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SOME CLASSES OF SIMULTANEOUS COSPECTRAL GRAPHS
FOR ADJACENCY, LAPLACIAN AND NORMALIZED
LAPLACIAN MATRICES

A. DAS! AND P. PANIGRAHI?

ABSTRACT. In this paper we construct several classes of non-regular graphs which
are co-spectral with respect to all the three matrices, namely, adjacency, Laplacian
and normalized Laplacian, and hence we answer a question asked by S. Butler.
We make these constructions starting with two pairs (G, Hy) and (G2, Ha) of A-
cospectral regular graphs, taking their R-graph R(G;), R(H;), i = 1,2, and finally
making some kind of partial joins between R(G1) and R(G3); and R(H;) and R(Hy).
Moreover, we determine the number of spanning trees and the Kirchhoff index of
the newly constructed graphs.

1. INTRODUCTION

In recent years, construction of cospectral graphs for different matrices is one of the
interesting research problem in the area of spectral graph theory. Here we construct
some graphs which give an answer to the question “Is there an example of two non-
regular graphs which are cospectral with respect to the adjacency, combinatorial
Laplacian and normalized Laplacian at the same time?” asked by Butler [2]. To
present the results of the paper we need some definitions and terminology as follow.
All graphs considered in the paper are simple and undirected. For any graph G, we take
V(G) and E(G) as the vertex set and edge set of G, respectively. The adjacency matriz
of graph GG, denoted by A(G), is a square matrix whose rows and columns are indexed
by vertices of graph G, and the (u,v)™ entry is 1 if and only if vertex u is adjacent to
vertex v and 0 otherwise. If D(G) is the diagonal matrix of vertex degrees in GG, then
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the Laplacian matriz L(G) is defined as L(G) = D(G) — A(G) and the normalized
Laplacian matriz £(G) of G is defined as £L(G) = I — D(G)"Y?A(G)D(G)~/? with
the convention that D(G) ™! (u,u) = 0 if degree of u is zero. For a given square matrix
M of size n, we denote the characteristic polynomial det(zl, — M) by fu(z). The
eigenvalues of A(G), L(G) and £(G) are denoted by A\ (G) > Xo(G) > -+ > N\ (G),
0 =m(G) < pa(G) < -+ < (@), and 0 = 6,(G) < 6,(G) < -+ < 6(G) < 2,
respectively, where n is the number of vertices of G. The multiset of eigenvalues
of A(G) (respectively, L(G), £(G)) is called the adjacency (respectively, Laplacian,
normalized Laplacian) spectrum of G, and denoted by A-spectrum (respectively, L-
spectrum, L-spectrum). Two graphs are said to be A-cospectral (respectively, L-
cospectral, L-cospectral) if they have the same A-spectrum (respectively, L-spectrum,
L-spectrum).

The R-graph R(G) [6] of a graph G is the graph obtained from G by introducing a
new vertex u, for each e € E(G) and making u. adjacent to both the end vertices of
e. The set of such new vertices is denoted by I(G), i.e., I(G) = V(R(G))\V(G). The
partial joins of R-graphs which are considered in the paper are given in the definition
below.

Definition 1.1. Let G; and G5 be two vertex-disjoint graphs with number of vertices

ny and ng, and edges m; and my, respectively. Then the following hold.

(i) The R-vertez-vertex join of G; and Go, denoted by R(G1)VR(Gs), is the graph
obtained from R(G;) and R(Gs) by joining each vertex of V(G;) with every
vertex of V(G3). The graph R(G1)VR(Gs) has ny + ng + my + my vertices and
3my + ning + 3my edges.

(ii) The R-edge-edge join of Gy and G, denoted by R(G;)VR(Gy), is the graph
obtained from R(G;) and R(G3) by joining each vertex of I(G;) with every
vertex of I(Gy). The graph R(G1)VR(Gy) has ny + ny + my + my vertices and
m1(3 + my) + 3my edges.

(iii) The R-edge-vertex join of G and Gy, denoted by R(G1)VR(Gs), is the graph
obtained from R(G;) and R(G3) by joining each vertex of I(G;) with every
vertex of V(Gy). The graph R(G1)VR(Gs) has ny + ny + my + my vertices and
m1(3 + ng) + 3my edges. (We note that R-vertex-edge join of G; and G is
isomorphic to the R-edge-vertex join of Gy and G7.)

FEzample 1.1. Let us consider two graphs G; = P3 and Gy = P, (see Figures 1, 2
and 3). The set of dark vertices of G; and Gy are I(G,) and I(Gs), respectively.

In the following lemma we find the degrees of vertices in the above constructed
graphs.

