r2+m1)x2−2(3r2+2m1+r2δj(G2))x+2m1+3r2δj(G2) =
0, for every eigenvalue δj(G2), j = 2, 3, . . . , n2, of L(G2);

(iii) the eigenvalue 1 with multiplicity m1 + m2 − n1 − n2;
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(iv) four roots of the equation (8r2 +4r2n2 +4m1 +2m1n2)x4 −(24r2 +12r2n2 +14m1 +
7m1n2)x

3 + (18r2 + 11r2n2 + 16m1 + 7m1n2)x
2 − (3r2n2 + 6m1 + 2m1n2)x = 0.

3. Simultaneous Cospectral Graphs

In this section we present the main result of the paper. We construct several classes
of non-regular graphs which are cospectral with respect to all the three matrices,
namely, adjacency, Laplacian and normalized Laplacian. For the construction of
these graphs we consider two pairs of A-cospectral regular graphs, which are readily
available in the literature, for example see [11]. Then we take partial join of R-graphs
belong to different pairs.

The following lemma is immediate from the definition of Laplacian and normalized
Laplacian matrices.

Lemma 3.1. (i) If G is an r-regular graph, then L(G) = rIn − A(G) and L(G) =
In − 1

r
A(G).

(ii) If G1 and G2 are A-cospectral regular graphs, then they are also cospectral with

respect to the Laplacian and normalized Laplacian matrices.

Observation. From all the theorems given in the previous section we observe
that the adjacency, Laplacian and normalized Lpalacian spectra of all the partial join
graphs R(G1)∨̈R(G2), R(G1)∨R(G2), and R(G1)∨̇R(G2), depend only on the number
of vertices, number of edges, degree of regularities, and the corresponding spectrum
of G1 and G2. Furthermore, we note that, although G1 and G2 are regular graphs,
R(G1)∨̈R(G2), R(G1)∨R(G2), and R(G1)∨̇R(G2) are non-regular graphs.

The following theorem is the main result of the paper.

Theorem 3.1. Let Gi, Hi, i = 1, 2, be regular graphs, where G1 need not be dif-

ferent from H1. If G1 and H1 are A-cospectral, and G2 and H2 are A-cospectral

then R(G1)∨̈R(G2) (respectively, R(G1)∨R(G2), R(G1)∨̇R(G2)) and R(H1)∨̈R(H2)

(respectively, R(H1)∨R(H2), R(H1)∨̇R(H2)) are simultaneously A-cospectral,

L-cospectral and L-cospectral.

Proof. Follows from Lemma 3.1 and the above observation. □

4. Spanning Trees and Kirchhoff Indices

Applying the results on Laplacian spectra, we find the number of spanning trees
and Kirchhoff index of all the partial join graphs constructed in the paper.

Let t(G) denote the number of spanning trees of G. It is well known [6] that if G

is a connected graph on n vertices with Laplacian spectrum 0 = µ1(G) ≤ µ2(G) ≤
· · · ≤ µn(G), then t(G) = µ2(G)···µn(G)

n
.

The Kirchhoff index of a graph G, denoted by Kf(G), is defined as the sum of
resistances between all pairs of vertices [1, 9] in G. For a connected graph G on n

vertices, the Kirchhoff index [8] can be expressed as Kf(G) = n
∑n

i=2
1

µi(G)
.
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Theorem 4.1. For i = 1, 2, let Gi be an ri-regular graph with ni vertices and mi

edges. Then,

(i)

t(R(G1)∨̈R(G2))

=

2m1+m2−n1−n2 · 2(2n1 + 2n2 + r1n1 + r2n2) ·
n1
∏

i=2
(2n2 + 3µi(G1)) ·

n2
∏

j=2
(2n1 + 3µj(G2))

n1 + n2 + m1 + m2
;

(ii)

t(R(G1)∨R(G2))

=(2 + m2)m1−n1 · (2 + m1)m2−n2

×

(2r1m2 + 2r2m1 + r1r2m1 + r1r2m2) ·

n1
∏

i=2

(r1m2 + 3µi(G1) + m2µi(G1)) ·

n2
∏

j=2

(r2m1 + 3µj(G2) + m1µj(G2))

n1 + n2 + m1 + m2

;

(iii)

t(R(G1)∨̇R(G2))

=(2 + n2)
m1−n1 · 2m2−n2 · (4m1 + 2r1m1 + 2r1n2 + r1r2n2)

×

n1
∏

i=2
(r1n2 + 3µi(G1) + n2µi(G1)) ·

n2
∏

j=2
(2m1 + 3µj(G2))

n1 + n2 + m1 + m2

.

Theorem 4.2. For i = 1, 2, let Gi be an ri-regular graph with ni vertices and mi

edges. Then,

(i)

Kf(R(G1)∨̈R(G2))

=(n1 + n2 + m1 + m2)





m1 + m2 − n1 − n2

2

+
4 + 4n1 + 4n2 + 2r1 + 2r2 + r1r2 + r1n1 + r2n2

2(2n1 + 2n2 + r1n1 + r2n2)
+

n1
∑

i=2

2 + r1 + n2 + µi(G1)

2n2 + 3µi(G1)

+
n2
∑

j=2

2 + r2 + n1 + µj(G2)

2n1 + 3µj(G2)



;

(ii)

Kf(R(G1)∨R(G2))

=(n1 + n2 + m1 + m2)





m1 − n1

2 + m2

+
m2 − n2

2 + m1

+
n1
∑

i=2

2 + r1 + m2 + µi(G1)

r1m2 + 3µi(G1) + m2µi(G1)

+
4 + 2r1 + 2r2 + r1r2 + r1m1 + r2m2 + 2m1 + 2m2 + r1m2 + r2m1

2r1m2 + 2r2m1 + r1r2m1 + r1r2m2
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+
n2
∑

j=2

2 + r2 + m1 + µj(G2)

r2m1 + 3µj(G2) + m1µj(G2)



;

(iii)

Kf(R(G1)∨̇R(G2))

=(n1 + n2 + m1 + m2)





m1 − n1

2 + n2

+
m2 − n2

2

+
4 + 2r1 + 2r2 + 4m1 + 2n2 + r1r2 + r1m1 + r1n2 + r2n2

4m1 + 2r1m1 + 2r1n2 + r1r2n2

+
n1
∑

i=2

2 + r1 + n2 + µi(G1)

r1n2 + 3µi(G1) + n2µi(G1)
+

n2
∑

j=2

2 + r2 + m1 + µj(G2)

2m1 + 3µj(G2)



.

5. Concluding Remarks

The main result of the paper is based on regular A-cospectral graphs and certain
operations on a pair of these graphs so that the operated (or resultant) graphs are
non-regular and their adjacency, Laplacian and normalized Laplacian spectra depend
on only the order, size, degree of regularity and spectra of the original graphs. Thus
following the technique of this paper one may construct some more graphs like here.
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ON THE BOUNDEDNESS OF q-HAUSDORFF OPERATORS ON

q-HARDY SPACES

OTHMAN TYR1

Abstract. E. LiĆyand and F. Móricz proved that the Hausdorff operator generated
by a function ϕ ∈ L1(R) is a linear operator bounded on the real Hardy space H1(R)
by using the classical Fourier transform and the Hilbert transform, they also proved
that this operator commutes with Hilbert transform. In this work, we extend these
results to the context of q-harmonic analysis associated with the q-RubinŠs operator,
we introduce the q-Hilbert transform on the real line, we study some of its main
properties. Next, we deĄne the q-Hardy spaces H1

q(Rq) by means of the q-Hilbert
transforms, we Ąnally study the q-Hausdorff operator and we prove the boundedness
property and the commuting relation of this operator and q-Hilbert transform in
q-Hardy spaces.

1. Introduction and Preliminaries

The Hausdorff operator is one of the important operators in harmonic analysis, it
has a deep root in the study of the Fourier analysis. Particularly, a one-dimensional
Hausdorff operator in Euclidean space is closely related to the summability of the
classical Fourier series. The modern theory of Hausdorff operator started with the
work of Siskakis in the complex analysis setting and with the work of Liflyand-Móricz
in the Fourier transform setting [20], for more information about the background and
the development of the Hausdorff operator one can refer to [7, 13, 15, 18, 19, 21] and
references therein. For a locally integrable function φ on (0,+∞), the one-dimensional

Key words and phrases. q-Fourier transform, q-translation operator, q-Hilbert transform, q-Hardy
spaces, q-Hausdorff operator.
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Hausdorff operator is defined in the integral form by

hϕ(f)(x) =
∫ +∞

0

φ(t)

t
f

x

t


dt.

It is worth pointing out that if the kernel function φ is taken appropriately, then the
Hausdorff operator reduces to many classical operators in analysis such as the Hardy
operator, the Cesáro operator, the Riemann-Liouville fractional integral operator and
the Hardy-Littlewood average operator (see, e.g. [7, 13] and references therein).

Let L1(R), be the space of all Lebesgue measurable and integrable complex-valued
functions defined on R endowed with the usual norm

∥f∥1 :=
∫

R
♣f(t)♣dt < +∞.

Then, we define the Fourier transform f̂ of a function f ∈ L1(R) by the following
equality

f̂(x) = (2π)−1/2
∫

R
f(t)e−itxdt, for all x ∈ R.

We also consider H(f) the Hilbert transform of a function f ∈ L1(R) in the form

(1.1) H(f)(x) :=
1

π
P.V.

∫

R

f(x− y)

y
dy =

1

π
lim
ε↓0

∫ +∞

ε

f(x− y) − f(x+ y)

y
dy,

for all x ∈ R. We recall the definition of the Hardy space H1(R) as follows (see [20])

H1(R) :=
{
f ∈ L1(R) : H(f) ∈ L1(R)

}
,

endowed with the norm ♣♣f ♣♣H1 := ♣♣f ♣♣L1 + ♣♣H(f)♣♣L1 . It has been proved in [2, 24]
that H is a linear multiplier operator given by

Ĥ(f)(t) = −i sgn(t)f̂(t), for all t ∈ R,

where sgn(t) equals +1 for t > 0, −1 for t < 0 and cancels at 0. This familiar identity
is valid for all f ∈ H1(R) and plays a crucial role in this work.

In [20], E. Liflyand and F. Móricz studied the Hausdorff operators related to the
Fourier transform on the real Hardy spaces H1(R) and proved the boundedness
property and the commuting relations of these operators and Hilbert transforms.
These results were recently obtained for the Dunkl-Hausdorff operator in [8]. For
further details, the reader is invited to consult the following references [1,3,7,12,20,26].

In the present paper, by using some elements of the q-harmonic analysis associated
to the q-Rubin’s operator introduced in [22,23], we attempt to explore the validity of
these results in case of the q-Fourier transform. To describe our results, we introduce
some necessary fundamental concepts of quantum analysis which will be used in this
paper. For this purpose, we refer the reader to the book by G. Gasper and M. Rahman
[10], for the definitions, notations and properties of the q-shifted factorials and the
q-hypergeometric functions. We can also see the following references [4, 9–11,25].
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We mention that, in this paper, we will follow all the so-mentioned works which,
for a convergence argument, they imposed that the parameter 0 < q < 1 satisfies the
condition

log(1 − q)

log(q)
∈ 2Z.

Throughout this paper, we assume 0 < q < 1 and we denote

Rq = ¶±qn : n ∈ Z♢, R+
q = ¶qn : n ∈ Z♢ and R̂q = Rq ∪ ¶0♢.

For a ∈ C, the q-shifted factorials are defined by:

(a; q)0 = 1, (a; q)n =
n−1∏

l=0

(1 − aql), n = 1, 2 . . . , (a; q)∞ =
+∞∏

l=0

(1 − aql).

We also denote for all x ∈ C and n ∈ N

[x]q =
1 − qx

1 − q
, [n]q! = [1]q × [2]q × · · · × [n]q =

(q; q)n
(1 − q)n

, [0]q! = 1.

The q-Gamma function is given by (see [16])

Γq(x) =
(q; q)∞

(qx; q)∞

(1 − q)1−x, x ̸= 0,−1,−2, . . .

It satisfies the following relations

Γq(x+ 1) = [x]qΓq(x), Γq(1) = 1 and lim
q→1−

Γq(x) = Γ(x), Re(x) > 0,

and tends to the classical Gamma function Γ when q tends to 1−.
The q-derivative of a function f is given by

Dqf(x) =
f(x) − f(qx)

(1 − q)x
, if x ̸= 0,

where Dqf(0) = f
′

(0) provided f
′

(0) exists. We recall the following definition of the
q-trigonometric functions. We define the q-cosine by

cos(x; q2) =
+∞∑

n=0

(−1)nqn(n+1) x2n

[2n]q!
,

and the q-sine by

sin(x; q2) =
+∞∑

n=0

(−1)nqn(n+1) x2n+1

[2n+ 1]q!
.

So, we deduce the q-analogue of the classical exponential function by

(1.2) e(ix; q2) = cos(x; q2) + i sin(x; q2).

These three functions are entire on C and when q tends to 1−, they tend to the
corresponding classical ones pointwise and uniformly on compacts.

The following estimates are available for all x ∈ Rq (see [22])

♣ cos(x; q2)♣ ≤
1

(q; q)∞

, ♣ sin(x; q2)♣ ≤
1

(q; q)∞

.
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So,

(1.3) ♣e(ix; q2)♣ ≤
2

(q; q)∞

.

The Rubin’s q-differential operator is defined in [22,23] by

∂q(f)(x) =





f(q−1x)+f(−q−1x)−f(qx)+f(−qx)−2f(−x)
2(1−q)x

, if x ̸= 0,

lim
x→0

∂q(f)(x) in Rq, if x = 0.

Remark that if f is differentiable at x, then lim
q→1−

∂q(f)(x) = f
′

(x).

The following equality for the q-exponential function (see [23])

(1.4) ∂qe(itx; q2) = ite(itx; q2), x ∈ Rq.

holds, for every t ∈ C.
The q-Jackson integrals are defined by (see [16, Sections 1.10 and 1.11])
∫ a

0
f(x)dqx = (1 − q)a

+∞∑

n=0

qnf(aqn),
∫ b

a
f(x)dqx =

∫ b

0
f(x)dqx−

∫ a

0
f(x)dqx,

∫ +∞

0
f(x)dqx = (1 − q)

+∞∑

n=−∞

qnf(qn),

∫ +∞

−∞
f(x)dqx = (1 − q)

+∞∑

n=−∞

qn [f(qn) + f(−qn)] ,

provided the sums converge absolutely. In particular, for a ∈ R+
q ,

∫ +∞

a
f(x)dqx = (1 − q)a

−1∑

n=−∞

qnf(aqn).

Lemma 1.1. The q-analogue of the integration theorem by a change of variable can

be stated when u(x) = αxβ, α ∈ C as follows:
∫ u(b)

u(a)
f(u)dqu =

∫ b

a
f(u(t))Dq1/βu(t)dq1/β t.

Proof. See [17]. □

The proof of Lemma 1.2 is straightforward: just use the definition of q-Jackson
integrals.

Lemma 1.2. If the stated integrals exist, then for all a ∈ Rq, we have the following.

• If f is odd, then ∫ a

−a
f(t)dqt = 0.

• If f is even, then ∫ a

−a
f(t)dqt = 2

∫ a

0
f(t)dqt.

In what follows, let us fix some notations.
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• Cpq(Rq) is the space of functions f , p times q-differentiable on R̂q such that for

all 0 ≤ n ≤ p, ∂nq f is continuous on R̂q.
• Sq(Rq) is the space of functions f defined on Rq satisfying

Pn,m,q(f) = sup
x∈Rq

♣xm∂nq f(x)♣ < +∞, for all n,m ∈ N,

and
lim
x→0

∂nq (f)(x) (in Rq) exists.

• Lpq(Rq), p ∈ [1,+∞], is the set of all functions defined on Rq such that

∥f∥q,p =





∫ +∞

−∞
♣f(x)♣pdqx

1/p

< +∞, if 1 ≤ p < +∞,

sup
x∈Rq

♣f(x)♣ < +∞, if p = +∞.

Definition 1.1. The q-Fourier transform f̂(·; q2) associated with the q-Rubin operator
∂q is defined for every function f in L1

q(Rq) by

(1.5) f̂(x; q2) = K
∫ +∞

−∞
f(t)e(−itx; q2)dqt,

for all x ∈ R̂q where K = (1 + q)1/2/2Γq2(1/2).

It was shown in [23] that the q-Fourier transform f̂(·; q2) verifies the following prop-
erties.

• If f, ∂qf ∈ L1
q(Rq), then

∂̂qf(x; q2) = ixf̂(x; q2), for all x ∈ R̂q.

• If f ∈ L1
q(Rq), then f̂(·; q2) ∈ C0

q(Rq) and we have

(1.6) ∥f̂(.; q2)∥q,∞ ≤
2K

(q; q)∞

∥f∥q,1.

Theorem 1.1. (i) The q-Fourier transform f̂(.; q2) is an isomorphism from L2
q(Rq)

into itself and satisfies the following q-Plancherel formula:

(1.7) ∥f̂(·; q2)∥q,2 = ∥f∥q,2, for all f ∈ L2
q(Rq).

(ii) If f ∈ L1
q(Rq) such that f̂(.; q2) ∈ L1

q(Rq), then the q-inversion formula holds

and we have

f(x) = K
∫ +∞

−∞
f̂(t; q2)e(itx; q2)dqt, for all x ∈ R̂q.

The q-translation operator Tq,x, x ∈ R̂q is defined on Sq(Rq) by (see [5, 22])

Tq,x(f)(y) = K
∫ +∞

−∞
f̂(t; q2)e(itx; q2)e(ity; q2)dqt,

Tq,0(f)(y) = f(y).
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In particular the product formula

(1.8) Tq,x(e(it.; q
2))(y) = e(itx; q2)e(ity; q2), x, y, t ∈ Rq,

holds. It was shown in [8] that the q-translation operator can be also defined on
L2
q(Rq) and we have the following result.

Proposition 1.1. For all f ∈ L2
q(Rq), we have Tq,xf ∈ L2

q(Rq) and

∥Tq,x(f)∥q,2 ≤
2

(q; q)∞

∥f∥q,2, for all x ∈ R̂q.

Furthermore, the q-translation operator verifies the following properties.

Proposition 1.2. For all f ∈ L1
q(Rq), t, x ∈ Rq, we have

Tq,x(f)(t) = Tq,t(f)(x),
∫ +∞

−∞
Tq,x(f)(t)dqt =

∫ +∞

−∞
f(t)dqt,

T̂q,x(f)(t; q2) = e(itx; q2)f̂(t; q2).(1.9)

2. q-Hilbert Transform

In this section, we introduce the q-analogue of Hilbert transform and we study some
of its main properties by using the q-harmonic analysis associated with the q-Rubin
operator ∂q.

For f ∈ Sq(Rq), we define the q-analogue of Hilbert transform under the q-Rubin
operator ∂q, also called the q-Hilbert transform operator Hq by the principal value of
the singular integral

(2.1) Hq(f)(x) := aq P.V.
∫ +∞

−∞

Tq,x(f)(−t)

t
dqt,

where aq = (1 + q)/2qΓ2
q2(1/2) and the principal value integral is defined to be

lim
ε→0+

∫

|t|>ε
.

Remark 2.1. (1) Letting q tends to 1− subject to the formula (2.1), gives, at least
formally, the classical Hilbert transform given by the formula (1.1).

(2) In view of formula (1.9), the function Tq,x(f) ∈ Sq(Rq) and one can write

(2.2) Hq(f)(x) = aq lim
ε↓0

∫ +∞

ε

Tq,x(f)(−t) − Tq,x(f)(t)

t
dqt.

Let now us calculate the q-Hilbert transform of some basic functions, for this, we
need the following proposition.

Proposition 2.1. The following identities are valid

(2.3)
∫ 0

−∞

sin(t; q2)

t
dqt =

∫ +∞

0

sin(t; q2)

t
dqt =

Γ2
q2(1/2)

1 + q−1
.



ON THE BOUNDEDNESS OF q-HAUSDORFF OPERATORS 1267

Proof. See [14, Proposition 5.3]. □

Proposition 2.2. The following identities are fulfilled for all x ∈ Rq:

Hq(cos(·; q2))(x) = sin(x; q2),(2.4)

Hq(sin(·; q2))(x) = − cos(x; q2).(2.5)

Proof. Using the linearity of the q-translation and (1.2), we conclude that

(2.6) Tq,x(e(i.; q
2))(t) = Tq,x(cos(.; q2))(t) + iTq,x(sin(.; q2))(t).

On other hands, it follows from (1.2) again that

e(ix; q2) · e(it; q2) = cos(x; q2) cos(t; q2) − sin(x; q2) sin(t; q2)

+ i
[
cos(x; q2) sin(t; q2) + sin(x; q2) cos(t; q2)

]
.(2.7)

Using the product formula (1.8) and combining the relations (2.6) and (2.7), we have

Tq,x(cos(·; q2))(t) = cos(x; q2) cos(t; q2) − sin(x; q2) sin(t; q2),

Tq,x(sin(·; q2))(t) = cos(x; q2) sin(t; q2) + sin(x; q2) cos(t; q2).

Therefore, by using the fact that cos(·; q2) is even and sin(·; q2) is odd, it follows from
the definition of q-Hilbert transform (2.2) and Proposition 2.1 that

Hq(cos(·; q2))(x) = aq lim
ε↓0

∫ +∞

ε

Tq,x(cos(·; q2))(−t) − Tq,x(cos(·; q
2))(t)

t
dqt

= 2aq sin(x; q2)
∫ +∞

0

sin(t; q2)

t
dqt

= sin(x; q2).

Similarly we have

Hq(sin(·; q2))(x) = aq lim
ε↓0

∫ +∞

ε

Tq,x(sin(·; q2))(−t) − Tq,x(sin(·; q2))(t)

t
dqt

= −2aq cos(x; q2)
∫ +∞

0

sin(t; q2)

t
dqt

= − cos(x; q2).

Thus, Proposition 2.2 is proved. □

Remark 2.2. From (2.4) and (2.5), we have

Hq(e(i·; q
2))(x) = −ie(ix; q2), x ∈ Rq.

Now, we are giving a very important property for the q-Hilbert transform under the
q-Rubin operator, it has been proved in [24] and also in [2] that the Hilbert transform
is a multiplier operator. Now, in the following theorem, we give a q-Fourier version
of this result.
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Theorem 2.1. Let f ∈ Sq(Rq). Then, the q-Hilbert transform is a multiplier operator

with

(2.8) Ĥq(f)(t; q2) = −i sgn(t)f̂(t; q2),

for all t ∈ Rq.

Proof. For ξ ∈ Rq, we put

Gq,ξ(ε, A) =
∫ A

ε

e(−itξ; q2) − e(itξ, q2)

t
dqt, (ε, A) ∈ R+

q × R+
q .

In view of (1.2), we get

Gq,ξ(ε, A) =
∫ A

ε

e(−itξ; q2) − e(itξ; q2)

t
dqt = −2i

∫ A

ε

sin(tξ; q2)

t
dqt

= −2i sgn(ξ)
∫ Aξ

εξ

sin(t; q2)

t
dqt.

Consequently, by (2.3), we have

lim
ε→0

A→+∞

Gq,ξ(ε, A) = −2i sgn(ξ)
Γ2
q2(1/2)

1 + q−1
=

−i sgn(ξ)

aq
.

Furthermore, since

Tq,x(f)(t) =
∫ +∞

−∞
T̂q,x(f)(ξ; q2)e(itξ; q2)dqξ,

then, using Fubini’s theorem and dominated convergence theorem, we get

Hq(f)(x) = aq

∫ +∞

0

∫ +∞

−∞
T̂q,x(f)(ξ; q2)


e(−itξ; q2) − e(itξ; q2)

t
dqξ


dqt

= aq lim
ε→0

A→+∞

∫ +∞

−∞
T̂q,x(f)(ξ; q2)Gq,ξ(ε, A)dqξ

= aq lim
ε→0

A→+∞

∫ +∞

−∞
e(ixξ; q2)f̂(ξ; q2)Gq,ξ(ε, A)dqξ

= −i
∫ +∞

−∞
sgn(ξ)f̂(ξ; q2)e(ixξ; q2)dqξ.

By the uniqueness of q-Fourier transform, we get exactly (2.8). □

Some direct application of the last theorem include the following.

Proposition 2.3. Let f ∈ Sq(Rq). Then, the following equality is valid for the

q-Hilbert transform Hq:

(2.9) Hq(Hqf) = −f.
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Proof. Let t ∈ Rq, then by using (2.8), we get

̂Hq(Hqf)(t; q2) = −i sgn(t)Ĥqf(t; q2) = −i sgn(t) × −i sgn(t)f̂(t; q2) = −f̂(t; q2).

Hence, by uniqueness of q-Fourier transform, we have the result. □

Note that, from (2.9), we can see that Hq,α is a unitary operator in L2
q(Rq) and

we have H2
q = −I, where I denotes the identity operator in L2

q(Rq). From this, the

inverse q-Hilbert transform operator can be written symbolically as H−1
q = −Hq, and

so,

f(x) = −aq P.V.
∫ +∞

−∞

Tq,x(Hqf)(−t)

t
dqt.

Theorem 2.2. (i) The q-Hilbert transform Hq is an isomorphism from Sq(Rq) onto

itself. Moreover, for all f ∈ Sq(Rq), we have the following isometric property

(2.10) ∥Hq(f)∥q,2 = ∥f∥q,2.

(ii) The q-Hilbert transform can be uniquely extended to an isometric isomorphism

on L2
q(Rq).

Proof. Let f ∈ Sq(Rq). From (1.3) and (1.4), we can easily see that the q-Fourier
transform leaves Sq(Rq) invariant and by taking into account the relation (1.9), we
conclude that Tq,x(f) leaves Sq(Rq) invariant, too. Therefore, Hq(f) ∈ Sq(Rq) and
the application Hq : Sq(Rq) → Sq(Rq) is well defined. The bijectivity of Hq follows
immediately from relation (2.9). On the other hand, in view of Theorem 2.1 and
q-Plancherel formula (1.7), we have

∥Hq(f)∥2
q,2 = ∥Ĥq(f)(.; q2)∥2

q,2 =
∫ +∞

−∞
♣Ĥqf(t; q2)♣2dqt

=
∫ +∞

−∞
♣ − i sgn(t)f̂(t; q2)♣2dqt =

∫ +∞

−∞
♣f̂(t; q2)♣2dqt

= ∥f̂(.; q2)∥2
q,2 = ∥f∥2

q,2.

Then we have (2.10). The result of (ii) follows from (i) and the density of Sq(Rq) in
L2
q(Rq) (see [4]). □

Let Ds, s > 0, s ∈ Rq, be the dilation operator defined by Dsf(x) = f(sx) and R

be the reflection operator Rf(x) = f(−x). Then, the following properties are fulfilled
for the q-Hilbert transform Hq.

Proposition 2.4. The q-Hilbert transform Hq commutes with q-translations Tq,x,

x ∈ Rq, positive dilations Ds and anticommutes with the reflection R, that means

Hq(Tq,xf) = Tq,x(Hqf),(2.11)

Hq(Dsf) = Ds(Hqf),(2.12)

Hq(Rf) = −R(Hqf),(2.13)

for all f ∈ L2
q(Rq).
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Proof. Let t ∈ Rq, according to the formula (1.9) and Theorem 2.1, we have

̂Tq,xHqf(t; q2) = e(itx; q2)Ĥqf(t; q2) = −i sgn(t)e(itx; q2)f̂(t; q2)

= −i sgn(t)T̂q,xf(t; q2) = ĤqTq,xf(t; q2).

By injectivity of q-Fourier transform, we get (2.11). To prove (2.12), let f ∈ L2
q(Rq),

then Dsf ∈ L2
q(Rq) and by a simple change of variable, we can see that

D̂sf(t; q2) = s−1f̂(t/s; q2), t, s ∈ Rq, s > 0.

From this and (2.8), we have

ĤqDsf(t; q2) = −i sgn(t)D̂sf(t; q2) = −i sgn(t)s−1f̂(t/s; q2)

= s−1(−i sgn(t/s)f̂(t/s; q2)) = s−1Ĥqf(t/s; q2) = D̂sHqf(t; q2).

By uniqueness of q-Fourier transform, we get (2.12) and it is equally obvious that

Hq(Dsf) = −Ds(Hqf), for s < 0.

From this, (2.13) is proved in the case s = −1. □

3. The q-Hausdorff Operators in q-Hardy Spaces

To give the main results of this work, we first introduce the q-analogue of Hardy
spaces using the q Hilbert transform on the image under the q-Fourier transform.
Next, we prove the boundedness of q-Hausdorff operator by using the closed graph
theorem and the fact that if f ∈ L1

q(Rq) satisfies

f̂(t; q2) = 0, for t < 0 (or t > 0), t ∈ Rq,

then f ∈ H1
q(Rq).

Let f ∈ L1
q (Rq) and x ∈ R̂q. Since for all z, t ∈ Rq, ♣e(−itz; q2)♣ ≤ 2

(q;q)∞

, and

t 7→ e(itx; q2) is in L1
q (Rq), then
∫ +∞

−∞

∫ +∞

−∞

∣∣∣f(z)e(itx; q2)e(−itz; q2)
∣∣∣ dqtdqz

≤
2

(q; q)∞

∫ +∞

−∞

∫ +∞

−∞
♣f(z)♣

∣∣∣e(itx; q2)
∣∣∣ dqtdqz

=
2

(q; q)∞

∥f∥q,1
∥∥∥e(ix·; q2)

∥∥∥
q,1
< +∞.

Therefore, we can define the q-Hilbert transform on L1
q(Rq) as

Hq(f)(x) = −i
∫ +∞

−∞
sgn(t)f̂(t; q2)e(itx; q2)dqt.

So, the q-Hardy space H1
q(Rq) is an important subspace of L1

q(Rq) defined by

H1
q(Rq) :=

{
f ∈ L1

q(Rq) : Hq(f) ∈ L1
q(Rq)

}
,
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endowed with the norm

(3.1) ♣♣f ♣♣H1
q

:= ♣♣f ♣♣q,1 + ♣♣Hq(f)♣♣q,1.

This space is a Banach algebra under pointwise addition, scalar multiplication and
convolution. It is much better adapted to problems arising in the theory of q-harmonic
analysis.

Furthermore, it follows from (2.8) that, if f ∈ H1
q(Rq), then

(3.2) Ĥqf(t; q2) = −i sgn(t)f̂(t; q2)

and

(3.3) Hq(Hqf)(t) = −f(t), t ∈ Rq.

From (3.3), we can easily see that Hq is a bounded operator from H1
q(Rq) into itself.

In particular, if f ∈ H1
q(Rq), then Hq(f) ∈ H1

q(Rq) and we have

♣♣Hq(f)♣♣H1
q

= ♣♣f ♣♣H1
q
.

In what follows, we give some auxiliary results interesting in themselves.

Proposition 3.1. If f belongs to H1
q(Rq), then

(3.4)
∫ +∞

−∞
f(t)dqt = 0.

Proof. Since f ∈ H1
q(Rq), then by using the definition of q-Hardy space, we have

f ∈ L1
q(Rq) and Hq(f) ∈ L1

q(Rq), by using the relation (1.6) and the fact that

∥f̂(·; q2)∥q,∞ ≤
4K

(q, q)∞

∥f∥q,1 < +∞,

∥Ĥqf(·; q2)∥q,∞ ≤
4K

(q, q)∞

∥Hq(f)∥q,1 < +∞,

we have f̂(·; q2), Ĥqf(·; q2) ∈ C0
q(Rq). From (3.2), it follows that

Ĥqf(0; q2) = −if̂(0; q2) = if̂(0; q2).

So, f̂(0; q2) = 0, which gives (3.4). □

Proposition 3.2. If f belong to L1
q(Rq) and satisfies:

(3.5) f̂(t; q2) = 0, for t > 0 and t ∈ Rq,

or

(3.6) f̂(t; q2) = 0, for t > 0 and t ∈ Rq,

then f ∈ H1
q(Rq).
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Proof. It follows from (2.8) and (3.5) that

Ĥqf(t; q2) = −i sgn(t)f̂(t; q2) = if̂(t; q2).

