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BRYANT-SCHNEIDER GROUP OF BASARAB LOOP
BENARD OSOBA', TEMITOPE GBOLAHAN JAIYEQLA?, AND OLUWATOBI BALOGUN?

ABSTRACT. A loop (Q,o) is called Basarab loop if it is both a left and a right
Basarab loop; (z o yz”) o 2z = x o yz and yx o (z*z o ) = yz o z hold for all
x,y, 2z € @ respectively. In this paper, the characterizations of the Bryant-Schneider
group of a Basarab loop are studied using the left and right Basarab loop identities.
It is shown that the element, z* (2*) is in the left (right) nucleus if and only if the
middle inner map T, (inverse T}, ') is an automorphism. It is revealed that every
crypto-automorphism of a Basarab loop is an element of the Bryant-Schneider group.
Some related algebraic properties were also characterized. Furthermore, elements
of the Bryant-Schneider group of a Basarab loop in terms of pseudo-automorphism
and automorphism are also characterized. A subgroup of the Bryant-Schneider
group, characterized by the Basarab loop, is established. Finally, a right pseudo-
automorphic characterization of the isotopy-isomorphy of a Basarab loop is carried
out.

1. INTRODUCTION

Let (Q be a non-empty set. We can define a binary operation, denoted by ‘o’, on
this set. If the result of sot is always an element of () for any s and ¢ in @), then the
pair (@, o) is called a groupoid. Moreover, if the equations kos = [ and t ok = [ have
unique solutions s and ¢ for all £ and [ in @, then (@, o) is called a quasigroup.

Furthermore, if (@, o) is a quasigroup and there exists a unique element, denoted
as the identity e € (), with the property that for any s € () we have soe =e0s = s,
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then (@, o) is known as a loop. We use st to represent s o ¢, with the understanding
that ‘o’ has lower priority than juxtaposition among factors to be multiplied.

Additionally, if (@, o) is a groupoid and k is a fixed element in @, then the left and
right translations of k, denoted by L; and Ry respectively, are defined as sLy = ko s
and sRy = sok for all s in Q. It is evident that (Q, o) is a quasigroup if its left
and right translation mappings are permutations. Since the left and right translation
mappings of a quasigroup are bijective, the inverse mappings L, and R, ' exist.

Let

K\l =1L, = kM, and k/l=kR;"'=IM.",
and note that
FNl=m&kom=1 and k/l=m<& mol=rkF.

Thus, for any quasigroup (@, o), we have two new binary operations; right division (/)
and left division (\). Mj is the middle translation for any fixed k € Q). Consequently,
(@, \) and (@, /) are also quasigroups. Using the operations (\) and (/), the definition
of a loop can be restated as follows.

Definition 1.1. A loop (Q,0,/,\,e) is a set @) together with three binary operations
(o), (/), (\) and one nullary operation e such that

(i) ko (k\l) =1, (I/k) ok =1 for all k,l € Q;

(ii) k\k =1l/loreok=koe =k forall k,l € Q.

We also stipulate that (/) and (\) have higher priority than (o) among factors to be
multiplied. For instance, kol/m and kol\m stand for k(I/m) and a(b\c), respectively.

In a loop (@, o) with identity element e, the left inverse element of k € @ is the
element kJy = k* € @ such that

Kok =e,
while the right inverse element of k € @) is the element k.J, = k” € @) such that
kokf =e.

If ¢ = x*, then we shall write Jy = J, = J where z.J = 27",

For more study on quasigroup and loop theories, readers can check [10,11, 18,20~
23,25, 26,29, 30].

The study of a Bryant-Schneider group on an arbitrary loop was first introduced
in the work of Robinson [28] in 1980. The concept has been extended to different
loop structures, e.g., the study of the isotopy-isomorphy of Bol loops, Moufang loops,
and Osborn loops. In 2003 Adeniran [1] studied some properties of Bryant-Schneider
groups of certain Bol loops. Jaiyéold [13], and Jaiyéola et al. [14, 15] extended the
concept of the Bryant-Schneider group to the study of Smarandache loop, Osborn
loop, and their universality. A characterization of isostrophy Bryant-Schneider group-
invariant of Bol loops was studied in 2023 by Jaiyéold et al. [12]. The isotopic and
pseudo-automorphic characterizations of a loop were presented by (Capodaglio [3],
1993), where the crypto-automorphism of a loop was defined as a generalization
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of pseudo-automorphism. Further study of crypto-automorphism was carried out
by (Oyebo et al. [24], 2024). The work revealed that crypto-automorphisms of a
quasigroup with left and right identity elements forms a group.