Lemma 1.1. (i) The degree of any vertez v in R(G1)VR(G2) is given by
N9 + QdGl (U), Z'f’U € V(Gl),

2, if ve I(Gr)UI(Ga),

d(cyir(an) (V) =
ny + 2dg, (v), ifv e V(Gy).
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FIGURE 1. R-vertex-vertex join of P3 and P

FIGURE 2. R-edge-edge join of P53 and P,

FIGURE 3. R-edge-vertex join of P53 and P,

(i1) The degree of any vertex v in R(G1)VR(Gs) is given by
2dG1(U), ifv e V(Gl),
()= 24+my, ifvel(Gy),
ReTR@\Y T 26, (0),  ifv € V(Gy),
2+m1, Zf’UEI(GQ)

(i43) The degree of any vertex v in R(G1)VR(Gy) is given by

d

2dG1 (U), ZfU S V(G1>,

d _ (’U) _ 2 + ng, ifve ](Gl),
R(G1)VR(G2) 2dG2 (U) —+ my Zf’U S V(GQ),
2, ifv e I(Gy).

For two matrices A and B, of same size m xn, the Hadamard product Ae B of A and
B is a matrix of the same size m x n with entries given by (Ae B);; = (A);;-(B);; (that
is entrywise multiplication). Hadamard product is commutative, that is Ae B = Be A.

Notation. Throughout the paper, for any positive integers k, n, and ns, I} denotes
the identity matrix of size k, J,,xn, denotes ny X ns matrix whose all entries are 1,
1,, stands for the column vector of size n with all entries equal to 1, K, «, denotes an
n X n matrix whose all entries are the same. In other words, K, «, = aJ,xn, for a
real number «. For any positive integers s and ¢, O,y denotes the zero matrix of size
s X t.

To prove our results we need some basics as given below.
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Lemma 1.2 (Schur complement [7]). Suppose that the order of all four matrices M,
N, P and Q satisfy the rules of operations on matrices. Then we have

M N

P Q =|Q|-|M - NQ'P| (if Q is a non-singular square matriz)

=|M|-|Q — PM™'N| (if M is a non-singular square matriz).

Lemma 1.3 ([7]). For a square matriz A of size n and a scalar o, det(A+ adyxn) =
det(A) + a1l adj(A)1,,, where adj(A) is the adjugate matriz of A.

Lemma 1.4. For any real numbers c¢,d > 0, we have
1 d

(CIn - dJan)_l = *[n +

——————Jnxn-
c c(c—nd)"""

Proof. We have
adj(cl, — dJpxn) A 2(c—nd)l, + " 2dJpn

(el — dJpsn)

" det(cly — dduxn) (¢ — nd)
1 d
=1t —————Jnsn. U
c * c(c—nd)""”
For a graph G on n vertices and m edges, the vertez-edge incidence matriz R(G)
of G is a matrix of size n x m, with entry 7;; = 1 if the " vertex is incident

to the j'" edge, and 0 otherwise. In particular, if G is an r-regular graph then
R(G)R(G)T = A(G) +rI, = 2rl, — L(G) = r(2I, — L(G)).

Notation. The M-coronal of an nxn matrix M, denoted by I'y/(z), is defined [5,10]
as the sum of the entries of the matrix (zI,, — M)~!, that is, [y (x) = 1L (21, — M)7'1,,.

Lemma 1.5 ([5]). If M is an n x n matriz with each row sum equal to a constant t,
then T'p(x) = 2.

r—t

Butler [2] constructed non-regular bipartite graphs which are cospectral with respect
to both the adjacency and normalized Laplacian matrices, and then asked for existence
of non-regular graphs which are cospectral with respect to all the three matrices,
namely, adjacency, Laplacian and normalized Laplacian. In this paper we construct
several classes of such graphs taking help of the operations R-vertex-vertex join, R-
edge-edge join, and R-edge-vertex join. We also find the number of spanning trees
and Kirchhoff index for all the partial join of R-graphs constructed here.

2. ADJACENCY, LAPLACIAN AND NORMALIZED LAPLACIAN SPECTRA OF THE
GRAPHS

In this section we consider regular graphs G; on n; vertices, m; edges, and with
degree of regularity r;, i = 1,2. To obtain the required matrices we label the vertices
of the graphs in the following way. Let V(G1) = {v1,...,vn, }, I(G1) = {e1, ..., €m, }+
V<G2) = {Ul, Ce ,UnQ}, I(GQ) = {fl, ey me} TEGD, V(Gl) U I(Gl) U ‘i(GQ) U ](Gg)
is a partition for all V(R(G1)VR(Gs)), V(R(G1)VR(G3)) and V(R(G1)VR(Gs)).
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Lemma 2.1. Fori=1,2, let G; be a graph with n; vertices and m; edges.

have the following:

(1)
A(Gl) R(Gl) meng
R<G1)T Oml Om1><n2

ARG)R(G) = | BT Om G
Omyxm Omaxm B(G2)"

(ii)
A<G1)T R(G1)  On,xng
ARGITRGD) = | 71 0.
Omxms Iy R(Go)”