By uniqueness of q-Fourier transform, we get

(3.7) Hq(f)(t) = if(t),

for almost all t ∈ Rq, therefore the result follows from (3.7). A similar proof is
obtained from (3.6). □

Proposition 3.3. If f ∈ H1
q(Rq), then there are two functions f1 and f2 both in

H1
q(Rq) such that f = f1 + f2 and

f̂1(t; q
2) =0, for t > 0 and t ∈ Rq,

f̂2(t; q
2) =0, for t > 0 and t ∈ Rq.

Proof. We set

f1(t) =
f(t) + iHq(f)(t)

2
and f2(t) =

f(t) − iHq(f)(t)

2
.

By (3.3), we have f1, f2 ∈ H1
q(Rq). Furthermore, assume that t < 0 with t ∈ Rq and

according to the formula (3.2), we get

2f̂1(t; q
2) = f̂(t; q2) + iĤqf(t; q2) = f̂(t; q2) + i


−i sgn(t)f̂(t; q2)



= (1 + sgn(t))f̂(t; q2) = 0,

and analogously, we have

2f̂2(t; q
2) = (1 − sgn(t))f̂(t; q2) = 0, for t > 0, t ∈ Rq,

which completes the proof. □

In the following, we introduce the q-analogue of Hausdorff operator in q-Fourier
analysis, also known as the q-Hausdorff operator. We define the q-Hausdorff operator
hq,ψ of a function f ∈ L1

q(Rq) generated by a function ψ belonging also to L1
q(Rq) as

follows:

(3.8) ĥq,ψf(t; q2) =
∫ +∞

−∞
f̂(tx; q2)ψ(x)dqx, t ∈ Rq,

provided the integral is convergent, where

(3.9) hq,ψf(x) =
∫ +∞

−∞

ψ(t)

♣t♣
f

x

t


dqt, x ∈ Rq.

For x > 0, x ∈ Rq, by a change of variables, one has

hq,ψf(x) =
∫ +∞

−∞

f(t)

♣t♣
ψ

x

t


dqt.

The existence of such a function hq,ψf in L1
q(Rq) will be clear from the proof of the

following theorem.
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Theorem 3.1. Let f, ψ belong to L1
q(Rq). Then, the q-Hausdorff operator hq,ψ :

L1
q(Rq) → L1

q(Rq) is a bounded operator with

∥hq,ψf∥q,1 ≤ ∥f∥q,1∥ψ∥q,1,

and the formula (3.8) holds.

Proof. Let f, ψ ∈ L1
q(Rq), from (3.9), we have

♣hq,ψf(x)♣ ≤
∫ +∞

−∞

∣∣∣∣∣
ψ(t)

t

∣∣∣∣∣ ·
∣∣∣∣f

x

t

∣∣∣∣ dqt.

Putting ξ = x/t and by using Fubini’s theorem, we have

∥hq,ψf∥q,1 =
∫ +∞

−∞
♣hq,ψf(x)♣dqx

=
∫ +∞

−∞

∣∣∣∣∣
ψ(t)

t

∣∣∣∣∣ dqt
∫ +∞

−∞

∣∣∣∣f

x

t

∣∣∣∣ dqx

=
∫ +∞

0

♣ψ(t)♣

t
dqt

∫ +∞

−∞

∣∣∣∣f

x

t

∣∣∣∣ dqx−
∫ 0

−∞

♣ψ(t)♣

t
dqt

∫ +∞

−∞

∣∣∣∣f

x

t

∣∣∣∣ dqx

=
∫ +∞

0
♣ψ(t)♣dqt

∫ +∞

−∞
♣f(ξ)♣dqξ +

∫ 0

−∞
♣ψ(t)♣dqt

∫ +∞

−∞
♣f(ξ)♣dqξ

=
∫ +∞

−∞
♣ψ(t)♣dqt

∫ +∞

−∞
♣f(ξ)♣dqξ

= ∥f∥q,1∥ψ∥q,1,

which completes the proof of boundness of hq,ψ on L1
q(Rq). Finally, to get (3.8), it

follows from (1.5) and (3.9) that

ĥq,ψf(t; q2) =K
∫ +∞

−∞
e(−itx; q2)hq,ψf(x)dqx

=K
∫ +∞

−∞
e(−itx; q2)dqx

∫ +∞

−∞

ψ(ξ)

♣ξ♣
f


x

ξ


dqξ

=
∫ +∞

0

ψ(ξ)

ξ
dqξ K

∫ +∞

−∞
f


x

ξ


e(−itx; q2)dqx

−
∫ 0

−∞

ψ(ξ)

ξ
dqξ K

∫ +∞

−∞
f


x

ξ


e(−itx; q2)dqx

=
∫ +∞

0
ψ(ξ)dqξ K

∫ +∞

−∞
f(u)e(−itξu; q2)dqu

+
∫ 0

−∞
ψ(ξ)dqξ K

∫ +∞

−∞
f(u)e(−itξu; q2)dqu

=
∫ +∞

−∞
ψ(ξ)dqξ K

∫ +∞

−∞
f(u)e(−itξu; q2)dqu

=
∫ +∞

−∞
f̂(tξ; q2)ψ(ξ)dqξ.
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Then, Theorem 3.1 is proved. □

Theorem 3.2. Let ψ belongs to L1
q(Rq), such that

(3.10) ψ(t) = 0, for t < 0, t ∈ Rq.

Then, hq,ψ : H1
q(Rq) → H1

q(Rq) is a bounded operator.

Proof. Assume that ψ ∈ L1
q(Rq) such that condition (3.10) is satisfied. Let f ∈ H1

q(Rq).

By Proposition 3.3, there are two functions f1 and f2 both in H1
q(Rq) such that

f = f1 + f2. The q-Hausdorff operator is clearly linear, hence

(3.11) hq,ψf = hq,ψf1 + hq,ψf2.

Furthermore, from (3.8) and by a change of variable, we get

ĥq,ψf(t; q2) =
∫ +∞

−∞
f̂(tx; q2)ψ(x)dqx =

1

t

∫ +∞

−∞
sgn(t)f̂(ξ; q2)ψ(ξ/t)dqξ

=
1

♣t♣

∫ +∞

−∞
f̂(ξ; q2)ψ(ξ/t)dqξ.

According to Proposition 3.3, we have

(3.12) f̂1(ξ; q
2) = 0, for ξ < 0,

and the condition (3.10) yields to

(3.13) ψ(ξ/t) = 0, for t < 0 and ξ > 0.

Therefore, from (3.12) and (3.13), we conclude that

(3.14) ĥq,ψf1(t; q
2) =

1

♣t♣

∫ +∞

0
f̂1(ξ; q

2)ψ(ξ/t)dqξ = 0, for t < 0.

In the same way, we establish that

(3.15) ĥq,ψf2(t; q
2) =

1

♣t♣

∫ +∞

0
f̂2(ξ; q

2)ψ(ξ/t)dqξ = 0, for t > 0.

Finally, by Theorem 3.1, Proposition 3.2 and combining the formulas (3.14) and
(3.15), both hq,ψf2 and hq,ψf2 belongs to H1

q(Rq). From (3.11) it follows that hq,ψf ∈

H1
q(Rq), which completes the proof. □

Remark 3.1. In the general case, we decompose ψ ∈ L1
q(Rq) in the trivial way:

ψ(x) = ψ1(x) + ψ2(x),

where
ψ1(x) = ψ(x)χ(0,+∞)(x) and ψ2(x) = ψ(x) − ψ1(x),

χ(0,+∞)(x) being the indicator function on (0,+∞). Clearly, we have

hq,ψf = hq,ψ1
f + hq,ψ2

f, f ∈ H1
q(Rq),

and the special cases in Theorem 3.2 apply separately to hq,ψ1
f and hq,ψ2

f , respectively.
Therefore, we have hq,ψf ∈ H1

q(Rq) whenever f ∈ H1
q(Rq).
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Theorem 3.3. If ψ belongs to L1
q(Rq), then the q-Hausdorff operator hq,ψ : H1

q(Rq) →

H1
q(Rq) is a bounded operator.

Proof. In this proof, we shall apply the closed graph theorem, which says that a linear
operator mapping a Banach space into another Banach space is bounded if and only
if it is closed. Linearity of the q-Hausdorff operator hq,ψ1

is obvious. We have to show
that the graph of hq,ψ is closed. To this effect, assume that a sequence of functions
¶fn : n = 1, 2, . . .♢, belonging to H1

q(Rq) exists, such that

fn → f and hq,ψfn → g, as n → +∞,

with f, g ∈ H1
q(Rq). This implies that

♣♣fn − f ♣♣H1
q

→ 0 and ♣♣hq,ψfn − g♣♣H1
q

→ 0.

From (3.1), the above expression yields

♣♣fn − f ♣♣q,1 + ♣♣Hq(fn − f)♣♣q,1 → 0, as n → +∞,

and

♣♣hq,ψfn − g♣♣q,1 + ♣♣Hq(hq,ψfn − g)♣♣q,1 → 0, as n → +∞.

Hence,

♣♣fn − f ♣♣q,1 → 0 and ♣♣hq,ψfn − g♣♣q,1 → 0, as n → +∞.

By Theorem 3.1, we have hq,ψ : L1
q(Rq) → L1

q(Rq) is a bounded operator and hence
by the closed graph theorem its graph must be closed.

Since

(fn, hq,ψfn) → (f, g), as n → +∞.

Hence,

(f, g) ∈ graph(hq,ψ),

whence we conclude that hq,ψf = g. This implies that the graph of hq,ψ is closed in
H1
q(Rq). □

Theorem 3.4. If ψ belongs to L1
q(Rq), then for all f ∈ H1

q(Rq), we have

Hq(hq,ψf) = hq,sgn(·)ψ(·)(Hq(f)).

Proof. Let us put

ψ̃(t) = sgn(t)ψ(t), t ∈ Rq,

and let f ∈ H1
q(Rq), then by Theorem 3.3, we have hq,ψf ∈ H1

q(Rq), thus Hq(hq,ψf) ∈

L1
q(Rq), then in view of formula (3.2) and the fact that the function signum verify

sgn(t) × sgn(x) = sgn(tx), for all t, x ∈ Rq,
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we have conclude that

̂Hq(hq,ψf)(t; q2) = − i sgn(t)ĥq,ψf(t; q2) = −i sgn(t)
∫ +∞

−∞
f̂(tx; q2)ψ(x)dqx

= −i sgn(t)
∫ +∞

−∞
sgn2(x)f̂(tx; q2)ψ(x)dqx

=
∫ +∞

−∞
−i sgn(tx)f̂(tx; q2)ψ̃(x)dqx

=
∫ +∞

−∞
Ĥqf(tx; q2)ψ̃(x)dqx = ̂h

q,ψ̃
(Hqf)(t; q2).

Then, by uniqueness of the q-Fourier transform, we have the desired result. □

A consequence of the last theorem is to give another version of the proof of Theo-
rem 3.3.

Theorem 3.5. If ψ belongs to L1
q(Rq), then for all f ∈ H1

q(Rq), we have hq,ψf ∈

H1
q(Rq) and

♣♣hq,ψf ♣♣H1
q

≤ ♣♣f ♣♣H1
q
♣♣ψ♣♣q,1.

Proof. Assume that f ∈ H1
q(Rq). Then, Hq(f) ∈ L1

q(Rq). Thus, in view of (3.1) and
Theorem 3.1, we get

♣♣hq,ψf ♣♣H1
q

= ♣♣hq,ψf ♣♣q,1 + ♣♣Hq(hq,ψf)♣♣q,1 = ♣♣hq,ψf ♣♣q,1 + ♣♣h
q,ψ̃

(Hqf)♣♣q,1

≤ ♣♣f ♣♣q,1♣♣ψ♣♣q,1 + ♣♣Hqf ♣♣q,1♣♣ψ̃♣♣q,1

= ♣♣f ♣♣q,1♣♣ψ♣♣q,1 + ♣♣Hqf ♣♣q,1♣♣ψ♣♣q,1 = (♣♣f ♣♣q,1 + ♣♣Hqf ♣♣q,1)♣♣ψ♣♣q,1

= ♣♣f ♣♣H1
q
♣♣ψ♣♣q,1. □
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BI-UNIVALENT FUNCTION SUBCLASSES WITH

(p, q)-DERIVATIVE OPERATOR LINKED TO HORADAM

POLYNOMIALS

S. R. SWAMY1, DANIEL BREAZ2, LUMINITA-IOANA COTÎRLĂ3, AND KALA VENUGOPAL4

Abstract. In the open unit disk ¶ς ∈ C : ♣ς♣ < 1♢, two subclasses of bi-univalent
functions related to Horadam polynomials are presented and examined in this paper.
For functions belonging to the recently established classes, we obtain the estimates
of the Ąrst two coefficients. Furthermore, an estimate of the Fekete-Szegö problem
is provided for functions in these classes. We also provide some observations and
draw relevant connections to earlier research.

1. Preliminaries

The quantum calculus is very important because it is applied in numerous subfields
within computer science, mathematics, physics, and other relevant disciplines. The
significance of the q-derivative operator is demonstrated by its ability to be applied
to various subclasses of holomorphic functions. Jackson [27] first investigated the
q-analogue of the derivative and integral operator in 1908, along with some of its
uses. Later, in [26], the concept of q-extension of the family of starlike functions
was introduced. Subsequently, q-calculus was studied in the context of theory of
univalent functions by Srivastava [38] and several mathematicians: the q-analogue
of the Ruscheweyh operator was presented in [29]; authors looked at some of its
applications for multivalent functions in [7, 8]; the convolution concept was used in
[56] to establish the q-starlike functions linked to the generalized conic domain. Many
authors have recently published several articles on sbclasses of q-starlike functions

Key words and phrases. Bi-univalent functions, (p, q)-derivative operator, subordination, Horodam
polynomials, Fekete-Szegö functional.
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and other related classes (see [2, 17, 19, 31, 42–44, 47]). Scholars investigating these
topics might find Srivastava’s expository review paper [39] to be beneficial.

Furthermore, the extension of the q-calculus to the (p, q)-calculus, was taken into
consideration by the researchers. The (p, q)-calculus, which includes the (p, q)-number,
is first examined around the same time (1991) and subsequently on its own by [6, 11,
12,54]. In [12], the (p, q)-number was explored as a way to unify or generalize various
forms of q-oscillator algebras. The investigation of the (p, q)-number in [11] allows for
the construction of a (p, q)-Harmonic oscillator. The (p, q)-numbers are investigated in
[54] in order to calculate the (p, q)-Stirling numbers. Fibonacci oscillators were studied
with the presentation of the (p, q)-number in [6]. Consequently, many mathematical,
physical, and chemical problems require knowledge of (p, q)-calculus. Expanding upon
the previously mentioned papers, numerous scientist have studied the (p, q)-calculus
in a variety of research fields since 1991. A syntax for embedding the q-series into
a (p, q)-series was given by the results in [28]. Additionally, they looked into (p, q)-
hypergeometric series and discovered some outcomes that matched (p, q)-extensions
of the well-known q-identities. The q-identities are extended correspondingly to
yield the (p, q)-series (see, e.g., [5]). We provide some basic definitions of the (p, q)-
calculus concepts used in this paper. The (p, q)-bracket number is given by [j]p,q =

pj−1 + pj−2q + pj−3q2 + · · · + pqj−2 + qj−1 = pj−qj

p−q
, p ̸= q, which is an extesion of

q-number (see [27]), that is [j]q = 1−qj

1−q
, q ̸= 1. Note that [j]p,q is symmetric and if

p = 1, then [j]p,q=[j]q.
Let ¶ζ ∈ C : ♣ζ♣ < 1♢ = D be the open unit disk, and let the set of complex numbers

be C. Let N represent the natural number set and R the real number set.

Definition 1.1 ([53]). Let 0 < q < p ≤ 1 and g be a function defined on C. Then
the (p, q)-derivative of g is defined by

Dp,qg(ζ) =
g(pζ) − g(qζ)

(p− q)ζ
, ζ ̸= 0,

and Dp,qg(0) = g′(0), provided g′(0) exists.

We note that Dp,qζ
j = [j]p,qζ

j−1 and Dp,q ln(ζ) = ln(p/q)
(p−q)ζ

. Also, we observe that

[j]p,q → j if p = 1 and q → 1−. Therefore, Dp,qg(ζ) → g′(ζ) as p = 1 and q → 1−. Any
function’s (p, q)-derivative is a linear operator. More accurately Dp,q(ag(ζ) + bh(ζ)) =
aDp,qg(ζ) + bDp,qh(ζ), for any constants a and b. The product rule and quotient rule
are satisfied by the (p, q)-derivative (see [35]). The exponential functions are used to
define the (p, q)-analogues of many functions, including sine, cosine, and tangent, in
the same way as their well-known Euler expressions. In addition, the (p, q)-derivatives
of these functions have been examined by Duran et al. [15].
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The set of functions g that are regular in D and have the following form is repre-
sented by A:

(1.1) g(ζ) = ζ +
∞
∑

j=2

djζ
j, ζ ∈ D,

with g′(0) − 1 = 0 = g(0). S represents a sub-set of A that consists of univalent
functions in D. If g ∈A is of the form (1.1), then

(1.2) Dp,qg(ζ) = 1 +
∞
∑

j=2

[j]p,qdjζ
j−1, ζ ∈ D.

We say that g1 is subordinate to g2 for g1, g2 ∈ A regular in D, if there is a
Schwarz function ψ(ζ) that is regular in D with ♣ψ(ζ)♣ < 1, ψ(0) = 0, such that
g1(ζ) = g2(ψ(ζ)) (see [16]). The notation g1 ≺ g2 or g1(ζ) ≺ g2(ζ), ζ ∈ D, denotes
this subordination. Specifically, when g2 ∈ S, we have

g1(ζ) ≺ g2(ζ) ⇔ g1(0) = g2(0) and g1(D) ⊂ g2(D).

The Koebe theorem (see [16]) states that the inverse of each function g in S is given
by

(1.3) g−1(w) = w − d2w
2 + (2d2

2 − d3)w
3 − (5d3

2 − 5d2d3 + d4)w
4 + · · · = f(w)

satisfying ζ = g−1(g(ζ)), g(g−1(w)) = w, ♣w♣ < r0(g) and 1/4 ≤ r0(g), ζ, w ∈ D. In
D, a member g of A given by (1.1) is called bi-univalent if g ∈ S and g−1 ∈ S. The set

of such functions in D is represented by σ. 1
2

log


1+ζ
1−ζ



, − log(1 − ζ) and ζ
1−ζ

are some

of the functions in the σ family. Nevertheless, despite being in S, ζ− ζ2

2
, ζ

1−ζ2 , and the
Koebe function do not belong to σ. For a concise analysis and to discover some of the
remarkable characteristics of the family σ, see [9, 10, 30,51] and the citation provided
in these papers. Similar to the well-known subclasses of the family S, Srivastava et al.
[45] have introduced a number of subclasses of the family σ. In reality, many writers
have since investigated a variety of alternative subfamilies of σ as follow-ups to the
aforementioned subfamilies (see, for example [14,20,21,41,52]). The majority of these
publications focus on the analysis of the Fekete-Szegó problem of functions in distinct
σ subclasses.

The (p, q)-calculus was used previously to study several subclasses of the class S

and the class σ. In [46], the subordination principle is used to define the classes of
(p, q)-starlike and (p, q)-convex functions. Novel subclasses of the class σ associated
with (p, q)-differential operators have also been presented and examined in a number
of studies (refer to [3, 4, 13,23,32,33]).

The Horadam polynomials Hj(κ, u, v; r, s) (or Hj(κ)) have recently been studied
and quantified using the recurrence relation given below by Horzum and Koçer [24]
(see also [25]):

(1.4) Hj(κ) = rκHj−1(κ) + sHj−2(κ),
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with H1(κ) = u, H2(κ) = vκ, where κ, r, s, u, v ∈ R, and j ∈ N\¶1, 2♢. It is evident
from (1.4) that

(1.5) H3(κ) = rvκ2 + su = Z.

For j ∈ N, the sequence Hj(κ), has the following generating function (see [24]):

(1.6) H(κ, ζ) :=
∞
∑

j=1

Hj(κ)ζj−1 =
(v − ur)κζ + u

1 − rκς − sζ2
,

where κ ∈ R, ζ ∈ C with κ ̸= R(ζ) .
For specific selections of u, v, r and s, Horadam polynomials Hj(κ, u, v, ; , r, s) leads

to various known polynomials (see [40]). Interesting findings regarding coefficient
estmates and Fekete-Szegö functional [18] have been found in [22,34,36,48,49,55] for
members of certain subclasses of σ associated with Horadam polynomials.

We present two new subclasses of σ subordinate to polynomials Hj(κ) as in (1.4)
and its generating function (1.6). The Fekete-Szegö functional on specific subclasses
of σ and the patterns in the citations discussed above on coefficient-related problems
serve as the inspiration for these families. H(κ, ς) is as in (1.6), g−1(w) = f(w) as in
(1.3), κ ∈ R, ζ ∈ D and w ∈ D are assumed throughout this paper, unless otherwise
mentioned.

Definition 1.2. A function g in σ that possesses the series (1.1) is said to be a part
of the class Yτ,δ

σ,p,q(ν,κ), ν ≥ 1, 0 < δ ≤ 1 and τ ≥ 1, if

1

2







ν[Dp,q(ζDp,qg(ζ))]
τ + (1 − ν)

Dp,qg(ζ)
+



ν[Dp,q(ζDp,qg(ζ))]
τ + (1 − ν)

Dp,qg(ζ)


1

δ







≺1 − u+ H(κ, ζ)

and

1

2







ν[Dp,q(wDp,qf(w))]τ + (1 − ν)

Dp,qf(w)
+



ν[Dp,q(wDp,qf(w))]τ + (1 − ν)

Dp,qf(w)


1

δ







≺1 − u+ H(κ, w).

For particular selections of p, q, ν and τ , the family Yτ,δ
σ,p,q(ν,κ) includes many new

and existing subfamilies of σ. This is shown below.
1. Hδ

σ,p,q(ν,κ) ≡ Y1,δ
σ,p,q(ν,κ), ν ≥ 1, 0 < δ ≤ 1, is the set of members g of σ that

satisfy

1

2







νDp,q(ζDp,qg(ζ)) + (1 − ν)

Dp,qg(ζ)
+



νDp,q(ζDp,qg(ζ)) + (1 − ν)

Dp,qg(ζ)


1

δ







≺1 − u+ H(κ, ζ)
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and

1

2







νDp,q(wDp,qf(w)) + (1 − ν)

Dp,qf(w)
+



νDp,q(wDp,qf(w)) + (1 − ν)

Dp,qf(w)


1

δ







≺1 − u+ H(κ, w).

2. Iτ,δ
σ,p,q(κ) ≡ Yτ,δ

σ,p,q(1,κ), 0 < δ ≤ 1 and τ ≥ 1, is the set of elements g of σ that
satisfy

1

2







[Dp,q(ζDp,qg(ζ))]
τ

Dp,qg(ζ)
+



[Dp,q(ζDp,qg(ζ))]
τ

Dp,qg(ζ)


1

δ







≺ 1 − u+ H(κ, ζ)

and

1

2







[Dp,q(wDp,qf(w))]τ

Dp,qf(w)
+



[Dp,q(wDp,qf(w))]τ

Dp,qf(w)


1

δ







≺ 1 − u+ H(κ, w).

3. If p = 1 and q → 1− in the set Yτ,δ
σ,p,q(ν,κ), then we obtain a subset Υτ,δ

σ (ν,κ),
τ ≥ 1, 0 < δ ≤ 1, ν ≥ 1, which is the collection of members g of σ that satisfy

1

2







ν[(ζg′(ζ))′]τ + (1 − ν)

g′(ζ)
+



ν[(ζ g′(ζ))′]τ + (1 − ν)

g′(ζ)


1

δ







≺ 1 − u+ H(κ, ζ)

and

1

2







ν[(wf ′(w))′]τ + (1 − ν)

f ′(w)
+



ν[(wf ′(w))′]τ + (1 − ν)

f ′(w)


1

δ







≺ 1 − u+ H(κ, w).

4. Zτ
σ,p,q(ν,κ) ≡ Yτ,1

σ,p,q(ν,κ), ν ≥ 1 and τ ≥ 1 is the set of elements g of σ that
satisfy

{

ν[Dp,q(ζDp,qg(ζ))]
τ + (1 − ν)

Dp,qg(ζ)

}

≺ 1 − u+ H(κ, ζ)

and
{

ν[Dp,q(wDp,qf(w))]τ + (1 − ν)

Dp,qf(w)

}

≺ 1 − u+ H(κ, w).

Remark 1.1. i) Hδ
σ,p,q(1,κ) ≡ I1,δ

σ,p,q(κ);

ii) H1
σ,p,q(ν,κ) ≡ Z1

σ,p,q(ν,κ);

iii) Zτ
σ,p,q(1,κ) ≡ Iτ,1

σ,p,q(κ).

Definition 1.3. A function g in σ that possesses the series (1.1) is said to be a part
of the class Tτ,δ

σ,p,q(γ,κ), 0 ≤ γ ≤ 1, 0 < δ ≤ 1 and τ ≥ 1, if

1

2







ζ(Dp,qg(ζ))
τ

γg(ζ) + (1 − γ)ζ
+



ζ(Dp,qg(ζ))
τ

γg(ζ) + (1 − γ)ζ


1

δ







≺ 1 − u+ H(κ, ζ)
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and

1

2







w(Dp,qf(w))τ

γf(w) + (1 − γ)w
+



w(Dp,qf(w))τ

γf(w) + (1 − γ)w


1

δ







≺ 1 − u+ H(κ, w).

For particular selections of γ, τ , and δ, the family Tτ,δ
σ,p,q(γ,κ) includes many new

and preexisting subfamilies of σ, as shown below.
1. Cτ,δ

σ,p,q(κ) ≡ Tτ,δ
σ,p,q(0,κ), 0 < δ ≤ 1 and τ ≥ 1, is the set of members g of σ that

satisfy
1

2



(Dp,qg(ζ))
τ + (Dp,qg(ζ))

τ
δ



≺ 1 − u+ H(κ, ζ)

and
1

2



(Dp,qf(w))τ +Dp,qf(w)
τ
δ



≺ 1 − u+ H(κ, w).

2. Dτ,δ
σ,p,q(x) ≡ T

τ,δ
Σ,p,q(1,κ), 0 < δ ≤ 1 and τ ≥ 1, is the family of elements g of σ

that satisfy

1

2







ζ(Dp,qg(ζ))
τ

g(ζ)
+



ζ(Dp,qg(ζ))
τ

g(ζ)


1

δ







≺ 1 − u+ H(κ, ζ)

and

1

2







w(Dp,qf(w))τ

f(w)
+



w(Dp,qf(w))τ

f(w)


1

δ







≺ 1 − u+ H(κ, w).

3. If p = 1 and q → 1− in the class Tτ,δ
σ,p,q(ν,κ), then we have a subset Γτ,δ

σ (ν,κ),
τ ≥ 1, 0 < δ ≤ 1, 0 ≤ γ ≤ 1 of g ∈ σ that satisfy

1

2







ζ(g′(ζ))τ

γg(ζ) + (1 − γ)ζ
+



ζ(g′(ζ))τ

γg(ζ) + (1 − γ)ζ


1

δ







≺ 1 − u+ H(κ, ζ)

and

1

2







w(f ′(w))τ

γf(w) + (1 − γ)w
+



w(f ′(w))τ

γf(w) + (1 − γ)w


1

δ







≺ 1 − u+ H(κ, w).

4. Oτ
σ,p,q(γ,κ) ≡ Tτ,1

σ,p,q(γ,κ), 0 ≤ γ ≤ 1 and τ ≥ 1, is the group of g ∈ σ that
satisfy

ζ(Dp,qg(ζ))
τ

γg(ζ) + (1 − γ)ζ
≺ 1 − u+ H(κ, ζ)

and
w(Dp,qf(w))τ

γf(w) + (1 − γ)w
≺ 1 − u+ H(κ, w).

Remark 1.2. i) Dτ,1
σ,p,q(x) ≡ Oτ

σ,p,q(1,κ);

ii) Γτ,1
σ (ν,κ) ≡ Oτ

σ,p=1,q→1−
(γ,κ).
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In Section 2, we find estimates for ♣d2♣, ♣d3♣ and ♣d3 − µd2
2♣, µ ∈ R, for functions

in Yτ,δ
σ,p,q(ν,κ). In Section 3, we find estimates for ♣d2♣, ♣d3♣ and ♣d3 − µd2

2♣, µ ∈ R,

for functions in Tτ,δ
σ,p,q(γ,κ). Interesting results are also presented along with relevant

connections to the published research.

2. Results for the Class Yτ,δ
σ,p,q(ν,κ)

First, we determine the coefficient estimates for any function g ∈ Yτ,δ
σ,p,q(ν,κ), the

class as defined in Definition 1.2.

Theorem 2.1. Let 0 < δ ≤ 1, ν ≥ 1 and τ ≥ 1. If g ∈ Yτ,δ
σ,p,q(ν,κ), then

♣d2♣ ≤
2δ♣vκ♣

√

♣vκ♣
√

♣(2δ(δ + 1)X + (1 − δ)W 2[2]2p,q)(vκ)2 − (δ + 1)2W 2[2]2p,qZ♣
,(2.1)

♣d3♣ ≤
4δ2(vκ)2

(δ + 1)2W 2[2]2p,q

+
2δ♣vκ♣

(δ + 1)U [3]p,q

,(2.2)

and for µ ∈ R

(2.3) ♣d3 − µd2
2♣ ≤







2δ♣vκ♣
(δ+1)U [3]p,q

, ♣1 − µ♣ ≤ J,
4δ2♣vκ♣3 ♣1−µ♣

♣(2δ(δ+1)X+(1−δ)2W 2[2]2p,q)(vκ)2−(δ+1)2W 2[2]2p,qZ♣
, ♣1 − µ♣ ≥ J,

where

J =

∣

∣

∣

∣

∣

(2δ(δ + 1)X + (1 − δ)W 2[2]2p,q)v
2κ2 − (δ + 1)2W 2[2]2Z

2δ(1 + δ)U [3]p,qv2κ2

∣

∣

∣

∣

∣

,(2.4)

X =U [3]p,q + V [2]2p,q,(2.5)

U =ντ [3]p,q − 1,(2.6)

V =1 − ντ [2]p,q +
ντ(τ − 1)[2]2p,q

2
,(2.7)

W =ντ [2]p,q − 1,(2.8)

and Z is as in (1.5).

Proof. Let g ∈ Yτ,δ
σ,p,q(γ,κ). Then, because of Definition 1.3, we obtain

1

2







ν[Dp,q(ζDp,qg(ζ))]
τ + (1 − ν)

Dp,qg(ζ)
+



ν[Dp,q(ζDp,qg(ζ))]
τ + (1 − ν)

Dp,qg(ζ)


1

δ







(2.9)

=1 − u+ H(κ,m(ζ))

and

1

2







ν[Dp,q(wDp,qf(w))]τ + (1 − ν)

Dp,qf(w)
+



ν[Dp,q(wDp,qf(w))]τ + (1 − ν)

Dp,qf(w)


1

δ







(2.10)

=1 − u+ H(κ, n(w)),
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where

(2.11) m(ζ) = m1ζ +m2ζ
2 +m3ζ

3 + · · · and n(w) = n1w + n2w
2 + n3w

3 + · · · ,

are some functions holomorphic in D with ♣m(ζ)♣ < 1, ♣n(w)♣ < 1 and is known that

(2.12) ♣mi♣ ≤ 1 and ♣ni♣ ≤ 1, i ∈ N.

From (2.9)–(2.11), it follows that

1

2







ν[Dp,q(ζDp,qg(ζ))]
τ + (1 − ν)

Dp,qg(ζ)
+



ν[Dp,q(ζDp,qg(ζ))]
τ + (1 − ν)

Dp,qg(ζ)


1

δ







(2.13)

=1 − u+ H1(κ) + H2(κ)m(ζ) + H3(κ)m2(ζ) + · · ·

and

1

2







ν[Dp,q(wDp,qf(w))]τ + (1 − ν)

Dp,qf(w)
+



ν[Dp,q(wDp,qf(w))]τ + (1 − ν)

Dp,qf(w)


1

δ







(2.14)

=1 − u+ H1(κ) + H2(κ)n(w) + H3(κ)n2(w) + · · · .