In this study, we shall study the properties of the crypto-automorphism group and
Bryant-Schneider group of left (right) Basarab loop.

2. PRELIMINARIES

Definition 2.1. The set of all permutations on a non-empty set () forms a group
called the symmetric group of @, denoted as SY M(Q). Let (Q, o) be a loop, and let
A, B, and C be elements of SYM(Q). If tAoyB = (xoy)C for all z,y € @, then
the triple (A, B, C) is termed an autotopism, and these triples form a group known
as the autotopism group of (Q, o), denoted as AUT(Q,0). If A= B = C, then A
is called an automorphism of (@, o), and the set of all such automorphisms forms a
group called the automorphism group of (@, o), denoted as AUM (Q, o). See [26].

Definition 2.2. Let (Q, o) be a loop.

(a) ¢ € SYM(Q) is called a left pseudo-automorphism with companion a € @ if
(¢La, ¢, ¢Ly) € AUT(Q,0). The set of such maps forms a group (see [26]).
(b) ¢ € SYM(Q) is called a right pseudo-automorphism with companion a € @ if
(¢, ®R,, ¢R,) € AUT(Q, o). The set of such maps forms a group (see [26]).
(c) ¢ € SYM(Q) is called a crypto-automorphism with companions a,b € @ if
(Ra®, Ly, ®) € AUT(Q,0). The set of such maps forms a group (see [24]).
(d) A mapping ¢ € SYM(Q) such that (pR,',¢L;', ¢) € AUT(Q,0) for some
f,g € G is called a Bryant-Schneider map of (Q),0). The set of such maps
forms a group called the Bryant-Schneider group BS(Q, o) of (@, o) (see [28]).

From Definition 2.2, it is clearly seen that

(0R,', L', ¢) = (6,0, 0) (R, ', L', 1),

which implies that ¢ is an isomorphism of (G, o) onto some f, g-isotope of it.

Theorem 2.1 ([28]). Let the set BS(Q,0) = {¢ € SYM(Q) : exists f,g € Q >
(¢R;17¢L217¢) € AUT(Q,0)}, then BS(Q,0) < SYM(Q).

Theorem 2.1 is associated with Theorem 2.2.

Theorem 2.2 ([26]). Let (Q,0) and (H, o) be two isotopic loops. For some f,g € Q,
there exists an f, g-principal isotope (Q,*) of (Q,0) such that (H,o) = (Q, ).

Definition 2.3 ([26]). Let (Q, o) be quasigroup with fixed elements a,b € Q). The
isotope of this form (R, L, !, I) is called LP-isotope.
Definition 2.4 ([26]). Let (@, o) be a quasigroup. Then, the following hold.

(a) Right inverse property (RIP) holds if there is a mapping J, : ¢ — 2 such that
(yox)oxr =y forall z,y € Q.
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(b) Left inverse property (LIP) holds if there is a mapping Jy : z — 2* such that
a*o(zoy) =y forall z,y € Q.

Inverse property (IP) if (a) and (b) hold.

Right alternative property (RAP) if y o zz = yx oz for all x,y € Q.

c)
d)
e) Left alternative property (LAP) if z o xy = xzz oy for all z,y € Q.
f)
)

(

(

(

(f) Flexible or elastic property if (x oy) ox =z o (y ox) holds for all z,y € Q.

(g) Cross inverse property (C1P) if there exist mapping Jy :  — z* or J, : © —

such that zyoa” =y or xoya” = y or 22 oyxr = y or 2’y ox = y for all
T,y € Q.

Definition 2.5. A loop (Q, o) is said to be

(a) an automorphic inverse property loop (AIPL) if (zy)~
Q;

(b) an anti-automorphic inverse property loop (AAIPL) if (zy)~' = y~'z~! for all
T,y € Q;

(c) a power associative loop if (z) is a subgroup for all x € @ and a diassociative
loop if (x,y) is a subgroup for all z,y € Q.

