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EXISTENCE RESULTS FOR DOUBLE PHASE PROBLEM

INVOLVING FRACTIONAL OPERATORS AND SINGULAR

NONLINEARITY

RYM CHAMMEM1, ABDELJABBAR GHANMI2, AND MAHFOUDH MECHERGUI1

Abstract. The purpose of this paper is to extend some existing results related
to the fractional Laplacian operator to a more general fractional operator. More
precisely, we combine the variational method with the min-max problem, to study
the existence of solutions for some singular problems with double-phase nonlocal
operators. To validate our main results an illustrative example is presented.

1. Introduction

One of the key operators in the field of harmonic analysis and partial differential
equations is the fractional Laplace operator which may be defined as

(1.1) −(−∆)su(x) =
1

2

∫

RN

u(x + y) + u(x − y) − 2u(x)

♣y♣N+2s
dy,

where N > 2s and s ∈ (0, 1). Indeed, the elliptic partial differential equations
approach in a nonlocal framework has recently been used very often in Ambrosetti et
al. [2], Ghanmi [19], Nezza et al. [28], Saoudi et al. [31], Servadei [32], Servadei and
Valdinoci [33] and Servadei et al. [34]. Also, we note that the interest in this operator
has increased considerably, given its importance and its rigorous applications in several
fields including, in particular, the mechanics of continuous media, phase transition
phenomena, population dynamics, for more applications, financial mathematics, see
for example Autuori and Pucci [3], Barrios et al. [5], Cabre and Tan [7], Caffarelli and
Silvestre [8], Capella [9], Dong and Kim [15], Servadei [32] and references therein.

Key words and phrases. Elliptic equation, variational method, min-max, nonlocal operator, sin-
gular problem.
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Many authors use several methods to study problems of the type:






(−∆)su = f(x, u), in Ω,

u = 0, in R
N\Ω,

(1.2)

where N > 2s, 0 < s < 1, Ω ⊂ R
N is a bounded smooth domain, we refer the inter-

ested readers to the papers of Teng [35] (Critical point theory for non-differentiable
functionals), [36] (Extending three-critical-points theorem), Wu et al. [38](Stampac-
chia truncation method and the Leray-Schauder fixed point theorem).

Recently, several researchers have been concentrated on the generalization of the
fractional Laplace operator Servadei and Valdinoci [33] use a more general non-local
operator LK to study the following elliptic problem







LKu = f(x, u), in Ω,

u = 0, in R
N\Ω,

(1.3)

where K : RN \ Ω → (0, +∞) is a function satisfying some appropriate assumptions,
f ∈ C1(Ω×R), and LK is a nonlocal operator which generalizes the fractional Laplacian
one and defined as follows:

(1.4) LKu(x) =
1

2

∫

RN
(u(x + y) + u(x − y) − 2u(x)) K(y)dy.

By using the Mountain Pass Theorem they showed the existence of a non-trivial
solution.

We note that the operator LK is a generalization of the operator −(−∆)s in the
sense that if K(x) = ♣x♣−(N+2s) then LK = −(−∆)s.

Next, many authors developed some problems like (1.3), we mention the works of
Caffarelli and Silvestre [8], Chammem et al. [10,11], Saoudi et al. [31], Servadei [32].

Very recently, Ghanmi and Saoudi [21] studied the following singular problem






LKu = a(x)
uγ + λf(x, u), in Ω,

u = 0, in R
N\Ω,

(1.5)

where 0 < γ < 1, λ > 0, a ∈ C(Ω) and h ∈ C1(Ω̄ × R). They showed (using the
method of Nehari manifold) the existence of λ0 such that for all λ ∈ (0, λ0), the
problem (1.5) admits two nontrivial weak solutions. For the interested readers, other
singular problems like (1.5) can be found in [12,16,17,20–23,27,37].

In recent years, problems involving mixed mixed-fractional Laplacian (double phase
problems) operators attracted the attention of several researchers. In particular,
Huyuan et al. [25] considered the following problem







(−∆)s1u = λ ((−∆)s2u + µu) , in Ω,

u = 0, in R
N\Ω,

where 0 < s2 < s1 < 1 and N > 2s1. They proved that the above problem admits a
sequence of nontrivial solutions. More recently, Giacomoni et al. [24] developed the
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following interesting problem

(1.6)







(−∆)s1

p u + (−∆)s2

q u = f(x), in Ω,

u = 0, in R
N\Ω,

where 1 < q ≤ p < +∞, 0 < s2 ≤ s1 < 1 and f ∈ L∞
loc(Ω). The fractional p-Laplace

operator (−∆)s
p is defined as

(−∆)s
pu(x) = 2 lim

ϵ→0

∫

RN \Bϵ(x)

♣u(x) − u(y)♣p−2(u(x) − u(y))

♣x − y♣N+ps
dy.

They study the Hölder continuity results and maximum principle for weak solutions
to the problems (1.6).

We note that in general, double phase differential operators and corresponding
energy functionals appear in several physical applications for example in the elasticity
theory see Zhikov [39] and in other applications which can be found in the works of
Bahroumi et al. [4]. Also, we note that double-phase problems appear in rigorous
journals, we cite for example the papers [14,18,29,30,40], and the references therein.

Inspired by the above-mentioned works, in this paper we study the following problem

(Qλ)







LK1
u + LK2

u = b(x)
uγ − λh(x, u), in Ω,

u = 0, in R
N\Ω,

where Ω ⊂ R
N , N > 2, is a bounded smooth domain, h ∈ C1(Ω̄ × R), λ ∈ R and

0 < γ < 1.
In the rest of this paper, the letter i will denote the integers one or two and we

suppose that the function Ki : RN \ ¶0♢ → (0, +∞) satisfies the following hypotheses:

(N1) min¶♣x♣, 1♢Ki ∈ L1(RN);
(N2) there exists µi > 0 such that for all x ∈ R

N\¶0♢ we have

Ki(x) > µi♣x♣−(N+2si), si ∈ (0, 1);

(N3) Ki(x) = Ki(−x), for any x ∈ R
N\¶0♢.

We mentioned that the function Ki(x) = ♣x♣−(N+2si) satisfies the above conditions.
Also, we mentioned that the problem (Qλ) is studied by M. Chhetri et al. [13] in the
case when LK1

= LK2
= ♣x♣−(N+2s), b = 0 and λ < 0.

Hereafter, we put s = min¶s1, s2♢ and we assume that the function b satisfies:

(1.7) 0 < b ∈ L
β

β+γ−1 (Ω), 1 ≤ β < 2∗ :=
2N

N − 2s
.

The double-phase problem (Qλ) is inspired by various models in mathematical physics.
For example, consider the fourth-order relativistic operator

φ 7→ div

(

♣∇φ♣2

(1 − ♣∇φ♣4)
3

4

∇φ



,



1380 R. CHAMMEM, A. GHANMI, AND M. MECHERGUI

which characterizes a wide range of phenomena in relativistic quantum mechanics. If
we apply Taylor’s formula to the function y2(1 − y4)− 3

4 , then we can approximate the
last operator by the following double-phase operator

φ 7→ ∆4φ +
3

4
∆8φ.

The main body of the paper is organized as follows. In Section 2, we recall some basic
definitions and collect some variational settings. Next, we study the existence and
the multiplicity of solutions of problem Qλ, in Section 3 for the case λ < 0, and in
Section 4 for the case λ ≥ 0. To illustrate the validity of the main results, an example
is given in Section 5.

2. Preliminaries and Variational Setting

In this section, we collect and introduce some results related to the variational
setting for the problem (Qλ). First, we introduce the fractional Sobolev space

H
s(Ω) =

{

u ∈ L2(Ω) : [u]s,2 < +∞
}

,

with the norm

♣♣u♣♣Hs(Ω) = ♣u♣L2(Ω) + [u]s,2,

where

[u]s,2 =

(

∫

Ω

∫

Ω

♣u(x) − u(y)♣2

♣x − y♣N+2s
dxdy


1

2

is the Gagliardo norm. For a detailed account on the properties of Hs, we refer the
reader to [1, 28].

Denote T = R
2N \ D, with D = (Ωc) × (Ωc) ⊂ R

2N , such as : (Ωc) = R
N \ Ω. We

denote by O = ¶u : RN → R Lebesgue measurable♢. We define the space

Xi =


u ∈ O : u\Ω ∈ L2(Ω) and (u(x) − u(y))
√

Ki(x − y) ∈ L2(T)
}

,

with the norm

♣♣u♣♣Xi
= ♣♣u♣♣L2(Ω) +

∫

T

♣u(x) − u(y)♣2Ki(x − y)dxdy


1

2

.

We consider the following space:

Fi = ¶u ∈ Xi : u = 0 a.e. in R
N \ ¶Ω♢♢,

with the norm

♣♣u♣♣Fi
=
∫

T

♣u(x) − u(y)♣2Ki(x − y)dxdy


1

2

.

We stress that (Fi, ♣♣ · ♣♣Fi
) is a Hilbert space [33]. Also, C2

0 (Ω) ⊂ Fi, Xi ⊂ H
s(Ω) and

Fi ⊂ H
s(RN).

Theorem 2.1. For all 1 ≤ β < 2∗, the injection Fi →֒ Lβ(Ω) is continuous and

compact.
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Put F = F1 ∩ F2. Then, we obviously have that (F, ♣♣ · ♣♣F ) is a Hilbert space, with

♣♣u♣♣F = ♣♣u♣♣F1
+ ♣♣u♣♣F2

.

Moreover, for 1 ≤ β < 2∗, the embedding

(2.1) F →֒ Lβ(Ω) is continuous and compact.

Remark 2.1. Let u ∈ F . Then, we have

(i) ♣♣u♣♣Fi
≤ ♣♣u♣♣F ;

(ii) 1
2
♣♣u♣♣2F ≤ ♣♣u♣♣2F1

+ ♣♣u♣♣2F2
≤ ♣♣u♣♣2F ;

(iii) according to 2.1, if we note that Sβ is the best Sobolev constant, then we have
∫

Ω
♣u♣βdx ≤ Sβ♣♣u♣♣βF .

To use the variational method to prove the existence of solutions in F , we define
the energy functional ϕλ : F → R associated to problem (Qλ) by:

(2.2) ϕλ(u) =
1

2
♣♣u♣♣2F1

+
1

2
♣♣u♣♣2F2

+ λ

∫

Ω
H(x, u)dx −

1

1 − γ

∫

Ω
b(x)♣u♣1−γdx,

where

(2.3) H(x, u) =
∫ u

0
h(x, s)ds.

We say that u ∈ F is a weak solution of problem (Qλ), for every v ∈ F , we have
∫

T

(u(x) − u(y))(v(x) − v(y))(K1(x − y) + K2(x − y))dxdy

=
∫

Ω
b(x)u−γv(x)dx − λ

∫

Ω
h(x, u(x))v(x)dx.

Now, we aim to study the existence and the multiplicity of solutions to problem (Qλ)
by using variational methods [6, 26].

3. Existence Result for λ < 0

In this section, we will present and prove the first main result of this paper. For
this aim, we shall consider the following hypotheses.

(M1) There exist f ∈ Lr(Ω) continuous function and 1 < q < 2 < N
s

< r such that

h(x, t) ≤ Cf(x)♣t♣q−2t, a.e. x ∈ Ω, t ∈ R,

where C is a positive constant.
(M2) There exists Ω′ ⊂ Ω with ♣Ω′♣ > 0 such that

h(x, t), f(x) > 0, in Ω′.

The first main result of this paper is the following theorem.

Theorem 3.1. Assume that (M1) and (M2) hold. If λ < 0, then problem (Qλ) has

at least one nontrivial weak solution with negative energy.

To prove Theorem 3.1, we need to prove several lemmas.
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Lemma 3.1. Let λ < 0 and under assumption (M1), the functional ϕλ is coercive

and bounded below on F .

Proof. Let u ∈ F . Then, using (1.7) and (2.1) and Hölders inequality, we obtain
∫

Ω
b(x)u1−γdx ≤ ♣♣b♣♣ β

β+γ−1

♣♣u♣♣1−γ
β ≤ S

1−γ
β ♣♣b♣♣ β

β+γ−1

♣♣u♣♣1−γ
F .(3.1)

Consequently, from (3.1), we have

ϕλ(u) ≥
1

2
♣♣u♣♣2F1

+
1

2
♣♣u♣♣2F2

+ λ

∫

Ω
H(x, u)dx − S

1−γ
β ♣♣b♣♣ β

β+γ−1

♣♣u♣♣1−γ
F

≥
1

4
♣♣u♣♣2F + λ

∫

Ω
H(x, u)dx − S

1−γ
β ♣♣b♣♣ β

β+γ−1

♣♣u♣♣1−γ
F .(3.2)

On the other hand, from (M1) and Hölders inequality, we get
∫

Ω
H(x, u)dx ≤

C

q

∫

Ω
f(x)♣u♣q(x)dx ≤

C

q
♣♣f ♣♣r♣♣u♣♣qqr′ ,(3.3)

where r′ is such that 1
r

+ 1
r′ = 1.

Note that, from (M1), we have

(3.4) 2∗ − qr′ =
Nr(2 − q) + 2(qrs − N)

(N − 2s)(r − 1)
> 0.

From (3.3), applying (2.1), we get

(3.5)
∫

Ω
H(x, u)dx ≤ C1♣♣f ♣♣r♣♣u♣♣qF ,

for some positive constant C1.
Finally, combining (3.2) and (3.5) and since λ < 0, we get

ϕλ(u) ≥
1

4
♣♣u♣♣2F + λC1♣♣f ♣♣r♣♣u♣♣qF − S

1−γ
β ♣♣b♣♣ β

β+γ−1

♣♣u♣♣1−γ
F .

Since, 2 > q > 1 − γ, we infer that ϕλ → +∞ if ♣♣u♣♣F → +∞. So, the functional ϕλ

is coercive and bounded from below on F . That gives the proof of Lemma 3.1. □

Lemma 3.2. Let λ < 0 and assume that assumption (M2) holds, then there exists

e ∈ E with e > 0 such that ϕλ(te) < 0 for all t > 0 small enough.

Proof. Let e ∈ C∞
0 such that supp(e) ⊂ Ω′ ⊂ Ω, e = 1 in a subset Ω′′ ⊂ supp(e) and

0 ≤ e ≤ 1 in Ω′. Using assumption (M2), Remark 2.1 and the fact that λ < 0, we get

ϕλ(te) =
1

2
♣♣te♣♣2F1

+
1

2
♣♣te♣♣2F2

+ λ

∫

Ω
H(x, te)dx −

1

1 − γ

∫

Ω
b(x)♣te♣1−γdx

≤
1

2
t2♣♣e♣♣2F + λ

∫

Ω
H(x, te)dx −

1

1 − γ
t1−γ

∫

Ω
b(x)♣e♣1−γdx

≤
1

2
t2♣♣e♣♣2F + λ

∫

Ω′
H(x, te)dx −

1

1 − γ
t1−γ

∫

Ω
b(x)♣e♣1−γdx.
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Therefore, we obtain

ϕλ(te) ≤ t2 1

2
♣♣e♣♣2F − t1−γ 1

1 − γ

∫

Ω
b(x)♣e♣1−γdx

≤ t1−γ

(

t2+γ−1 1

2
♣♣e♣♣2F −

1

1 − γ

∫

Ω
b(x)♣e♣1−γdx



.(3.6)

Since ♣♣e♣♣2F > 0 (if ♣♣e♣♣2F = 0, then e = 0 in Ω, which is a contradiction). Finally, if t

is such that 0 < t < min¶1, t0♢, then from equation (3.6), we get ϕλ(te) < 0, where t0

is given by

t0 =





1
1−γ

∫

Ω b(x)♣e♣1−γdx
1
2
♣♣e♣♣2F





1

2+γ−1

.

□

In the sequel, we put

(3.7) mλ = inf
u∈F

ϕλ(u).

Lemma 3.3. Let λ < 0. Under assertions (1.7) and (M1)-(M2), the function ϕλ

reaches its global minimizer in F , that is, there exists vλ ∈ F such that

ϕλ(vλ) = mλ < 0.

Proof. Let ¶vn♢ be a minimizing sequence, then ϕλ(vn) → mλ. We claim that ¶vn♢ is
bounded in F .

Indeed, if ¶vn♢ is not bounded in F , so ♣♣vn♣♣F → +∞ as n → +∞. Since ϕλ is
coercive,

ϕλ(vn) → +∞, as ♣♣vn♣♣F → +∞.

This contradicts the fact that ¶vn♢ is a minimizing sequence. Therefore, ¶vn♢ is
bounded in the reflexive space Fi. Then, from Theorem 2.1, up to a subsequence, still
denoted by ¶vn♢ there exists vλ ∈ Fi, such that















vn ⇀ vλ weakly in Fi,

vn → vλ strongly in Lβ(Ω),

vn → vλ a.e in Ω.

We begin by proving that ϕλ is weakly lower semi-continuous on F . So, we begin by
remarking that from the fact that vn ⇀ vλ weakly in Fi, then we have

(3.8) ♣♣vλ♣♣Fi
≤ lim inf

n→+∞
♣♣vn♣♣Fi

.

Next, by Vitali’s Theorem [39], we can claim that

(3.9) lim
n→+∞

∫

Ω
b(x)♣vn♣1−γdx =

∫

Ω
b(x)♣vλ♣1−γdx.

Indeed, we only need to prove that
∫

Ω
b(x)♣vn♣1−γdx : n ∈ N

}

,
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is equi-absolutely-continuous.

Let ε > 0. Then, by the absolutely-continuity of
∫

Ω ♣b(x)♣
β

β+γ−1 dx, there exists α > 0
such that

∫

Ω3

♣b(x)♣
β

β+γ−1 dx < ε
β

β+γ−1 , for every Ω3 ⊂ Ω, with ♣Ω3♣ < α.

Note that ¶vn♢ is bounded, by the Sobolev embedding theorem, there exists a constant
A > 0, such that ♣♣vn♣♣F ≤ A.

Consequently, by Hölder’s inequality, we have

∫

Ω3

b(x)♣vn♣1−γdx ≤ ♣♣vn♣♣1−γ
F

∫

Ω3

♣b(x)♣
β

β+γ−1 dx


β+γ−1

β

≤ A1−γε.

Finally, we will prove that

(3.10) lim
n→+∞

∫

Ω
H(x, vn)dx =

∫

Ω
H(x, vλ)dx.

Let ϵ > 0. Then, from (M1), there exists Cϵ > 0 such that

H(x, vn(x)) ≤
Cϵ

q
♣f(x)♣ · ♣vn♣q.

Since vn ⇀ vλ in F and from (3.4), we obtain the strong convergence for a sub-
sequence of ¶vn♢ in Lr′q(Ω), still denoted by ¶vn♢. Therefore, we get vn → vλ a.e.
in Ω, from [6, Theorem IV-9] there exists l ∈ Lr′q(Ω) such that

(3.11) ♣vn(x)♣ ≤ l(x).

Then, assumption (M1), equations (2.3), (3.11) and Hölder’s inequality imply that

∫

Ω
H(x, vn)dx ≤

Cϵ

q

∫

Ω
f(x)♣vn♣qdx ≤

Cϵ

q

∫

Ω
f(x)lq(x)dx

≤
Cϵ

q
♣♣f ♣♣r♣♣l♣♣

q
qr′ ≤ C3♣♣f ♣♣r♣♣l♣♣

q
F .

Hence, by the dominated convergence theorem, (3.10) holds.
Finally, by combining (2.2), (3.9), (3.8) with (3.10), we get ϕλ is weakly lower

semi-continuous on F . Therefore,

(3.12) ϕλ(vλ) ≤ lim inf
n→+∞

ϕλ(vn) = mλ.

On the other hand, from (3.7), we have

(3.13) ϕλ(vλ) ≥ mλ.

Combining (3.12) and (3.13), we conclude that ϕλ(vλ) = mλ. □
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Proof of Theorem 3.1. From Lemma 3.3, vλ is a global minimum for ϕλ. Let φ ∈ F ,
then, for sufficiently small t > 0, we have

0 ≤ϕλ(vλ + tφ) − ϕλ(vλ)

=
1

2

(

♣♣vλ + tφ♣♣2F1
− ♣♣vλ♣♣2F1

+ ♣♣vλ + tφ♣♣2F2
− ♣♣vλ♣♣2F2



+ λ

∫

Ω
H(x, vλ + tφ) − H(x, vλ)dx −

1

1 − γ

∫

Ω
b(x)

(

♣vλ + tφ♣1−γ − ♣vλ♣1−γ


dx,

dividing this by t > 0 and letting t → 0+, we obtain

0 ≤
∫

Ω
(vλ(x) − vλ(y))(φ(x) − φ(y))(K1(x − y) + K2(x − y))dxdy

−
∫

Ω
b(x)♣vλ♣−γφ(x)dx + λ

∫

Ω
h(x, vλ(x))φ(x)dx.

Since φ is arbitrary in F , we can replace φ by −φ. Thus, the equality holds for all
φ ∈ F , which means that vλ is a weak solution of problem (Qλ). Moreover, the fact
that ϕλ(vλ) < 0 implies that vλ is nontrivial. □

4. Existence Result for λ > 0

In this section, we will present and prove the second main result of this paper. For
this aim, we shall consider the following hypothesis.

(M3) There exist Ω2 ⊂ Ω with ♣Ω2♣ > 0 and a nonnegative function f1 on Ω2 such
that f1 ∈ Lr1(Ω) with

lim
♣t♣→0

h(x, t)

f1(x)♣t♣p−1
= 0, for x ∈ Ω uniformly.

(M4) There exists a nonnegative function f2 on Ω such that f2 ∈ Lr2(Ω) and

lim
♣t♣→+∞

h(x, t)

f2(x)♣t♣p′−1
= 0, for x ∈ Ω uniformly,

where

(4.1) 1 < max¶p, p′♢ < 2 <
N

s
< min¶r1, r2♢.

(M5) There exists B > 0 such that
∫

Ω
H(x, t)dx ≥ 0, for any t > B.

The second main result of this paper is the following theorem.

Theorem 4.1. Assume that (M3), (M4) and (M5) hold. If λ > 0, then problem (Qλ)
has at least one nontrivial weak solution with negative energy.

To prove Theorem 4.1, we need to prove several lemmas.

Lemma 4.1. Under assumption (M5) and the fact that λ > 0, the functional ϕλ is

coercive and bounded below on F .
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Proof. Let u ∈ F and λ > 0. Then, using (M5), (2.1) and (3.1) for any ♣♣u♣♣ >

max¶1, B♢, we get

ϕλ(u) =
1

2
♣♣u♣♣2F1

+
1

2
♣♣u♣♣2F2

+ λ

∫

Ω
H(x, u)dx −

1

1 − γ

∫

Ω
b(x)♣u♣1−γdx

≥
1

4
♣♣u♣♣2F + λ

∫

Ω
H(x, u)dx − S

1−γ
β ♣♣b♣♣ β

β+γ−1

♣♣u♣♣1−γ
F

≥
1

4
♣♣u♣♣2F − S

1−γ
β ♣♣b♣♣ β

β+γ−1

♣♣u♣♣1−γ
F .

Now, since 2 > 1 − γ, we have

lim
♣♣u♣♣F →+∞

1

4
♣♣u♣♣2F − S

1−γ
β ♣♣b♣♣ β

β+γ−1

♣♣u♣♣1−γ
F = +∞.

So, the functional ϕλ is coercive and bounded from below on F which gives the proof
of Lemma 4.1. □

Lemma 4.2. Under assumption (M3) and for λ > 0, there exists ζ ∈ F with ζ > 0
such that ϕλ(tζ) < 0 for all sufficiently small t > 0.

Proof. Let ζ ∈ C∞
0 (Ω) such that supp(ζ) ⊂ Ω2 ⊂ Ω, ζ = 1 in subset Ω′

2 ⊂ supp(ζ)
and 0 < ζ ≤ 1 in Ω2. Using (2.3) and assumption (M3), there exists C2 > 0 such that

(4.2)
∫

Ω
H(x, tζ)dx ≤ C2♣t♣

p
∫

Ω2

f1(x)♣ζ(x)♣pdx.

Assume that 0 < t < 1, then by (4.2) and Remark 2.1, we get

ϕλ(tζ) =
1

2
♣♣tζ♣♣2F1

+
1

2
♣♣tζ♣♣2F2

+ λ

∫

Ω
H(x, tζ)dx −

1

1 − γ

∫

Ω
b(x)♣tζ♣1−γdx

≤
1

2
t2♣♣ζ♣♣2F + λC2♣t♣

p
∫

Ω2

f1(x)♣ζ(x)♣pdx −
1

1 − γ
t1−γ

∫

Ω
b(x)♣ζ♣1−γdx

≤ tmin¶2,p♢


1

2
♣♣ζ♣♣2F + λC2

∫

Ω2

f1(x)♣ζ♣pdx



− t1−γ 1

1 − γ

∫

Ω
b(x)♣ζ♣1−γdx

≤ t1−γ



1

2
♣♣ζ♣♣2F + λC2

∫

Ω2

f1(x)♣ζ♣pdx



(

tmin¶2,p♢+γ−1 − t
min¶2,p♢+γ−1
0 dx



,(4.3)

where

t0 =





1
1−γ

∫

Ω b(x)♣ζ♣1−γdx
1
2
♣♣ζ♣♣2F + λC2

∫

Ω2
f1(x)♣ζ♣pdx





1

min¶2,p♢+γ−1

.

Since λ > 0, ζ ̸= 0 and f1(x) ≥ 0, then

1

2
♣♣ζ♣♣2F + λC2

∫

Ω2

f1(x)ζpdx > 0.

We see from (4.3), that if 0 < t < min¶1, t0♢, then ϕλ(tζ) < 0, which gives the proof
of Lemma 4.2. □
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In the sequel, we put

(4.4) m′
λ = inf

u∈F
ϕλ(u).

Lemma 4.3. Let λ > 0. Under assertions (1.7) and (M3)-(M5), the function ϕλ

reaches its global minimizer in F , that is, there exists νλ ∈ F such that

ϕλ(νλ) = m′
λ < 0.

Proof. Let ¶νn♢ be a minimizing sequence, then, ϕλ(νn) → m′
λ. ¶νn♢ is bounded in F .

Indeed, if ¶νn♢ is not bounded in F , so ♣♣νn♣♣F → +∞ as n → +∞. Since ϕλ is
coercive

ϕλ(νn) → +∞, as ♣♣νn♣♣F → +∞.

This contradicts the fact that ¶νn♢ is a minimizing sequence. Therefore, ¶νn♢ is
bounded in the reflexive space Fi. Then from Theorem 2.1, up to a subsequence, still
denoted by ¶νn♢ there exists νλ ∈ Fi such that















νn ⇀ νλ weakly in Fi,

νn → νλ strongly in Lβ(Ω),

νn → νλ a.e in Ω.

We will prove that

(4.5) lim
n→+∞

∫

Ω
H(x, νn)dx =

∫

Ω
H(x, νλ)dx.

Assume that (M3), (M4) and (2.3), that for all δ > 0 there exists Aδ such that

♣H(x, νn)♣ ≤ δ
C3

p

∫

Ω
f1(x)♣νn♣pdx + Aδ

C ′
3

p′

∫

Ω
f2(x)♣νn♣p

′

dx.

Since νn → νλ strongly in Lβ(Ω), 1 ≤ β < 2∗, from [6, Theorem IV-9] there exists
l1 ∈ Lβ(Ω) such that

(4.6) ♣νn(x)♣ ≤ l1(x), a.e in Ω.
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Then, by Hölder’s inequality, we obtain

♣H(x, νn)♣ ≤δ
C3

p

∫

Ω
f1(x)♣νn♣pdx + Aδ

C ′
3

p′

∫

Ω
f2(x)♣νn♣p

′

dx

≤δ
C3

p

∫

Ω
♣f1(x)♣r1dx


1

r1

∫

Ω
♣νn♣pr′

1dx


1

r1

+ Aδ

C ′
3

p′

∫

Ω
♣f2(x)♣r2dx


1

r2

∫

Ω
♣νn♣p

′r′
2dx


1

r′
2

≤δ
C3

p

∫

Ω
♣f1(x)♣r1dx


1

r1

∫

Ω
♣l1♣

pr′
1dx


1

r1

+ Aδ

C ′
3

p′

∫

Ω
♣f2(x)♣r2dx


1

r2

∫

Ω
♣l1♣

p′r′
2dx


1

r′
2

≤δ
C3

p
♣♣f1♣♣r1

♣♣l1♣♣
p
pr′

1

+ Aδ

C ′
3

p′
♣♣f2♣♣r2

♣♣l1♣♣
p′

p′r′
2

,(4.7)

where 1
r1

+ 1
r′

1

= 1 and 1
r2

+ 1
r′

2

= 1.

Note that, from (4.1), we get

(4.8) 2∗ − pr′
1 =

Nr1(2 − p) + 2(pr1s − N)

(N − 2s)(r1 − 1)
> 0

and

2∗ − p′r′
2 =

Nr2(2 − p′) + 2(p′r2s − N)

(N − 2s)(r2 − 1)
> 0.

From (4.7) applying (2.1), we get

♣H(x, νn)♣ ≤ δ
C3

p
♣♣f1♣♣r1

♣♣l1♣♣
p
F + Aδ

C ′
3

p′
♣♣f2♣♣r2

♣♣l1♣♣
p′

F .

Hence, by the dominated convergence theorem, (4.5) holds.
By combining (2.2), (3.9), (3.8) and (4.5), we get that ϕλ is weakly lower semi-

continuous. Therefore,

(4.9) ϕλ(νλ) ≤ lim inf
n→+∞

ϕλ(νn) = m′
λ.

On the other hand, from the definition of m′
λ, we have

(4.10) Iλ(νλ) ≥ m′
λ.

Combining (4.9) and (4.10), we conclude that ϕλ(νλ) = mλ. □
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Proof of Theorem 4.1. Let λ > 0 and from Lemma 4.3, νλ is a global minimum for
ϕλ. Let φ ∈ F , then, for sufficiently small t > 0,

0 ≤ϕλ(νλ + tφ) − ϕλ(νλ)

=
1

2

(

♣♣νλ + tφ♣♣2F1
− ♣♣νλ♣♣2F1

+ ♣♣νλ + tφ♣♣2F2
− ♣♣νλ♣♣2F2



+ λ

∫

Ω
(H(x, νλ + tφ) − H(x, νλ))dx −

1

1 − γ

∫

Ω
b(x)

(

♣νλ + tφ♣1−γ − ♣νλ♣1−γ


dx,

dividing this by t > 0 and letting t → 0+, we obtain

0 ≤
∫

T

(νλ(x) − νλ(y))(φ(x) − φ(y))(K1(x − y) + K2(x − y))dxdy

−
∫

Ω
b(x)♣νλ♣−γφ(x)dx + λ

∫

Ω
h(x, νλ(x))φ(x)dx.

Since φ is arbitrary in F , we can replace φ by −φ. Thus, the equality holds for all
φ ∈ F , which means that νλ is a weak solution of problem (Qλ). Moreover, the fact
that ϕλ < 0, implies that νλ is nontrivial. □

Remark 4.1. Let λ = 0, Lemmas 3.1 and 3.2 are true, then by Lemma 3.3 the function
ϕ0 reaches its global minimizer in F , that is, there exists v0 ∈ F such that

ϕ0(vλ) = m0 < 0.

We follow the same proof of Theorem 3.1 for λ = 0, we conclude that v0 is a weak
solution of problem (Qλ). Moreover, the fact that ϕ0(v0) < 0 implies that v0 is
nontrivial.

5. An Example

In this section, we give an example to illustrate our main result.

Example 5.1. Let Ω ⊂ R
N , N > 2, be a bounded domain. We consider the following

problem:

(Qλ)







L1u + L2u = b(x)
uγ − λh(x, u), in Ω,

u = 0, in R
N\Ω,

where λ is a parameter, b is a function that is almost everywhere positive in Ω provided
that

b ∈ L
β

β+γ−1 (Ω), 1 ≤ β < 2∗, with 2∗ =
2N

N − 2s
.

Case 1. Let λ < 0 and let h be the function defined respectively by:

h(x, t) = Cf(x)♣t♣q−2t, for all x ∈ Ω, t ∈ R,

where, f ∈ Lr(Ω) is a continuous function and 1 < q < 2 < N
s

< r.
Then, assumptions (M1) and (M2) hold. So, for any λ < 0 problem (Qλ) has at

least one nontrivial weak solution in F with negative energy.
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Case 2. Let λ > 0 and let h be the function defined respectively by:

h(x, t) =







f1(x)♣t♣p−1, ♣t♣ ≤ 1,

f2(x)♣t♣p
′−1, ♣t♣ > 1,

where f1 ∈ Lr1(Ω) and f2 ∈ Lr2(Ω) are nonnegative functions with

1 < max¶p, p′♢ < 2 <
N

s
< min¶r1, r2♢.

Then, assumptions (M3), (M4) and (M5) hold. So for all λ > 0, problem (Qλ) has at
least one nontrivial weak solution in F with negative energy.
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SOLVABILITY OF GENERALIZED FRACTIONAL

FUNCTIONAL-INTEGRAL EQUATIONS IN BANACH SPACES BY

PETRYSHYN’S FIXED POINT THEOREM

SONIYA SINGH1, NAVEEN KUMAR2, AND SATISH KUMAR3∗

Abstract. We study the solvability of fractional functional-integral equations of
product type in Banach spaces. We use PetryshynŠs Ąxed point theorem associated
with measure of non-compactness to obtain our results. Our results extend some
existing results in the literature. We illustrate the applicability of our results with
examples.

1. Introduction

Functional integral equations are a powerful tool for studying real-world problems.
In recent years, there has been a growing interest in fractional integral equations.
These equations are more general than traditional integral equations, and they can
be used to model a wider range of phenomena. They have been used in a variety
of Ąelds, including mathematics, engineering, physics, mechanics, and modeling etc.
[15,33,39].

Fixed point theorems are a powerful tool for studying fractional integral equations.
They provide a solid theoretical foundation to prove the existence and uniqueness of
solutions of these equations. This is supported by many books and articles that have
been published on the subject, such as [20, 27, 40, 52]. In this paper, we discuss the

Key words and phrases. Fractional Functional-Integral Equation (FFIE), measure of non-
compactness (MNC), PetryshynŠs Ąxed point theorem.
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solvability of the following fractional integral functional integral equation (FFIE):

u(ζ) =



f(ζ, u(ζ), u(α(ζ)) + F

(

ζ, u(ζ), u(β(ζ)),
1

Γ(h)

∫ ϕ(ζ)

0

p(ζ, s, u(µ(s))

(ϕ(ζ) − s)1−h
ds

)





×


g(ζ, u(ζ), u(η(ζ)) +G

(

ζ, u(ζ), u(φ(ζ)),
∫ θ(ζ)

0
q(ζ, s, u(ν(s))ds

)



,(1.1)

for ζ ∈ Ib = [0, b], 0 < h ≤ 1.
We found the following integral equations are particular types of the equation (1.1).
• Darwish [18] studied the existence of solutions for FFIE

u(ζ) =F
(

ζ, u(β(ζ)),
1

Γ(h)

∫ ζ

0

p(ζ, s, u(s))

(ζ − s)1−h
ds

)

×G

(

t, u(φ(t)), u(ζ)
∫ 1

0
q(ζ, s, u(s))ds

)

, ζ ∈ [0, 1].(1.2)

• Banaś and Rzepka [8] studied the existence of solutions for FFIE

u(ζ) = A(ζ) +
f̃(ζ, u(ζ))

Γ(h)

∫ ζ

0

p(s, u(s))

(ζ − s)1−h
ds, ζ ∈ [0, 1].(1.3)

• Banaś and Regan [10] studied the existence of solutions for FFIE

u(ζ) = A(ζ) +
f̃(ζ, u(ζ))

Γ(h)

∫ ζ

0

p(ζ, s, u(s))

(ζ − s)1−h
ds, ζ ∈ [0,+∞).(1.4)

• Darwish and Henderson [19] studied the existence of solutions for FFIE

u(ζ) = f(ζ, u(ζ)) +
f̃(ζ, u(ζ))

Γ(h)

∫ ζ

0

p(ζ, s, u(s))

(ζ − s)1−h
ds, ζ ∈ [0,+∞).(1.5)

• Balachandran et al. [2] studied the FFIE

u(ζ) = f(ζ, u(α(ζ))) +
f̃(ζ, u(β(ζ)))

Γ(h)

∫ ζ

0

p(ζ, s, u(µ(s)))

(ζ − s)1−h
ds, ζ ∈ [0,+∞).(1.6)

• Darwish [17] studied the existence of solutions for FFIE

u(ζ) = A(ζ) +
u(ζ)

Γ(h)

∫ ζ

0

p(s, u(s))

(ζ − s)1−h
ds, ζ ∈ Ib.(1.7)

• Deep et al. [21] studied the existence of solution for FIE

u(ζ) =



A(ζ) + f(ζ, u(ζ)) + F

(

ζ,

∫ ζ

0
p(ζ, s, u(µ(s))ds, u(β(ζ))

)





×


B(ζ) + g(ζ, u(ζ)) +G

(

ζ,

∫ b

0
q(ζ, s, u(ν(s))ds, u(φ(ζ))

)



, ζ ∈ Ib.(1.8)
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• Deepmala [26] analyzed the following FIE

u(ζ) =



f(ζ, u(ζ)) + F

(

ζ,

∫ ζ

0
p(ζ, s, u(s))ds, u(β(ζ))

)





×


G

(

ζ,

∫ b

0
q(ζ, s, u(s))ds, u(φ(ζ))

)



, ζ ∈ Ib.(1.9)

• Banaś [5] as well as Maleknejad et al. [42] analyzed the following FIE

u(ζ) = F

(

ζ,

∫ ζ

0
p(ζ, s, u(µ(s))ds, u(β(ζ))

)

×G

(

ζ,

∫ b

0
q(ζ, s, u(ν(s))ds, u(φ(ζ))

)

,

(1.10)

ζ ∈ Ib.

• Caballero et al. [12] analyzed the following FIE

u(ζ) = F

(

ζ,

∫ ζ

0
p(ζ, s, u(s))ds, u(β(ζ))

)

×G

(

ζ,

∫ b

0
u(s)q(ζ, s, u(s))ds, u(φ(ζ))

)

,

(1.11)

ζ ∈ Ib.

• Hu and Yan [32] examined the existence of solutions for FIE

u(ζ) = F



ζ, u(ζ),
∫ ζ

0
p(ζ, s, u(s))ds



, ζ ∈ [0,+∞).(1.12)

• Maleknejad et al. [43, 44] examined the existence result of FIEs

u(ζ) =f(ζ, u(ζ)) + F

(

ζ,

∫ ζ

0
p(ζ, s, u(s))ds, u(β(ζ))

)

,(1.13)

u(ζ) =f̃(ζ, u(β(ζ))
∫ ζ

0
p(ζ, s, u(s))ds, ζ ∈ Ib.(1.14)

• Banaś [6, 11] analyzed the following FIEs

u(ζ) =f̃(ζ, u(ζ))
∫ ζ

0
p(ζ, s, u(s))ds,(1.15)

u(ζ) =c(ζ) + f̃(ζ, u(ζ))
∫ ζ

0
p(ζ, s, u(s))ds, ζ ∈ [0,+∞).(1.16)

• Dhage [28] analyzed the following FIE

u(ζ) = c(ζ)
∫ b

0
q(ζ, s, u(s))ds+

∫ ζ

0
p(ζ, s, u(s))ds×

∫ b

0
q(ζ, s, u(s))ds, ζ ∈ Ib.

(1.17)

• Çakan [13], Özdemir et al. [46], Özdemir [47] analyzed the following FIE

u(ζ) =f(ζ, u(α(ζ))) + f̃(ζ, u(β(ζ)))
∫ ϕ(ζ)

0
p(ζ, s, u(µ(s)))ds,(1.18)
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u(ζ) =f(ζ, u(α(ζ))) + F

(

ζ,

∫ ϕ(ζ)

0
p(ζ, s, u(µ(s))ds, u(β(ζ))

)

, ζ ∈ Ib.(1.19)

• Srivastava et al. [51], considered following FIE of two variables:

x(l, h) =
(

u(l, h, x(l, h)) + F

(

l, h,

∫ l

0

∫ h

0
P (l, h, r, u, x(r, u))drdu, x(l, h)

))

(1.20)

×G

(

l, h,

∫ a

0

∫ a

0
Q(l, h, r, u, x(r, u))drdu, x(l, h)

)

, for l, h ∈ [0, a].

• Aghajani and Jalilian [1] have studied the equation

u(ζ) = F

(

ζ, u(β(ζ)),
∫ ϕ(ζ)

0
p(ζ, s, u(µ(s)))ds



, ζ ∈ [0,+∞).(1.21)

• Cichon and Metwali [16] have studied the equation

u(ζ) = f(ζ, u(α(ζ))) + f̃(ζ, u(ζ))
∫ 1

0
p(ζ, s, u(µ(s)))ds, ζ ∈ [0, 1].(1.22)

• Vetro and Vetro [53] have studied the equation

u(ζ) = f(ζ, u(α(ζ))) +
∫ ϕ(ζ)

0
p(ζ, s, u(µ(s)))ds, ζ ∈ [0,+∞).(1.23)

• Hashem and Rwaily [29] have studied the equation

u(ζ) = f(ζ, u(α(ζ))) + f̃(ζ, u(β(ζ)))
∫ ϕ(ζ)

0
p(ζ, s, u(µ(s)))ds, ζ ∈ [0,+∞).(1.24)

• Banaś and Dhage [9] have studied the equation

u(ζ) = f(ζ, u(α(ζ)) +
∫ ϕ(ζ)

0
p(ζ, s, u(µ(s)))ds, ζ ∈ [0,+∞).(1.25)

Further, some well-known Ąrst-order equations, such as the Volterra equation, Urysohn
equation, Abel equation, and Chandrasekhar type [15], have the form

u(ζ) =F (ζ, u(β(ζ))),

u(ζ) =A(ζ) +
1

Γ(h)

∫ ζ

0

p(ζ, s, u(s))

(ζ − s)1−h
ds,(1.26)

u(ζ) =A(ζ) +
∫ ζ

0
p(ζ, s, u(s))ds,(1.27)

u(ζ) =A(ζ) +
∫ b

0
p(ζ, s, u(s))ds,(1.28)

u(ζ) =1 + u(ζ)
∫ b

0

ζ

ζ + s
ˆϕ(s)u(s)ds.(1.29)

It is worth noting that equation (1.1) is more general than equations (1.2)Ű(1.29).
For example, equation (1.2) can be derived from equation (1.1) if

f(ζ, u1, u2) =g(ζ, u1, u2) = 0,

F (ζ, u1, u2, u3) =F (ζ, u2, u3), G(ζ, u1, u2, u3) = G(ζ, u2, u1u3)



SOLVABILITY OF GENERALIZED FFIE BY PETRYSHYN’S THEOREM 1397

and ϕ(ζ) = µ(ζ) = ν(ζ) = ζ.

Similarly, if f(ζ, u1, u2) = A(ζ), g(ζ, u1, u2) = 0, G(ζ, u1, u2, u3) = 1, ϕ(ζ) = µ(ζ) =
ζ and F (ζ, u1, u2, u3) = f̃(ζ, u1)u3, then equation (1.1) will reduce to equation (1.4).
Also, if

f(ζ, u1, u2) = g(ζ, u1, u2) = 0, h = 1, ϕ(ζ) = ζ,

and

F (ζ, u1, u2, u3) = F (ζ, u3, u2), G(ζ, u1, u2, u3) = G(ζ, u3, u2),

then equation (1.10) is obtained from equation (1.1).
For

f(ζ, u1, u2) = A(ζ), g(ζ, u1, u2) = 0, ϕ(ζ) = µ(ζ) = ζ,

and

F (ζ, u1, u2, u3) = u3, G(ζ, u1, u2, u3) = 1,

then equation (1.26) is reduced to equation (1.1). Also equation (1.1) reduces to
equation (1.27) through h = 1, f(ζ, u1, u2) = A(ζ), g(ζ, u1, u2) = 0, G(ζ, u1, u2, u3) =
1, ϕ(ζ) = µ(ζ) = ζ and F (ζ, u1, u2, u3) = u3 and so on.

To solve different types of functional integral equations, many authors have investi-
gated these equations using the concepts of measure of noncompactness (MNC) with
Ąxed point theorems in Banach function spaces. For more information, we refer to
[4, 7, 14,21Ű26,30,31,34Ű38,41Ű44,49,50] and references therein.