In the light of (1.4), we determine from (2.13) and (2.14) that

1

2







ν[Dp,q(ζDp,qg(ζ))]
τ + (1 − ν)

Dp,qg(ζ)
+



ν[Dp,q(ζDp,qg(ζ))]
τ + (1 − ν)

Dp,qg(ζ)


1

δ







(2.15)

=1 + H2(κ)m1ζ + [H2(κ)m2 + H3(κ)m2
1]ζ

2 + · · ·

and

1

2







ν[Dp,q(wDp,qf(w))]τ + (1 − ν)

Dp,qf(w)
+



ν[Dp,q(wDp,qf(w))]τ + (1 − ν)

Dp,qf(w)


1

δ







(2.16)

=1 + H2(κ)n1w + [H2(κ)n2 + H3(κ)n2
1]w

2 + · · · .

Using (1.2) and comparing (2.15) and (2.16), we have

(2.17)
(δ + 1)W [2]p,q

2δ
d2 = H2(κ)m1,

(2.18)



δ + 1

2δ





U [3]p,qd3 + V [2]2p,qd
2
2



+



1 − δ

4δ2



W 2[2]2p,qd
2
2 = H2(κ)m2+H3(κ)m2

1,

(2.19) −
(δ + 1)W [2]p,q

2δ
d2 = H2(κ)n1

and
(2.20)


δ + 1

2δ





U [3]p,q(2d
2
2 − d3) + V [2]2p,qd

2
2



+



1 − δ

4δ2



W 2[2]2p,qd
2
2 = H2(κ)n2 +H3(κ)n2

1,
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where U , V and W are as mentioned in (2.6), (2.7) and (2.8), respectively. From
(2.17) and (2.19), we easily obtain

(2.21) m1 = −n1,

and also

(2.22)
(δ + 1)2W 2[2]2p,q

2δ2
d2

2 = (m2
1 + n2

1)(H2(κ))2.

The bound on ♣d2♣ is obtained by adding (2.18) and (2.20)

(2.23)



δ + 1

δ



X +



1 − δ

2δ2



W 2[2]2p,q

]

d2
2 = H2(κ)(m2 + n2) + H3(κ)(m2

1 + n2
1),

where X is as in (2.5). The value of m2
1 + n2

1 from (2.22) is substituted in (2.23),
yielding

(2.24) d2
2 =

2δ2
H

3
2(κ)(m2 + n2)

(2δ(δ + 1)X + (1 − δ)W 2[2]2p,q)H
2
2(κ) − (δ + 1)2W 2[2]2p,qH3(κ)

.

Using (1.5) and applying (2.12) to the coefficients m2 and n2 yields (2.1).
We deduct (2.20) from (2.18) to get the bound on ♣d3♣:

(2.25) d3 = d2
2 +

H2(κ)(m2 − n2)


δ+1
δ



U [3]p,q

.

Then in view of (2.21) and (2.22), (2.25) becomes

d3 =
2δ2

H
2
2(κ)(m2

1 + n2
1)

(δ + 1)2W 2[2]2p,q

+
δH2(κ)(m2 − n2)

(δ + 1)U [3]p,q

,

and applying (2.12) for the coefficients m1,m2, n1 and n2 we get (2.2).
From (2.24) and (2.25), for µ ∈ R, we get in view of (1.4) that

♣d3 − µd2
2♣

=♣H2(κ)♣

∣

∣

∣

∣

∣



B2(µ,κ) +
δ

(δ + 1)U [3]p,q



m2 +



B2(µ,κ) −
δ

(δ + 1)U [3]p,q



n2

∣

∣

∣

∣

∣

,

where

B2(µ,κ) =
2δ2(1 − µ)H2

2(κ)

(2δ(δ + 1)X + (1 − δ)W 2[2]2p,q)H
2
2(κ) − (δ + 1)2W 2[2]2p,qH3(κ)

.

Clearly

♣d3 − µd2
2♣ ≤







2δ♣H2(κ)♣
(δ+1)U [3]p,q

, 0 ≤ ♣B2(µ,κ)♣ ≤ δ
(δ+1)U [3]p,q

,

2♣H2(κ)♣♣B2(µ,κ)♣, B2(µ,κ)♣ ≥ δ
(δ+1)U [3]p,q

,

which results in (2.3) with J as in (2.4) and Z as in (1.5). □
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Corollary 2.1. Let us assume that τ = 1 in Theorem 2.1. Then, for any function

g ∈ Hδ
σ,p,q(ν,κ) the upper bounds of ♣d2♣, ♣d3♣ and ♣d3 −µd2

2♣, µ ∈ ℜ, are given by (2.1),
(2.2) and (2.3), respectively, with U = U1 = ν[3]p,q − 1, V = V1 = 1 − ν[2]p,q, W =
W1 = −V1 and X = X1 = U1[3]p,q + V1[2]2p,q. To change U1, V1, W1 and X1 for U , V ,

W and X, respectively, for J in (2.4) and Z, as stated in (1.5).

Corollary 2.2. Let us assume that ν = 1 in Theorem 2.1. Then for any function

g ∈ Iτ,δ
σ,p,q(κ) the upper bounds of ♣d2♣, ♣d3♣ and ♣d3 − µd2

2♣, µ ∈ ℜ, are given by (2.1),
(2.2) and (2.3), respectively, with U = U2 = τ [3]p,q − 1, V = V2 = 1 − τ [2]p,q +
τ(τ−1)[2]2p,q

2
, W = W2 = τ [2]p,q − 1 and X = X2 = U2[3]p,q + V2[2]2p,q. For J in (2.4),

U2, V2, W2 and X2 should be used in place of U , V , W and X, respectively, and Z,

as stated in (1.5).

Taking p = 1 and q → 1− in the Theorem 2.1, we get the following.

Corollary 2.3. Let 0 < δ ≤ 1, τ ≥ 1 and ν ≥ 1. If g ∈ Υτ,δ
σ (ν,κ), then

♣d2♣ ≤
δ♣vκ♣

√

2♣vκ♣
√

♣(δ(δ + 1)Y + 2(1 − δ)(2ντ − 1)2)(vκ)2 − 2(δ + 1)2(2ντ − 1)2Z♣
,

♣d3♣ ≤



δvκ

(δ + 1)(2ντ − 1)

2

+
2δ♣vκ♣

3(δ + 1)(3ντ − 1)
,

and for µ ∈ R

♣d3 − µd2
2♣ ≤







2δ♣vκ♣
3(δ+1)(3ντ−1)

, ♣1 − µ♣ ≤ J1,
2δ2♣vκ♣3 ♣1−µ♣

♣(δ(δ+1)Y +2(1−δ)(2ντ−1)2)(vκ)2−2(δ+1)2(2ντ−1)2Z♣
, ♣1 − µ♣ ≥ J1,

where

J1 =

∣

∣

∣

∣

∣

(δ(δ + 1)Y + 2(1 − δ)(2ντ − 1)2)(vκ)2 − 2(δ + 1)2(2ντ − 1)2Z

3δ(δ + 1)(3ντ − 1)v2κ2

∣

∣

∣

∣

∣

,

Y = 8ντ 2 − 7ντ + 1 and Z is as in (1.5).

Remark 2.1. i) In Corollary 2.3, δ = 1 yields Theorem 2.2 of Swamy and Sailaja [50].
Moreover, we obtain Corollaries 2.3 and 2.4 of Swamy and Sailaja [50], for τ = 1 and
ν = 1, respectively.

ii) Using δ = τ = ν = 1 in Corollary 2.3 we derive Corollary 1 of Horhan et al. [34].

Taking δ = 1 in the above theorem, we get the following.

Corollary 2.4. If g ∈ Zτ
σ,p,q(ν,κ), ν ≥ 1 and τ ≥ 1, then

♣d2♣ ≤
♣vκ♣

√

♣vκ♣
√

♣X(vκ)2 −W 2[2]2p,qZ♣
, ♣d3♣ ≤

(vκ)2

W 2[2]2p,q

+
♣vκ♣

U [3]p,q

,
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and for µ ∈ R

♣d3 − µd2
2♣ ≤











♣vκ♣
U [3]p,q

, ♣1 − µ♣ ≤
∣

∣

∣

Xv2κ2−W 2[2]2Z
U [3]p,qv2κ2

∣

∣

∣ ,

♣vκ♣3 ♣1−µ♣
♣X(vκ)2−W 2[2]2p,qZ♣

, ♣1 − µ♣ ≥
∣

∣

∣

Xv2κ2−W 2[2]2Z
U [3]p,qv2κ2

∣

∣

∣ ,

where X, U , V and W are as detailed in (2.5), (2.6), (2.7) and (2.8), respectively.

Remark 2.2. i) In Corollary 2.4, q → 1− and p = 1 yields Theorem 2.2 of Swamy and
Sailaja [50]. Moreover, we obtain Corollaries 2.3 and 2.4 of Swamy and Sailaja [50],
for τ = 1 and ν = 1, respectively.

ii) Using ν = τ = 1, q → 1− and p = 1 in Corollary 2.4 we derive Corollary 1 of
Horhan et al. [34].

3. Results for the Class Tτ,δ
σ,p,q(γ,κ)

First, we calculate the coefficient estimates for any function g ∈ Tτ,δ
σ,p,q(γ,κ), the

class as defined in Definition 1.3.

Theorem 3.1. Let 0 < δ ≤ 1, τ ≥ 1 and 0 ≤ ν ≤ 1. If g ∈ Tτ,δ
σ,p,q(γ,κ), then

♣d2♣ ≤
2δ♣vκ♣

√

♣vκ♣
√

♣(2δ(δ + 1)(A+ S) + (1 − δ)B2)(vκ)2 − (δ + 1)2B2Z♣
,(3.1)

♣d3♣ ≤
4δ2(vκ)2

(δ + 1)2B2
+

2δ♣vκ♣

(δ + 1)A
,(3.2)

and for µ ∈ R

(3.3) ♣d3 − µd2
2♣ ≤







2δ♣vκ♣
(δ+1)A

, ♣1 − µ♣ ≤ Q,
4δ2♣vκ♣3 ♣1−µ♣

♣(2δ(δ+1)(A+S)+(1−δ)B2)(vκ)2−(δ+1)2B2Z♣
, ♣1 − µ♣ ≥ Q,

where

Q =

∣

∣

∣

∣

∣

(2δ(δ + 1)(A+ S) + (1 − δ)B)2)v2κ2 − (δ + 1)2B)2Z

2δ(1 + δ)Av2κ2

∣

∣

∣

∣

∣

,(3.4)

A =τ [3]p,q − γ,(3.5)

S =
τ(τ − 1)[2]2p,q

2
− γτ [2]p,q + γ2,(3.6)

B =τ [2]p,q − γ,(3.7)

and Z is as in (1.5).

Proof. Let g ∈ Tτ,δ
σ,p,q(γ,κ). Following that, due to Definition 1.3, we obtain

(3.8)
1

2







ζ(Dp,qg(ζ))
τ

γg(ζ) + (1 − γ)ζ
+



ζ(Dp,qg(ζ))
τ

γg(ζ) + (1 − γ)ζ


1

δ







= 1 − u+ H(κ,m(ζ))
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and

(3.9)
1

2







w(Dp,qf(w))τ

γf(w) + (1 − γ)w
+



w(Dp,qf(w))τ

γf(w) + (1 − γ)w


1

δ







= 1 − u+ H(κ, n(w)),

where m(ζ) and n(w) are regular functions as given in (2.11) satisfying (2.12).
By going through the steps in the proof of Theorem 2.1 to obtain (2.13), (2.14),

(2.15), and (2.16), one can easily get the following in view (3.8) and (3.9).

(δ + 1)B

2δ
d2 =H2(κ)m1,(3.10)



δ + 1

2δ





Ad3 + Sd2
2



+



1 − δ

4δ2



B2d2
2 =H2(κ)m2 + H3(κ)m2

1,(3.11)

−
(δ + 1)B

2δ
d2 =H2(κ)n1(3.12)

and

(3.13)



δ + 1

2δ





A(2d2
2 − d3) + Sd2

2



+



1 − δ

4δ2



B2d2
2 = H2(κ)n2 + H3(κ)n2

1,

where A, S and B are as mentioned in (3.5), (3.6) and (3.7), respectively. From (3.10)
and (3.12), we easily obtain

(3.14) m1 = −n1,

and also

(3.15)
(δ + 1)2B2

2δ2
d2

2 = (m2
1 + n2

1)(H2(κ))2.

We add (3.11) and (3.13) to obtain the bound on ♣d2♣:

(3.16)



δ + 1

δ



(A+ S) +



1 − δ

2δ2



B2



d2
2 = H2(κ)(m2 + n2) + H3(κ)(m2

1 + n2
1).

The value of m2
1 + n2

1 from (3.15) is substituted in (3.16) to obtain

(3.17) d2
2 =

2δ2
H

3
2(κ)(m2 + n2)

(2δ(δ + 1)(A+ S) + (1 − δ)B2)H2
2(κ) − (δ + 1)2B2H3(κ)

.

Using (1.5) and applying (2.12) for the coefficients m2 and n2, we obtain (3.1).
We subtract (3.13) from (3.11) to get the bound on ♣d3♣:

(3.18) d3 = d2
2 +

H2(κ)(m2 − n2)


δ+1
δ



A
.

Then in view of (3.14) and (3.15), (3.18) becomes

d3 =
2δ2

H
2
2(κ)(m2

1 + n2
1)

(δ + 1)2B2
+
δH2(κ)(m2 − n2)

(δ + 1)A
,

and applying (2.12) for the coefficients m1,m2, n1 and n2 we get (3.2).
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From (3.17) and (3.18), for µ ∈ R, we get in view of (1.4) that

♣d3 − µd2
2♣ =

♣H2(κ)♣

2

∣

∣

∣

∣

∣



B1(µ,κ) +
δ

(δ + 1)A



m2 +



B1(µ,κ) −
δ

(δ + 1)A



n2

∣

∣

∣

∣

∣

,

where

B1(µ,κ) =
2δ2(1 − µ)H2

2(κ)

(2δ(δ + 1)(A+ S) + (1 − δ)B2)H2
2(κ) − (δ + 1)2B2H3(κ)

.

Clearly,

♣d3 − µd2
2♣ ≤







♣H2(κ)♣
(δ+1)A

, 0 ≤ ♣B1(µ,κ)♣ ≤ δ
(δ+1)A

,

♣H2(κ)♣ · ♣B1(µ,κ)♣, ♣B1(µ,κ)♣ ≥ δ
(δ+1)A

,

from which we conclude (3.3) with Q as in (3.4) and Z as in (1.5). □

Corollary 3.1. Let γ = 0 in the above theorem. Then, the upper bounds of ♣d2♣, ♣d3♣,
and ♣d3 − µd2

2♣, µ ∈ ℜ, for any function g ∈ Hδ
σ,p,q(κ) are given by (3.1), (3.2) and

(3.3), respectively, with A = A1 = τ [3]p,q, S = S1 =
τ(τ−1)[2]2p,q

2
and B = B1 = τ [2]p,q.

A1, S1 and B1 should be used in place of A, S and B, respectively, for Q in (3.4), and

Z is as stated in (1.5).

Corollary 3.2. Let γ = 1 in the above theorem. Then, the upper bounds of ♣d2♣, ♣d3♣
and ♣d3 − µd2

2♣, µ ∈ ℜ, for any function g ∈ Iτ,δ
σ,p,q(κ) are given by (3.1), (3.2) and

(3.3), respectively, with A = A2 = τ [3]p,q − 1, S = S2 = 1 +
τ(τ−1)[2]2p,q

2
− τ [2]p,q

and B = B2 = τ [2]p,q − 1. A2, S2 and B2 should be used in place of A, S and B,

respectively, for Q in (3.4), and Z is as stated in (1.5).

Taking p = 1 and q → 1− in the Theorem 3.1, we get the following.

Corollary 3.3. Let 0 < δ ≤ 1, τ ≥ 1 and 0 ≤ γ ≤ 1. If g ∈ Γτ,δ
σ (γ,κ), then

♣d2♣ ≤
2δ♣vκ♣

√

2♣vκ♣
√

♣2δ(δ + 1)𭟋(vκ)2 − (δ + 1)2(2τ − γ)2Z♣
,

♣d3♣ ≤



2δvκ

(δ + 1)(2τ − γ)

2

+
2δ♣vκ♣

(δ + 1)(3τ − γ)
,

and for µ ∈ R

♣d3 − µd2
2♣ ≤







2δ♣vκ♣
(δ+1)(3τ−γ)

, ♣1 − µ♣ ≤ Q1,
2δ2♣vκ♣3 ♣1−µ♣

♣2δ(δ+1)𭟋(vκ)2−(δ+1)2(2τ−γ)2Z♣
, ♣1 − µ♣ ≥ Q1,

where

Q1 =

∣

∣

∣

∣

∣

2δ(δ + 1)𭟋(vκ)2 − (δ + 1)2(2τ − γ)2Z

δ(δ + 1)(3τ − γ)v2κ2

∣

∣

∣

∣

∣

,

𭟋 = (2τ + 1)(τ − γ) + γ2 + (1 − δ)(2τ − γ)2,

and Z is as given in (1.5).
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Remark 3.1. i) In Corollary 3.3, γ = 1 and τ = 1 yield Theorem 2 of Srivastava et al.
[40].

ii) Corollary 3.3, where δ = 1, yields Corollary 3.3 in [49]. Furthermore, Theorem
2.1 of [1] is obtained when γ = 1.

iii) In Corollary 3.3, δ = 1, τ = 1 and γ = 0 yield Corollary 2 of Horan et al. [34].

Corollary 3.4. If g ∈ Oτ
σ,p,q(γ,κ), 0 ≤ γ ≤ 1 and τ ≥ 1, then

♣d2♣ ≤
♣vκ♣

√

♣vκ♣
√

♣(A+ S)(vκ)2 −B2Z♣
, ♣d3♣ ≤

(vκ)2

B2
+

♣vκ♣

A
,

and for µ ∈ R

♣d3 − µd2
2♣ ≤











♣vκ♣
A
, ♣1 − µ♣ ≤

∣

∣

∣

(A+S)v2κ2−B2Z
Av2κ2

∣

∣

∣ ,

♣vκ♣3 ♣1−µ♣
♣(A+S)(vκ)2−B2Z♣

, ♣1 − µ♣ ≥
∣

∣

∣

(A+S)v2κ2−B2Z
Av2κ2

∣

∣

∣ ,

where Z, A, S and B are as mentioned in (1.5), (3.5), (3.6) and (3.7), respectively.

Remark 3.2. i) From Corollary 3.4, letting p = 1 and q → 1−, we obtain Corllary 3.3,
which is demonstrated in [49]. Moreover, Theorem 2.1 of [1] is obtained when γ = 1.

ii) We obtain Corollary 2 of Horan et al. [34], if we take p = 1, q → 1−, γ = 0 and
τ = 1 in Corollary 3.4.

4. Conclusion

This study establishes upper bounds on ♣d2♣ and ♣d3♣ for funcions in two subfamilies
of σ related to Horadam polynomials. Moreover, the Fekete-Szegö functional ♣d3 −
µd2

2♣, µ ∈ R has been identified for functions in these subfamilies. By varying the
parameters in Theorem 2.1 and Theorem 3.1, we have been able to highlight a
number of implications. Additionally, pertinent links to the ongoing research are
found. Nevertheless, this paper does not address all of the significant subclasses of
σ that exist in the literature. For example, authors [32, 37] have examined various
subclasses involving operators introduced in (p, q)-calculus. It is recommended that
the interested reader review these papers and the associated references.

Acknowledgements. The authors express their gratitude to the referees for their
insightful comments and recommendations.
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BRYANT-SCHNEIDER GROUP OF BASARAB LOOP

BENARD OSOBA1, TÈMÍTÓ. PÉ. GBÓ. LÁHÀN JAIYÉO. LÁ2, AND OLUWATOBI BALOGUN3

Abstract. A loop (Q, ◦) is called Basarab loop if it is both a left and a right
Basarab loop; (x ◦ yxρ) ◦ xz = x ◦ yz and yx ◦ (xλz ◦ x) = yz ◦ x hold for all
x, y, z ∈ Q respectively. In this paper, the characterizations of the Bryant-Schneider
group of a Basarab loop are studied using the left and right Basarab loop identities.
It is shown that the element, xλ (xρ) is in the left (right) nucleus if and only if the
middle inner map Tx (inverse T −1

x ) is an automorphism. It is revealed that every
crypto-automorphism of a Basarab loop is an element of the Bryant-Schneider group.
Some related algebraic properties were also characterized. Furthermore, elements
of the Bryant-Schneider group of a Basarab loop in terms of pseudo-automorphism
and automorphism are also characterized. A subgroup of the Bryant-Schneider
group, characterized by the Basarab loop, is established. Finally, a right pseudo-
automorphic characterization of the isotopy-isomorphy of a Basarab loop is carried
out.

1. Introduction

Let Q be a non-empty set. We can define a binary operation, denoted by ‘◦’, on
this set. If the result of s ◦ t is always an element of Q for any s and t in Q, then the
pair (Q, ◦) is called a groupoid. Moreover, if the equations k ◦ s = l and t ◦ k = l have
unique solutions s and t for all k and l in Q, then (Q, ◦) is called a quasigroup.

Furthermore, if (Q, ◦) is a quasigroup and there exists a unique element, denoted
as the identity e ∈ Q, with the property that for any s ∈ Q we have s ◦ e = e ◦ s = s,

Key words and phrases. Quasigroup, loop, crypto-automorphism, pseudoautomorphism Bryant-
Schneider group, Basarab loops.

2020 Mathematics Subject Classification. Primary: 20N05. Secondary: 20N02.
https://doi.org/10.46793/KgJMat2608.1297O

Received: August 18, 2024.
Accepted: November 30, 2024.

1297

https://doi.org/10.46793/KgJMat2608.1297O


1298 B. OSOBA, T. G. JAIYÉO. LÁ, AND B. OLUWATOBI

then (Q, ◦) is known as a loop. We use st to represent s ◦ t, with the understanding
that ‘◦’ has lower priority than juxtaposition among factors to be multiplied.

Additionally, if (Q, ◦) is a groupoid and k is a fixed element in Q, then the left and
right translations of k, denoted by Lk and Rk respectively, are defined as sLk = k ◦ s
and sRk = s ◦ k for all s in Q. It is evident that (Q, ◦) is a quasigroup if its left
and right translation mappings are permutations. Since the left and right translation
mappings of a quasigroup are bijective, the inverse mappings L−1

k and R−1
k exist.

Let

k\l = lL−1
k = kMl and k/l = kR−1

l = lM−1
k ,

and note that

k\l = m ⇔ k ◦ m = l and k/l = m ⇔ m ◦ l = k.

Thus, for any quasigroup (Q, ◦), we have two new binary operations; right division (/)
and left division (\). Mk is the middle translation for any fixed k ∈ Q. Consequently,
(Q, \) and (Q, /) are also quasigroups. Using the operations (\) and (/), the definition
of a loop can be restated as follows.

Definition 1.1. A loop (Q, ◦, /, \, e) is a set Q together with three binary operations
(◦), (/), (\) and one nullary operation e such that

(i) k ◦ (k\l) = l, (l/k) ◦ k = l for all k, l ∈ Q;
(ii) k\k = l/l or e ◦ k = k ◦ e = k for all k, l ∈ Q.

We also stipulate that (/) and (\) have higher priority than (◦) among factors to be
multiplied. For instance, k ◦ l/m and k ◦ l\m stand for k(l/m) and a(b\c), respectively.

In a loop (Q, ◦) with identity element e, the left inverse element of k ∈ Q is the
element kJλ = kλ ∈ Q such that

kλ ◦ k = e,

while the right inverse element of k ∈ Q is the element kJρ = kρ ∈ Q such that

k ◦ kρ = e.

If xρ = xλ, then we shall write Jλ = Jρ = J where xJ = x−1.
For more study on quasigroup and loop theories, readers can check [10, 11, 18, 20–

23,25,26,29,30].
The study of a Bryant-Schneider group on an arbitrary loop was first introduced

in the work of Robinson [28] in 1980. The concept has been extended to different
loop structures, e.g., the study of the isotopy-isomorphy of Bol loops, Moufang loops,
and Osborn loops. In 2003 Adeniran [1] studied some properties of Bryant-Schneider
groups of certain Bol loops. Jaiyéo. lá [13], and Jaiyéo. lá et al. [14, 15] extended the
concept of the Bryant-Schneider group to the study of Smarandache loop, Osborn
loop, and their universality. A characterization of isostrophy Bryant-Schneider group-
invariant of Bol loops was studied in 2023 by Jaiyéo. lá et al. [12]. The isotopic and
pseudo-automorphic characterizations of a loop were presented by (Capodaglio [3],
1993), where the crypto-automorphism of a loop was defined as a generalization
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of pseudo-automorphism. Further study of crypto-automorphism was carried out
by (Oyebo et al. [24], 2024). The work revealed that crypto-automorphisms of a
quasigroup with left and right identity elements forms a group.

In this study, we shall study the properties of the crypto-automorphism group and
Bryant-Schneider group of left (right) Basarab loop.

2. Preliminaries

Definition 2.1. The set of all permutations on a non-empty set Q forms a group
called the symmetric group of Q, denoted as SY M(Q). Let (Q, ◦) be a loop, and let
A, B, and C be elements of SY M(Q). If xA ◦ yB = (x ◦ y)C for all x, y ∈ Q, then
the triple (A, B, C) is termed an autotopism, and these triples form a group known
as the autotopism group of (Q, ◦), denoted as AUT (Q, ◦). If A = B = C, then A
is called an automorphism of (Q, ◦), and the set of all such automorphisms forms a
group called the automorphism group of (Q, ◦), denoted as AUM(Q, ◦). See [26].

Definition 2.2. Let (Q, ◦) be a loop.

(a) ϕ ∈ SY M(Q) is called a left pseudo-automorphism with companion a ∈ Q if
(ϕLa, ϕ, ϕLa) ∈ AUT (Q, ◦). The set of such maps forms a group (see [26]).

(b) ϕ ∈ SY M(Q) is called a right pseudo-automorphism with companion a ∈ Q if
(ϕ, ϕRa, ϕRa) ∈ AUT (Q, ◦). The set of such maps forms a group (see [26]).

(c) ϕ ∈ SY M(Q) is called a crypto-automorphism with companions a, b ∈ Q if
(Raϕ, Lbϕ, ϕ) ∈ AUT (Q, ◦). The set of such maps forms a group (see [24]).

(d) A mapping ϕ ∈ SY M(Q) such that (ϕR−1
g , ϕL−1

f , ϕ) ∈ AUT (Q, ◦) for some
f, g ∈ G is called a Bryant-Schneider map of (Q, ◦). The set of such maps
forms a group called the Bryant-Schneider group BS(Q, ◦) of (Q, ◦) (see [28]).

From Definition 2.2, it is clearly seen that

(ϕR−1
g , ϕL−1

f , ϕ) = (ϕ, ϕ, ϕ)(R−1
g , L−1

f , I),

which implies that ϕ is an isomorphism of (G, ◦) onto some f, g-isotope of it.

Theorem 2.1 ([28]). Let the set BS(Q, ◦) = ¶ϕ ∈ SY M(Q) : exists f, g ∈ Q ∋
(ϕR−1

g , ϕL−1
f , ϕ) ∈ AUT (Q, ◦)♢, then BS(Q, ◦) ≤ SY M(Q).

Theorem 2.1 is associated with Theorem 2.2.

Theorem 2.2 ([26]). Let (Q, ◦) and (H, ◦) be two isotopic loops. For some f, g ∈ Q,
there exists an f, g-principal isotope (Q, ∗) of (Q, ◦) such that (H, ◦) ∼= (Q, ∗).

Definition 2.3 ([26]). Let (Q, ◦) be quasigroup with fixed elements a, b ∈ Q. The
isotope of this form (R−1

a , L−1
b , I) is called LP-isotope.

Definition 2.4 ([26]). Let (Q, ◦) be a quasigroup. Then, the following hold.

(a) Right inverse property (RIP) holds if there is a mapping Jρ : x → xρ such that
(y ◦ x) ◦ xρ = y for all x, y ∈ Q.
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(b) Left inverse property (LIP) holds if there is a mapping Jλ : x → xλ such that
xλ ◦ (x ◦ y) = y for all x, y ∈ Q.

(c) Inverse property (IP) if (a) and (b) hold.
(d) Right alternative property (RAP) if y ◦ xx = yx ◦ x for all x, y ∈ Q.
(e) Left alternative property (LAP) if x ◦ xy = xx ◦ y for all x, y ∈ Q.
(f) Flexible or elastic property if (x ◦ y) ◦ x = x ◦ (y ◦ x) holds for all x, y ∈ Q.
(g) Cross inverse property (CIP ) if there exist mapping Jλ : x → xλ or Jρ : x → xρ

such that xy ◦ xρ = y or x ◦ yxρ = y or xλ ◦ yx = y or xλy ◦ x = y for all
x, y ∈ Q.

Definition 2.5. A loop (Q, ◦) is said to be

(a) an automorphic inverse property loop (AIPL) if (xy)−1 = x−1y−1 for all x, y ∈
Q;

(b) an anti-automorphic inverse property loop (AAIPL) if (xy)−1 = y−1x−1 for all
x, y ∈ Q;

(c) a power associative loop if ⟨x⟩ is a subgroup for all x ∈ Q and a diassociative
loop if ⟨x, y⟩ is a subgroup for all x, y ∈ Q.

Definition 2.6. Let (Q, ◦) be a loop.

(a) Nλ = ¶v ∈ Q : (v ◦ x) ◦ y = v ◦ (x ◦ y) for all x, y ∈ Q♢ is called the left nucleus
of Q.

(b) Nρ = ¶v ∈ Q : y ◦ (x ◦ v) = (y ◦ x) ◦ v for all x, y ∈ Q♢ is called the right
nucleus of Q.

(c) Nµ = ¶v ∈ Q : (y ◦ v) ◦ x = y ◦ (v ◦ x) for all x, y ∈ Q♢ is called the middle
nucleus of Q.

Definition 2.7 ([3]). In a loop (Q, ◦), a permutation ϕ is called a crypto-automo-
rphism if there exists a, b ∈ Q called the companions of ϕ such that for every x, y ∈ Q

(x ◦ a)ϕ ◦ (b ◦ y)ϕ = (x ◦ y)ϕ.

Hence, ϕ is called a crypto-automorphism with companion (a, b).

Definition 2.8. Let (Q, ◦) be a quasigroup. A mapping ϕ ∈ SY M(Q) will be defined
as a two-middle pseudo-automorphism if there exists elements a and b in Q such that
(ϕR−1

a , ϕL−1
bλ , ϕ) ∈ AUT (Q, ◦).

Remark 2.1. The collection of two-middle pseudo-automorphisms will be denoted as
PSµ2(Q, ◦). It is worth noting that PSµ(Q, ◦) ⊆ PSµ2(Q, ◦).

Theorem 2.3 ([24]). The set of crypto-automorphisms CAUM(Q, ◦) of a quasigroup
(Q, ◦) with right and left identity elements forms a group.

Theorem 2.4 ([24]). Let (Q, ◦) be a loop. BS(Q, ◦) = CAUM(Q, ◦).

Theorem 2.5 ([26]). Let (Q, ◦) be an inverse property loop. Then, for any a ∈ Q:

(a) JλRaJρ = Laλ;
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(b) JρRaJρ = Laρ;
(c) JρLaJρ = Raρ;
(d) JλLaJρ = Raλ.

Theorem 2.6 ([26]). Let P = (A, B, C) ∈ AUT (Q, ◦) of a loop (Q, ◦).

(a) If (Q, ◦) is a left inverse property loop (LIPL), then Pλ = (JAJ, C, B) ∈
AUT (Q, ◦).

(b) If (Q, ◦) is a right inverse property loop (RIPL), then Pρ = (C, JBJ, A) ∈
AUT (Q, ◦).

Theorem 2.7 ([26,31]). Let (Q, ◦) be a RIP or LIP or AAIP loop. Then, Jρ = Jλ = J ,
i.e., aρ = aλ = a−1 for all a ∈ Q.