(i)
A(Gl)T R(G1)  Onyxny
ARGCOTR(G)) = | FGDT Oma Ty

OngX’nl Jnngl A(GQ)
Omanl Om2><m1 R<G2)T

On1 Xma

Om1 Xma .
R(Gy) |’
O,

On1 Xma

Jml Xma .
R(Go) |’
O,

On1 Xma

Om1 Xma

R(Gs)
O,
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Then, we

Theorem 2.1. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then, the adjacency spectrum of R(G1)VR(Gs) consists of:

(i) two roots of the equation x* — N\;(G1)x —r1 — \(G1), for every eigenvalue \i(Gy),

i=2,3,....m, of A(Gy);

(ii) two roots of the equation x* — \;(Ga)x — 1o — \;(Ga), for every eigenvalue \;(Gs),

J=2,3,...,n2, of A(G2),
(iii) the eigenvalue 0 with multiplicity my + mo — nq — no;

(iv) four roots of the equation x* — (ry +1r9)x> — (2r) +nyng +2ry — 11192 + 4ryrox +

4riry = 0.

Proof. The adjacency characteristic polynomial of R(G1)VR(G3) is

x]nl - A(Gl) _R(Gl) _Jn1><n2 On1Xm2

. _ _R(Gl)T :E[rm Om1 Xng Om1 Xma

faw@numeay (@) =det | 570 p A(Ga) —R(C)
Omgxnl Om2><m1 _R(G2)T $Im2

= 2" det(95),

where

_R(Gl)T $Im1 Om1><n2

:L‘]nl - A(Gl) _R(Gl) _Jnlxng
S pu—
_JTLQan Oanml xInz - A(G2)

o) (Omans O R(Gy)")
- miXmso - mo XNy moXmi 2
—R(Gy)) "
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I]nl — A(Gl) —R(Gl) _Jnlxng
— —R(Gl)T IIml Om1><n2 :
_Jn2><n1 O’I’LQXml x]-’nz - A(GQ) - iR(GQ)R(GQ)T
Hence,
1
det(S) = det(x1,, — A(Gy) — ;R(GQ)R(GQ)T) det(W)
=11 {o - 6w - 2 = M b aanqn),
faie] T T

where

Om1><n2 x
— 'T[nl A(Gl) - FA(GQ)“F%R(GQ)R(GQ)T (m)‘]nl XNy R(Gl)
—R(Gl)T I[ml
Then,
1
det(W) =2 det (ﬂm — A(G1) = Ta(ays L r@n) R(Go)T (£) Ty — xR(Gl)R(Gl)T>

—g™ [det (ﬂm — A(Gy) — ;R(Gl)R(Gl)T>

. 1
- FA(G2)+%R(G2)R(G2)T(x)]-;;l adj (wfm - A(Gy) - xR(Gl)R(Gl)T> 1n1]
_o™ det (xfm _AGY) - iR(Gl)R(Gl)T>

1 —1
X [1 — )+ L R(G)R(G)™ (0) 10, <$In1 — A(Gh) - xR(Gl)R(Gl)T> 1n1]

ni

™ ] {x NG =2 ”Gl)}

ey x x
X [1 - FA(GQ)Jr%R(Gg)R(Gg)T<x>FA(G1)+%R(G1)R(G1)T(xﬂ

=2z ] {x - Xi(Gy) — 2 Ai(Gl)} [1 - i~ 2ry nl_ 2”] '

baie x x T—reg— =2 w—11— =

Therefore,

= r A G
fa@@yiri) () =z™a™ [ ] {m MG — ;1 A 1)}

i=1 z
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xH{x— (Ga) ——AJ'(GQ)}

X T

1 2 n
X — .
x—m—% r—r -

xT

=g Ty 1_1[ {xQ —Xi(Gr)z — 11 — )‘i(Gl)}

xH{x —N(Go)x — 1y — )\(Gg)}[l‘ —(r1 + 1)z 3

— (2r1 + nyng + 2ry — rire)a? + drirox + 47’17*2},
and the result follows immediately. O

Theorem 2.2. Fori = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then, the adjacency spectrum of R(G1)VR(Gs) consists of:
(i) two roots of the equation x* — X\;(G1)x — 11 — N\i(G1), for every eigenvalue \i(G),
1= 2,3, .o, ny, OfA(Gl),'
(ii) two roots of the equation x* — \;(Ga)x — 1o — \;(Ga), for every eigenvalue \;(Gs),
=23, n2, of A(Gs);
(iii) the eigenvalue 0 with multiplicity my + mo — nq — no;
(iv) four roots of the equation x* — (11 +1r9)x® — (2r1 +mimeg +2re —r17r9)x® + (dryre +
MmaMmary + mamare)T + 4riry — mymaryre = 0.