The paper is organized into 4 sections with the introduction. In Section 2, we recall
preliminaries and specify the idea of MNC. Section 3 is involved to stating and proving
a theorem for equation (1.1) including densifying operators using by PetryshynŠs Ąxed
point theorem. In the last section, we show some instances that demonstrate the
validity of this class of FFIE.

2. Preliminaries

First, we recall the idea of fractional integral of order h for u(ζ).

Definition 2.1 ([40]). Let u ∈ C[a, b] and a < ζ < b. Then,

Ih
a+u(ζ) =

1

Γ(h)

∫ ζ

a

u(s)

(ζ − s)1−h
ds, h > 0,

is known as the Riemann-Liouville fractional integral of order h. Γ the gamma function
is deĄned as

Γ(h) =
∫ +∞

0
sh−1e−sds.

Let E be a real Banach space and Brθ
denote closed ball with center at θ and radius

rθ. ∂Brθ
= ¶u ∈ E : ∥u∥ = rθ♢ for the sphere in E around θ with radius rθ > 0. The

MNC is a helpful tool to apply Ąxed point theory in non-linear analysis in any Banach
space E.
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Definition 2.2 ([3]). Let H be a non-empty and bounded subset of E then the
Kuratowski MNC is deĄned as:

α̂(H) = inf

{

ϵ > 0 : H =
n
⋃

i=1

Hi with diamHi ≤ ϵ, i = 1, 2, . . . , n

}

.

Definition 2.3 ([3]). The Hausdroff MNC is deĄned as:

ψ(H) = inf ¶ϵ > 0 : exists a Ąnite ϵ-net for H in E♢ ,
where a Ąnite ϵ-net for H in E is a set ¶u1, u2, . . . , un♢ ⊂ E such that the balls
Bϵ(E, u1), Bϵ(E, u2), . . . , Bϵ(E, um) cover H.

These MNCs are respectively similar in the sense that

ψ(H) ≤ α̂(H) ≤ 2ψ(H),

for any bounded set H ⊂ E.

Theorem 2.1. Let H, Ĥ ⊂ E be bounded sets and λ ∈ R. Then,

(i) ψ(H ∪ Ĥ) = max¶ψ(H), ψ(Ĥ)♢;

(ii) H ⊆ Ĥ implies ψ(H) ≤ ψ(Ĥ);
(iii) ψ(c̄oH) = ψ(H);
(iv) ψ(H) = 0 if and only if H is relatively-compact;

(v) ψ(λH) = ♣λ♣ψ(H);
(vi) ψ(H + Ĥ) ≤ ψ(H) + ψ(Ĥ).

Further, Banach space C[0, b] is the set of all real valued continuous functions on [0, b]
with the sup norm

∥u∥ = max¶♣u(ζ)♣ : ζ ∈ [0, b]♢.
Also, space E = C[0, b] is the formation of Banach algebra.

Suppose H ⊂ C[0, b] be a Ąx set. For ϵ > 0 and u ∈ H, the modulus of continuity
of u is deĄned by

ω(u, ϵ) = sup¶♣u(ζ2) − u(ζ1)♣ : ζ2, ζ1 ∈ [0, b], ♣ζ2 − ζ1♣ ≤ ϵ♢.
Further,

ω(H, ϵ) = sup¶ω(u, ϵ) : u ∈ H♢, ω0(H) = lim
ϵ→0

ω(H, ϵ).

Theorem 2.2 ([34]). The Hausdorff MNC is equivalent to

ψ(H) = lim
ϵ→0

sup
u∈H

ω(u, ϵ),

for all bounded sets H ⊂ C[0, b].

Definition 2.4 ([45]). Let T : E → E be a continuous mapping of E. T is said
to be a k-set contraction if for all P ⊂ E with P bounded, T (P ) is bounded and
α̂(TP ) ≤ kα̂(P ), k ∈ (0, 1). If α̂(TP ) < α̂(P ) for all α̂(P ) > 0, then T is called the
densifying or condensing mapping.
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Theorem 2.3 ([48]). Let T : Br0
→ E be a condensing mapping, which fulfills the

boundary condition if T (u) = ku, for some u ∈ ∂Br0
then k ≤ 1. Then, F(T ) (the set

of fixed points of T ) in Br0
is non-empty.

Lemma 2.1 ([45]). Let 𭟋 be a Banach space. If the operators F and G each fulfil the

Petryshyn’s condition on a bounded set P of 𭟋 with constants k1 and k2, respectively,

then the operator T = F.G fulfil the Petryshyn’s condition (condensing map) on P

with the constant ∥F (P )∥k2 + ∥G(P )∥k1. Particularly, if ∥F (P )∥k2 + ∥G(P )∥k1 < 1,

then T is a contraction with respect to the measure ψ and it has at least one fixed

point in the set P.

3. Main Results

We analyze the equation (1.1) under the following conditions.

(1) f, g ∈ C(Ib ×R×R,R), F,G ∈ C(Ib ×R×R×R,R), p ∈ C(Ib × [0, C1]×R,R),
q ∈ C(Ib × [0, C2] ×R,R), and ϕ, θ : Ib → R+, µ : [0, C1] → Ib, ν : [0, C2] → Ib,

α, β, η, φ : Ib → Ib are continuous, ϕ(ζ) ≤ C1, θ(ζ) ≤ C2 for every ζ ∈ Ib.

(2) There exist the constants hi, i = 1, 2, . . . , 10, such that h1 + h2 + h5 + h6 < 1,
h3 + h4 + h8 + h9 < 1 and

♣f(ζ, u1, u2) − f(ζ, v1, v2)♣ ≤h1♣u1 − v1♣ + h2♣u2 − v2♣,
♣g(ζ, u1, u2) − g(ζ, v1, v2)♣ ≤h3♣u1 − v1♣ + h4♣u2 − v2♣,

♣F (ζ, u1, u2, u3) − F (ζ, v1, v2, v3♣ ≤h5♣u1 − v1♣ + h6♣u2 − v2♣ + h7♣u3 − v3♣,
♣G(ζ, u1, u2, u3) −G(ζ, v1, v2, v3♣ ≤h8♣u1 − v1♣ + h9♣u2 − v2♣ + h10♣u3 − v3♣.

(3) There exists r0 > 0 such that the following bounded conditions are fullĄled:
sup¶(f ′ + M1) × (g′ + M2)♢ ≤ r0 and ¶(f ′ + M1)(h3 + h4 + h8 + h9) + (g′ +
M2)(h1 + h2 + h5 + h6)♢ < 1. Here,

f ′ = sup¶♣f(ζ, u1, u2)♣ : for all ζ ∈ Ib, u1, u2 ∈ [−r0, r0]♢,
g′ = sup¶♣g(ζ, u1, u2)♣ : for all ζ ∈ Ib, u1, u2 ∈ [−r0, r0]♢,

M1 = sup







♣F (ζ, u1, u2, u3)♣ : for all ζ ∈ Ib, u1, u2 ∈ [−r0, r0] and

u3 ∈


− H1C
h
1

Γ(h+ 1)
,
H1C

h
1

Γ(h+ 1)











,

M2 = sup
{

♣G(s, u1, u2, u3)♣ : for all ζ ∈ Ib, u1, u2 ∈ [−r0, r0] and

u3 ∈ [−H2C2, H2C2]
}

,

H1 = sup¶♣p(ζ, s, u)♣ : for all ζ ∈ Ib, s ∈ [0, C1] and u ∈ [−r0, r0]♢,
H2 = sup¶♣q(ζ, s, u)♣ : for all ζ ∈ Ib, s ∈ [0, C2] and u ∈ [−r0, r0]♢.
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Theorem 3.1. Under the assumptions (1)–(3), the equation (1.1) has at least one

solution in E = C(Ib).

Proof. DeĄne the operators P, S : Br0
→ E in the following form

(Pu)(ζ)=



f(ζ, u(ζ), u(α(ζ))) + F

(

ζ, u(ζ), u(β(ζ)),
1

Γ(h)

∫ ϕ(ζ)

0

p(ζ, s, u(µ(s)))

(ϕ(ζ) − s)1−h
ds

)



,

(Su)(ζ) =



g(ζ, u(ζ), u(η(ζ))) +G

(

ζ, u(ζ), u(φ(ζ)),
∫ θ(ζ)

0
q(ζ, s, u(ν(s)))ds

)



,

for ζ ∈ [0, b].
Further, we set the operator T such that Tu = (Pu)(Su). Now, we prove that P

is continuous on Br0
. To do this, let ϵ > 0 and any u, z ∈ Br0

such that ∥u− z∥ < ϵ.

Then,

♣(Pu)(ζ) − (Pz)(ζ)♣

=

∣

∣

∣

∣

∣

f(ζ, u(ζ), u(α(ζ))) + F

(

ζ, u(ζ), u(β(ζ)),
1

Γ(h)

∫ ϕ(ζ)

0

p(ζ, s, u(µ(s)))

(ϕ(ζ) − s)1−h
ds

)

− f(ζ, z(ζ), z(α(ζ))) − F

(

ζ, z(ζ), z(β(ζ)),
1

Γ(h)

∫ ϕ(ζ)

0

p(ζ, s, z(µ(s)))

(ϕ(ζ) − s)1−h
ds

)

∣

∣

∣

∣

∣

≤h1♣u(ζ) − z(ζ)♣ + h2♣u(α(ζ)) − z(α(ζ))♣ + h5♣u(ζ) − z(ζ)♣ + h6♣u(α(ζ)) − z(α(ζ))♣

+ h7
1

Γ(h)

∫ ϕ(ζ)

0

♣p(ζ, s, u(µ(s))) − p(ζ, s, z(µ(s)))♣
(ϕ(ζ) − s)1−h

ds

≤(h1 + h2 + h5 + h6)♣u(ζ) − z(ζ)♣ +
h7

Γ(h+ 1)
Ch

1ω(p, ϵ),

where

ω(p, ϵ) = sup¶♣p(ζ, s, u) − p(ζ, s, z)♣ : ζ ∈ Ib, s ∈ [0, C1], u, z ∈ [−r0, r0], ♣u− z♣ ≤ ϵ♢.
By the uniform continuity of p = p(ζ, s, u) on Ib × [0, C1] × [−r0, r0], we indicate that
ω(p, ϵ) → 0 as ϵ → 0. From the above inequality, we prove that P is continuous on
Br0

. Further,

♣(Su)(ζ) − (Sz)(ζ)♣

=

∣

∣

∣

∣

∣

g(ζ, u(ζ), u(η(ζ))) +G

(

ζ, u(ζ), u(φ(ζ)),
∫ θ(ζ)

0
q(ζ, s, u(ν(s)))ds

)

− g(ζ, z(ζ), z(η(ζ))) −G

(

ζ, z(ζ), z(φ(ζ)),
∫ θ(ζ)

0
q(ζ, s, z(ν(s)))ds

)

∣

∣

∣

∣

∣

≤h3♣u(ζ) − z(ζ)♣ + h4♣u(η(ζ)) − z(η(ζ))♣ + h8♣u(ζ) − z(ζ)♣ + h9♣u(φ(ζ)) − z(φ(ζ))♣

+ h10

∫ θ(ζ)

0
♣q(ζ, s, u(ν(s))) − q(ζ, s, z(ν(s)))♣ds

≤(h3 + h4 + h8 + h9)∥u(ζ) − z(ζ)♣ + h10C2ω(q, ϵ),
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where

ω(q, ϵ) = sup¶♣q(ζ, s, u) − q(ζ, s, z)♣ : ζ, s ∈ Ib, u, z ∈ [−r0, r0], ♣u− z♣ ≤ ϵ♢.
By the uniform continuity of q = q(ζ, s, u) on Ib × Ib × [−r0, r0], we indicate that
ω(q, ϵ) → 0 as ϵ → 0. By the inequality above, we can prove that S is continuous on
Br0

. Hence, T is a continuous operator on Br0
.

Next, we show that the P fulĄll the condensing condition on Br0
with respect to ψ.

To do this, take any subset H of Br0
. Select ϵ > 0 and ζ1, ζ2 ∈ Ib such that ♣ζ1−ζ2♣ ≤ ϵ.

We get

♣(Pu)(ζ2) − (Pu)(ζ1)♣

=

∣

∣

∣

∣

∣

f(ζ2, u(ζ2), u(α(ζ2))) + F

(

ζ2, u(ζ2), u(β(ζ2)),
1

Γ(h)

∫ ϕ(ζ2)

0

p(ζ2, s, u(µ(s)))

(ϕ(ζ2) − s)1−h
ds

)

− f(ζ1, u(ζ1), u(α(ζ1))) − F

(

ζ1, u(ζ1), u(β(ζ1)),
1

Γ(h)

∫ ϕ(ζ1)

0

p(ζ1, s, u(µ(s)))

(ϕ(ζ1) − s)1−h
ds

)

∣

∣

∣

∣

∣

≤♣f(ζ2, u(ζ2), u(α(ζ2)) − f(ζ2, u(ζ1), u(α(ζ1))♣ + ♣f(ζ2, u(ζ1), u(α(ζ1))

− f(ζ1, u(ζ1), u(α(ζ1)))♣ +

∣

∣

∣

∣

∣

F

(

ζ2, u(ζ2), u(β(ζ2)),
1

Γ(h)

∫ ϕ(ζ2)

0

p(ζ2, s, u(µ(s)))

(ϕ(ζ2) − s)1−h
ds



− F

(

ζ2, u(ζ2), u(β(ζ2)),
1

Γ(h)

∫ ϕ(ζ1)

0

p(ζ1, s, u(µ(s)))

(ϕ(ζ1) − s)1−h
ds

 ∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

F

(

ζ2, u(ζ2), u(β(ζ2)),
1

Γ(h)

∫ ϕ(ζ1)

0

p(ζ1, s, u(µ(s)))

(ϕ(ζ1) − s)1−h
ds



− F

(

ζ2, u(ζ2), u(β(ζ1)),
1

Γ(h)

∫ ϕ(ζ1)

0

p(ζ1, s, u(µ(s)))

(ϕ(ζ1) − s)1−h
ds

 ∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

F

(

ζ2, u(ζ2), u(β(ζ1)),
1

Γ(h)

∫ ϕ(ζ1)

0

p(ζ1, s, u(µ(s)))

(ϕ(ζ1) − s)1−h
ds



− F

(

ζ2, u(ζ1), u(β(ζ1)),
1

Γ(h)

∫ ϕ(ζ1)

0

p(ζ1, s, u(µ(s)))

(ϕ(ζ1) − s)1−h
ds

 ∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

F

(

ζ2, u(ζ1), u(β(ζ1)),
1

Γ(h)

∫ ϕ(ζ1)

0

p(ζ1, s, u(µ(s)))

(ϕ(ζ1) − s)1−h
ds



− F

(

ζ1, u(ζ1), u(β(ζ1)),
1

Γ(h)

∫ ϕ(ζ1)

0

p(ζ1, s, u(µ(s)))

(ϕ(ζ1) − s)1−h
ds

 ∣

∣

∣

∣

∣

≤h1♣u(ζ2) − u(ζ1)♣ + h2♣u(α(ζ2)) − u(α(ζ1))♣ + ωf (Ib, ϵ)

+
h7

Γ(h)

∣

∣

∣

∣

∣

∣

∫ ϕ(ζ2)

0

p(ζ2, s, u(µ(s)))

(ϕ(ζ2) − s)1−h
ds−

∫ ϕ(ζ1)

0

p(ζ1, s, u(µ(s)))

(ϕ(ζ1) − s)1−h
ds

∣

∣

∣

∣

∣

∣

+ h5♣u(ζ2) − u(ζ1)♣ + h6♣u(β(ζ2)) − u(β(ζ1))♣ + ωF (Ib, ϵ)

≤h1ω(u, ϵ) + h2ω(u, ω(α, ϵ)) + ωf (Ib, ϵ) + h5ω(u, ϵ) + h6ω(u, ω(β, ϵ)) + ωF (Ib, ϵ)
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+
h7

Γ(h)





∣

∣

∣

∣

∣

∣

∫ ϕ(ζ2)

0

p(ζ2, s, u(µ(s)))

(ϕ(ζ2) − s)1−h
ds−

∫ ϕ(ζ2)

0

p(ζ1, s, u(µ(s)))

(ϕ(ζ2) − s)1−h
ds

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∫ ϕ(ζ2)

0

p(ζ1, s, u(µ(s)))

(ϕ(ζ2) − s)1−h
ds−

∫ ϕ(ζ2)

0

p(ζ1, s, u(µ(s)))

(ϕ(ζ1) − s)1−h
ds

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∫ ϕ(ζ2)

0

p(ζ1, s, u(µ(s)))

(ϕ(ζ1) − s)1−h
ds−

∫ ϕ(ζ1)

0

p(ζ1, s, u(µ(s)))

(ϕ(ζ1) − s)1−h
ds

∣

∣

∣

∣

∣

∣





≤h1ω(u, ϵ) + h2ω(u, ω(α, ϵ)) + ωf (Ib, ϵ) + h5ω(u, ϵ) + h6ω(u, ω(β, ϵ)) + ωF (Ib, ϵ)

+
h7

Γ(h)





∫ ϕ(ζ2)

0

♣p(ζ2, s, u(µ(s))) − p(ζ1, s, u(µ(s)))

(ϕ(ζ2) − s)1−h
ds

+
∫ ϕ(ζ2)

0
♣p(ζ1, s, u(µ(s)))♣[(ϕ(ζ2) − s)h−1 − (ϕ(ζ1) − s)h−1]ds

+
∫ ϕ(ζ2)

ϕ(ζ1)

♣p(ζ1, s, u(µ(s)))

(ϕ(ζ1) − s)1−h
ds





≤h1ω(u, ϵ) + h2ω(u, ω(α, ϵ)) + ωf (Ib, ϵ) + h5ω(u, ϵ) + h6ω(u, ω(β, ϵ)) + ωF (Ib, ϵ)

+
h7

Γ(h+ 1)
ωp(Ib, ϵ)(ϕ(ζ2))

h +
h7

Γ(h+ 1)
H1[(ϕ(ζ2))

h − (ϕ(ζ1))
h]

≤h1ω(u, ϵ) + h2ω(u, ω(α, ϵ)) + ωf (Ib, ϵ) + h5ω(u, ϵ) + h6ω(u, ω(β, ϵ)) + ωF (Ib, ϵ)

+
h7

Γ(h+ 1)
ωp(Ib, ϵ)(ϕ(ζ2))

h +
h7

Γ(h+ 1)
H1[(ϕ(ζ2)) − (ϕ(ζ2))]

h,

where

ωF (Ib, ϵ) = sup







♣F (ζ2, u1, u2, u3) − F (ζ1, u1, u2, u3)♣ : ζ2, ζ1 ∈ Ib,

u3 ∈


− H1C
h
1

Γ(h+ 1)
,
H1C

h
1

Γ(h+ 1)

]

, u1, u2 ∈ [−r0, r0], ♣ζ2 − ζ1♣ ≤ ϵ







,

ωp(Ib, ϵ) = sup¶♣p(ζ2, s, u) − p(ζ1, s, u)♣ : ♣ζ2 − ζ1♣ ≤ ϵ, ζ2, ζ1 ∈ Ib, u ∈ [−r0, r0],

s ∈ [0, C1]♢,
ωf (Ib, ϵ) = sup¶♣f(ζ2, u1, u2) − f(ζ1, u1, u2)♣ : ♣ζ2 − ζ1♣ ≤ ϵ, ζ2, ζ1 ∈ Ib,

u1, u2 ∈ [−r0, r0]♢,
ω(α, ϵ) = sup¶♣α(ζ2) − α(ζ1)♣ : ζ2, ζ1 ∈ Ib, ♣ζ2 − ζ1♣ ≤ ϵ♢,
ω(β, ϵ) = sup¶♣β(ζ2) − β(ζ1)♣ : ζ2, ζ1 ∈ Ib, ♣ζ2 − ζ1♣ ≤ ϵ♢,
ω(ϕ, ϵ) = sup¶♣ϕ(ζ2) − ϕ(ζ1)♣ : ζ2, ζ1 ∈ Ib, ♣ζ2 − ζ1♣ ≤ ϵ♢.

From the above estimate,

ω(FH, ϵ) ≤h1ω(u, ϵ) + h2ω(H,ω(α, ϵ)) + ωf (Ib, ϵ)
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+ h5ω(u, ϵ) + h6ω(H,ω(β, ϵ)) + ωF (Ib, ϵ)

+
h7

Γ(h+ 1)
ωp(Ib, ϵ)(C1)

h +
h7

Γ(h+ 1)
H1[ω(ϕ, ϵ)]h.

Taking limit as ϵ → 0, we obtain ω0(FH) ≤ (h1 + h2 + h5 + h6)ω0(H). We get

ψ(FH) ≤ (h1 + h2 + h5 + h6)ψ(H).(3.1)

Hence, F is a condensing map.
Similarly,

♣(Su)(ζ2) − (Su)(ζ1)♣

=

∣

∣

∣

∣

∣

g(ζ2, u(ζ2), u(η(ζ2))) +G

(

ζ2, u(ζ2), u(φ(ζ2)),
∫ θ(ζ2)

0
q(ζ2, s, u(ν(s)))dsds

)

− g(ζ1, u(ζ1), u(η(ζ1))) −G

(

ζ1, u(ζ1), u(φ(ζ1)),
∫ θ(ζ1)

0
q(ζ1, s, u(ν(s)))dsds

)

∣

∣

∣

∣

∣

≤♣g(ζ2, u(ζ2), u(φ(ζ2))) − g(ζ2, u(ζ1), u(φ(ζ1)))♣ + ♣g(ζ2, u(ζ1), u(φ(ζ1)))

− g(ζ1, u(ζ1), u(φ(ζ1)))♣ +

∣

∣

∣

∣

∣

G

(

ζ2, u(ζ2), u(φ(ζ2)),
∫ θ(ζ2)

0
q(ζ2, s, u(ν(s)))ds

)

−G

(

ζ2, u(ζ2), u(φ(ζ2)),
∫ θ(ζ1)

0
q(ζ1, s, u(ν(s)))ds

)

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

G

(

ζ2, u(ζ2), u(φ(ζ2)),

×
∫ θ(ζ1)

0
q(ζ1, s, u(ν(s)))ds

)

−G

(

ζ2, u(ζ2), u(φ(ζ1)),
∫ θ(ζ1)

0
q(ζ1, s, u(ν(s)))ds

)

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

G

(

ζ2, u(ζ2), u(φ(ζ1)),
∫ θ(ζ1)

0
q(ζ1, s, u(ν(s)))ds

)

−G

(

ζ2, u(ζ1), u(φ(ζ1)),

×
∫ θ(ζ1)

0
q(ζ1, s, u(ν(s)))ds

)

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

G

(

ζ2, u(ζ1), u(φ(ζ1)),
∫ θ(ζ1)

0
q(ζ1, s, u(ν(s)))ds

)

−G

(

ζ1, u(ζ1), u(φ(ζ1)),
∫ θ(ζ1)

0
q(ζ1, s, u(ν(s)))ds

)

∣

∣

∣

∣

∣

≤h3♣u(ζ2) − u(ζ1)♣ + h4♣u(η(ζ2)) − u(η(ζ1))♣ + ωg(Ib, ϵ)

+ h10

∣

∣

∣

∣

∣

∣

∫ θ(ζ2)

0
q(ζ2, s, u(ν(s))ds−

∫ θ(ζ1)

0
q(ζ1, s, u(ν(s))ds

∣

∣

∣

∣

∣

∣

+ h8♣u(ζ2) − u(ζ1)♣ + h9♣u(φ(ζ2)) − u(φ(ζ1))♣ + ωG(Ib, ϵ)

≤h3ω(u, ϵ) + h4(u, ω(η, ϵ)) + ωg(Ib, ϵ) + h8ω(u, ϵ) + h9(u, ω(φ, ϵ)) + ωg(Ib, ϵ)

+ h10

∫ θ(ζ1)

0
♣q(ζ2, s, u(ν(s))) − q(ζ1, s, u(ν(s)))♣ds+ h10

∫ θ(ζ2)

θ(ζ1)
♣q(ζ2, s, u(ν(s))♣ds

≤h3ω(u, ϵ) + h4(u, ω(η, ϵ)) + ωg(Ib, ϵ) + h8ω(u, ϵ) + h9(u, ω(φ, ϵ)) + ωg(Ib, ϵ)

+ h10C2ωq(Ib, ϵ) + h10H2ω(θ, ϵ),
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where

ωG(Ib, ϵ) = sup¶♣G(ζ2, u1, u2, u3) −G(ζ1, u1, u2, u3)♣ : ζ2, ζ1 ∈ Ib,

u3 ∈ [−C2H2, C2H2], u1, u2 ∈ [−r0, r0], ♣ζ2 − ζ1♣ ≤ ϵ♢,
ωq(Ib, ϵ) = sup¶♣q(ζ2, s, u) − q(ζ1, s, u)♣ : ♣ζ2 − ζ1♣ ≤ ϵ, ζ2, ζ1 ∈ Ib, u ∈ [−r0, r0],

s ∈ [0, C2]♢,
ωg(Ib, ϵ) = sup¶♣g(ζ2, u1, u2) − g(ζ1, u1, u2)♣ : ♣ζ2 − ζ1♣ ≤ ϵ, ζ2, ζ1 ∈ Ib,

u1, u2 ∈ [−r0, r0]♢,
ω(η, ϵ) = sup¶♣η(ζ2) − η(ζ1)♣ : ζ2, ζ1 ∈ Ib, ♣ζ2 − ζ1♣ ≤ ϵ♢,
ω(φ, ϵ) = sup¶♣φ(ζ2) − φ(ζ1)♣ : ζ2, ζ1 ∈ Ib, ♣ζ2 − ζ1♣ ≤ ϵ♢,
ω(θ, ϵ) = sup¶♣θ(ζ2) − θ(ζ1)♣ : ζ2, ζ1 ∈ Ib, ♣ζ2 − ζ1♣ ≤ ϵ♢.

From above estimate

ω(GH, ϵ) ≤h3ω(u, ϵ) + h4(H,ω(η, ϵ)) + ωg(Ib, ϵ)

+ h8ω(u, ϵ) + h9(H,ω(φ, ϵ)) + ωg(Ib, ϵ) + h10C2ωq(Ib, ϵ) + h10H2ω(θ, ϵ).

Taking limit as ϵ → 0, we obtain

ω0(GH) ≤ (h3 + h4 + h8 + h9)ω0(H).

This gives the following estimate

ψ(GH) ≤ (h3 + h4 + h8 + h9)ψ(H).(3.2)

Hence, G is a condensing map. So, from (3.1), (3.2) and Lemma (2.1), we get T is
a condensing mapping with constant (f ′ +M1)(h3 + h4 + h8 + h9) + (g′ +M2)(h1 +
h2 + h5 + h6) < 1.

Now, let u ∈ ∂Br0
and if Tu = ku, then ∥Tu∥ = k∥u∥ = kr0 and by assumption

(3),

∥Tu(ζ)∥ =

∥

∥

∥

∥

∥

∥



f(ζ, u(ζ), u(α(ζ)))+F
(

ζ, u(ζ), u(β(ζ)),
1

Γ(h)

∫ ϕ(ζ)

0

p(ζ, s, u(µ(s)))

(ϕ(ζ) − s)1−h
ds

)





×


g(ζ, u(ζ), u(η(ζ))) +G

(

ζ, u(ζ), u(φ(ζ)),
∫ θ(ζ)

0
q(ζ, s, u(ν(s)))ds

)





∥

∥

∥

∥

∥

∥

≤r0, for all ζ ∈ Ib.

Hence, ∥Tu∥ ≤ r0, i.e., k ≤ 1. □

The following corollary is a direct consequence of Theorem 3.1 under the following
assumptions (1′) − (3′).

(1′) f ∈ C(Ib ×R×R,R), F,G ∈ C(Ib ×R×R×R,R), p ∈ C(Ib × [0, C1] ×R,R),
q ∈ C(Ib × [0, C2] × R,R), ϕ, θ : Ib → R+, µ : [0, C1] → Ib, ν : [0, C2] → Ib,

α, β, φ : Ib → Ib are continuous such that ϕ(ζ) ≤ C1, θ(ζ) ≤ C2 for every
ζ ∈ Ib.
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(2′) There exist constants hi, i = 1, 2, . . . , 8, such that h1 + h2 + h3 + h4 < 1,
h6 + h7 < 1 and

♣f(ζ, u1, u2) − f(ζ, v1, v2)♣ ≤h1♣u1 − v1♣ + h2♣u2 − v2♣,
♣F (ζ, u1, u2, u3) − F (ζ, v1, v2, v3♣ ≤h3♣u1 − v1♣ + h4♣u2 − v2♣ + h5♣u3 − v3♣,
♣G(ζ, u1, u2, u3) −G(ζ, v1, v2, v3♣ ≤h6♣u1 − v1♣ + h7♣u2 − v2♣ + h8♣u3 − v3♣.

(3′) There exists r0 > 0 such that the following bounded condition fullĄled

sup¶(f ′ +M1) × (M2)♢ ≤ r0,

and (f ′ +M1)(h6 + h7) + (M2)(h1 + h2 + h3 + h4) < 1. Here,

f ′ = sup¶♣f(ζ, u1, u2)♣ : for all ζ ∈ Ib, u1, u2 ∈ [−r0, r0]♢,

M1 = sup







♣F (ζ, u1, u2, u3)♣ : for all ζ ∈ Ib, u1, u2 ∈ [−r0, r0]

and u3 ∈


− H1C
h
1

Γ(h+ 1)
,
H1C

h
1

Γ(h+ 1)

]







,

M2 = sup¶♣G(s, u1, u2, u3)♣ : for all ζ ∈ Ib, u1, u2 ∈ [−r0, r0], u3 ∈ [−H2C2, H2C2]♢,
H1 = sup¶♣p(ζ, s, u)♣ : for all ζ ∈ Ib, s ∈ [0, C1] and u ∈ [−r0, r0]♢,
H2 = sup¶♣q(ζ, s, u)♣ : for all ζ ∈ Ib, s ∈ [0, C2] and u ∈ [−r0, r0]♢.

Corollary 3.1. Under the assumptions (1′)–(3′), the equation

u(ζ) =



f(ζ, u(ζ), u(α(ζ))) + F

(

ζ, u(ζ), u(β(ζ)),
1

Γ(h)

∫ ϕ(ζ)

0

p(ζ, s, u(µ(s)))

(ϕ(ζ) − s)1−h
ds

)





×


G

(

ζ, u(ζ), u(φ(ζ)),
∫ θ(ζ)

0
q(ζ, s, u(ν(s)))ds

)





has at least one solution in C(Ib).

Proof. We can omit the detailed proof here, as it closely resembles to the proof of
Theorem 3.1. □

The next corollary is also derived from Theorem 3.1 under the following assumptions.

(1′′) F,G ∈ C(Ib×R×R×R,R), p ∈ C(Ib×[0, C1]×R,R), q ∈ C(Ib×[0, C2]×R,R),
ϕ, θ : Ib → R+, µ : [0, C1] → Ib, ν : [0, C2] → Ib, β, φ : Ib → Ib are continuous,
ϕ(ζ) ≤ C1, θ(ζ) ≤ C2 for every ζ ∈ Ib.

(2′′) There exist constants hi, i = 1, 2, . . . , 6, such that h1 + h2 < 1, h4 + h5 < 1
and

♣F (ζ, u1, u2, u3) − F (ζ, v1, v2, v3♣ ≤ h1♣u1 − v1♣ + h2♣u2 − v2♣ + h3♣u3 − v3♣,

♣G(ζ, u1, u2, u3) −G(ζ, v1, v2, v3♣ ≤ h4♣u1 − v1♣ + h5♣u2 − v2♣ + h6♣u3 − v3♣.
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(3′′) There exists r0 > 0 such that the following bounded condition is fullĄled

sup¶(M1) × (M2)♢ ≤ r0,

and M1(h4 + h5) +M2(h1 + h2) < 1, where

M1 = sup







♣F (ζ, u1, u2, u3)♣ : for all ζ ∈ Ib, u1, u2 ∈ [−r0, r0]

and u3 ∈


− H1C
h
1

Γ(h+ 1)
,
H1C

h
1

Γ(h+ 1)

]







,

M2 = sup¶♣G(s, u1, u2, u3)♣ : for all ζ ∈ Ib, u1, u2 ∈ [−r0, r0], u3 ∈ [−H2C2, H2C2]♢,
H1 = sup¶♣p(ζ, s, u)♣ : for all ζ ∈ Ib, s ∈ [0, C1] and u ∈ [−r0, r0]♢,
H2 = sup¶♣q(ζ, s, u)♣ : for all ζ ∈ Ib, s ∈ [0, C2] and u ∈ [−r0, r0]♢.

Corollary 3.2. Under the above assumptions (1′′)–(3′′), there exists at least one

solution in C(Ib) for the equation:

u(ζ) =



F

(

ζ, u(ζ), u(β(ζ)),
1

Γ(h)

∫ ϕ(ζ)

0

p(ζ, s, u(µ(s))

(ϕ(ζ) − s)1−h
ds

)





×


G

(

ζ, u(ζ), u(φ(ζ)),
∫ θ(ζ)

0
q(ζ, s, u(ν(s))ds

)



.

Proof. To avoid redundancy, we can skip the proof here, as it closely resembles the
proof of Theorem 3.1. □

4. Examples

In this section, we present some examples of equations to illustrate the usefulness
of our study.

Example 4.1. Let us consider following fractional integral equation

u(ζ) =

(

1
4

e−ζ +
ζ2

3 + 3ζ2
ln(1 + ♣u(ζ3)♣) +

1

(5 + sin(♣u(
√

ζ)♣))Γ( 1

3
)

(4.1)

×
∫ ζ

0

e−3ζ2

(eζ + ζ cos(1 + s) + 1

3
(u(

√
s)))

(ζ − s)
2

3

ds

)

×
(

1
3

cos(u(1 − ζ)) +
1

4(et + ♣ cos(u(ζ))♣)

×
∫ ζ3

0

[

e−2ζ2

(

eζ + t cos(s) + sin

(

u(s)
1 + u(s)

))

ds

)

, ζ ∈ [0, 1].

Here f, g : [0, 1] × R × R → R, F,G : [0, 1] × R × R × R → R, α, β, µ, η, φ, θ, ϕ, v :
[0, 1] → [0, 1], p, q : [0, 1] × [0, 1] × R → R and comparing (4.1) with equation (1.1),
we obtain

α(ζ) = θ(ζ) = ζ3, β = µ =
√

ζ, φ = ϕ = v = ζ, η(ζ) = 1 − ζ,
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h =
1

3
, C1 = C2 = 1,

f(ζ, u1, u2) =
1

4
e−ζ +

ζ2

3 + 3ζ2
ln(1 + ♣u2♣), g(ζ, u1, u2) =

1

3
cos(u2),

F (ζ, u1, u2, z) =
z

5 + sin(♣u2♣)
, z =

1

Γ(1
3
)

∫ ζ

0

p(ζ, s, u(µ(s)))

(ζ − s)
2

3

ds,

G(ζ, u1, u2, w) =
w

4(et + ♣ cos(u2)♣)
, w =

∫ ζ3

0
q(ζ, s, u(v(s)))ds,

p(ζ, s, u(µ(s))) = e−3ζ2

(eζ + ζ cos(1 + s) +
1

3
(u(

√
s))), ♣p(ζ, s, u)♣ ≤ e+ 1 +

1

3
♣u♣,

q(ζ, s, u(v(s))) = e−2ζ2

(

eζ + t cos(s) + sin

(

u(s)

1 + u(s)



, ♣q(ζ, s, u)♣ ≤ e+ 2,

for all ζ ∈ [0, 1].
Above functions fulĄll the assumptions (1) and (2) of Theorem 3.1. We have

♣u(ζ)♣ =

∣

∣

∣

∣

∣

(

1

4
e−ζ +

ζ2

3 + 3ζ2
ln(1 + ♣u(ζ3)♣) +

1

(5 + sin(♣u(
√
ζ)♣))Γ(1

3
)

×
∫ ζ

0

e−3ζ2

(eζ + ζ cos(1 + s) + 1
3
(u(

√
s)))

(ζ − s)
2

3

ds



×
(

1

3
cos(u(1 − ζ))

+
1

4(et + ♣ cos(u(ζ))♣)
∫ ζ3

0



e−2ζ2

(eζ + t cos(s) + sin

(

u(s)

1 + u(s)

]

ds

∣

∣

∣

∣

∣

≤
(

1

4
+

1

3
r0 +

1

5Γ(4
3
)

(

1

3
r0 + e+ 1

)



(

1

3
+

1

4
(e+ 2)

)

, for all ζ ∈ [0, 1].

Assume ∥u∥ ≤ r0, r0 > 0, then
(

1

4
+

1

3
r0 +

1

5Γ(4
3
)

(

1

3
r0 + e+ 1

)



(

1

3
+

1

4
(e+ 2)

)

≤ r0.

Thus, assumption (3) of Theorem 3.1 holds if r0 ≥ 4.2796. It is easy to see that
(f ′ + M1)(h3 + h4 + h8 + h9) + (g′ + M2)(h1 + h2 + h5 + h6) < 1. Hence, from
Theorem 3.1, the equation (4.1) has at least one solution in C[0, 1].

Example 4.2. Let us consider the following fractional integral equation

u(ζ) =

(

1

2
ζe−(ζ+4) +

ζ2(u(ζ) + 2u(
√
ζ)))

9(1 + ζ2)
+

1

4(1 + sin2(u(ζ2)))Γ(1
2
)

(4.2)

×
∫ ζ

0

sin(u(1 − s)) + 1
3
ζ arctan

(

♣u(1−s)♣
1+♣u(1−s)♣



(ζ − s)
1

2

ds



×
(

ζ

4(1 + ζ)
sin(u(

√

ζ))
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+
ζ2

2 + 2ζ2

∫ 1

0

(

ζ

1 + ζ + ln(1 + s)



sin

(

u(
√
s)

1 + x(
√
s)



+
u(

√
s)

2

]

ds



, ζ ∈ [0, 1].

Here,

β(ζ) = ζ2, α(ζ) = η(ζ) =
√

ζ, φ = 0, ϕ(ζ) = ζ, θ(ζ) = 1, v(s) =
√
s,

µ(s) = 1 − s, h =
1

2
, C1 = C2 = 1, for all ζ ∈ [0, 1],

f(ζ, u1, u2) =
1

2
ζe−(ζ+4) +

ζ2(u1 + 2u2)

9(1 + ζ2)
, g(ζ, u1, u2) =

ζ

4(1 + ζ)
sin(u2),

F (ζ, u1, u2, z) =
z

4(1 + sin2(u2))
, z =

1

Γ(1
2
)

∫ ζ

0

p(ζ, s, u(µ(s)))

(ζ − s)
1

2

ds,

G(ζ, u1, u2, w) =
wζ2

2 + 2ζ2
, w =

∫ 1

0
q(ζ, s, u(v(s)))ds,

p(ζ, s, u(µ(s))) = sin(u(1 − s)) +
1

3
ζ arctan

(

♣u(1 − s)♣
1 + ♣u(1 − s)♣



,

♣p(ζ, s, u)♣ ≤ 1 +
1

3
♣u♣,

q(ζ, s, u(v(s))) =

(

ζ

1 + ζ + ln(1 + s)



sin

(

u(
√
s)

1 + x(
√
s)



+
u(

√
s)

2
,

♣q(ζ, s, u)♣ ≤ 1

2
(1 + ♣u♣), for all ζ ∈ [0, 1].

Above functions fulĄll the assumptions (1) and (2) of Theorem 3.1. Now, we review
that assumption (3) also holds. Assume ∥u∥ ≤ r0, r0 > 0, then

♣u(ζ)♣ =

∣

∣

∣

∣

∣

(

1

2
ζe−(ζ+4) +

ζ2(u(ζ) + 2u(
√
ζ)))

9(1 + ζ2)
+

1

4(1 + sin2(u(ζ2)))Γ(1
2
)

×
∫ ζ

0

sin(u(1 − s)) + 1
3
ζ arctan

(

♣u(1−s)♣
1+♣u(1−s)♣

)

(ζ − s)
1

2

ds



×
(

ζ

4(1 + ζ)
sin(u(

√

ζ))

+
ζ2

2 + 2ζ2

∫ 1

0

(

ζ

1 + ζ + ln(1 + s)



sin

(

u(
√
s)

1 + x(
√
s)



+
u(

√
s)

2

]

ds

∣

∣

∣

∣

∣

≤ r0, for all ζ ∈ [0, 1].

Hence, (3) holds if,
(

1

2
+

1

3
r0 +

1

4Γ(3
2
)

(

1 +
1

3
r0

)



(

1

4
+

1

4
(1 + r0)

)

≤ r0.

Thus, (3) holds if r0 ∈ [0.76875, 4.7608]. It is easy to verify that (f ′ +M1)(h3 + h4 +
h8 + h9) + (g′ +M2)(h1 + h2 + h5 + h6) < 1. Hence, by Theorem 3.1, there exists at
least one solution of (4.2) in C[0, 1].
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5. Conclusions

We introduced a novel approach based on the MNC and PetryshynŠs Ąxed point
theorem for solving FFIEs. The method is shown to be effective in solving a variety
of FFIEs, and the results are validated using numerical examples. The results have
several implications, including the provision of a new tool for solving FFIEs, the
demonstration of the effectiveness of the MNC in solving FFIEs, and the provision
of a theoretical foundation for numerical methods for solving FFIEs. Interested
researcher could extend it to other types of fractional equations, like those involving
Caputo and Riemann-Liouville derivatives, which are commonly used in modeling
physical processes. Another possibility is exploring higher-dimensional problems
and developing numerical methods that could make our theoretical Ąndings more
applicable. Finally, applying our results to Ąelds like control theory and optimization
could lead to signiĄcant advancements, particularly in understanding the stability
and control of systems described by FFIEs.
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ON THE BRYANT-SCHNEIDER GROUP OF RIGHT CHEBAN

LOOP

A. I. CHINAKA1, A. O. ABDULKAREEM2, B. OSOBA3, Y. T. OYEBO2,
AND J. O. ADENIRAN4

Abstract. In this study, we investigate the Bryant-Schneider group of right Cheban
loops. The study started with establishing some results on the algebraic properties
of right Cheban loop. Consequently, it is established that every right pseudo-
automorphism of a right Cheban loop is an element of the Bryant-Schneider group.
It is shown that the middle inner mapping Ta is an automorphism of a right Cheban
loop if and only if a ∈ Nµ of the right Cheban loop. Ra and La are subsequently
shown to be elements of the Bryant-Schneider group. The Crypto-automorphism
group of right Cheban loop is investigated. A two-middle pseudo-automorphism
group, the crypto-automorphism group and the Bryant-Scheider group of a loop are
found to coincide.

1. Introduction

Cheban loops are loops of the generalized Bol-Moufang type. Both left Cheban
loops and Cheban loops were introduced by Cheban [19]. The author also showed that
Cheban loops are generalized Moufang loops. The structural properties of left Cheban
loops and Cheban loops were studied in [12,19]. Construction of a right Cheban loop
of small orders was presented in [10] and the holomorph of the right Cheban loops
was studied in [11]. Some recent results in the theory of loops, especially Bol-Moufang
and non-Bol-Moufang types, can be found in [4]. Robinson [21] introduced the idea of
Bryant-Schneider group of a loop and the study was motivated by the work of Bryant
and Schneider [5]. Since the advent of the Bryant-Schneider group, some studies by

Key words and phrases. Bryant-Schneider group, crypto-automorphism group, pseudo-
automorphism, right Cheban loop.
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Adeniran [2, 3], and Chiboka [9] have been done on it relative to CC-loops, C-loops,
and extra loops after Robinson [21] studied the Bryant-Schneider group of a Bol loop.
The study of subgroup of Bryant-Schneider group of a Basarab loop was recently
announced by Osoba et al. [17]. As mentioned in [21], the Bryant-Schneider group of
a loop is extremely useful in investigating isotopy condition(s) in loops. Adeniran, in
[1,2], established a condition under which an element of the Bryant Schneider group of
a C-loop will form an automorphism. Chiboka in [8] got a similar result for extra loops
but the condition was necessary and sufficient which is not the case for C-loops in [2].
Adeniran [2] went further to show that elements of the Bryant-Schneider group of a
C-loop can be expressed as a product of pseudo-automorphism and right translations
of elements of the nucleus of the loop but Chiboka [8] corresponding result on extra
loops was a general form of this and was also possible for left translations. The
two authors confirmed that the Bryant-Schneider group of the two loops is a kind
of generalized holomorph of the loops. In fact, this result is true for Bol loops [21].
The crypto-automorphism groups of some quasigroups were studied in [16] and the
set of all crypto-automorphism groups of a quasigroup with left and right identity
elements was shown to form a group. Consequently, different characterizations of
subgroups of the crypto-automorphism groups of a middle Bol loop were presented
and the crypto-automorphism groups and the Bryant-Schneider groups of a loop
were found to coincide. In this study, we investigate the Bryant-Schneider groups
of right Cheban loops. It is established that every right pseudo-automorphism of a
right Cheban loop is an element of the Bryant-Schneider group. It is shown that
the middle inner mapping Ta is an automorphism of right Cheban loop if and only if
a ∈ Nµ of the right Cheban loop. Ra and La are subsequently shown to be elements
of the Bryant-Schneider group. Crypto-automorphism group of right Cheban loop is
investigated. A two-middle pseudo-automorphism groups, the crypto-automorphism
groups and the Bryant-Schneider groups of a loop are found to coincide.