Definition 2.9. A loop (Q, ◦) is called

(a) left Basarab loop (LBaL) if it satisfies the identity (x ◦ yxρ) ◦ xz = x ◦ yz for
all x, y, z ∈ Q;

(b) right Basarab loop (RBaL) if it satisfies the identity yx ◦ (xλz ◦ x) = yz ◦ x for
all x, y, z ∈ Q.

A Basarab loop was studied in Basarab’s work before Cote et al. [2] in 2010 worked
on classification of loops of generalised Bol-Moufang type. Basarab published two
prominent papers [4, 5] in 1992, focusing on IK-loops in [6] and [7]. Some recent
studies of Basarab loop have been carried out in various fashions. The properties of
Basarab loop with invariants of inverse properties were examined in [16]. This study
revealed that a Basarab loop exhibits a cross inverse property if and only if it is an
abelian group, or if all left (right) translations of the loop are right (left) regular. The
same authors also investigated the Basarab loop and the generators of its total inner
mapping group [17]. In 2021, the characterization of subloops of a Basarab loop was
explored [8], and a recent announcement was made by Effiong et al. [9] regarding the
holomorphic characterization of a Basarab loop.

Theorem 2.8 ([16]). (a) In a left (right) Basarab loop, the following are equivalent:

i flexibility;
ii RIP (LIP);
iii RAP (LAP);
iv AAIP.

(b) In a Basarab loop, the following are equivalent:

i flexibility;
ii right inverse property;
iii left inverse property;
iv inverse property;
v right alternative property;
vi left alternative property;
vii alternative property.
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3. Main Results

Lemma 3.1. Let (Q, ◦) be a loop. Then, (Q, ◦) is a

(a) left Basarab loop if and only if any of the following hold for all a, b ∈ Q:
i (RaρLa, La, La) ∈ AUT (Q, ◦);
ii RaρLaRab = RbLa;
iii RaρLa = T −1

a = RbLaR−1
ab ;

iv LaLa◦baρ = LbLa;
v La◦baρ = L−1

a LbLa;
(b) right Basarab loop if and only if any of the following hold for all a, b ∈ Q:

i (Ra, LaλRa, Ra) ∈ AUT (Q, ◦);
ii RaLaλb◦a = RbRa;
iii Laλb◦a = R−1

a RbRa;
iv LaλRaLba = LbRa;
v LaλRa = Ta = LbRaL−1

ba .

Proof. Use Definition 2.9 with the aid of autotopisms and translations. □

Theorem 3.1. Let (Q, ◦) ba a Basarab loop.

(a) aρ ∈ Nρ if and only if T −1
a ∈ AUM(Q, ◦).

(b) aλ ∈ Nλ if and only if Ta ∈ AUM(Q, ◦).

Proof. (a) If (Q, ◦) is a left Basarab loop, then from Lemma 3.1, (RaρLa, La, La) ∈
AUT (Q, ◦) for all a ∈ Q. If aρ ∈ Nρ, then (I, Raρ , Raρ) is an autotopism of (Q, ◦) for
all a ∈ Q. The product

(I, Raρ , Raρ)(RaρLa, La, La) =(RaρLa, RaρLa, RaρLa)

is equivalent to (T −1
a , T −1

a , T −1
a ) is an autotopism of (Q, ◦) for all a ∈ Q. Thus, T −1

a

is automorphism of (Q, ◦).
For the converse, we reverse the procedures to obtain aρ ∈ Nρ if and only if

(RaρLa, RaρLa, RaρLa) ∈ AUT (Q, ◦) is equivalent to T −1
a ∈ AUM(Q, ◦).

(b) If (Q, ◦) is a right Basarab loop, in Lemma 3.1, (Ra, LaρRa, Ra) ∈ AUT (Q, ◦)
for all a ∈ Q. If aλ ∈ Nλ, then (Laλ , I, Laλ) is an autotopism of (Q, ◦) for all a ∈ Q.
The product

(Laλ , I, Laλ)(Ra, LaρRa, Ra) =(LaλRa, LaρRa, LaλRa)

is equivalent to (Ta, Ta, Ta) ∈ AUT (Q, ◦). Hence, Ta is an automorphism of (Q, ◦).
For the converse, we simply do the reverse procedure. □

Theorem 3.2. Let U be a crypto-automorphism of LBaL (Q, ◦) with companion (a, b).
Then, LxU ∈ BS(Q, ◦) for all x ∈ Q.

Proof. If (Q, ◦) is a LBaL then P = (RxρLx, Lx, Lx) is an autotopism of (Q, ◦) for
all x ∈ Q. If U be a crypto-automorphism of (Q, ◦), then T = (RaU, LbU, U) is an
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autotopism of (Q, ◦) with a twin (a, b). The product

PT = (RxρLx, Lx, Lx)(RaU, LbU, U) = (RxρLxRaU, LxLbU, LxU) ∈ AUT (Q, ◦).
(3.1)

Set LxU = ω in (3.1) to obtain

(RxρLxRaU, LxLbU, ω) ∈ AUT (Q, ◦).(3.2)

Writing this in an equivalent form, for all y, z ∈ Q, we have

yRxρLxRaU ◦ zLxLbU = (y ◦ z)ω.(3.3)

Put y = e in (3.3) to obtain

eRxρLxRaU ◦ zLxLbU = (e ◦ z)ω ⇒(x ◦ exρ)RaU ◦ zLxLbU = zω

⇒zLxLbULaU = zω

⇒zLxLbU = zωL−1
aU ⇒ LxLbU = ωL−1

aU .(3.4)

Also, put z = e in (3.3) to get

yRxρLxRaU ◦ eLxLbU = yω ⇒yRxρLxRaU ◦ (ex)LbU = yω

⇒yRxρLxRaUR(bx)U = yω(3.5)

⇒yRxρLxRaU = yωR−1
(bx)U

⇒RxρLxRaU = ωR−1
(bx)U .(3.6)

Using (3.4) and (3.6) in (3.2), we have (ωR−1
(bx)U , ωL−1

aU , ω) ∈ AUT (Q, ◦). Thus, ω ∈

BS(Q, ◦) for all a, b ∈ Q. □

Corollary 3.1. Let U be a crypto-automorphism of LBaL (Q, ◦) with companion
(a, b). Then, LaU ∈ PSµ2(Q, ◦) with companion ((bx)U, (aU)ρ).

Proof. This follows as a consequence of Theorem 3.2. □

Theorem 3.3. Let U be a crypto-automorphism of RBaL (Q, ◦) with companion
(a, b). Then,

(a) RxU ∈ BS(Q, ◦) for all x ∈ Q;
(b) RxU ∈ PSµ2(Q, ◦) with companion (bU, ((xa)U)ρ) for all x ∈ Q

Proof. Follow similar steps as in Theorem 3.2. □

Theorem 3.4. Let (Q, ◦) be a LBaL with RIP. If the map θ ∈ BS(Q, ◦) such that
θ = ωL−1

x where ω : e → e, then ω is a unique right pseudo-automorphism with
companion (xg)−1 for all x ∈ Q and for some g ∈ Q.

Proof. Let θ ∈ BS(Q, ◦). Then, M = (θR−1
g , θL−1

f , θ) ∈ AUT (Q, ◦) for some f, g ∈ Q.
Since (Q, ◦) is a LBaL, N = (RxρLx, Lx, Lx) ∈ AUT (Q, ◦) for all x ∈ Q. The product

MN = (θR−1
g , θL−1

f , θ)(RxρLx, Lx, Lx) = (θR−1
g RxρLx, θL−1

f Lx, θLx) ∈ AUT (Q, ◦),

(3.7)



1304 B. OSOBA, T. G. JAIYÉO. LÁ, AND B. OLUWATOBI

for some f, g ∈ Q and for all x ∈ Q.
Let (Q, ◦) be a RIPL, applying Theorem 2.6 to the autotopism in (3.7), we get

(θLx, JθL−1
f LxJ, θR−1

g RxρLx) ∈ AUT (Q, ◦),(3.8)

for some f, g ∈ Q and for all x ∈ Q.
Let α = JθL−1

f LxJ in (3.8). Then,

(θLx, α, θR−1
g RxρLx) ∈ AUT (Q, ◦),(3.9)

for some g ∈ Q and for all x ∈ Q. For all y, z ∈ Q, we have

yθLx ◦ zα = (y ◦ z)θR−1
g RxρLx.

If θ = ωL−1
x , then θLx = ω, so, α = JωL−1

x L−1
f LxJ . Next, we have

yω ◦ zα = (y ◦ z)ωL−1
x R−1

g RxρLx.(3.10)

Let y = e in (3.10). Then, we have

eω ◦ zα = zωL−1
x R−1

g RxρLx ⇒zα = zωL−1
x R−1

g RxρLx ⇒ α = ωL−1
x R−1

g RxρLx.

(3.11)

Using (3.10) and (3.11), (3.9) becomes

(ω, ωL−1
x R−1

g RxρLx, ωL−1
x R−1

g RxρLx) ∈ AUT (Q, ◦),

for some g ∈ Q and for all x ∈ Q.
Since, (Q, ◦) is a left Basarab loop, RxρLx = RgLxR−1

xg . Hence,

(ω, ωL−1
x R−1

g RgLxR−1
xg , ωL−1

x R−1
g RgLxR−1

xg )

=(ω, ωL−1
x R−1

g RgLxR−1
xg , ωL−1

x R−1
g RgLxR−1

xg ) = (ω, ωR−1
xg , ωR−1

xg )

is an autotopism of (Q, ◦) for some g ∈ Q and for all x ∈ Q. Thus, ω is a right
pseudo-automorphism with companion (xg)−1.

Let ω1L
−1
x1

= ω2L
−1
x2

, where ω1, ω2 : e → e, for all x1, x2 ∈ Q. Then, L−1
x1

Lx2
= ω−1

1 ω2.

So, eL−1
x1

Lx2
= eω−1

1 ω2 implies L−1
x1

Lx2
= I, implies Lx1

= Lx2
. Hence, x1 = x2 and so

ω1 = ω2. This implies that for all x ∈ Q, there exists a unique ω such that θ = ωL−1
x .

Hence, θ = ωL−1
x where ω is a unique right pseudo-automorphism with companion

(xg)−1 for all x ∈ Q and for some g ∈ Q. □

Corollary 3.2. Let (Q, ◦) be a LBaL with RIP. For some θ ∈ BS(Q, ◦) such that
ωL−1

x = θ, where ω : e → e, ω ∈ AUM(Q, ◦) is unique for all x ∈ Q.

Proof. Set x = g−1 in Theorem 3.4. □

Theorem 3.5. Let (Q, ◦) be a RBaL with LIP. If the map θ ∈ BS(Q, ◦) such that
θ = ωR−1

x , where ω : e → e, then ω is a unique left pseudo-automorphism with
companion (fx)−1 for all x ∈ Q and for some f ∈ Q.



BRYANT-SCHNEIDER GROUP OF BASARAB LOOP 1305

Proof. Let θ ∈ BS(Q, ◦) then M = (θR−1
g , θL−1

f , θ) ∈ AUT (Q, ◦) for some f, g ∈ Q.
Since (Q, ◦) is a RBaL, N = (Rx, LxλRx, Rx) ∈ AUT (Q, ◦) for all x ∈ Q. The product

(θR−1
g , θL−1

f , θ)(Rx, LxλRx, Rx) = (θR−1
g Rx, θL−1

f LxλRx, θRx) ∈ AUT (Q, ◦),

for some f, g ∈ Q and all x ∈ Q. If (Q, ◦) is LIPL, by Theorem 2.6,

(JθR−1
g RxJ, θRx, θL−1

f LxλRx) ∈ AUT (Q, ◦),(3.12)

for some f, g ∈ Q and all x ∈ Q. Let α = JθR−1
g RxJ in (3.12), to get

(α, θRx, θL−1
f LxλRx) ∈ AUT (Q, ◦),

for all x ∈ Q and some f ∈ Q.
If θ = ωR−1

x , then ω = θRx. Thus, α = JωR−1
x R−1

g RxJ . Here, (3.12) becomes

(α, ω, ωR−1
x L−1

f LxλRx) ∈ AUT (Q, ◦),(3.13)

for all x ∈ Q and some f ∈ Q. For all y, z ∈ Q, we have yα◦zω = (y◦z)ωR−1
x L−1

f LxλRx.
Put z = e. Then,

yα ◦ eω =yωR−1
x L−1

f LxλRx ⇒ yα = yωR−1
x L−1

f LxλRx ⇒ α = ωR−1
x L−1

f LxλRx.

(3.14)

Now, using (3.14) in (3.13), we get

(ωR−1
x L−1

f LxλRx, ω, ωR−1
x L−1

f LxλRx) ∈ AUT (Q, ◦),(3.15)

for all x ∈ Q and some f ∈ Q. Since (Q, ◦) is a RBaL, by Lemma 3.1, LxλRx =
LfRxL−1

fx for all x, f ∈ Q. Thus, we have the last autotopism

(ωR−1
x L−1

f LfRxL−1
fx , ω, ωR−1

x L−1
f LfRxL−1

fx ) = (ωL−1
fx , ω, ωL−1

fx ) ∈ AUT (Q, ◦),

for all x ∈ Q and some f ∈ Q. Thus, ω is a left pseudo-automorphism with companion
(fx)−1 for all x ∈ Q and for some f ∈ Q. The proof of the uniqueness of ω is similar
to the one in Theorem 3.4. □

Corollary 3.3. Let (Q, ◦) be a RBaL with LIP. For some θ ∈ BS(Q, ◦) such that
θ = ωR−1

x , where ω : e → e, ω ∈ AUM(Q, ◦) is unique for all x ∈ Q and for some
f ∈ Q.

Proof. Set x = f−1 in Theorem 3.5. □

Theorem 3.6. Let (Q, ◦) be a LBaL and let ω = ω(f, g) ∈ BS(Q, ◦) such that
ω : e → e. Then, ω = ω(f, g) ≡ ω(f, fρ) and ω ≡ ω(f, g) = ω(gλ, g).

Proof. Let ω ∈ BS(Q, ◦), then (ωR−1
g , ωL−1

f , ω) ∈ AUT (Q, ◦) for some f, g ∈ Q.
Since (Q, ◦) is a LBaL, (RxρLx, Lx, Lx) ∈ AUT (Q, ◦) for all x ∈ Q. The product

(ωR−1
g , ωL−1

f , ω)(RxρLx, Lx, Lx) = (ωR−1
g RxρLx, ωL−1

f Lx, ωLx)(3.16)

is an autotopism of (Q, ◦) for some f, g ∈ Q and for all x ∈ Q. For all y, z ∈ Q we
have

yωR−1
g RxρLx ◦ zωL−1

f Lx = (y ◦ z)ωLx.(3.17)
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Put z = e in (3.17) to obtain

yωR−1
g RxρLx ◦ eωL−1

f Lx = yωLx ⇒yωR−1
g RxρLx ◦ eL−1

f Lx = yωLx

⇒yωR−1
g RxρLxRxfρ = yωLx

⇒R−1
g RxρLxRxfρ = Lx

⇒R−1
g = LxR−1

xfρL−1
x R−1

xρ ,

for some f ∈ Q and for all x ∈ Q. Set x = f in the last equality to get

R−1
g = LfL−1

f R−1
fρ = R−1

fρ .

Hence, g = fρ. On the other hand, set y = e in (3.17) to get

eωR−1
g RxρLx ◦ zωL−1

f Lx = zωLx ⇒eR−1
g RxρLx ◦ zωL−1

f Lx = zωLx

⇒


x ◦ g−1xρ
 

zωL−1
f Lx



= zωLx

⇒L−1
f = LxL−1

(x◦g−1xρ)L
−1
x .

Set x = gλ, to get

L−1
f = LgλL−1

(gλ
◦g−1(g)λρ)

L−1
gλ = L−1

gλ .

Thus, L−1
f = L−1

gλ implies f = gλ. □

Corollary 3.4. Let (Q, ◦) be a LBaL. If ω ≡ ω(f, g) ∈ BS(Q, ◦), such that ω : e → e,
for some f, g ∈ Q, the following hold:

(a) ω is a right pseudo-automorphism with companion f ;
(b) ♣f ♣ = 2 or ♣g♣ = 2.

Proof. Putting R−1
g = R−1

fρ and L−1
f = L−1

gλ in (3.16), we get the autotopism

(ωR−1
fρ RxρLx, ωL−1

gλ Lx, ωLx)

of (Q, ◦) for some f, g ∈ Q and for all x ∈ Q. Set x = f , to get (ωLf , ωL−1
gλ Lf , ωLf ) ∈

AUT (Q, ◦) for some f, g ∈ Q. Let g = f . Then, (ωLf , ωL−1
fλ Lf , ωLf ) ∈ AUT (Q, ◦)

for some f ∈ Q. For all y, z ∈ Q, we have yωLf ◦ zωL−1
fλ Lf = (y ◦ z)ωLf . Setting

z = e, we get

yωLf ◦ eωL−1
fλ Lf = yωLf ⇒ yωLf ◦ f 2 = yωLf ⇒ yωLfRf2 = yωLf ⇒ ♣f ♣ = 2.

Thus, (ωLf , ω, ωLf ) ∈ AUT (Q, ◦) for some f ∈ Q. Therefore, ω is a pseudo-
automorphism with companion f for some f ∈ Q. □
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Theorem 3.7. Let (Q, ◦) be a LBaL with AAIP. Then,

BS ′(Q, ◦) =


ω ∈ BS(Q, ◦) ♣ ω : e → e and (xω)−1 =


x−1


ω


=


ω ∈ SY M(Q) ♣ exists f ∈ Q ∋


ωR−1
f−1 , ωL−1

f , ω


∈ AUT (Q), eω = e

and (xω)−1 = (x−1)ω for all x ∈ Q


=


ω ∈ SY M(Q) ♣ exists g ∈ Q ∋


ωR−1
g , ωL−1

g−1 , ω


∈ AUT (Q),

eω = e and (xω)−1 = (x−1)ω for all x ∈ Q


≤BS(Q, ◦).

Proof. Let

BS ′(Q, ◦) =


ω ∈ BS(Q, ◦) ♣ ω : e → e and (xω)−1 =


x−1


ω


⊆ BS(Q, ◦).

Using the connection from Theorem 3.6,

BS ′(Q, ◦) =


ω ∈ BS(Q, ◦) ♣ ω : e → e and (xω)−1 =


x−1


ω


=


ω ∈ SY M(Q) ♣ exists f ∈ Q ∋


ωR−1
f−1 , ωL−1

f , ω


∈ AUT (Q),

eω = e and (xω)−1 = (x−1)ω for all x ∈ Q


=


ω ∈ SY M(Q) ♣ exists g ∈ Q ∋


ωR−1
g , ωL−1

g−1 , ω


∈ AUT (Q),

eω = e and (xω)−1 = (x−1)ω for all x ∈ Q


.

Note that eI = e and (gI)−1 = (g−1)I for all g ∈ Q and (IR−1
e , IL−1

e , I) = (I, I, I) ∈
AUT (Q, ◦). Then, I ∈ BS ′(Q, ◦). Hence, BS ′(Q, ◦) contains the identity map, thus
BS ′(Q, ◦) is not empty.

Let α, σ ∈ BS ′(Q, ◦). Then, α, σ ∈ BS(Q, ◦) and eα = e and (xα)−1 = (x−1)α,
eσ = e and (xσ)−1 = (x−1)σ for all x ∈ Q.

In addition, there exist f1, g1, f11, g11 ∈ Q with g1 = f−1
1 , f11 = g−1

11 such that

P =(αR−1
g1

, αL−1
f1

, α), T = (σR−1
g11

, σL−1
f11

, σ),

T −1 =(Rg11
σ−1, Lf11

σ−1, σ−1) ∈ AUT (Q, ◦),

PT −1 =(αR−1
g1

, αL−1
f1

, α)(Rg11
σ−1, Lf11

σ−1, σ−1)

=(αR−1
g1

Rg11
σ−1, αL−1

f1
Lf11

σ−1, ασ−1) ∈ AUT (Q, ◦).

Let ϱ = σR−1
g1

Rg11
σ−1 and γ = σL−1

f1
Lf11

σ−1, such that (ασ−1ϱ, ασ−1γ, ασ−1) ∈
AUT (Q, ◦) if and only if for all a, b ∈ Q

(3.18) aασ−1ϱ ◦ bασ−1γ = (a ◦ b)ασ−1.
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Setting a = e in Q and replacing b by bσα−1 in (3.18), we have

(eασ−1ϱ) ◦ (bγ) = b ⇒ bγL(eασ−1ϱ) = b ⇒ γ = L−1
(eασ−1ϱ).

Analogously, setting b = e in Q, the identity element and replacing a by aσα−1 in
(3.18), we have

(aϱ) ◦ (eασ−1γ) = a ⇒ aϱR(eασ−1γ) = a ⇒ ϱ = R−1
(eασ−1γ).

Thus, g = eασ−1γ = eγ = eσL−1
f1

Lf11
σ−1 = [f11 ◦ (f1\e)]σ−1 = [f11 ◦ f−1

1 ]σ−1 and

f = eασ−1ϱ = eϱ = eσR−1
f−1

1

Rf−1

11

σ−1 = eR−1
f−1

1

Rf−1

11

σ−1 = [(e/f−1
1 ) ◦ f−1

11 ]σ−1 = (f1 ◦

f−1
11 )σ−1. Then, using Theorem 2.7, f−1 = [(f1 ◦f−1

11 )σ−1]−1 = (f1 ◦f−1
11 )−1σ−1 = (f11 ◦

f−1
1 )σ−1 = g. Hence, PT −1 = (ασ−1ϱ, ασ−1γ, ασ−1) = (ασ−1R−1

f−1 , ασ−1L−1
f , ασ−1) is

an autotospism of (Q, ◦), eασ−1 = e and (x−1)ασ−1 = (xασ−1)−1 for all x ∈ Q. So,
ασ−1 ∈ BS ′(Q, ◦). Also,

PT −1 = (ασ−1R−1
g , ασ−1L−1

g−1, ασ−1)

is an autotopism of (Q, ◦) and eασ−1 = e and (x−1)ασ−1 = (xασ−1)−1 for all x ∈ Q.
So, ασ−1 ∈ BS ′(Q, ◦). Hence, BS ′(Q, ◦) ≤ BS(Q, ◦). □

Corollary 3.5. Let (Q, ◦) be a LBaL with AAIP. Then, AUM(Q, ◦) ≤ BS ′(Q, ◦) ≤
BS(Q, ◦).

Proof. This follows as a consequence of Theorem 3.7. □

Theorem 3.8. Let (Q, ◦) be a LBaL with a RIP and let H = (A, B, C) ∈ AUT (Q, ◦).
Then, there exists a right pseudo-automorphism ω with companion yx, where eA = x
and eB = y such that

(A, B, C) = (ω, ωRyx, ωRyx)(Lx−1 , JLx−1J, R−1
xρ Lx−1)−1.

Proof. Let (Q, ◦) be a LBaL, then (R−1
xρ Lx−1 , Lx−1 , Lx−1) ∈ AUT (Q, ◦) for all x ∈ Q.

Applying Theorem 2.6, (Lx−1 , JLx−1J, R−1
xρ Lx−1) ∈ AUT (Q, ◦) for all x ∈ Q. Suppose

that K = (A, B, C) is an autotopism of (Q, ◦), then the product

(A, B, C)(Lx−1 , JLx−1J, R−1
xρ Lx−1)

=(ALx−1 , BJLx−1J, CR−1
xρ Lx−1) ∈ AUT (Q, ◦), for all x ∈ Q.

Replace ALx−1 with ω and note that eω = eALx−1 = x−1 ◦ x = e,

tω ◦ zBJLx−1J = (t ◦ z)CR−1
xρ Lx−1(3.19)

for all t, z ∈ Q. Set t = e in (3.19), we obtain

eω ◦ zBJLx−1J = zCR−1
xρ Lx−1 ⇒zBJLx−1J = zCR−1

xρ Lx−1

⇒BJLx−1J = CR−1
xρ Lx−1 ,

for all x ∈ Q. So, (3.19) becomes

(3.20) tω ◦ zBJLx−1J = (t ◦ z)BJLx−1J,
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for all t, z ∈ Q. Let z = e, then it follows from (3.20) that yω◦eBJLx−1J = yBJLx−1J
implies ωyJLx−1J = BJLx−1J , implies ωRyx = BJLx−1J . Using this information in
(3.20), we get (ω, ωRyx, ωRyx) ∈ AUT (Q, ◦). Hence, ω is a right pseudo-automorphism
with companion (yx). So,

(A, B, C)(Lx−1 , JLx−1J, R−1
xρ Lx−1) = (ω, ωRyx, ωRyx)

⇒(A, B, C) = (ω, ωRyx, ωRyx)(Lx−1 , JLx−1J, R−1
xρ Lx−1)−1. □

Theorem 3.9. Let (Q, ◦) be a LBaL with a RIP such that ♣xz♣ = 2 for all z ∈ Q, and
let a ⊕ b = aR−1

x ◦ bL−1
y , for any arbitrarily fixed a, b ∈ Q and for all x, y ∈ Q. Then,

(Q, ⊕) ∼= (Q, ◦) if and only if there exists right pseudo-automorphism ω of (Q, ◦) with
companion yx.

Proof. Let C be isomorphism between (Q, ⊕) and (Q, ◦). Then,

(a ◦ b)C = aC ⊕ bC = aCR−1
x ◦ bCL−1

y = aB ◦ bA,

for all a, b ∈ Q, where B = CR−1
x and A = CL−1

y . So, (B, A, C) ∈ AUT (Q, ◦).
Let e and e∗ denote the identity elements in (Q, ◦) and (Q, ⊕), respectively. So,

since C is an isomorphism, we have eC = e∗, where e∗ = y ◦ x, and

eA =eCR−1
x = e∗R−1

x = (y ◦ x)R−1
x = y,(3.21)

eB =eCL−1
y = e∗L−1

y = (y ◦ x)L−1
y = x.(3.22)

By Theorem 3.8, and going by (3.21), and (3.22), we have

(B, A, C) = (ω, ωRyx, ωRyx)(Lx−1 , JLx−1J, R−1
xρ Lx−1)−1,

where ω is a right pseudo-automorphism of (Q, ◦) with companion yx.
Conversely, if ω is right pseudo-automorphism with companion yx, then

(ω, ωRyx, ωRyx) is a autotopism of (Q, ◦). On the other hand, since (Q, ◦) is LBaL,
we have that (Ly−1 , JLy−1J, R−1

yρ Ly−1)−1 is an autotopism of (Q, ◦). Now,

(B, A, C) =(ω, ωRyx, ωRyx)(Ly−1 , JLy−1J, R−1
yρ Ly−1)−1

=(ω, ωRyx, ωRyx)(L−1
y−1 , JL−1

y−1J, L−1
y−1Ryρ)

=


ωL−1
y−1 , ωRyxJL−1

y−1J, ωRyxL−1
y−1Ryρ



∈ AUT (Q, ◦).

Writing it in an equivalent relation form, for all a, b ∈ Q, we have

aωL−1
y−1 ◦ bωRyxJL−1

y−1J = (a ◦ b)ωRyxL−1
y−1Ryρ ⇒ (a ◦ b)C = aB ◦ bA,(3.23)

where C = ωRyxL−1
y−1Ryρ , B = ωL−1

y−1 and A = ωRyxJL−1
y−1J . So,

eB = eωL−1
y−1 = eL−1

y−1 = y−1\e = y,

eA = eωRyxJL−1
y−1J = eRyxJL−1

y−1J =
[

y−1\(yx)−1
]

−1

⇒eA = [y\(yx)]−1 = x−1 = x.(3.24)
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Note that we used the assumptions that ♣z♣ = 2 for all z ∈ Q and Q has RIP, which
by Theorem 2.8 is equivalent to flexibility in a left Basarab loop.

Now, setting b = e in (3.23), to get

aC = aB ◦ eA ⇒ aC = aB ◦ x ⇒ aC = aBRx ⇒ B = CR−1
x .(3.25)

Put a = e in (3.23) to obtain

bC = eB ◦ bA ⇒ bC = y ◦ bA ⇒ bC = bALy ⇒ A = CL−1
y .(3.26)

So, using (3.23), (3.25) and (3.26), we obtain

(a ◦ b)C = aB ◦ bA = aCR−1
x ◦ bCL−1

y = aC ⊕ bC,

for all a, b ∈ Q. Hence, (Q, ⊕) ∼= (Q, ◦). □
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S SPECTRAL THEORY OF MULTIVALUED LINEAR OPERATOR

IN BANACH SPACES

AYMEN AMMAR1, AREF JERIBI1, AND BILEL SAADAOUI2

Abstract. In this paper, we begin with the deĄnition of the S-resolvent set of a
linear relation. Throughout this paper, X will denote a normed linear space over
the complex Ąeld C. Operator S plays the role of a transition multivalued linear
operator from X. It is the main goal of the present note to study the basic spectral
properties of T linked to the transition multivalued linear operator S.

1. Introduction

Let T, S : X → Y. For all λ ∈ C, the map P (λ) := T +λS is called a linear bundle. It
is know that many problems of mathematical physics (for example, quantum theory...)
are reduced to some study of certain reversibility conditions of operators P (λ). In
light of this, this paper shares the same concern of these studies. In fact, it highlights
some recent mathematical developments, including the spectral theory of multivalued
linear operator bundle. The study of the spectral theory of linear operators, including
the study of S-essential spectrum, has recently been the core subject of several works.

Most importantly, A. Jeribi [13] has treated the notion of S-essential spectra in
a comprehensive account of the known definitions of essential spectra (see Chapter
9). In [2] T. Alvarez, A. Ammar and A. Jeribi have characterized some S-essential
spectra of a closed linear relation in terms of certain linear relations of semi-Fredholm
type. In [3], they studied the decomposition of Frobenius-Schur in order to determine
the essential spectrum of a matrix multivalued linear operator.

Most importantly in [4] A. Ammar, A. Jeribi and B. Saadaoui considered a 2 × 2
block multivalued linear operator matrices and described its essential pseudospectrum.

Key words and phrases. S-resolvent, S-spectra, linear relation, Banach space.
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Among the most important works on the spectral theory of block linear relation matrix,
we mention [5,6] where the authors proposed the development of the essential spectra
of a 2×2 block linear relation matrix. Recently, B. Saadaoui [15] continued this study
to investigate the (P,Q)-Outer Generalized inverses and their stability of pseudo
spectrum. In [7, 16] B. Saadaoui generalized some known results in the condition
S-spectrum of a compact operator in a right quaternionic Hilbert space. Several
problems can be described by systems of mixed order linear differential equations
in mathematical physics. The localization of the essential spectra gave substantial
physical information. The findings acquired in this memorandum provides through
the conformable ones in [8], and they are robustly affined to notions from different
spectral problems in applied sciences (for concerning works see, for sample, [11,12,17]).
In specific, the research of different sort of degenerate equations on Banach spaces
could be done using the connotations and outcomes gained in the current note, cf. [11].
Paradigms to uncover the applicability of our theoretical processing will be extended
in [5]. More punctually, the main outcomes of this matter will be exercised to research
different perturbations of multivalued linear operator in Banach spaces in the spirit
of the results obtained in [9, 14].

The purpose of this paper is to extend the results of [10] to the case of multivalued
linear operators. It consists of three sections. In Section 2, we present some basic
notations and results connected to the main body of the work. In Section 3 we give a
characterization of the S-resolvent set of a closed multivalued linear operator T .

2. Preliminary Results

This section contains some definitions and auxiliary results which will be needed
in the rest of this paper. We adhere with the notation and the terminology of the
book [10]. Let X, Y and Z be infinite dimensional vector spaces over K = R or C.
T multivalued linear operator or simply a linear relation T : X → Y is a mapping
from a subspace D(T ) of X, called the domain of T , into P (Y )\¶∅♢ (the collection of
non-empty subsets of Y ) such that T (αx1 + βx2) = αT (x1) + βT (x2) for all non-zero
scalars α, β ∈ K and x1, x2 ∈ D(T ). If T maps the points of its domain to singletons,
then T is said to be a single valued linear operator or simply an operator, which
is equivalent to T (0) = ¶0♢. We denote by LR(X, Y ) the class of linear relations
everywhere defined and we write LR(X) := LR(X, X). T ∈ LR(X, Y ) is uniquely
determined by its graph G(T ), which is defined by:

G(T ) :=
{

(x, y) ∈ X × Y : x ∈ D(T ), y ∈ Tx
}

,

so that we can identify T with G(T ). The closure of T , denoted by T , is the linear
relation defined by

G(T ) := G(T ).