Proof. The adjacency characteristic polynomial of R(G1)VR(Gy) is
x[nl - A(Gl) _R(G1> On1 XMNno On1 Xmeo

_ _R(G1>T ‘T]m1 Om1><n2 _Jlemz
Fa@nmmen @) =det |5 g L, S A(Gy)  —R(Ga)
Omanl _ngxml _R(G2)T x‘[m2
=z det(95),
where
el — A(G)) —R(G)  Onns
S = _R(GI)T x-[ml OlenQ
On2><n1 On2><m1 xlnz - A(G2)

On1Xm1 1

- _Jm1><’rn2 - (Omgxm _ngxml _R(GQ)T)
—R(Gy) ) *

(l’fm - A(Gl) _R(Gl) OTLanQ )

_R(Gl)T x[m1 — 2 Jm1><m1 _l‘]leng(GQ)T

T

On2><n1 R(G2)Jm2><m1 $In2 - A<G2) - iR(GQ)R<G2)T
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Hence,
det(S) = det (IIn2 — A(Gq) — iR(GQ)R(Gg)T> det(W)
10 { ) - ”G)} det(1V),
where

W = xl,, — A(Gh) —R(Gy) _ On, xny
—R(Gl)T «TI — 2 J mixXmy _ijmlxng(G2>T
-1
X (ﬂm —A(G,) — $R(G2)R(G2)T> (O —2R(G2) Sinaen,)

(ﬂm—Awg —R(G») )
—R(Gy)" Ty — 22y xmy — T2F A(G2)+LR(G2)R (Gg)T(x)Jm1><m1 .

Then,
det(W)

mo ’T‘%
=det | w1, — ?Jmlxml - EFA(GQ)—‘,-%R(GQ)R(GQ)T(‘r)‘]mlxml

x det (x[m — A(Gy) — R(Gy)

2

-1
mo T
X (xfml - ?Jmlxml - ;2FA(GZH;R(GQ)R(GQ)T(f)Jmlxm1> R(GI)T)

2

mi 2 T ma
=T {1 - (m + ;FA(GQH;R(GQ)R(GQ)T(??)) m} det [xfnl — A(Gh)

2
(™2 + 2T 45004 L RG2)R(G)T (T))
(G2)+; R(G2)R(G2) T R(Gl)T

7,,2
w(x —mi(F + Fl a1 LR R T (2

. my 12 my
=z {1 - < + 2FA(G2)+ L R(Ga)R(Go)T (T )) I}

- R(Gy) {i m

xz

x det (:L’Im — A(Gy) — ;R(GQR(GQT

2

(% + %F 2)+1R(G2 2 r (@

B = JCAREYALTER ) R(G) o R(G)T
z(z —mi (%2 + 20 A+ Lren) R(G)7 (7))

. my 12 my
=z {1 - <x + 2FA(G2)+ L R(Ga)R(Go)T (T )) I}
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x det (:L’Im — A(Gy) — iR(Gl)R(Gl)T

T'2
2 (% + :E%FA(GZ)-F R(GQ)R(GQ)T(:E)) J )
1 m nipXni
z(x —m (%2 FA(G2)+ R(GQ)R(GQ)T(x)))

2
me my
=x {1 - (:L’ + xQFA(GQ)“F R(G2)R(G2)T ( )> ZL’}
1
x det <$[m — A(Gy) — ;(Tllm + A(Gl)))

7.2
7‘1(% + ;%FA(GQ)-&-%R(Gz)R(Gz)T(:E))FA(Gl)—&—%R(G’l)R(Gl)T(‘T)

7,,2
z(r —my ("2 + ;%FA(GQ)-&-%R(Gg)R(Gg)T(x)))

X |1—

Il
&
E
—
—_
|
/
§
Hl\? —/~

Therefore,
2
B _mi.ms _ @ rang my
fA(az(Gl)vaz(GQ))(x) =T {1 ( T + e 2;2)) T }
= 1 )\Z(Gl)
X — )\Z G _ —
i {e-aie -2 -2
n2 T9 A (Gz)
X —XMi(Gy) ===
]131{55 J( 2) . -
2 my r2no
7“1 (CC _'_ xz(x_TQ_rQ))nl
x |1
2

=g M M2 H{I’ — (Gl)m — " — )‘%(Gl)}

X H{x — XN (Ga)x — 1o — X\ (G2)}

X [JC4 — (ry +19)2® — (2r) + mymg + 2ry — ri1y)2?
+ (47179 + mymary + mymere)x + 41119 — Mmymarirel,

and hence the result follows. O
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Theorem 2.3. Fori = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then, the adjacency spectrum of R(G1)VR(Gs) consists of:
(i) two roots of the equation x* — \;(G1)x — 11 — Ni(G1), for every eigenvalue \;(G),
1= 2,3, .o, Nny, 0fA(G1>,’
(ii) two roots of the equation x* — \;(Ga)x — 12 — X\ (G2), for every eigenvalue \j(Gz),
j = 2,37 ..., Mg, OfA(GQ),'
(iii) the eigenvalue 0 with multiplicity mq + my — ny — ng;
(iv) four roots of the equation x* — (ry +ry)x® — (2ry +myng +2ro — rira) a2 + (dryry +
rlmlng)x + 47”17"2 =0.