2. Preliminaries

In this section, we give definitions of terminologies and present some previous results
used in this work. Let Q be a non-empty set. Define a binary operation · on Q. If
x · y ∈ Q for all x, y ∈ Q, then the pair (Q, ·) is called a groupoid. If the system of
equations:

a · x = b and y · a = b.

have unique solutions in Q for x and y respectively, then (Q, ·) is called a quasigroup.
If there exists a unique element e ∈ Q, called the identity element, such that for all
x ∈ Q

x · e = e · x = x.

(Q, ·) is called a loop. Let x be a fixed element in a groupoid (Q, ·). The left and right
translation maps of Q, Lx and Rx are, respectively, defined by

yLx = x · y and yRx = y · x.
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Also, a quasigroup is a groupoid in which the left and right translations defined on
the groupoids are bijections. Since left and right translation mappings of a loop are
bijectives, then the inverse mappings L−1

x and R−1
x exist. Let

x\y = yL−1
x and y/x = yR−1

x ,

and note that, x\y = z if and only if x · z = y and x/y = z if and only if z · y = x.
A loop identity is of Bol-Moufang type if two variables of its three variables occur
once on each side, the third variable occurs twice on each side and the order in which
the variables appear on both sides is the same, for instance, (xy · z)y = x(yz · y).
Phillips and Vojtechovsky in [20] showed that there are fourteen such varieties, they
also extended and completed Fenyves work in [13]. The identity of Bol-Moufang type
can be generalized by assigning different variable orders on either side of the identity,
for instance, (y · xx)z = (y · zx)x. The varieties of loops axiomatized by a single
identity of this type are said to be of generalized Bol-Moufang type [12]. Right, left
and Cheban loops are loops of the generalized Bol-Moufang type. Both Left Cheban
and Cheban loops were introduced by Cheban in [6]. He showed that Cheban loops
are generalized Moufang loops. Phillips and Shcherbacov in [19] also studied on the
structural properties of left Cheban and Cheban loops. They established that left
Cheban loops are left conjugacy closed (LCC). Furthermore, they proved that Cheban
loops have weak inverse property, are power associative and are conjugacy closed
loops.

Definition 2.1. A loop satisfying the identity

(2.1) (z · yx)x = zx · xy

is called a Right Cheban loop (RChL). Left Cheban loops on the other hand are loops
satisfying the mirror identity

(2.2) x(xy · z) = yx · xz.

Loops that are both right and left Cheban are called Cheban loops. Cheban loops can
also be characterized as those loops that satisfy the identity

(2.3) x(xy · z) = (y · zx)x.

Definition 2.2. A loop (Q, ·) is called a left inverse property loop if it satisfies the
left inverse property (LIP) given by: xλ(xy) = y.

Definition 2.3. A loop (Q, ·) is called a right inverse property loop if it satisfies the
right inverse property (RIP) given by: (yx)xρ = y.

A loop is called an IP loop if it is both LIP-loop and RIP-loop.

Definition 2.4. Let (Q, ·) be a loop and BS(Q, ·) be a set of all permutations θ of Q
such that (θR−1

g , θL−1
f , θ) is an autotopism of (Q, ·) for some f, g ∈ Q. Then, BS(Q, ·)

is called the Bryant-Schneider group of the loop (Q, ·).
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Definition 2.5. Let BSλ(Q, ·) = ¶θ ∈ SY M(Q, ·) : ∃g ∈ Q ∋ (θR−1
g , θ, θ) ∈

AUT (Q, ·)♢, that is the set of all special maps in a loop, then BSλ ≤ BS(Q, ·)
is called the left Bryant-Schneider group of the (Q, ·) and

BSρ(Q, ·) = ¶θ ∈ SY M(Q, ·) : ∃ g ∈ Q ∋ (θ, θL−1
f , θ) ∈ AUT (Q, ·)♢,

that is the set of all special maps in a loop, then BSρ ≤ BS(Q, ·) is called the right
Bryant-Schneider group of the (Q, ·).

Definition 2.6. A loop (Q, ·) is called an automorphic inverse property loop if it
satisfies the automorphic inverse identity given by (xy)−1 = x−1y−1.

Definition 2.7. A triple (U, V, W ) of bijections from a set G onto a set H is called
an isotopism of a groupoid (G, ·) onto groupoid (H, ◦) provided xU ◦ yV = (xy)W for
all x, y ∈ G. (H, ◦) is then called an isotope of (G, ·), and groupoids (G, ·) and (H, ◦)
are said to be isotopic to each other. An isotopism of (G, ·) onto (G, ·) is called an
autotopism of (G, ·).

Definition 2.8. A bijection U on Q is called a right pseudo-automorphism of a
quasigroup (Q, ·) if there exists at least one element c ∈ Q such that

xU · (yU · c) = (xy)U · c, for all x, y ∈ Q.

The element c is then called a companion of U .

Definition 2.9. The inner mapping group I is generated by the permutations R(x,y) =
RxRyR(xy)−1 , L(x,y) = LxLyL(yx)−1 and Tx = RxLx−1 . These permutations are called
inner mappings.

Definition 2.10. The left nucleus of (Q, ·) denoted by

Nλ(Q, ·) = ¶a ∈ Q : a · xy = ax · y for all x, y ∈ Q♢.

The right nucleus of (Q, ·) denoted by

Nρ(Q, ·) = ¶a ∈ Q : xy · a = x · ya for all x, y ∈ Q♢.

The middle nucleus of (Q, ·) denoted by

Nµ(Q, ·) = ¶a ∈ Q : xa · y = x · ay for all x, y ∈ Q♢.

The nucleus of (Q, ·) denoted by

N(Q, ·) = Nλ(Q, ·)
⋂

Nρ(Q, ·)
⋂

Nµ(Q, ·).

The centrum of (Q, ·) denoted by

C(Q, ·) = ¶a ∈ Q : ax = xa for all x ∈ Q♢.

The center of (Q, ·) denoted by

Z(Q, ·) = N(Q, ·)
⋂

C(Q, ·).

Definition 2.11. Let (Q, ·) be a quasigroup. A mapping ϕ ∈ SY M(Q) will be called a
two-middle pseudo-automorphism if there exist a, b ∈ Q such that (ϕR−1

a , ϕL−1
bλ , ϕ) ∈

AUT (Q, ·). The set of two-middle pseudo-automorphisms will be represented by
PSµ2

(Q, ·). Note that PSµ(Q, ·) ⊆ PSµ2
(Q, ·).
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Lemma 2.1. Let Q be a loop and a its element. Then,

(i) a ∈ Nλ if and only if (La, I, La) ∈ AUT (Q);
(ii) a ∈ Nρ if and only if (I, Ra, Ra) ∈ AUT (Q);
(iii) a ∈ Nµ if and only if (R−1, La, I) ∈ AUT (Q).

Theorem 2.1 ([18]). Let (U, V, W ) be an autotopism of a loop (Q, ·).

(i) If (Q, ·) is an RIPL, then (W, JV J, U) is also an autotopism of (Q, ·).
(ii) If (Q, ·) is an LIPL, then (JUJ, W, V ) is also an autotopism of (Q, ·).

Theorem 2.2. A loop Q is a Right Conjugacy Closed if and only if (Rx, Tx, Rx) is

an autotopism for all x ∈ Q.

Theorem 2.3 ([7]). A loop Q is left Cheban if and only if it is Left Conjugacy Closed

(LCC) and R2
x = L2

x, for all x ∈ Q.

Theorem 2.4 ([16]). The set of crypto-automorphisms CAUM(Q, ·) of a quasigroup

(Q, ·) with right and left identity elements forms a group.

Theorem 2.5 ([16]). Let (Q, ·) be a loop. Then, BS(Q, ·) = CAUM(Q, ·).

3. Algebraic Properties of Right Cheban Loop

Theorem 3.1. Let (Q, ·) be a RChL. Then, the left and right inverses coincide and

thus, xλ = xρ = x−1.

Proof. If (Q, ·) is a RChL, then we have (z · yx)x = zx · xy. Setting y = xρ in the
RChL identity, we obtain

(z · xρx)x = zx · xxρ, (z · xρx)x = zx, (z · xρx) = z, xρx = e, xρx = e.

This implies xρ = xλ. Therefore, xλ = xρ = x−1. □

Remark 3.1. This result implies that every element in a right Cheban loop has a
unique inverse.

Theorem 3.2. Commutative RChL are Abelian groups.

Proof. Let (Q, ·) be a commutative RChL. Then,

(3.1) (z · yx)x = zx · xy = zx · yx (by commutativity).

Setting yx = a in (3.1), we have az · x = za · x = zx · a. This implies az · x = a · zx
for all a, x, z ∈ Q. This shows that associativity holds in (Q, ·). Hence, (Q, ·) is an
Abelian group. □

Theorem 3.3. A loop (Q, ·) is a RChL if and only if (Rx, R−1
x Lx, Rx) ∈ AUT (Q, ·).

Proof. Suppose (Q, ·) is a RChL. Then,

(z · yx)x = zx · xy, (z · yRx)Rx = zRx · yLx.



1418 A. I. CHINAKA, A. O. ABDULKAREEM, B. OSOBA, Y. T. OYEBO, AND J. O. ADENIRAN

Setting y = yR−1
x , we have

(zy)Rx = zRx · yR−1
x Lx, (Rx, R−1

x Lx, Rx) ∈ AUT (Q, ·).

Conversely, suppose (Rx, R−1
x Lx, Rx) ∈ AUT (Q, ·). Then, letting this autotopism

take on the product yz as argument, we have yRx ·zR−1
x Lx = (yz)Rx. Setting z = zRx

to give
yRx · zLx = (y · zRx)Rx, yx · xz = (y · zx)x.

□

Theorem 3.4. Let (Q, ·) is a RChL. Then, [Rx2 , Rx] = I for all x ∈ Q.

Proof. Let (Q, ·) be a RChL. Then, (z · yx)x = zx · xy. Setting y = x in the
above equation, we have (z · x2)x = zx · x2. This implies zRx2Rx = zRxRx2 . Thus,
[Rx2 , Rx] = I (i.e., Rx2 and Rx commute). □

Corollary 3.1. Right Cheban loops are 3-power associative.

Proof. By Theorem 3.4, Rx2Rx = RxRx2 . Then, eRx2Rx = eRxRx2 . Thus, x2 · x =
x · x2. It then follows that x3 = xxx. □

Remark 3.2. Theorem 3.4 and Corollary 3.1 demonstrate a weaker form of Power
associativity.

4. Bryant-Schneider Group of Right Cheban Loop

In the foregoing, we give different characterisations of right Cheban loops in terms of
its automorphisms and pseudo-automorphisms with associated companion(s). These
characterisations are later used to study Bryant-Schneider group of right Cheban loop.
Lemma 4.1. Let (Q, ·) be a RChL. Then, the following are equivalent:

(1) flexibility;

(2) left inverse property.

Proof. By setting y = y/x in RChL identity (2.1), one obtain

(4.1) (z · y)x = zx · x(y/x).

(1) if and only if (2). Set z = e in a RChL (4.1),

(4.2) yRx = yR−1
x LxLx, RxL−1

x = R−1
x Lx, L−1

x Rx = LxR−1
x .

Now, setting z = xλ in (4.1), to get

(4.3) (xλy)x = x(y/x), R−1
x Lx = LxλRx.

Then, in a RChL, (4.2) = (4.3) if and only if LxR−1
x = R−1

x Lx if and only if yLxR−1
x =

yR−1
x Lx if and only if (xy)/x = x · (y/x) if and only if xy · x = x · yx. So, a RChL

is flexible if and only if L−1
x Rx = LxλRx, if and only if L−1

x = Lxλ if and only if
yL−1

x = yLxλ if and only if xλy = x\y if and only if xλ · xy = y. □

Theorem 4.1. Let (Q, ·) be a RChL with flexibility property and let x ∈ Nµ for all x ∈
Q. if α ∈ BS(Q, ·). Then, α ∈ AUM(Q, ·).
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Proof. Let (Q, ·) be a RChL and x ∈ Nµ implies that H = (Rx, L−1
x , I) ∈ AUT (Q, ·)

for all x ∈ Q. α ∈ BS(Q, ·) if and only if J = (αR−1
t , αL−1

k , α) ∈ AUT (Q, ·) for some
k, t ∈ Q. Then, the product HJ = (αR−1

t Rx, αL−1
k L−1

x , α) ∈ AUT (Q, ·) for some
k, t ∈ Q and for all x ∈ Q.

Setting t = x, we have (α, αL−1
k L−1

x , α) ∈ AUT (Q, ·) for some k, t ∈ Q and for all
x ∈ Q. Since (Q, ·) is flexible if and only if it satisfies LIP from Lemma 4.1, then
(α, αL−1

k L−1
x , α) ∈ AUT (Q, ·) for all x ∈ Q and for some k ∈ Q. Setting k = x−1 to

get (α, αL−1
x−1L−1

x , α) ∈ AUT (Q, ·). Hence, α ∈ AUM(Q, ·). □

Theorem 4.2. Let (Q, ·) be a RChL with flexibility property. If α ∈ BS(Q, ·), then

α is a pseudo-automorphism with companion x−1 only if t = k = x.

Proof. Suppose (Q, ·) is a RChL. Then, (Q, ·) is an RCC and this implies that,
H = (Rx, RxL−1

x , Rx) is an autotopism for all x ∈ Q. Then, H−1 = (R−1
x , LxR−1

x , R−1
x )

is also an autotopism for all x ∈ Q. But for a right Cheban loop (Q, ·), N =
(Rx, R−1

x Lx, Rx) ∈ AUT (Q, ·). Hence, NH−1 = (I, R−1
x LxLxR−1

x , I) is an autotopism
for all x ∈ Q.

Let α ∈ BS(Q, ·). Then, F = (αR−1
t , αL−1

k , α) is an autotopism of (Q, ·) for some
t, k ∈ Q. Thus,

FNH−1 = (αR−1
t , αL−1

k R−1
x LxLxR−1

x , α).

Now using t = k = x and by using the dual of Theorem 2.3, we have,

FNH−1 = (αR−1
x , αL−1

x R−1
x L2

xR−1
x , α) = (αR−1

x , αL−1
x R−1

x R2
xR−1

x , α).

Hence, we have

(αR−1
x , αL−1

x R−1
x RxRxR−1

x , α) = (αR−1
x , αLx−1 , α),

and by Theorem 2.1, we have

(4.4) (JαR−1
x J, α, αLx−1) ∈ AUT (Q, ·), for all x ∈ Q.

Therefore, for all y, z ∈ Q we get, yJαR−1
x J · zα = (yz)αLx−1 , and this becomes

yαR−1
x J = αLx−1 when z = e. This implies that (αLx−1 , α, αLx−1) ∈ AUT (Q, ·) for

all x ∈ Q. Thus, α is an automorphism of (Q, ·). □

Remark 4.1. Robinson [21] considered the Bryant-Schneider group of a Bol loop and
found out that they can be expressed as a product of pseudo-automorphisms and
right translations. Theorems 4.1 and 4.2 show that the Bryant-Schneider group of
right Cheban loop can also be expressed in the same way.

Theorem 4.3. Let (Q, ·) be a RChL and let θ be a bijection on Q such that θR−1
x is

an automorphism of Q, then θ is an element of the Bryant-Schneider group of (Q, ·),
BS(Q, ·).

Proof. Suppose (Q, ·) is a RChL and θ is a bijection on Q such that θR−1
x is an

automorphism of Q, then (θR−1
x , θR−1

x , θR−1
x ) ∈ AUT (Q, ·). By Theorem 2.2, it

follows that the product

(θR−1
x , θR−1

x , θR−1
x )(Rx, RxL−1

x , Rx) = (θ, θL−1
x , θ) ∈ AUT (Q, ·).
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Hence, θ ∈ BSρ(Q, ·), but BSρ(Q·) ≤ BS(Q, ·) and thus, θ ∈ BS(Q, ·). □

Theorem 4.4. Let (Q, ·) be a flexible RChL. Then, a ∈ Nµ(Q, ·) if and only if the

middle inner mapping of Q, Ta = RaL−1
a , is an automorphism of (Q, ·).

Proof. Suppose (Q, ·) is a flexible RChL and let a ∈ Nµ(Q, ·). Then it is a left inverse
property loop and thus, (JRaJ, Ra, R−1

a La) = (La−1 , Ra, R−1
a La) = (L−1

a , Ra, R−1
a La) ∈

AUT (Q, ·) and it follows that (Ra, L−1
a , I) ∈ AUT (Q, ·) for every a ∈ Q. By Theo-

rem 2.2, it follows also

(L−1
a , Ra, R−1

a La)(Ra, L−1
a , I) = (L−1

a Ra, RaL−1
a , R−1

a La) ∈ AUT (Q, ·).

Thus,

(RaL−1
a , RaL−1

a , R−1
a La) = (Ta, Ta, Ta) ∈ AUT (Q, ·)

Hence, it follows that Ta ∈ AUM(Q, ·). The converse is achieved by reversing the
previous steps. □

Corollary 4.1. Let (Q, ·) be a RChL. Then, for every a ∈ Nµ(Q, ·), La is an element

of BS(Q, ·).

Proof. By Theorem 4.4, RaL−1
a ∈ AUM(Q, ·) implies that (RaL−1

a )−1 = LaR−1
a ∈

AUM(Q, ·). Since AUM(Q, ·) is a group then it follows, from Theorem 4.3, that
La ∈ BS(Q, ·). □

Corollary 4.2. Let (Q, ·) be a RChL. Then, for every a ∈ Nµ(Q, ·), RaL−1
a ∈

BS(Q, ·).

Proof. By Theorem 4.4, RaL−1
a ∈ AUM(Q, ·). Then, the result follows from the fact

that every automorphism of (Q, ·) is an element of BS(Q, ·). □

Corollary 4.3. Let (Q, ·) be a RChL. Then, for every a ∈ Nµ(Q, ·), Ra is an element

of BS(Q, ·).

Proof. Since BS(Q, ·) is a group, the result follows from Corollaries 4.1 and 4.2 that
RaL−1

a · La = Ra ∈ BS(Q, ·). □

5. Crypto-Automorphism Group of Right Cheban Loops

Lemma 5.1. Let (Q, ·) be a quasigroup. A map ϕ ∈ SY M(Q) is a crypto-automor-

phism of (Q, ·) with companion (a, bλ) if and only if (Raϕ, Lbλϕ, ϕ) ∈ AUT (Q, ·).

Proof. It follows from Definition 2.11. □

Theorem 5.1. Let (Q, ·) be a quasigroup. Then, PSµ2
(Q, ·) = CAUM(Q, ·).

Proof. If ϕ is a two-middle pseudo-automorphism of (Q, ·), then (ϕR−1
a , ϕL−1

bλ , ϕ) ∈
AUT (Q, ·) with companion (a, b). For all u, v ∈ Q, we have

(5.1) uϕR−1
a · vϕL−1

bλ = (uv)ϕ.
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Let uϕR−1
a = f if and only if fa = uϕ if and only if u = (fa)ϕ−1. Analogously,

set vϕL−1
bλ = g if and only if vϕ = bλg if and only if v = (bλg)ϕ−1. Substitute

u and v in (5.1), to get (fa)R−1
a · (bλg)L−1

bλ =


(fa)ϕ−1 · (bλg)ϕ−1


ϕ if and only if

(f · g)ϕ−1 = (f · a)ϕ−1 · (bλ · g)ϕ−1 if and only if (Raϕ−1, Lbλϕ−1, ϕ−1) ∈ AUT (Q, ·).
Hence, ϕ−1 ∈ CAUM(Q, ·). So, by Theorem 2.4, ϕ ∈ CAUM(Q, ·). Conversely, we
reverse the steps to get ϕ ∈ PSµ2

(Q, ·). □

Theorem 5.2. Let U be a crypto-automorphism of RChL (Q, ·) with companion (a, b).
Then, RxU = φ ∈ BS(Q, ·).

Proof. (Q, ·) is a RChL if and only if P = (Rx, R−1
x Lx, Rx) is an autotopism of (Q, ·).

By Theorem 3.3, P = (Rx, RxL−1
x , Rx) ∈ AUT (Q, ·) for all x ∈ Q. Let U be a crypto-

automorphism of (Q, ·). Then, T = (RaU, LbU, U) is an autotopism of (Q, ·). The
product
(5.2)

PT = (Rx, RxL−1
x , Rx)(RaU, LbU, U) = (RxRaU, RxL−1

x LbU, RxU) ∈ AUT (Q, ·).

RxU = φ in the last autotopism implies that

(5.3) (RxRaU, RxL−1
x LbU, φ) ∈ AUT (Q, ·).

Writing this in identical relation, for all y, z ∈ Q, we have

(5.4) yRxRaU · zRxL−1
x LbU = (y · z)φ.

Put y = e in (5.4) to obtain eRxRaU · zRxL−1
x LbU = e · zφ, this implies

(ex)RaU · zRxL−1
x LbU = zφ

and

zRxL−1
x LbULxaU = zφ, zRxL−1

x LbU = zφL−1
xaU , RxL−1

x LbU = φL−1
xaU .(5.5a)

Also, put z = e in (5.4) to have yRxRaU · eRxL−1
x LbU = yφ. Then,

yRxRaU · (x\(ex))LbU = yφ

and

(5.5) yRxRaURbU = yφ, yRxRaU = yφR−1
bU , RxRaU = φR−1

bU .

Using (5.5a) and (5.5) in (5.3), we have (φR−1
bU , φL−1

xaU , φ) ∈ AUT (Q, ·). Thus, φ ∈
BS(Q, ·) with (a, b) = (bU, xaU). □

Corollary 5.1. Let (Q, ·) be a RChL, and let RxU = φ be a middle pseudo-automor-

phism with companion (a, b). Then, φ−1 is a crypto-automorphism with companion

(bU, xaU).

Proof. Consequence of Theorem 5.1 and Theorem 5.2. □

Theorem 5.3. Let U be a crypto-automorphism of RChL (Q, ·) with companion

(a, b). Then, RxRaU = φ is a right pseudo-automorphism with companion xU , where

R−1
x φ = RaU .
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Proof. Let RxRaU = φ in (5.2) of Theorem 5.2 which implies that

(5.6) (φ, RxL−1
x LbU, RxU)

is an autotopism of (Q, ·). For all y, z ∈ Q, we have

(5.7) yφ · zRxL−1
x LbU = (y · z)RxU.

Put y = e in (5.6) the identity element of Q to get

eφ ⊙ zRxL−1
x LbU = zRxU, zRxL−1

x LbU = zRxU, RxL−1
x LbU = RxU,

for all z ∈ Q. Substituting the last equality in (5.6) to get

(5.8) (φ, RxU, RxU) ∈ AUT (Q, ·).

Note that e = eRxRaU = eRxR−1
x φ = eφ. Thus, eφ = e. For all y, z ∈ Q, we have

yφ · zRxU = (y · z)RxU . Put z = e to get

yφ · eRxU = yRxU, yφ · (exU) = yRxU, yφR(xU) = yRxU, φR(xU) = RxU.

Substituting the last equality in (5.8), we get that (φ, φRxU , φRxU) is an autotopism
of (Q, ·). Thus, φ is a right pseudo-automorphism with companion xU . □

Theorem 5.4. Let (Q, ·) be a loop. Then, PSµ2
(Q, ·) = CAUM(Q, ·) = BS(Q, ·).

Proof. This follows from Theorem 5.1 and Theorem 2.5. □
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ABOUT COMPACTNESS TYPE OF UNIFORM SPACES

DINARA KANETOVA1 AND BEKBOLOT KANETOV2

Abstract. This paper introduces uniform analogues of compact, Ąnally compact
and countable compact spaces and investigates their connection with other uniform
properties of compactness type.

1. Introduction and Preliminaries

It is well known that compact, finally compact and countable compact spaces play an
important role in set-theoretical topology. Finding and studying uniform analogues of
these classes of compactness types is an important and interesting problem in uniform
topology.

Throughout this paper, all uniform spaces are assumed to be Hausdorff, topological
space are Tychonoff and mappings are uniformly continuous.

A topological space X is called finally compact if every open cover has a countable
open refinement [1]; a topological space X is called countable compact, if every
countable open cover has a finite open refinement [1]; a uniform space (X, U) is called
precompact if it has a base consisting of finite covers [2,4,17]; a uniform space (X, U)
is called strongly uniformly paracompact if every finitely additive open cover has a star
finite uniform refinement [5]; the filter F is called Cauchy filter if α

⋂
F ̸= ∅ for any

α ∈ U [1, 17]; a uniformly continuous mapping f : (X, U) → (Y, V ) of uniform space
(X, U) onto a uniform space (Y, V ) is called a precompact, if for each α ∈ U there
exist a uniform cover β ∈ V and finite uniform cover γ ∈ U , such that f−1β ∧ γ ≻ α

[1]; a continuous mapping f : X → Y of topological space X to a topological space Y

Key words and phrases. Compactness, u-uniformly compactness, u-uniformly Ąnally compactness,
u-uniformly countable compactness.
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is called ω-mapping, if for each point y ∈ Y there exist neighborhood Oy and W ∈ ω,
such that f−1Oy ⊂ W [5].

For a cover α of a set X and x ∈ X, M ⊂ X, we have: St(α, x) = ¶A ∈ α : A ϶ x♢
α(x) =

⋃
St(α, x), St(α, M) = ¶A ∈ α : A

⋂
M ̸= ∅♢, α(M) =

⋃
St(α, M). For

covers α and β of the set X, the symbol α ≻ β means that the cover α is a refinement
of the cover β, i.e., for any A ∈ α there exists B ∈ β such that A ⊂ B and, for covers
α and β of a set X, we have: α ∧ β = ¶A

⋂
B : A ∈ α, B ∈ β♢. For a cover α of a

set X let α∠ = ¶
⋃

α0 : α0 ⊂ α - is finite♢. The cover α is finitely additive if α∠ = α.
For the uniformity U by τU we denote the topology generated by the uniformity and
symbol UX means the universal uniformity.

2. Compactness Type of Uniform Spaces

This paper introduces and studies u-uniformly compact, u-uniformly finally compact
and u-uniformly countable compact spaces.

The following lemma will serve as the basis for our definitions.

Lemma 2.1. A topological space (X, τ) is compact (countable compact, finally co-

mpact) if and only if every finitely additive arbitrary (countable, arbitrary) open cover

has an open finite (finite, countable) refinement.

Proof. Necessity. Let α be an arbitrary (countable) open cover of (X, τ). Then, for
the finitely additive (countable) open cover α∠ there exists a finite (finite, countable)
open cover β such that β ≻ α∠. For each B ∈ β choose AB ∈ α∠ such that
B ⊂ AB, AB =

⋃n
i=1 Ai, Ai ∈ α, i = 1, 2, . . . , n. Let α0 =

⋃
¶αB : B ∈ β♢, αB =

¶B
⋂

Ai : i = 1, 2, . . . , n♢. Then α0 is finite (finite, countable) open cover of the
topological space (X, τ) such that α0 ≻ α. Consequently, the topological space (X, τ)
is compact (countable compact, finally compact).

The sufficiency is obvious. □

Definition 2.1. A uniform space (X, U) is said to be u-uniformly compact if every
finitely additive open cover has a finite uniform refinement.

Definition 2.2. A uniform space (X, U) is said to be u-uniformly countable compact
if every finitely additive countable open cover has a finite uniform refinement.

Definition 2.3. A uniform space (X, U) is said to be u-uniformly finally compact if
every finitely additive open cover has a countable uniform refinement.

Proposition 2.1. If a uniform space (X, U) is u-uniformly compact (u-uniformly

countable compact, u-uniformly finally compact), then topological space (X, τU) is com-

pact (countable compact, finally compact). Conversely, if a topological space (X, τ)
is compact (countable compact, finally compact), then the space (X, UX) is compact

(countable compact, finally compact), where UX is the universal uniformity on topo-

logical space (X, τ) such that τUX
= τ .



ABOUT COMPACTNESS TYPE OF UNIFORM SPACES 1427

Proof. Let α be an arbitrary (countable) open cover of the space (X, τU). Then
for a finitely additive (countable) open cover α∠ of (X, U) there exist finite (finite,
countable) uniform cover β ∈ U such that β ≻ α∠. It is known that the interior ⟨β⟩
of uniform cover β is a uniform cover. Denote γ = ⟨β⟩. Then γ is a finite (finite,
countable) open uniform cover of the uniform space (X, U). For each Γ ∈ γ we
choose AΓ ∈ α∠ such that Γ ⊂ AΓ, where AΓ =

⋃n
i=1 Ai, Ai ∈ α, i = 1, 2, . . . , n.

Let’s put α0 =
⋃

¶αΓ : Γ ∈ γ♢, αΓ = ¶Γ
⋂

Ai : i = 1, 2, . . . , n♢. Then α0 is finite
(finite, countable) open cover of the space (X, τU) and α0 ≻ α. So (X, τU) is compact
(countable compact, finally compact).

Conversely, let (X, τ) be compact (countable compact, finally compact). Then the
set of all open covers form the base of the universal uniformity UX of the topological
space (X, τ). It is evident that the uniform space (X, UX) is u-uniformly compact
(u-uniformly countable compact, u-uniformly finally compact). □

The following theorem gives a characterization of u-uniformly compactness (u-
uniformly finally compactness) in the spirit of Tamano.

Theorem 2.1. Let (X, U) be a uniform space and bX be a certain compact Hausdorff

extensions of the space (X, τU). A uniform space (X, U) is u-uniformly compact (u-

uniformly finally compact) if and only if for compact K ⊂ bX\X there exist a finite

(countable) uniformly cover α ∈ U , such that [A]bX

⋂
K = ∅ for any A ∈ α.

Proof. Necessity. Let (X, U) be a u-uniformly compact (u-uniformly finally compact)
space and K ⊂ bX\X be an arbitrary compact. For each point x ∈ X there is an
open neighborhood Ox of the compact Hausdorff extensions bX of the space (X, τU),
such that [Ox]bX

⋂
K = ∅. Denote γ = ¶Ox

⋂
X : x ∈ X♢. Obviously γ is open

cover of the space (X, U). Let β ∈ U be a finite (countable) uniform cover of the
space (X, U) such that β ≻ γ∠, then [B]bX ⊂ [

⋃n
i=1(Oxi

⋂
X)]bX ⊂

⋃n
i=1[Oxi

]bX . Since
[Oxi

]bX

⋂
K = ∅, i = 1, 2, . . . , n, then [B]bX

⋂
K = ∅, B ∈ β.

Sufficiency. Let α be an arbitrary finitely additive open cover of the space (X, U).
Then there exists an open system β of the compact Hausdorff extensions bX, such
that β ∧ ¶X♢ = α. Denote K = bX\

⋃
β. It is easy to see that K is compact.

Accordingly to the condition of the theorem, there exists a finite (countable) cover
γ ∈ U , such that [Γ]bX

⋂
K = ∅, Γ ∈ γ. Since [Γ]bX is compact in bX, there exist

B1, B2, . . . , Bn ∈ β, such that [Γ]bX ⊂
⋃n

i=1 Bi. Then Γ ⊂
⋃n

i=1 Ai,
⋃n

i=1 Ai ∈ α. Thus,
the space (X, U) is u-uniformly compact (u-uniformly finally compact). □

Proposition 2.2. Any compact uniform space (X, U) is u-uniformly compact.

Proof. Let α be an arbitrary (countable) open cover of (X, U). As is known, every
open cover of a compact is a uniform cover. It follows that α ∈ U . Since the space
(X, U) is precompact, there exists a finite uniform cover β ∈ U such that β ≻ α. □

Proposition 2.3. Any u-uniformly compact uniform space (X, U) is u-uniformly

finally compact (u-uniformly countable compact).
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Proof. Let α be an arbitrary (countable) open cover of (X, U). Since the space (X, U)
is u-uniformly compact, there exists a finite uniform cover β ∈ U such that β ≻ α.
Thus, (X, U) is u-uniformly finally compact (u-uniformly countable compact). □

Proposition 2.4. Any u-uniformly finally compact uniform space (X, U) is complete.

Proof. Let (X, U) be a u-uniformly compact space and F be an arbitrary Cauchy
filter. Suppose that a Cauchy filter F does not converge at any point of the space
(X, U). Then, each point x ∈ X has a open neighborhood Ox and B ∈ F such that
Ox

⋂
B = ∅. Denote α = ¶Ox : x ∈ X♢. Since the space (X, U) is u-uniformly

finally compact, then α∠ ∈ U , therefore α∠
⋂

F ̸= ∅, i.e., there are A∠ ∈ α∠ such
that A∠ ∈ F , where A∠ =

⋃n
i=1 Oxi

, Oxi
∈ α. Hence, (

⋂n
i=1 Bxi

)
⋂

(
⋃n

i=1 Oxi
) ̸= ∅.

Then, there exists i0 ≤ n, such that Bxi0

⋂
Oxi0

≠ ∅. A contradiction. Thus, (X, U)
is complete. □

Corollary 2.1. Any u-uniformly compact uniform space (X, U) is complete.

Proposition 2.5. For a uniform space (X, UX) the following conditions are equiva-

lent:

1. (X, UX) is u-uniformly compact;

2. (X, UX) is compact.

Proof. 1. ⇒ 2. The completeness of (X, UX) implies in Proposition 2.4. Let α be an
arbitrary uniform cover of the space (X, UX). Then, there exists a finite uniform cover
β ∈ U , such that β ≻ α∠. For each Bi ∈ β we choose ABi

∈ α∠ such that Bi ⊂ ABi
,

where ABi
=

⋃k
j=1 Aj, Aj ∈ α, j = 1, 2, . . . , k. Denote α0 =

⋃
¶αBi

: i = 1, 2, . . . , n♢,
αBi

= ¶Bi

⋂
Aj : j = 1, 2, . . . , k♢. Then, α0 is a finite open cover of the space (X, UX)

and α0 ≻ α. Since UX is universal uniformity, then α0 ∈ UX . Thus, (X, UX) is
compact.

2. ⇒ 1. Is implied in Proposition 2.2. □

In the class of precompact uniform spaces compactness, u-uniform compactness
and u-uniform finally compactness are equivalent.

Proposition 2.6. Any u-uniformly compact space (X, U) is strongly uniformly para-

compact.

Proof. Let α be an arbitrary finitely additive open cover of the space (X, U). Then,
there exists a finite uniform cover β of the space (X, U) such that the cover β is refined
in a cover α. It is easily to see that the cover β is star finite uniform cover of the
space (X, U). Thus, the uniform space (X, U) is strongly uniformly paracompact. □

If (X, τ)is a strongly paracompact but not compact space, then a uniform space
(X, UX) according to Proposition 2.1. is strongly uniformly paracompact but not
u-uniformly compact.

Example 2.1. Real line R with the natural uniformity is u-uniformly finally compact.
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Proof. Let α be an arbitrary finitely additive cover of R and β = ¶(n − 1, n + 1) : n =
0, ±1, ±2, . . .♢. Then, β ∈ U is countable uniform cover of R. Since [n − 1, n + 1] is
compactum, then there exists a finite family ¶A1, A2, . . . , An♢, Ai ∈ α, i = 1, 2, . . . , n,
such that (n − 1, n + 1) ⊂ [n − 1, n + 1] ⊂

⋃n
i=1 Ai, i.e., β ≻ α∠ = α. Hence, R is

u-uniformly finally compact, but not u-uniformly compact. □

Let (X, τ) be a countable compact, but not compact space. Then a uniform space
(X, UX) according to Proposition 2.1. is a u-uniformly countable compact but not
u-uniformly compact.

u-uniformly compactness (u-uniformly countable compactness, u-uniformly finally
compactness) inherented by taking closed subspaces.

Theorem 2.2. Any closed subspace M of u-uniformly compact (u-uniformly count-

able compact, u-uniformly finally compact) space (X, U) is u-uniformly compact (u-

uniformly finally compact) space.

Proof. Let γM be an arbitrary finitely additive (countable) open cover of the subspace
(M, UM). Then there exits a finitely additive (countable) open family γ of the space
(X, U), such that γ ∧ ¶M♢ = γM . Put γ̂ = ¶γ, X\M♢. Obviously the cover γ̂ is an
finitely additive (countable) open cover of the space (X, U). Then, there exists a finite
(finite, countable) uniform cover β ∈ U , such that β ≻ γ̂. Denote βM = β ∧ ¶M♢.
Then, it is easy to see that βM is finite (finite, countable) uniform cover of the subspace
(M, UM) and βM ≻ γM . Thus, (M, UM) is u-uniformly compact (u-uniformly countable
compact, u-uniformly finally compact). □

Theorem 2.3. Let f : (X, U) → (Y, V ) be a ω-mapping between uniform spaces

(X, U) and (Y, V ). If (Y, V ) is u-uniformly compact (u-uniformly finally compact, u-

uniformly countable compact) space, then the uniform space (X, U) is also u-uniformly

compact (u-uniformly finally compact, u-uniformly countable compact) space.

Proof. Let ω be an arbitrary finitely additive (countable) open cover of the space
(X, U) and f : (X, U) → (Y, V ) be a ω-mapping of the uniform space (X, U) onto
u-uniformly compact (u-uniformly countable compact, u-uniformly finally compact)
space (Y, V ). Then, for each point y ∈ Y there exists a neighborhood Oy and W ∈ ω,
such that f−1Oy ⊂ W . Denote β = ¶Oy : y ∈ Y ♢, β∠ = ¶

⋃
β0 : β0 ⊂ β is finite♢. Since

the space (Y, V ) is u-uniformly compact (u-uniformly countable compact, u-uniformly
finally compact), there exists a finite (finite, countable) uniform cover γ ∈ V , such
that γ ≻ β∠. Then finite (finite, countable) uniform cover f−1γ is refined of cover ω.
Thus, (X, U) is u-uniformly compact (u-uniformly countable compact, u-uniformly
finally compact). □

Theorem 2.4. Let f : (X, U) → (Y, V ) be a perfect mapping between uniform spaces

(X, U) and (Y, V ). If (Y, V ) is u-uniformly compact (u-uniformly finally compact, u-

uniformly countable compact) space then the uniform space (X, U) is also u-uniformly

compact (u-uniformly finally compact, u-uniformly countable compact) space.
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Proof. Let α be an arbitrary finite additive open cover of uniform space (X, U). It
is clear that the cover ¶f−1y : y ∈ Y ♢ is refined of the cover α. Then, β = f#α =
¶f#A : A ∈ α♢, where f#A = Y \f(X\A) is an open cover of the space (Y, V ). Since
the space (Y, V ) is u-uniformly compact (u-uniformly finally compact, u-uniformly
countable compact) space, there exists a finite (countable) cover γ ∈ V such that
γ ≻ β∠. It is easy to see that f−1γ ≻ α and f−1γ is finite (countable) cover of the
space (X, U). Consequently, the space (X, U) is u-uniformly compact (u-uniformly
finally compact, u-uniformly countable compact). □

Corollary 2.2. Let f : (X, U) → (Y, V ) be a uniformly perfect mapping between

uniform spaces. If (Y, V ) is u-uniformly compact (u-uniformly finally compact, u-

uniformly countable compact) space, then the uniform space (X, U) is also u-uniformly

compact (u-uniformly finally compact, u-uniformly countable compact) space.

Proposition 2.7. Product (X, U) × (Y, V ) of a u-uniformly compact (u-uniformly

countable compact, u-uniformly finally compact) space (X, U) by a compact space

(Y, V ) is u-uniformly compact (u-uniformly countable compact, u-uniformly finally

compact).

Proof. Let (X, U) be a u-uniformly compact (u-uniformly countable compact, u-
uniformly finally compact) and let (Y, V ) be compact. It is known that projec-
tion πX : (X, U) × (Y, V ) → (X, U) is uniformly perfect mapping of the product
(X, U)×(Y, V ) onto u-uniformly compact (u-uniformly countable compact, u-uniformly
finally compact) space (Y, V ). Then, projection πX is ω-mapping for any finitely ad-
ditive (countable) an open cover ω. Then, according to Theorem 2.3., the product
(X, U) × (Y, V ) is u-uniformly compact (u-uniformly countable compact, u-uniformly
finally compact). □

Theorem 2.5. A uniform space (X, U) is u-uniformly compact if and only if (X, U)
is u-uniformly finally compact and u-uniformly countable compact.

Proof. Necessity follows from Proposition 2.3.
Sufficiency. Let α be an arbitrary finally additive open cover of the space (X, U).

Since the space (X, U) is u-uniformly finally compact space, there exists a countable
cover β ∈ U such that β ≻ α. Since the space (X, U) is u-uniformly countable compact
there exists a finite uniform cover γ ∈ U , such that γ ≻ β∠. Then, γ ≻ β∠ ≻ α∠ = α,
this means that γ ≻ α. Thus, (X, U) is u-uniformly compact. □

Corollary 2.3. A Tychonoff space (X, τ) is compact if and only if (X, τ) is finally

compact and countable compact.
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ON F (p, q, s) SPACES AND WEIGHTED DIFFERENTIATION

COMPOSITION OPERATORS ON THEM

MINA SAFARZADEH1, MOSTAFA HASSANLOU2∗, MINA ETEFAGH1,
AND ZOHREH ZEYNALABEDINI CHARANDABI1

Abstract. In this work, we Ąrst consider weighted differentiation composition
operator from a general family of analytic functions into BlochŰtype space and Ąnd
an approximation for the essential norm. Then, we characterize the boundedness of
the operator into ZygmundŰtype space and Ąnally, essential norm of this operator
is estimated.

1. Introduction

Let f be an analytic function on the open unit disk in the complex plane and φ be
an analytic self–map of the unit disk. The well–known composition operator denoted
by Cϕ is defined by

Cϕf = f ◦ φ.

This operator can also be defined on the space of measurable functions. Composition
operators are used in the study of isometries, backward shifts of all multiplicities,
commutates of multiplication operators and more general operators and De Branges’
proof of the Bieberbach conjecture. It is an interesting problem to describe the
operator properties of Cϕ in terms of the function properties of the symbol φ when
the operator Cϕ acts on several spaces of analytic functions on the unit disk. It is
clear that Cϕ is linear and bounded by Littlewood’s subordination principle on the
classical Hardy and Bergman spaces, see [5, 8].

Key words and phrases. Boundedness, compactness, essential norm, Zygmund type space.
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The composition operators can be generalized through multiplication to the weighted
composition operators and more generally weighted differentiation composition op-
erators. This type of operators contain many other operators that are well known
in this field. We are going to investigate the properties of weighted differentiation
composition operators on the general space of analytic functions F (p, q, s) to weighted
Bloch and Zygmund spaces. The space F (p, q, s) includes several classical spaces of
analytic functions such as Bergman, Bloch, Hardy, BMOA and Qp. So the results of
the paper can be stated for several operators and spaces.

Information about F (p, q, s) can be found in [12, 13]. Also for some equivalent
norms in the case of the unit ball, one can refer to [11]. Weighted composition
operators from F (p, q, s) to H∞

µ have been studied by Zhu in [15]. Yang investigated
generalized weighted composition operators from F (p, q, s) space to the Bloch-type
space in [10]. Volterra-type operators from F (p, q, s) space to Bloch–Orlicz and
Zygmund–Orlicz spaces were characterized in [4]. Recently, the essential norm of
t-generalized composition operators from F (p, q, s) to iterated weighted-type Banach
space has been approximated in [1]. For further research on this subject, see [2,3,6,7,9].