=gty tforall z,y €

Definition 2.6. Let (@), o) be a loop.

(a) Nx={veQ: (vozx)oy=wvo(zoy) for all z,y € Q} is called the left nucleus
of Q.

(b)) N,={veQ:yo(zov) = (yox)ow forall z,y € Q} is called the right
nucleus of Q.

(c) N, ={veQ:(yov)ox=yo(vox) forall z,y € Q} is called the middle
nucleus of Q.

Definition 2.7 ([3]). In a loop (@, o), a permutation ¢ is called a crypto-automo-
rphism if there exists a, b € () called the companions of ¢ such that for every z,y € )
(zoa)po(boy)d=(xoy)s.

Hence, ¢ is called a crypto-automorphism with companion (a, b).

Definition 2.8. Let (@, o) be a quasigroup. A mapping ¢ € SY M (Q) will be defined
as a two-middle pseudo-automorphism if there exists elements a and b in () such that

(9R;Y, oL\, ¢) € AUT(Q, 0).

Remark 2.1. The collection of two-middle pseudo-automorphisms will be denoted as
PS,2(Q,0). It is worth noting that PS,(Q,0) C PS,2(Q,0).

Theorem 2.3 ([24]). The set of crypto-automorphisms CAUM (Q, o) of a quasigroup
(Q, o) with right and left identity elements forms a group.

Theorem 2.4 ([24]). Let (Q,0) be a loop. BS(Q,0) = CAUM(Q,o0).

Theorem 2.5 ([26]). Let (Q,0) be an inverse property loop. Then, for any a € Q:
(a) JARaJp = La)\,'
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(b) J,Rad, = Lao;
(C) JpLaJp = Rap,'
(d) JaLaJ, = Ry

Theorem 2.6 ([26]). Let P = (A, B,C) € AUT(Q,0) of a loop (Q,0).
(a) If (Q,0) is a left inverse property loop (LIPL), then Py = (JAJ,C,B) €
AUT(Q,0).
(b) If (Q,0) is a right inverse property loop (RIPL), then P, = (C,JBJ, A) €
AUT(Q,o0).

Theorem 2.7 ([26,31]). Let (Q,0) be a RIP or LIP or AAIP loop. Then, J, = Jy = J,

ie.,a’ =a*=a""' foralla € Q.

Definition 2.9. A loop (Q, o) is called

(a) left Basarab loop (LBal) if it satisfies the identity (z o yz”) o xz = x o yz for
all x,y,2 € Q;

(b) right Basarab loop (RBaL) if it satisfies the identity yx o (z*2 0 ) = yz ox for
all z,y, 2 € Q.

A Basarab loop was studied in Basarab’s work before Cote et al. [2] in 2010 worked
on classification of loops of generalised Bol-Moufang type. Basarab published two
prominent papers [4,5] in 1992, focusing on IK-loops in [6] and [7]. Some recent
studies of Basarab loop have been carried out in various fashions. The properties of
Basarab loop with invariants of inverse properties were examined in [16]. This study
revealed that a Basarab loop exhibits a cross inverse property if and only if it is an
abelian group, or if all left (right) translations of the loop are right (left) regular. The
same authors also investigated the Basarab loop and the generators of its total inner
mapping group [17]. In 2021, the characterization of subloops of a Basarab loop was
explored [8], and a recent announcement was made by Effiong et al. [9] regarding the
holomorphic characterization of a Basarab loop.

Theorem 2.8 ([16]). (a) In a left (right) Basarab loop, the following are equivalent:
i flexibility;
ii RIP (LIP);
iii RAP (LAP);
iv AAIP.
(b) In a Basarab loop, the following are equivalent:
i flexibility;
ii right inverse property;
iii left inverse property;
iv inverse property;
v right alternative property;
vi left alternative property;
vii alternative property.
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3. MAIN RESULTS

Lemma 3.1. Let (Q,0) be a loop. Then, (Q,0) is a

(a) left Basarab loop if and only if any of the following hold for all a,b € Q:
i (ReeLy, Lo, Ly) € AUT(Q,0);
ii Rap LaRab = RbLa;
iii RyoLy =T, = RyL R;';
iv LqLgopar = LbLa;'
V Lacbar = LglLbLa;
(b) right Basarab loop if and only if any of the following hold for all a,b € Q:
i (R, Lgp Ry, Ry) € AUT(Q,0);
1 RaLa*boa = RbRa;
ili Lorpog = Ry RyRy;
iv Ly RoLyy = LyRy;
Vv LpnRy =T, = LyR,L; .