We denote by CR(X, Y ) the class of all closed linear relations from X to Y . If X = Y ,
we take CR(X, X) := CR(X).
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The inverse of T is a linear relation T −1 given by:

G(T −1) :=
{

(y, x) ∈ X × Y : (x, y) ∈ G(T )
}

.

If G(T ) is closed, then T is said to be closed. We design by R(T ) = T (D(T )) the
range of T . T is called surjective if R(T ) = Y . The subspace N(T ) := T −1(0) is
called the null space of T . T is called injective if N(T ) = ¶0♢, that is, if T −1 is a
single valued linear operator.

Notice that when x ∈ D(T ), y ∈ Tx if and only if Tx = y + T (0).
For T, S ∈ LR(X, Y ), the notation T ⊂ S means that G(T ) ⊂ G(S). The linear

relation T + S is defined by:

G(T + S) :=
{

(x, y) ∈ X × Y : y = u + v with (x, u) ∈ G(T ), (x, v) ∈ G(S)
}

.

Let T ∈ LR(X, Y ) and S ∈ LR(Y, Z) where R(T ) ∩D(S) ̸= ∅. The product of ST is
defined by:

G(ST ) :=
{

(x, z) ∈ X × Z : (x, u) ∈ G(T ) and (u, z) ∈ G(S) for some u ∈ Y
}

.

Let QT denote the quotient map from X onto X/T (0). We shall denote Q
T (0) by

QT . Clearly, QT T is a single valued operator and the norm of T is defined by ∥T∥ :=
∥QT T∥. We say that T is continuous if for each neighborhood V in R(T ), T −1(V )
is a neighborhood in D(T ) (equivalently ∥T∥ < +∞); bounded if it is continuous
with D(T ) = X; open if T −1 is continuous equivalently γ(T ) > 0 where γ(T ) is the
minimum modulus of T defined by

γ(T ) := sup
{

λ ≥ 0 : λd(x, N(T )) ≤ ∥Tx∥ for x ∈ D(T )
}

,

where d(x, N(T )) is the distance between x and N(T ). Continuous linear relations
defined everywhere on X are referred to as bounded linear relations. The class of
such relations is denoted by BR(X, Y ). If X = Y , we take BR(X, X) := BR(X).

If M and N are subspaces of X and of the dual space X ′, respectively, then

M⊥ :=
{

x′ ∈ X ′ : x′(x) = 0 for all x ∈ M
}

and

N⊤ :=
{

x ∈ X : x′(x) = 0 for all x′ ∈ N
}

.

The conjugate of T ∈ LR(X, Y ) is the linear relation T
′

defined by

G(T
′

) := G(−T −1)⊥ ⊂ Y
′

× X
′

,

so that (y
′

, x
′

) ∈ G(T
′

) if and only if y
′

(y) = x
′

(x) for all (x, y) ∈ G(T ).

Lemma 2.1 ([10]). Let X and Y be two vector spaces and let T ∈ LR(X, Y ). Then,

(a) D(T −1) = R(T ); D(T ) = R(T −1);
(b) T is injective if and only if T −1T = ID(T );

(c) T is single valued if and only if T (0) = ¶0♢;

(d) TT −1y = y + T (0), y ∈ R(T ), and T −1Tx = x + T −1(0).
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Proposition 2.1 ([10]). Let R, S, T ∈ LR(X). Then,

(a) (R + S)T ⊂ RT + ST with equality if T is single valued;

(b) T (R + S) is an extension of TR + TS and TR + TS = T (R + S) if D(T ) is

the whole space.

Lemma 2.2. Let X and Y be two vector spaces. Let T, S ∈ LR(X, Y ).

(a) ([10, Exercise I.2.14 (b)]) If D(T ) = D(S) and T (0) = S(0), then T = S or

the graphs of T and S are incomparable.

(b) ([10, Definition II.5.1 (2) and, Proposition II.5.3]) T −1 is closed if, and only

if, T is closed if, and only if, QT T is closed single valued and T (0) is a closed

space.

(c) ([10, Definition II.5.1 (6)]) If T is continuous, D(T ) and T (0) are closed, then

T is closed.

Lemma 2.3. ([2, Lemma 2.2 (ii)] and [1, Lemma 3.1])

(a) Let S, T ∈ LR(X, Y ). If S(0) ⊂ T (0) and D(T ) ⊂ D(S), then QT +S =
QT and T − S + S = T.

(b) If T ∈ LR(X, Y ) and S ∈ LR(Y, Z) are closed with α(S) < +∞ and R(S)
closed, then ST ∈ CR(X, Z).

(c) If T (0) ⊂ N(S) or T (0) ⊂ N(R), then (R + S)T = RT + ST.

Lemma 2.4. ([10, Exercise II.5.18]) Let T ∈ BR(X, Y ) be single valued and S ∈
CR(Y, Z). Then, ST ∈ CR(X, Z).

Lemma 2.5. ([10, Theorem II.3.11 and Corollary III.7.7]) Let S, T ∈ LR(Y, Z).

(a) If N(S) ⊂ R(T ), then γ(ST ) ≥ γ(S)γ(T ).
(b) Let T be open and injective with dense range. Then, for any relation S such

that S(0) ⊂ T (0), D(S) ⊃ D(T ) and ∥S∥ < γ(T ), we have T + S is open and

injective with dense range.

Proposition 2.2. ([10, Proposition VI.5.2]) Let X be complete, and let S, T ∈ CR(X)
be bijective. Then, ST has the same properties.

Theorem 2.1. ([10, Theorem III.4.2]) Let T ∈ LR(X, Y ) be closed. Then,

(a) T is continuous if and only if D(T ) is closed;

(b) T is open if and only if R(T ) is closed.

3. S-spectral Theory of Multivalued Linear Operators in Banach
Spaces

Definition 3.1. Let S, T ∈ LR(X) with ∥S∥ ≠ 0. We define the S-resolvent set of T
by:

ρS(T ) :=
{

λ ∈ C : λS − T is injective, open with dense range
}

.

The spectra of T is the set σS(T ) := C\ρS(T ).
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Lemma 3.1. Let S ∈ LR(X) be continuous. For T ∈ CR(X) such that ∥S∥ ≠ 0,

S(0) ⊂ T (0) and D(T ) ⊂ D(S), we have that instead of we define the S-resolvent set

of T by:

ρS(T ) :=
{

λ ∈ C : (λS − T )−1 is single valued and everywhere defined
}

.

Proof. We remark that if X is Banach, then the Lemma 3.1 is true.
Indeed, let λ ∈ ρS(T ). Then, λS − T is closed. Indeed, λS − T is closed if, and

only if, QS−T (λS − T ) is closed and (λS − T )(0) is closed [2, Proposition II.5.3].
But, (λS − T )(0) = λS(0) − T (0) = T (0) closed (as S(0) ⊂ T (0) and T closed)
and QS−T (λS − T ) = λQT S − QT T = λQAQSS − QT T (where A := T (0)/S(0) by
virtue of [2, Lemma IV.5.2]) which is closed by [2, Exercise II.5.16]. Now, the result
follows immediately from Theorem 2.1 and Lemma 2.3. Let λ ∈ ρS(T ), then λS −
T is injective, open with dense range . Furthermore, N(λS − T ) = (λS − T )−1(0) =
¶0♢, then (λS − T )−1 is single valued.

On the other hand, λS −T is open, then applying Theorem 2.1 we obtain R(λS −T )
is closed. In short, R(λS − T ) = R(λS − T ) = X. □

Example 3.1. We see the following examples, where σS(T ) can be discrete or the whole
complex plane.

(a) Let T =



3 2
0 5



and T =



1 0
0 0



. Then, σS(T ) = ¶3♢.

(b) Let T =



2 1
0 0



and T =



2 0
0 0



. Then, σS(T ) = C.

(c) Let T =



2 1
0 3



and T =



0 1
0 0



. Then, σS(T ) = ∅.

Remark 3.1. (a) It follows immediately from Definition 3.1 that, for S = I we have

ρI(T ) :=
{

λ ∈ C : λ − T is injective, open with dense range
}

.

(b) If X is a finite dimension space and S is an invertible operator such that
σ(S)\¶1♢ is not empty, then σS(S) = ¶1♢, which implies that σ(S) ̸= σS(S).

Theorem 3.1. Let T ∈ CR(X) and S ∈ LR(X) be continuous such that S(0) ⊂ T (0),
∥S∥ ≠ 0, S ̸= T and D(T ) ⊂ D(S). Let λ ∈ ρS(T ), and let µ ∈ C such that

♣µ − λ♣ <
γ(λS − T )

∥S∥
.

Then, µ ∈ ρS(T ) and

∥(µS − T )−1∥ ≤
∥(λS − T )−1∥

1 − ♣µ − λ♣ · ∥(λS − T )−1∥ · ∥S∥
.

In particular, ρS(T ) is open.
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Proof. Let λ ∈ ρS(T ), and let (x, y) ∈ G(T ). Since (λS − T )−1 is a bounded operator,
it follows from the identity (λS − T )−1(λS − T )x = x that

∥(λS − T )−1∥ · ∥(λS − T )x∥ ≥ ∥x∥.

For each µ ∈ C one has

∥(µS − T )x∥ =∥(λS − T )x − (µ − λ)Sx∥

≥∥(λS − T )x∥ − ♣µ − λ♣ · ∥Sx∥

≥∥(λS − T )x∥ − ♣µ − λ♣ · ∥S∥ · ∥x∥,

which leads to

∥(λS − T )−1∥ · ∥(µS − T )x∥ ≥∥(λS − T )−1∥ · ∥(λS − T )x∥

− ♣µ − λ♣ · ∥(λS − T )−1∥ · ∥S∥ · ∥x∥

≥∥x∥ − ♣µ − λ♣ · ∥(λS − T )−1∥ · ∥S∥ · ∥x∥

=(1 − ♣µ − λ♣ · ∥(λS − T )−1∥ · ∥S∥) · ∥x∥.

This inequality shows that (µS − T )−1 is a bounded operator. This leads to

∥(µS − T )−1∥ ≤
∥(λS − T )−1∥

1 − ♣µ − λ♣ · ∥(λS − T )−1∥ · ∥S∥
.

□

Lemma 3.2. Let T ∈ CR(X) and S ∈ LR(X) be continuous such that S(0) ⊂ T (0),

∥S∥ ≠ 0, S ≠ T and D(T ) ⊂ D(S). If λ ∈ ρS(T ) and ♣µ − λ♣ < γ(λS−T )
∥S∥

, then ρS(T )

is an open set of C.

Proof. Since λ ∈ ρS(T ), one has µ ∈ ρS(T ) and R(λS − T ) = X, then γ(λS − T ) > 0.

Let ♣µ − λ♣ < γ(λS−T )
∥S∥

. Then by Lemma 2.3 1. and Lemma 2.5 2., we have µS − T =

(µ − λ)S + (λS − T ) is injective and open with dense range. Therefore, µ ∈ ρS(T ). In
particular, ρS(T ) is open. □

Theorem 3.2. Let X be a Banach space. Let T ∈ CR(X) and S ∈ BR(X) with

D(T ) = X such that S(0) ⊂ T (0) and dim S(0) < +∞. If 0 ∈ ρI(S), then

ρS(T ) = ρI(S−1T ) ∩ ρI(TS−1).

Proof. First of all, it should be mentioned that λI −S−1T is closed. In fact, D(S) = X
is closed, S(0) is closed (since dim S(0) < +∞) and S is continuous so that by Lemma
2.2 (c) S is closed. Then by Lemma 2.2 (b), S−1 is closed. Further R(S−1) = D(S) =
X, dim N(S−1) = dim S(0) < +∞ and T is closed and thus by Lemma 2.3 (b), S−1T
is closed. Now, applying Lemma 2.3, we get λI − S−1T is closed.

Moreover, λI − TS−1 is closed. Indeed, since 0 ∈ ρI(S), then S−1 is single valued
(since S is injective). We get S−1 is closed, yet D(S−1) = R(S) = X, then S−1 is a
bounded single valued. Thus, by Lemma 2.4, we have TS−1 is closed, which implies
by Lemma 2.3, that λI − TS−1 is closed.
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We can say that S(0) ⊂ ST −1(0) = (TS−1)−1(0) = N(TS−1). So, using Lemma
2.3, we infer that λS − T = (λI − TS−1)S. Let x ∈ D(S−1) = R(S) = X, then there
is a ∈ X such that (x, a) ∈ G(S−1). This is equivalent to (a, x) ∈ G(S). Therefore,
(x, x) ∈ G(SS−1). We have I ⊂ SS−1 and consequently λS − T ⊂ SS−1(λS − T ) =
S(λI − S−1T ). So, we get λS − T ⊂ S(λI − S−1T ). It is easy to notice that

S(λI − S−1T )(0) = S(λ(0) − S−1T (0)) = SS−1T (0).

By using Lemma 2.1 (d) we get SS−1T (0) = T (0) + S(0) = (λS − T )(0), additionally
D(λS − T ) = D(λS) ∩ D(T ) = D(T ) and

D(S(λI − S−1T )) :=

{

x ∈ D(λI − S−1T ) :
(λI − S−1T )x ∩ D(S)

= (λI − S−1T )x ∩ X ̸= ∅

}

.

Equivalently,

D(λI − S−1T ) =D(λ) ∩ D(S−1T ) = D(S−1T )

=
{

x ∈ D(T ) : Tx ∩ D(S−1) = Tx ∩ R(S) ̸= ∅
}

=D(T ) = D(λS − T ).

Then, by Lemma 2.2 (a), we infer that λS − T = S(λI − S−1T ). Let λ ∈ ρS(T ) such
that λS −T is closed and bijective. First of all, it should be mentioned that λI −S−1T
is bijective. Indeed,

R(λI − S−1T ) = R(S−1(λS − T )) = R(S−1) = D(S) = X,

and let x ∈ N(λI − S−1T ) if and only if

x ∈ D(S−1T ) and (λI − S−1T )x = (λI − S−1T )(0)

if and only if S(λI −S−1T )x = S(λI −S−1T )(0) if and only if (λS−T )x = (λS−T )(0)
if and only if x = ¶0♢ (since λS − T is injective).

Then, λI − S−1T is bijective. In the same manner we can prove that λI − TS−1 is
bijective. Accordingly, λI − TS−1 and λI − S−1T are bijective and closed, then

(3.1) ρS(T ) ⊂ ρ(TS−1) ∩ ρ(S−1T ).

Conversely, let λ ∈ ρI(S−1T ) ∩ ρI(TS−1). Then, λI − S−1T and λI − TS−1 are
bijective. Hence, S is surjective, then R(λS − T ) = SR(λI − S−1T ) = R(S) = X and
N(λS − T ) ⊂ N(S−1(λS − T )) = N(λI − S−1T ) = ¶0♢. Then,

(3.2) ρ(TS−1) ∩ ρ(S−1T ) ⊂ ρS(T ).

By (3.1) and (3.2) we conclude that ρ(TS−1) ∩ ρ(S−1T ) = ρS(T ). □

Remark 3.2. If T and S are single valued with S is invertible, then

ρS(T ) = ρ(TS−1) = ρ(S−1T ).

Proposition 3.1. Let X be a Banach space. Let T ∈ CR(X) and S ∈ BR(X) be

single valued with D(T ) = X. If 0 ∈ ρI(S), then

ρS(T )\¶0♢ = ρI(S−1T )\¶0♢ = ρI(TS−1)\¶0♢.
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Proof. Let 0 ∈ ρI(S−1), then N(S−1) = S(0) = ¶0♢ and R(S−1) = D(S) = X.
Consequently, S−1 is single valued, hence S−1(0) = N(S) = ¶0♢. Since S−1 is closed
(since S is closed), D(S−1) = R(S) = X, and S−1 is single valued, then S−1 is
bounded.

Therefore, by Proposition 3.2 we get ρS(T )\¶0♢ = ρI(S−1T )\¶0♢ = ρI(TS−1)\¶0♢.
□

Definition 3.2. Let S, T ∈ LR(X) and λ ∈ C. We call the S-resolvent of T in λ the
operator defined by:

RS(λ, T ) := (λS − T )−1.

Theorem 3.3. Let T ∈ CR(X) and let S ∈ LR(X) be continuous such that S(0) ⊂
T (0), ∥S∥ ≠ 0, S ̸= T and D(T ) ⊂ D(S) . Let λ, µ ∈ ρS(T ). Then, the following

hold.

(a) RS(µ, T ) − RS(λ, T ) = (λ − µ)RS(µ, T )SRS(λ, T ).
(b) If µ ∈ ρS(T ) and ♣λ − µ♣ · ∥S∥ ≤ γ(µS − T ), then

RS(λ, T ) =
+∞
∑

i=0

(λ − µ)iRS(µ, T )(SRS(µ, T ))i.

Proof. (a) Let (x, y) ∈ G(RS(µ, T ) − RS(λ, T )), so that (x, y1) ∈ G(RS(µ, T )) and
(x, y2) ∈ G(RS(λ, T )) with y = y1 + y2. One has (y1, x) ∈ G(µS − T ) and (y2, x) ∈
G(λS − T ) = G(µS − T + (λ − µ)S). Then, x ∈ (µS − T + (λ − µ)S)y2 = (µS −
T )y2 + (λ − µ)Sy2. By Lemma 2.3 we get x − (λ − µ)Sy2 ∈ (µS − T )y2. Hence,
(y2, x − (λ − µ)Sy2) ∈ G(µS − T ), so that

(y, (λ − µ)Sy2) = (y1, x) − (y2, x − (λ − µ)Sy2) ∈ G(λS − T ).

Implies that ((λ−µ)Sy2, y) ∈ G(RS(λ, T )). By Lemma 2.3 which shows that (y2, y) ∈
(λ − µ)RS(λ, T )S. Then,

(x, y) ∈ G((λ − µ)RS(λ, T )SRS(µ, T )),

which leads to RS(µ, T ) − RS(λ, T ) ⊆ (λ − µ)RS(µ, T )SRS(λ, T ).
Conversely, let (x, y) ∈ G((λ − µ)RS(µ, T )SRS(λ, T )). Then, (x, z) ∈ G(RS(λ, T )),

(z, w) ∈ G((λ − µ)S) and (w, y) ∈ G(RS(µ, T )) for some y, z ∈ X. It follows from
(x, z) ∈ G(RS(λ, T )) that (z, x) ∈ G(λS − T ). So that,

x ∈ (λS − T )z = (µS − T )z + (λ − µ)Sz.

By using Lemma 2.3 we get x + (µ − λ)Sz ∈ (µS − T )z. Hence,

(z, x + (µ − λ)Sz) ∈ G(µS − T ).

Since w ∈ (µ−λ)Sz, then (z, x−w) ∈ (z, x+(µ−λ)Sz) ∈ G(µS −T ). Consequently,

(x, z + y) = (x − w, z) + (w, y) ∈ G(RS(µ, T )).

Finally,

(x, y) = (x, z + y) − (x, z) ∈ G(RS(µ, T )) − G(RS(λ, T )) ⊂ G(RS(µ, T ) − RS(λ, T )).
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We deduce that,

(λ − µ)RS(µ, T )SRS(λ, T ) ⊆ RS(µ, T ) − RS(λ, T ).

So, (λ − µ)RS(µ, T )SRS(λ, T ) = RS(µ, T ) − RS(λ, T ).
(b) Since (λ − µ)RS(µ, T )SRS(λ, T ) = RS(µ, T ) − RS(λ, T ), then

RS(λ, T ) =
n
∑

i=0

(λ − µ)iRS(µ, T )(SRS(µ))i + (λ − µ)n+1RS(λ, T )(SRS(µ, T ))n+1.

From the estimation

∥(λ − µ)n+1RS(λ, T )(SRS(µ, T ))n+1∥ ≤ ∥RS(λ, T )∥(♣λ − µ♣ · ∥RS(µ, T )∥ · ∥S∥)n+1,

and the inequality ♣λ − µ♣ · ∥RS(µ, T )∥ · ∥S∥ < 1, it follows that the rest term

(λ − µ)n+1RS(λ, T )(SRS(µ, T ))n+1

tends to 0 as n → +∞. This completes the proof. □

Theorem 3.4. Let T ∈ CR(X) and S ∈ LR(X), which is continuous, satisfy S(0) ⊂
T (0), ∥S∥ ̸= 0, S ̸= T and D(T ) ⊂ D(S). For all λ ∈ ρS(T ), we have RS(λ, T )
commutes with S. Then,

lim
µ→λ

(µ − λ)−1(RS(µ, T ) − RS(λ, T )) = −RS(λ, T )SRS(λ, T ).

Proof. Let λ ∈ ρS(T ). We have from Theorem 3.3 that

(µ − λ)−1(RS(µ, T ) − RS(λ, T )) + RS(λ, T )SRS(λ, T )

= − RS(µ, T )SRS(λ, T ) + RS(λ, T )SRS(λ, T )

=(RS(λ, T )S − RS(µ, T )S)RS(λ, T ).

Hence, we can write

∥(µ − λ)−1(RS(µ, T ) − RS(λ, T ) + RS(λ, T )SRS(λ, T )∥

≤∥RS(λ, T ) − RS(µ, T )∥ · ∥S∥ · ∥RS(λ, T )∥.

Now we take ♣µ − λ♣ · ∥S∥ < ∥RS(λ, T )∥−1. Then,
∑

n≥0

♣µ − λ♣n · ∥S∥n · ∥RS(λ, T )∥n < +∞,

with (I − (λ − µ)SRS(λ, T ))−1 =
∑

n≥0(µ − λ)nSnRS(λ, T )n. Since RS(λ, T ) and S
commute, then for x ∈ D(T ) we have

(λ − µ)RS(λ, T )−1SRS(λ, T )x = (λ − µ)RS(λ, T )−1RS(λ, T )Sx.

By Lemme 2.1 4., we get

(λ − µ)RS(λ, T )−1SRS(λ, T )x =(λ − µ)Sx + T (0)

=RS(λ, T )−1x − RS(µ, T )−1.
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From the above we find

RS(λ, T )−1(I − (λ − µ)SRS(λ, T ))x

=RS(λ, T )−1x + (µ − λ)RS(λ, T )−1SRS(λ, T ))x

=RS(λ, T )−1x − RS(λ, T )−1x + RS(µ, T )−1x

=RS(λ, T )−1(0) + RS(µ, T )−1x.

Since RS(λ, T )−1(0) = (λS − T )(0) = T (0) and RS(µ, T )−1x = (λS − T )x, then

RS(λ, T )−1(I − (λ − µ)SRS(λ, T ))x = RS(µ, T )−1x.

This implies that RS(µ, T ) = (I − (λ − µ)SRS(λ, T ))−1RS(λ, T ). So, in the first place,
we have

RS(µ, T ) =
∑

n≥0

(λ − µ)nSnRS(λ, T )n+1.

In the second place, we have

RS(µ, T ) − RS(λ, T ) =
∑

n≥0

(λ − µ)nSnRS(λ, T )n+1 − RS(λ, T )

=RS(λ, T )
∑

n≥1

(λ − µ)nSnRS(λ, T )n,

and we conclude

∥RS(µ, T ) − RS(λ, T )∥ ≤ ∥RS(λ, T )∥
∑

n≥1

♣(λ − µ)♣n · ∥S∥n · ∥RS(λ, T )∥n.

Arguing as above we conclude that

lim
µ→λ

(µ − λ)−1(RS(µ, T ) − RS(λ, T )) = −RS(λ, T )SRS(λ, T ).

□

Corollary 3.1. Let T ∈ CR(X) and S ∈ LR(X), which is continuous, satisfy S(0) ⊂
T (0), ∥S∥ ̸= 0, S ̸= T and D(T ) ⊂ D(S). For all λ ∈ ρS(T ), we have RS(λ, T )
commutes with S.

The function φ : λ → RS(λ, T ) is holomorphic for all λ ∈ ρS(T ).

Proof. If λ and µ ∈ ρS(T ), then

lim
µ→λ

φ(µ) − φ(λ)

µ − λ
= −RS(λ, T )SRS(λ, T ).

□

Proposition 3.2. Let T be open and injective with dense range. Then, for any

relation ∥S∥ ≠ 0 such that S(0) ⊂ T (0) and D(S) ⊃ D(T ) we have

σS(T ) ⊂


λ ∈ C : ♣λ♣ <
γ(T )

∥S∥

}

.
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Proof. Choose λ such that 0 < ♣λ♣ < γ(T )
∥S∥

. Then, by Lemma 2.5 2., we have λS − T

is open, injective and has dense range. Thus, λ ∈ ρS(T ). □

Proposition 3.3. Let T ∈ CR(X) and S ∈ LR(X), which is continuous, satisfy

S(0) ⊂ T (0), ∥S∥ ≠ 0, S ̸= T and D(T ) ⊂ D(S). For all λ ∈ ρS(T ), we have

RS(λ, T ) commutes with S, and ρS(T ) is nonempty and unbounded. Then,

lim
♣λ♣→+∞

∥RS(λ, T )∥ = 0, for all λ ∈ ρS(T ).

Proof. Let λ, µ ∈ ρS(T ) and µ be fixed,

(RS(λ, T ) − RS(µ, T ))(µS − T ) = (µ − λ)RS(λ, T )SRS(µ, T )(µS − T ).

This is equivalent to RS(λ, T )(µS − T ) − ID(T ) = (µ − λ)RS(λ, T )S. It follows that,
♣µ − λ♣ · ∥RS(λ, T )∥ · ∥S∥ ≤ 1 + ∥µS − T∥ · ∥RS(λ, T )∥. Thus, since ∥µS − T∥ < +∞,



♣µ − λ♣ · ∥S∥ − ∥µS − T∥


∥RS(λ, T )∥ < 1.

Then, ∥RS(λ, T )∥ < 1
♣µ−λ♣·∥S∥−∥µS−T ∥

. Consequently, lim♣λ♣→+∞ ∥RS(λ, T )∥ = 0. □

Theorem 3.5. Let T ∈ CR(X) and S ∈ LR(X), which is continuous, satisfy S(0) ⊂
T (0), ∥S∥ ̸= 0, S ̸= T and D(T ) ⊂ D(S). For all λ ∈ ρS(T ), we have RS(λ, T )
commutes with S, and ρS(T ) is non-empty and unbounded. Then, the S-spectrum of

T is non-empty.

Proof. Suppose that ρS(T ) = C. We have for x ∈ X and x
′

∈ X
′

,

lim
µ→λ

x′RS(λ, T )x − x′RS(µ, T )x

λ − µ
= x′RS(λ, T )SRS(λ, T )x.

Thus, the (single valued) function f(λ) = x
′

RS(λ, T )SRS(λ, T )x is an entire analytic
function.

Moreover, f(λ) ≤ ∥x′∥ · ∥RS(λ, T )∥ · ∥S∥ · ∥RS(λ, T )∥ · ∥x∥. By Proposition 3.3,
it is clear that lim♣λ♣→∞ ∥RS(λ, T )∥ = 0, then we have f(λ) = 0 for all λ. Since
x′ is arbitrary, we have RS(λ, T )x = 0 for all x ∈ X. Thus, X = N(RS(λ, T )) =
(λS − T )(0) = T (0), and hence,

0 = RS(λ, T )(λS − T )(0) = RS(λ, T )(λS − T )x = x, for all x ∈ X

(since RS(λ, T ) is injective), which contradicts with our assumption that X is non-
trivial. □

Definition 3.3. The augmented S-spectrum of T is the set

σS(T ) =







σS(T ) ∪ ¶+∞♢, if 0 ∈ σS(T −1),

σS(T ), otherwise.

The augmented S-spectrum is non-empty (if X ̸= ¶0♢) since if ¶∞♢ ⊈ σS(T ) then
σS(T ) = σS(T ) is non-empty by Theorem 3.5.

The Möbius transformation η(λ) = (µ − λ)−1, where µ is a fixed point of C, and a
topological homeomorphism from C∞ onto itself.



1324 A. AMMAR, A. JERIBI, AND B. SAADAOUI

Theorem 3.6. Let S ∈ LR(X, Y ) be continuous and T ∈ CR(X, Y ) such that S(0) ⊂
T (0) and ¶0♢ ≠ D(T ) ⊃ D(S) with µ ∈ ρS(T ). Then,

η(σS(T )) = σ(SRS(µ, T )).

Proof. Without loss of generality, we assume that X is complete, T is closed and S is
continuous. Let λ ∈ C, λ ̸= µ, and let A := (µ − λ)((µ − λ)−1 − SRS(µ, T )). Then,

λS − T =(µS − T ) − (µ − λ)S (since S(0) ⊂ T (0))

=(I − (µ − λ)SRS(λ, T ))(µS − T )

=A(µS − T ).

We shall verify that A is injective. Suppose that λ ∈ ρS(T ). For x ∈ X we have
A(x) = A(0) = S(0), then (µ − λ)((µ − λ)−1 − SRS(µ, T ))x = S(0) ⊂ (λS − T )(0),
which give RS(λ, T )(µ − λ)((µ − λ)−1 − SRS(µ, T ))x ⊂ RS(λ, T )(λS − T )(0) = 0.
This implies that (RS(λ, T )−RS(λ, T )+RS(µ, T ))x = 0, equivalent to RS(µ, T )x = 0.
Therefore, (µS − T )RS(µ, T )x = (µS − T )(0) = T (0). By using Lemma 2.1 (d) we get
x + (µS − T )(0) = x + T (0) = T (0), so we conclude that x = 0. Then, A is injective.
Next we have X = R(λS − T ) = R(A(µS − T )) ⊂ R(A). Hence, S is surjective. As
required, since S is both bijective and open, it follows that (µ−λ)−1 ∈ ρI(SRS(λ, T )).

Conversely, let (µ − λ)−1 ∈ ρI(SRS(λ, T )). For x ∈ D(T ), we have

∥(λS − T )x∥ = ∥A(µS − T )x∥ ≥ γ(A(µS − T ))d(x, RS(λ, T )A−1(0)).

Since S is injective, then RS(λ, T )A−1(0) = RS(λ, T )(0) = 0. Therefore,

∥(λS − T )x∥ ≥ γ(A(µS − T ))∥x∥.

By Theorem 2.5 (a) as S is injective we have γ(A(µS − T )) ≥ γ(A)γ(µS − T ). Hence,
γ(A) > 0 from the hypothesis, and γ(µS − T ) > 0 since µ ∈ ρS(T ). Hence, it is easy
to verify that λS − T is injective and open, and we have λS − T is surjective. We
deduce that λ ∈ ρS(T ). □

Proposition 3.4. Let the relations S and T commute such that D(T ) ⊂ D(S). Then,

(λS − T ) and (µS − T ) have the same properties.

Proof. It is clear that the domains of (µS − T )(λS − T ) and (λS − T )(µS − T ) are
each equal to D(T 2). We have for x ∈ D(T 2)

(λS − T )(µS − T )x =(λS − T )(µSx − Tx)

=(λS − T )¶µy1 − y2 : y1 ∈ Sx and y2 ∈ Tx, y1, y2 ∈ D(T )♢

=¶λµSy1 − λSy2 − µTy1 + Ty2 : y1 ∈ Sx and y2 ∈ Tx,

y1, y2 ∈ D(T )♢

=λµS2x − λSTx − µTSx + T 2x.
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Since T and S commute, then

(λS − T )(µS − T )x =λµS2x − λTSx − µSTx + T 2x

=(µS − T )(λS − T )x.

□

Proposition 3.5. Let µ ∈ ρS(T ) such that T ∈ CR(X) and S ∈ LR(X) be continuous

with S(0) ⊂ T (0), D(T ) ⊂ D(S) and let λ ̸= µ. Then,

N(λS − T ) = N((µ − λ)−1 − (µS − T )−1S).

Proof. Let µ ∈ ρS(T ) and λ ∈ C such that µ ̸= λ.
(a) T (0) + (µ − λ)Sx = (µS − T )x. Indeed, let (x, y) ∈ G(T − T + (µ − λ)S), then

x ∈ D(T ) and y ∈ (T − T + (µ − λ)S)x, so that, y ∈ T (0) + (µ − λ)Sx.
From another angle, T (0) = S(0) + T (0) ⊂ (λS − T )x, we obtain that

y ∈ T (0) + (µ − λ)Sx ⊂(λS − T )x + (µ − λ)Sx

=(µS − T )x (by Lemma 2.3 1.).