2. Background Material

Let H(D) be the space of all analytic functions on the open unit disk D and S(D) be
the set of all analytic self–maps of D. Let u ∈ H(D) and φ ∈ S(D). The generalized
weighted composition operator, weighted differentiation composition operator, is given
by

Dn
u,ϕf(z) = u(z)f (n)(φ(z)), f ∈ H(D), z ∈ D,

where n ∈ N0. This type of operators include composition operator Cϕ, multiplication
operator Mu, DCϕ, CϕD and some other classical operators. While the operator Dn

u,ϕ

acts on some subspaces of H(D), it is a natural question to find conditions under which
the operator has operator properties such as boundedness, compactness, and others.
Instead of using classical subspaces individually, we deal with a general function space
F (p, q, s). Let 0 < p < +∞, 0 ≤ s < +∞ and −2 < q < +∞. The space F (p, q, s) is
the space of all analytic functions in D for which

∥f∥p
p,q,s = ♣f(0)♣p + sup

a∈D

∫

D

♣f ′(z)♣p(1 − ♣z♣2)qgs(z, a)dA(z) < +∞.

Here dA is normalized area measure on D, g(z, a) = log ♣ 1
ϕa(z)

♣, φa(z) = a−z
1−az

. The

above space was introduced in [12] and becomes a Banach space with ∥.∥p,q,s. For the
properties and the other spaces included in it see [13]. We bring here some spaces.

• When s > 1, F (p, q, s) = B
(q+2)/p, the Bloch space.

• F (2, 0, s) = Qs and F (2, 0, 1) = BMOA.
• When 0 < p < +∞ and −1 < q < +∞, F (p, q, 0) = Dp

q , Dirichlet space and if
1 < p < +∞, then F (p, p − 2, 0) = Bp, the analytic Besov space.

• F (2, 1, 0) = H2, Hardy space.
• When 0 < p < +∞, F (p, p + q, 0) = Ap

q , the Bergman space.
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If q + s ≤ −1, then F (p, q, s) is the space of constant functions, see [12]. For
0 < p, s < +∞, −2 < q < +∞ and q + s > −1, if f ∈ F (p, q, s), then

(2.1) ♣f (m)(z)♣ ≤ C
∥f∥p,q,s

(1 − ♣z♣2)
2+q−p

p
+m

, m ∈ N,

see [1]. Here we use weighted Bloch and Zygmund spaces. A positive continuous
function µ on D is called a weight. For a weight µ which is radial, µ(z) = µ(♣z♣), the
weighted Zygmund space Zµ, Zygmund-type space, is the space of f ∈ H(D) such
that

sup
z∈D

µ(♣z♣)♣f ′′(z)♣ < +∞.

The above statement is a semi–norm and it will be a norm if we add ♣f(0)♣ + ♣f ′(0)♣.
So,

∥f∥Zµ
= ♣f(0)♣ + ♣f ′(0)♣ + sup

z∈D

µ(♣z♣)♣f ′′(z)♣.

With this norm, Zµ is a Banach space. The weighted Bloch space Bµ is defined by

Bµ = ¶f ∈ H(D) : ∥f∥Bµ
= ♣f(0)♣ + sup

z∈D

µ(♣z♣)♣f ′(z)♣ < +∞♢.

Note that if µ(z) = (1 − ♣z♣2)α, α > 0, then we obtain the Zygmund space Z
α and the

Bloch space B
α.

Throughout the paper we set γ = q+2
p

and

A(u, t) =
µ(♣z♣)♣u′(z)♣

(1 − ♣φ(z)♣2)t
.

All positive constants will be denoted by C which may vary from one occurrence to
another. By A ⪰ B we mean there exists a constant C such that A ≥ CB and A ≈ B

means that A ⪰ B ⪰ A.

3. Main Results

Lemma 3.1. Let 0 < p, s < +∞, −2 < q < +∞, q + s > −1, φ ∈ S(D), u ∈ H(D)
and µ be a radial weight. If ρ = ∥φ∥∞ < 1 and Dn

u,ϕ : F (p, q, s) → Bµ is bounded,

then Dn
u,ϕ : F (p, q, s) → Bµ is compact.

Proof. We need to show that for any bounded sequence ¶fi♢ in F (p, q, s) which
converges to 0 uniformly on compact subsets of D, ∥Dn

u,ϕfi∥Bµ
converges to 0 as

i → +∞.
The boundedness of the operator implies that for any f ∈ F (p, q, s), ∥Dn

u,ϕf∥Bµ
≤

C∥f∥p,q,s. Apply this to the functions zn and zn+1 and using triangle inequality we
obtain

C1 = sup
z∈D

µ(♣z♣)♣u′(z)♣ < +∞,

C2 = sup
z∈D

µ(♣z♣)♣u(z)φ′(z)♣ < +∞.(3.1)
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Therefore,

∥Dn
u,ϕfi∥Bµ

=♣(Dn
u,ϕ(fi))(0)♣ + sup

z∈D

µ(♣z♣)♣(Dn
u,ϕ(fi))

′(z)♣

≤♣u(0)♣♣f
(n)
i (φ(0))♣ + sup

z∈D

µ(♣z♣)♣u′(z)♣♣f
(n)
i (φ(z))♣

+ sup
z∈D

µ(♣z♣)♣u(z)φ′(z)♣♣f
(n+1)
i (φ(z))♣

≤♣u(0)♣♣f
(n)
i (φ(0))♣ + sup

♣ϕ(z)♣≤ρ

µ(♣z♣)♣u′(z)♣♣f
(n)
i (φ(z))♣

+ sup
♣ϕ(z)♣≤ρ

µ(♣z♣)♣u(z)φ′(z)♣♣f
(n+1)
i (φ(z))♣

≤♣u(0)♣♣f
(n)
i (φ(0))♣ + C1 sup

♣ϕ(z)♣≤ρ
♣f

(n)
i (φ(z))♣ + C2 sup

♣ϕ(z)♣≤ρ
♣f

(n+1)
i (φ(z))♣.

All the three terms above tend to 0 and ∥Dn
u,ϕfi∥Bµ

tends to 0 and so the proof is
completed. □

Theorem 3.1. Suppose that φ ∈ S(D) with ∥φ∥∞ = 1, u ∈ H(D) and µ is a normal

weight on [0, 1) as in [10]. Also suppose that 0 < p, s < +∞, −2 < q < +∞ and

q + s > −1. If Dn
u,ϕ : F (p, q, s) → Bµ is bounded, then

(3.2) ∥Dn
u,ϕ∥e ≈ lim sup

♣ϕ(z)♣→1
A(u′, γ + n − 1) + lim sup

♣ϕ(z)♣→1
A(uφ′, γ + n).

Proof. Define the sequences of functions as follows

gi(z) =
1 − ♣φ(zi)♣

(1 − φ(zi)z)γ
, fi(z) =

1 − ♣φ(zi)♣

(1 − φ(zi)z)γ
−

2 + q

2 + q + pn
·

(1 − ♣φ(zi)♣)
2

(1 − φ(zi)z)γ+1
.

Here ¶zi♢ ⊂ D is a sequence that ♣φ(zi)♣ → 1. By performing a simple calculation on
the derivatives of the gi and fi, one can see that

g
(n)
i (φ(zi)) = β

φ(zi)
n

(1 − ♣φ(zi)♣2)γ+n−1
, g

(n+1)
i (φ(zi)) = β(γ + n)

φ(zi)
n+1

(1 − ♣φ(zi)♣2)γ+n
,

f
(n)
i (φ(zi)) = 0, f

(n+1)
i (φ(zi)) = β

φ(zi)
n+1

(1 − ♣φ(zi)♣2)γ+n
,

where β = γ(γ + 1) · · · (γ + n − 1). From [10], we see that both sequences are bounded
in F (p, q, s) and converge to zero uniformly on compact subsets of D. So for any
compact operator K from F (p, q, s) to Bµ, ∥Kgi∥Bµ

→ 0 and ∥Kfi∥Bµ
→ 0, as

i → +∞. Noting to the definition of the essential norm we get

(3.3) ∥Dn
u,ϕ∥e,F (p,q,s)→Bµ

= inf
K

∥Dn
u,ϕ − K∥F (p,q,s)→Bµ

.

So, it will be sufficient to compute the operator norm of Dn
u,ϕ − K : F (p, q, s) → Bµ.

Therefore,

∥Dn
u,ϕ − K∥F (p,q,s)→Bµ

= sup
∥f∥p,q,s≤1

∥(Dn
u,ϕ − K)f∥Bµ

⪰ ∥(Dn
u,ϕ − K)fi∥Bµ

.(3.4)
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Then,

∥Dn
u,ϕ − K∥F (p,q,s)→Bµ

⪰ lim sup
i→+∞

∥(Dn
u,ϕ − K)fi∥Bµ

= lim sup
i→∞

∥Dn
u,ϕfi∥Bµ

≥ lim sup
i→+∞

sup
z∈D

µ(♣z♣)♣(Dn
u,ϕfi)

′(z)♣

≥ lim sup
i→+∞

µ(♣zi♣)♣(D
n
u,ϕfi)

′(zi)♣

= lim sup
i→+∞

β
µ(♣zi♣)♣u(zi)φ

′(zi)♣♣φ(zi)♣
n+1

(1 − ♣φ(zi)♣2)γ+n

= lim sup
i→+∞

β
µ(♣zi♣)♣u(zi)φ

′(zi)♣

(1 − ♣φ(zi)♣2)γ+n
.

From (3.3) and (3.4) we have

(3.5) ∥Dn
u,ϕ∥e,F (p,q,s)→Bµ

⪰ β lim sup
♣ϕ(z)♣→1

µ(♣z♣)♣u(z)φ′(z)♣

(1 − ♣φ(z)♣2)γ+n
.

Now we consider the sequence ¶gi♢ and get to the following

∥Dn
u,ϕ∥e,F (p,q,s)→Bµ

⪰ lim sup
i→+∞

∥Dn
u,ϕgi∥Bµ

≥ lim sup
i→+∞

sup
z∈D

µ(♣z♣)♣(Dn
u,ϕgi)

′(z)♣

≥ lim sup
i→+∞

µ(♣zi♣)♣(D
n
u,ϕgi)

′(zi)♣

≥ lim sup
i→+∞

µ(♣zi♣)♣u
′(zi)♣♣g

(n)
i (φ(zi))♣

− lim sup
i→+∞

µ(♣zi♣)♣u(zi)φ
′(zi)♣♣g

(n+1)
i (φ(zi))♣

=β lim sup
i→+∞

µ(♣zi♣)♣u
′(zi)♣♣φ(zi)♣

n

(1 − ♣φ(zi)♣2)γ+n−1

− β(γ + n) lim sup
i→+∞

µ(♣zi♣)♣u(zi)φ
′(zi)♣♣φ(zi)♣

n+1

(1 − ♣φ(zi)♣2)γ+n

=β lim sup
♣ϕ(z)♣→1

µ(♣z♣)♣u′(z)♣

(1 − ♣φ(z)♣2)γ+n−1

− β(γ + n) lim sup
♣ϕ(z)♣→1

µ(♣z♣)♣u(z)φ′(z)♣

(1 − ♣φ(z)♣2)γ+n

⪰β lim sup
♣ϕ(z)♣→1

µ(♣z♣)♣u′(z)♣

(1 − ♣φ(z)♣2)γ+n−1
− (γ + n)∥Dn

u,ϕ∥e,F (p,q,s)→Bµ
,

where we use (3.5) in the last line. Then,

(3.6) (γ + n + 1)∥Dn
u,ϕ∥e,F (p,q,s)→Bµ

⪰ β lim sup
♣ϕ(z)♣→1

µ(♣z♣)♣u′(z)♣

(1 − ♣φ(z)♣2)γ+n−1
.
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Now (3.5) and (3.6) imply that

∥Dn
u,ϕ∥e,F (p,q,s)→Bµ

⪰ lim sup
♣ϕ(z)♣→1

µ(♣z♣)♣u′(z)♣

(1 − ♣φ(z)♣2)γ+n−1
+ lim sup

♣ϕ(z)♣→1

µ(♣z♣)♣u(z)φ′(z)♣

(1 − ♣φ(z)♣2)γ+n
,

and the lower estimate for the essential norm is obtained. Now, suppose that ¶rj♢ is
a sequence in (0, 1) and rj → 1 such that j → +∞. Since Dn

u,ϕ : F (p, q, s) → Bµ is
bounded, then from Theorem 1 of [10] we obtain

sup
z∈D

µ(♣z♣)♣u′(z)♣

(1 − ♣φ(z)♣2)γ+n−1
< +∞, sup

z∈D

µ(♣z♣)♣u(z)φ′(z)♣

(1 − ♣φ(z)♣2)γ+n
< +∞.

So,

sup
z∈D

µ(♣z♣)♣u′(z)♣

(1 − ♣rjφ(z)♣2)γ+n−1
< +∞, sup

z∈D

µ(♣z♣)♣u(z)φ′(z)♣

(1 − ♣rjφ(z)♣2)γ+n
< +∞.

Again Theorem 1 of [10] implies that Dn
u,rjϕ : F (p, q, s) → Bµ is bounded. Also, since

∥rjφ∥∞ < 1, then using Lemma 3.1, Dn
u,rjϕ : F (p, q, s) → Bµ is a compact operator

for any j. So,

∥Dn
u,ϕ∥e:F (p,q,s)→Bµ

≤ ∥Dn
u,ϕ − Dn

u,rjϕ∥ = sup
∥f∥p,q,s≤1

∥(Dn
u,ϕ − Dn

u,rjϕ)f∥Bµ
, j ∈ N.

Let f ∈ F (p, q, s) and ∥f∥p,q,s ≤ 1. Then,

∥(Dn
u,ϕ − Dn

u,rjϕ)f∥Bµ
=♣((Dn

u,ϕ − Dn
u,rjϕ)f)(0)♣ + sup

z∈D

µ(♣z♣)♣((Dn
u,ϕ − Dn

u,rjϕ)f)′(z)♣

≤♣u(0)f (n)(φ(0)) − u(0)f (n)(rjφ(0))♣

+ sup
z∈D

µ(♣z♣)♣u′(z)♣♣f (n)(φ(z)) − f (n)(rjφ(z))♣

+ sup
z∈D

µ(♣z♣)♣u(z)φ′(z)♣♣f (n+1)(φ(z)) − rjf
(n+1)(rjφ(z))♣

=E + F + G.(3.7)

Then, E → 0 as j → +∞. For F and G we have

F ≤ sup
♣ϕ(z)♣≤δ

µ(♣z♣)♣u′(z)♣♣f (n)(φ(z)) − f (n)(rjφ(z))♣

+ sup
♣ϕ(z)♣>δ

µ(♣z♣)♣u′(z)♣♣f (n)(φ(z)) − f (n)(rjφ(z))♣ = F1 + F2,

G ≤ sup
♣ϕ(z)♣≤δ

µ(♣z♣)♣u(z)φ′(z)♣♣f (n+1)(φ(z)) − rjf
(n+1)(rjφ(z))♣

+ sup
♣ϕ(z)♣>δ

µ(♣z♣)♣u(z)φ′(z)♣♣f (n+1)(φ(z)) − rjf
(n+1)(rjφ(z))♣ = G1 + G2,

where δ ∈ (0, 1) is fixed. Hence F1, G1 → 0 as j → +∞, due to the compactness of
the set ¶♣φ(z)♣ ≤ δ♢. Therefore, we get from (2.1) that

F2 = sup
♣ϕ(z)♣>δ

µ(♣z♣)♣u′(z)♣♣f (n)(φ(z)) − f (n)(rjφ(z))♣



F (p, q, s) SPACES 1439

⪯ sup
♣ϕ(z)♣>δ

µ(♣z♣)♣u′(z)♣

(1 − ♣φ(z)♣2)γ+n−1
+ sup

♣ϕ(z)♣>δ

µ(♣z♣)♣u′(z)♣

(1 − ♣rjφ(z)♣2)γ+n−1

≤2 sup
♣ϕ(z)♣>δ

µ(♣z♣)♣u′(z)♣

(1 − ♣φ(z)♣2)γ+n−1
.

Also, for G2 we get

G2 ⪯ 2 sup
♣ϕ(z)♣>δ

µ(♣z♣)♣u(z)φ′(z)♣

(1 − ♣φ(z)♣2)γ+n
.

From (3.7) and above discussion we have

∥(Dn
u,ϕ − Dn

u,rjϕ)f∥Bµ
⪯ sup

♣ϕ(z)♣>δ

µ(♣z♣)♣u′(z)♣

(1 − ♣φ(z)♣2)γ+n−1
+ sup

♣ϕ(z)♣>δ

µ(♣z♣)♣u′(z)♣

(1 − ♣φ(z)♣2)γ+n−1
,

and letting δ → 1 and using the definition of essential norm, we obtain

∥Dn
u,ϕ∥e,F (p,q,s)→Bµ

⪯ lim sup
♣ϕ(z)♣→1

µ(♣z♣)♣u′(z)♣

(1 − ♣φ(z)♣2)γ+n−1
+ lim sup

♣ϕ(z)♣→1

µ(♣z♣)♣u(z)φ′(z)♣

(1 − ♣φ(z)♣2)γ+n
.

□

In the following theorem we find a necessary and sufficient condition for the operator
Dn

u,ϕ : F (p, q, s) → Zµ to be bounded.

Theorem 3.2. Suppose that φ ∈ S(D), u ∈ H(D) and µ is a radial weight. Also

suppose that 0 < p, s < +∞, −2 < q < +∞ and q+s > −1. Then, Dn
u,ϕ : F (p, q, s) →

Zµ is bounded if and only if the functions A(u′′, γ + n − 1), A(2u′φ′ + uφ′′, γ + n) and

A(uφ′2, γ + n + 1) are bounded on D.

Proof. Suppose that the above functions are bounded on D. To prove that the operator
is bounded, we compute its norm. To do that, we have

∥Dn
u,ϕ∥F (p,q,s)→Zµ

= sup
∥f∥p,q,s≤1

∥Dn
u,ϕf∥Zµ

=♣(Dn
u,ϕf)(0)♣ + ♣(Dn

u,ϕf)′(0)♣ + sup
z∈D

µ(♣z♣)♣(Dn
u,ϕf)′′(z)♣

=♣u(0)f (n)(φ(0))♣ + ♣u′(0)f (n)(φ(0)) + u(0)φ′(0)f (n+1)(φ(0))♣

+ sup
z∈D

µ(♣z♣)♣u′′(z)f (n)(φ(z)) + (2u′(z)φ′(z)

+ u(z)φ′′(z))f (n+1)(φ(z)) + u(z)φ′2(z)f (n+2)(φ(z))♣

⪯
♣u(0)♣

(1 − ♣φ(0)♣2)γ+n−1
+

♣u′(0)♣

(1 − ♣φ(0)♣2)γ+n−1
+

♣u(0)φ′(0)♣

(1 − ♣φ(0)♣2)γ+n

+ sup
z∈D

µ(♣z♣)♣u′′(z)♣

(1 − ♣φ(z)♣2)γ+n−1
+ sup

z∈D

µ(♣z♣)♣2u′(z)φ′(z) + u(z)φ′′(z)♣

(1 − ♣φ(z)♣2)γ+n

+ sup
z∈D

µ(♣z♣)♣u(z)φ′2(z)♣

(1 − ♣φ(z)♣2)γ+n+1
< +∞.
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So, Dn
u,ϕ : F (p, q, s) → Zµ is bounded. Now suppose that Dn

u,ϕ : F (p, q, s) → Zµ is
bounded. Then there exists a positive constant C such that for every f ∈ F (p, q, s),
∥Dn

u,ϕf∥Zµ
≤ C∥f∥p,q,s. Applying this to the polynomials zn, zn+1, zn+2 and using

some basic techniques, the followings are obtained

(3.8) sup
z∈D

A(u′′, 0) < +∞, sup
z∈D

A(2u′φ′ + uφ′′, 0) < +∞, sup
z∈D

A(uφ′2, 0) < +∞.

By [3] and Lemma 3 in [9], there exist functions gi,w ∈ F (p, q, s), i ∈ ¶n, n + 1, n + 2♢
and w ∈ D, such that

g
(j)
i,w(w) =

δi,jw
j

(1 − ♣w♣2)γ+j−1
, j ∈ ¶n, n + 1, n + 2♢.

Also, supw∈D ∥gi,w∥p,q,s < +∞. Here δi,j is the Kronecker delta. We prove that
A(u′′, γ + n − 1) is bounded, the others are similar. Noting that by the boundeness
of the operator we have

C ≥∥Dn
u,ϕgn,ϕ(w)∥Zµ

≥ sup
z∈D

µ(♣z♣)♣(Dn
u,ϕgn,ϕ(w))

′′(z)♣ ≥ µ(♣w♣)♣(Dn
u,ϕgn,ϕ(w))

′′(w)♣

=
µ(♣w♣)♣u′′(w)♣♣φ(w)♣n

(1 − ♣φ(w)♣2)γ+n−1
.

Then,

(3.9) sup
♣ϕ(w)♣>δ

µ(♣w♣)♣u′′(w)♣

(1 − ♣φ(w)♣2)γ+n−1
< +∞,

where δ ∈ (0, 1) is fixed. Also

(3.10) sup
♣ϕ(w)♣≤δ

µ(♣w♣)♣u′′(w)♣

(1 − ♣φ(w)♣2)γ+n−1
<

1

(1 − δ2)γ+n−1
sup
w∈D

A(u′′, 0) < +∞.

From the above discussion and using the fact that w is arbitrary, we get

A(u′′, γ + n − 1) = sup
w∈D

µ(w)♣u′′(w)♣

(1 − ♣φ(w)♣2)γ+n−1
< +∞.

Applying the functions gn+1,ϕ(w) and gn+2,ϕ(w), the boundedness of the functions
A(2u′φ′ + uφ′′, γ + n) and A(uφ′2, γ + n + 1) is obtained. □

The proof of the following lemma is analogues to the proof of Lemma 3.1.

Lemma 3.2. Let 0 < p, s < +∞, −2 < q < +∞, q + s > −1, φ ∈ S(D), u ∈ H(D)
and µ is a radial weight. If ∥φ∥∞ < 1 and Dn

u,ϕ : F (p, q, s) → Zµ be bounded, then

Dn
u,ϕ : F (p, q, s) → Zµ is compact.

Theorem 3.3. Suppose that φ ∈ S(D), u ∈ H(D) and µ is a radial weight. Also

suppose that 0 < p, s < +∞, −2 < q < +∞ and q + s > −1. If Dn
u,ϕ : F (p, q, s) → Zµ

is bounded, then

∥Dn
u,ϕ∥e ≈ lim sup

♣ϕ(z)♣→1

{

A(u′′, γ + n − 1) + A(2u′φ′ + uφ′′, γ + n) + A(uφ′2, γ + n + 1)
}

.
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Proof. Let ¶wk♢ be a sequence in D such that ♣φ(wk)♣ → 1, as k → +∞. By [3] and
Lemma 3 in [9], there exist functions gi,wk

∈ F (p, q, s), i ∈ ¶n, n + 1, n + 2♢ such that

g
(j)
i,wk

(wk) =
δi,jwk

j

(1 − ♣wk♣2)γ+j−1
, j ∈ ¶n, n + 1, n + 2♢.

Also supwk∈D ∥gi,wk
∥p,q,s < +∞. Here δi,j is the Kronecker delta. Moreover gi,wk

→ 0
uniformly on compact subsets of D, as k → +∞. So, for any compact operator
T : F (p, q, s) → Zµ, ∥Tgi,wk

∥Zµ
→ 0. If we use the sequence ¶gn,wk

♢, then we have

∥Dn
u,ϕ − T∥F (p,q,s)→Zµ

⪰ lim sup
k→+∞

∥(Dn
u,ϕ − T )gn,wk

∥Zµ
= lim sup

k→+∞
∥Dn

u,ϕgn,wk
∥Zµ

≥ lim sup
k→+∞

sup
z∈D

µ(♣z♣)♣(Dn
u,ϕgn,wk

)′′(z)♣

≥ lim sup
k→+∞

µ(♣wk♣)♣(Dn
u,ϕgn,wk

)′′(wk)♣

= lim sup
k→+∞

µ(♣wk♣)♣u′′(wk)♣♣φ(wk)♣n

(1 − ♣φ(wk)♣2)γ+n−1

= lim sup
k→+∞

µ(♣wk♣)♣u′′(wk)♣

(1 − ♣φ(wk)♣2)γ+n−1
.

Hence,

∥Dn
u,ϕ∥e,F (p,q,s)→Zµ

= inf
T compact

∥Dn
u,ϕ − T∥F (p,q,s)→Zµ

⪰∥Dn
u,ϕ − T∥F (p,q,s)→Zµ

⪰ lim sup
♣ϕ(z)♣→1

µ(♣z♣)♣u′′(z)♣

(1 − ♣φ(z)♣2)γ+n−1

= lim sup
♣ϕ(z)♣→1

A(u′′, γ + n − 1).

In the same way, using the sequences ¶gn+1,wk
♢ and ¶gn+2,wk

♢, the following is obtained

∥Dn
u,ϕ∥e,F (p,q,s)→Zµ

⪰ lim sup
♣ϕ(z)♣→1

A(2u′φ′ + uφ′′, γ + n),

∥Dn
u,ϕ∥e,F (p,q,s)→Zµ

⪰ lim sup
♣ϕ(z)♣→1

A(uφ′2, γ + n + 1),

and the lower estimate for the essential norm is obtained.
Let ¶rk♢ be a sequence in (0, 1) such that limk→+∞ rk = 1. Using the boundedness

of Dn
u,ϕ and Theorem 3.2, the operator Dn

u,rkϕ : F (p, q, s) → Zµ is bounded and then
it is compact by Lemma 3.2, since ∥rkφ∥∞ < 1. Therefore,

∥Dn
u,ϕ∥e ≤ ∥Dn

u,ϕ − Dn
u,rkϕ∥ = sup

∥f∥p,q,s≤1
∥(Dn

u,ϕ − Dn
u,rkϕ)f∥Zµ

.(3.11)

Noting that f − frk
→ 0 uniformly on compact subsets of D, fr(z) = f(rz), and

employing (3.8) we have

lim sup
k→+∞

♣u(0)f (n)(φ(0)) − u(0)f (n)(rkφ(0))♣ = 0,
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lim sup
k→+∞

♣u′(0)(f (n)(φ(0)) − f (n)(rkφ(0)))♣ = 0,

lim sup
k→+∞

♣u(0)φ′(0)(f (n+1)(φ(0)) − rkf (n+1)(rkφ(0)))♣ = 0,

lim sup
k→+∞

sup
♣ϕ(z)♣≤δ

µ(♣z♣)♣u′′(z)♣♣f (n)(φ(z)) − f (n)(rkφ(z))♣ = 0,

lim sup
k→+∞

sup
♣ϕ(z)♣≤δ

µ(♣z♣)♣2u′(z)φ′(z) + u(z)φ′′(z)♣♣f (n+1)(φ(z)) − rkf (n+1)(rkφ(z))♣ = 0,

lim sup
k→+∞

sup
♣ϕ(z)♣≤δ

µ(♣z♣)♣u(z)φ′2(z)♣♣f (n+2)(φ(z)) − r2
kf (n+2)(rkφ(z))♣ = 0,

where δ ∈ (0, 1) is fixed. Also, (2.1) implies that for any f with ∥f∥p,q,s ≤ 1,

sup
δ<♣ϕ(z)♣<1

µ(♣z♣)♣u′′(z)♣♣f (n)(φ(z)) − f (n)(rkφ(z))♣

≤ sup
δ<♣ϕ(z)♣<1

µ(♣z♣)♣u′′(z)♣♣f (n)(φ(z))♣ + sup
δ<♣ϕ(z)♣<1

µ(♣z♣)♣u′′(z)♣♣f (n)(rkφ(z))♣

⪯ sup
δ<♣ϕ(z)♣<1

µ(♣z♣)♣u′′(z)♣

(1 − ♣φ(z)♣2)γ+n−1
+ sup

δ<♣ϕ(z)♣<1

µ(♣z♣)♣u′′(z)♣

(1 − ♣rkφ(z)♣2)γ+n−1

≤2 sup
δ<♣ϕ(z)♣<1

µ(♣z♣)♣u′′(z)♣

(1 − ♣φ(z)♣2)γ+n−1
.

Moreover,

sup
δ<♣ϕ(z)♣<1

µ(♣z♣)♣2u′(z)φ′(z) + u(z)φ′′(z)♣♣f (n+1)(φ(z)) − rkf (n+1)(rkφ(z))♣

⪯ sup
δ<♣ϕ(z)♣<1

µ(♣z♣)♣2u′(z)φ′(z) + u(z)φ′′(z)♣

(1 − ♣φ(z)♣2)γ+n

and

sup
δ<♣ϕ(z)♣<1

µ(♣z♣)♣u(z)φ′2(z)♣♣f (n+2)(φ(z)) − r2
kf (n+2)(rkφ(z))♣

⪯ sup
δ<♣ϕ(z)♣<1

µ(♣z♣)♣u(z)φ′2(z)♣

(1 − ♣φ(z)♣2)γ+n+1
.

We get from the above discussion that

sup
∥f∥p,q,s≤1

∥(Dn
u,ϕ − Dn

u,rkϕ)f∥Zµ
⪯ sup

δ<♣ϕ(z)♣<1

µ(♣z♣)♣u′′(z)♣

(1 − ♣φ(z)♣2)γ+n−1

+ sup
δ<♣ϕ(z)♣<1

µ(♣z♣)♣2u′(z)φ′(z) + u(z)φ′′(z)♣

(1 − ♣φ(z)♣2)γ+n

+ sup
δ<♣ϕ(z)♣<1

µ(♣z♣)♣u(z)φ′2(z)♣

(1 − ♣φ(z)♣2)γ+n+1
.
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Now it follows from (3.11) along with δ → 1 that

∥Dn
u,ϕ∥e ⪯ lim sup

♣ϕ(z)♣→1

{

A(u′′, γ + n − 1) + A(2u′φ′ + uφ′′, γ + n) + A(uφ′2, γ + n + 1)
}

.

□

Remark 3.1. As we noted in the introduction, the operators we use here contain some
other well–known operators and also F (p, q, s) spaces include several classical spaces
of analytic functions. So some corollaries can be stated here which we do not bring
here.
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THE SOLVABILITY OF p-KIRCHHOFF TYPE PROBLEMS WITH

CRITICAL EXPONENT

HAYAT BENCHIRA1, ATIKA MATALLAH1,2, ABBES BENAISSA1, SVETLIN G. GEORGIEV2,
AND KHALED ZENNIR3

Abstract. The article aims to study new and current problems in the theory
of nonclassical partial differential equations and their applications, proving the
existence and nonexistence of solutions to p-Kirchhoff type problems with critical
exponent of Sobolev in R

n, which are of great interest in the study of mathematical
physics equations. We show the existence of a local minimizer with negative/positive
energy by using variational methods. More precisely, we considered a minimization
of Eλ constrained in a neighborhood of zero using the Ekeland variational principle,
then we found the Ąrst critical point of Eλ which achieves the local minimum of Eλ

whose level is negative; next around the zero point, using the mountain pass theorem,
we also obtained a critical point whose level is positive. In addition, we studied the
case of λ = 0, where there is no non-trivial solution using the contradiction principle.
We also established inĄnite solutions and discuss the different cases.

1. Introduction and Position of Problem

In R
n, we are concerned with the following problem

(1.1) −

(

a
(∫

Rn
♣∇u♣p dx

)θ−1

+ b

)

div
(

♣∇u♣p−2 ∇u
)

= ♣u♣p
∗−2u + λf (x) ,

where 1 < p < n, 0 ≤ a, b, 0 < a + b, θ > 1, λ is a parameter, p∗ = pn/ (n − p) is the
critical Sobolev exponent and f ∈ W ∗\ ¶0♢ . Here, W ∗ is the dual space of W 1,p(Rn).

Key words and phrases. Variational methods, Kirchhoff equations, critical Sobolev exponent,
Lyapunov dunctions, nonlinear equations.
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Since equation (1.1) contains an integral over Rn, it is no longer a point-wise identity.
Therefore, it is often called a nonlocal problem. It is also called non-degenerate if
0 < b and a ≥ 0, while it is degenerate if b = 0 and 0 < a.

The non-local elliptic problem (1.1) is related to the original Kirchhoff equation in
[1] which was Ąrst introduced by Kirchhoff as an extension of the classical DŠAlembert
wave equation for free vibrations of elastic strings. KirchhoffŠs model takes into
account the changes in length of the strings produced by transverse vibrations.

Problems involving non-local operators have been widely studied due to their numer-
ous and relevant applications in various Ąelds of science. In particular, Kirchhoff-type
problems proved to be valuable tools for modeling several physical and biological
phenomena, and many works have been made to ensure the existence of solutions for
such problems. We quote in particular the article of Lions [2]. Since this famous paper,
very fruitful developments are given rise to many works in this promising direction,
and in most of them, with most relying on topological methods. However, only a few
improvements have been made concerning the multiplicity of solutions. In this regard,
the variational approach was sought instead of topological methods to solve these
kinds of problems and also to prove the existence of multiple solutions (see [3, 4]).

In the last few years, great attention has been paid to the study of Kirchhoff
problems involving critical nonlinearities. This problem creates many difficulties in
applying variational methods. It is worth mentioning that the semilinear Laplace
equation of elliptic type involving the the critical Sobolev exponent was investigated
in the crucial paper of Brézis and Nirenberg [5]. After that, many researchers have
dedicated themselves to the study of several kinds of elliptic equations with a critical
exponent in a bounded domain or in the whole space. For p = 2 and a = 0, Tarantello
[6] treated the problem (1.1) in a bounded domain of Rn and proved the existence of
at least two solutions using Nehari manifold methods. The Ąrst work on the Kirchhoff-
type problem with the critical Sobolev exponent was by Alves, Corrêa and Figueiredo
in [7]. Naimen in [8] showed a Brézis-Nirenberg type result for the Kirchhoff problem
in a bounded domain. In [9], He et al. considered the following problem

−
(

a
∫

Rn
♣∇u♣p dx + b

)

div
(

♣∇u♣p−2 ∇u
)

= f (u) + h in Ω,

u = 0 on ∂Ω,

where Ω ⊂ R
3 is a bounded domain, 0 ≤ h ∈ L2 (Ω) and f ∈ C (R,R). They obtained

the existence of at least one or two positive solutions using the monotonicity technique
and the non-existence criterion by using the corresponding Pohožaev identity. Also,
they showed nonexistence properties for the 3-sublinear case and the critical case.
Under general assumptions on the nonlinearity, they also established the existence
result for the whole space R

3 by using the properties of the Pohožaev identity and
some delicate analysis.
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In [10], Miyagaki et al. obtained the existence of inĄnitely many solutions for the
following problem

− (a
∫

Rn ♣∇u♣p dx + b) div
(

♣∇u♣p−2 ∇u
)

= λg (x, u) + µ♣u♣p
∗−2u, in R

n,

where λ > 0, 0 < µ < µ∗, with µ∗ a positive constant, n ≥ 2p and g (x, u) satisĄes
certain subcritical growth conditions.

Ke et al. in [11] considered the problem (1.1) with θ = 2 and f ∈ L
p∗

p∗
−1 (Rn) .

They obtained the existence of inĄnitely many solutions for problem (1.1) and the
multiplicity of solutions for the non-degenerate case (0 < b) with p∗ = 2p and 0 <
a < S−2 and the degenerate case (b = 0) with p∗ > 2p and 0 < a.

Recently, Benaissa et al. in [12] discussed the problem (Pλ) with θ = 2. When
p∗ > 2p, the authors showed the existence of λ∗ > 0 such that for 0 < λ < λ∗ (1.1)
has at least two solutions in a particular dimension n = 3p/2.

The main results in the present paper can be considered as an extension of the work
of [11] and [12] for a more general non-local problem (degenerate or non-degenerate
problem) with a large range of n.

To our knowledge, many of the results are new for p > 1 and even in the case θ = 2.
Our results and setting are more general and delicate; it is not difficult to obtain the
second solution in the degenerate case where θ < p∗

p
.

In the case where a = λ = 0, b = 1 and 1 < p < n, our main problem can be
reduced to the following problem

(1.2) −div (♣∇u♣p−2∇u) = ♣u♣p
∗−2u, in R

n.

Sciunzi in [13] provided that if u is a positive solution of (1.2) then u (x) = vε,x0 (x)
where

(1.3) vε,x0 (x) :=









ε
1

p−1 n
1
p

(

n−p
p−1

)
p−1

p

ε
p

p−1 + ♣x − x0♣
p

p−1









n−p

p

, ε > 0, x0 ∈ R
n.

Consequently,

S := inf
u∈W 1,p(Rn)\¶0♢

∥u∥p

(

∫

Rn ♣u♣p
∗

dx
)p/p∗

satisĄes

(1.4) ∥vε,x0∥p =
∫

Rn
♣vε,x0♣p

∗

dx = S
p∗

p∗
−p .

For more details, see [14].
This paper is composed of four sections in addition to the introduction and the

conclusion with discussion. In Section 2, we give some abstract conditions when
the functional Eλ satisĄes the Palais Smale condition, so to overcome the lack of
compactness, we need to determine a good level of the Palais Smale condition. We
state and prove our Ąrst main contribution results regarding the existence of local
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minimizer with negative/positive energy (Theorem 3.1 and Theorem 3.2) in Section
3, by using variational methods. More precisely, we consider a minimization of Eλ

constrained in a neighborhood of zero using the Ekeland variational principle (see
[15]). Then we can Ąnd the Ąrst critical point of Eλ that reaches the local minimum
of Eλ whose level is negative, next around the zero point, using the mountain pass
theorem (see [16]). We also obtain a critical point whose level is positive. The proof
of the second results (Theorem 4.1 and Theorem 4.2) is given and proved in Section 4,
where we study the case of λ = 0.

2. Preliminaries and Tools

In this section, we state several preliminary results needed.
First, we make use of the following assumptions:
(H0) 1 < θ < p∗

p
, 0 < a and 0 < b;

(H1) 1 < θ < p∗

p
, a ≥ 0, 0 ≤ b and a + 0 < b;

(H2) θ = p∗

p
, a ≥ 0 and 0 < b;

(H3) θ = p∗

p
, 0 ≤ a < S−θ and 0 < b;

(H4) θ = p∗

p
, a > S−θ and b = 0;

(H5) θ = p∗

p
, a ≥ S−θ and 0 < b;

(H6) θ = p∗

p
, 0 < a and b = 0;

(H7) θ > p∗

p
, 0 < a and b = b∗, where

b∗ =
θp − p∗

(θ − 1) p

(

(θ − 1) p

p∗ − p
a

)− p∗
−p

θp−p∗

S−
(θ−1)p∗

θp−p∗ ;

(H8)
p∗

p
< θ, 0 < a and b > b∗;

(H9) θ > p∗

p
, 0 < a and b < b∗.

The Sobolev space W 1,p(Rn) is the space of measurable functions u : Rn → R
n such

that u and the distributional gradient ∇u = (∂1u, . . . , ∂nu) are in čp(Rn).

Definition 2.1. Let c ∈ R. A sequence (un) ⊂ W 1,p(Rn) is a Palais Smale sequence
at level c, so called (PS)c sequence, if

Eλ (un) → c and E ′
λ (un) → 0.

Here, Eλ veriĄes the (PS)c condition at level c if any (PS)c sequence has a convergent
subsequence in W 1,p(Rn).

Lemma 2.1. Suppose that f ∈ W ∗\ ¶0♢ and assume that (H1) or (H2) holds. Let

c ∈ R and (un) ⊂ W 1,p(Rn) be a (PS)c sequence for Eλ. Then,

un ⇀ u, in W 1,p(Rn),

for some u ∈ W 1,p(Rn) with E ′
λ (u) = 0.
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Proof. We have

Eλ (un) → c and E ′
λ (un) → 0.

Then,

c + on (1) = Eλ (un) and on (1) ∥v∥ = ⟨E ′
λ (un) , v⟩ ,

for all v ∈ W 1,p(Rn), where on (1) denotes any quantity that tends to zero as n → +∞.
Since n → +∞, we have

c + on (1) −
1

p∗
on (1) ∥un∥ =Eλ (un) −

1

p∗
⟨E ′

λ (un) , un⟩

=a
p∗ − θp

θpp∗
∥un∥θp + b

p∗ − p

pp∗
∥un∥p−λ

p∗ − 1

p∗

∫

Rn
f (x) undx

≥a
p∗ − θp

θpp∗
∥un∥θp + b

p∗ − p

pp∗
∥un∥p − λ

p∗ − 1

p∗
∥f∥W ∗ ∥un∥ ,

that is, (un) is bounded in W 1,p(Rn) if (H1) or (H2) holds. Up to a subsequence if
necessary, there exists a function u ∈ W 1,p(Rn) such that un ⇀ u in W 1,p(Rn) and
in Lp∗

(Rn) , un → u a.e. in R
n, and

∫

Rn f (x) undx →
∫

Rn f (x) udx. Then,

⟨E ′
λ (un) , v⟩ = 0, for all v ∈ C∞

0 (Rn) .

Thus, E ′
λ (u) = 0. This completes the proof. □

In order to introduce the local Palais Smale condition, we must state the following
lemma, which can be considered a key step in obtaining a solution with positive energy
(a mountain pass-type solution).

Lemma 2.2. Let θ > 1, 0 ≤ a, b, 0 < a + b, σ ≥ 0 and x̃ =
(

σ
a
S−θ

)
1

1−σ
for σ ≠ 1.

For x ≥ 0, let us consider the function Ψ : R+ → R
∗, where

Ψ (x) = S−1xσ − aSθ−1x − b.

Then, the following hold.

(1) If σ = 1, S−θ > a ≥ 0 and 0 < b, then the equation Ψ (x) = 0 has a unique

positive solution such that

x1 =
b

(S−θ − a) Sθ−1
,

and Ψ (x) ≥ 0 for all x ≥ x1.
(2) If σ > 1, the equation Ψ (x) = 0 has a unique positive solution x2 > x̃

and Ψ (x) ≥ 0 for all x ≥ x2.
(3) If σ < 1, then we have the following cases.

i) If Ψ (x̃) < 0, then we have Ψ (x) ̸= 0 for all x ≥ 0.

ii) If Ψ (x̃) = 0, then we have

b = S−1 (1 − σ)
(

σ

a
S−θ

)
σ

1−σ

,

and Ψ (x) ̸= 0 for all x ̸= x̃.
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iii) If Ψ (x̃) > 0, then we have

b < S−1 (1 − σ)
(

σ

a
S−θ

)
σ

1−σ

,

and Ψ (x) = 0 for two different points.

Proof. (1) For σ = 1, S−θ > a ≥ 0 and 0 < b, we have

Ψ (x) = Sθ−1
(

S−θ − a
)

x − b.

That is, equation Ψ (x) = 0 has a unique positive solution

x1 =
b

(S−θ − a) Sθ−1
,

and Ψ (x) ≥ 0 for all x ≥ x1.
(2) For σ > 1, we have Ψ′ (x) = σS−1xσ−1 − aSθ−1 and

Ψ′′ (x) = σ (σ − 1) S−1xσ−2 > 0, for all x > 0.

Then, Ψ′ (x̃) = 0, Ψ′ (x) < 0 for y < x̃ and Ψ′ (y) > 0 for x > x̃. Hence, Ψ is a concave
function and

(2.1) min
x≥0

Ψ (x) = Ψ (x̃) = − (σ − 1) S−1
(

a

σ
Sθ
)

σ
σ−1

< 0.

Moreover, we have Ψ (x̃) < 0 and lim
x→+∞

Ψ (x) = +∞. Thus, from (2.1) and the

concavity of Ψ, we can conclude that the equation Ψ (x) = 0 has a unique positive
solution x2 > x̃ and Ψ (x) ≥ 0 for all x ≥ x2.

(3) For σ < 1, we have Ψ′ (x̃) = 0, Ψ is increasing for 0 < x < x̃ and Ψ is decreasing
when x > x̃. Moreover, from Ψ (0) = −b < 0, we obtain i), ii) and iii). □

3. Existence of Local Minimizer with Negative/Positive Energy

3.1. With negative energy.

Definition 3.1. We say that u ∈ W 1,p(Rn)\ ¶0♢ is a weak solution of equation (1.1)
if

(

a ∥u∥(θ−1)p + b
)

∫

Rn
♣∇u♣p−2∇vdx −

∫

Rn

(

♣u♣p
∗−2u − λf (x)

)

vdx = 0,

for any v ∈ W 1,p(Rn).