Proof. The adjacency characteristic polynomial of R(G1)VR(Gs) is
xjnl - A(Gl) _R(Gl) On1><n2 On1><m2

_ _R(Gl)T mIml _Jm1 Xng Om1 Xma
Tanmmean(®) =det |5 el — A(Ga) —R(Ga)
Omgxnl Om2><m1 _R(G2)T ‘TImZ
= 2™ det(.9),
where
xlﬂl - A(Gl) _R(Gl) On1><n2
S = —R(Gl)T 1y, —Jmyxns
OTLQX’nl _Jngxml x[nz - A(GQ)
On1><m2 1
- Om1 Xmao - (OmQan Omng1 _R(GQ)T>
—R(Gy)) *
[L’Inl — A(Gl) —R(Gl) On1><n2
= _R(Gl)T x[ml _Jm1><n2 .
Ongxnl _Jn2><m1 :L‘]nz - A(GQ) - %R(GQ)R(GQ)T
Hence,
1
det(S) = det(x1,, — A(Gy) — ;R(GQ)R(GQ)T) det(W)
_ {:p o (Gy) = T2 G) } det(WW),
i=1 t
where

ZE]nl —A(Gl) —R(Gl)
WZ( “RG)T al, )

_Jm1 XN

<3c[m — A(GY) —R(G1) ) |

—R(Gy)" Tl — FA(G2)+%R(G2)R(G2)TJm1><m1

B < O, xns > ($]n2 — A(Gg) — ;R(GQ)R(GQ)T)_l (Ongxnl _Jn2><m1>



SOME CLASSES OF SIMULTANEOUS COSPECTRAL GRAPHS

1253
Then,

— R(G1) (2], — FA(Gg)—Q—iR(G’g)R(Gg)TJmlXml)_lR<G1)T)

my

=z™ (1 ~ L i)+ 1RG0 R(G) T (2) . )det [gg[m — A(GY)
: Lagares ()
— R(G1){ =L, + A(G2)+1R(G2)R(G2) i L rr
v I(J} N mlFA(Gz)-F%R(GQ)R(GQ)T (.I‘))

m mq 1
:x1(1—FMGﬁﬂR@ﬂM%ﬂ(@:E>d%<xhl—fﬂGﬂ——mR«ﬁﬂ%GﬂT
FA(Gg)—&-%R(G’g)R(Gg)T(x)

R(G1) Ty xem R(Gl)T>
z(z — mer(GQ)jL%R(Gg)R(GQ)T(95)) e
ma my
=X (1 — FA(GQ)“F%R(GQ)R(GQ)T (:L’)x> det (m[nl — A(Gl)

1 FA G +lR G2)R(G T(x)
B fR(Gl)R(Gl)T _ 7”% (G2)++ R(G2)R(G2) Jn1><n1)
T a;(x - m1FA(GQ)+%R(G2)R(G2)T(x))

my
<1 - FA(GQ)-I—;R(GQ)R(Gz)T(x)x)

det (21, = A(G)) = ~(i T, + A(G) )

mi

=T

X [1 _ T a2 renren™ (@)L a6 12 R ranr (©)
T (:C — mIFA(Gg)Jr%R(Gz)R(GﬂT(a:))
=™ (1 =
(1

s T e

T =1

_ 316(7“1 + Ai(ca))}

2
Tinineg
X |1— !

Therefore,

e m mine
FaGyimesy (@) =2 2™ (1 - :v( ))
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X |1 —

2r min 2r
x(x—rl—wl><$—1%r2)<x—r2—x?>
T—roa— =~

:$m1—n1xm2—n2 H{.TQ — )\Z(Gl).T — 7y — )\1(G1)}
=2
X H{I‘Q — )\J(Gg)l’ — T9 — )\J(Gg)}[ﬂf4 — (7“1 + 7"2)1‘3
j=2

— (2r1 + mung + 2ry — riro)z? + (dryrg + rimang )z + 47’17’2},

and the result follows. O

In the similar way we can obtain Laplacian and normalized Laplacian spectra of
the partial join of R-graphs, which are given below.