We infer that G(T −T +(µ−λ)S) ⊂ G(µS−T ). Furthermore, (T −T +(µ−λ)S)(0) =
T (0) = (µS − T )(0) and clearly D(T − T + (µ − λ)S) = D(T ) ∩ D(S) = D(T ) =
D(µS − T ). So, by Lemma 2.2 (a) and Lemma 2.3 (a), we have

T (0) + (µ − λ)Sx = (λS − T )x + (µ − λ)Sx = (µS − T )x.

(b) N(λS − T ) = N((µ − λ)−1 − (µS − T )−1S). Indeed, we first note that x ∈
N((µ − λ)−1 − (µS − T )−1S) if, and only if, x = (µ − λ)(µS − T )−1Sx, because

(I − (µ − λ)(µS − T )−1S)(0) =(µ − λ)(µS − T )−1(µS − T )(0)

=(µS − T )−1(0) = 0.

The latter implies that x ∈ R((µS − T )−1) = D(µS − T ) and, hence, it suffices to
consider the case x ∈ D(T ), x ̸= 0: x ∈ N(λS − T ) if and only if

x ∈ D(λS − T ) = D(T ) and (λS − T )x = (λS − T )(0) = T (0)

if and only if

(µS − T )x = (λS − T )x + (µ − λ)Sx = T (0) − λSx + µSx (by(a))

if and only if

(µS − T )−1(µS − T )x = (µS − T )−1((µ − λ)Sx + T (0))

if and only if

x + (µS − T )−1(0) = (µ − λ)(µS − T )−1Sx + (µS − T )−1(µS − T )(0)

if and only if

0 = (I − (µ − λ)(µS − T )−1S)x.

Then, N(λS − T ) = N((µ − λ)−1 − (µS − T )−1S). □
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Theorem 3.7. Let T ∈ CR(X) and let S ∈ BR(X) be single valued such that S and

T commute, with D(T ) = X and 0 ∈ ρ(S). Then, for any complex polynomial P , we

have

σ(P (S−1T )) ∪ σ(P (TS−1)) = P (σS(T )).

Proof. Let λ ∈ C, and let

µI − P (λ) := c
n
∏

j=1

S(αj − λ).

Then,

µI − P (S−1T ) := c
n
∏

j=1

S(αjI − S−1T )

and

µI − P (TS−1) := c
n
∏

j=1

S(αjI − TS−1).

Without loss of generality, we assume that X is complete with S−1T and TS−1 closed.
Let µ ∈ σ(P (S−1T )) ∪ σ(P (TS−1)). If αj ∈ ρS(T ) = ρ(TS−1) ∩ ρ(TS−1) for all

1 ≤ j ≤ n, then (αjI − TS−1) and (αjI − S−1T ) would be bijective for all 1 ≤ j ≤ n.
Since 0 ∈ ρ(S), then S is bijective. Hence, by Proposition 2.2, µI − P (S−1T ) and
µI − P (TS−1) are bijective. Contradicting the assumption that µ ∈ σ(P (S−1T )) ∪
σ(P (TS−1)). Thus exists j, 1 ≤ j ≤ n such that αj ∈ σS(T ). Since P (αj) = µ, it
follows that µ ∈ P (σS(T )).

Conversely, suppose that µ ∈ P (σS(T )). Then, µ = P (λ) for some λ ∈ σS(T ).
Thus, λS = αjS since S is single valued, then λ = λSS−1 = αjSS−1 = αj for some j
such that 1 ≤ j ≤ n. Since the factors commute (see Proposition 2.2), we may assume
that j = 1. We notice the existence of two cases.

1st case. Suppose that α1S − T is injective. Then it cannot be surjective (α1 = λ ∈
σS(T )). Consequently, µI − P (S−1T ) or µI − P (TS−1) cannot be surjective. Thus,
µ ∈ σ(P (S−1T )).

2nd case. αjS − T is surjective for every j, 1 ≤ j ≤ n. Since α1 ∈ σS(T ), α1S − T
cannot be injective. Thus, µI − P (S−1T ) or µI − P (TS−1) is not injective. It follows
that µ ∈ σ(P (S−1T )) ∪ σ(P (TS−1)). □
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∗-DERIVATIONS IN RINGS
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Abstract. Let R be an associative ring with an involution ’∗’. In this article, we
introduce the notions of centrally-extended generalized Jordan ∗-derivation, centrally

extended Jordan left ∗-centralizer and characterize these mappings in involutive
prime rings.

1. Introduction

Throughout this study, R is an associative ring with center Z(R). R is called prime,
if for any a, b ∈ R, aRb = (0) implies either a = 0 or b = 0; and it is called semiprime,
if aRa = (0), implies a = 0. Clearly, every prime ring is semiprime ring but the
converse need not be true, for instance Z × Z. The symmetric ring of quotients of R

is denoted by Qs with center C, which is known as the extended centroid of R; clearly
R ⊆ Qs and Z(R) ⊆ C. It is well-known that if R is prime then Qs is prime and
C is a Ąeld. The central closure of R is denoted by A(= RC + C); for more details
of these objects, we refer the reader to [6]. For any x, y ∈ R, the commutator (resp.
anti-commutator) of x, y is deĄned as [x, y] = xy − yx (resp. x ◦ y = xy + yx). It is
established knowledge that R satisĄes s4 (the standard identity in four noncommuting
variables), if for all x1, x2, x3, x4 ∈ R, the equation

s4(x1, x2, x3, x4) =
∑

σ∈S4

(−1)σxσ(1)xσ(2)xσ(3)xσ(4) = 0,

Key words and phrases. Prime ring, involution, centrally-extended Jordan ∗-derivation, centraly-
extended generalized Jordan ∗-derivation, centrally-extended Jordan left ∗-centralizer.
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where S4 is the symmetric group of degree 4 and (−1)σ is the sign of permutation
σ ∈ S4. For some interesting equivalent forms of s4, one can refer [11, Lemma 1].

For any n ∈ Z
+, R is called an n-torsion free if for any x ∈ R, nx = 0 implies x = 0.

An anti-automorphism ′∗′ of R is called involution if (x∗)∗ = x for all x ∈ R. A ring
equipped with an involution ′∗′ is called ∗-ring or ring with involution or involutive

ring. An element x in a ∗-ring R is called symmetric if x∗ = x, and it is called
skew-symmetric if x∗ = −x. The set of symmetric and skew symmetric elements of
a ring R is denoted by H(R) and S(R), respectively. Moreover, if R is a prime ring
endowed with the involution ′∗′, then ′∗′ can be uniquely extended to Qs(R) (see [15,
page 4]).

Let R be a ∗-ring, an additive mapping d : R → R is called ∗-derivation if
d(xy) = d(x)y∗ + xd(y) for all x, y ∈ R and it is called Jordan ∗-derivation if d(x2) =
d(x)x∗ + xd(x) for all x ∈ R. These notions are Ąrst mentioned in [12]. Note that
the mapping x 7→ xa − ax∗, where a is a Ąxed element of R, is an example of Jordan
∗-derivation, called inner Jordan ∗-derivation. Moreover, if a ∈ Qs, then such a map
is called X-inner Jordan ∗-derivation. The study of Jordan ∗-derivations has been
originated from the problem of representability of quadratic forms by bilinear forms
(see [28, 30]). Thereafter, some signiĄcant studies have taken place on the structure
of Jordan ∗-derivations in rings (see [5, 14,16,21]).

In [2], Ali introduced the notion of generalized ∗-derivation, which is a self-map F of
R associated with a ∗-derivation d satisfying F (xy) = F (x)y∗ + xd(y) for all x, y ∈ R.
In addition to this, a self-map F of R is called a generalized Jordan ∗-derivation

associated with a Jordan ∗-derivation d if F (x2) = F (x)x∗ + xd(x) for all x ∈ R (see
[16], [19]). For any Ąxed a, b ∈ R, a map x 7→ ax∗+xb is a basic example of generalized
Jordan ∗-derivation, which is called generalized inner Jordan ∗-derivation. Further, if
a, b comes from Qs, then this map is called generalized X-inner Jordan ∗-derivation.
There has been an ongoing interest in the investigation of such mappings, for more
details we refer the reader to [1, 4, 5, 16, 19] and references therein.

A mapping f of R is called centralizing (resp. commuting) on a subset S of R

if [f(x), x] ∈ Z(R) (resp. [f(x), x] = 0) for all x ∈ S. To our best knowledge,
Divinsky [17] initiated the study of commuting and centralizing mappings in rings
by proving a classical result which states that a simple Artinian ring is commutative
if it admits a commuting nontrivial automorphism. Since then, many signiĄcant
results on commuting and centralizing mappings have been established by Posner
[27], Mayne [25], Bell and Martindale [8], Brešar [10]. Moreover, let R be a ∗-ring,
a mapping f : R → R is called ∗-centralizing (∗-commuting) on a subset S of R if
[f(x), x∗] ∈ Z(R) (resp. [f(x), x∗] = 0) for all x ∈ S (see [3]).

Bell and Daif [7] introduced centrally-extended derivations and discussed their
existence. Accordingly, a mapping d : R → R is called centrally-extended derivation

if d(x + y) − d(x) − d(y) ∈ Z(R) and d(xy) − d(x)y − xd(y) ∈ Z(R) for all x, y ∈
R. Motivated by this, El-Deken and Nabiel [31] introduced that a mapping d is
called centrally-extended ∗-derivation if d(x + y) − d(x) − d(y) ∈ Z(R) and d(xy) −
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d(x)y∗ − xd(y) ∈ Z(R) for all x, y ∈ R. Furthermore, a mapping F is called centrally-

extended generalized ∗-derivation associated with a centrally-extended ∗-derivation d if
F (x+y)−F (x)−F (y) ∈ Z(R) and F (xy)−F (x)y∗−xd(y) ∈ Z(R) for all x, y ∈ R. In
a recent paper [9], we introduced and studied the concept of centrally-extended Jordan

∗-derivation, which is a mapping d : R → R such that d(x + y) − d(x) − d(y) ∈ Z(R)
and d(x ◦ y) − d(x)y∗ − d(y)x∗ − xd(y) − yd(x) ∈ Z(R) for all x, y ∈ R. Nowadays,
centrally-extended mappings are getting attention of many researchers, consequently
there has been rising literature on these mappings in rings under different settings,
for instance, see [7, 9, 18, 26,31Ű34].

In this article, we shall introduce centrally-extended generalized Jordan ∗-derivation
in rings and discuss their existence in noncommutative prime ring under suitable
torsion conditions. We also investigate some speciĄc functional identities involving
centrally-extended generalized Jordan ∗-derivations. Precisely, in Section 4 of this arti-
cle, we prove a structural result on centrally-extended generalized Jordan ∗-derivations
which plays a key role in Sections 5 and 6, where we study centralizing and hyper-
commuting conditions involving centrally-extended generalized Jordan ∗-derivations,
respectively.

2. Preliminaries

The following lemmas constitute a set of results that will be instrumental in the
development of the paper.

Lemma 2.1 (Brauer’s Trick). Let G be a group and H1, H2 be subgroups of G. If

G = H1 ∪ H2, then either G = H1 or G = H2.

Lemma 2.2. If R is a prime ring, then Z(R) has no proper zero divisor.

Lemma 2.3. Let R is a prime for any a ∈ Z(R). If there exists b ∈ R such that

ab ∈ Z(R), then either a = 0 or b ∈ Z(R).

Lemma 2.4. ([1, Proposition 2.3]). Let R be a 2-torsion free semiprime ring with

involution ′∗′. If f : R → R is an additive map such that f(x2) = f(x)x∗ for all

x ∈ R, then there exists q ∈ Qr(R) such that f(x) = qx∗ for all x ∈ R.

Lemma 2.5. ([3, Lemma 2.2]). Let R be a 2-torsion free semiprime ring with involu-

tion ′∗′. If an additive mapping f of R into itself such that [f(x), x∗] ∈ Z(R) for all

x ∈ R, then [f(x), x∗] = 0 for all x ∈ R.

Lemma 2.6. ([6, Theorem 6.4.6]). Let R be a prime ring with extended centroid C,

anti-automorphism g and maximal right ring of quotients Qmr(R) = Q. If 0 ̸= ϕ =
ϕ(x1, . . . , xn, g(x1), . . . , g(xn)) ∈ QC< X ∪ g(X) > is a g-identity on K ideal of R,

then ϕ is a g-identity on Qs = Qs(R).

Lemma 2.7. ([9, Theorem 4.6]). Let R be a 2-torsion free noncommutative prime

ring. If R admits a non-zero centrally-extended Jordan derivation d : R → R such
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that [d(x), x] ∈ Z(R) for all x ∈ R, then either d = 0 or R is an order in a central

simple algebra of dimension at most 4 over its center.

Lemma 2.8. ([9, Theorem 4.7]). Let R be a 2-torsion free noncommutative prime

ring with involution ∗. If R admits a non-zero centrally-extended Jordan derivation

d : R → R such that [d(x), x∗] ∈ Z(R) for all x ∈ R, then either d = 0 or R is an

order in a central simple algebra of dimension at most 4 over its center.

Lemma 2.9. ([10, Proposition 3.1]). Let R be a 2-torsion free semiprime ring and

U be a Jordan subring of R. If an additive mapping F of R into itself is centralizing

on U, then F is commuting on U.

Lemma 2.10. ([10, Theorem 3.2]). Let R be a prime ring. If an additive mapping

F : R → R is commuting on R, then there exists λ ∈ C and an additive ξ : R → C,

such that F (x) = λx + ξ(x) for all x ∈ R.

Lemma 2.11. ([19, Theorem 2.2]). Let R be a 2-torsion free prime ring with involu-

tion ′∗′. Let F : R → R be a generalized Jordan ∗-derivation associated with a Jordan

∗-derivation d. Then, F is of the form F (x) = qx∗ + d(x) for all x ∈ R and some

q ∈ Qs(R).

Lemma 2.12. ([20, Theorem 1]). Let R be a prime ring with involution ′∗′ and center

Z(R). If d is a non-zero derivation such that [d(h), h] ∈ Z(R) for all h ∈ H(R), then

R satisfies s4.

Lemma 2.13. ([20, Theorem 3]). Let R be a prime ring with involution ′∗′ and center

Z(R). If n be a fixed natural number such that xn ∈ Z(R) for all x ∈ H(R), then R

satisfies s4 identity.

Lemma 2.14. ([20, Theorem 6]). Let R be a prime ring with involution ′∗′ and center

Z(R). If d is a non-zero derivation on R such that d(x)x + xd(x) ∈ Z(R) for all

x ∈ H(R), then R satisfies s4 identity.

Lemma 2.15. ([20, Theorem 7]). Let R be a prime ring with involution ′∗′ and center

Z(R). If d is a non-zero derivation on R such that d(x)x + xd(x) ∈ Z(R) for all

x ∈ S(R), then R satisfies s4 identity.

Lemma 2.16. [21, Theorem 1.3]). Let R be a 2-torsion free noncommutative prime

ring with involution ′∗′, then any Jordan ∗-derivation on R is X-inner.

Lemma 2.17. Let R be a 2-torsion free prime ring. If q1 ∈ Qs(R) such that [q1, h] ∈ C

for all h ∈ H(R), then R satisfy s4 identity or q1 ∈ C.

Proof. Let us consider

(2.1) [q1, h] ∈ C, for all h ∈ H(R).

Replacing h by h2, where h ∈ H(R), we obtain [q1, h]h + h[q1, h] ∈ C, i.e., d(h)h +
hd(h) ∈ C for all h ∈ H(R), where d(x) = [q1, x]. If d ≠ 0, we have the result by
Lemma 2.14. If d = 0, then we conclude q1 ∈ C, as desired. □
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Lemma 2.18. Let R be a 2-torsion free prime ring with involution. If [h, k] = 0 for

all h ∈ H(R), k ∈ S(R), then R satisfy s4 identity.

Proof. Suppose that R does not satisfy s4 identity. By hypothesis, we have [h, k] =
0 ∈ C for all h ∈ H(R) and k ∈ S(R). In view of Lemma 2.17, it follows that either
R satisĄes s4 or k ∈ Z(R) for all k ∈ S(R). Under the given hypothesis, we left with
S(R) ⊆ Z(R). Clearly h ◦ k ∈ S(R) for all h ∈ H(R) and k ∈ S(R), therefore we have
[h ◦ k, k] = 0, i.e., [h, k]k + k[h, k] = 0 for all h ∈ H(R) and k ∈ S(R). For a Ąxed
h ∈ H(R), we have d(k)k + kd(k) = 0 for all k ∈ S(R), where d(x) = [x, h] for all
x ∈ R. If d ̸= 0, then we have the result by Lemma 2.15. In case d = 0, we conclude
H(R) ⊆ Z(R) and hence by Lemma 2.13, we have a contradiction. Hence, R must
satisĄes s4 identity. □

3. Definitions and Examples

We begin our discussions with the deĄnition of centrally-extended generalized Jor-
dan ∗-derivations of rings with involution.

Definition 3.1. Let R be a ring with involution ′∗′. A mapping F : R → R is
called centrally-extended generalized Jordan ∗-derivation associated with an centrally-
extended Jordan ∗-derivation d, if

F (x + y) − F (x) − F (y) ∈ Z(R),(A)

F (x ◦ y) − F (x)y∗ − F (y)x∗ − xd(y) − yd(x) ∈ Z(R),(B)

for all x, y ∈ R.

Remark 3.1. If R is 2-torsion free noncommutative prime ring with involution ′∗′, then
for an additive mapping F to be a centrally-extended generalized Jordan ∗-derivation,
it is sufficient to satisfy the condition F (x2) − F (x)x∗ − xd(x) ∈ Z(R) for all x ∈ R.

Example 3.1. We now show the existence of centrally-extended generalized Jordan
∗-derivations in certain rings.

(I) Let Z be the ring of integers and R =

{

x y

z t



: x, y, z, t ∈ Z

}

, a noncommu-

tative prime ring. Then the mapping ∗ : R → R such that



x y

z t



∗

=



t −y

−z x



,

F : R → R such that F



x y

z t



=



x − t y

z 0



with associated mapping d : R → R

deĄned as d



x y

z t



=



x 0
0 x



. One can easily verify that F is a centrally-

extended generalized Jordan ∗-derivation with associated centrally-extended Jordan
∗-derivation d.
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(II) Let R be a ring deĄned as R := R × Z, where R =

{

x y

0 z



: x, y, z ∈ Z2

}

.

For any X =



x y

0 z



∈ R, let us deĄne X∗ =



z y

0 x



and hence (X, k)∗ = (X∗, k),

which is an involution on R. DeĄne F : R → R such that F



x y

0 z



, k



=


0 x

0 x



, 1



with associated mapping d : R → R deĄned as d



x y

0 z



, k



=


z y

0 x



, 1



. We observe that F is a centrally-extended generalized Jordan ∗-

derivation with an associated centrally-extended Jordan ∗-derivation.

Remark 3.2. It can be seen from the above example that every centrally-extended
generalized Jordan ∗-derivation is a centrally-extended Jordan ∗-derivation, but the
converse does not necessarily hold in general.

Definition 3.2. Let R be a ring with involution ′∗′. A mapping T : R → R is called
centrally-extended Jordan ∗-left centralizer (resp. centrally-extended Jordan ∗-right

centralizer) if

T (x + y) − T (x) − T (y) ∈ Z(R),(A)

T (x2) − T (x)x∗ ∈ Z(R) (resp. T (x2) − x∗T (x) ∈ Z(R)),(B)

for all x, y ∈ R. Moreover, T is called centrally-extended Jordan ∗-centralizer if it is
both a centrally-extended Jordan ∗-left centralizer and a centrally-extended Jordan
∗-right centralizer.

Example 3.2. Let R be a ring deĄned as R := M2(R) × C, where M2(R) denotes the
ring of 2 × 2 matrices over real numbers. For any r = (x, z1), s = (y, z2) ∈ R, we
deĄne r∗ = (x∗, z1), where x∗ is deĄned as in Example 3.1 (I) and z1 is the complex
conjugate of z1. DeĄne a mapping T : R → R such that T (x, z) = (0, 1) for all
(x, z) ∈ R. Then it can be easily veriĄed that T is a centrally-extended Jordan ∗-left
centralizer of R.

4. Auxiliary Results

In this section, we shall mainly prove the following theorem which is crucial for the
results proved in the subsequent sections.

Theorem 4.1. Let R be a 2-torsion free noncommutative prime ring with involution
′∗′ and F be a centrally-extended generalized Jordan ∗-derivation of R associated with

a centrally-extended Jordan ∗-derivation d. Then, there exists q ∈ Qs(R) such that

F (x) = qx∗ + d(x) for all x ∈ R.

After proving few more facts in this regard, we shall return to the proof of Theo-
rem 4.1.
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Proposition 4.1. Let R be a 2-torsion free prime ring with involution ′∗′ and d :
R → R a Jordan ∗-derivation. Then, d can be uniquely extended to A, unless R

satisfies s4.

Proof. Suppose that R does not satisfy s4 identity. By Lemma 2.16, there exists
a ∈ Qs(R) such that d(x) = xa − ax∗ for all x ∈ R. Let us deĄne d̄(q) = qa − aq∗ for
all q ∈ A. Clearly, d̄ is a well-deĄned map and it is an extension of d. Now, we claim
that the extension of d is unique.

Let D be also an extension of d. Since A is a noncommutative 2-torsion free prime
ring, D is X-inner on A, i.e., there exists b ∈ A such that D(u) = ub − bu∗ for all
u ∈ A. As D is an extension of d, so we have

(4.1) xb − bx∗ = xa − ax∗, for all x ∈ R.

In particular by taking h for x in (4.1), where h ∈ H(R), we obtain [h, b − a] = 0 for
all h ∈ H(R). Using Lemma 2.17, we have b − a ∈ C. That means there exists c ∈ C

such that b = a + c. From (4.1), we have xc − cx∗ = 0 for all x ∈ R. Replacing x by
k in the last expression, where k ∈ S(R), we get 2ck = 0 for all k ∈ S(R). If c ≠ 0,
then by using Lemma 2.2, we have S(R) = (0), thence H(R) = R; which implies that
for any x, y ∈ R, we have xy = (xy)∗ = y∗x∗ = yx, which is a contradiction. In case
c = 0, we have a = b. It proves our claim. □

Proposition 4.2. Let R be a 2-torsion free prime ring with involution ′∗′ and F :
R → R a generalized Jordan ∗-derivation associated with d a Jordan ∗-derivation.

Then, F can be uniquely extended to A, unless R satisfies s4.

Proof. By Lemma 2.11, there exists a ∈ Qs(R) such that F (x) = ax∗ + d(x) for all
x ∈ R. We deĄne F̃ (u) = au∗ + d(u) for all u ∈ A. By Proposition 4.1, F̃ is a well
deĄned map and also it is an extension of F . Now, we will show that extension of F

is unique. Let G be also extension of F . Using Lemma 2.11, there exists b ∈ Qs and
g a Jordan ∗-derivation on A such that G(u) = bu∗ + g(u) for all u ∈ A. Since, G is
an extension of F . Therefore

(4.2) ax∗ + d(x) = bx∗ + g(x), for all x ∈ R.

By Lemma 2.16, there exists c, q ∈ Qs such that d(x) = xc − cx∗ and g(x) = xq − qx∗

for all x ∈ R. From (4.2), we have (a − c)x∗ + xc = (b − q)x∗ + xq for all x ∈ R.
As the preceding equation is a g-identity on R, application of Lemma 2.6 yields
(a − c)x∗ + xc = (b − q)x∗ + xq for all x ∈ Qs(R). Replacing x by 1, we obtain
a = b. From (4.2), we Ąnd d(x) = g(x) for all x ∈ R. In fact, Proposition 4.1 gives
d(x) = g(x) for all x ∈ A. It completes the proof. □

For the sake of brevity, we omit the proof of the following result, as it follows
proceeding along the same lines as the proof of Lemma 4.4 of [9], with insigniĄcant
variations.
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Proposition 4.3. Let R be a ring with involution ∗ and with no non-zero central

ideal. If F is a centrally-extended generalized Jordan ∗-derivation associated with

centrally-extended Jordan ∗-derivation d of R, then F is additive.

Corollary 4.1. Let R be a noncommutative prime ring with involution ′∗′. If F is

a centrally-extended generalized Jordan ∗-derivation of R associated with centrally-

extended Jordan ∗-derivation d, then F is additive.

Proposition 4.4. Let R be a 2-torsion free noncommutative prime ring with invo-

lution ′∗′ and T : R → R a centrally-extended Jordan ∗-left centralizer. Then, there

exists q ∈ Qs(R) such that T (x) = qx∗ for all x ∈ R.

Proof. Note that T is additive by Proposition 4.1. If Z(R) = (0), then T (x2) = T (x)x∗

for all x ∈ R. Thus, we conclude the desired result by Lemma 2.4. In case Z(R) ̸= (0),
we Ąrst claim that there exists 0 ̸= z ∈ Z(R) such that z∗ = z.

Let us suppose that 0 ̸= zc ∈ Z(R). If z∗

c
= zc, then we are done. If z∗

c
̸= zc, then

we take z1 = zc + z∗

c
; and observe that z1 = z∗

1 . Therefore, we can say that there exists
0 ̸= z ∈ Z(R) such that z∗ = z.

By the assumption, we have

(4.3) T (x2) − T (x)x∗ ∈ Z(R), for all x ∈ R.

Polarizing (4.3), we get

(4.4) T (xy + yx) − T (x)y∗ − T (y)x∗ ∈ Z(R), for all x, y ∈ R.

Replacing y by z2, where z ∈ H(R) ∩ Z(R) in (4.4) to get

T (xz2 + z2x) − T (x)z2 − T (z2)x∗ ∈ Z(R), for all x ∈ R.

It implies

T (xz2 + z2x) − T (x)z2 − T (z)zx∗ − c1x
∗ ∈ Z(R), for all x ∈ R,

where c1 is the corresponding central element. It implies

(4.5) T (4xz2) − 2T (x)z2 − 2T (z)zx∗ − 2c1x
∗ ∈ Z(R).

Also, 4xz2 = z(xz + zx) + (xz + zx)z. From (4.4), we have

T (z(xz + zx) + (xz + zx)z) − T (z)(xz + zx)∗ − T (xz + zx)z ∈ Z(R).

Again using (4.4) in the last summand of the above relation, we get

(4.6) T (4xz2) − T (z)(x∗z + zx∗) − (T (x)z + T (z)x∗ + c2)z ∈ Z(R),

where c2 is the corresponding central element. Comparing (4.5) and (4.6) to obtain

T (x)z2 − T (z)x∗z − c1x
∗ ∈ Z(R).

It implies
([T (x)z, x∗] − [T (z)x∗, x∗])z = 0.

Application of Lemma 2.2 yields

(4.7) [T (x)z − T (z)x∗, x∗] = 0.
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DeĄne G(x) = T (x)z − T (z)x∗ for all x ∈ R. From (4.7), we Ąnd G is an additive
∗-commuting map. Applying involution in (4.7) and using Lemma 2.10 in order to
get G(x)∗ = λx + σ(x) for all x ∈ R, for some λ ∈ C and σ : R → C. It implies
G(x)=T (x)z − T (z)x∗ = λ∗x∗ + σ(x)∗. Therefore, T (x)z = (T (z) + λ∗)x∗ + σ(x)∗

for all x ∈ R. It can also be written as T (x) = z−1(T (z) + λ∗)x∗ + σ(x)∗z−1. Thus,
T (x) = qx∗ + σ′(x) for all x ∈ R where q = z−1(T (z) + λ∗) and σ′(x) = z−1σ(x)∗.
From (4.3), we have q(x2)∗ + σ′(x2) − (qx∗ + σ′(x))x∗ ∈ Z(R) for all x ∈ R. It implies

(4.8) x∗σ′(x) ∈ C, for all x ∈ R..

For any Ąxed x ∈ R, using Lemma 2.3 in (4.8), we have either x ∈ Z(R) or σ′(x) = 0.
As σ′ is additive function, by application of Lemma 2.1, we Ąnd either x ∈ Z(R) for
all x ∈ R or σ′(x) = 0 for all x ∈ R. Since R is noncommutative, we have σ′ = 0.
Thus, T (x) = qx∗ for all x ∈ R. □

Proof of Theorem 4.1. Let T (x) = (F − d)(x) for all x ∈ R. Then for any x ∈ R,
T (x2) = (F − d)(x2) = F (x)x∗ + xd(x) + c1 − d(x)x∗ − xd(x) − c2 where c1 and c2 are
corresponding central element. It turns out to be T (x2) − T (x)x∗ = c1 + c2 ∈ Z(R)
for all x ∈ R. Therefore T is a centrally-extended Jordan ∗-left centralizer. Invoking
Proposition 4.4, we get T (x) = qx∗ for all x ∈ R, where q ∈ Qs(R). Thus F (x) =
qx∗ + d(x) for all x ∈ R. □

5. Centralizing Conditions

An astonishing result of Posner [27] states that a prime ring R is commutative if
it possesses a non-zero derivation d which is centralizing on R (i.e. [d(x), x] ∈ Z(R)).
Proceeding this investigation, Mayne [24,25] studied automorphisms and derivations
which are centralizing on appropriate subsets of a prime ring. Later on, Bell and
Martindale [8] examined centralizing mappings of semiprime rings. Since then several
authors have extended these results in different directions. In 2014, Ali and Dar
[3] introduced the notion of ∗-centralizing mappings in prime rings with involution.
Motivated by these studies, in this section, we are intended to describe the structure
of centralizing and ∗-centralizing centrally-extended generalized Jordan ∗-derivations
of a prime ring with involution ∗.

Theorem 5.1. Let R be a 2-torsion free prime ring with involution ′∗′ and F : R → R

a centrally-extended generalized Jordan ∗-derivation associated with centrally-extended

Jordan ∗-derivation d. If [F (x), x] ∈ Z(R) for all x ∈ R, then there exists λ ∈ C such

that F (x) = λx for all x ∈ R, unless R satisfies s4.

Proof. Suppose that R does not satisĄes s4. By hypothesis, we have

[F (x), x] ∈ Z(R), for all x ∈ R.

If Z(R) = (0), then from Lemma 2.11, we Ąnd that there exists a ∈ Qs(R) such that

(5.1) F (x) = ax∗ + d(x), for all x ∈ R.
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Since F is a additive and centralizing map, by using Lemma 2.9 and Lemma 2.10,
there exists λ ∈ C and a map σ : R → C such that

(5.2) F (x) = λx + σ(x), for all x ∈ R.

In view of Proposition 4.2, it follows from equations (5.1) and (5.2) that

(5.3) λx + σ(x) = ax∗ + d(x), for all x ∈ A.

By Lemma 2.16 and Proposition 4.1, there exists b ∈ Qs(R) such that d(x) = xb − xb∗

for all x ∈ A. Therefore, from (5.3), we have

(5.4) λx + σ(x) = ax∗ + xb − bx∗, for all x ∈ A.

Taking 1 instead of x in (5.4), we Ąnd

(5.5) a ∈ C.

Replacing x by h in (5.4), we obtain

(5.6) λh + σ(h) = ah + d(h), for all h ∈ H(A),

where d(x) = [x, b]. Since a ∈ C, from (5.6), we see that [d(h), h] = 0 for all h ∈ H(A).
If d ̸= 0, then Lemma 2.12 leads us to a contradiction.

On the other hand, let d = 0, i.e., b ∈ C. Moreover, from (5.6), we get (λ−a)h ∈ C.
Since λ − a ∈ C, in view of Lemma 2.3, we have either λ = a or H(R) ⊆ Z(R). In
the latter case, we have a contradiction by Lemma 2.13, so we left with λ = a. With
this, from (5.4) we obtain

(5.7) 2λk − 2bk ∈ C, for all k ∈ S(R).

As λ, b ∈ C, it implies either S(R) ⊆ Z(R) or λ = b. In the former case, we have the
desired result by Lemma 2.18 and in the latter case, (5.1) yields F (x) = λx∗ +xλ−λx∗

for all x ∈ R, i.e., F (x) = λx for all x ∈ R, as desired.
In case Z(R) ̸= ¶0♢, we have 0 ̸= hc ∈ Z(R) such that h∗

c
= hc. By the assumption

[F (x), x] ∈ Z(R) for all x ∈ R. With the aid of Lemma 2.9 and Proposition 4.3, we
have

(5.8) [F (x), x] = 0, for all x ∈ R.