Next, we deĄne the energy functional.

Eλ(u) =
a

θp
∥u∥θp +

b

p
∥u∥p −

1

p∗

∫

Rn
♣u♣p

∗

dx − λ
∫

Rn
f (x) udx,

associated to problem (1.1), for all u ∈ W 1,p(Rn).
Notice that the functional Eλ is well deĄned in W 1,p(Rn), and belongs to

C1
(

W 1,p(Rn),R
)

,
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and a critical point of Eλ is a weak solution of the problem (1.1). When λ > 0, we
have the following result.

Theorem 3.1. Suppose that f ∈ W ∗\ ¶0♢ and assume (H1) or (H2) holds. Then,

there exist constants λ− > 0 such that for any λ ∈ (0, λ−) problem (1.1) has a solution

u− with negative energy.

Remark 3.1. If θ > p∗

p
, a ≥ 0, 0 ≤ b and 0 < a + b or θ = p∗

p
, a = S−θ and 0 < b or

θ = p∗

p
, a > S−θ and 0 ≤ b, then for any λ > 0, we can easily show the existence of

one solution which is a ground state solution.

Using the Ekeland variational principle, we now provide the proof of our Ąrst main
result stated in Theorem 3.1.

Proof of Theorem 3.1. Let u ∈ W 1,p(Rn)\ ¶0♢ , 0 < b, a ≥ 0 and θ ≤ p∗

p
. By applying

HölderŠs and Sobolev inequalities, we have

Eλ(u) =
a

θp
∥u∥θp +

b

p
∥u∥p −

1

p∗

∫

Rn
♣u♣p

∗

dx − λ
∫

Rn
f (x) udx

≥
b

p
∥u∥p +

a

θp
∥u∥θp −

S−p∗/p

p∗
∥u∥p∗

− λ ∥f∥W ∗ ∥u∥ .

Now, we divide the proof into two cases.
Firstly, assume 0 < b and a ≥ 0. If (H1) or (H2) holds, we get

Eλ(u) ≥
b

p
∥u∥p −

S−p∗/p

p∗
∥u∥p∗

−

(

b

2

)
−1
p

λ ∥f∥W ∗

(

b

2

)
1
p

∥u∥ .

It follows from the inequality Xx ≤ Xq

q
+ xq′

q′
for any X, x ≥ 0 and q, q′ > 0, with

1
q

+ 1
q′

= 1, that

Eλ(u) ≥
b

p
∥u∥p −

S−p∗/p

p∗
∥u∥p∗

−
p − 1

p





(

b

2

)
−1
p

λ ∥f∥W ∗





p

p−1

−
1

p





(

b

2

)
1
p

∥u∥





p

≥
b

2p
∥u∥p −

S−p∗/p

p∗
∥u∥p∗

−
p − 1

p





(

b

2

)
−1
p

λ ∥f∥W ∗





p

p−1

.

For ρ ≥ 0, let us consider the function h1 ∈ C(R+,R∗), given by

h1 (ρ) =
b

2p
ρp −

S−p∗/p

p∗
ρp∗

.

The direct calculation shows that

max
ρ≥0

h1 (ρ) = h1 (ρ1) =
p∗ − p

pp∗
S

p∗

p∗
−p

(

b

2

)
p∗

p∗
−p

, with ρ1 =

[

b

2
Sp∗/p

]
1

p∗
−p

,



1452 H. BENCHIRA, A. MATALLAH, A. BENAISSA, S. G. GEORGIEV, AND KH. ZENNIR

and h1 (ρ) ≥ 0 for all ρ ∈ Bρ1 (0) . Consequently,

(3.1) Eλ (u)♣Bρ1(0) ≥ −
p − 1

p





(

b

2

)
−1
p

λ ∥f∥W ∗





p

p−1

.

Moreover, for ∥u∥ = ρ1 we have

Eλ(u) ≥ h1 (ρ1) −
p − 1

p





(

b

2

)
−1
p

λ ∥f∥W ∗





p

p−1

≥
1

p
h1 (ρ1) +

p − 1

p
h1 (ρ1) −

p − 1

p





(

b

2

)
−1
p

λ ∥f∥W ∗





p

p−1

≥
1

p
h1 (ρ1)

= δ1,

for all λ ∈ (0, λ1), with

λ1 =

(

p∗ − p

pp∗
S

p∗

p∗
−p

)
p−1

p

∥f∥−1
W ∗

(

b

2

)
p∗

−1
p∗

−p

.

We turn to the case where 0 < a and 0 ≤ b. If (H1) holds, we obtain

Eλ(u) ≥
a

θp
∥u∥θp −

S−p∗/p

p∗
∥u∥p∗

−

(

(

a

2

)
−1
θp

λ ∥f∥W ∗

)(

(

a

2

)
1

θp

∥u∥

)

≥
a

θp
∥u∥θp −

S−p∗/p

p∗
∥u∥p∗

−
θp − 1

θp

(

(

a

2

)
−1
θp

λ ∥f∥W ∗

)

θp

θp−1

−
1

θp

(

(

a

2

)
1

θp

∥u∥

)θp

≥
a

2θp
∥u∥θp −

S−p∗/p

p∗
ρp∗

−
θp − 1

θp

(

(

a

2

)
−1
θp

λ ∥f∥W ∗

)

θp

θp−1

.

Now, we deĄne the function h2 ∈ (R+,R∗) as follows

h2 (ρ) =
a

2θp
ρθp −

S−p∗/p

p∗
ρp∗

.

Then,

max
ρ≥0

h2 (ρ) = h2 (ρ2) =

(

1

θp
−

1

p∗

)

S−p∗/p
[

a

2
Sp∗/p

]
p∗

p∗
−θp

, with ρ2 =
[

a

2
Sp∗/p

]
1

p∗
−θp

,

and h2 (ρ) ≥ 0 for all ρ ∈ Bρ2 (0) . Consequently,

Eλ (u)♣Bρ2 (0) ≥ −
θp − 1

θp

(

(

a

2

)
−1
θp

λ ∥f∥W ∗

)

θp

θp−1

.
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Moreover, for ∥u∥ = ρ2 we have

Eλ(u) ≥ h2 (ρ2) −
θp − 1

θp

(

(

a

2

)
−1
θp

λ ∥f∥W ∗

)

θp

θp−1

≥
θp − 1

θp
h2 (ρ2) +

1

θp
h2 (ρ2) −

θp − 1

θp

(

(

a

2

)
−1
θp

λ ∥f∥W ∗

)

θp

θp−1

≥
1

θp
h2 (ρ2)

= δ2,

for all λ ∈ (0, λ2), with

λ2 =

(

p∗ − θp

θpp∗
S

θp∗

p∗
−θp

)
θp−1

θp
(

a

2

)
p∗

−1
p∗

−θp

∥f∥−1
W ∗ .

We choose δ∗, ρ∗ and λ− such that

(3.2) (δ∗, ρ∗, λ−) =

{

(δ1, ρ1, λ1) , if (H2) or (H1) satisĄes with 0 < b,
(δ2, ρ2, λ2) , if (H1) satisĄes with 0 < a.

Then, for all λ ∈ (0, λ−), we have

(3.3) Eλ (u)♣∂Bρ∗
(0) ≥ δ∗

and

(3.4) Eλ (u)♣Bρ∗
(0) ≥ −Cλ,

with
(3.5)

Cλ :=



















p−1
p

(

(

b
2

)
−1
p λ ∥f∥W ∗

)

p

p−1

, if (H2) or (H1) is satisĄed with 0 < b,

θp−1
θp

(

(

a
2

)
−1
θp λ ∥f∥W ∗

)

θp

θp−1

, if (H1) is satisĄed with 0 < a.

Now, we deĄne

(3.6) c− = inf
{

Eλ (u) , u ∈ Bρ∗
(0)
}

.

As f ∈ W ∗\ ¶0♢ we can choose φ ∈ W 1,p(Rn) such that
∫

Rn f (x) φdx > 0. Then, for
a Ąxed λ ∈ (0, λ−), there exists t0 > 0 such that ∥t0φ∥ < ρ∗ and

c− ≤ Eλ(t0φ) < 0, for t ∈ (0, t0) .

Hence, c− < Eλ(0) = 0. Using the Ekeland variational principle, for the complete
metric space Bρ∗

(0) with respect to the norm of W 1,p(Rn), we obtain the result that
there exists a Palais Smale sequence un ∈ Bρ∗

(0) at level c−. By Lemma 2.1, there
exists u− ∈ Bρ∗

(0) such that un ⇀ u− in W 1,p(Rn) and E ′
λ (u−) = 0.
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Now, we shall show that un → u− in W 1,p. Suppose otherwise. Then, ∥u−∥ <
lim inf
n→+∞

∥un∥ , which implies that

c− ≤ Eλ (u−)

= Eλ (u−) −
1

p∗
⟨E ′

λ (u−) , u−⟩

= a
p∗ − θp

θpp∗
∥u−∥θp + b

p∗ − p

pp∗
∥u−∥p − λ

p∗ − 1

p∗

∫

Rn
f (x) u−dx

< lim inf
n→+∞

[

a
p∗ − θp

θpp∗
∥un∥θp + b

p∗ − p

pp∗
∥un∥p − λ

p∗ − 1

p∗

∫

Rn
f (x) undx

]

= lim inf
n→+∞

[

Eλ (un) −
1

p∗
⟨E ′

λ (un) , un⟩

]

= c−.

This is a contradiction. We conclude that un → u− strongly in W 1,p(Rn). Therefore,
E ′

λ (u−) = 0 and Eλ (u−) = c− < 0 = Eλ (0) . Hence, u− is a nonzero solution of (1.1)
with negative energy. □

3.2. Existence of a mountain pass type solution. The next theorem guarantees
a second solution of (1.1) of mountain pass type.

Theorem 3.2. Suppose that f ∈ W ∗\ ¶0♢ such that
∫

Rn f (x) vε,x0dx ≠ 0. Assume

that (H1) or (H3) holds. Then, there exists a constant λ+ ∈ (0, λ−] such that for any

λ ∈ (0, λ+) the problem (1.1) has a second solution u+ with positive energy.

Notice that the assumption
∫

Rn f (x) vε,x0dx ̸= 0 certainly holds if f ∈ W ∗\ ¶0♢ does

not change its sign. Also, we have f ∈ L
p∗

p∗
−1 (Rn) since f ∈ W ∗\ ¶0♢ and u−, u+ ≥ 0 if

f ≥ 0. Furthermore, in Remark 1.2 [11], the authors mentioned that it is not easy
to obtain the second solution for the case p < n, 0 < a and 0 < b. For the special
dimension n = 3p/2, this case is studied in [12]. In our work, we have overcome these

difficulties and we give the results for general θ ∈
(

1, p∗

p

]

. Moreover, for θ = 2, the

condition θ ≤ p∗

p
is equivalent to n ∈ ]p, 2p] and n ∈ ¶3, 4♢ for p = 2. Our results

imply that suitable real θ can release the restriction on the spatial dimension n, for
example. If θ = 1 + ε with ε > 0 is small enough, we have θ ≤ p∗

p
for a large range

of n.
First, to ensure the local compactness of the Palais Smale sequence for Eλ, we have

to prove an important result.
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For i ∈ ¶1, 2♢, let xi be deĄned as in Lemma 2.2 and let

Ci =a

(

1

θp
−

1

p∗

)

(

Sx
1

θ−1

i

)θ

+ b

(

1

p
−

1

p∗

)

Sx
1

θ−1

i ,

C∗ =

{

C1, if θ = p∗

p
, S−θ > a ≥ 0, 0 < b,

C2, if θ < p∗

p
, a ≥ 0, 0 ≤ b, a + 0 < b.

(3.7)

Lemma 3.1. Suppose that f ∈ W ∗\ ¶0♢ and (H1) or (H3) hold. Let (un) ⊂ W 1,p(Rn)
be a Palais Smale sequence for Eλ for some c ∈ R. Then, either un → u or c ≥
Eλ (u) + C∗.

Proof. From the proof of Lemma 2.1, we have that (un) is a bounded sequence
in W 1,p(Rn) and un ⇀ u in W 1,p(Rn) for some u ∈ W 1,p(Rn) with E ′

λ (u) = 0.
Furthermore, if we write vn = un − u, we derive

(3.8)











vn ⇀ 0 in W 1,p(Rn) and in Lp∗

(Rn) ,
vn → 0 a.e. in R

n,
∫

Rn f (x) vndx → 0.

On the one hand, by using Brézis-LiebŠs lemma [17], one has

(3.9)

{

∥u∥p = ∥vn∥p + ∥u∥p + on (1) ,
∫

Rn ♣un♣p
∗

dx =
∫

Rn ♣vn♣p
∗

dx +
∫

Rn ♣u♣p
∗

dx + on (1) .

Since ⟨E ′
λ (u) , u⟩ = 0, we obtain by (3.9) that

(3.10) on (1) = ⟨E ′
λ (un) , un⟩ = ∥vn∥p −

∫

Rn
♣vn♣p

∗

dx,

and

c + on (1) =Eλ (un) −
1

p∗
⟨E ′

λ (un) , un⟩

=a

(

1

θp
−

1

p∗

)

(∥vn∥p + ∥u∥p)
θ

+ b

(

1

p
−

1

p∗

)

(∥vn∥p + ∥u∥p)

+ λ

(

1

p∗
− 1

)

∫

Rn
f (x) vndx − λ

(

1

p∗
− 1

)

∫

Rn
f (x) udx

≥a

(

1

θp
−

1

p∗

)

∥vn∥θp + b

(

1

p
−

1

p∗

)

∥vn∥p + Eλ(u) −
1

p∗
⟨E ′

λ (u) , u⟩ .

Consequently,

(3.11) c + on (1) ≥ Eλ(u) +

(

a

θp
−

a

p∗

)

∥vn∥θp +

(

b

p
−

b

p∗

)

∥vn∥p .

Assume that lim
n→+∞

∥vn∥ = l > 0. Then, by (3.10) and the Sobolev inequality, we

obtain

lp ≥ S
(

blp + alθp
)

p

p∗

.
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This implies that

(3.12) S− p∗

p lp∗−p − alp(θ−1) − b ≥ 0.

Let x = S−(θ−1)lp(θ−1) and σ = p∗−p
(θ−1)p

. Then, by (3.12), we get

S−1xσ − aSθ−1x − 0 ≤ b.

It is clear that σ ≥ 1 thanks to θ ≤ p∗

p
. Then, by deĄnition of Ψ, we get Ψ (x) ≥ 0.

We are now in a position to discuss two cases.
Case 1. θ = p∗

p
, S−θ > a ≥ 0 and 0 < b. According to Lemma 2.2, we have Ψ (x) ≥ 0

if x ≥ x1, with

x1 =
b

(S−θ − a) Sθ−1
,

which implies that lp ≥ Sx
1

θ−1

1 .
Case 2. θ < p∗

p
, a ≥ 0, 0 ≤ b and a + 0 < b. In this case, it follows from Lemma 2.2

that Ψ (x) ≥ 0 if x ≥ x2, with

x2 >

(

a (θ − 1) p

p∗ − p
Sθ

)

(θ−1)p

p∗
−θp

,

which implies that lp ≥ Sx
1

θ−1

2 . Then, by (3.11) , one has

c ≥ Eλ(u) +

(

a

θp
−

a

p∗

)

lθp +

(

b

p
−

b

p∗

)

lp

≥ Eλ(u) +















bp∗−p
pp∗

Sx
1

θ−1

1 , if θ = p∗

p
, S−θ > a ≥ 0 and 0 < b,

ap∗−θp
θpp∗

(

Sx
1

θ−1

2

)θ

+ bp∗−p
pp∗

Sx
1

θ−1

2 , if θ < p∗

p
, 0 ≤ a, b and a < b,

= Eλ (u) + C∗.

The proof of Lemma 3.1 is complete. □

Next, we estimate the level energy.

Lemma 3.2. Assume that all the conditions in Theorem 3.2 are fulfilled. Then, there

exists zε ∈ W 1,p(Rn) and λ∗ > 0 such that

sup
t≥0

Eλ(tzε) < c− + C∗, for all λ ∈ (0, λ∗) ,

where c− and C∗ are given in (3.6) and (3.7), respectively.

Proof. Since
∫

Rn f (x) vε,x0 (x) dx ̸= 0, there exists zε = ±vε,x0 that satisĄes
∫

Rn
f (x) zε (x) dx > 0.
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Given any λ > 0 and Ąxed t > 0, using (1.4), we have

Eλ(tzε) =
a

θp
tθp ∥zε∥

θp +
b

p
tp ∥zε∥

p −
tp∗

p∗

∫

Rn
♣zε♣

p∗

dx − λt
∫

Rn
f (x) zεdx

=
a

θp
tθpS

θp∗

p∗
−p +

b

p
tpS

p∗

p∗
−p −

tp∗

p∗
S

p∗

p∗
−p − λt

∫

Rn
f (x) zεdx.

DeĄne g, h : ]0, +∞[ → R by g(t) = Eλ(tzε) and

h(t) =
a

θp
tθpS

θp∗

p∗
−p +

b

p
tpS

p∗

p∗
−p −

tp∗

p∗
S

p∗

p∗
−p .

Then,

h′ (t) = −tp−1S
p∗

p∗
−p

(

tp∗−p − aS
(θ−1)p∗

p∗
−p t(θ−1)p − b

)

.

It follows from h′ (t) = 0 that

(3.13) aS
(θ−1)p∗

p∗
−p t(θ−1)p + b − tp∗−p = 0.

So,

(3.14) tp∗

= aS
(θ−1)p∗

p∗
−p tθp + btp.

Let x = S
p(θ−1)
p∗

−p tp(θ−1), σ = p∗−p
(θ−1)p

and

x∗ :=

{

x1, if (H3) holds,
x2, if (H1) holds.

Then, by (3.13) and the deĄnition of Ψ, we get

(3.15) Ψ (x) = S−1xσ − aSθ−1x − b = 0.

By Lemma 2.2, we can conclude that Ψ (x∗) = 0, Ψ (x) < 0 for all x ∈ ]0, x∗[ and
Ψ (x) > 0 for all x ∈ ]x∗, +∞[ . Therefore, h′ (t∗) = 0, h′ (t) > 0 for all t ∈ ]0, t∗[ and
h′ (t) < 0 for all t ∈ ]t∗, +∞[, where

t∗ :=











S
−1

p∗
−p x

1
(θ−1)p

1 , if (H3) holds,

S
−1

p∗
−p x

1
(θ−1)p

2 , if (H1) holds.

Moreover, since h (0) = 0 and lim
t→+∞

h (t) = −∞ if (H1) or (H3) holds, then h attains

its maximum at t∗.
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So, from (3.14), we have

max
t≥0

h (t) = h (t∗)

=
a

θp
tθp
∗ S

θp∗

p∗
−p +

b

p
tp
∗S

p∗

p∗
−p −

tp∗

∗

p∗
S

p∗

p∗
−p

=
a

θp
tθp
∗ S

θp∗

p∗
−p +

b

p
tp
∗S

p∗

p∗
−p −

(

a

p∗
tθp
∗ S

θp∗

p∗
−p +

b

p∗
tp
∗S

p∗

p∗
−p

)

= a

(

1

θp
−

1

p∗

)

tθp
ε S

θp∗

p∗
−p + b

(

1

p
−

1

p∗

)

tp
εS

p∗

p∗
−p

= a

(

1

θp
−

1

p∗

)

Sθx
θ

θ−1
∗ + b

(

1

p
−

1

p∗

)

Sx
1

θ−1
∗

= C∗.

By (3.4) and (3.6), we have c− ≥ −Cλ for all λ ∈ (0, λ∗) . So, we can choose λ3 ≤ λ−

such that for any λ ∈ (0, λ3) we have C∗ − c− ≥ C∗ − Cλ > 0. Hence, C∗ − c− > 0 for
all λ ∈ (0, λ3) .

Now, we consider the function g (t) := Eλ(tzε), t ≥ 0. Then, g (t) = h(t) −
λt
∫

Rn f (x) zεdx. So, for all λ ∈ (0, λ3), we have g (0) = 0 < C∗−Cλ. Hence, by the con-
tinuity of g (t) , there exists t1 > 0 small enough such that g (t) < C∗ − Cλ for all t ∈
(0, t1) .

We know also that lim
t→+∞

g (t) = −∞ if (H1) or (H3) holds. Then, for t2 > 0

sufficiently large one hasg (t) < C∗ − Cλ, for all t ∈ (t2, +∞) . On the other hand,
as
∫

Rn f (x) zεdx > 0, we can deduce from the above estimate on h (t) that for all
t ∈ [t1, t2]

g (t) < C∗ − λt1

∫

Rn
f (x) zεdx.

Set

λ4 =











(

p
p−1

t1

∫

Rn f (x) zεdx
)p−1

b
2

∥f∥−p
W ∗ , if (H3) or (H1) with 0 < b holds,

(

θp
θp−1

t1

∫

Rn f (x) zεdx
)θp−1

a
2

∥f∥−θp
W ∗ , if (H1) with 0 < a holds.

Then, for any λ ∈ (0, λ4), one has

−λt1

∫

Rn
f (x) zεdx < −Cλ.

Taking λ+ = min ¶λ−, λ3, λ4♢, then we deduce that

sup
t≥0

Eλ(tzε) < C∗ + c−, for all λ ∈ (0, λ+) .

This concludes the proof of Lemma 3.2. □

Now, we are ready to prove the existence of the mountain pass-type solution and
give the proof of Theorems 3.2 with the help of Theorem 3.1.
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Proof of Theorem 3.2. Note that Eλ(0) = 0 and from (3.3), we have Eλ (u)♣∂Bρ∗
(0) ≥

δ∗ > 0 for all λ ∈ (0, λ−), where ρ∗, δ∗ are deĄned in (3.2) . We know also that
limt→∞ Eλ (tzε) = −∞ if (H1) or (H3) holds, then Eλ(Tzε) < 0 for T large enough.
Hence, Eλ satisĄes the geometry conditions of the mountain pass theorem [16]. Then,
there exists a Palais Smale sequence (un) at level c+, such that

Eλ (un) → c+ and E ′
λ (un) → 0, as n → +∞,

with

0 < c+ = inf
γ∈Γ

max
t∈[0,1]

Eλ(γ (t)) ≤ sup
t≥0

Eλ(tTzε) < C∗ + c−, for all λ ∈ (0, λ+),

where

Γ =
{

γ ∈ C
(

[0, 1] , W 1,p(Rn)
)

, γ (0) = 0, γ (1) = Tzε

}

.

Using Lemma 2.1, we Ąnd that (un) has a subsequence, still denoted by (un), such
that un ⇀ u+ in W 1,p(Rn) as n → +∞. Hence, from Lemma 3.1 if un ↛ u+ in
W 1,p(Rn) as n → +∞, it holds

c+ ≥ Eλ (u+) + C∗ ≥ c− + C∗,

which is in contradiction with Lemma 3.2. Hence, E ′
λ (u+) = 0 and

Eλ (u+) = c+ > 0.

So, since c+ > 0 = Eλ (0), we conclude that u+ is a non-zero solution of (1.1) with
positive energy. This completes the proof of Theorem 3.2. □

4. Results in the Case when λ = 0

Now, in the case when λ = 0, we have the following results.

4.1. Infinitely solutions.

Theorem 4.1. Let λ = 0, 0 < a, 0 ≤ b, 1 < p < n and θ > 1. For vε,x0, given by

(1.3), the following conclusions hold.

(1) If θ = p∗

p
, then under the hypothesis (H3), problem (1.1) for λ = 0 has infinitely

many nonnegative solutions and these solutions are

(

b

1 − Sθa

)
1

p∗
−p

vε,x0 , for all ε > 0,

and under the hypothesis (H6), the problem (1.1) for λ = 0 has infinitely many positive

solutions δ
1

(θ−1)p vε,x0 (for any δ > 0) if and only if a = S−θ.

(2) If θ ̸= p∗

p
, b = 0 and 0 < a, then problem (1.1) has infinitely many nonnegative

solutions and these solutions are
(

aS
p∗(θ−1)

p∗
−p

)− 1
θp−p∗

vε,x0 , for all ε > 0.
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(3) If (H0) is satisfied, then there exists δ2 > S−1
(

a(θ−1)p
p∗−p

Sθ
)

p∗
−p

p∗
−θp

such that

δ
1

p∗
−p

2 vε,x0 are solutions of problem (1.1), for all ε > 0.

(4) If (H7) is satisfied, then problem (1.1) has infinitely many nonnegative solutions

and these solutions are

S− 1
p∗

−p

(

p∗ − p

(θ − 1) pa
S−θ

)
1

θp−p∗

vε,x0 , for all ε > 0.

(5) If (H9) is satisfied, then there exist

δ3 ∈





0, S−1

(

p∗ − p

(θ − 1) pa
S−θ

)
p∗

−p

θp−p∗







and

δ4 ∈





S−1

(

p∗ − p

(θ − 1) pa
S−θ

)
p∗

−p

θp−p∗

, +∞





 ,

such that δ
1

p∗
−p

3 vε,x0 and δ
1

p∗
−p

4 vε,x0 are solutions of problem (1.1) for all ε > 0.

Remark 4.1. Ke et al. in [11] have obtained Theorem 4.1 for the case θ = 2.

We give the proof of Theorem 4.1.

Proof of Theorem 4.1. For any δ > 0, we deĄne Vε,δ = δ
1

p∗
−p vε,x0 , where vε,x0 is given

in (1.4). Since vε,x0 is a solution of problem (1.2), we have that Vε,δ solves the following
equation

−δdiv
(

♣∇Vε,δ♣
p−2∇Vε,δ

)

= ♣Vε,δ♣
p∗−2Vε,δ.

Moreover, according to (1.4), one has

δ = a ∥Vε,δ∥
(θ−1)p + b = aδ

(θ−1)p

p∗
−p ∥vε,x0∥(θ−1)p + b = aS

p∗(θ−1)
p∗

−p δ
(θ−1)p

p∗
−p + b.

Therefore, the positive solution of the problem (1.1) corresponds to the solution of
the following equation with respect to δ > 0

(4.1) δ − aS
p∗(θ−1)

p∗
−p δ

(θ−1)p

p∗
−p − b = 0.

(1) For θ = p∗

p
, equation (4.1) is equivalent to

δ
(

1 − aSθ
)

− b = 0.

If 0 < b and S−θ > a ≥ 0, we have that

δ0 =
b

1 − Sθa
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is a solution of equation (4.1). Hence, Vε,δ0 = δ
1

p∗
−p

0 vε,x0 satisĄes the following equation
in the weak sense

−
(

a ∥u∥(θ−1)p + b
)

div
(

♣∇u♣p−2∇u
)

= ♣u♣p
∗−2u.

If b = 0 and 0 < a, then equation (4.1) is equivalent to

δ
(

1 − aSθ
)

= 0,

then, for δ > 0, we get 1 − aSθ = 0. Thus, when θ = p∗

p
, problem (1.1) has inĄnitely

many positive solutions Vε,δ = δ
1

(θ−1)p vε,x0 if and only if a = S−θ.

(2) For θ ̸= p∗

p
, b = 0 and 0 < a it is easy to see that

δ1 =
(

aS
p∗(θ−1)

p∗
−p

)− p∗
−p

θp−p∗

is a solution of equation (4.1). Then, problem (1.1) for λ = 0 has inĄnity many

positive solutions Vε,δ1 = δ
1

p∗
−p

1 vε,x0 .

(3) Let x = (Sδ)
(θ−1)p

p∗
−p , by (4.1) and Lemma 2.2, we get

(4.2) S−1x
p∗

−p

(θ−1)p − aSθ−1x − b = 0.

So, Ψ (x) = 0 with σ = p∗−p
(θ−1)p

. Hence, for θ < p∗

p
, according to Lemma 2.2, we have

that Ψ (x) = 0 has a unique positive solution

x2 >

(

a (θ − 1) p

p∗ − p
Sθ

)

(θ−1)p

p∗
−θp

.

Thus, problem (1.1) has inĄnity many positive solutions

Vε,δ2 = δ
1

p∗
−p

2 vε,x0 ,

with

δ2 = S−1x
p∗

−p

(θ−1)p

2 > S−1

(

a (θ − 1) p

p∗ − p
Sθ

)
p∗

−p

p∗
−θp

.

For θ > p∗

p
, by using (4.2) and according to Lemma 2.2, we have the following.

If b = b∗, then the equation Ψ (x) = 0 has a unique positive solution

x̃ =

(

p∗ − p

(θ − 1) pa
S−θ

)

(θ−1)p

θp−p∗

.

Thus, problem (1.1) has inĄnity many positive solutions

Vε,δ̃ = δ̃
1

p∗
−p vε,x0 ,

with

δ̃ = S−1x̃
p∗

−p

(θ−1)p .

This proves (4) .
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If b < b∗, then Ψ has two different zero points x3 and x4 with 0 < x3 < x̃ < x4.
Consequently, problem (1.1) has inĄnitely many positive solutions

Vε,δ3 = δ
1

p∗
−p

3 vε,x0

and

Vε,δ4 = δ
1

p∗
−p

4 vε,x0 ,

with

δ3 = S−1x
p∗

−p

(θ−1)p

3 ∈





0, S−1

(

p∗ − p

(θ − 1) pa
S−θ

)
p∗

−p

θp−p∗







and

δ4 = S−1x
p∗

−p

(θ−1)p

4 ∈





S−1

(

p∗ − p

(θ − 1) pa
S−θ

)
p∗

−p

θp−p∗

, +∞





 .

This proves (5) . □

4.2. Non-existence result.

Theorem 4.2. Assume that one of the hypotheses (Hi) holds for i ∈ ¶4, 5, 8♢. Then,

problem (1.1) has no non-trivial solution for λ = 0.

Remark 4.2. For θ = 2, the authors in [11] proved the non-existence of solutions only
in the case p∗ < 2p, while the case p∗ = 2p is considered in our case. From this point
of view, Theorem 4.2 could be viewed as some extension and completeness of the
related results in [11].

We give the proof of Theorem 4.2.

Proof of Theorem 4.2. Suppose that (H4) is satisĄed and let u ∈ W 1,p(Rn)\¶0♢ be a
solution of the problem (1.1). Then,

(4.3) a ∥u∥θp =
∫

Rn
♣u♣p

∗

dx.

If θ = p∗

p
, a > S−θ and

∫

Rn ♣u♣p
∗

dx ≤ S− p∗

p ∥u∥p∗

, we have, by (4.3),

S−θ ∥u∥θp < a ∥u∥θp =
∫

Rn
♣u♣p

∗

dx ≤ S−θ ∥u∥θp ,

which leds to a contradiction.
Suppose now that (H5) is satisĄed and let u ∈ W 1,p(Rn)\¶0♢ be a solution of (1.1).

Then,

a ∥u∥θp + b ∥u∥p =
∫

Rn
♣u♣p

∗

dx.

If θ = p∗

p
, a ≥ S−θ, 0 < b and

∫

Rn
♣u♣p

∗

dx ≤ S− p∗

p ∥u∥p∗

,
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we get

S−θ ∥u∥θp < a ∥u∥θp + b ∥u∥p =
∫

Rn
♣u♣p

∗

dx ≤ S−θ ∥u∥θp ,

which is a contradiction.
In the same way as above, under the condition (H8), suppose that u ∈ W 1,p(Rn)\¶0♢

is a solution of (P0), that is,

a ∥u∥θp + b ∥u∥p =
∫

Rn
♣u♣p

∗

dx.

Then,
∫

Rn
♣u♣p

∗

dx ≤S− p∗

p ∥u∥p∗

= ∥u∥p∗− θp−p∗

θ−1 S− p∗

p ∥u∥
θp−p∗

θ−1

=

(

(θ − 1) p

p∗ − p
a

)
p∗

−p

(θ−1)p

∥u∥
θ(p∗

−p)
θ−1

(

(θ − 1) p

p∗ − p
a

)− p∗
−p

(θ−1)p

S− p∗

p ∥u∥
θp−p∗

θ−1

≤
p∗ − p

(θ − 1) p







(

(θ − 1) p

p∗ − p
a

)
p∗

−p

(θ−1)p

∥u∥
θ(p∗

−p)
θ−1







(θ−1)p

p∗
−p

+
θp − p∗

(θ − 1) p







(

(θ − 1) p

p∗ − p
a

)− p∗
−p

(θ−1)p

S− p∗

p ∥u∥
θp−p∗

θ−1







(θ−1)p

θp−p∗

≤a ∥u∥θp +
θp − p∗

(θ − 1) p







(

(θ − 1) p

p∗ − p
a

)− p∗
−p

(θ−1)p

S− p∗

p







(θ−1)p

θp−p∗

∥u∥p

=a ∥u∥θp +
θp − p∗

(θ − 1) p

(

(θ − 1) p

p∗ − p
a

)− p∗
−p

θp−p∗

S−
(θ−1)p∗

θp−p∗ ∥u∥p

<a ∥u∥θp + b ∥u∥p

=
∫

Rn
♣u♣p

∗

dx,

which leads to a contradiction (see [18Ű22]). This completes the proof. □

5. Conclusion

The objective of this article is to investigate contemporary challenges within the Ąeld
of non-classical partial differential equations and to explore their practical applications.
SpeciĄcally, it seeks to establish the presence or absence of solutions for p-Kirchhoff-
type problems with critical Sobolev exponents in the Euclidean space R

n. These
investigations are pivotal for gaining a deeper understanding of mathematical physics
equations and addressing pertinent issues in this domain. The proposed article is an
expanded discussion of the question of existence and non-existence of solutions. We
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found several new results related to the discussion of the existence of a solution with
negative and positive energy using the latest methods in this Ąeld to support the
rapidly developing literature. After that, we discussed different cases depending on
the change in parameters to show that solutions do not exist.
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KEMENY’S CONSTANT OF A CYLINDER OCTAGONAL CHAIN

BADER ALSHAMARY1, MILICA ANÐELIĆ1, AND ZORAN STANIĆ2

Abstract. If A(G) is the adjacency matrix of a graph G with n vertices and
D−1/2(G) is the diagonal matrix of reciprocals of square roots of vertex degrees,
then the KemenyŠs constant of G is K(G) =

∑n
i=2

1

1−λi

, where λ2, λ3, . . . , λn are all
but the largest eigenvalue of D−1/2(G)A(G)D−1/2(G). We use an approach based
on determinants of particular tridiagonal matrices admitting certain periodicity to
provide a closed formula for the KemenyŠs constant of a cylinder octagonal chain
graph, where a graph in question is obtained from a linear octagonal chain graph by
identifying the lateral edges. In this way we present the correct result of [S. Zaman,
A. Ullah, KemenyŠs constant and global mean Ąrst passage time of random walks
on octagonal cell network, Math. Meth. Appl. Sci., 46 (2023), 9177Ű9186] that for
the graphs in question calculated the multiple of Kirchhoff index instead.

1. Introduction

Let G = (V, E) be an unoriented graph without loops or multiple edges. We write n
for its order (i.e., the number of vertices), A(G) for its adjacency matrix, and

D(G) = diag(1/
√

d1, 1/
√

d2, . . . , 1/
√

dn),

for the diagonal matrix of reciprocals of square roots of vertex degrees.
Kemeny’s constant is a graph invariant that provides an interplay between Markov

chains, random walks, and spectral invariants. It measures the expected number
of time steps required for a Markov chain to transition from a starting state to a
random destination state sampled from the Markov chain’s distribution. Equivalently,
it measures an average of the mean first passage times in a random walk on the
vertices of a graph. Consequently, it provides an information on graph shape and
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connectivity [4]. Actually, there are two definitions of this constant. One of them
says that if πi is the stationary probability for the vertex i and mji is the expected
number of steps before the vertex i is visited in a random walk starting from the
vertex j, then K̃(G) =

∑n
i=1 πimji is a constant not depending on the starting vertex

j. The other definition says that K(G) = K̃(G) − 1. Obviously, there is no essential
difference between these definitions, and to avoid confusion in this study we take that
the Kemeny’s constant is K(G). This approach agrees with the classical monograph
of Kemeny and Snell [11]. It occurs that

(1.1) K(G) =
n∑

i=2

1

1 − λi

,

where λ1, λ2, . . . , λn are non-increasingly indexed eigenvalues of the symmetric matrix
D(G)−1/2A(G)D(G)−1/2 [10, 12]. We know from [10] that the eigenvalues of the
previous matrix lie in the segment [−1, 1], along with 1 = λ1 > λ2, which means that
(1.1) is defined correctly.

We denote by Ln the linear octagonal chain of n octagons. The cylinder octagonal

chain M ′
n is obtained from Ln by identifying the lateral edges (see Figure 1). The

main result of this paper reads as follows.

Theorem 1.1. Let M ′
n be a cylinder octagonal chain. The Kemeny’s constant of M ′

n

is given by

K(M ′
n) =

147n2 − 19

84
+

37nUn−1(8)

8Un−1(8) − 2Un−2(8) − 2
,

where Un(8) = (4+
√

15)n+1−(4−
√

15)n+1

2
√

15
.

We will see in the next sections that Un(·), n ≥ 0, is the Chebyshev polynomial of
the second kind; in our result computed in the point 8.

In [9], the Kirchhoff index n
∑n

i=2
1
µi

, where µ1 ≥ µ2 ≥ · · · ≥ µn = 0 are the
eigenvalues of the Laplacian matrix of a cylinder octagonal chain, was computed.
Afterwards, in [16], the authors computed the Kemeny’s constant of the same graph
using a wrong expression stating that the Kemeny’s constant of a connected graph
is the Kirchhoff index multiplied by n. In addition, their computations go through
identical lines as those in [9]. The same constant is dealt correctly in [17].

The aim of this paper is twofold. First, we present a correct closed formula for the
Kemeny’s constant of a cylinder octagonal chain. Secondly (better say, simultane-
ously), we show that some computations of [9, 16,17] can be simplified by employing
known but rarely used results of [15] concerning determinants of particular tridiagonal
matrices admitting certain periodicity.

The remaining content is organized in the following way. In Section 2, we revisit
two relevant results from [15]. In Section 3, we prove some particular results needed
for the proof of Theorem 1.1. The proof of this theorem is finalized in Section 4.
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Figure 1. The cylinder octagonal chain M ′
n.

2. Emphasizing some Results from Matrix Theory

In this section we recall some powerful, often neglected, results of [15] that give
an explicit form for the computation of determinants of special kind of tridiagonal
matrices, called periodic continuants. These results are also obtained in [8] using a
different approach.

Accordingly,

Dn(aibi) =




a1 −b1

−b1 a2 −b2

−b2

. . . . . . . . .
−bn−1

−bn−1 an




is called a symmetric continuant matrix. Its determinant is called a continuant. By
Di1,i2,...,ip

we denote the minor of Dn(aibi) obtained from its i1, i2, . . . , ip rows and
columns.

A symmetric continuant matrix of order nm + r, 0 ≤ r ≤ m − 1, in which the
elements ak, bk are periodical modulo m, i.e., ak+m = ak and bk+m = bk hold, is
called a periodic continuant matrix. These matrices are also known as m-Toeplitz
tridiagonal matrices (see [7]) with applications in different contexts (see [1–3,5, 14]).
The determinant of the corresponding matrix is called a periodic continuant of class
r and period m and it is denoted by P (m,r)

n (akbk), k = 1, 2, . . . , m. According to [15],
P (m,r)

n (akbk) can be expressed using Chebyshev polynomials of the second kind Un(x).
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We recall that

Un(x) =

⌊ n
2

⌋∑

k=0

(−1)k

(
n − k

k

)
xn−2k

=
(x/2 +

√
(x/2)2 − 1)n+1 − (x/2 −

√
(x/2)2 − 1)n+1

2
√

(x/2)2 − 1
, x ̸= 2,

as well as U1(x) = x and U0 = 1. We also have Un(2) = n + 1.
The formula for P (m,r)

n (akbk) reads as follows:

(2.1)

P (m,r)
n (akbk) =(b1b2 · · · bm)n

×


D1,2,...,rUn(x) +
bmb1b2 · · · br

br+1br+2 · · · bm−1

Dr+2,r+3,...,m−1Un−1(x)


,

where

x =
D1,2,...,m − b2

mD2,...,m−1

b1b2 · · · bm

.

We set D1,2,...,r = 1, for r = 0, Dr+2,r+3,...,m−1 = 1, for r = m−2 and Dr+2,r+3,...,m−1 = 0,
for r = m − 1.

Remark 2.1. We point out that present definition of Un(x) gives monic polynomials
and does not coincide with the one used in Wolfram Mathematica. There Un(x) is
computed using ChebyshevU [n,\frac{x}{2}].

3. Initial Results

In this and the next section, we write A[i] and A[i, j] to denote the matrix obtained
from a matrix A by deleting the ith row and column, and the ith and the jth rows
and columns, respectively. The following proposition is needed.

Proposition 3.1. ([6]) Given an n × n symmetric matrix A = (aij) whose graph G
is a cycle, say (1, . . . , n, 1), the characteristic polynomial of A is

ϕA(x) = (x − aii)ϕA[i](x) − ♣ai−1,i♣2ϕA[i−1,i](x)

− ♣ai,i+1♣2ϕA[i,i+1](x) − 2(a12 · · · an−1,nan,1).

For the purpose of the current paper we will consider the periodic continuant
matrices with period m = 3. Our starting point is the matrix of the following form:

(3.1) A =




a −b −b
−b c −d

−d c −b
. . . . . . . . .

−d a −b
−b c −d

−b −d c




3n

.

In the sequel we compute det(A[i]), and det(A[i, j]); particular principal minors of A.
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Lemma 3.1. Let A be the matrix given in (3.1). Then,

det(A[i]) = (b2d)n−1





(ac − b2)Un−1


ac2−ad2−2b2c

b2d


, if i ≡ 0 mod 3 or i ≡ 2 mod 3;

(c2 − d2)Un−1


ac2−ad2−2b2c

b2d


, if i ≡ 1 mod 3.

Proof. The underlying graph of A is the cycle C3n. The removal of the ith row and
ith column in A results in a matrix whose graph is the path P3n−1. We distinguish
three cases depending on i.

(i) If i ≡ 0 mod 3, then A[i] is permutation similar to

(3.2)




a −b
−b c −d

−d c −b
. . . . . . . . .

c −b
−b a −b

−b c




3n−1

.

In this case we also have 3n − 1 = 3(n − 1) + 2, and therefore m = 3 and r = 2.
Therefore, by employing (2.1) (for these m and r), we arrive at

det(A[i]) = (b2d)n−1(ac − b2)Un−1


ac2 − ad2 − 2b2c

b2d


.

(ii) If i ≡ 1 mod 3, then A[i] is permutation similar to

(3.3)




c −d
−d c −b

−b a −b
. . . . . . . . .

−b a −b
−b c −d

−d c




3n−1

.

By (2.1),

det(A[i]) = (b2d)n−1(c2 − d2)Un−1


ac2 − ad2 − 2b2c

b2d


.
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(iii) For i ≡ 2 mod 3, A[i] is similar to

(3.4)




c −b
−b a −b

−b c −d
. . . . . . . . .

c −d
−d c −b

−b a




3n−1

,

which leads to

det(A[i]) = (b2d)n−1(ac − b2)Un−1


ac2 − ad2 − 2b2c

b2d


.

The proof is completed. □

For the sake of conciseness, we introduce the following functions:

F ℓ
1(x) = (b2d)n−2(ac − b2)2Uℓ−1(x)Un−ℓ−1(x),

F ℓ
2(x) = (b2d)n−2(c2 − d2)2Uℓ−1(x)Un−ℓ−1(x),

F ℓ
3(x) = (b2d)n−1


cUℓ(x) + dUℓ−1(x)


Un−ℓ−1(x) +

c

d
Un−ℓ−2(x)


,

F ℓ
4(x) = (b2d)n−1


aUℓ(x) +

b2

d
Uℓ−1(x)


Un−ℓ−1(x) +

ad

b2
Un−ℓ−2(x)


.

Lemma 3.2. Let A be the matrix given in (3.1), x = ac2−ad2−2b2c
b2d

and ℓ = ⌊ j−i
3

⌋, for

i < j. Then det(A[i, j]) is equal to




F ℓ
1(x), if i, j ≡ 0 mod 3 or i, j ≡ 2 mod 3;

F ℓ
2(x), if i, j ≡ 1 mod 3;

F ℓ
3(x), if i ≡ 1 mod 3, j ≡ 0 mod 3 or i ≡ 2 mod 3, j ≡ 1 mod 3;

F n−ℓ−1
3 (x), if i ≡ 0 mod 3, j ≡ 1 mod 3 or i ≡ 1 mod 3, j ≡ 2 mod 3;

F ℓ
4(x), if i ≡ 0 mod 3, j ≡ 2 mod 3;

F n−ℓ−1
4 (x), if i ≡ 2 mod 3, j ≡ 0 mod 3.