Proof. Use Definition 2.9 with the aid of autotopisms and translations. O

Theorem 3.1. Let (Q,0) ba a Basarab loop.

(a) a® € N, if and only if T, * € AUM(Q, o).
(b) a* € Ny if and only if T, € AUM(Q, o).

Proof. (a) If (Q,0) is a left Basarab loop, then from Lemma 3.1, (Ru» Lq, Lq, Ls) €
AUT(Q,o0) for all a € Q. If a” € N, then (I, Ry, R,e) is an autotopism of (@), o) for
all @ € (). The product

<[7 Ra”a Raﬂ)(RaPLm La7 La) :(Ra/’Laa RaﬂLaa RaﬂLa>
is equivalent to (7', T."',T!) is an autotopism of (@, o) for all a € Q. Thus, T, !

is automorphism of (@, o).

For the converse, we reverse the procedures to obtain a” € N, if and only if
(Rap Ly, Rar Lo, Rav Ly) € AUT(Q, o) is equivalent to T, ' € AUM(Q, o).

(b) If (Q,0) is a right Basarab loop, in Lemma 3.1, (R,, Loe Ra, R,) € AUT(Q, o)
for all @ € Q. If a* € Ny, then (L, I, L, ) is an autotopism of (Q, o) for all a € Q.

The product
(La)‘a I7 Lak)(Rm LaPRm Ra) :(La)‘Raa LaﬂRaa La)‘Ra)

is equivalent to (T,,T,,T,) € AUT(Q,0). Hence, T, is an automorphism of (Q, o).
For the converse, we simply do the reverse procedure. [l

Theorem 3.2. Let U be a crypto-automorphism of LBaL (Q, o) with companion (a,b).
Then, L, U € BS(Q,0) for all z € Q.

Proof. If (Q,0) is a LBal. then P = (R» Ly, L, L,) is an autotopism of (@, o) for
all z € Q. If U be a crypto-automorphism of (Q, o), then 7" = (R,U, L,U,U) is an
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autotopism of (@, o) with a twin (a,b). The product

(3.1)
PT = (RIPLza Lza Lz)(RaUa LbUa U) = (RxpLxRaUa LbeUv LxU) S AUT(Q7 o)'

Set L,U = w in (3.1) to obtain

(3.2) (Rpe Ly R U, L, LyU,w) € AUT(Q, o).
Writing this in an equivalent form, for all y, z € ), we have
(3.3) YRy Ly R,U 0 2L, LU = (y o 2)w.

Put y = e in (3.3) to obtain
eRw L, R, U o 2L, LU = (e02)w =(xoex’)R,U o 2L, LU = zw
=zL, L4WUL,y = zw
(3.4) =2L, LU = 2wL}; = L, LU = wL,}.
Also, put z = e in (3.3) to get
YRy Ly R U o eL, LU = yw =yRu0 L, R,U o (ex) LU = yw

(3.5) =Y Ry Ly RoU Rpeyy = yw
=yRyp L, R,U = wa(_b}C)U
(3.6) =R, L,R,U = wR(_bi)U.
Using (3.4) and (3.6) in (3.2), we have (wR(_bi)U,ng(},w) € AUT(Q,0). Thus, w €
BS(Q,0) for all a,b € Q. O

Corollary 3.1. Let U be a crypto-automorphism of LBaL (Q,o) with companion
(a,b). Then, L,U € PS,2(Q,0) with companion ((bx)U, (aU)P).

Proof. This follows as a consequence of Theorem 3.2. O
Theorem 3.3. Let U be a crypto-automorphism of RBaL (Q,o) with companion
(a,b). Then,

(a) R, U € BS(Q,0) for all x € Q;

(b) R,U € PS,2(Q,0) with companion (bU, ((xa)U)?) for all x € Q

Proof. Follow similar steps as in Theorem 3.2. U

Theorem 3.4. Let (Q,0) be a LBaL with RIP. If the map 0 € BS(Q,0) such that
0 = wL' where w : e — e, then w is a unique right pseudo-automorphism with
companion (xg)~' for all x € Q and for some g € Q.