From Lemma 2.10 and (5.8), we have

(5.9) F (x) = λx + σ(x), for all x ∈ R,

for some λ ∈ C and a map σ : R → C. Application of Proposition 4.1 in (5.9) yields

(5.10) qx∗ + d(x) = λx + σ(x), for all x ∈ R,

for some q ∈ Qs(R). From (B), we Ąnd

(5.11) F (x ◦ hc) − F (x)hc − F (hc)x
∗ − xd(hc) − hcd(x) ∈ Z(R), for all x ∈ R.

Using (5.9) in (5.11), we Ąnd

λ(x ◦ hc) − λxhc − λhcx
∗ − σ(hc)x

∗ − xd(hc) − hcd(x) ∈ C, for all x ∈ R.
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It implies

(5.12) λ(x − x∗)hc − σ(hc)x
∗ − xd(hc) − hcd(x) ∈ C, for all x ∈ R.

Replacing x by hc in (5.12), we conclude

(5.13) d(hc) ∈ Z(R).

Replacing x by h in (5.12), where h ∈ H(R), we obtain

(5.14) −σ(hc)h − hd(hc) − hcd(h) ∈ C.

It implies

(5.15) d(hc)[h, x] + σ(hc)[h, x] + hc[d(h), x] = 0, for all h ∈ H(R), x ∈ R.

Replacing h by h2 in (5.15), we Ąnd
(5.16)
(d(hc)+σ(hc))([h, x]h+h[h, x])+hc[d(h)h+hd(h), x] = 0, for all h ∈ H(R), x ∈ R.

Using (5.13) and (5.15) in (5.16), we obtain

hc(d(h)[h, x] + [h, x]d(h)) = 0, for all h ∈ H(R), x ∈ R.

It implies that

(5.17) d(h)[h, x] + [h, x]d(h) = 0, for all h ∈ H(R), x ∈ R.

Polarizing h in (5.17), we Ąnd
(5.18)
d(h1)[h, x] + d(h)[h1, x] + [h, x]d(h1) + [h1, x]d(h) = 0, for all h, h1 ∈ H(R), x ∈ R.

In particular, replacing h1 by hc in (5.18) and thereby using (5.13), we conclude

(5.19) 2d(hc)[h, x] = 0, for all h ∈ H(R), x ∈ R.

If d(hc) ̸= 0, then Lemma 2.2 in (5.19) implies H(R) ⊆ Z(R). With the aid of Lemma
2.13, we arrive at a contradiction.

In case d(hc) = 0, we obtain from (5.12) that

2λkhc + σ(hc)k − hcd(k) ∈ C, for all k ∈ S(R).

It implies hc[d(k), k] = 0, for all k ∈ S(R). From the fact hc ≠ 0 and Lemma 2.2, it
follows that

(5.20) [d(k), k] = 0, for all k ∈ S(R).

By using d(hc) = 0 and replacing h by k2 in (5.14), where k ∈ S(R), we have

−σ(hc)k
2 − hcd(k2) ∈ C.

It implies

−σ(hc)k
2 + hc[d(k), k] ∈ C, for all k ∈ S(R).

From (5.20), we Ąnd

(5.21) σ(hc)k
2 ∈ C, for all k ∈ S(R).
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If σ(hc) ̸= 0, then Lemma 2.3 in (5.21) implies k2 ∈ Z(R) for all k ∈ S(R). For any
Ąxed x ∈ R, we have [k, x]k + k[k, x] = d(k)k + kd(k) = 0 for all k ∈ S(R), where
d(y) = [y, x] for all y ∈ R. If d ̸= 0, then Lemma 2.15 yields a contradiction. Now,
if d = 0, then we have [x, y] = 0 for all x, y ∈ R, hence R is commutative, which is a
contradiction.

In case σ(hc) = 0, using fact d(hc) = 0, from (5.14), we have hcd(h) ∈ Z(R) for all
h ∈ H(R). Since hc ≠ 0, we have d(h) ∈ Z(R) for all h ∈ H(R) by Lemma 2.2. For
any Ąxed h ∈ H(R), using Lemma 2.2 in (5.17) we Ąnd that for each h ∈ H(R), either
d(h) = 0 or h ∈ Z(R). Using Lemma 2.1, we have either d(h) = 0 for all h ∈ H(R)
or H(R) ⊆ Z(R). In latter case, we have a contradiction by Lemma 2.13. In case
d(h) = 0 for all h ∈ H(R), we have

(5.22) F (h2) − F (h)h ∈ C, for all h ∈ H(R).

Using (5.9) in (5.22), we conclude

(5.23) σ(h)h ∈ C, for all h ∈ H(R).

For any Ąxed h ∈ H(R), using Lemma 2.3 in (5.23), we have either σ(h) = 0
or h ∈ Z(R). Aid of Lemma 2.1, we have either σ(h) = 0 for all h ∈ H(R) or
H(R) ⊆ Z(R). In the latter case, we have the desired result by using Lemma 2.13.
In case σ(h) = 0, replacing x by h, where h ∈ H(R) in (5.10), we get

(5.24) qh = λh for all h ∈ H(R).

Replacing h by hc in (5.24) and thereby using Lemma 2.2, we conclude q = λ.
Replacing x by k in (5.10), where k ∈ S(R), we Ąnd

(5.25) d(k) = 2λk + σ(k), for all k ∈ S(R).

Using (B), we have

(5.26) F (h ◦ k) + F (h)k − F (k)h − hd(k) ∈ Z(R), for all k ∈ S(R), h ∈ H(R).

Using (5.9) and (5.25) in (5.26), we conclude

λ(h ◦ k) + λhk − λkh − σ(k)h − h(2λk + σ(k)) ∈ C, for all k ∈ S(R), h ∈ H(R).

It implies

(5.27) σ(k)h ∈ C, for all k ∈ S(R), h ∈ H(R).

If there exists k ∈ S(R) such that σ(k) ̸= 0, then using Lemma 2.3 in (5.27), we Ąnd
H(R) ⊆ Z(R). With the aid of Lemma 2.13, we get a contradiction. In case σ(k) = 0
for all k ∈ S(R). From (5.9) and fact σ(k) = σ(h) = 0, we Ąnd F (x) = F (h + k) =
F (h) + F (k) = λh + λk = λ(h + k) = λx for all x ∈ R. □

Theorem 5.2. Let R be a 2-torsion free prime ring with involution ′∗′ and F : R →
R a centrally-extended generalized Jordan ∗-derivation with an associated centrally-

extended Jordan ∗-derivation d. If [F (x), x∗] ∈ Z(R) for all x ∈ R, then there exists

λ ∈ C such that F (x) = λx∗ for all x ∈ R, unless R satisfies s4.
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Proof. Suppose that R does not satisĄes s4. If Z(R) = (0), then by Lemma 2.11, we
Ąnd

(5.28) F (x) = ax∗ + d(x), for all x ∈ R,

for some a ∈ Qs(R). From Lemma 2.5 and assumption, we Ąnd [F (x), x∗] = 0 for all
x ∈ R. Applying involution, we obtain [F (x)∗, x] = 0 for all x ∈ R. By Lemma 2.10,
we have

F (x)∗ = λx + σ(x), for all x ∈ R.

It implies

(5.29) F (x) = λ∗x∗ + σ(x)∗, for all x ∈ R.

By Proposition 4.2, Eq. (5.28) and (5.29), we conclude

(5.30) λ∗x∗ + σ(x)∗ = ax∗ + d(x), for all x ∈ A.

Replacing x by 1 in (5.30), we obtain

(5.31) a ∈ C.

Using (5.31) in (5.30), we obtain

[d(x), x∗] = 0, for all x ∈ R.

Application of Lemma 2.8 implies d = 0 or R satisfy s4 identity. For non trivial
solution, we have d = 0. Thus using it in (5.28), we obtain F (x) = ax∗ for all x ∈ R,

where a ∈ C as desired.
Let Z(R) ̸= ¶0♢. Then there exists 0 ̸= hc ∈ Z(R) such that h∗

c
= hc. By the

assumption, we have [F (x), x∗] ∈ Z(R) for all x ∈ R. With the aid of Lemma 2.5 and
Lemma 4.3, we have

(5.32) [F (x), x∗] = 0, for all x ∈ R.

Applying involution both sides in (5.32), we Ąnd

(5.33) [F (x)∗, x] = 0, for all x ∈ R.

Application of Lemma 2.10 in (5.33) implies

(5.34) F (x)∗ = λx + σ(x), for all x ∈ R,

for some λ ∈ C and a mapping σ : R → C. Applying involution both sides in (5.34),
we get

(5.35) F (x) = λ∗x∗ + σ(x)∗, for all x ∈ R.

From (B), we have

(5.36) F (x ◦ y) − F (x)y∗ − F (y)x∗ − xd(y) − yd(x) ∈ Z(R), for all x, y ∈ R.

Using (5.35) in (5.36), we Ąnd

λ∗(x ◦ y)∗ − λ∗(x)∗y∗ − σ(x)∗y∗ − λ∗y∗x∗ − σ(y)∗x∗ − xd(y) − yd(x) ∈ C, .
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for all x, y ∈ R. It implies

(5.37) −σ(x)∗y∗ − σ(y)∗x∗ − xd(y) − yd(x) ∈ C, for all x, y ∈ R.

Replacing x and y by hc in (5.37), we Ąnd hcd(hc) ∈ Z(R). It forces

(5.38) d(hc) ∈ Z(R).

Replacing y by hc in (5.37) and using (5.38), we Ąnd

(5.39) −σ(hc)
∗x∗ − xd(hc) − hcd(x) ∈ Z(R), for all x ∈ R.

Replacing x by h in (5.39), where h ∈ H(R), we have

−σ(hc)
∗h − hd(hc) − hcd(h) ∈ C.

Commuting with x and using (5.38), we obtain

(5.40) d(hc)[h, x] + σ(hc)
∗[h, x] + hc[d(h), x] = 0, for all x ∈ R, h ∈ H(R).

Replacing h by h2 in (5.40) and using it, we conclude

(5.41) d(h)[h, x] + [h, x]d(h) = 0.

Polarizing (5.41), we Ąnd

(5.42) d(h1)[h, x]+d(h)[h1, x]+ [h, x]d(h1)+ [h1, x]d(h) = 0, for all h, h1 ∈ H(R).

In particular, replacing h1 by hc in (5.42) to obtain

(5.43) 2d(hc)[h, x] = 0, for all h ∈ H(R).

If d(hc) ̸= 0, then using Lemma 2.2 and (5.38) in (5.43), we Ąnd H(R) ⊆ Z(R). With
the aid of Lemma 2.13, we have contradiction.

In case d(hc) = 0, from (5.39), we Ąnd [d(x), x∗] = 0 for all x ∈ R. For non trivial
solution, Lemma 2.8 yields d = 0. Using it in (5.37), we get

σ(y)∗[x∗, y∗] = 0, for all x, y ∈ R.

For any Ąxed y ∈ R, we have either σ(y) = 0 or [y∗, R] = 0. Application of Lemma 2.1
implies that either σ = 0 or [y, R] = (0) for all y ∈ R. But R is noncommutative, so
we left with σ = 0. Thus, from (5.35) we have F (x) = ax∗, where a = λ∗ ∈ C. It
completes the proof. □

6. Hypercommuting Conditions

A pair of mappings f and g satisfying the condition f(x)x − xg(x) = 0 (resp.
f(x)x∗ −x∗g(x) = 0) on an appropriate subset K of a ring (resp. ring with involution)
R is called hypercommuting (resp. ∗-hypercommuting). Obviously, it is a more
general concept than that of commuting (∗-commuting) mappings. In this section,
we study a pair (F, G) of centrally-extended generalized Jordan ∗-derivations which
is hypercommuting or ∗-hypercommuting.
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Theorem 6.1. Let R be a 2-torsion free prime ring with involution ′∗′ and F, G :
R → R are centrally-extended generalized Jordan ∗-derivations with an associated

centrally-extended Jordan ∗-derivations d, g, respectively. If F (x)x − xG(x) = 0 for

all x ∈ R, then there exits λ ∈ C such that F (x) = G(x) = λx for all x ∈ R, unless

R satisfies s4.

Proof. Assume that R does not satisfy s4. By the hypothesis, we have

F (x)x − xG(x) = 0, for all x ∈ R.

Suppose that Z(R) = (0). Clearly in this case F and G becomes generalized Jordan
∗-derivations. Thus with the aid of Lemma 2.11, we have F (x) = ax∗ + d(x), G(x) =
bx∗ + g(x) for all x ∈ R, where a, b ∈ Qs(R). Using it in our hypothesis, we Ąnd

(ax∗ + d(x))x − x(bx∗ + g(x)) = 0, for all x ∈ R.

The fact of Lemma 2.16 yields d(x) = xc − cx∗, g(x) = xd − dx∗ for all x ∈ R for
some c, d ∈ Qs(R). In this view it follows that R satisĄes the functional identity

(6.1) (ax∗ + xc − cx∗)x = x(bx∗ + xd − dx∗), for all x ∈ R.

Application of Lemma 2.6 in (6.1) yields

(6.2) (ax∗ + xc − cx∗)x = x(bx∗ + xd − dx∗), for all x ∈ A.

Replacing x by 1 in (6.2), we Ąnd a = b. Polarizing (6.2), we obtain (ax∗ + xc −
cx∗)y + (ay∗ + yc − cy∗)x = y(bx∗ + xd − dx∗) + x(by∗ + yd − dy∗) for all x, y ∈ A.

Replacing y by 1, we get ax∗ + xc − cx∗ + ax = bx∗ + xd − dx∗ + xb for all x, y ∈ A.

By using the fact a = b in preceding equation, we Ąnd

(6.3) xc − cx∗ − xd + dx∗ + [a, x] = 0, for all x ∈ A.

Replacing x by h in (6.3), where h ∈ H(R), to obtain

(6.4) −[c, h] + [d, h] + [a, h] = 0.

It implies [d − c + a, h] = 0. With the aid of Lemma 2.17, we have d − c + a ∈ C.
Replacing x by k in (6.3), where k ∈ S(R) and thereby using the fact d − c + a ∈ C,
we Ąnd k ◦ (c − d) + [c − d, k] = 0 for all k ∈ S(R). It implies

(6.5) (c − d)k = 0, for all k ∈ S(R).

Replacing k by h ◦ k in (6.5), where h ∈ H(R), k ∈ S(R) and using (6.5), we Ąnd

(6.6) (c − d)hk = 0, for all h ∈ H(R), k ∈ S(R).

From (6.5) and (6.6), we get

(6.7) (c − d)[k, h] = 0, for all k ∈ S(R), h ∈ H(R).

Replacing k by k ◦ h1 in (6.7), we obtain

(6.8) (c − d)h1[k, h] + (c − d)[k, h]h1 + (c − d)k[h, h1] + (c − d)[h, h1]k = 0.
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Using (6.5) and (6.7) in (6.8), we Ąnd

(6.9) (c − d)h1[k, h] = 0, for all k ∈ S(R), h, h1 ∈ H(R).

Equation (6.5) also implies

(6.10) (c − d)k1[k, h] = 0, for all k, k1 ∈ S(R), h ∈ H(R).

From (6.9) and (6.10), we have

2(c − d)x[k, h] = (c − d)(2x)[k, h]

= (c − d)(h1 + k1)[k, h]

= (c − d)h1[k, h] + (c − d)k1[k, h]

= 0, for all x ∈ R, h ∈ H(R), k ∈ S(R).

Thus, we have (c − d)R[k, h] = (0) for all k ∈ S(R) and h ∈ H(R). In case c ̸= d,
primeness of R implies [H(R), S(R)] = (0). Lemma 2.18 leads us to the contradiction.
In case c = d, we Ąnd d = g. Using the fact a = b, we conclude F (x) = G(x) for all
x ∈ R. Thus, we have the desired result by Theorem 5.1.

Let Z(R) ̸= (0). Then there exists 0 ̸= hc ∈ Z(R) such that h∗

c
= hc. By the

assumption, we have

(6.11) F (x)x − xG(x) = 0, for all x ∈ R.

Replacing x by hc in (6.11), we Ąnd

(6.12) F (hc) − G(hc) = 0.

Proposition 4.1 yields

F (x) =q1x
∗ + d(x), for all x ∈ R,(6.13)

G(x) =q2x
∗ + g(x), for all x ∈ R,(6.14)

for some q1, q2 ∈ Qs(R). Using (6.13) and (6.14) in (6.12), we obtain

(6.15) (q1 − q2)(hc) + (d − g)(hc) = 0.

Polarizing (6.11) to obtain

(6.16) F (x)y − yG(x) + F (y)x − xG(y) = 0, for all x, y ∈ R.

Replacing y by hc in (6.16) to obtain

(6.17) (F (x) − G(x))hc + F (hc)x − xG(hc) = 0, for all x ∈ R.

Using (6.12) in (6.17), we have

(6.18) (F (x) − G(x))hc + [F (hc), x] = 0, for all x ∈ R.

Replacing hc by h2
c

in (6.18) and using Lemma 2.2, we conclude

(6.19) [d(hc), x] = 0, for all x ∈ R.
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It implies d(hc) ∈ Z(R). In the same way, we compute g(hc) ∈ Z(R). Using (6.13)
and (6.19) in (6.18), we obtain

(F (x) − G(x) + [q1, x])hc = 0, for all x ∈ R.

It implies

(6.20) F (x) − G(x) + [q1, x] = 0, for all x ∈ R.

Since F and G are centrally-extended generalized Jordan ∗-derivation, replacing x by
h ◦ hc in (6.20) to obtain

(F (h) − G(h))hc + (F (hc) − G(hc))h + hc(d(h) − g(h))

+ h(d(hc) − g(hc)) + 2[q, h]hc ∈ Z(R), for all h ∈ H(R).(6.21)

Using (6.12) and (6.20) in (6.21), we see that

(6.22) (d(h) − g(h))hc + [q, h]hc + h(d(hc) − g(hc)) ∈ Z(R), for all h ∈ H(R).

Replacing h by h2 in (6.22), we obtain

(d(h) − g(h))hhc + h(d(h) − g(h))hc + [q1, h]hhc + h[q1, h]hc

+ h2(d(hc) − g(hc)) ∈ Z(R), for all h ∈ H(R).(6.23)

From (6.22) and (6.23), we conclude

(6.24) h2(d(hc) − g(hc)) ∈ Z(R).

If d(hc) − g(hc) ̸= 0, then using Lemma 2.3 in (6.24), we have h2 ∈ Z(R) for all
h ∈ H(R). Thus, we have the result by Lemma 2.13. If d(hc) − g(hc) = 0, then from
(6.15), we obtain

(6.25) (q1 − q2)hc = 0.

Using Lemma 2.2 in (6.25), we have q1 = q2. With the aid of (6.13), (6.14) and the
fact q1 = q2 in (6.20), we Ąnd

(6.26) d(x) − g(x) + [q1, x] = 0, for all x ∈ R.

Replacing x by h ◦ k where h ∈ H(R), k ∈ S(R) in (6.26), we obtain

(d(h) − g(h))(−k) + k(d(h) − g(h)) + (d(k) − g(k))h + h(d(k) − g(k))

+ [q1, h]k + k[q1, h] + [q1, k]h + h[q1, k] ∈ Z(R).(6.27)

Using (6.26) in (6.27) to conclude

(6.28) 2[q1, h]k ∈ Z(R), for all h ∈ H(R), k ∈ S(R).

We now split the proof into the following two parts.
Case 1. If mapping induced on centroid is non identity map, then there exists

0 ̸= z ∈ C such that z∗ ≠ z. Replacing h by x + x∗ and k by y − y∗ in (6.28), where
x, y ∈ R in order to obtain

(6.29) 2[q1, x + x∗](y − y∗) ∈ Z(R), for all x, y ∈ R.
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With the aid of Lemma 2.6 in (6.29), we have

(6.30) [q1, x + x∗](y − y∗) ∈ Z(R), for all x, y ∈ Qs(R).

Replace y by z in (6.30), we have

(6.31) [q1, x + x∗](z − z∗) ∈ C, for all x ∈ Qs(R).

Using Lemma 2.3 in (6.31), we have

(6.32) [q1, x + x∗] ∈ Z(R), for all x ∈ Qs(R).

Replacing x by h, where h ∈ H(R) in (6.32), we obtain [q1, h] ∈ Z(R). Using Lemma
2.17, we conclude q1 ∈ Z(R). From (6.20), we have F (x) = G(x) for all x ∈ R. Hence,
by Theorem 5.1, we get the desired result.

Case 2. If mapping induced on centroid is an identity map, then c∗ = c for all
c ∈ C. From (6.28), we have

([q1, h]k)∗ = [q1, h]k, for all h ∈ H(R), k ∈ S(R).

It implies

(6.33) [q1, h]k − k[q1
∗, h] = 0, for all h ∈ H(R), k ∈ S(R).

Replacing k by k ◦ h1 in (6.33), where k ∈ S(R), h1 ∈ H(R), we obtain

(6.34) [q1, h]h1k + [q1, h]kh1 − kh1[q1
∗, h] − h1k[q1

∗, h] = 0.

Using (6.28) and (6.33) in (6.34) to conclude

(6.35) [q1, h]h1k − kh1[q1
∗, h] = 0, for all h, h1 ∈ H(R), k ∈ S(R).

Replacing h1 by k2
1 in (6.35), where k1 ∈ S(R), we Ąnd

([q1, h]k1)k1k − kk1(k1[q1
∗, h]) = 0.

It implies

(6.36) ([q1, h]k1)k1k − kk1([q1, h]k1)
∗ = 0, for all h ∈ H(R), k, k1 ∈ S(R).

Using (6.28) and (6.33) in (6.36), we obtain

(6.37) [q1, h]k1[k1, k] = 0.

For Ąxed k1 ∈ S(R), from the fact [q1, h]k1 ∈ C, using Lemma 2.2 in (6.37), we have
either [q1, h]k1 = 0 for all h ∈ H(R) or [k1, k] = 0 for all k ∈ S(R). Invoking Lemma
2.1 yields that either [q1, h]k1 = 0 for all h ∈ H(R), k1 ∈ S(R) or [k1, k] = 0 for all
k, k1 ∈ S(R). In the latter case, replace k1 by h ◦ k to obtain [h, k]k + k[h, k] = 0
for all h ∈ H(R), k ∈ S(R). For any Ąxed h ∈ H(R), we obtain d(k)k + kd(k) = 0,

where d(x) = [h, x] for all k ∈ S(R). With the aid of Lemma 2.15, we Ąnd either R

satisĄes s4 identity or d = 0. In case d = 0, we have H(R) ⊆ Z(R). Application of
Lemma 2.13 gives a contradiction. If [q1, h]k1 = 0, then using the similar arguments
as in (6.5), we Ąnd [q1, H(R)] = (0). With the aid of Lemma 2.17, we have q1 ∈ C.
From (6.20), we have F (x) = G(x) for all x ∈ R. Thus, we get the desired conclusion
from Theorem 5.1. □
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Theorem 6.2. Let R be a 2-torsion free prime ring with involution ′∗′ and F, G : R →
R are centrally-extended generalized Jordan ∗-derivations associated with centrally-

extended Jordan ∗-derivations d, g, respectively. If F (x)x∗ −x∗G(x) = 0 for all x ∈ R,

then there exists λ ∈ C such that F (x) = G(x) = λx∗, unless R satisfies s4.

Proof. Suppose that R does not satisĄes s4. By the hypothesis, we have F (x)x∗ −
x∗G(x) = 0 for all x ∈ R.

If Z(R) = (0), then application of Lemma 2.11 yields F (x) = ax∗ + d(x), G(x) =
bx∗ + g(x) for all x ∈ R, where a, b ∈ Qs(R). Using it in our hypothesis, we Ąnd

(6.38) (ax∗ + d(x))x∗ − x∗(bx∗ + g(x)) = 0, for all x ∈ R.

With the aid of Lemma 2.16, we conclude d(x) = xc − cx∗, g(x) = xd − dx∗ for all
x ∈ R for some c, d ∈ U(R). Using it in (6.38), we Ąnd

(6.39) (ax∗ + xc − cx∗)x∗ = x∗(bx∗ + xd − dx∗), for all x ∈ R.

Using Lemma 2.6 in (6.39), we conclude

(6.40) (ax∗ + xc − cx∗)x∗ = x∗(bx∗ + xd − dx∗), for all x ∈ A.

Replacing x by 1 in (6.40), we get a = b. Polarizing (6.40), we obtain

(ax∗ + xc − cx∗)y∗ + (ay∗ + yc − cy∗)x∗

=y∗(bx∗ + xd − dx∗) + x∗(by∗ + yd − dy∗), for all x, y ∈ R.(6.41)

Replacing y by 1 in (6.41), we Ąnd

(6.42) ax∗ + xc − cx∗ + ax∗ = bx∗ + xd − dx∗ + x∗b, for all x, y ∈ R.

Using the fact a = b in (6.42), we conclude

(6.43) xc − cx∗ − xd + dx∗ + [a, x∗] = 0, for all x ∈ R.

Replacing x by h in (6.43), where h ∈ H(R), we obtain

(6.44) −[c, h] + [d, h] + [a, h] = 0.

Since (6.44) is the same as (6.4), using similar arguments, we can reach our conclusion.
Let Z(R) ̸= (0). Then there exists 0 ̸= hc ∈ Z(R) such that h∗

c
= hc. By the

assumption, we have

(6.45) F (x)x∗ − x∗G(x) = 0, for all x ∈ R.

Replacing x by hc in (6.45), we obtain

(6.46) F (hc) − G(hc) = 0.

Invoking Proposition 4.1, we have

F (x) =q1x
∗ + d(x), for all x ∈ R,(6.47)

G(x) =q2x
∗ + g(x), for all x ∈ R,(6.48)

for some q1, q2 ∈ Qs(R). Using (6.47) and (6.48) in (6.46), we obtain

(6.49) (q1 − q2)(hc) + (d − g)(hc) = 0.
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Polarizing (6.45) to get

(6.50) F (x)y∗ − y∗G(x) + F (y)x∗ − x∗G(y) = 0, for all x, y ∈ R.

Replacing y by hc in (6.50), we see that

(6.51) (F (x) − G(x))hc + F (hc)x
∗ − x∗G(hc) = 0, for all x ∈ R.

Using (6.46) in (6.51), we have

(6.52) (F (x) − G(x))hc + [F (hc), x∗] = 0, for all x ∈ R.

Replacing hc by h2
c

in (6.52), we obtain

(6.53) [d(hc), x∗] = 0, for all x ∈ R.

It implies d(hc) ∈ Z(R). In the same way, one can easily observe that g(hc) ∈ Z(R).
With the aid of (6.47), (6.53) in (6.52), we have

(6.54) (F (x) − G(x) + [q1, x∗])hc = 0, for all x ∈ R.

It yields

(6.55) F (x) − G(x) + [q1, x∗] = 0, for all x ∈ R.

Replacing x by h ◦ hc in (6.55) where h ∈ H(R), we obtain

(F (h) − G(h))hc + (F (hc) − G(hc))h + hc(d(h) − g(h))

+ h(d(hc) − g(hc)) + 2[q, h]hc ∈ Z(R), for all h ∈ H(R).(6.56)

Using (6.46) and (6.55) in (6.56), we conclude

(6.57) (d(h) − g(h))hc + [q, h]hc + h(d(hc) − g(hc)) ∈ Z(R), for all h ∈ H(R).

Replacing h by h2 in (6.57), we obtain

(d(h) − g(h))hhc + h(d(h) − g(h))hc + [q1, h]hhc + h[q1, h]hc

+ h2(d(hc) − g(hc)) ∈ Z(R), for all h ∈ H(R).(6.58)

From (6.57) and (6.58), we conclude

(6.59) h2(d(hc) − g(hc)) ∈ Z(R).

If d(hc) − g(hc) ̸= 0, then using Lemma 2.3 in (6.59), we have h2 ∈ Z(R) for all
h ∈ H(R). Thus, a contradiction follows from Lemma 2.13. In case d(hc) −g(hc) = 0,

from (6.49), we obtain

(q1 − q2)hc = 0,

and it implies q1 = q2. Now from (6.47), (6.48) and (6.55) we Ąnd

(6.60) d(x) − g(x) + [q1, x∗] = 0, for all x ∈ R.

Replacing x by h ◦ k in (6.60), where h ∈ H(R), k ∈ S(R), we Ąnd

(d(h) − g(h))(−k) + k(d(h) − g(h)) + (d(k) − g(k))h + h(d(k)

− g(k)) − [q1, h]k − k[q1, h] − [q1, k]h − h[q1, k] ∈ Z(R).(6.61)
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Using (6.60) in (6.61), we conclude

(6.62) −2k[q1, h] ∈ Z(R), for all h ∈ H(R), k ∈ S(R).

As (6.62) is same as (6.28), similar arguments are taking us to the desired conclusion.
□
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[30] P. Šemrl, Quadratic functionals and Jordan ∗-derivations, Stud. Math. 97 (1991), 157Ű165.
https://doi.org/10.4064/SM-97-3-157-165

[31] S. F. El-Deken and H. Nabiel, Centrally-extended generalized ∗-derivations on rings with involu-

tion, Beitr Algebra Geom. 60 (2019), 217Ű224. https://doi.org/10.1007/S13366-018-0415-5

[32] S. F. El-Deken and M. M. El-SouĄ, On centrally-extended reverse and generalized reverse

derivations, Indian J. Pure Appl. Math. 51(3) (2020), 1165Ű1180. https://doi.org/10.1007/

s13226-020-0456-y

[33] M. S. T. El-Sayiad, N. M. Muthana and Z. S. Alkhamisi, On rings with some kind of

centrally-extended maps, Beitr Algebra Geom. 57(3) (2016), 579Ű588. https://doi.org/10.

1007/s13366-015-0274-2

[34] M. S. T. El-Sayiad, A. Ageeb and A. M. Khalid, What is the action of a multiplicative centrally-

extended derivation on a ring?, Georgian Math. J. 29(4) (2022), 607Ű613. https://doi.org/10.

1515/gmj-2022-2164

https://doi.org/
https://doi.org/10.1515/math-2021-0123
https://doi.org/10.1007/s41980-020-00390-w
https://doi.org/10.1007/s41980-020-00390-w
https://doi.org/10.1142/S0219498813501260
https://doi.org/10.1080/03081087.2019.1630061
https://doi.org/10.1016/0021-8693(72)90164-0
https://doi.org/10.4153/CMB-1976-017-1
https://doi.org/10.4153/CMB-1984-018-2
https://doi.org/ 10.15672/hujms.568378
https://doi.org/ 10.15672/hujms.568378
https://doi.org/10.2307/2032686
https://doi.org/10.2307/2032686
https://doi.org/10.1142/S0219498823501050
https://doi.org/10.4064/SM-97-3-157-165
https://doi.org/10.1007/S13366-018-0415-5
https://doi.org/10.1007/s13226-020-0456-y
https://doi.org/10.1007/s13226-020-0456-y
https://doi.org/10.1007/s13366-015-0274-2
https://doi.org/10.1007/s13366-015-0274-2
https://doi.org/10.1515/gmj-2022-2164
https://doi.org/10.1515/gmj-2022-2164


ON CENTRALLY-EXTENDED GENERALIZED JORDAN ∗-DERIVATIONS IN RINGS 1351

1Department of Mathematics,
Akal University,
Talwandi Sabo-151302, India.
Email address: bharat_rs18@pbi.ac.in

ORCID iD: https://orcid.org/0000-0001-6127-0731

2Department of Mathematics,
Patel Memorial National College,
Rajpura-140401, India
Email address: gurninder_rs@pbi.ac.in

ORCID iD: https://orcid.org/0000-0001-8618-6325

3Department of Mathematics,
Aligarh Muslim University,
Aligarh-202002, India
Email address: asmith@example.com

ORCID iD: https://orcid.org/0000-0001-5162-7522

4Federal University of Technology-Paraná-Brazil,
5Federal University of ABC,
6University of São Paulo, Brazil
Email address: brunoferreira@utfpr.edu.br

ORCID iD: https://orcid.org/0000-0003-1621-8197

https://orcid.org/0000-0001-6127-0731
https://orcid.org/0000-0001-8618-6325
https://orcid.org/0000-0001-5162-7522
https://orcid.org/0000-0003-1621-8197




Kragujevac Journal of Mathematics

Volume 50(8) (2026), Pages 1353–1367.