Proof. The underlying graph of A[i, j] is either a path or two disjoint paths. We
distinguish the following cases.

(i) i, j ≡ 0 mod 3, or i, j ≡ 2 mod 3.
Let i = k and j = k + 3ℓ, for some ℓ ∈ ¶1, 2, . . . , n − 1♢. In this case, the graph of

A[i, j] is the disjoint union of two paths, whose matrices are of the from (3.2) with
size 3(ℓ − 1) + 2 and (3.3) with size 3(n − ℓ − 1) + 2, respectively. Then,

det(A[i, j]) = (b2d)n−2(ac − b2)2Uℓ−1


ac2 − ad2 − 2b2c

b2d


Un−ℓ−1


ac2 − ad2 − 2b2c

b2d


.

(ii) i, j ≡ 1 mod 3.
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The graph of A[i, j] is the union of two paths with matrices of the form given in
(3.4). Their sizes are 3ℓ + 2 and 3(n − ℓ − 2) + 2, respectively. By fixing i and j to be
as in the previous item, we obtain

det(A[i, j]) = (b2d)n−2(c2 − d2)2Uℓ−1


ac2 − 2b2c − ad2

b2d


Un−ℓ−1


ac2 − 2b2c − ad2

b2d


.

(iii) i ≡ 1 mod 3, j ≡ 0 mod 3.
Let i = k and j = k + 3ℓ + 2, for some ℓ ∈ ¶0, 1, . . . , n − 1♢. The underlying graph

of A[i, j] is either the union of an isolated vertex and a path or the union of two paths
whose matrices are of the form



c −d

−d c −b

−b a −b
. . . . . . . . .

−d c −b

−b a −b

−b c




3ℓ+1

,




a −b

−b c −d

−d c −b
. . . . . . . . .

a −b

−b c −d

−d c




3n−3ℓ−3

.

In both cases, the determinant is given by

det(A[i, j]) =(b2d)n−1
(
cUℓ

(ac2 − ad2 − 2b2c

b2d


+ dUℓ−1

(ac2 − ad2 − 2b2c

b2d



×
(
Un−ℓ−1

(ac2 − ad2 − 2b2c

b2d


+

c

d
Un−ℓ−2

(ac2 − ad2 − 2b2c

b2d


.

(iv) i ≡ 2 mod 3, j ≡ 1 mod 3.
Supposing that i = k and j = k + 3ℓ + 2, for some ℓ ∈ ¶0, 1, . . . , n − 2♢, similarly to the

previous case we obtain

det(A[i, j]) =(b2d)n−1
(
cUℓ

(ac2 − ad2 − 2b2c

b2d


+ dUℓ−1

(ac2 − ad2 − 2b2c

b2d



×
(
Un−ℓ−1

(ac2 − ad2 − 2b2c

b2d


+

c

d
Un−ℓ−2

(ac2 − ad2 − 2b2c

b2d


.

(v) i ≡ 0 mod 3, j ≡ 2 mod 3 or i ≡ 2 mod 3, j ≡ 0 mod 3.
Assume that i = k and j = k + 3ℓ + 2, for some ℓ ∈ ¶0, 1, . . . , n − 2♢ or i = k and

j = k + 3ℓ + 1, for some ℓ ∈ ¶0, 1, . . . , n − 1♢. The underlying graph of A[i, j] is either a
path or the union of two paths whose matrices are



a −b

−b c −d

−d c −b
. . . . . . . . .

c −d

−d c −b

−b a




3ℓ+1

,




c −b

−b a −b

−b c −d
. . . . . . . . .

−d c −b

−b a −b

−b c




3n−3ℓ−3

.
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In the former case, we have

det(A[i, j]) = (b2d)n−1
(
aUℓ

(ac2 − ad2 − 2b2c

b2d


+

b2

d
Uℓ−1

(ac2 − ad2 − 2b2c

b2d



×
(
Un−ℓ−1

(ac2 − ad2 − 2b2c

b2d


+

ad

b2
Un−ℓ−2

(ac2 − ad2 − 2b2c

b2d


,

whereas in the latter one, it holds

det(A[i, j]) =(b2d)n−1
(
aUn−ℓ−1

(ac2 − ad2 − 2b2c

b2d


+

b2

d
Un−ℓ−2

(ac2 − ad2 − 2b2c

b2d



×
(
Uℓ

(ac2 − ad2 − 2b2c

b2d


+

ad

b2
Uℓ−1

(ac2 − ad2 − 2b2c

b2d


.

(vi) i ≡ 1 mod 3, j ≡ 2 mod 3.
Let i = k and j = k + 3ℓ + 1, for some ℓ ∈ ¶0, 1, . . . , n − 1♢. The matrices of the

corresponding paths are



c −d

−d c −b

−b a −b
. . . . . . . . .

−b c −d

−d c −b

−b a




3ℓ

,




c −b

−b a −b

−b c −d
. . . . . . . . .

a −b

−b c −d

−d ce




3n−3ℓ−2

,

and, similarly to the previous cases, we obtain

det(A[i, j]) =(b2d)n−1
(
Uℓ

(ac2 − ad2 − 2b2c

b2d


+

c

d
Uℓ−1

(ac2 − ad2 − 2b2c

b2d



×
(
cUn−ℓ−1

(ac2 − ad2 − 2b2c

b2d


+ dUn−ℓ−2

(ac2 − ad2 − 2b2c

b2d


.

(vii) i ≡ 0 mod 3, j ≡ 1 mod 3.
Let i = k and j = k + 3ℓ + 1, for some ℓ ∈ ¶0, 1, . . . , n − 2♢. Then

det(A[i, j]) =(b2d)n−1
(
cUn−ℓ−1

(ac2 − ad2 − 2b2c

b2d


+ dUn−ℓ−2

(ac2 − ad2 − 2b2c

b2d



×
(
Uℓ

(ac2 − ad2 − 2b2c

b2d


+

c

d
Uℓ−1

(ac2 − ad2 − 2b2c

b2d


.

The proof is completed. □

4. Proof of Theorem 1.1

In this section, σ(M) denotes the multiset of eigenvalues of a symmetric matrix M .
We recall from the introductory section that M ′

n denotes the cylinder octagonal chain
with 6n vertices. If its vertices are labelled as in Figure 1, then its adjacency matrix
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is

A(M ′
n) =




0 1 1 1
1 0 1 0

1 0 1 0
. . . . . . . . . . . .

1 0 1 1
1 0 1 0

1 1 0 0
1 0 1 1

0 1 0 1
0 1 0 1

. . . . . . . . . . . .
1 1 0 1

0 1 0 1
0 1 1 0




,

while the diagonal matrix of vertex degrees is

D(M ′
n) = diag(3, 2, 2︸ ︷︷ ︸, 3, 2, 2︸ ︷︷ ︸, . . . , 3, 2, 2︸ ︷︷ ︸︸ ︷︷ ︸

2n

).

It can be easily verified that I − D(M ′
n)−1/2A(M ′

n)D(M ′
n)−1/2 is equal to S(M ′

n) that
is of the following form:



1 −

1√
6

−

1√
6

−

1

3

−

1√
6

1 −

1

2
0

−

1

2
1 −

1√
6

0

. . .
. . .

. . .
. . .

−

1

2
1 −

1√
6

−

1

3

−

1√
6

1 −

1

2
0

−

1√
6

−

1

2
1 0

−

1

3
1 −

1√
6

−

1√
6

0 −

1√
6

1 −

1

2

0 −

1

2
1 −

1

2

. . .
. . .

. . .
. . .

−

1

3
−

1

2
1 −

1√
6

0 −

1√
6

1 −

1

2

0 −

1√
6

−

1

2
1




.

In a condensed form,

S(M ′
n) =

(
P ′(M ′

n) R′(M ′
n)

R′(M ′
n) P ′(M ′

n)

)
,

according to the suggested block partition. Taking into account that both P ′(M ′
n)

and R′(M ′
n) are symmetric, it follows from [13, Lemma 4.1] that

σ(S(G)) = σ(P ′(M ′
n) + R′(M ′

n)) ⊔ σ(P ′(M ′
n) − R′(M ′

n)),
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where ⊔ denotes the sum of multisets, i.e., the multiset in which the multiplicity of
an element is the sum of its multiplicities in the summands. We compute

P (M ′
n) = P ′(M ′

n) + R′(M ′
n) =




2
3

− 1√
6

− 1√
6

− 1√
6

1 −1
2

−1
2

1 − 1√
6

. . . . . . . . .

−1
2

2
3

− 1√
6

− 1√
6

1 −1
2

− 1√
6

−1
2

1




and

R(M ′
n) = P ′(M ′

n) − R′(M ′
n) =




4
3

− 1√
6

− 1√
6

− 1√
6

1 −1
2

−1
2

1 − 1√
6

. . . . . . . . .

−1
2

4
3

− 1√
6

− 1√
6

1 −1
2

− 1√
6

−1
2

1




.

For both P (M ′
n) and R(M ′

n), the underlying graph is the cycle C3n. In addition, P (M ′
n)

is singular (confirmed later in this section). Let σ(P (M ′
n)) = ¶µ1, µ2, . . . , µ3n−1, 0♢

and σ(R(M ′
n)) = ¶ν1, ν2, . . . , ν3n♢. Taking into account (1.1), we obtain

K(M ′
n) =

3n∑

i=2

1

µi

+
3n∑

i=1

1

νi

.

Let

ϕP (M ′
n)(t) = det(tI − P (M ′

n)) = t3n + a3n−1t
3n−1 + · · · + a1t

and

ϕR(M ′
n)(t) = det(tI − R(M ′

n)) = t3n + b3n−1t
3n−1 + · · · + b1t + b0.

Then
3n∑

i=2

1

µi

= −a2

a1

and
3n∑

i=1

1

νi

= −b1

b0

.

In addition,

a1 = (−1)3n−1∑3n
i=1 det(P (M ′

n)[i]) and a2 = (−1)3n−2∑
1≤i<j≤3n det(P (M ′

n)[i, j]),

along with

b1 = (−1)3n−1∑3n
i=1 det(R(M ′

n)[i]) and b0 = (−1)3n det(R(M ′
n)).

Computations of these coefficients are separated in the following itemization. We
apply Lemmas 3.1 and 3.2 for a = 2

3
in P (M ′

n), and a = 4
3

in R(M ′
n), and b = 1√

6
,

c = 1, d = 1
2

in both.



KEMENYŠS CONSTANT OF A CYLINDER OCTAGONAL CHAIN 1477

• By Lemma 3.1, for ac2−ad2−2b2c
b2d

= 2, we obtain

a1 = (−1)3n−1
3n∑

i=1

det(P (M ′
n)[i])

= (−1)3n−1


n

12n−1
Un−1(2) +

3n

4 · 12n−1
Un−1(2)



= (−1)3n−1 7n

4 · 12n−1
Un−1(2) = (−1)3n−1 7n2

4 · 12n−1
= (−1)3n−1 21n2

12n
.

• Similarly,

b1 = (−1)3n−1
3n∑

i=1

det(R(M ′
n)[i])

= (−1)3n−1 1

12n−1


2n · 7

6
Un−1(8) +

3

4
nUn−1(8)



= (−1)3n−1 37n

12n
Un−1(8).

• By Lemma 3.2,

(−1)3n−2a2 =
n−1∑

ℓ=1

(n − ℓ)
(
2F ℓ

1(2) + F ℓ
2(2)



+
n−1∑

ℓ=0

(n − ℓ)
(
F ℓ

3(2) + F n−ℓ−1
3 (2) + F n−ℓ−1

4 (2)


+
n−2∑

ℓ=0

(n − ℓ − 1)
(
F ℓ

3(2) + F n−ℓ−1
3 (2) + F ℓ

4(2)


=
n−1∑

ℓ=1

17ℓ(n − ℓ)2

16 · 12n−2

+
n−1∑

ℓ=0

(n − ℓ)

12n−1


(3ℓ + 2)(3(n − ℓ) − 2)

2
+

5(3ℓ + 1)(3(n − ℓ) − 1)

6



+
n−2∑

ℓ=0

(n − ℓ − 1)

12n−1


5(3ℓ + 2)(3(n − ℓ) − 2)

6
+

(3ℓ + 1)(3(n − ℓ) − 1)

2



=
17

16 · 12n−2

n−1∑

ℓ=1

ℓ(n − ℓ)2

+
1

12n−1

n−2∑

ℓ=0


(3ℓ + 2)(3(n − ℓ) − 2)(8(n − ℓ) − 5)

6

+
(3ℓ + 1)(3(n − ℓ) − 1)(8(n − ℓ) − 3)

6


+

39n − 23

6 · 12n−1

=
n2(147n2 − 19)

48 · 12n−1
.
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• By Proposition 3.1 applied for i = 1, we have

b0 = (−1)3n


− 4

3
(−1)3n−1 det(R(M ′

n)[1]) − 1

6
(−1)3n−2 det(R(M ′

n)[1, 3n])

− 1

6
(−1)3n−2 det(R(M ′

n)[1, 2]) − 2(−1)n

12n



= (−1)3n


− 4

3
(−1)3n−1 3

4 · 12n−1
Un−1(8) − (−1)3n−2

6 · 12n−1

(
Un−1(8) +

1

2
Un−2(8)



− (−1)3n−2

6 · 12n−1

(
Un−1(8) +

1

2
Un−2(8)


− 2(−1)n

12n



=
1

12n−1
Un−1(8) − 1

6 · 12n−1
(2Un−1(8) + Un−2(8)) − 2

12n

=
1

12n

(
8Un−1(8) − 2Un−2(8) − 2


.

We also verify that a0 = 0, i.e., that P (M ′
n) is singular:

a0 = (−1)3n


− 2

3
(−1)3n−1 det(R(M ′

n)[1]) − 1

6
(−1)3n−2 det(R(M ′

n)[1, 3n])

− 1

6
(−1)3n−2 det(R(M ′

n)[1, 2]) − 2(−1)n

12n



= (−1)3n


− 2

3
(−1)3n−1 3

4 · 12n−1
Un−1(2) − (−1)3n−2

6 · 12n−1

(
Un−1(2) +

1

2
Un−2(2)



− (−1)3n−2

6 · 12n−1

(
Un−1(2) +

1

2
Un−2(2)


− 2

12n



= (−1)3n


n(−1)3n−1

2 · 12n−1
− (−1)3n−2

6 · 12n−1
(2n + n − 1) − 2

12n



=
1

6 · 12n−1
− 2

12n
= 0.

Gathering the previous results, we complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Taking into account the previous computation, we deduce

K(M ′
n) = −a2

a1

− b1

b0

=
147n2 − 19

84
+

37(−1)3nnUn−1(8)

8Un−1(8) − 2Un−2(8) − 2
,

which completes the proof. □

We conclude this section with an example.

Example 4.1. For n = 4, we obtain K(M ′
4) =

9847

210
≈ 46.8905, whereas the value

obtained in [16] from

9n2 − 1

12
+

17
√

15n

30
· (4 +

√
15)n − (4 −

√
15)n

(4 +
√

15)n + (4 −
√

15)n + 2
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gives approximately 20.6909. These values are different, due to the incorrect expression
that was employed in [16]. It is worth mentioning that in [17], the correct expression
was used, and there one can find the periodic continuants, as well. We believe that
our approach can also simplify calculations of that paper.

We emphasise that a similar approach could be applied to compute the Kemeny’s
constant of cylinder k-gonal chains, for k even, constructed analogously. These graphs
would be of order (k −2)n for some n. Clearly, all computations will be more complex
due to increased number of cases modulo k − 1 (see Lemma 3.2) that should be
considered.
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GENERALIZED VECTORIAL ALMOST PERIODICITY

M. KOSTIĆ

Abstract. In this paper, we introduce and analyze several new classes of general-
ized vectorially almost periodic functions. We also analyze Σ-almost periodic type
functions and the invariance of generalized vectorial almost periodicity under the
actions of convolution products.

1. Introduction and Preliminaries

The notion of almost periodicity was introduced by the Danish mathematician
H. Bohr around 1924–1926 and later generalized by many others (see the research
monographs [6, 9, 11, 12, 14, 15, 20, 23] and the excellent survey article [2] for further
information regarding almost periodic functions and their applications). Let (X, ∥ · ∥)
be a complex Banach space and let F : Rn → X be a continuous function, where
n ∈ N. Then, F (·) is said to be almost periodic if for each ϵ > 0 there exists W > 0
such that for each w0 ∈ R

n there exists τ ∈ B(w0,W ) ≡ ¶t ∈ R
n : ♣t − w0♣ ≤ W♢

such that
∥

∥

∥F (t + τ) − F (t)
∥

∥

∥ ≤ ϵ, t ∈ R
n,

here, ♣ · − · ♣ denotes the Euclidean distance in R
n.

If the function F : R
n → X is Lebesgue measurable and for every non-empty

compact set K ⊆ R
n, one has

∫

K ∥F (t)∥p dt < +∞, where p > 0, then F (·) is said
to be Stepanov-p-almost periodic if for every ϵ > 0 there exists W > 0 such that for

Key words and phrases. Vectorially Stepanov almost periodic function, vectorially Weyl almost
periodic function, Σ-almost periodic function, convolution invariance.
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each w0 ∈ R
n there exists τ ∈ B(w0,W ) with

∥

∥

∥F (s + τ + w) − F (s + w)
∥

∥

∥

Lp([0,1]n:X)
≤ ϵ, s ∈ R

n,

i.e.,
∫

[0,1]n

∥

∥

∥F (s + τ + w) − F (s + w)
∥

∥

∥

p
dw ≤ ϵp, s ∈ R

n.(1.1)

Equivalently, the Bochner transform F̂ : Rn → Lp([0, 1]n : X), defined by [F̂ (t)](u) :=
F (t + u), t ∈ R

n, u ∈ [0, 1]n, is almost periodic; F (·) is said to be Stepanov almost
periodic if F (·) is Stepanov-1-almost periodic. Any Bohr almost periodic function
F (·) has to be Stepanov-p-almost periodic for any p > 0.

The class of almost automorphic functions was discovered by S. Bochner in 1955 ([7]).
In a joint work with S. Abbas [1], we have recently investigated vectorially Weyl almost
automorphic functions. This research article aims to examine several new classes of
vectorially Stepanov-p-almost periodic type functions and vectorially (equi)-Weyl-p-
almost periodic type functions, where p > 0. The novelty of our approach is that we use
the vector-valued integration in the analysis of these classes of functions; unfortunately,
we cannot consider the general value of exponent p ̸= 1 in the pure vector-valued
setting. These classes of functions extend the usually considered classes of Stepanov-
p-almost periodic type functions and (equi)-Weyl-p-almost periodic type functions
in the scalar-valued setting as well as the usually considered classes of Stepanov-1-
almost periodic type functions and (equi)-Weyl-1-almost periodic type functions in
the vector-valued setting. We also analyze Σ-almost periodic type functions and
the invariance of generalized vectorial almost periodicity under some convolution
transforms, which is incredibly important for applications to the abstract Volterra
integro-differential equations. If A is the integral generator of an an exponentially
stable strongly continuous semigroup (T (t))t≥0 and the function f : R → X is
Stepanov-p-almost periodic (1 ≤ p < +∞), for instance, then the function u : R → X,
given by

u(t) =
∫ t

−∞

T (t− s)f(s) ds, t ∈ R,

is an almost periodic solution of the abstract Cauchy problem u′(t) = Au(t) + f(t),
t ∈ R; moreover, if the function h : R → X is Stepanov-p-almost periodic (1 ≤ p <
+∞), the function q : [0,+∞) → X vanishes at plus infinity and f(t) = h(t) + q(t),
t ≥ 0, then the unique asymptotically almost periodic solution of the abstract Cauchy
problem u′(t) = Au(t) + f(t), t ≥ 0; u(0) = x is given by

u(t) = T (t)x+
∫ t

0
T (t− s)f(s) ds, t ≥ 0,

if f(·) enjoys very mild regularity assumptions. Many similar applications of this
type have been given to the abstract Volterra integro-differential equations and the
abstract fractional integro-differential equations (cf. [13, 14] for more details).
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The structure of this research article can be shortly depicted as follows. After fixing
the notation, we analyze the notion of vectorial Stepanov almost periodicity in Section
2. The class of Σ-almost periodic functions is analyzed in Subsection 2.1, and the
class of vectorially Stepanov almost periodic functions in general metric is analyzed
in Subsection 2.2. Vectorially Weyl almost periodic type functions are analyzed in
Section 3, while the invariance of vectorial Stepanov almost periodicity and vectorial
Weyl almost periodicity under the actions of convolution products is analyzed in
Section 4. The last section of paper is reserved for the final conclusions; for simplicity,
we will not investigate here the extensions of vectorially generalized almost periodic
functions and the corresponding composition principles as well as the vectorially Weyl
almost periodic type sequences.

Notation and preliminaries. We assume that (X, ∥·∥) and (Y, ∥·∥Y ) are complex
Banach spaces, B is a non-empty collection of non-empty subsets of X and R is a
non-empty collection of sequences in R

n. The standard assumption will be that, for
every y ∈ X, there is a set B ∈ B such that y ∈ B. L(X, Y ) denotes the Banach
space of all bounded linear operators from X into Y ; L(X,X) ≡ L(X) and I denotes
the identity operator on Y. Define N0 := ¶0, 1, . . . ,m, . . .♢. If C and D are non-empty
sets, then we set DC := ¶f ♣ f : C → D♢; set 0ζ := 0 for ζ > 0.

Let ∅ ≠ I ⊆ R
n, ν : I → (0,+∞), and let 1/v(·) be locally bounded. In this paper,

we deal with the vector space Cb,ν(I : X) consisting of those continuous functions
u : I → X such that ∥u∥ := sup

t∈I ∥ν(t)u(t)∥ < +∞. Then, (Cb,ν(I : X), ∥ · ∥) is a
Banach space, as easily approved. Assuming that ν ≡ 1, we also write Cb(I : X) in
place of Cb,ν(I : X).

2. Vectorial Stepanov Almost Periodicity

The class of Stepanov-p-almost periodic functions, where p ≥ 1, was introduced by
W. Stepanoff in 1926 ([22]). For example, the function

f(s) = sin



2

2 + cos s+ cos(
√

2s)



, s ∈ R,

is bounded, continuous and Stepanov-p-almost periodic for any finite exponent p ≥ 1
but it is not almost periodic. If there exists c > 0 such that the sequence (λk)k∈Z of
real numbers satisfies λk+1 − λk > c for all k ∈ Z and (ak)k∈Z is a real sequence such
that

∑+∞
k=−∞ ♣ak♣2 < +∞, then

f(s) =
+∞
∑

k=−∞

ake
iλks, s ∈ R,

is a Stepanov-2-almost periodic function; cf. [20, Theorem 5.3.2, pp. 214–216]. For
further information, we refer the reader to [14–16] and references quoted therein.

Now we would like to introduce the following notion.
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Definition 2.1. (i) A locally Lebesgue integrable function F : Rn → X is vectorially
Stepanov almost periodic if for every ϵ > 0 there exists W > 0 such that for each
w0 ∈ R

n there exists τ ∈ B(w0,W ) with

∥

∥

∥

∥

∥

∫

[0,1]n

[

F (s + τ + w) − F (s + w)
]

dw

∥

∥

∥

∥

∥

≤ ϵ, s ∈ R
n.(2.1)

(ii) A p-locally Lebesgue integrable function F : Rn → C is vectorially Stepanov-
p-almost periodic if for every ϵ > 0 there exists W > 0 such that for each w0 ∈ R

n

there exists τ ∈ B(w0,W ) with

∣

∣

∣

∣

∣

∫

[0,1]n

[

F (s + τ + w) − F (s + w)
]p
dw

∣

∣

∣

∣

∣

≤ ϵp, s ∈ R
n.(2.2)

It is clear that the notion of vectorial Stepanov-p-almost periodicity cannot be
easily introduced if p ̸= 1 and X ̸= C.

Immeditely from the equations (1.1), (2.1) and (2.2), it follows that any Stepanov
almost periodic function is vectorially Stepanov almost periodic as well as that any
scalar-valued Stepanov-p-almost periodic function is vectorially Stepanov-p-almost
periodic. The relations between Stepanov-p-almost periodic functions in norm (cf.
[18, Definition 11]) and vectorial Stepanov-p-almost periodic functions are quite non-
trivial (p = 1, general X; p > 0 and p ≠ 1, X = C). Furthermore, the class of
scalar-valued vectorially Stepanov-p-almost periodic functions behaves very badly if
p ≠ 1 and we will not examined this class in more detail henceforth. The use of
vector-valued integration in Definition 2.1(i) may cause some unpleasant difficulties
sometimes, as well; for example, it is not simple to consider the products of vectorially
Stepanov almost periodic functions and the existence of Bohr-Fourier coefficients of
vectorially Stepanov almost periodic functions (see, e.g., [14, Theorem 2.1.1]).

Example 2.1. On some function spaces, the Gaussian semigroup

(G(s)F )(y) :=


4πs
−(n/2)

∫

Rn
F (y − z)e−

♣z♣2

4s dz, s > 0, f ∈ Y, y ∈ R
n,

is a strongly continuous semigroup generated by the Laplacian ∆Y acting with its
maximal distributional domain in Y. Let F (·) be bounded and vectorially Stepanov
almost periodic, and let s0 > 0 be fixed. Then, the function R

n ∋ x 7→ u(x, s0) ≡
(G(s0)F )(x) ∈ C is bounded and vectorially Stepanov almost periodic, which is am
essential consequence of the next calculus (x ∈ R

n; τ ∈ R
n satisfies the necessary



GENERALIZED VECTORIAL ALMOST PERIODICITY 1485

requirements):
∣

∣

∣

∣

∣

∫

[0,1]n

[

(G(s0)F )(v + τ + z) − (G(s0)F )(v + z)
]

dz

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫

[0,1]n



∫

Rn
F (v + τ + u− w)e

−
♣w♣2

4s0 dw −
∫

Rn
F (v + u− w)e

−
♣w♣2

4s0 dw

]

du

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫

[0,1]n



∫

Rn

[

F (v + τ + u− w) − F (v + u− w)
]

e
−

♣w♣2

4s0 dw

]

du

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫

Rn
e

−
♣w♣2

4s0



∫

[0,1]n

[

F (v + τ + u− w) − F (v + u− w)
]

du

]

dw

∣

∣

∣

∣

∣

≤
∫

Rn
e

−
♣w♣2

4s0

∣

∣

∣

∣

∣

∫

[0,1]n

[

F (v + τ + u− w) − F (v + u− w)
]

du

∣

∣

∣

∣

∣

dy ≤ ϵ
∫

Rn
e

−
♣w♣2

4t0 dw.

We can also consider here vectorially Stepanov c-almost periodic functions; see Defi-
nition 2.4 below with ρ = cI and c ∈ C \ ¶0♢.

The proof of following result is relatively plain.

Proposition 2.1. A locally integrable function F : Rn → X is vectorially Stepanov

almost periodic if and only if the function G = Σ(F ) : Rn → X, given by G(t) :=
∫

[0,1]n F (t + u) du, t ∈ R
n, is almost periodic.

In the one-dimensional setting, we have that G(t) = F [1](t + 1) − F [1](t), t ∈ R,
where F [1](t) :=

∫ t
0 F (s) ds, t ∈ R is the first integral of function F (·). In particular, if

F [1](·) is almost periodic, then F (·) is vectorially Stepanov almost periodic (see also
Kadets’s theorem [4, Theorem 4.6.11] and the research articles [3] by J. Andres, D.
Pennequin, [8] by C. Budde, J. Kreulich, [10] by H.-S. Ding et al., and [21] by A. M.
Samoilenko, S. I. Trofimchuk for further information concerning the integration of
almost periodic functions). The following example justifies the introduction of notion
in Definition 2.1.

Example 2.2. Let us recall that there exists a function f : R → R which is bounded
continuous and has the feature that the function f [1](·) is almost periodic and the
function f(·) is not Stepanov almost periodic; cf. [5, Example 3.2]. Since f [1](·) is
almost periodic, we have that f(·) is vectorially Stepanov almost periodic; see also
[15, p. 62] for more details about this function.

Proposition 2.1 implies that vectorially Stepanov almost periodic functions form
a vector space as well as that any vectorially Stepanov almost periodic function
F : Rn → X is vectorially Stepanov bounded in the sense that

sup
t∈Rn

∥

∥

∥

∥

∥

∫

t+[0,1]n
F (w) dw

∥

∥

∥

∥

∥

< +∞.

The notion of vectorial Stepanov boundedness and the usually considered Stepanov
boundedness are different.
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Example 2.3. Let X := C and F (t) := t sin(t2), t ∈ R. Then we have

∫ x+1

x

∣

∣

∣

∣

s · sin


s2


∣

∣

∣

∣

ds =
1

2

∫ (x+1)2

x2

♣ sin v♣ dv ≥ c♣x♣, x ∈ R,

for some c > 0. Hence,

sup
x∈R





1 + ♣x♣
−σ

∫ x+1

x

∣

∣

∣f(s)
∣

∣

∣ ds


= +∞, σ ∈ (0, 1).

A similar argumentation shows that
∣

∣

∣

∣

∫ x+1

x
f(s) du

∣

∣

∣

∣

=
1

2

∣

∣

∣

∣

cos


x2


− cos


(x+ 1)2


∣

∣

∣

∣

≤ 1, x ∈ R,

which yields the required conclusion. Further on,
∫ x+1

x
[f(s+ τ) − f(s)] ds

=
1

2



cos


(x+ τ)2


− cos


(x+ τ + 1)2




−


cos


x2


− cos


(x+ 1)2




, x, τ ∈ R,

which shows that f(·) cannot be vectorially Stepanov almost periodic.
The vector-valued integration can be useful in the studies of vectorial weighted

ergodic components and vectorial weighted ergodic components in general metric, as
well (see [15, Section 6.4] and [16, Section 5.2]).

2.1. Σ-almost periodicity. In the rest of this section, let us assume that ∅ ≠ I ⊆ R
n,

P ⊆ Y I , 0 ∈ P and P = (P, d) is a pseudometric space; if f ∈ P, set ∥f∥P := d(f, 0).
We recall that the notion of a (strongly) (R,B,P, L)-multi-almost periodic function

is introduced in [17, Definition 2.1]. Keeping in mind Proposition 2.1, we would like
to introduce the following general notion.

Definition 2.2. Let ∅ ≠ I ⊆ R
n, Σ : Y I×X → Y I×X , and let R be an arbitrary

non-empty collection of sequences in R
n, F : I ×X → Y , for each B ∈ B and b ∈ R

the set L(B; b) is a collection of subsets of B, and we have the following:

If s ∈ I, a ∈ R and l ∈ N, then we have s + a(l) ∈ I.(2.3)

Then F (·; ·) is said to be (Σ,R,B,P, L)-multi-almost periodic, resp. strongly
(Σ,R,B,P, L)-multi-almost periodic in the case that I = R

n, if Σ(F ) is (R,B,P, L)-
multi-almost periodic, resp. strongly (R,B,P, L)-multi-almost periodic.

If for each B′ ∈ B and b′ ∈ R, we have L(B′; b′) = ¶B′♢, then we omit the term
“L” from the notation.

We can similarly define the notion of a (strong) (Σ,RX,B,P)-multi-almost periodic
function (of type 1), where RX is an arbitrary collection of sequences in R

n × X;
cf. [17, Definition 2.2]. Once it is done, we can extend [17, Proposition 2.6] in the
following way.
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Proposition 2.2. Let P be a vector structure with the usual operations, let P be

complete and let the metric d be translation invariant. Let us assume that, for every

j ∈ N, the function Fj : I × X → Y is (Σ,RX,B,P, L)-multi-almost periodic of

type 1 as well as that, for every sequence which belongs to RX, any its subsequence

also belongs to RX. If F : I × X → Y and for each B′ ∈ B, (b; x) = ((bk;xk)) =
((b1

k, b
2
k, . . . , b

n
k);xk) ∈ RX , B

′ ∈ L(B; (b; x)) and we have

lim
(i′,l′)→(+∞,+∞)

sup
y∈B′

∥

∥

∥

∥

Fi



· + bkl′
; y + xkl′



− F


· + bkl′
; y + xkl′



∥

∥

∥

∥

P
= 0,

then F (·; ·) is (Σ,RX,B,P, L)-multi-almost periodic of type 1, if:

(i) Σ(f − g) = Σf − Σg, f, g ∈ P ;
(ii) there exists d > 0 such that ∥Σf∥P ≤ d∥f∥P , f ∈ P.

For example, this condition holds if I = R
n, P = Cb(R

n : Y ) and Σ(·) is given as
in the formulation of Proposition 2.1. Suppose now P is a vector space, the metric
d has the property of translation invariance and, for every d ∈ C, one has df ∈ P,
f ∈ P and the existence of a real number ϕ(d) > 0 such that ∥df∥P ≤ ϕ(d)∥f∥P for
all f ∈ P. If we assume that for each sequence in R [RX ] any its subsequence also
belongs to R [RX ] as well as that the mapping Σ is linear, then the space consisting of
all (strongly) (Σ,R,B,P, L)-multi-almost periodic [(strongly) (Σ,RX ,B,P, L)-multi-
almost periodic] functions is a vector space; see also [17, Remark(ii), pp. 234–235].

The reader may consult [17, Definition 3.1] for the notions of a Bohr (B, I ′, ρ,P)-
almost periodic function and a (B, I ′, ρ,P)-uniformly recurrent function. The following
notion could be also introduced (we can similarly examine some other classes of
(metrically)Σ-almost periodic type functions considered in [16, Chapter 4–Chapter 7]
in the case that Σ is the identity mapping).

Definition 2.3. Let ∅ ≠ I ′ ⊆ R
n, ∅ ≠ I ⊆ R

n, Σ : Y I×X → Y I×X , F : I ×X → Y , ρ
is a binary relation on Y, R(Σ(F )) ⊆ D(ρ) and I + I ′ ⊆ I. Then, it is said that:

(i) F (·; ·) is Bohr (Σ,B, I ′, ρ,P)-almost periodic if Σ(F ) is Bohr (B, I ′, ρ,P)-almost
periodic;

(ii) F (·; ·) is (Σ,B, I ′, ρ,P)-uniformly recurrent if Σ(F ) is (B, I ′, ρ,P)-uniformly
recurrent.

The structural results established for Bohr (B, I ′, ρ,P)-almost periodic functions
and (B, I ′, ρ,P)-uniformly recurrent functions can be straightforwardly generalized for
Bohr (Σ,B, I ′, ρ,P)-almost periodic functions and (Σ,B, I ′, ρ,P)-uniformly recurrent
functions, provided that the mapping Σ(·) has suitable properties; we can slightly
extend the assertions of [17, Proposition 3.7, Corollary 3.8, Proposition 3.10] in this
manner, for example. We will not examine such results here.

2.2. Vectorially Stepanov almost periodic type functions. We denote here the
region I by Λ and the region I ′ by Λ′. We assume the following:
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(SM1-1v): ∅ ̸= Λ ⊆ R
n, ∅ ̸= Λ′ ⊆ R

n, ∅ ̸= Ω ⊆ R
n is Lebesgue measurable,

m(Ω) > 0, Λ′ + Λ ⊆ Λ and Λ + Ω ⊆ Λ.
Now we introduce the following notion.

Definition 2.4. Suppose that (SM1-1v) holds, ρ is a binary relation on Y , F :
Λ ×X → Y , for each x ∈ X the mapping F (·;x) is locally integrable,

[Σ(F )](s;x) :=
∫

Ω
F (s + w;x) dw, s ∈ Λ, x ∈ X,(2.4)

and R(Σ(F )) ⊆ D(ρ). Then, F (·; ·) is said to be vectorially Stepanov (B,Λ′, ρ,P)-
almost periodic, resp. vectorially Stepanov (B,Λ′, ρ,P)-uniformly recurrent, if F (·; ·)
is Bohr (Σ,B,Λ′, ρ,P)-almost periodic, resp. (Σ,B,Λ′, ρ,P)-uniformly recurrent, with
Σ(·) being defined through (2.4).

If (2.3) holds, then it is said that F (·; ·) is vectorially Stepanov (R,B,P, L)-multi-
almost periodic, resp. strongly vectorially Stepanov (R,B,P, L)-multi-almost periodic
in the case that Λ = R

n, if Σ(F ) is (R,B,P, L)-multi-almost periodic, resp. strongly
(R,B,P, L)-multi-almost periodic, with Σ(·) being defined through (2.4).

If F : Λ × X → Y , G : Λ × X → Y and for each x ∈ X the mappings F (·;x)
and G(·;x) are locally integrable, then we have Σ(αF + βG) = αΣ(F ) + βΣ(G) for
all scalars α, β ∈ C, so that the collection of all vectorially Stepanov (B,Λ′, ρ,P)-
almost periodic functions is a linear vector space if the corresponding space of all
(B,Λ′, ρ,P)-almost periodic functions is a linear vector space (we cannot expect the
linearity of space of all vectorially Stepanov (B,Λ′, ρ,P)-uniformly recurrent functions
in any sense; cf. [15]). Furthermore, if Λ = Λ′ = R

n, ρ = I, R contains all sequences
in R

n and B contains all compact sets in X, then the metrical Bochner criterion
established in [19, Theorem 1] immediately clarifies the coincidence of the class of all
vectorially Stepanov (B,Λ′, ρ,P)-almost periodic functions and the class consisting of
all vectorially Stepanov (R,B,P)-multi-almost periodic functions, provided that the
pseudometric space P has the properties stated in this result.

Proposition 2.3. Assume (SM1-1v) holds, ρ = T ∈ L(Y ), Fk : Λ × X → Y
and the function Fk(·; ·) is vectorially Stepanov (B,Λ′, T,P)-almost periodic, resp.

vectorially Stepanov (B,Λ′, T,P)-uniformly recurrent (k ∈ N), where P = Cb(Λ : Y ).
If F : Λ × X → Y , for each y ∈ X the mapping F (·; y) is locally integrable, and for

each B ∈ B,

lim
l→+∞

sup
s∈Λ,y∈B

∥

∥

∥

∥

∫

Ω



Fl(s + w;x) − F (s + w;x)


dw

∥

∥

∥

∥

= 0,

then F (·; ·) is vectorially Stepanov (B,Λ′, T,P)-almost periodic, resp. vectorially Stepanov

(B,Λ′, T,P)-uniformly recurrent.

Proof. We examine the class of vectorially Stepanov (B,Λ′, T,P)-almost periodic
functions, only. Let us fix B ∈ B and ϵ > 0. Then there exist k0 ∈ N and W > 0 such
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that for each w0 ∈ Λ′ there exists τ ∈ B(w0,W ) ∩ Λ′ such that

sup
s∈Λ,y∈B

∥

∥

∥

∥

∫

s+Ω



Fk0
(w + τ ; y) − TFk0

(w; y)


dw

∥

∥

∥

∥

≤ ϵ/3.

Then, for each s ∈ Λ and y ∈ B, we have the following:
∥

∥

∥

∥

∫

s+Ω

[

F (u + τ ; y) − TF (u; y)
]

du

∥

∥

∥

∥

≤
∥

∥

∥

∥

∫

s+Ω

[

F (u + τ ; y) − Fk0
(u + τ ; y)

]

du

∥

∥

∥

∥

+
∥

∥

∥

∥

∫

s+Ω

[

Fk0
(u + τ ; y) − TFk0

(u; y)
]

du

∥

∥

∥

∥

+
∥

∥

∥

∥

∫

s+Ω

[

TFk0
(u; y) − TF (u; y)

]

du

∥

∥

∥

∥

≤
∥

∥

∥

∥

∫

s+Ω

[

F (u + τ ; y) − Fk0
(u + τ ; y)

]

du

∥

∥

∥

∥

+
∥

∥

∥

∥

∫

s+Ω

[

Fk0
(u + τ ; y) − TFk0

(u; y)
]

du

∥

∥

∥

∥

+ ∥T∥ ·
∥

∥

∥

∥

∫

s+Ω

[

Fk0
(u; y) − F (u; y)

]

du

∥

∥

∥

∥

.

The vectorial Stepanov (B,Λ′, T,P)-almost periodicity of F (·; ·) follows thereof. □

Suppose now that ∅ ≠ Λ ⊆ R
n, ∅ ≠ Ω ⊆ R

n is Lebesgue measurable, m(Ω) > 0 and
Λ + Ω ⊆ Λ. Denote by S1

v(Λ ×X : Y ) the collection of all functions F : Λ ×X → Y
such that for each x ∈ X the function F (·;x) is locally integrable and

∥

∥

∥F
∥

∥

∥

S1

v,B,Ω

:= sup
t∈Λ,x∈B

1

m(Ω)

∥

∥

∥

∥

∫

t+Ω
F (s;x) ds

∥

∥

∥

∥

< +∞, B ∈ B.(2.5)

For functions F : Λ → Y, we exclude the term “B”; moreover, we exclude the term
“Ω” if Ω = [0, 1]n.

Let us observe the following facts.

(i) The assumption ∥F∥S1
v

= 0 does not imply F (t) = 0 for a.e. t ∈ Λ; for example,
examine the function F (t) = cos(2πt), t ∈ R.

(ii) If λ ∈ C, B ∈ B and ∥F∥S1

v,B,Ω
< +∞, then ∥λ · F∥S1

v,B,Ω
= ♣λ♣ · ∥F∥S1

v,B,Ω
.

(iii) If B ∈ B, ∥F∥S1

v,B,Ω
< +∞, G : Λ × X → Y has the property that for each

y ∈ X the function G(·; y) is locally integrable and ∥G∥S1

v,B,Ω
< +∞, then

∥

∥

∥F +G
∥

∥

∥

S1

v,B,Ω

≤
∥

∥

∥F
∥

∥

∥

S1

v,B,Ω

+
∥

∥

∥G
∥

∥

∥

S1

v,B,Ω

.

For each B ∈ B, by S1
v,B(Λ × B : Y ) we denote the collection of all functions

F : Λ × B → Y such that for each x ∈ B the function F (·;x) is locally integrable
and (2.5) holds. Then S1

v,B(Λ ×B : Y ) is a vector space and (i)-(iii) simply yield that

∥ · ∥S1

v,B,Ω
is a seminorm on S1

v,B(Λ ×B : Y ).

The next result can be compared to [20, Theorem 5.2.1, pp. 199–200].

Proposition 2.4. Suppose that B ∈ B, (Fk(·; ·))k∈N is a sequence of functions in

S1
v,B(Λ ×B : Y ), and the following holds.
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(i) For every ϵ > 0, there exists s0 ∈ N such that, for every s1, s2 ∈ N with

min(s1, s2) ≥ s0, we have ∥Fs1
− Fs2

∥S1

v,B,Ω
≤ ϵ.

(ii) There exists F : Λ × B → Y such that for each x ∈ B the function F (·;x) is

locally integrable and limk→+∞ ∥Fk(t;x) − F (t;x)∥ = 0 for a.e. t ∈ Λ.
(iii) For each compact set K ⊆ Λ and for each x ∈ B, there exists gx ∈ L1(K : Y )

such that ∥Fk(t;x)∥ ≤ gx(t) a.e. on K for all k ∈ N.

Then, limk→+∞

∥

∥

∥Fk − F
∥

∥

∥

S1

v,B,Ω

= 0.

Proof. If ϵ > 0, x ∈ B and t ∈ Λ, then [4, Theorem 1.1.8] and (ii)-(iii) together imply
that

lim
m→+∞

∫

t+Ω
Fm(s;x) ds =

∫

t+Ω
F (s;x) ds.(2.6)

On the other hand, (i) implies that there exists s0 ∈ N such that, for every s1, s2 ∈ N

with min(s1, s2) ≥ s0, one has:
∥

∥

∥

∥

∫

r+Ω

[

Fs1
(s; y) − Fs2

(s; y)
]

ds
∥

∥

∥

∥

≤ ϵ, r ∈ Λ, y ∈ B.(2.7)

The required conclusion follows by letting m → +∞ in (2.7) and using (2.6) after
that. □

3. Vectorially Weyl almost Periodic Type Functions

If F : R
n → X is Lebesgue measurable and for each bounded and closed set

K ⊆ R
n, we have

∫

K ∥F (t)∥p dt < +∞, where p > 0, then F (·) is:

(i) equi-Weyl-p-almost periodic if, for every ϵ > 0, there exist two finite real
numbers l′ > 0 and L′ > 0 such that for each w0 ∈ R

n there exists τ ∈
B(w0, L

′) ∩ R
n with

sup
t∈Rn



(l′)−n
∫

t+l′[0,1]n

∥

∥

∥F (τ + u) − F (u)
∥

∥

∥

p
du

]

< ϵ.