Lemma 2.2. We have the following Laplacian matrices:

(i)

(7"1 + n2)In1 +TL(G1) _R(Gl) _Jnl XMng On1 Xmo
v _ _R(Gl) 2Im1 Om1 X 12 Om1 xma | .
L(R(G1)VR(G3)) = S Onyxmy  (r2 +n1)In, + L(G2) —R(G) |’
Omz XNy Omngl _R(G2)T QImQ
(ii)
Tl‘[nl + L(gl) _R(Gl) On1 X N2 On1 XMmo
— o —R(Gl) (2 +m2)1m1 Om1 Xng _Jm1><m2 .
L(R(G1>\/R(G2)) - O’n2 Xni Onngl T2In2 + L(GQ) _R(GQ) ’
Omanl _Jm2><m1 _R(GQ)T (2 + ml)Im2
(iii)
rllnl + L(gl) _R(Gl) On1 Xng OTL1 XMmo
VI _ _R(Gl) (2 +n2)Im1 _Jm1><n2 Om1><m2
HRONVRED = Oppins gy (2 m) oy + L(G2) —R(Go)
O?TLQ XN Omng1 _R(GQ)T 2Im2

Theorem 2.4. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then, the Laplacian spectrum of R(G1)VR(G3) consists of:
(i) roots of the equation x* — (2411 +na + p;(G1))z + 2na + 31;(G1) = 0, for every
eigenvalue p;(G1), i =2,3,...,n1, of L(Gy);
(ii) roots of the equation x* — (2 +12 4+ n1 + p;(Ga))x + 2n1 + 3u;(G2) = 0, for every
eigenvalue 11;(G2), j =2,3,...,n2, of L(Gs);
(iii) the eigenvalue 2 with multiplicity mq + my — Ny — ng;
(iv) four roots of the equation x* — (4 41y + 1y +ny +no)x® + (4 + 4ny + 4ng + 2r) +
2ry + 117 + 11Ny + Tang)x? — 2(2n1 + 209 + 110y + rong)z = 0.

Theorem 2.5. Fori = 1,2, let G; be an r;i-reqular graph with n; vertices and m;
edges. Then, the Laplacian spectrum of R(G1)VR(G,) consists of:
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(i) roots of the equation x> —(2+11+ma+p;i(G1))x+r1mo+3u;(G) +mau; (G1) = 0,
for every eigenvalue 1;(G1), i =2,3,...,n1, of L(Gy);
(ii) roots of the equation x* —(24ro+mq+1;(G2))z+rom +3u;(Ga) +mipi(G2) = 0,
for every eigenvalue pj(Gs), 7 =2,3,...,n9, of L(Gs);
(iii) the eigenvalue 2 + mo with multiplicity my — ny;
(iv) the eigenvalue 2 + my with multiplicity ma — no;
(v) four roots of the equation x*—(4+ri+ro+mi+mo) a3+ (4+2r +2ro+r ro+rim, +
ToM9 + 2m1 + 2m2 +rime + T2m1>l’2 — (27“17712 + 27’277’1,1 +riromy + 7’17’277’1,2)]3 =0.

Theorem 2.6. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then, the Laplacian spectrum of R(G1)VR(Gy) consists of:
(i) roots of the equation x* — (2411 +n9+ i (G1))x +ring +3u;(G1) +nopi (G1) = 0,
for every eigenvalue 1;(Gy), i =2,3,...,n1, of L(Gy);
(ii) roots of the equation x* — (2 + 19 + my + p;(Gz2))x + 2my + 3u;(G2) = 0, for
every eigenvalue pj(Gs), 7 =2,3,...,n9, of L(Gs);
(iii) the eigenvalue 2 + ng with multiplicity my — nq;
(iv) the eigenvalue 2 with multiplicity mq — na;
(v) four roots of the equation x* — (44 1y +ro +my +no)x + (4 + 2r + 2ry + 4my +
2Ny + T + Timy + ring + rang )z — (dmy + 2rymy + 2ring + rirang)z = 0.

Lemma 2.3. We have the following normalized Laplacian matrices:

(2)

L(G1> L] B(Gl) —CR(Gl) —Kn1><n2 OanmQ
. . —CR(Gl)T Iml Om1><n2 Om1><m2
L(R(G1>\/R(G2)) = — Ky, Ory s L(Gg) ° B(Gg) —dR(G2> )
Omzxnl Omzxml _dR(GQ)T [mg

1
\/(27‘1 +n2)(2r2+n1) ’
B(G) is the ny X ny matriz whose all diagonal entries are 1 and off-diagonal entries

are s—— B(G4) is the ny X ng matriz whose all diagonal entries are 1 and off-diagonal

2r1+ng’
entries are 5—>—, c is the constant whose value is —t
r2tny 2(2r14n2)

. 1 .
value s WorTent
(i)

where Ky, xn, 15 the matriz of size ny X ny with all entries equal to

, d is the constant whose

L<G1) hd B<G1) _CR(G1> Om XMg Om Xmo
Vi _ _CR(Gl)T ]m1 Om1><n2 _Km1Xm2
L(R(Gl)\/R(G2)> = Ome Ome1 L(Gg) ° B(Gg) _dR<G2) )
Omgxnl _ngxn’u _dR(GQ)T ImQ