Proof. Let 6 € BS(Q,0). Then, M = (HR;,QL]?I,@) € AUT(Q, o) for some f,g € Q.
Since (@, 0) is a LBal, N = (Ryo Ly, Ly, L) € AUT(Q, o) for all z € Q. The product

(3.7)
MN = (9R;",0L;",0)(Roo Lo, Ly, L) = (0R, ' Ry Ly, 0L ' Ly, 0L,) € AUT(Q, 0),
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for some f,g € @ and for all z € Q.
Let (@, o) be a RIPL, applying Theorem 2.6 to the autotopism in (3.7), we get

(3.8) (0Ly, JOL;' Ly J,0R, Ryo Ly) € AUT(Q, 0),

for some f,g € () and for all x € Q).
Let a = JOL;'L,J in (3.8). Then,

(3.9) (0Ly,,0R, " Ryo L) € AUT(Q, 0),
for some g € @) and for all x € ). For all y, 2z € (), we have
YL, 0 zao = (y o z)&R;IRmme.
If 0 =wL,?!, then 0L, = w, so, a = JwL;lLfleJ. Next, we have
(3.10) yw oz = (y o 2)wL, 'R, Ryp L.
Let y = e in (3.10). Then, we have

(3.11)
ew oz = zwL;lR;IRxpLx =z = zwL;lelRmpLz = o= wL;lREIRszm.

Using (3.10) and (3.11), (3.9) becomes
(w,wLy 'R, Ryp Ly, wL, 'R, Ryp L) € AUT(Q, 0),

for some g € () and for all x € Q.
Since, (@, o) is a left Basarab loop, R» L, = RgLﬁR;gl. Hence,
(w,wL,'R,'RyL, R, ,wL,'R 'Ry L, R, )

=(w,wL'R'RyL, R, ) ,wL, 'R, 'Ry L, R, }) = (w,wR,, ,wR, )

xg xg xrg

is an autotopism of (@, o) for some g € @ and for all z € . Thus, w is a right
pseudo-automorphism with companion (zg)™'.

Let wi L, = wo L}, where wy,wy : e — e, forall 2y, 25 € Q. Then, L} 'L,, = wy tws.
So, eL 'Ly, = ew; twy implies L 'Ly, = I, implies L,, = L,,. Hence, z; = x5 and so
w1 = wo. This implies that for all z € @, there exists a unique w such that § = wlL;!.
Hence, § = wL_' where w is a unique right pseudo-automorphism with companion

(zg)~* for all z € Q and for some g € Q. O

Corollary 3.2. Let (Q,0) be a LBalL with RIP. For some 6 € BS(Q,0) such that
WLl =0, where w:e — e, we AUM(Q,0) is unique for all v € Q.

Proof. Set x = g~ ! in Theorem 3.4. U

Theorem 3.5. Let (Q,0) be a RBaL with LIP. If the map 6 € BS(Q,0) such that
0 = wR', where w : e — e, then w is a unique left pseudo-automorphism with

x

companion (fz)~! for all x € Q and for some f € Q.
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Proof. Let 0 € BS(Q,0) then M = (9R;1,9Lj71,9) € AUT(Q, o) for some f,g € Q.
Since (Q,0) isa RBaL, N = (R, L, R,, R,) € AUT(Q, o) for all x € (). The product

(OR,",0L;", 0)(Ry, Lz Ry, Ry) = (R, Ry, 0L LRy OR,) € AUT(Q, 0),
for some f,g € @Q and all x € Q. If (Q,0) is LIPL, by Theorem 2.6,
(3.12) (JOR,'R,J,0R,,0L; ' L,xR,) € AUT(Q, 0),
for some f,g € Q and all z € Q. Let o = JOR,'R,.J in (3.12), to get
(a,0R,, 0L L,aR,) € AUT(Q,0),

for all x € @ and some f € Q.
If 0 = wR,', then w = OR,. Thus, « = JwR, 'R 'R,J. Here, (3.12) becomes

(3.13) (a,w,wR'L;'LaR,) € AUT(Q, 0),
forall x € @ and some f € Q). Forall y, z € ), we have yaozw = (yoz)wR;lLJ?ILxsz.
Put z = e. Then,
(3.14)