(ii) Weyl-p-almost periodic if, for every ϵ > 0, there exists a finite real number
L′ > 0 such that for each w0 ∈ R

n there exists τ ∈ B(w0, L
′) ∩ R

n with

lim sup
l′→+∞

sup
t∈Rn



(l′)−n
∫

t+l′[0,1]n

∥

∥

∥F (τ + u) − F (u)
∥

∥

∥

p
du

]

< ϵ.

Now we would like to propose the following notion (we will not consider here the
metrical generalizations of this definition; see [16, Section 4.3]).

Definition 3.1. Suppose that p > 0.

(i) A locally Lebesgue integrable function F : Rn → X is said to be vectorially
equi-Weyl-almost periodic if, for every ϵ > 0, there exist two finite real numbers
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l′ > 0 and L′ > 0 such that for each w0 ∈ R
n there exists τ ∈ B(w0, L

′) with

sup
t∈Rn

∥

∥

∥

∥

∥

∫

t+l′[0,1]n

[

F (τ + u) − F (u)
]

du

∥

∥

∥

∥

∥

< ϵ(l′)n.

(ii) A locally Lebesgue integrable function F : Rn → X is said to be vectorially
Weyl-almost periodic if, for every ϵ > 0, there exists a finite real number L′ > 0
such that for each w0 ∈ R

n there exists τ ∈ B(w0, L
′) with

lim sup
l′→+∞

sup
t∈Rn



(l′)−n

∥

∥

∥

∥

∥

∫

t+l′[0,1]n

[

F (τ + u) − F (u)
]

du

∥

∥

∥

∥

∥

]

< ϵ.

Any (equi-)Weyl-1-almost periodic function is clearly vectorially (equi-)Weyl-almost
periodicand any vectorially Stepanov almost periodic function F : Rn → X is clearly
vectorially equi-Weyl-almost periodic.

Example 3.1. (see also [4, Example 4.6.5]) Suppose that X := c0. Define f(t) :=
((1/k) cos(t/k))k, t ∈ R. Then f : R → X is almost periodic but its first integral
F (t) := (sin(t/k))k, t ∈ R is bounded, uniformly continuous but not Stepanov-
p-almost automorphic for any exponent p > 0; furthermore, we know that F (·) is
vectorially Weyl almost automorphic as well as that F (·) is not vectorially Weyl almost
automorphic of type 1 nor jointly vectorially Weyl almost automorphic (see [1]).

Let us prove that F (·) is vectorially Weyl-almost periodic, i.e., the vectorially
Weyl-1-almost periodic. To show this, notice that (r, s ∈ R, τ ∈ R):

F


r + s+ τ


− F (r + s) = 2


sin
τ

2k
· cos

2r + 2s+ 2τ

2k



k
,

so that (t ∈ R, τ ∈ R; l > 0)

1

l

∫ t+l

t

[

F (v + τ) − F (v)
]

dv

=
2

l



k sin
τ

2k
·


sin
2t+ 2l + τ

2k
− sin

2t+ τ

2k

]

k

=
4

l



k sin
τ

2k
· cos

2t+ l + τ

2k
· sin

l

2k



k

.(3.1)

This immediately implies the required statement since ♣k sin(τ/2k)♣ ≤ ♣τ ♣/2, k ∈ N,
and

∣

∣

∣

∣

∣

cos
4t+ 2l + 2τ

4k
· sin

l

2k

∣

∣

∣

∣

∣

≤ 1, k ∈ N.

Let us prove now that F (·) is not Weyl-p-almost periodic for any p > 0. Suppose that
0 < ϵ < 32−1 · (cos(7π/16) ·

√
2/2)p. Then, there exists L > 0 such that, for every

t0 ∈ R, we can find τ ∈ [t0 − L, t0 + L] such that there exists l0(τ) > 0 with
∫ l

0

∥

∥

∥

∥



cos
2x+ τ

2k
· sin

τ

2k



k

∥

∥

∥

∥

p

dx ≤ ϵ · l, l ≥ l0(τ).(3.2)
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Suppose that k0 ∈ N is sufficiently large and 2k0π/4 ≤ τ < (2k0 + 2)π/4. Then π/4 ≤
τ/2k0 < 3π/8 and therefore sin(τ/2k0) ≥

√
2/2. Suppose, further, that x0/k0 = π/16;

then cos((2x+ τ)/2k0) ≥ cos(7π/16), x ∈ [2mπk0, 2mπk0 + x0] (m ∈ N0) and taking
into account (3.2) with with l = 2mπk0 + x0, where m is sufficiently large, we get

ϵ


2mπk0 + x0



≥
∫ 2mπk0+x0

0

∥

∥

∥

∥



cos
2x+ τ

2k
· sin

τ

2k



k

∥

∥

∥

∥

p

dx

≥
∫ 2mπk0+x0

0

∣

∣

∣

∣

cos
2x+ τ

2k0

· sin
τ

2k0

∣

∣

∣

∣

p

dx ≥ (m+ 1)x0

√
2

2
· cos

7π

16

p

, l ≥ l0(τ).

Dividing by m and letting m → +∞, we get

2πϵ


k0/x0



= 32ϵ ≥
√

2

2
· cos

7π

16

p

,

which is a contradiction.
Now we will prove that F (·) is not vectorially equi-Weyl-almost periodic. Suppose

that 0 < ϵ <
√

2/2. Then there exist l > 0 and L > 0 such that, for every t0 ∈ R,
there exists τ ∈ [t0 − L, t0 + L] such that

∥

∥

∥

∥

∥

4

l



k sin
τ

2k
· cos

2t+ l + τ

2k
· sin

l

2k



k

∥

∥

∥

∥

∥

≤ ϵ, t ∈ R;(3.3)

see (3.1). Furthermore, there exists k0(ϵ, l) ∈ N such that

4k sin
l

2k
≥ l, k ≥ k0(ϵ, l).(3.4)

After that, take any t0 > L + πk0(ϵ, l)/2. Then there exists k0 ≥ k0(ϵ, l) such that
2k0π/4 ≤ τ < (2k0 + 2)π/4. Then, as above, π/4 ≤ τ/2k0 < 3π/8 and sin(τ/2k0) ≥√

2/2. Since (3.3) holds for all t ∈ R, we can take t = −(l + τ)/2 in order to see that
cos((2t+ l+ τ)/2k0) = 1 so that (3.4) and the above estimates enable one to see that
the right hand side of (3.3) is greater than or equal to

√
2/2, which is a contradiction.

Let us finally observe that, for every l > 0, we have

sup
r∈R

1

l

∥

∥

∥

∥

∥

∫ r+l

r
F (s) ds

∥

∥

∥

∥

∥

= 1,(3.5)

so that the vectorial Weyl seminorm of F (·), defined through

∥F∥W,v := lim
l→+∞

sup
r∈R

1

l

∥

∥

∥

∥

∥

∫ r+l

r
F (s) ds

∥

∥

∥

∥

∥

,

exists and equals 1. In order to see that (3.5) holds, notice that a simple computation
shows that

1

l

∥

∥

∥

∥

∥

∫ r+l

r
F (s) ds

∥

∥

∥

∥

∥

= sup
k∈N



2k

l
·
∣

∣

∣

∣

∣

sin
2r + l

2k
· sin

l

2k

∣

∣

∣

∣

∣

]

, r ∈ R.
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Therefore, for every l > 0,

1

l

∥

∥

∥

∥

∥

∫ t+l

t
F (s) ds

∥

∥

∥

∥

∥

≥ sup
t∈(πZ−l)/2

sup
k∈N



2k

l
·
∣

∣

∣

∣

∣

sin
2t+ l

2k
· sin

l

2k

∣

∣

∣

∣

∣

]

≥ sup
k∈N



2k

l
·
∣

∣

∣

∣

∣

sin
l

2k

∣

∣

∣

∣

∣

]

= 1,

since limk→+∞(2k/l) · ♣ sin(l/2k)♣ = 1.

If F (·) is locally integrable, then the existence of vectorial Weyl seminorm of F (·)
in [0,+∞] cannot be proved with the help of the argumentation given on [15, pp.
375–376]. Moreover, this seminorm does not necessarily exists.

Example 3.2. Define the function F : R → R by F (t) := −2k if t ∈ [2k, 2k + 1) for
some k ∈ Z and F (t) := 2k + 2 if t ∈ [2k + 1, 2k + 2) for some k ∈ Z. Then,

lim sup
l→+∞

sup
t∈R

1

l

∣

∣

∣

∣

∣

∫ t+l

t
F (s) ds

∣

∣

∣

∣

∣

= +∞ and lim inf
l→+∞

sup
t∈R

1

l

∣

∣

∣

∣

∣

∫ t+l

t
F (s) ds

∣

∣

∣

∣

∣

= 1,

and therefore, ∥F∥W,v does not exist in [0,+∞]. In order to see this, it suffices to
show that

sup
t∈R

∣

∣

∣

∣

∣

∫ t+2k

t
F (s) ds

∣

∣

∣

∣

∣

= 2k and sup
t∈R

∣

∣

∣

∣

∣

∫ t+2k+1

t
F (s) ds

∣

∣

∣

∣

∣

= +∞, k ∈ N.(3.6)

By our construction, we have
∫ 2m+1+2k

2m+1 F (s) ds = 0 for all m, k ∈ Z. Hence,

sup
t∈R

∣

∣

∣

∣

∣

∫ t+2k+1

t
F (s) ds

∣

∣

∣

∣

∣

≥ sup
t∈2Z+1

∣

∣

∣

∣

∣

∫ t+2k+1

t
F (s) ds

∣

∣

∣

∣

∣

.

If t = 2m+ 1 for some m ∈ Z, then we have
∫ t+2k+1

t
F (s) ds =

∫ 2m+2k+2

2m+2k+1
F (s)ds = 2m+ 2k + 2,

which simply implies the second equality in (3.6). On the other hand, we have

sup
t∈R

∣

∣

∣

∣

∣

∫ t+2k

t
F (s) ds

∣

∣

∣

∣

∣

≥
∫ 2k

0
F (s) ds = 2k, k ∈ N.(3.7)

If t ∈ [2m, 2m+ 1) for m ∈ Z, then one has
∫ t+2k

t
F (s) ds =

∫ 2m+1

t
F (s) ds−

∫ 2m+2k+1

t+2k
F (s) ds

=(−2)(2m+ 1 − t)m+ (2m+ 1 − t)(2m+ 2k) = 2(2m+ 1 − t)k,

so that
∣

∣

∣

∣

∣

∫ t+2k

t
F (s) ds

∣

∣

∣

∣

∣

≤ 2k.(3.8)
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Similarly, if t ∈ [2m+ 1, 2m+ 2) for an integer m ∈ Z, then one has
∫ t+2k

t
F (s) ds =

∫ 2m+1

t
F (s) ds+

∫ t+2k

2m+2k+1
F (s) ds

= (2m+ 1 − t)(2m+ 2) − (2m+ 1 − t)(2m+ 2k + 2) = 2(2m+ 1 − t)k,

so that (3.8) again holds. By (3.7)-(3.8), we deduce the first equality in (3.6).

The uniform convergence of a sequence of locally integrable functions implies the
convergence of this sequence in the vectorial Weyl seminorm; furthermore, the stan-
dard evidence shows that, if the sequence of vectorially (equi)-Weyl-almost periodic
functions converges in the vectorial Weyl seminorm, then the limit function is likewise
vectorially (equi) Weyl-almost periodic.

It is not so simple to deduce a proper analogue of Proposition 2.1 for vectorially
Weyl almost periodic type functions. After clarifying this fact, we will generalize the
notion introduced in Definition 3.1 as follows (cf. also [16, Definition 3.1.1–Definition
3.1.6]).

Definition 3.2. Suppose that F : Λ × X → Y, ρ is a binary relation on Y and the
following condition holds.

(WM1-1v): ∅ ̸= Λ ⊆ R
n, ∅ ̸= Λ′ ⊆ R

n, ∅ ̸= Ω ⊆ R
n is Lebesgue measurable,

m(Ω) > 0, Λ′ + Λ ⊆ Λ and Λ + lΩ ⊆ Λ for l > 0.
(i) It is said that F (·; ·) is vectorially equi-Weyl-(B,Λ′, ρ,Ω)-almost periodic if, for

every ϵ > 0 and B ∈ B, there exist two finite real numbers l′ > 0 and L′ > 0 such that
for each w0 ∈ Λ′ there exists τ ∈ B(w0, L

′) ∩ Λ′ such that for each t ∈ Λ and x ∈ B
there exists an integrable mapping yt;x : t + l′Ω → Y such that yt;x(u) ∈ ρ(F (u;x))
for a.e. u ∈ t + l′Ω and

sup
t∈Λ;x∈B

∥

∥

∥

∥

∫

t+l′Ω

[

F (τ + u;x) − yt;x(u)
]

du

∥

∥

∥

∥

< ϵ(l′)n.(3.9)

(ii) It is said that F (·; ·) is vectorially Weyl-(B,Λ′, ρ,Ω)-almost periodic if, for every
ϵ > 0 and B ∈ B, there exists a finite real number L′ > 0 such that for each t0 ∈ Λ′

there exists τ ∈ B(w0, L
′) ∩ Λ′ such that for each t ∈ Λ and x ∈ B there exists

an integrable mapping yt;x : t + l′Ω → Y such that yt;x(u) ∈ ρ(F (u;x)) for a.e.
u ∈ t + l′Ω and

lim sup
l′→+∞

sup
t∈Λ;x∈B



(l′)−n

∥

∥

∥

∥

∫

t+l′Ω

[

F (τ + u;x) − yt;x(u)
]

du

∥

∥

∥

∥



< ϵ.

We have the following result.

Proposition 3.1. (cf. also [16, pp. 23–24]) Suppose that m ∈ N, F : Λ × X → Y,
ρ = T ∈ L(Y ) and (WM1-1v) holds. If F (·; ·) is vectorially (equi-)Weyl-(B,Λ′, T,Ω)-
almost periodic, then F (·; ·) is vectorially (equi-)Weyl-(B,mΛ′, Tm,Ω)-almost periodic,

as well.

Proof. We examine the class of vectorially equi-Weyl-(B,Λ′, T,Ω)-almost periodic
functions, only. Let ϵ > 0 and B ∈ B be fixed. Then there exist two finite real
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numbers l′ > 0 and L′ > 0 such that for each w0 ∈ Λ′ there exists τ ∈ B(w0, L
′) ∩ Λ′

such that for each t ∈ Λ and x ∈ B we have that (3.9) holds with yt;x = TF (u;x) for
a.e. u ∈ t+ l′Ω. Let t ∈ Λ and x ∈ B be fixed, and let w0 ∈ Λ′ and τ ∈ B(w0, L

′)∩Λ′

be as above. Then, it is clear that sΛ′ + Λ ⊆ Λ, s ∈ N and

F (u +mτ ;x) − TmF (u;x) =
m−1
∑

j=0

T j


F (u + (m− j)τ ;x) − TF (u + (m− j − 1)τ ;x)


,

for any u ∈ t + l′Ω. This implies
∥

∥

∥

∥

∫

t+l′Ω

[

F (u +mτ ;x) − TmF (u;x)
]

du

∥

∥

∥

∥

×
m−1
∑

j=0

∥T∥j ·
∥

∥

∥

∥

∫

t+l′Ω

[

F (u + (m− j)τ ;x) − TmF (u + (m− j − 1)τ ;x)
]

du

∥

∥

∥

∥

=
m−1
∑

j=0

∥T∥j ·
∥

∥

∥

∥

∥

∫

t+(m−j−1)τ+l′Ω

[

F (u + τ ;x) − TmF (u;x)
]

du

∥

∥

∥

∥

∥

≤
m−1
∑

j=0

∥T∥jϵ.

The required conclusion follows from this estimate. □

We close this section by observing that Proposition 3.1 can be also formulated for
the corresponding classes of vectorially Stepanov almost periodic functions.

4. Invariance of Vectorial Stepanov Almost Periodicity and
Vectorial Weyl Almost Periodicity under the Actions of

Convolution Products

We open this section by clarifying the following result.

Proposition 4.1. Assume ν : R → (0,+∞), 1/v(·) is locally bounded and there exists

a Lebesgue measurable function ψ : R → (0,+∞) such that ν(x+ y) ≤ ψ(x)ν(y) for

all x, y ∈ R. Suppose further that f : R → X is a bounded, vectorially (Λ′, T,P)-
almost periodic function, resp. a bounded, vectorially (Λ′, T,P)-uniformly recurrent

function, where ρ = T ∈ L(X) and P = Cb,ν(R : X). If (R(t))t>0 is any strongly

continuous operator family in L(X) such that R(t)T = TR(t) for all t > 0 and
∫+∞

0 ∥R(r)∥ · (1 + ψ(r)) dr < +∞, then the function F : R → X, given by

F (t) :=
∫ t

−∞

R(t− s)f(s) ds, t ∈ R,(4.1)

is bounded, continuous and vectorially (Λ′, T,P)-almost periodic, resp. bounded, con-

tinuous and vectorially (Λ′, T,P)-uniformly recurrent.

Proof. Suppose that ϵ > 0. Then there exists l′ > 0 such that, for every w0 ∈ Λ′ there
exists τ ∈ [w0 − l′, w0 + l′] ∩ Λ′ such that

∥

∥

∥

∥


∫ 1

0
f(t+ τ + s) ds− T

∫ 1

0
f(t+ s) ds



· ν(t)
∥

∥

∥

∥

≤ ϵ, t ∈ R.(4.2)



1496 M. KOSTIĆ

Clearly, F (·) is well-defined, bounded and continuous and F (t) =
∫+∞

0 R(r)f(t− r) dr
for all t ∈ R. Furthermore, we can use (4.2), the Fubini theorem and the prescribed
assumptions to show that:

∥

∥

∥

∥


∫ 1

0
F (t+ τ + s) ds− T

∫ 1

0
F (t+ s) ds



· ν(t)
∥

∥

∥

∥

=
∥

∥

∥

∥


∫ 1

0

∫ +∞

0
R(r)f(t+ τ + s− r) dr ds− T

∫ 1

0

∫ +∞

0
R(r)f(t+ s− r) dr ds



· ν(t)
∥

∥

∥

∥

=
∥

∥

∥

∥


∫ 1

0

∫ +∞

0
R(r)

[

f(t+ τ + s− r) dr ds− Tf(t+ s− r)
]

dr ds



· ν(t)
∥

∥

∥

∥

=
∥

∥

∥

∥


∫ +∞

0
R(r)


∫ 1

0

[

f(t+ τ + s− r) dr ds− Tf(t+ s− r)
]

ds



dr · ν(t)

∥

∥

∥

∥

≤
∫ +∞

0
∥R(r)∥ ·

∥

∥

∥

∥

∫ 1

0

[

f(t+ τ + s− r) dr ds− Tf(t+ s− r)
]

ds

∥

∥

∥

∥

dr · ν(t)

≤
∫ +∞

0
∥R(r)∥ · ϵ

ν(t− r)
· ν(t) dr ≤ ϵ

∫ +∞

0
∥R(r)∥ψ(r) dr.

This simply implies the desired conclusion. □

The statement of [14, Proposition 2.6.11] cannot be reconsidered for the vectorial
Stepanov almost periodicity. Concerning the vectorial Weyl almost periodicity, we
will clarify the following result; cf. also the proof of [14, Proposition 2.11.1 (i)].

Proposition 4.2. Suppose that (R(t))t>0 ⊆ L(X) is a strongly continuous operator

family satisfying that
∫+∞

0 ∥R(s)∥ ds < +∞, T ∈ L(X) and R(t)T = TR(t) for all

t > 0. If f : R → X is bounded and vectorially (equi-)Weyl-(Λ′, T,P)-almost periodic,

where P = Cb(R : X), then the function F (·), given by (4.1), is bounded, continuous

and vectorially (equi-)Weyl-(Λ′, T,P)-almost periodic.

The statement of [14, Theorem 2.11.4] cannot be reconsidered for the vectorial Weyl
almost periodicity, unfortunately. Let us finally note that we can employ different
pivot spaces X and Y in the formulations of Proposition 4.1 and Proposition 4.2,
provided that T = cI, where c ∈ C \ ¶0♢.

5. Conclusions and Final Remarks

In this research article, we have introduced and analyzed several new classes of
vectorial Stepanov-p-almost periodic type functions and vectorial (equi)-Weyl-p-almost
periodic type functions, where p > 0. In contrast with the usual research studies of
generalized almost periodic functions, we have used the vector-valued integration in our
approach. We have also analyzed Σ-almost periodic type functions and the invariance
of vectorial Stepanov almost periodicity and vectorial Weyl almost periodicity under
the actions of convolution products.

The notion introduced in Definition 2.4 (ii) can be extended in the following way (the
metrical generalizations of this definition can be also introduced; see [16, Section 4.2]
for more details).
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Definition 5.1. Suppose that (SM1-1v) holds, p > 0, ρ is a binary relation on
Y, F : Λ × X → Y and R(F ) ⊆ D(ρ). The function F (·; ·) is said to be vectorially
Stepanov (B,Λ′, ρ, p)-almost periodic if for each x ∈ X the mapping F (·;x) is p-locally
integrable as well as, for every ϵ > 0 and B ∈ B, there exists l′ > 0 such that for each
w0 ∈ Λ there exists a point τ ∈ B(w0, l

′)∩Λ′ such that for each t ∈ Λ and x ∈ B there
exists a p-locally integrable function yt;x(·) on Ω such that yt;x(u) ∈ ρ(F (t + u;x))
for a.e. u ∈ Ω and

∣

∣

∣

∣

∫

Ω

[

F (t + τ + u;x) − yt;x(u)
]p
du

∣

∣

∣

∣

≤ ϵp, t ∈ Λ, x ∈ B.

The notion of a vectorially Stepanov (B,Λ′, ρ, p)-uniformly recurrent function can
be similarly introduced in the scalar-valued setting. Let us finally note that we
can also consider the class of scalar-valued vectorially (equi-)Weyl-p-almost periodic
functions and the class of scalar-valued vectorially (equi-)Weyl-(B,Λ′, ρ, p)-almost
periodic functions following our approaches from Definition 3.1 and Definition 3.2 as
well as many other classes of generalized vectorially almost periodic functions. More
details will appear somewhere else.
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BI-UNIVALENT FUNCTIONS CLASSES DEFINED BY POISSON

DISTRIBUTION SERIES

G. E. ABO ELYAZYD1, P. AGARWAL2,3,4,5, A. I. ELMAHDY1, H. E. DARWISH1, AND S. JAIN6

Abstract. By using Poisson distribution series we introduce and derive different
subclasses of regular and bi-univalent functions in the open unit disk. We then present
special estimates for the Taylor coefficient inequalities ♣a2♣ and ♣a3♣ of functions
belonging to this new subclass. In addition, several consequences of our results
are pointed out which are new and have not yet been discussed in association with
bounded boundary rotation.

1. Introduction

By ρ we denote the class of functions Im(ς) in the open unit disk O = ¶ς : ♣ς♣ < 1♢
and normalized by the conditions Im(0) = 0 and Im′(0) = 1. Each Im ∈ ρ has the
form

Im(ς) = ς +
+∞
∑

r=2

xrς
r, ς ∈ O.(1.1)

Indicate by S the class of all univalent functions in O.
Some of the important and well-investigated subclasses of the univalent function

class J include the class J∗(τ) of starlike functions of order τ in O and the class k(τ) of
convex functions of order τ , 0 ≤ τ < 1, in O.

It is well known that every function Im ∈ J has an inverse Im−1 defined by

Im−1(Im(ς)) = ς, ς ∈ O,

Key words and phrases. Analytic and univalent functions, bi-univalent functions, bi-starlike and
bi-convex functions, Poisson distribution series.
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and

Im−1(Im(ϱ)) = ϱ, ♣ϱ♣ < n0(Im), n0(Im) ≥ 1/4,

where

Im−1(ϱ) = G(ϱ) = ϱ− a2ϱ
2 + (2x2

2 − x3)ϱ
3 − (5x3

2 − 5x2x3 + x4)ϱ
4 + · · · .(1.2)

A function Im(ς) ∈ ρ is said to be bi-univalent in O if both Im(ς) and Im−1(ς) are
univalent in O. Indicated by H, the class of bi-univalent functions in O is given by
(1.1).

Brannan and Taha [1] present bi-starlike functions of order τ , 0 ≤ τ < 1, indicated
by J∗

H(τ) and bi-convex functions of order τ indicated by KH(τ).
Srivastava et al. [14], Xu et al. [16,17], Frasin and Aouf [3] and Hayami and Owa

[5] defined more interesting examples of bi-univalent function in the class H (also
[2, 3, 15] and [17]).

A regular function Im(ς) is subordinate to an analytic function G(ς), written Im(ς) ≺
G(ς), provided there is an analytic function ϱ defined on O with ϱ(0) = 0 and ♣ϱ(ς)♣ <
1 satisfying Im(ς) = G(ϱ(ς)). Ma and Minda [6] unified various subclasses of starlike

and convex functions for which either of the quantity ςIm′(ς)
Im(ς)

or 1+ ςIm
′′

(ς)
Im′(ς)

is subordinate

to a more general superordinate function. For this purpose, they considered an analytic
function ϕ with positive real part in the unit disk O, ϕ(0) = 1, ϕ′(0) > 0, and ϕ maps
O onto a region starlike with respect to 1 and symmetric with respect to the real axis.
The class of Ma-Minda starlike-functions consists of functions Im(ς) ∈ ρ satisfying

the subordination ςIm′(ς)
Im(ς)

≺ ϕ(ς). Similarly, the class of Ma-Minda convex functions of

functions Im(ς) ∈ ρ satisfying the subordination 1 + ςIm
′′

(ς)
Im′(ς)

≺ ϕ(ς).

A function Im(ς) is bi-starlike of Ma-Minda type or bi-convex of Ma-Minda type
if both Im(ς) and Im−1(ς) are respectively Ma-Minda starlike or convex. These
classes are denoted respectively by J∗

H(ϕ) and KH(ϕ). In the sequel, it is assumed
that is an analytic function with positive real part in the unit disk O, satisfying
ϕ(0) = 1, ϕ′(0) > 0 and ϕ(O) is symmetric with respect to the real axis. Such a
function has a series expansion of the form

ϕ(ς) = 1 + V1ς + V2ς
2 + V3ς

3 + · · · , V1 > 0.(1.3)

A parameter σ is called Poisson distributed taken the values 0, 1, 2, 3, . . ., with e−µ,
µ e−µ

1!
, µ2 e−µ

2!
, µ3 e−µ

3!
, . . ., respectively, probabilities, where µ is called the parameter.

Thus,

P(σ = n) = µr e
−µ

i!
, i = 0, 1, 2, 3, . . .(1.4)

Lately, in [10] ([7, 8]) Porwal presented

K(µ, ς) = ς +
+∞
∑

r=2

µr−1

(r − 1)!
e−µςr, z ∈ O,(1.5)
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the coefficients of this power series are probabilities of Poisson distribution, where
µ > 0.

In [10], Porwal also defined series

g(µ, ς) = 2ς − K(µ, ς) = ς −
+∞
∑

r=2

µr−1

(r − 1)!
e−µςr, ς ∈ O.(1.6)

Using the convolution, in [11] Porwal and Kumar introduced a linear operator ϖµ :
χ → χ defined by

ϖµIm(ς) = K(µ, ς) ∗ Im(ς) = ς +
+∞
∑

r=2

µr−1

(r − 1)!
e−µ

r xrς
r, ς ∈ O.(1.7)

In [4] Goodman defined uniformly convex UCV functions so that its regular charac-
terization is ϕ ∈ UCV if and only if

Re

{

1 +
ςϕ′′(ς)

ϕ′(ς)

}

≥ Re
ζϕ′′(ς)

ϕ′(ς)
, (ς, ζ) ∈ O × O.

Ronning [12] defined the class SP consisting of functions ψ(ς) = ςϕ′(ς), so ϕ ∈ UCV. By
choosing ζ = eiγς in suitable way, Rosy et al. [13] wrote the regular description of
SP as ψ ∈ UCV if and only if

Re

{

ςψ′(ς)

ψ(ς)
+ eiγ



ςψ′(ς)

ψ(ς)
− 1

}

≥ 0,

or equivalently SP is the subclass of ρ consisting of functions described in (1.1) satis-
fying

Re

{

(1 + eiγ)
ςIm′(ς)

Im(ς)
− eiγ

}

≥ 0.

2. Preparation

Definition 2.1. A function Im(ς) ∈ H described in (1.1) is said to belong to class
S

µ
λ(ϕ, ς) if it satisfies

(1 + βeiγ)

{

(1 − λ)
ς(ϖµIm(ς))′

ϖµIm(ς)
+ λ



1 +
ς(ϖµIm(ς))′′

(ϖµIm(ς))′

}

− βeiγ ≺ ϕ(ς),(2.1)

where β ≥ 0, 0 ≤ λ ≤ 1, −π ≤ γ < π, µ > 0 and ς ∈ O, and

(1 + βeiγ)

{

(1 − λ)
ϱ(ϖµIm(ϱ))′

ϖµIm(ϱ)
+ λ



1 +
ϱ(ϖµIm(ϱ))′′

(ϖµIm(ϱ))′

}

− βeiγ ≺ ϕ(ϱ),(2.2)

where β ≥ 0, 0 ≤ λ ≤ 1, −π ≤ γ < π, µ > 0 and ϱ ∈ O.

Definition 2.2. A function Im(ς) ∈ H, as described in (1.1), is said to belong to the
class K

µ
λ(ϕ, ς) if it satisfies

(1 + βeiγ)

{

(1 − λ)
ϖµIm(ς)

ς
+ λ(ϖµIm(ς))′

}

− βeiγ ≺ ϕ(ς),(2.3)
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where β ≥ 0, 0 ≤ λ ≤ 1, −π ≤ γ < π, µ > 0 and ς ∈ O, and

(1 + βeiγ)

{

(1 − λ)
ϖµIm(ϱ)

ϱ
+ λ(ϖµIm(ϱ))′

}

− βeiγ ≺ ϕ(ϱ),(2.4)

where β ≥ 0, 0 ≤ λ ≤ 1, −π ≤ γ < π, µ > 0 and ϱ ∈ O.

By specializing the parameter λ in Definitions 2.1 and 2.2, we obtain the following
subfamilies.

Remark 2.1. A function Im(ς) ∈ H described in (1.1) and for λ = 0, we note that
S

µ
λ(ϕ, ς) ≡ Sµ(ϕ, ς) in Definition 2.1, satisfies the following conditions

(1 + βeiγ)

{

ς(ϖµIm(ς))′

ϖµIm(ς)

}

− βeiγ ≺ ϕ(ς)

and

(1 + βeiγ)

{

ϱ(ϖµIm(ϱ))′

ϖµIm(ϱ)

}

− βeiγ ≺ ϕ(ϱ).

Remark 2.2. A function Im(ς) ∈ H given by (1.1) and for λ = 1, we note that
S

µ
λ(ϕ, ς) ≡ S

µ
1(ϕ, ς) in Definition 2.1, satisfies the following conditions

(1 + βeiγ)



1 +
ς(ϖµIm(ς))′′

(ϖµIm(ς))′

]

− βeiγ ≺ ϕ(ς)

and

(1 + βeiγ)



1 +
ϱ(ϖµIm(ϱ))′′

(ϖµIm(ϱ))′

]

− βeiγ ≺ ϕ(ϱ).

Remark 2.3. A function Im(ς) ∈ H given by (1.1) and for λ = 0, we note that
K

µ
λ(ϕ, ς) ≡ Kµ(ϕ, ς) in Definition 2.2, satisfies the following conditions

(1 + βeiγ)

{

ϖµIm(ς)

ς

}

− βeiγ ≺ ϕ(ς)

and

(1 + βeiγ)

{

ϖµIm(ϱ)

ϱ

}

− βeiγ ≺ ϕ(ϱ).

Remark 2.4. A function Im(ς) ∈ H given by (1.1) and for λ = 1, we note that
K

µ
λ(ϕ, ς) ≡ K

µ
1(ϕ, ς) in Definition 2.2, satisfies the following conditions

(1 + βeiγ)(ϖµIm(ς))′ − βeiγ ≺ ϕ(ς)

and

(1 + βeiγ)(ϖµIm(ϱ))′ − βeiγ ≺ ϕ(ϱ).
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3. Coefficient Estimates for S
µ
λ(ϕ, ς) and K

µ
λ(ϕ, ς)

Before starting and proving our main results, we need the following lemma for
deriving our main results.

Lemma 3.1 ([9]). If h ∈ P, then ♣ck♣ ≤ 2 for each k, where P is the family of all

functions h analytic in O for which R(h(ς)) > 0 and

h(z) = 1 + c1ς + c2ς
2 + · · · , for ς ∈ O.

Define the functions s(ς) and t(ς) by

s(ς) =
1 + u(ς)

1 − u(ς)
= 1 + s1ς + s2ς

2 + · · ·

and

t(ς) =
1 + υ(ς)

1 − υ(ς)
= 1 + t1ς + t2ς

2 + · · · .

It follows that

u(ς) : =
s(ς) − 1

s(ς) + 1
=

1

2



s1ς +



s2 − s2
1

2



ς2 + · · ·
]

and

υ(ς) : =
t(ς) − 1

t(ς) + 1
=

1

2



t1ς +



t2 − t21

2



ς2 + · · ·
]

.

Then, s(ς) and t(ς) are analytic in O with s(0) = t(0) = 1.

Since u, υ : O → O, the functions s(ς) and t(ς) have a positive real part in O, and

♣si♣ ≤ 2 and ♣ti♣ ≤ 2 for each i.

Now, we will obtain the coefficient estimates for the class S
µ
λ(ϕ, ς) in Theorem 3.1

and the class K
µ
λ(ϕ, ς) in Theorem 3.2.

Theorem 3.1. If Im(ς) belongs to S
µ
λ(ϕ, ς) and has the series representation described

in (1.1), then

♣x2♣≤
V1

√
V1

µ
√

(1 + βeiγ)e−µ ¶[(1 + 2λ)−(1 + 3λ)e−µ]V 2
1 + (V1−V2)(1 + βeiγ)(1 + λ)2e−µ♢

(3.1)

and

♣x3♣ ≤ V1

(1 + βeiγ)(1 + 2λ)µ2e−µ
+

V 2
1

(1 + βeiγ)2(1 + λ)2µ2e−2m
.(3.2)

Proof. From (2.1) and (2.2) we can get

(1 + βeiγ)

{

(1 − λ)
ς(ϖµIm(ς))′

ϖµIm(ς)
+ λ



1 +
ς(ϖµIm(ς))′′

(ϖµIm(ς))′

]}

− βeiγ = ϕ(u(ς))(3.3)
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and

(1 + βeiγ)

{

(1 − λ)
ϱ(ϖµIm(ϱ))′

ϖµIm(ϱ)
+ λ



1 +
ϱ(ϖµIm(ϱ))′′

(ϖµIm(ϱ))′

]}

− βeiγ = ϕ(υ(ϱ)),(3.4)

where s(ς), t(ς) ∈ P and

ϕ(u(ς)) = ϕ



1

2



s1ς +



s2 − s2
1

2



ς2 + · · ·
]

and

ϕ(υ(ϱ)) = ϕ



1

2



t1ϱ+



t2 − t21

2



ϱ2 + · · ·
]

.

Now, from (3.3) and (3.4), we get

(1 + βeiγ)(1 + λ)µe−µ
2 x2 =

1

2
V1s1,(3.5)

(1 + βeiγ)(1 + 2λ)µ2e−µx3 − (1 + βeiγ)(1 + 3λ)µ2e−2µx2
2

=
1

2
V1



s2 − s2
1

2



+
1

4
V 2

2 s1,(3.6)

− (1 + βeiγ)(1 + λ)µe−µx2 =
1

2
V1t1(3.7)

and

(1 + βeiγ)(1 + 2λ)µ2e−µ(2x2
2 − x3) − (1 + βeiγ)(1 + 3λ)µ2e−2µx2

2

=
1

2
V1



t2 − t21

2



+
1

4
V 2

2 t1.(3.8)

From (3.5) and (3.7), we get

s1 = −t1(3.9)

and

8(1 + βeiγ)2(1 + λ)2µ2e−2µx2
2 = V 2

1 (s2
1 + t21).(3.10)

Now, from (3.6), (3.8) and (3.10), we obtain

4(1 + βeiγ)µ2e−µ
{[

(1 + 2λ) − (1 + 3λ)e−µ
]

V 2
1

+(V1 − V2)(1 + βeiγ)(1 + λ)2e−µ
}

x2
2 = V 3

1 (s2 + t2).(3.11)

By using Lemma 3.1 to the coefficients s2 and t2, we have

♣x2♣≤
V1

√
V1

µ
√

(1 + βeiγ)e−µ¶[(1 + 2λ)−(1 + 3λ)e−µ]V 2
1 +(V1−V2)(1 + βeiγ)(1 + λ)2e−µ♢

.

To find ♣x3♣, we subtract (3.6) from (3.8) and using (3.9), we have

2(1 + βeiγ)(1 + 2λ)µ2e−µ(x3 − x2
2) =

1

2
V1(s2 − t2).
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Upon substituting the value of x2
2 from (3.10), we get

x3 =
V1(s2 − t2)

4(1 + βeiγ)(1 + 2λ)µ2e−µ
+

V 2
1 (s2

1 + t21)

8(1 + βeiγ)2(1 + λ)2µ2e−2µ
.

By using Lemma 3.1 once again to the coefficients s1, s2, t1 and t2, we get

♣x3♣ ≤ V1

(1 + βeiγ)(1 + 2λ)µ2e−µ
+

V 2
1

(1 + βeiγ)2(1 + λ)2µ2e−2µ
,

we obtain the estimate given by (3.2). □

Theorem 3.2. If Im(ς) belongs to K
µ
λ(ϕ, ς) and has the series representation described

in (1.1), then

♣x2♣ ≤ V1

√
V1

√

2µ(1 + βeiγ)e−µ ¶(2λ+ 1)V 2
1 + 2µ(V1 − V2)(1 + βeiγ)(λ+ 1)2e−µ♢

(3.12)

and

♣x3♣ ≤ 2V1

µ(1 + βeiγ)(2λ+ 1)e−µ
+

V 2
1

µ2(1 + βeiγ)2(λ+ 1)2e−2µ
.(3.13)

Proof. From (2.3) and (2.4), we have

(1 + βeiγ)

{

(1 − λ)
ϖµIm(ς)

ς
+ λϖµIm(ς))′

}

− βeiγ = ϕ(u(ς))(3.14)

and

(1 + βeiγ)

{

(1 − λ)
ϖµIm(ϱ)

ϱ
+ λ(ϖµIm(ϱ))′

}

− βeiγ = ϕ(v(ϱ)),(3.15)

where s(ς), t(ς) ∈ P and

ϕ(u(ς)) = ϕ



1

2



s1ς +



s2 − s2
1

2



ς2 + · · ·
]

and

ϕ(υ(ϱ)) = ϕ



1

2



t1ϱ+



t2 − t21

2



ϱ2 + · · ·
]

.

From (3.14) and (3.15), we get

(1 + βeiγ)(λ+ 1)µe−µx2 =
1

2
V1s1,(3.16)

µ(1 + βeiγ)(2λ+ 1)e−µx3 = V1s2 +


V2 − V1

2



s2
1,(3.17)

− (1 + βeiγ)(λ+ 1)µe−µx2 =
1

2
V1t1(3.18)

and

µ(1 + βeiγ)(2λ+ 1)e−µ(2x2
2 − x3) = V1t2 +



V2 − V1

2



t21.(3.19)
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From (3.16) and (3.18), we get

s1 = −t1(3.20)

and

8(1 + βeiγ)2(λ+ 1)2µ2e−2µx2
2 = V 2

1 (s2
1 + t21).(3.21)

Now, from (3.17), (3.19) and (3.11), we obtain

2(1 + βeiγ)µe−µ
{

(2λ+ 1)V 2
1 + 2µ(V1 − V2)(1 + βeiγ) (λ+ 1)2e−µ

}

x2
2

=V 3
1 (s2 + t2).(3.22)

By using Lemma 3.1 to the coefficients s2 and t2, we have

♣x2♣ ≤ V1

√
V1

√

2µ(1 + βeiγ)e−µ ¶(2λ+ 1)V 2
1 + 2µ(V1 − V2)(1 + βeiγ)(λ+ 1)2e−µ♢

.

To find ♣x3♣, we subtract (3.17) from (3.19) and using (3.20), we have

2µ(1 + βeiγ)(2λ+ 1)e−µ(x3 − x2
2) =

1

2
V1(s2 − t2).

Upon replacing the value of x2
2 from (3.21), we get

x3 =
V1(s2 − t2)

2µ(1 + βeiγ)(2λ+ 1)e−µ
+

V 2
1 (s2

1 + t21)

8µ2(1 + βeiγ)2(λ+ 1)2e−2µ
.

By using Lemma 3.1 once again to the coefficients s1, s2, t1 and t2, we have

♣x3♣ ≤ 2V1

µ(1 + βeiγ)(2λ+ 1)e−µ
+

V 2
1

µ2(1 + βeiγ)2(λ+ 1)2e−2µ
,

we obtain the estimate given by (3.13). □

By specializing the parameter λ = 0 in Theorems 3.1 and 3.2, we get the coefficients
for the functions in Sµ(ϕ, ς) and Kµ(ϕ, ς) defined in Remark 2.1 and Remark 2.3.

Corollary 3.1. If Im(ς) belongs to the class Sµ(ϕ, ς) and has the series representation

described in (1.1), then

♣x2♣ ≤ V1

√
V1

µ
√

(1 + βeiγ)e−µ ¶(1 − e−µ)V 2
1 + (V1 − V2)(1 + βeiγ)e−µ♢

and

♣x3♣ ≤ V1

(1 + βeiγ)µ2e−µ
+

V 2
1

(1 + βeiγ)2µ2e−2µ
.
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Corollary 3.2. If Im(ς) belongs to the class Kµ(ϕ, ς) and has the series representation

described in (1.1), then

♣x2♣ ≤ V1

√
V1

√

2µ(1 + βeiγ)e−µ ¶V 2
1 + 2µ(V1 − V2)(1 + βeiγ)e−µ♢

and

♣x3♣ ≤ 2V1

µ(1 + βeiγ)e−µ
+

V 2
1

µ2(1 + βeiγ)2e−2µ
.

Putting λ = 1 in Theorems 3.1 and 3.2, the coefficient estimates for the functions
in S

µ
1(ϕ, ς) and K

µ
1(ϕ, ς) was defined in Remark 2.2 and 2.4.

Corollary 3.3. If Im(ς) belongs to the class S
µ
1 (ϕ, ς) and has the series representation

described in (1.1), then

♣x2♣ ≤ V1

√
V1

µ
√

(1 + βeiγ)e−µ ¶(3 − 4e−µ)V 2
1 + 4(V1 − V2)(1 + βeiγ)e−µ♢

and

♣x3♣ ≤ V1

3(1 + βeiγ)µ2e−µ
+

V 2
1

4(1 + βeiγ)2µ2e−2µ
.

Corollary 3.4. Let Im(ς) given by (1.1) be in the class K
µ
1(ϕ, ς). Then,

♣x2♣ ≤ V1

√
V1

√

2µ(1 + βeiγ)e−µ ¶3V 2
1 + 8µ(V1 − V2)(1 + βeiγ)e−µ♢

and

♣x3♣ ≤ 2V1

3µ(1 + βeiγ)e−µ
+

V 2
1

4µ2(1 + βeiγ)2e−2µ
.