STUDY OF KIRCHHOFF CURVATURE PROBLEM WITH

ψ-HILFER DERIVATIVE AND p(·)-LAPLACIAN OPERATOR

ELHOUSSAIN ARHRRABI1,∗ AND HAMZA EL-HOUARI2

Abstract. The paper focuses on the existence and multiplicity of weak solutions to
nonlinear Kirchhoff-type equations involving ψ-Hilfer derivatives with p(·)-Laplacian
operators and Dirichlet boundary conditions. Through the application of a critical
point approach, along with genus theory and variational techniques, we establish the
existence and multiplicity results within appropriate fractional ψ-Hilfer derivative
spaces. Our novel main results contribute to the advancement of the literature on
differential equations involving fractional ψ-Hilfer generalized curvature phenomena.

1. Introduction

Fractional derivatives go beyond classical derivatives, extending the scope of tra-
ditional differentiation. Initially akin to ordinary differentiation, the concept of frac-
tional differentiation has evolved in recent research, emphasizing its broader applica-
bility. Within mathematical analysis, fractional analysis explores diverse methods of
defining real number powers or complex powers of the differentiation operator and
integration. The study extends to fractional order differential equations, which repre-
sent generalized and non-integer differential equations in both time and space domains.
These equations are characterized by a power-law memory kernel, capturing nonlocal
relationships, as highlighted by Kolma [29]. Several approaches exist for incorporating
fractional integro-differentiation operations, including the Riemann-Liouville, Caputo
and Grunwald-Letnikov methods, along with their modifications. It is crucial to note

Key words and phrases. Generalized ψ-Hilfer derivative, Kirchhoff problem, curvature phenomena,
critical point theorem, genus theory, variational approach.
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that a significant portion of the literature on fractional differentiation primarily con-
centrates on Riemann-Liouville and Caputo fractional derivatives. However, there are
alternative well-established definitions, such as the fractional derivative of Hadamard,
the fractional derivative of Erdélyi-Kober, and others. Readers interested in delving
further into fractional calculus are referred to additional resources like [47] for more
comprehensive insights.

A fresh look at capillary phenomena in current literature highlights the need for
progress in this area. Capillary action, the movement of liquids through narrow spaces
without relying on external forces, is observed in various situations, like paint moving
between bristles or liquids flowing through thin tubes. This action is powered by the
forces between the liquid and solid surfaces. In small tubes, a combination of surface
tension and adhesive forces moves the liquid. Studying phenomena like water rising
in tubes or the formation of drops and bubbles involves using calculus variations,
providing a unified way to address mathematical questions across different scenarios.
Recently, interest in capillary phenomena has grown, driven by its relevance in fields
like industry, healthcare, and micro-fluids. Given the breadth of the subject, we will
touch on a few instances for those interested [8, 27,32].

In the context of evolving trends in modern physics and mechanics, it becomes
crucial to consider the dynamic landscape when formulating mathematical models.
Drawing insights from pertinent research, it is essential to narrow our focus on spe-
cific domains in order to gain a deeper understanding of the underlying theory of
the primary research problem. To address this, we employ the generalized ψ-Hilfer
fractional derivative to analyze a nonlinear Kirchhoff equation featuring a positive
parameter. This equation adheres to Dirichlet boundary conditions and is formulated
as follows:

(1.1)

{

− (α+ βL(u)) L
γ,κ;ψ
τ(x) (u) = ξ♣u♣r(x)−2u− h(x)♣u♣τ(x)−2u, in Ω,

u = 0, on ∂Ω,

with

L(u) :=
∫

Ω

1

τ(x)

(

∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

τ(x)
+

√

1 +
∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

2τ(x)
)

dx

and

L
γ,κ;ψ
τ(x) (u) := Dγ,κ;ψ

T

















1 +

∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

τ(x)

√

1 +
∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

2τ(x)









∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

τ(x)−2
Dγ,κ;ψ

0+ u









,

where Ω is a bounded domain in R
N , N > 3, with smooth boundary ∂Ω, α, β are

positive constants, h ∈ C(Ω,R), ξ is a positive parameter, τ, r ∈ C+(Ω) such that:

(1.2) 1 < r− ≤ r(x) ≤ r+ < τ− ≤ τ(x) ≤ τ+ < 2τ− < τ ⋆(x) =
Nτ(x)

N − γτ(x)
,

for all x ∈ Ω, h satisfies the following hypothesis:

(H0) h : Ω → [0,∞) such that h ∈ L∞(Ω),
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Dγ,κ;ψ
T and Dγ,κ;ψ

0+ are ψ-Hilfer fractional derivatives of order γ ∈ ( 1
τ(x)

, 1) and type

κ ∈ [0, 1] defined later, this type of derivative is introduced by Vanterler et al. [39],
by means of the Gronwall inequality. They explored specific cases of the generalized
fractional partial derivative, such as the ψ-Riemann-Liouville and ψ-Caputo fractional
partial derivatives, discussed in detail in [36]. It’s worth noting that when κ tends
toward 1 and ψ(x) = x, our problem (1.1) simplifies to the integer case, elucidated on
page 6 of [38]. This implies that our problem extends the scope of numerous Kirchhoff-
type papers in the literature, especially in the context of fractional integration. Recent
studies have investigated Kirchhoff equations using different operators. For instance,
in [6], the authors employed a variational approach with the mountain pass theorem
to establish the existence and multiplicity of solutions for a specific p(·)-Kirchhoff
type equation















−M

(

∫

Ω

1

p(x) ♣∇u♣p(x)
dx

)

div(♣∇u♣p(x)−2 ∇u) = f(x, u), in Ω,

u = 0, on ∂Ω,

(1.3)

where Ω ⊂ R
N is a bounded smooth domain, p ∈ C(Ω) with 1 < p(·) < N .

Chung in [7] used the mountain pass theorem combined with the minimum principle,
to obtained at least two non-negative, non-trivial weak solutions for the following
p(x)-Kirchhoff-type equations























−M

(

∫

Ω

1

p(x)♣∇u♣p(x)
dx

)

div(♣∇u♣p(x)−2∇u) = λf(x, u), in Ω,

u = 0, on ∂Ω,

u ≥ 0, in Ω,

(1.4)

where Ω ⊂ R
N is a bounded smooth domain, p ∈ C(Ω) with 1 < p(·) < N and λ

is a positive real parameter and f ∈ C(Ω × R,R) is a Caratheodory function that
may change sign. In [25] Shapour et al., used variational methods and critical point
theory to established the existence of multiple solutions for problem (1.3). For more
examples of Kirchhoff-type problem, we refer the reader to [15–18,46].

In the study of curvature problems related to the p(·)-Laplacian, an example can
be found in the work of authors in [26]. They employed Ricceri’s variational principle,
as developed by Bonanno and Molica Bisci, to establish the existence of at least one
weak solution and infinitely many weak solutions for the following Neumann problem.
This problem, originating from capillary phenomena, is a notable illustration in the
context of p(·)-Laplacian analysis























− div







1 +
♣∇u♣p(x)

√

1 + ♣∇u♣2p(x)



 ♣∇u♣p(x)−2∇u



+ α(x)♣u♣p(x)−2u = λf(x, u), in Ω,

∂u

∂v
= 0, on ∂Ω,

(1.5)
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where Ω ⊂ R
n is a bounded domain with boundary of class C1, ν is the outer unit

normal to ∂Ω, α ∈ L∞(Ω), f is an L1-Caratheodory function. Furthermore, in [34], the
authors studied the existence and multiplicity of solutions for the following nonlinear
eigenvalue problems for p(x)-Laplacian-like operators



















− div







1 +
♣∇u♣p(x)

√

1 + ♣∇u♣2p(x)



 ♣∇u♣p(x)−2∇u



 = λf(x, u), in Ω,

u = 0, on ∂Ω,

(1.6)

where Ω ⊂ R
n is a bounded domain with smooth boundary ∂Ω, p ∈ C(Ω) and p(x) > 2,

for all x ∈ Ω, λ > 0 and f satisfies some growth condition and Ambrosetti-Rabinowitz
type condition (AR).

In the context of Kirchhoff-type problem involving tempered fractional derivatives,
we refer to [33]. The authors employed variational methods to establish the existence
of infinitely many solutions to the following:











M
∫

R

♣Dα,λ
+ u(t)♣2dt



Dα,λ
− (Dα,λ

+ u(t)) = f(t, u(t)), t ∈ R,

u ∈ Wα,2
λ (R),

where Dα,λ
± (·) denote the left and right tempered fractional derivatives of order α ∈

(1/2, 1], λ > 0, f ∈ C(R × R,R) and M ∈ C(R+,R+). In [31], the authors studied
the existence and multiplicity of solutions to the following Kirchhoff equation with
singular nonlinearity and Riemann-Liouville fractional derivative:














(

a+ b
∫ T

0
♣0D

α
t (u(t))♣pdt

)

tD
α
T (Φ(0D

α
t (u(t)))) =

λg(t)

uγ(t)
+ f(t, u(t)), t ∈ (0, T ),

u(0) = u(T ) = 0,

where a ≥ 1, b, λ > 0, p > 1 are constants, 1
p
< λ ≥ 1, 0 < γ < 1, g ∈ C([0, 1]) and f ∈

C1([0, T ] × R,R). Under appropriate assumptions on the function f , they employed
variational methods to show the existence and multiplicity of positive solutions of the
above problem with respect to the parameter λ. All the problems discussed above are
associated to the stationary version of the Kirchhoff problem

ϱ
∂2u

∂γ2
−


P0

h
+
E

2L

∫ L

0

∣

∣

∣

∣

∂u

∂x

∣

∣

∣

∣

2∂2u

∂x2
= 0,(1.7)

presented by Kirchhoff in 1883 [28], which extends d’Alembert’s wave equation. One

notable feature of model (1.7) is that it contains a nonlocal term P0

h
+ E

2L

∫ L
0

∣

∣

∣

∣

∂u
∂x

∣

∣

∣

∣

2

. The

parameters L, h, E, m, P0 in model (1.7) represent different physical meanings, which
we will not cover here. For an application related to Kirchhoff problems in capillary
phenomena, we refer to [45], where the authors proposed a computational model to
simulate the interaction between a complex fluid and a solid material. The complex
fluid is represented using a diffuse-interface model, governed by the incompressible
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Navier-Stokes-Cahn-Hilliard equations. Preferential-wetting boundary conditions are
applied at the fluid-solid interface. The fluid-solid interaction involves fluid traction on
the interface, incorporating a contribution from capillary stress. The dynamic interface
condition considers the traction exerted by the non-uniform fluid-solid surface tension.
The authors formulated the complex-fluid-solid interaction problem in a weak form,
employing an Arbitrary-Lagrangian-Eulerian approach for the Navier-Stokes-Cahn-
Hilliard equations. They also appropriately reformulated the complex-fluid traction
and the fluid-solid surface tension. To validate their model, further details can be
found in the cited paper [45].

Our approach to proving the existence and multiplicity results for problems (1.1)
relies on the utilization of the critical points theorem together with genus theory and
variational approach.

This work is organized as follows. In Section 2, we provide a brief overview of the
key features of variable exponent Lebesgue spaces and ψ-Hilfer fractional derivative
spaces. Moving on to Section 3, we present the existing solutions to problems (1.1),
along with their corresponding proofs.

2. Preliminary

In this section we collect preliminary concepts of the theory of variable exponent
Lebesgue space, classical and fractional ψ-Hilfer derivative space (see [2, 4, 5, 11–14,
19–24,40–43]).

2.1. Variable exponent Lebesgue space. In the following, we define

C+(RN) =


τ ∈ C(RN) : 1 < τ− ≤ τ+ < +∞
}

,

where
τ− := inf

x∈RN

τ(x) and τ+ := sup
x∈RN

τ(x).

Denote by U(RN) the set of all measurable real-valued functions defined in R
N . For

any s ∈ C+(RN), we denote the variable exponent Lebesgue space by

Lτ(x)(RN) =


u ∈ U(RN) :
∫

RN

♣u(x)♣τ(x)dx < +∞
}

,

equipped with the Luxemburg norm

∥u∥Lτ(x) = inf

{

ν > 0 :
∫

RN

∣

∣

∣

∣

u(x)

ν

∣

∣

∣

∣

τ(x)

dx ≤ 1

}

,

then, the variable exponent Lebesgue space
(

Lτ(x)(RN), ∥ · ∥Lτ(x)



becomes a Banach
space.

We have the following generalized Holder inequality
∣

∣

∣

∣

∫

RN

u(x)v(x)dx
∣

∣

∣

∣

≤ 2∥u∥Lτ(x)∥v∥Lτ ′(x) ,(2.1)

for u ∈ Lτ(x)(RN), v ∈ Lτ
′(x)(RN) such that 1

τ(x)
+ 1

τ ′(x)
= 1.
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At this point, let define the following map στ(x) : Lτ(x)(RN) → R by

στ(x)(u) =
∫

RN

♣u(x)♣τ(x)dx.

Then, we can see the important relationship between the norm ∥ · ∥Lτ(x) and the
corresponding modular function στ(x)(·) given in the next proposition.

Proposition 2.1. If u and (uk)k∈N ∈ Lτ(x)(RN), we have

∥u∥Lτ(x) < 1 (= 1, > 1) if and only if στ(x)(u) < 1 (= 1, > 1),(2.2)

∥u∥Lτ(x) > 1, then ∥u∥τ
−

Lτ(x) ≤ στ(x)(u) ≤ ∥u∥τ
+

Lτ(x),(2.3)

∥u∥Lτ(x) < 1, then ∥u∥τ
+

Lτ(x) ≤ στ(x)(u) ≤ ∥u∥τ
−

Lτ(x),(2.4)

lim
k−→+∞

∥uk − u∥Lτ(x) = 0 if and only if lim
k−→+∞

στ(x)(uk − u) = 0.(2.5)

Remark 2.1. Note that, by (2.3) and (2.4), we can derive the two subsequent inequal-
ities:

∥u∥Lτ(x) ≤στ(x)(u) + 1,(2.6)

στ(x)(u) ≤∥u∥τ
+

Lτ(x) + ∥u∥τ
−

Lτ(x) .(2.7)

2.2. ψ-Hilfer fractional derivative space. Let A := [c, d], −∞ ≤ c < d ≤ +∞,
n − 1 < γ < n, n ∈ N, f , ψ ∈ Cn(A,R) such that ψ is increasing and ψ′(x) ̸= 0, for
all x ∈ A. We recall the following definitions (see [39]).

• The left-sided fractional ψ-Hilfer integrals of a function f is given by

(2.8) I
γ;ψ
c+ f(x) =

1

Γ(γ)

∫ x

c
ψ′(y)(ψ(x) − ψ(y))γ−1f(y)dy.

• The right-sided fractional ψ-Hilfer integrals of a function f is given by

(2.9) I
γ;ψ
d− f(x) =

1

Γ(γ)

∫ d

x
ψ′(y)(ψ(y) − ψ(x))γ−1f(y)dy.

• The left-sided ψ-Hilfer fractional derivatives for a function f of order γ and type
0 ≤ κ ≤ 1 is defined by

Dγ,κ;ψ
c+ f(x) = I

κ(n−γ);ψ
c+



1

ψ′(x)
·
d

dx

n

I
(1−κ)(n−γ);ψ
c+ f(x).

• The right-sided ψ-Hilfer fractional derivatives for a function f of order γ and type
0 ≤ κ ≤ 1 is defined by

Dγ,κ;ψ
c+ f(x) = I

κ(n−γ);ψ
d−



−
1

ψ′(x)
·
d

dx

n

I
(1−κ)(n−γ);ψ
d− f(x).

Choosing κ → 1, we obtain ψ-Caputo fractional derivatives left-sided and right-sided,
given by

(2.10) Dγ;ψ
c+ f(x) = I

(n−γ);ψ
c+



1

ψ′(x)
·
d

dx

n

f(x),
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(2.11) Dγ;ψ
d− f(x) = I

(n−γ);ψ
d−



−
1

ψ′(x)
·
d

dx

n

f(x).

Remark 2.2. The ψ-Hilfer fractional derivatives defined as above can be written in
the following form

Dγ,κ;ψ
c+ f(x) = I

µ−γ;ψ
c+ Dγ;ψ

c+ f(x)

and

Dγ,κ;ψ
d− f(x) = I

µ−γ;ψ
d− Dγ;ψ

d− f(x),

with µ = γ + κ(n − γ) and I
µ−γ;ψ
c+ , I

µ−γ;ψ
d− , Dγ;ψ

c+ and Dγ;ψ
d− as defined in (2.8), (2.9),

(2.10) and (2.11).

In this paper we take Ω = A1 ×· · ·×AN = [c1, d1]×· · ·× [cN , dN ] where 0 < ci < di
for all i ∈ N, 0 < γ1, . . . , γN < 1.

• The ψ-Riemann-Liouville fractional partial integral of order γ of N -variables
f = (f1, . . . , fN) is defined by

Iγ;ψ
c,x f(x) =

1

Γ(γ)

∫

A1

∫

A2

· · ·
∫

AN

ψ′(y)(ψ(x) − ψ(y))γ−1f(y)dy,

with ψ′(y)(ψ(x)−ψ(y))γ−1 = ψ′(y1)(ψ(x1)−ψ(y1))γ1−1 · · ·ψ′(yN)(ψ(xN)−ψ(yN))γN −1

and Γ(γ) = Γ(γ1)Γ(γ2) · · · Γ(γN), xi = x1x2 · · · xN and dyi = dy1dy2 · · · dyN , for all
i ∈ ¶1, 2, . . . , N♢.

• Dγ,κ;ψ
c,xi

is defined by

Dγ,κ;ψ
c,xi

f(xi) = Iκ(n−γ);ψ
c,xi



1

ψ′(xi)
·
∂N

∂xi



I(1−κ)(n−γ);ψ
c,xi

f(xi),

with ∂xi = ∂x1, ∂x2, . . . , ∂xN and ψ′(xi) = ψ′(x1)ψ
′(x2) · · · ψ′(xN) for all i ∈

¶1, 2, . . . , N♢. Analogously, it is defined Dγ,κ;ψ
d,xi

(·).
Now that we have all the necessary tools, we are ready to commence our study. To

facilitate this, we define the ψ-Hilfer fractional derivative space H
γ,κ,ψ
τ(x) (Ω) as follow

H
γ,κ,ψ
τ(x) (Ω) = Hτ(x)(Ω) :=



u ∈ Lτ(x)(Ω) : ♣Dγ,κ;ψ
0+ u♣ ∈ Lτ(x)(Ω)

}

,

equipped with the norm

∥u∥Hτ(x)
= ∥u∥Lτ(x) + ∥Dγ,κ,ψ

0+ u∥Lτ(x) .

Proposition 2.2 ([44]). Let 0 < γ ≤ 1, 0 ≤ κ ≤ 1 and 1 < τ(x). Hτ(x)(Ω) is a

reflexive and separable Banach space.

Remark 2.3. We can define H
γ,κ,ψ
τ(x),0(Ω) := Hτ(x),0(Ω) as the closure of C∞

0 (Ω) in

H
γ,κ,ψ
τ(x) (Ω) which can be renormed by the equivalent norm ∥u∥ :=

∥

∥

∥Dγ,κ,ψ
0+ u

∥

∥

∥

Lτ(x)
. This

space is a separable and reflexive Banach space (see [44]).
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Proposition 2.3 ([30]). Let Ω be a Lipschitz bounded domain in R
N . Let p ∈ C0(Ω).

If r : Ω → (1,+∞) such that

1 ≤ r(x) < τ ⋆(x) :=







Nτ(x)
N−γτ(x)

, if γτ(x) < N,

+∞, if γτ(x) ≥ N,
for all x ∈ Ω,

then, the embedding

Hτ(x),0(Ω) →֒ Lr(x)(Ω),(2.12)

is compact and there is a constant c0 > 0, such that ∥u∥Lr(x) ≤ c0∥u∥.

2.3. Genus Theory. We introduce fundamental concepts related to Krasnoselskii’s
genus (refer to [9]) which will be employed in the proof of our main results. Let X
be a real Banach space and

R := ¶A ⊂ X\¶0♢ : A is compact and symmetric♢ .

Definition 2.1. Let A ∈ R and X = R
k. We define the genus of A as follows:

G(A) := inf
{

k ≥ 1 : exists g ∈ C
(

A,Rk\¶0♢


, g is odd
}

and C(A) = +∞, if does not exist such a map for any k > 0.

Theorem 2.1 ([9]). Let Ω ⊂ R
N be bounded symmetric with boundary ∂Ω. Assume

that 0 ∈ Ω, then G(∂Ω) = N .

Corollary 2.1 ([9]). The genus of unit sphere S
N−1 of the space R

N is N , i.e.,

G(SN−1) = N .

Definition 2.2. Let X be a real Banach space, and Υ ∈ C1(X,R). We say that Υ
satisfies the Palais-Smale condition ((PS) for short) if any sequence ¶un♢n∈N ⊂ X
such that ¶Υ(un)♢n∈N is bounded and Υ′(un) → 0 as n → +∞, admits a convergent
subsequence.

Theorem 2.2 ([10]). Let Υ ∈ C1(X,R) and let it satisfies the (PS) condition. Addi-

tionally, we assume the following conditions.

(i) Υ is bounded from below and even.

(ii) There is a compact set N ∈ R such that G(N) = k and supx∈N Υ(x) < Υ(0).
Then, Υ has at least k pairs of distinct critical points, and their corresponding

critical values are less than Υ(0).

3. Main Result

In this section, we will proving the existence and multiplicity results for problems
(1.1) relies on the utilization of the critical points theorem together with genus theory
and variational approach.
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Definition 3.1. We say that u ∈ Hτ(x),0(Ω) is a weak solution of problem (1.1) if



α+ βL(u)
 ∫

Ω





∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

τ(x)−2
Dγ,κ;ψ

0+ u+

∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

2τ(x)−2
Dγ,κ;ψ

0+ u
√

1 +
∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

2τ(x)



 Dγ,κ;ψ
0+ φ dx

=ξ
∫

Ω
♣u♣r(x)−2uφdx−

∫

Ω
h(x)♣u♣τ(x)−2φ dx,

for all φ ∈ Hτ(x),0(Ω).

Let us introduce the energy functional E : Hτ(x),0(Ω) → R associated to problem
(1.1)

E(u) = αL(u) +
β

2
(L(u))2 − ξ

∫

Ω

1

r(x)
♣u♣r(x)dx+

∫

Ω

h(x)

τ(x)
♣u♣τ(x)dx,

for all u ∈ Hτ(x),0(Ω).

Observe that E ∈ C1
(

Hτ(x),0(Ω),R


and it is noteworthy that the critical points

of E correspond to weak solutions of (1.1) and its Gateaux derivative is

⟨E′(u), v⟩

=


α+ βL(u)
 ∫

Ω





∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

τ(x)−2
Dγ,κ;ψ

0+ u+

∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

2τ(x)−2
Dγ,κ;ψ

0+ u
√

1 +
∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

2τ(x)



 Dγ,κ;ψ
0+ v dx

− ξ
∫

Ω
♣u♣r(x)−2uvdx+

∫

Ω
h(x)♣u♣τ(x)−2uv dx,

for all u, v ∈ Hτ(x),0(Ω).

Note that the functional L ∈ C1
(

Hτ(x),0(Ω),R


and its derivative operator in weak

sense L
′ : Hτ(x),0(Ω) →

(

Hτ(x),0(Ω)
∗

is such that

⟨L′(u), v⟩ =
∫

Ω





∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

τ(x)−2
Dγ,κ;ψ

0+ u+

∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

2τ(x)−2
Dγ,κ;ψ

0+ u
√

1 +
∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

2τ(x)



 Dγ,κ;ψ
0+ v dx,

for all u, v ∈ Hτ(x),0(Ω).

Theorem 3.1. Problem (1.1) admits at least k pairs of different critical points if

(1.2) holds.

Proposition 3.1 ([1]). The functional L is a convex. The mapping L
′ : Hτ(x),0(Ω) →

(Hτ(x),0(Ω))∗ is bounded homeomorphism and strictly monotone operator, and is a

mapping of type (S+), i.e., if un ⇀ u in Hτ(x),0(Ω) and limn→+∞⟨L′(un) −L
′(u), un −

u⟩ ≤ 0, then un → u in Hτ(x),0(Ω).

Lemma 3.1. The functional E satisfies the (PS) condition.
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Proof. Let show that ¶un♢n∈N is bounded in Hτ(x),0(Ω). Let ¶un♢n∈N ⊂ Hτ(x),0(Ω) be
a (PS) sequence. Employing a proof by contradiction, we assume that, possibly after
considering a sub-sequence, still denote by ¶un♢n∈N, one has ∥un∥ → +∞ as n → +∞.

Let us choose 0 < ω <
{

1
r+ ,

1
τ+ ,

τ−

2(τ+)2

}

. According to Proposition 2.3, for sufficiently

large n, one has

c+ ∥un∥ ≥E(un) − ω ⟨E′ (un) , un⟩

≥α


1

τ+
− ω

∫

Ω
♣Dγ,κ;ψ

0+ un♣τ(x)dx+ β

(

1

2(τ+)2
−

ω

τ−

)

∫

Ω
♣Dγ,κ;ψ

0+ ua♣
τ(x)dx

2

− ξ


1

r−
− ω

 ∫

Ω
♣un♣r(x)dx+



1

τ+
− ω

 ∫

Ω
h(x)♣un♣τ(x)dx

≥α


1

τ+
− ω



∥un∥τ
−

+ β

(

1

2(τ+)2
−

ω

τ−

)

∥un∥2τ−

− ξc0



1

r−
− ω



∥un∥ .

Dividing the aforementioned inequality by ∥un∥ and taking the limit as n → +∞, we
arrive at a contradiction. It is implied by (1.2) that the sequence ¶un♢n∈N is bounded
in Hτ(x),0(Ω).

Moreover, based on Proposition 2.3, we can assume that

(3.1)











un → u strongly in Lr(x)(Ω),
un(x) → u(x) a.e in Ω,
un ⇀ u weakly in Hτ(x),0(Ω).

Using Holder’s inequality and (3.1), one has
∣

∣

∣

∣

∫

Ω
♣un♣τ(x)−2un(un − u)dx

∣

∣

∣

∣

≤
∫

Ω
♣un♣τ(x)−1♣un − u♣dx

≤ ∥un∥τ
+−1
τ(x)

τ(x)−1

∥un − u∥τ(x) → 0, as n → +∞.

Therefore,

(3.2)
∫

Ω
♣un♣τ(x)−2un(un − u)dx → 0, as n → +∞,

and

(3.3)
∫

Ω
♣un♣r(x)−2un(un − u)dx → 0, as n → ∞.

Then,

⟨E′(un), un − u⟩ → 0, as n → +∞.

This implies that

⟨E′(un), un − u⟩

=(α+ βL(un))

∫

Ω

(

∣

∣Dγ,κ;ψ
0+ un

∣

∣

τ(x)−2
Dγ,κ;ψ

0+ un +

∣

∣Dγ,κ;ψ
0+ un

∣

∣

2τ(x)−2
Dγ,κ;ψ

0+ un
√

1 +
∣

∣Dγ,κ;ψ
0+ un

∣

∣

2τ(x)

)

Dγ,κ;ψ
0+

(

un − u
)

dx

− ξ

∫

Ω

∣

∣un
∣

∣

r(x)−2
un
(

un − u
)

dx+

∫

Ω

h(x)
∣

∣un
∣

∣

τ(x)−2
un
(

un − u
)

dx → 0, as n → +∞.
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Thus, we can infer from equations (3.2) and (3.3) that

(α+ βL(un))

∫

Ω





∣

∣

∣D
γ,κ;ψ
0+ un

∣

∣

∣

τ(x)−2
Dγ,κ;ψ

0+ un +

∣

∣Dγ,κ;ψ
0+ un

∣

∣

2τ(x)−2
Dγ,κ;ψ

0+ un
√

1 +
∣

∣Dγ,κ;ψ
0+ un

∣

∣

2τ(x)





×
(

Dγ,κ;ψ
0+ un − Dγ,κ;ψ

0+ u


dx → 0, as n → +∞.

Therefore, according to Proposition 3.1, un → u in Hτ(x),0(Ω). Hence, we conclude
the proof. □

Lemma 3.2. The functional E is coercive and bounded from below.

Proof. For any u ∈ Hτ(x),0(Ω), we have

E(u) ≥
α

τ+

∫

Ω

∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

τ(x)
+

β

2(τ+)2

∫

Ω

∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

τ(x)
dx
2

−
ξ

r−

∫

Ω
♣u♣r(x)dx

+
1

τ+

∫

h(x)♣u♣τ(x)dx.

Using Propositions 2.1 and 2.3, we have two cases.
Case 1. If ∥u∥Lτ(x) > 1, then

E(u) ≥
α

τ+
∥u∥τ

−

+
β

2(τ+)2
∥u∥2τ−

−
ξc0

r−
∥u∥r

+

.

According to (1.2), E is coercive and bounded from below.

Case 2. If ∥u∥Lτ(x) < 1, then

E(u) ≥
α

τ+
∥u∥τ

+

+
β

2(τ+)2
∥u∥2τ+

−
ξc0

r−
∥u∥r

−

.

Since 2τ+ > τ+ and 2τ+ > τ−, this implies that E is coercive and bounded from
below. □

Proof of Theorem 3.1. Let (sn)∞

n=1 be a Schauder basis for the space Hτ+,0(Ω) and
Yk = span¶s1, s2, . . . , sk♢, the subspace of Hτ+,0(Ω) generated by s1, s2, . . . , sk. Clearly,
Yk is subspace of Hτ+,0(Ω). Then, since Hτ+,0(Ω) ⊂ Hτ(x),0(Ω) ⊂ Lr(x)(Ω) we have

Yk ⊂ Lr(x)(Ω). Also, since Yk is a finite-dimensional space, the norms ∥ ·∥ and ∥ ·∥Lr(x)

are equivalent on Yk. Therefore, there exists a positive constant ck such that

∥u∥Lr(x) ≥ ck∥u∥, for all u ∈ Yk.

Note that since

√

1 +
∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

2τ(x)
< 2

∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

τ(x)
, we have

(3.4) L(u) ≤
3

τ−

∫

Ω

∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

τ(x)
dx.

Let u ∈ Yk such that ∥u∥ < 1, then using (3.4) and (H0) one has

E(u) =αL(u) +
β

2
(L(u))2 − ξ

∫

Ω

1

r(x)
♣u♣r(x)dx+

∫

Ω

h(x)

τ(x)
♣u♣τ(x)dx
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≤
3α

τ−

∫

Ω

∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

τ(x)
dx+

9β

2(τ−)2

∫

Ω

∣

∣

∣Dγ,κ;ψ
0+ u

∣

∣

∣

2τ(x)
dx

−
ξ

r+

∫

Ω
♣u♣r(x)dx+

1

τ−

∫

Ω
h(x)♣u♣τ(x)dx

≤c1



∥u∥τ
−

+ ∥u∥2τ−



− c2∥u∥r
+

Lr(x) +
1

τ−
∥h∥L∞∥u∥τ

−

≤c3



∥u∥τ
−

+ ∥u∥2τ−



− c4∥u∥r
+

=∥u∥r
+


c3



∥u∥τ
−−r+

+ ∥u∥2τ−−r+


− c4



.

There exists λ ∈ (0, 1) sufficiently small such that λr
+
< 1 and c3λ

τ−−r+
+c3λ

2τ−−r+
≤

c4

2
. Let consider Skλ := ¶u ∈ Yk : ∥u∥ = λ♢. We have

E(u) ≤ λτ
+
(

c3λ
τ−−r+

+ c3λ
2τ−−r+

− c4



,

for all u ∈ Skλ. Thus,

sup
u∈Sk

λ

E(u) ≤


c4

2
− c4



= −
c4

2
< 0 = E(0).

Since Yk and R
k are isomorphic, Skλ and S

k−1 are homeomorphic, thus G

(

Skλ



= k.

According to Theorem 2.2, E has at least k pairs of different critical points. □
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