Yo o ew :wa,;lL;lexRa; = ya = wa;lLJTILxARz = a = wR;lLJTILxARgC.
Now, using (3.14) in (3.13), we get
(3.15) (WR, 'Ly Lya Ry, w,wR, 'Ly LnR,) € AUT(Q, 0),
for all x € @ and some f € Q. Since (Q,0) is a RBalL, by Lemma 3.1, L,xR, =
L fRILJ?Il for all z, f € (). Thus, we have the last autotopism

(wR;nglLfoL;;,w,ngnglLfoL;;) = (wL;;,w,wL;;) € AUT(Q, o),

for all z € @ and some f € (). Thus, w is a left pseudo-automorphism with companion
(fz)~! for all z € Q and for some f € Q. The proof of the uniqueness of w is similar
to the one in Theorem 3.4. 0

Corollary 3.3. Let (Q,0) be a RBalL with LIP. For some § € BS(Q,0) such that

0 =wR', where w: e — e, we AUM(Q,0) is unique for all x € Q and for some
feaq.
Proof. Set x = f~! in Theorem 3.5. U

Theorem 3.6. Let (QQ,0) be a LBaL and let w = w(f,g) € BS(Q,0) such that
w:e—e. Then, w=w(f g) =w(f, ") and w=w(f, g) =w(g, g).

Proof. Let w € BS(Q,0), then (wR;l,wal,w) € AUT(Q,o0) for some f,g € Q.
Since (@, o) is a LBaL, (Ry» Ly, Ly, L) € AUT(Q, o) for all x € ). The product

(3.16) (WR," WL, w)(Ryo Ly, Ly, L) = (WR, " Ry Ly, wL; ' Ly, wy)

is an autotopism of (@, o) for some f,g € @ and for all x € Q. For all y,z € Q) we
have

(3.17) YywR, ' Ryp Ly 0 2wl Ly = (y 0 z)wL,.
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Put z = e in (3.17) to obtain
waglepLx o ewL;le =ywl, :>waglR$pLx o eLJTILx =ywl,
:>wag_1RxpLszfp =ywl,
=R, 'Rop Ly Roge = Lo,
=R,' = L,R,;,L,'R,,,
for some f € @ and for all z € (). Set x = f in the last equality to get
-1 —1p-1 _ p-1
Rg —Lfo pr —pr
Hence, g = f?. On the other hand, set y = e in (3.17) to get

ewR;lepLx o zwL;le = zwl, :>6R;1RmpLx o ZWLfle = 2wl,
= (.1' o g*lxp> (ZWL;le) — ZWLI
=Lt = LoLi 1m Ly

(zog—lzr)~x

Set z = ¢*, to get
Lt =LpL ) Ly =L,

(grog=1(9)*") g

Thus, L;l = L;Al implies f = ¢”.

O

Corollary 3.4. Let (Q,0) be a LBaL. If w = w(f,g) € BS(Q,0), such that w : e — e,

for some f,g € Q, the following hold:

(a) w is a right pseudo-automorphism with companion f;
(b) [f] =2 or|g[ = 2.

Proof. Putting R;" = R;pl and L;l = Lg}l in (3.16), we get the autotopism

(WRy Rup Ly, L\ Ly, wLy)

of (@, o) for some f,g € @ and for all x € Q. Set x = f, to get (wa,ng}lLf,wa) €
AUT(Q, o) for some f,g € Q. Let g = f. Then, (wa,wLJ?}Lf,wa) € AUT(Q,0)
for some f € Q. For all y,z € @, we have ywLy o zwL;}Lf = (y o z)wLy. Setting

z =e, we get

ywlLy o ewL;}Lf =ywL; = ywl;o f* =ywLl; = ywL;Rp = ywL; = | f| = 2.

Thus, (wLlf,w,wLf) € AUT(Q,0) for some f € (). Therefore, w is a pseudo-

automorphism with companion f for some f € Q).