I S
(2+m2)(2+m1)’
B(G) is the ny X ny matriz whose all diagonal entries are 1 and off-diagonal entries

are -, B(G3) is the ny X ny matriz whose all diagonal entries are 1 and off-diagonal

where Ky, xm, 15 the matriz of size my X mg with all entries equal to
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entries are 27"722, c s the constant whose value is > (12+ ) d s the constant whose
value is ———;
27‘2(2+m1)
(131)
'[’(Gl) o B(gl) _CR(Gl) Om Xn2 Onl Xma
= —cR(G) I — K« O, x
L(R(G1)VR(Gs)) = ¢ m e i
ROV = 0y Kiun, £(Go) o B(Ga) ~dR(G) |
Osznl Om2><m1 _dR(G2)T [mz

1
v/ (2+n2)(2ra+m1)’
B(Gh) is the ny x ny matriz whose all diagonal entries are 1 and off-diagonal entries

are 3-, B(Gs) is the ny X ny matriz whose all diagonal entries are 1 and off-diagonal

entries are

where K, xn, S the matriz of size my X ny with all entries equal to

52—, C is the constant whose value is ——L_ d is the constant whose
T2 M1 \/27r1 (2+n2)

1

value 18 —————.
\/ 2(2r2+m1)

Theorem 2.7. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then, the normalized Laplacian spectrum of R(G1)VR(Gs) consists of:

(i) roots of the equation 2(2r1+ny)x? —2(3r; +2n9+120;(G1))w+2n2+3r16;(G1) = 0,
for every eigenvalue 0;(G4), i = 2,3,...,n1, of L(Gy);
(ii) roots of the equation 2(2ry+ny)x® —2(3ra+2n1+790,;(Ga))x42n143r20;(G2) = 0,
for every eigenvalue §;(G2), j =2,3,...,n2, of L(Gs);
(iii) the eigenvalue 1 with multiplicity mq + my — nq — ng;
(iv) four roots of the equation (4rire + 2ring + 2rang + ning)z* — (12r1re + 7Tring +
Trong+4ning )3+ (9r1ry+8r1ny +8ryng+5n1ns ) x* — (3ring +3rang +2n1ny)x = 0.

Theorem 2.8. Fori = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then, the normalized Laplacian spectrum of R(G1)VR(G3) consists of:
(i) roots of the equation 2(2 4+ mg)x® — (6 + 3ma + 20;(G1) + mad;i(G1))x + ma +
30;(G1) + mad;(G1) = 0, for every eigenvalue §;(G1), i =2,3,...,n1, of L(G1);
(ii) roots of the equation 2(2 + mq)z? — (6 + 3my + 20;(Ga) + m1;(Ga))z + my +
30;(G2) + m10,;(G2) = 0, for every eigenvalue §;(G2), j =2,3,...,n2, of L(G2);
(iii) the eigenvalue 1 with multiplicity mq + mg — ny — ng;
(iv) four roots of the equation 4(4 + 2my + 2my + myms)z* — 12(4 + 2my + 2msy +
myims)x + (36 + 22my + 22my + 9myma)x? — 2(3my + 3my + myme)z = 0.

Theorem 2.9. Fori = 1,2, let G; be an r;-regular graph with n; vertices and m;
edges. Then, the normalized Laplacian spectrum of R(G1)VR(Gs) consists of:
(i) roots of the equation 2(2+4mnsg)x® — (64 3ny +26;(G1) +n26;(G))x +ns+306;(Gy) +
n20;(G1) = 0, for every eigenvalue §;(G1), i = 2,3,...,n1, of L(Gy);
(ii) roots of the equation 2(2ry+my)z?—2(3ra+2mq +728;(Ga))x+2my +3r20,(Gz) =
0, for every eigenvalue 0;(G2), j =2,3,...,n2, of L(G2);
(iii) the eigenvalue 1 with multiplicity my + mo — nq — no;
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(iv) four roots of the equation (8ro+4rons+4my +2ming)x* — (24ry+12rony + 14m;y +
Tmang)a® + (18ry + 11rong + 16my + 7Tmyng)x? — (3rang + 6my + 2myng)z = 0.

3. SIMULTANEOUS COSPECTRAL GRAPHS

In this section we present the main result of the paper. We construct several classes
of non-regular graphs which are cospectral with respect to all the three matrices,
namely, adjacency, Laplacian and normalized Laplacian. For the construction of
these graphs we consider two pairs of A-cospectral regular graphs, which are readily
available in the literature, for example see [11]. Then we take partial join of R-graphs
belong to different pairs.

The following lemma is immediate from the definition of Laplacian and normalized
Laplacian matrices.

Lemma 3.1. (i) If G is an r-regular graph, then L(G) = rl, — A(G) and L(G) =
I, — %A(G).

(i) If G4 and Gy are A-cospectral reqular graphs, then they are also cospectral with
respect to the Laplacian and normalized Laplacian matrices.