O
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Theorem 3.7. Let (QQ,0) be a LBalL with AAIP. Then,
BS'(Q,0) :{w € BS(Q,0) |w:e— e and (zw) ™! = <$_1)w}
:{w € SYM(Q) | exists f € Q> (wR;}l,ijl,uo € AUT(Q), ew =¢

and (zw)™' = (27w for all v € Q}
:{w € SYM(Q) | exists g € Q > (wR;l,wL;_ll,w) € AUT(Q),
ew = e and (zw)™' = (7w for all z € Q}
<BS(Q,o0).
Proof. Let
BS'(Q,0) = {w € BS(Q,0) |w:e—eand (zw) ! = (:Ul)w} C BS(Q,o0).
Using the connection from Theorem 3.6,

BS'(Q,0) :{w € BS(Q,0) |w: e — e and (1w)"" — (x_l)w}
:{w € SYM(Q) | exists | € Q 3 (wR;h . wL;'\w) € AUT(Q),
ew — e and (2w)™ = (zV)w for all & € Q}
:{w € SYM(Q) | exists g € Q > (ng_l,wL;_ll,w> c AUT(Q),

ew = e and (zw)™ = (z7")w for all x € Q}.

Note that el = e and (gI)™! = (¢ forall g € Q and (IR;*, IL;, 1) = (I,1,]) €
AUT(Q,0). Then, I € BS'(Q, o). Hence, BS'(Q, o) contains the identity map, thus
BS’(Q, o) is not empty.

Let a,0 € BS'(Q,0). Then, a,0 € BS(Q,0) and ea = e and (za)™' = (z7)a,
eoc =e and (zo)™' = (z71)o for all z € Q.

In addition, there exist f1, g1, fi1, 911 € Q with g1 = fi', fi1 = g;* such that

P (ozRgl,oszll,a), T = (URQH,ULE,U),
=(Ry,0 ', Ly,07 ', 07! € AUT(Q, o),
PT~ 1:(04 gl,Osz1 )(Rgna_l,Lfna_l,a_l)
=(aR 1Rgua aLJ?llLfHa’l,aafl)EAUT(Q,O).

Let ¢ = oR,'Ry 07" and v = oL}'Ly, 07", such that (ac~'p, a0 'y, a07!) €
AUT(Q, o) if and only if for all a,b € Q

(3.18) aco tpobac 'y = (aob)ac .
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Setting a = e in @ and replacing b by boa™! in (3.18), we have

~1
(eac—1p)

(eac™0) o (by) =b= bYL(car-19 =b=7 =1L

Analogously, setting b = e in @, the identity element and replacing a by aca™! in

(3.18), we have
(ag) o (eawo™y) = a = apRar-14) = @ = 0 = R(_eia_l'y)'

Thus, g = eac 1y = ey = eaL;llLfncfl = [fuio(fi\e)]o™" = [fi10 fi']o™" and
f=caoc o =¢ep= ech;;llRfila_l = eR;l,llRfila_l =[(e/fiH o falle™ = (fio
fit)o~ . Then, using Theorem 2.7, f~' = [(fio fii)o '™ = (fio fi) 'o™ = (fii0
fit)o™t = g. Hence, PT~! = (ac™ !0, a0 'y, a0 ") = (aailRJT,ll,aaflL]TI,aa*I) is
an autotospism of (Q,0), eac ! = e and (z7Haoc ™ = (zac™t)~! for all z € Q. So,
acl € BS'(Q,0). Also,

PT ! = (aa‘lR;, oza_lL;_ll, act)

is an autotopism of (@Q,0) and eaoc™' = ¢ and (x7Hao™! = (zac™)! for all z € Q.

So, ac™!t € BS'(Q,0). Hence, BS'(Q,0) < BS(Q, o). O
Corollary 3.5. Let (Q),0) be a LBaL with AAIP. Then, AUM(Q,0) < BS'(Q,0) <
BS(Q,0).

Proof. This follows as a consequence of Theorem 3.7. O

Theorem 3.8. Let (Q,0) be a LBaL with a RIP and let H = (A, B,C) € AUT(Q, o).
Then, there exists a right pseudo-automorphism w with companion yx, where eA = x
and eB =y such that

(A, B, C) = (w, wRyI, LURyx)(Lx—l, JL,-1J, R;,}Lx—l)fl.

Proof. Let (Q,0) be a LBaL, then (R }L,-1, L1, L,—1) € AUT(Q,0) for all z € Q.
Applying Theorem 2.6, (L,-1, JL,~1J, R} L,—1) € AUT(Q,0) for all x € Q). Suppose
that K = (A, B,C) is an autotopism of (Q, o), then the product

(A, B,C)(Ly-r, JLorJ, R} L)
=(ALy,1,BJL,1J,CR,}L, 1) € AUT(Q,0), forallz € Q.