Observation. From all the theorems given in the previous section we observe
that the adjacency, Laplacian and normalized Lpalacian spectra of all the partial join
graphs R(G1)VR(Gy), R(G1)VR(Gy), and R(G1)VR(G3), depend only on the number
of vertices, number of edges, degree of regularities, and the corresponding spectrum
of G; and G,. Furthermore, we note that, although G; and G are regular graphs,
R(G1)VR(Gy), R(G1)VR(Gs), and R(G1)VR(Gs) are non-regular graphs.

The following theorem is the main result of the paper.

Theorem 3.1. Let G;, H;, i = 1,2, be reqular graphs, where Gy need not be dif-
ferent from Hy,. If Gy and Hy are A-cospectral, and Gy and Hy are A-cospectral
then R(G1)VR(Gy) (respectively, R(G1)VR(Gy), R(G1)VR(Gy)) and R(H,)VR(H,)
(respectively, R(H,)VR(Hy), R(H)VR(H,)) are simultaneously A-cospectral,
L-cospectral and L-cospectral.

Proof. Follows from Lemma 3.1 and the above observation. U

4. SPANNING TREES AND KIRCHHOFF INDICES

Applying the results on Laplacian spectra, we find the number of spanning trees
and Kirchhoff index of all the partial join graphs constructed in the paper.

Let ¢(G) denote the number of spanning trees of G. It is well known [6] that if G
is a connected graph on n vertices with Laplacian spectrum 0 = p1(G) < po(G) <

- < n(Q), then t(G) = 7"2(@ n(G)

The Kirchhoff index of a graph G, denoted by K f(G), is defined as the sum of
resistances between all pairs of vertices [1,9] in G. For a connected graph G on n
vertices, the Kirchhoff index [8] can be expressed as K f(G) =n 3, o (G
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Theorem 4.1. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then,

(i)

tR(G1)VR(G2))
2MATM2=MI=N2 L 9Dy + 2ng + 71N + Tong) - Z'ﬁ2(2ng + 3ui(G1)) - ﬁ2(2n1 +3115(G2))
ni + ng +mp + mo : ;
(i)
HR(G1)VR(G2))

=(24+m2)™ " (24 my )2

ni n2

(2rimg 4 2ramy + riramy 4+ rirame) - [ (rime + 3ui(G1) + mapi(G1)) - [ (rema + 35 (G2) + map;(Ge))
i=2

X

j=2

n1 +n2 +mi + ma
(iii)

t(R(G1)VR(Gy))

=(2 4 ng)™ ™ L 2M2T2 L (Amy + 2rymy + 2rng + T1raNg)

I (rinz + 31:(G1) + nggus(G) - TH (21 + 31,(G))
1= Jj=
Ny + Ny + my + mao

X

Theorem 4.2. For i = 1,2, let G; be an r;-reqular graph with n; vertices and m;
edges. Then,
(i)

K f(R(G1)VR(G2))

mi+me—nyg—n
:(n1+n2+m1+m2)( ! 22 LR

+4—|—4n1+4n2+27“1+27“2+7“1r2+r1n1—I—Tgng+i2+rl+n2—l—ui(G1)
2(2”1 =+ 2712 —+ rnq + TQTZQ) i—2 2712 + SMZ(G1>
241y +ny + p(G
+Z 2 1 ,Ug( 2))

)

= 2mt 3u;(Go) /
(ii)
K f(R(G1)VR(Ga))

mp—m mo — N =
:(nl + Nng +mp + m2)

2+ 1 +mo+ i(Gh)
2—i—m2 2+m1

= rimag + 3ui(G1) + maopi(Gh)
4+ 211 + 2r9 + riry + rymy + rameo + 2my + 2meg + rime + romy

2r1m2 + 27"27711 + r1romy + r17raMms
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SOME CLASSES OF SIMULTANEOUS COSPECTRAL GRAPHS 1259

f: 2+r2+m1+uj(G2)
Tomy + 3IUJ(G2) + ml/,Lj<G2)

)
Jj=2

K f(R(G1)VR(G2))
mp—m Mo — Ny
2+ no 2
i 4+ 2r; + 2ry +4my + 2ng + rirg +rimg + ring + rang
dmy + 2rymy + 2ring + rirang
247 +ng+ pi(Gr) 2 2419 +my + pi(Ga)
= ring + 3ui(G1) + napi(Gh) 2my + 3;(Ga)

:(m + %) + mq + mg)

=2

5. CONCLUDING REMARKS

The main result of the paper is based on regular A-cospectral graphs and certain
operations on a pair of these graphs so that the operated (or resultant) graphs are
non-regular and their adjacency, Laplacian and normalized Laplacian spectra depend
on only the order, size, degree of regularity and spectra of the original graphs. Thus
following the technique of this paper one may construct some more graphs like here.
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