Replace AL,1 with w and note that ew = eAL, 1 =2 1oz = ¢,
(3.19) twozBJLy1J = (toz)CR,) Ly
for all ¢,z € Q). Set t = e in (3.19), we obtain

ewo zBJL,1J=20R )L, 1+ =2BJL,1J = 20R,} L,

=BJL,1J=CR,; Ly,

for all z € Q. So, (3.19) becomes
(3.20) twozBJL,-1J = (toz)BJL,-1J,
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forallt,z € Q). Let z = e, then it follows from (3.20) that ywoeBJL,-1J = yBJL,-1J
implies wyJL,-1J = BJL,-1J, implies wR,, = BJL,-1J. Using this information in
(3.20), we get (w, wRy,,wR,,) € AUT(Q, o). Hence, w is a right pseudo-automorphism
with companion (yz). So,

(A, B,C)(Ly-1, JLyJ, R} Ly1) = (w,wRys, wR,,)
=(A,B,0) = (w,wRys,wRy,) (Ly—1, JLy1J, Ryp Ly—1) "t O

Theorem 3.9. Let (Q,0) be a LBaL with a RIP such that |xz| =2 for all z € Q, and
leta®b=aR;'o bL;l, for any arbitrarily fixed a,b € Q and for all x,y € Q). Then,
(Q,®) = (Q,0) if and only if there exists right pseudo-automorphism w of (Q, o) with
cCOmpanion yx.

Proof. Let C' be isomorphism between (@, @) and (Q, o). Then,
(a0b)C =aC @ bC =aCR," o bCL," = aBobA,

for all a,b € @, where B=CR;! and A = C’L;l. So, (B, A,C) € AUT(Q, o).
Let e and e* denote the identity elements in (@, o) and (Q,®), respectively. So,
since C' is an isomorphism, we have eC' = ¢*, where e¢* = y o x, and

(3.21) eA=eCR;' =e*R;' = (yox)R,' =y,
e L -1 _
(3.22) eB=eCL,” =e'L,” = (yox)L, =
By Theorem 3.8, and going by (3.21), and (3.22), we have
(B, A, C) = (w,wRys, Ry ) (Ly-1, JLy—1J, Ry L),

where w is a right pseudo-automorphism of (Q, o) with companion yz.

Conversely, if w is right pseudo-automorphism with companion yz, then
(w,wRy,wRy,;) is a autotopism of (@, o). On the other hand, since (@, o) is LBaL,
we have that (Ly-1, JL,1J, R, L,-1)~" is an autotopism of (Q,0). Now,

(B,A,C) =(w,wRye,wRys)(Ly-1, JLy—1J, Ry Ly1) ™!
=(w, wRye, WRy) (LY, JL L T, L Ryo)
= (WL, Ry JL L T wRye LY Ry ) € AUT(Q, 0).
Writing it in an equivalent relation form, for all a,b € @), we have
(3.23) awL, ' 0 bwRy, JL, L J = (a0 b)wRy, L, Ry = (a0 b)C = aB o bA,
where C' = wRy, L, Ry, B=wL ', and A = wR,,JL, '\ J. So,
eB = ewL;,ll = eL;,l1 =y Ne=y,
eA = cwRy JL T = eRy JL T = [y \ ()]
(3.24) =eA = [y\(yz)] ' =z =1



1310 B. OSOBA, T. G. JAIYEQLA, AND B. OLUWATOBI

Note that we used the assumptions that |z| = 2 for all z € ) and @ has RIP, which
by Theorem 2.8 is equivalent to flexibility in a left Basarab loop.
Now, setting b = e in (3.23), to get

(3.25) aC =aBoeA = aC =aBox = aC =aBR, = B=CR,".
Put a = e in (3.23) to obtain
(3.26) bC = eBobA=bC =yobA=bC =bAL,= A=CL,".
So, using (3.23), (3.25) and (3.26), we obtain
(aob)C =aBobA=aCR;" obCL;' = aC ® bC,
for all a,b € Q. Hence, (Q,®) = (Q,0). O
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