4. Corollaries and Consequences

For the function ϕ, given by

ϕ(ς) =


1 + ς

1 − ς

α

= 1 + 2ας + 2α2ς2 + · · · , 0 < α ≤ 1,(4.1)

we have V1 = 2α and V2 = 2α2.
On the other hand if we take

ϕ(ς) =
1 + (1 − 2ζ)ς

1 − ς
= 1 + 2(1 − ζ)ς + 2(1 − ζ)ς2 + · · · , 0 ≤ ζ < 1,(4.2)

then V1 = V2 = 2(1 − ζ).
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Corollary 4.1. By using ϕ(ς) of the form (4.1) for functions Im(ς) ∈ S
µ
λ(ϕ, ς) as

given by Theorem 3.1, we state the following results:

♣x2♣≤
2α

µ
√

(1 + βeiγ)e−µ ¶2α [(1 + 2λ) − (1 + 3λ)e−µ] + (1 − α)(1 + βeiγ)(1 + λ)2e−µ♢

and

♣x3♣ ≤ 2α

(1 + βeiγ)(1 + 2λ)µ2e−µ
+

4α2

(1 + βeiγ)2(1 + λ)2µ2e−2µ
.

Corollary 4.2. By choosing ϕ(ς) of the form (4.1) for functions Im(ς) ∈ K
µ
λ(ϕ, ς)

as given by Theorem 3.2, we state the following results:

♣x2♣ ≤ 2α
√

2µ(1 + βeiγ)e−µ ¶2α(2λ+ 1) + 2(1 − α)µ(1 + βeiγ)(λ+ 1)2e−µ♢

and

♣x3♣ ≤ 4α

µ(1 + βeiγ)(2λ+ 1)e−µ
+

4α2

µ2(1 + βeiγ)2(λ+ 1)2e−2µ
.

Remark 4.1. From Corollary 4.1, taken λ = 0, we can get

♣x2♣ ≤ 2α

µ
√

(1 + βeiγ)e−µ ¶2α(1 − e−µ) + (1 − α)(1 + βeiγ)e−µ♢

and

♣x3♣ ≤ 2α

(1 + βeiγ)µ2e−µ
+

4α2

(1 + βeiγ)2µ2e−2µ
.

Remark 4.2. From Corollary 4.2, taken λ = 0, we obtain the following results:

♣x2♣ ≤ 2α
√

2µ(1 + βeiγ)e−µ ¶2α+ 2(1 − α)µ(1 + βeiγ)e−µ♢

and

♣x3♣ ≤ 4α

µ(1 + βeiγ)e−µ
+

4α2

µ2(1 + βeiγ)2e−2µ
.

Remark 4.3. From Corollary 4.1, taken λ = 1, we obtain the following results:

♣x2♣ ≤ 2α

µ
√

(1 + βeiγ)e−µ ¶2α (3 − 4e−µ) + 4(1 − α)(1 + βeiγ)e−µ♢

and

♣x3♣ ≤ 2α

3(1 + βeiγ)µ2e−µ
+

α2

(1 + βeiγ)2µ2e−2µ
.
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Remark 4.4. From Corollary 4.2, taken λ = 1, we obtain the following results:

♣x2♣ ≤ α
√

µ(1 + βeiγ)e−µ ¶3α+ 4µ(1 − α)(1 + βeiγ)e−µ♢
and

♣x3♣ ≤ 4α

3µ(1 + βeiγ)e−µ
+

α2

µ2(1 + βeiγ)2e−2µ
.

Corollary 4.3. By using ϕ(ς) of the form (4.2) for functions Im(ς) ∈ S
µ
λ(ϕ, ς) as

given by Theorem 3.1, we acquire the results:

♣x2♣ ≤ 1

µ

√

√

√

√

2(1 − ζ)

(1 + βeiγ)e−µ [(1 + 2λ) − (1 + 3λ)e−µ]

and

♣x3♣ ≤ 2(1 − ζ)

(1 + βeiγ)(1 + 2λ)µ2e−µ
+

4(1 − ζ)2

(1 + βeiγ)2(1 + λ)2µ2e−2µ
.

Corollary 4.4. By using ϕ(ς) of the form (4.2) for functions Im(ς) ∈ K
µ
λ(ϕ, ς) as

given by Theorem 3.2, we acquire the following results:

♣x2♣ ≤
√

√

√

√

2(1 − ζ)

2µ(1 + βeiγ)e−µ(2λ+ 1)

and

♣x3♣ ≤ 4(1 − ζ)

µ(1 + βeiγ)(2λ+ 1)e−µ
+

4(1 − ζ)2

µ2(1 + βeiγ)2(λ+ 1)2e−2µ
.

Remark 4.5. From Corollary 4.3, taken λ = 0, we obtain the following results:

♣x2♣ ≤ 1

µ

√

√

√

√

2(1 − ζ)

(1 + βeiγ)e−µ (1 − e−µ)

and

♣x3♣ ≤ 2(1 − ζ)

(1 + βeiγ)µ2e−µ
+

4(1 − ζ)2

(1 + βeiγ)2µ2e−2µ
.

Remark 4.6. From Corollary 4.4, taken λ = 0, we obtain the results:

♣x2♣ ≤
√

√

√

√

2(1 − ζ)

2µ2(1 + βeiγ)e−µ2

and

♣x3♣ ≤ 4(1 − ζ)

µ(1 + βeiγ)e−µ
+

4(1 − ζ)2

µ2(1 + βeiγ)2e−2µ
.
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Remark 4.7. From Corollary 4.3, taken λ = 1, we acquire the following results:

♣x2♣ ≤ 1

µ

√

√

√

√

2(1 − ζ)

(1 + βeiγ)e−µ (3 − 4e−µ)

and

♣x3♣ ≤ 2(1 − ζ)

3(1 + βeiγ)µ2e−µ
+

(1 − ζ)2

(1 + βeiγ)2µ2e−2µ
.

Remark 4.8. From Corollary (4.4), taken λ = 1, we obtain the following results:

♣x2♣ ≤
√

√

√

√

2(1 − ζ)

6µ(1 + βeiγ)e−µ

and

♣x3♣ ≤ 4(1 − ζ)

3µ(1 + βeiγ)e−µ
+

(1 − ζ)2

µ2(1 + βeiγ)2e−2µ
.

Notation

There are many applications of Poisson distribution such as a space-time spectral
order since collocation method for the fourth-order nonlocal heat model arising in vis-
coelasticity, a high-order and efficient numerical technique for reactors, a robust error
analysis of the OSC method for multi-term fourth-order sub-diffusion equation, an ef-
ficient ADI difference scheme for the nonlocal evolution problem in three-dimensional
space.

Conclusion

We successfully used the Poisson distribution series to introduce and derive different
subclasses of regular and bi-univalent functions in the open unit disk in part two. In
part three we present special estimates for the Taylor coefficients’ inequalities ♣a2♣
and ♣a3♣ of the functions belonging to the new two classes Sµ

λ(ϕ, ς) and K
µ
λ(ϕ, ς). Also,

in part four we investigated certain corollaries and consequences of the results by
choosing V 2081 = 23b1, V 2082 = 23b1, V 2081 = V 2082 = 2(1 − ζ). The results
presented in this paper have been beneficial supplement for the research of geometric
function theory of complex analysis.

Acknowledgements. The authors would like to thank the anonymous referee for
the useful suggestions and improvements.
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A SURVEY ON STRONGLY REGULAR GRAPHS WITH m2 = qm3

AND m3 = qm2

MIRKO LEPOVIĆ

Abstract. We say that a regular graph G of order n and degree r ≥ 1 (which is
not the complete graph) is strongly regular if there exist non-negative integers τ and
θ such that ♣Si ∩ Sj ♣ = τ for any two adjacent vertices i and j, and ♣Si ∩ Sj ♣ = θ for
any two distinct non-adjacent vertices i and j, where Sk denotes the neighborhood
of the vertex k. Let λ1 = r, λ2 and λ3 be the distinct eigenvalues of a connected
strongly regular graph. Let m1 = 1, m2 and m3 denote the multiplicity of r, λ2 and
λ3, respectively. We here survey results related to the parameters n, r, τ and θ for
strongly regular graphs with m2 = qm3 and m3 = qm2 for q = 2, 3, . . . , 12.

1. Introduction

Let G be a simple graph of order n with vertex set V (G) = ¶1, 2, . . . , n♢. The
spectrum of G consists of the eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn of its (0,1) adjacency
matrix A and is denoted by σ(G). We say that a regular graph G of order n and degree
r ≥ 1 (which is not the complete graph Kn) is strongly regular if there exist non-
negative integers τ and θ such that ♣Si ∩ Sj♣ = τ for any two adjacent vertices i and j,
and ♣Si ∩ Sj♣ = θ for any two distinct non-adjacent vertices i and j, where Sk ⊆ V (G)
denotes the neighborhood of the vertex k. We know that a regular connected graph G

is strongly regular if and only if it has exactly three distinct eigenvalues [1] (see also
[3]). Let λ1 = r, λ2 and λ3 denote the distinct eigenvalues of a connected strongly
regular graph G. Let m1 = 1, m2 and m3 denote the multiplicity of r, λ2 and λ3.
Further, let r = (n − 1) − r, λ2 = −λ3 − 1 and λ3 = −λ2 − 1 denote the distinct

Key words and phrases. Strongly regular graph, conference graph, integral graph.
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eigenvalues of the strongly regular graph G, where G denotes the complement of G.
Then τ = n − 2r − 2 + θ and θ = n − 2r + τ , where τ = τ(G) and θ = θ(G).

Remark 1.1. (i) If G is a disconnected strongly regular graph of degree r, then
G = mKr+1, where mH denotes the m-fold union of the graph H.

(ii) G is a disconnected strongly regular graph if and only if θ = 0.

Remark 1.2. (i) A strongly regular graph G of order n = 4k + 1 and degree r = 2k

with τ = k − 1 and θ = k is called a conference graph.
(ii) A strongly regular graph is a conference graph if and only if m2 = m3.
(iii) If m2 ̸= m3, then G is an integral graph.

Note. We say that a connected or disconnected graph G is integral if its spectrum
σ(G) consists only of integral values.

We have recently started to investigate strongly regular graphs with m2 = qm3 and
m3 = qm2, where q is a positive integer [4]. In the same work we have described the
parameters n, r, τ and θ for strongly regular graphs with m2 = qm3 and m3 = qm2

for q = 2, 3, 4. In particular, we have described in [5], [6] and [7] the parameters n, r,
τ and θ for strongly regular graphs with m2 = qm3 and m3 = qm2 for q = 5, 6, . . . , 12.
We here survey results related to the parameters of strongly regular graphs with
m2 = qm3 and m3 = qm2 for q = 2, 3, . . . , 12, as follows.

Proposition 1.1 ([2]). Let G be a connected or disconnected strongly regular graph

of order n and degree r. Then,

(1.1) r2 − (τ − θ + 1)r − (n − 1)θ = 0.

Proposition 1.2 ([2]). Let G be a connected strongly regular graph of order n and

degree r. Then,

(1.2) 2r + (τ − θ)(m2 + m3) + δ(m2 − m3) = 0,

where δ = λ2 − λ3.

Remark 1.3 ([4]). Using the same procedure applied in [4] we can establish the pa-
rameters n, r, τ and θ for strongly regular graphs with m2 = qm3 and m3 = qm2 for
any fixed value q ∈ N, as follows. First, let m3 = p, m2 = qp and n = (q + 1)p + 1,
where q ∈ N. Using (1.2) we obtain r = p(♣λ3♣ − qλ2). Let ♣λ3♣ − qλ2 = t where
t = 1, 2, . . . , q. Let λ2 = k where k is a positive integer. Then, (i) λ3 = − (qk + t); (ii)
τ − θ = − ((q − 1)k + t); (iii) δ = (q + 1)k + t; (iv) r = pt and (v) θ = pt − qk2 − kt.
Using (ii), (iv) and (v) we can easily see that (1.1) is reduced to

(1.3) (p + 1)t2 −


(q + 1)p + 1


t + q(q + 1)k2 + 2qkt = 0.

Second, let m2 = p, m3 = qp and n = (q +1)p+1, where q ∈ N. Using (1.2) we obtain
r = p(q♣λ3♣ − λ2). Let q♣λ3♣ − λ2 = t, where t = 1, 2, . . . , q. Let λ3 = − k, where k is a
positive integer. Then, (i) λ2 = qk − t; (ii) τ − θ = (q − 1)k − t; (iii) δ = (q + 1)k − t;
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(iv) r = pt and (v) θ = pt − qk2 + kt. Using (ii), (iv) and (v) we can easily see that
(1.1) is reduced to

(1.4) (p + 1)t2 −


(q + 1)p + 1


t + q(q + 1)k2 − 2qkt = 0.

Using (1.3) and (1.4) we can obtain for t = 1, 2, . . . , q the corresponding classes of
strongly regular graphs with m2 = qm3 and m3 = qm2, respectively.

2. Main Results

Remark 2.1. Since m2(G) = m3(G) and m3(G) = m2(G) we note that if m2(G) =
qm3(G), then m3(G) = qm2(G).

Remark 2.2. In Theorems 2.1, 2.2, . . . , 2.11 the complements of strongly regular

graphs appear in pairs in (k0) and (k
0
) classes, where k denotes the corresponding

number of a class.

Remark 2.3. αKβ is a strongly regular graph of order n = αβ and degree r = (α−1)β
with τ = (α − 2)β and θ = (α − 1)β. Its eigenvalues are λ2 = 0 and λ3 = −β with
m2 = α(β − 1) and m3 = α − 1.

In order to demonstrate a method which is applied to describe the parameters n, r,
τ and θ for strongly regular graphs with m2 = qm3 and m3 = qm2, we shall establish
the parameters of strongly regular graphs with m2 = 2m3 and m3 = 2m2, as follows.

Proposition 2.1. Let G be a connected strongly regular graph of order n and degree r

with m2 = 2m3. Then G belongs to the class (2
0
) or (30) represented in Theorem 2.1.

Proof. Let m3 = p, m2 = 2p and n = 3p + 1 where p ∈ N. Using (1.2) we obtain
r = p(♣λ3♣ − 2λ2). Let ♣λ3♣ − 2λ2 = t where t = 1, 2. Let λ2 = k where k is a
positive integer. Then according to Remark 1.3 we have (i) λ3 = − (2k + t); (ii)
τ − θ = − (k + t); (iii) δ = 3k + t; (iv) r = pt and (v) θ = pt − 2k2 − kt. In this case
we can easily see that (1.3) is reduced to

(2.1) (p + 1)t2 − (3p + 1)t + 6k2 + 4kt = 0.

Case 1. (t = 1). Using (i), (ii), (iii), (iv) and (v) we find that λ2 = k and
λ3 = − (2k + 1), τ − θ = − (k + 1), δ = 3k + 1, r = p and θ = p − 2k2 − k. Using (2.1)
we find that p = k(3k + 2). So, we obtain that G is a strongly regular graph of order
n = (3k + 1)2 and degree r = k(3k + 2) with τ = k2 − 1 and θ = k(k + 1).

Case 2. (t = 2). Using (i), (ii), (iii), (iv) and (v) we find that λ2 = k and
λ3 = − (2k + 2), τ − θ = − (k + 2), δ = 3k + 2, r = 2p and θ = 2p − 2k2 − 2k.
Using (2.1) we find that p = (k + 1)(3k + 1). Replacing k with k − 1 we arrive at
p = k(3k − 2). So, we obtain that G is a strongly regular graph of order n = (3k − 1)2

and degree r = 2k(3k − 2) with τ = (k − 1)(4k + 1) and θ = 2k(2k − 1). □
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Proposition 2.2. Let G be a connected strongly regular graph of order n and degree r

with m3 = 2m2. Then G belongs to the class (20) or (3
0
) represented in Theorem 2.1.

Proof. Let m2 = p, m3 = 2p and n = 3p + 1 where p ∈ N. Using (1.2) we obtain
r = p(2♣λ3♣−λ2). Let 2♣λ3♣−λ2 = t where t = 1, 2. Let λ3 = − k where k is a positive
integer. Then according to Remark 1.3 we have (i) λ2 = 2k − t; (ii) τ − θ = k − t; (iii)
δ = 3k − t; (iv) r = pt and (v) θ = pt − 2k2 + kt. In this case we can easily see that
(1.4) is reduced to

(2.2) (p + 1)t2 − (3p + 1)t + 6k2 − 4kt = 0.

Case 1. (t = 1). Using (i), (ii), (iii), (iv) and (v) we find that λ2 = 2k − 1 and
λ3 = − k, τ − θ = k − 1, δ = 3k − 1, r = p and θ = p − 2k2 + k. Using (2.2) we
find that p = k(3k − 2). So we obtain that G is a strongly regular graph of order
n = (3k − 1)2 and degree r = k(3k − 2) with τ = k2 − 1 and θ = k(k − 1).

Case 2. (t = 2). Using (i), (ii), (iii), (iv) and (v) we find that λ2 = 2k − 2 and
λ3 = − k, τ − θ = k − 2, δ = 3k − 2, r = 2p and θ = 2p − 2k2 + 2k. Using (2.2) we
find that p = (k − 1)(3k − 1). Replacing k with k + 1 we arrive at p = k(3k + 2).
So we obtain that G is a strongly regular graph of order n = (3k + 1)2 and degree
r = 2k(3k + 2) with τ = (k + 1)(4k − 1) and θ = 2k(2k + 1). □

Theorem 2.1. Let G be a connected strongly regular graph of order n and degree r

with m2 = 2m3 or m3 = 2m2. Then, G is one of the following strongly regular graphs.

(10) G is the complete bipartite graph of order n = 4 and degree r = 2 with τ = 0
and θ = 2. Its eigenvalues are λ2 = 0 and λ3 = −2 with m2 = 2 and m3 = 1.

(20) G is a strongly regular graph of order n = (3k − 1)2 and degree r = k(3k − 2)
with τ = k2 − 1 and θ = k(k − 1), where k ≥ 2. Its eigenvalues are λ2 = 2k − 1
and λ3 = − k with m2 = k(3k − 2) and m3 = 2k(3k − 2).

(2
0
) G is a strongly regular graph of order n = (3k − 1)2 and degree r = 2k(3k − 2)

with τ = (k − 1)(4k + 1) and θ = 2k(2k − 1), where k ≥ 2. Its eigenvalues are

λ2 = k − 1 and λ3 = − 2k with m2 = 2k(3k − 2) and m3 = k(3k − 2).
(30) G is a strongly regular graph of order n = (3k + 1)2 and degree r = k(3k + 2)

with τ = k2 − 1 and θ = k(k + 1), where k ∈ N. Its eigenvalues are λ2 = k

and λ3 = − (2k + 1) with m2 = 2k(3k + 2) and m3 = k(3k + 2).

(3
0
) G is a strongly regular graph of order n = (3k + 1)2 and degree r = 2k(3k + 2)

with τ = (k + 1)(4k − 1) and θ = 2k(2k + 1), where k ∈ N. Its eigenvalues are

λ2 = 2k and λ3 = − (k + 1) with m2 = k(3k + 2) and m3 = 2k(3k + 2).

Proof. First, according to Remark 2.3 we have α(β −1) = 2(α−1), from which we find
that α = 2, β = 2. In view of this we obtain the strongly regular graph represented
in Theorem 2.1 (10). Next, according to Proposition 2.1 it turns out that G belongs

to the class (2
0
) or (30) if m2 = 2m3. According to Proposition 2.2 it turns out that

G belongs to the class (20) or (3
0
) if m3 = 2m2. □
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Theorem 2.2 ([4]). Let G be a connected strongly regular graph of order n and degree

r with m2 = 3m3 or m3 = 3m2. Then, G is one of the following strongly regular

graphs.

(10) G is the strongly regular graph 3K3 of order n = 9 and degree r = 6 with τ = 3
and θ = 6. Its eigenvalues are λ2 = 0 and λ3 = −3 with m2 = 6 and m3 = 2.

(20) G is a strongly regular graph of order n = (4k − 1)2 and degree r = 2k(2k − 1)
with τ = k2 + k − 1 and θ = k(k − 1), where k ≥ 2. Its eigenvalues are

λ2 = 3k − 1 and λ3 = − k with m2 = 2k(2k − 1) and m3 = 6k(2k − 1).

(2
0
) G is a strongly regular graph of order n = (4k − 1)2 and degree r = 6k(2k − 1)

with τ = 9k2 − 5k − 1 and θ = 3k(3k − 1), where k ≥ 2. Its eigenvalues are

λ2 = k − 1 and λ3 = − 3k with m2 = 6k(2k − 1) and m3 = 2k(2k − 1).
(30) G is a strongly regular graph of order n = (4k + 1)2 and degree r = 2k(2k + 1)

with τ = k2 − k − 1 and θ = k(k + 1), where k ≥ 2. Its eigenvalues are λ2 = k

and λ3 = − (3k + 1) with m2 = 6k(2k + 1) and m3 = 2k(2k + 1).

(3
0
) G is a strongly regular graph of order n = (4k + 1)2 and degree r = 6k(2k + 1)

with τ = 9k2 + 5k − 1 and θ = 3k(3k + 1), where k ≥ 2. Its eigenvalues are

λ2 = 3k and λ3 = − (k + 1) with m2 = 2k(2k + 1) and m3 = 6k(2k + 1).

Theorem 2.3 ( [4]). Let G be a connected strongly regular graph of order n and degree

r with m2 = 4m3 or m3 = 4m2. Then, G is one of the following strongly regular

graphs.

(10) G is the complete bipartite graph K3,3 of order n = 6 and degree r = 3 with

τ = 0 and θ = 3. Its eigenvalues are λ2 = 0 and λ3 = −3 with m2 = 4 and

m3 = 1.

(20) G is the strongly regular graph 4K4 of order n = 16 and degree r = 12 with

τ = 8 and θ = 12. Its eigenvalues are λ2 = 0 and λ3 = −4 with m2 = 12 and

m3 = 3.

(30) G is a strongly regular graph of order n = (5k − 1)2 and degree r = k(5k − 2)
with τ = k2 + 2k − 1 and θ = k(k − 1), where k ≥ 2. Its eigenvalues are

λ2 = 4k − 1 and λ3 = − k with m2 = k(5k − 2) and m3 = 4k(5k − 2).

(3
0
) G is a strongly regular graph of order n = (5k − 1)2 and degree r = 4k(5k − 2)

with τ = 16k2 − 7k − 1 and θ = 4k(4k − 1), where k ≥ 2. Its eigenvalues are

λ2 = k − 1 and λ3 = − 4k with m2 = 4k(5k − 2) and m3 = k(5k − 2).
(40) G is a strongly regular graph of order n = (5k + 1)2 and degree r = k(5k + 2)

with τ = k2 − 2k − 1 and θ = k(k + 1), where k ≥ 3. Its eigenvalues are λ2 = k

and λ3 = − (4k + 1) with m2 = 4k(5k + 2) and m3 = k(5k + 2).

(4
0
) G is a strongly regular graph of order n = (5k + 1)2 and degree r = 4k(5k + 2)

with τ = 16k2 + 7k − 1 and θ = 4k(4k + 1), where k ≥ 3. Its eigenvalues are

λ2 = 4k and λ3 = − (k + 1) with m2 = k(5k + 2) and m3 = 4k(5k + 2).
(50) G is a strongly regular graph of order n = 6(5k − 1)2 and degree r = 2(30k2 −

12k + 1) with τ = 24k2 − 15k + 1 and θ = 6k(4k − 1), where k ∈ N. Its
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eigenvalues are λ2 = 3k − 1 and λ3 = − (12k − 2) with m2 = 4(30k2 − 12k + 1)
and m3 = 30k2 − 12k + 1.

(5
0
) G is a strongly regular graph of order n = 6(5k − 1)2 and degree r = 3(30k2 −

12k + 1) with τ = 18k(3k − 1) and θ = 3(3k − 1)(6k − 1), where k ∈ N. Its

eigenvalues are λ2 = 12k − 3 and λ3 = − 3k with m2 = 30k2 − 12k + 1 and

m3 = 4(30k2 − 12k + 1).
(60) G is a strongly regular graph of order n = 6(5k + 1)2 and degree r = 2(30k2 +

12k + 1) with τ = 24k2 + 15k + 1 and θ = 6k(4k + 1), where k ∈ N. Its

eigenvalues are λ2 = 12k + 2 and λ3 = − (3k + 1) with m2 = 30k2 + 12k + 1
and m3 = 4(30k2 + 12k + 1).

(6
0
) G is a strongly regular graph of order n = 6(5k + 1)2 and degree r = 3(30k2 +

12k + 1) with τ = 18k(3k + 1) and θ = 3(3k + 1)(6k + 1), where k ∈ N. Its

eigenvalues are λ2 = 3k and λ3 = − (12k + 3) with m2 = 4(30k2 + 12k + 1)
and m3 = 30k2 + 12k + 1.

Theorem 2.4 ([5]). Let G be a connected strongly regular graph of order n and degree

r with m2 = 5m3 or m3 = 5m2. Then, G is one of the following strongly regular

graphs.

(10) G is the strongly regular graph 5K5 of order n = 25 and degree r = 20 with

τ = 15 and θ = 20. Its eigenvalues are λ2 = 0 and λ3 = −5 with m2 = 20 and

m3 = 4.

(20) G is a strongly regular graph of order n = (6k − 1)2 and degree r = 2k(3k − 1)
with τ = k2 + 3k − 1 and θ = k(k − 1), where k ≥ 2. Its eigenvalues are

λ2 = 5k − 1 and λ3 = − k with m2 = 2k(3k − 1) and m3 = 10k(3k − 1).

(2
0
) G is a strongly regular graph of order n = (6k − 1)2 and degree r = 10k(3k − 1)

with τ = 25k2 − 9k − 1 and θ = 5k(5k − 1), where k ≥ 2. Its eigenvalues are

λ2 = k − 1 and λ3 = − 5k with m2 = 10k(3k − 1) and m3 = 2k(3k − 1).
(30) G is a strongly regular graph of order n = (6k + 1)2 and degree r = 2k(3k + 1)

with τ = k2 − 3k − 1 and θ = k(k + 1), where k ≥ 4. Its eigenvalues are λ2 = k

and λ3 = − (5k + 1) with m2 = 10k(3k + 1) and m3 = 2k(3k + 1).

(3
0
) G is a strongly regular graph of order n = (6k + 1)2 and degree r = 10k(3k + 1)

with τ = 25k2 + 9k − 1 and θ = 5k(5k + 1), where k ≥ 4. Its eigenvalues are

λ2 = 5k and λ3 = − (k + 1) with m2 = 2k(3k + 1) and m3 = 10k(3k + 1).

Theorem 2.5 ([5]). Let G be a connected strongly regular graph of order n and degree

r with m2 = 6m3 or m3 = 6m2. Then, G is one of the following strongly regular

graphs.

(10) G is the complete bipartite graph K4,4 of order n = 8 and degree r = 4 with

τ = 0 and θ = 4. Its eigenvalues are λ2 = 0 and λ3 = −4 with m2 = 6 and

m3 = 1.

(20) G is the strongly regular graph 3K5 of order n = 15 and degree r = 10 with

τ = 5 and θ = 10. Its eigenvalues are λ2 = 0 and λ3 = −5 with m2 = 12 and

m3 = 2.



A SURVEY ON STRONGLY REGULAR GRAPHS WITH m2 = qm3 AND m3 = qm2 1519

(30) G is the strongly regular graph 6K6 of order n = 36 and degree r = 30 with

τ = 24 and θ = 30. Its eigenvalues are λ2 = 0 and λ3 = −6 with m2 = 30 and

m3 = 5.

(40) G is a strongly regular graph of order n = (7k − 1)2 and degree r = k(7k − 2)
with τ = k2 + 4k − 1 and θ = k(k − 1), where k ≥ 2. Its eigenvalues are

λ2 = 6k − 1 and λ3 = − k with m2 = k(7k − 2) and m3 = 6k(7k − 2).

(4
0
) G is a strongly regular graph of order n = (7k − 1)2 and degree r = 6k(7k − 2)

with τ = 36k2 − 11k − 1 and θ = 6k(6k − 1), where k ≥ 2. Its eigenvalues are

λ2 = k − 1 and λ3 = − 6k with m2 = 6k(7k − 2) and m3 = k(7k − 2).
(50) G is a strongly regular graph of order n = (7k + 1)2 and degree r = k(7k + 2)

with τ = k2 − 4k − 1 and θ = k(k + 1), where k ≥ 5. Its eigenvalues are λ2 = k

and λ3 = −(6k + 1) with m2 = 6k(7k + 2) and m3 = k(7k + 2).

(5
0
) G is a strongly regular graph of order n = (7k + 1)2 and degree r = 6k(7k + 2)

with τ = 36k2 + 11k − 1 and θ = 6k(6k + 1), where k ≥ 5. Its eigenvalues are

λ2 = 6k and λ3 = − (k + 1) with m2 = k(7k + 2) and m3 = 6k(7k + 2).
(60) G is a strongly regular graph of order n = 2(7k − 2)2 and degree r = 3(14k2 −

8k + 1) with τ = 18k2 − 16k + 2 and θ = 6k(3k − 1), where k ∈ N. Its

eigenvalues are λ2 = 2k − 1 and λ3 = −(12k − 3) with m2 = 6(14k2 − 8k + 1)
and m3 = 14k2 − 8k + 1.

(6
0
) G is a strongly regular graph of order n = 2(7k − 2)2 and degree r = 4(14k2 −

8k + 1) with τ = 2k(16k − 7) and θ = 4(2k − 1)(4k − 1), where k ∈ N. Its

eigenvalues are λ2 = 12k − 4 and λ3 = − 2k with m2 = 14k2 − 8k + 1 and

m3 = 6(14k2 − 8k + 1).
(70) G is a strongly regular graph of order n = 2(7k + 2)2 and degree r = 3(14k2 +

8k + 1) with τ = 18k2 + 16k + 2 and θ = 6k(3k + 1), where k ∈ N. Its

eigenvalues are λ2 = 12k + 3 and λ3 = − (2k + 1) with m2 = 14k2 + 8k + 1 and

m3 = 6(14k2 + 8k + 1).

(7
0
) G is a strongly regular graph of order n = 2(7k + 2)2 and degree r = 4(14k2 +

8k + 1) with τ = 2k(16k + 7) and θ = 4(2k + 1)(4k + 1), where k ∈ N. Its

eigenvalues are λ2 = 2k and λ3 = −(12k + 4) with m2 = 6(14k2 + 8k + 1) and

m3 = 14k2 + 8k + 1.

(80) G is a strongly regular graph of order n = 15(7k−1)2 and degree r = 2(105k2 −
30k + 2) with τ = 60k2 − 35k + 3 and θ = 10k(6k − 1), where k ∈ N. Its

eigenvalues are λ2 = 5k − 1 and λ3 = −(30k − 4) with m2 = 6(105k2 − 30k + 2)
and m3 = 105k2 − 30k + 2.

(8
0
) G is a strongly regular graph of order n = 15(7k−1)2 and degree r = 5(105k2 −

30k + 2) with τ = 5(5k − 1)(15k − 1) and θ = 5(5k − 1)(15k − 2), where k ∈ N.

Its eigenvalues are λ2 = 30k − 5 and λ3 = − 5k with m2 = 105k2 − 30k + 2
and m3 = 6(105k2 − 30k + 2).

(90) G is a strongly regular graph of order n = 15(7k +1)2 and degree r = 2(105k2 +
30k + 2) with τ = 60k2 + 35k + 3 and θ = 10k(6k + 1), where k ∈ N. Its
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eigenvalues are λ2 = 30k + 4 and λ3 = − (5k + 1) with m2 = 105k2 + 30k + 2
and m3 = 6(105k2 + 30k + 2).

(9
0
) G is a strongly regular graph of order n = 15(7k +1)2 and degree r = 5(105k2 +

30k + 2) with τ = 5(5k + 1)(15k + 1) and θ = 5(5k + 1)(15 + 2), where k ∈ N.

Its eigenvalues are λ2 = 5k and λ3 = −(30k + 5) with m2 = 6(105k2 + 30k + 2)
and m3 = 105k2 + 30k + 2.

Theorem 2.6 ([5]). Let G be a connected strongly regular graph of order n and degree

r with m2 = 7m3 or m3 = 7m2. Then, G is one of the following strongly regular

graphs.

(10) G is the strongly regular graph 7K7 of order n = 49 and degree r = 42 with

τ = 35 and θ = 42. Its eigenvalues are λ2 = 0 and λ3 = −7 with m2 = 42 and

m3 = 6.

(20) G is a strongly regular graph of order n = (8k − 1)2 and degree r = 2k(4k − 1)
with τ = k2 + 5k − 1 and θ = k(k − 1), where k ≥ 2. Its eigenvalues are

λ2 = 7k − 1 and λ3 = − k with m2 = 2k(4k − 1) and m3 = 14k(4k − 1).

(2
0
) G is a strongly regular graph of order n = (8k − 1)2 and degree r = 14k(4k − 1)

with τ = 49k2 − 13k − 1 and θ = 7k(7k − 1), where k ≥ 2. Its eigenvalues are

λ2 = k − 1 and λ3 = − 7k with m2 = 14k(4k − 1) and m3 = 2k(4k − 1).
(30) G is a strongly regular graph of order n = (8k + 1)2 and degree r = 2k(4k + 1)

with τ = k2 − 5k − 1 and θ = k(k + 1), where k ≥ 6. Its eigenvalues are λ2 = k

and λ3 = − (7k + 1) with m2 = 14k(4k + 1) and m3 = 2k(4k + 1).

(3
0
) G is a strongly regular graph of order n = (8k + 1)2 and degree r = 14k(4k + 1)

with τ = 49k2 + 13k − 1 and θ = 7k(7k + 1), where k ≥ 6. Its eigenvalues are

λ2 = 7k and λ3 = − (k + 1) with m2 = 2k(4k + 1) and m3 = 14k(4k + 1).
(40) G is a strongly regular graph of order n = 105(8k − 3)2 and degree r =

3(840k2 −630k +118) with τ = 945k2 −765k +153 and θ = 15(3k −1)(21k −8),
where k ∈ N. Its eigenvalues are λ2 = 15k − 6 and λ3 = − (105k − 39) with

m2 = 7(840k2 − 630k + 118) and m3 = 840k2 − 630k + 118.

(4
0
) G is a strongly regular graph of order n = 105(8k − 3)2 and degree r =

5(840k2−630k+118) with τ = 5(525k2−387k+71) and θ = 15(5k−2)(35k−13),
where k ∈ N. Its eigenvalues are λ2 = 105k − 40 and λ3 = − (15k − 5) with

m2 = 840k2 − 630k + 118 and m3 = 7(840k2 − 630k + 118).
(50) G is a strongly regular graph of order n = 105(8k + 3)2 and degree r =

3(840k2 +630k +118) with τ = 945k2 +765k +153 and θ = 15(3k +1)(21k +8),
where k ≥ 0. Its eigenvalues are λ2 = 105k + 39 and λ3 = − (15k + 6) with

m2 = 840k2 + 630k + 118 and m3 = 7(840k2 + 630k + 118).

(5
0
) G is a strongly regular graph of order n = 105(8k + 3)2 and degree r =

5(840k2+630k+118) with τ = 5(525k2+387k+71) and θ = 15(5k+2)(35k+13),
where k ≥ 0. Its eigenvalues are λ2 = 15k + 5 and λ3 = − (105k + 40) with

m2 = 7(840k2 + 630k + 118) and m3 = 840k2 + 630k + 118.
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Theorem 2.7 ([5]). Let G be a connected strongly regular graph of order n and degree

r with m2 = 8m3 or m3 = 8m2. Then, G is one of the following strongly regular

graphs.

(10) G is the complete bipartite graph K5,5 of order n = 10 and degree r = 5 with

τ = 0 and θ = 5. Its eigenvalues are λ2 = 0 and λ3 = −5 with m2 = 8 and

m3 = 1.

(20) G is the strongly regular graph 4K7 of order n = 28 and degree r = 21 with

τ = 14 and θ = 21. Its eigenvalues are λ2 = 0 and λ3 = −7 with m2 = 24 and

m3 = 3.

(30) G is the strongly regular graph 8K8 of order n = 64 and degree r = 56 with

τ = 48 and θ = 56. Its eigenvalues are λ2 = 0 and λ3 = −8 with m2 = 56 and

m3 = 7.

(40) G is a strongly regular graph of order n = (9k − 1)2 and degree r = k(9k − 2)
with τ = k2 + 6k − 1 and θ = k(k − 1), where k ≥ 2. Its eigenvalues are

λ2 = 8k − 1 and λ3 = − k with m2 = k(9k − 2) and m3 = 8k(9k − 2).

(4
0
) G is a strongly regular graph of order n = (9k − 1)2 and degree r = 8k(9k − 2)

with τ = 64k2 − 15k − 1 and θ = 8k(8k − 1), where k ≥ 2. Its eigenvalues are

λ2 = k − 1 and λ3 = − 8k with m2 = 8k(9k − 2) and m3 = k(9k − 2).
(50) G is a strongly regular graph of order n = (9k + 1)2 and degree r = k(9k + 2)

with τ = k2 − 6k − 1 and θ = k(k + 1), where k ≥ 7. Its eigenvalues are λ2 = k

and λ3 = − (8k + 1) with m2 = 8k(9k + 2) and m3 = k(9k + 2).

(5
0
) G is a strongly regular graph of order n = (9k + 1)2 and degree r = 8k(9k + 2)

with τ = 64k2 + 15k − 1 and θ = 8k(8k + 1), where k ≥ 7. Its eigenvalues are

λ2 = 8k and λ3 = − (k + 1) with m2 = k(9k + 2) and m3 = 8k(9k + 2).
(60) G is a strongly regular graph of order n = 4(9k − 4)2 and degree r = 3(2k −

1)(18k − 7) with τ = 18k(2k − 1) and θ = (3k − 2)(12k − 5), where k ∈ N. Its

eigenvalues are λ2 = 24k − 11 and λ3 = − (3k − 1) with m2 = (2k − 1)(18k − 7)
and m3 = 8(2k − 1)(18k − 7).

(6
0
) G is a strongly regular graph of order n = 4(9k − 4)2 and degree r = 6(2k −

1)(18k − 7) with τ = 3(48k2 − 45k + 10) and θ = 2(3k − 1)(24k − 11), where

k ∈ N. Its eigenvalues are λ2 = 3k − 2 and λ3 = − (24k − 10) with m2 =
8(2k − 1)(18k − 7) and m3 = (2k − 1)(18k − 7).

(70) G is a strongly regular graph of order n = 4(9k + 4)2 and degree r = 3(2k +
1)(18k + 7) with τ = 18k(2k + 1) and θ = (3k + 2)(12k + 5), where k ≥ 0. Its

eigenvalues are λ2 = 3k +1 and λ3 = − (24k +11) with m2 = 8(2k +1)(18k +7)
and m3 = (2k + 1)(18k + 7).

(7
0
) G is a strongly regular graph of order n = 4(9k + 4)2 and degree r = 6(2k +

1)(18k+7) with τ = 3(48k2+45k+10) and θ = 2(3k+1)(24k+11), where k ≥ 0.

Its eigenvalues are λ2 = 24k+10 and λ3 = − (3k+2) with m2 = (2k+1)(18k+7)
and m3 = 8(2k + 1)(18k + 7).
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(80) G is a strongly regular graph of order n = 10(9k − 1)2 and degree r = 4(90k2 −
20k + 1) with τ = 160k2 − 55k + 3 and θ = 20k(8k − 1), where k ∈ N. Its

eigenvalues are λ2 = 5k − 1 and λ3 = − (40k − 4) with m2 = 8(90k2 − 20k + 1)
and m3 = 90k2 − 20k + 1.

(8
0
) G is a strongly regular graph of order n = 10(9k − 1)2 and degree r = 5(90k2 −

20k + 1) with τ = 10k(25k − 4) and θ = 5(5k − 1)(10k − 1), where k ∈ N. Its

eigenvalues are λ2 = 40k − 5 and λ3 = − 5k with m2 = 90k2 − 20k + 1 and

m3 = 8(90k2 − 20k + 1).
(90) G is a strongly regular graph of order n = 10(9k + 1)2 and degree r = 4(90k2 +

20k + 1) with τ = 160k2 + 55k + 3 and θ = 20k(8k + 1), where k ∈ N. Its

eigenvalues are λ2 = 40k + 4 and λ3 = − (5k + 1) with m2 = 90k2 + 20k + 1
and m3 = 8(90k2 + 20k + 1).

(9
0
) G is a strongly regular graph of order n = 10(9k + 1)2 and degree r = 5(90k2 +

20k + 1) with τ = 10k(25k + 4) and θ = 5(5k + 1)(10k + 1), where k ∈ N. Its

eigenvalues are λ2 = 5k and λ3 = − (40k + 5) with m2 = 8(90k2 + 20k + 1)
and m3 = 90k2 + 20k + 1.

(100) G is a strongly regular graph of order n = 28(9k−1)2 and degree r = 2(252k2 −
56k + 3) with τ = 112k2 − 63k + 5 and θ = 14k(8k − 1), where k ∈ N. Its

eigenvalues are λ2 = 7k −1 and λ3 = − (56k −6) with m2 = 8(252k2 −56k + 3)
and m3 = 252k2 − 56k + 3.

(10
0
) G is a strongly regular graph of order n = 28(9k−1)2 and degree r = 7(252k2 −

56k +3) with τ = 14(7k −1)(14k −1) and θ = 7(7k −1)(28k −3), where k ∈ N.

Its eigenvalues are λ2 = 56k − 7 and λ3 = − 7k with m2 = 252k2 − 56k + 3
and m3 = 8(252k2 − 56k + 3).

(110) G is a strongly regular graph of order n = 28(9k +1)2 and degree r = 2(252k2 +
56k + 3) with τ = 112k2 + 63k + 5 and θ = 14k(8k + 1), where k ∈ N. Its

eigenvalues are λ2 = 56k + 6 and λ3 = − (7k + 1) with m2 = 252k2 + 56k + 3
and m3 = 8(252k2 + 56k + 3).

(11
0
) G is a strongly regular graph of order n = 28(9k +1)2 and degree r = 7(252k2 +

56k +3) with τ = 14(7k +1)(14k +1) and θ = 7(7k +1)(28k +3), where k ∈ N.

Its eigenvalues are λ2 = 7k and λ3 = − (56k + 7) with m2 = 8(252k2 + 56k + 3)
and m3 = 252k2 + 56k + 3.

Theorem 2.8 ([6]). Let G be a connected strongly regular graph of order n and degree

r with m2 = 9m3 or m3 = 9m2. Then, G is one of the following strongly regular

graphs.

(10) G is the strongly regular graph 3K7 of order n = 21 and degree r = 14 with

τ = 7 and θ = 14. Its eigenvalues are λ2 = 0 and λ3 = −7 with m2 = 18 and

m3 = 2.

(20) G is the strongly regular graph 9K9 of order n = 81 and degree r = 72 with

τ = 63 and θ = 72. Its eigenvalues are λ2 = 0 and λ3 = −9 with m2 = 72 and

m3 = 8.
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(30) G is a strongly regular graph of order n = (10k − 1)2 and degree r = 2k(5k − 1)
with τ = k2 + 7k − 1 and θ = k(k − 1), where k ≥ 2. Its eigenvalues are

λ2 = 9k − 1 and λ3 = − k with m2 = 2k(5k − 1) and m3 = 18k(5k − 1).

(3
0
) G is a strongly regular graph of order n = (10k−1)2 and degree r = 18k(5k−1)

with τ = 81k2 − 17k − 1 and θ = 9k(9k − 1), where k ≥ 2. Its eigenvalues are

λ2 = k − 1 and λ3 = − 9k with m2 = 18k(5k − 1) and m3 = 2k(5k − 1).
(40) G is a strongly regular graph of order n = (10k + 1)2 and degree r = 2k(5k + 1)

with τ = k2 − 7k − 1 and θ = k(k + 1), where k ≥ 8. Its eigenvalues are λ2 = k

and λ3 = − (9k + 1) with m2 = 18k(5k + 1) and m3 = 2k(5k + 1).

(4
0
) G is a strongly regular graph of order n = (10k+1)2 and degree r = 18k(5k+1)

with τ = 81k2 + 17k − 1 and θ = 9k(9k + 1), where k ≥ 8. Its eigenvalues are

λ2 = 9k and λ3 = − (k + 1) with m2 = 2k(5k + 1) and m3 = 18k(5k + 1).
(50) G is a strongly regular graph of order n = 9(10k − 3)2 and degree r = 2(90k2 −

54k + 8) with τ = 36k2 + 4k − 5 and θ = (2k − 1)(18k − 5), where k ∈ N. Its

eigenvalues are λ2 = 36k − 11 and λ3 = − (4k − 1) with m2 = 90k2 − 54k + 8
and m3 = 9(90k2 − 54k + 8).

(5
0
) G is a strongly regular graph of order n = 9(10k − 3)2 and degree r = 8(90k2 −

54k+8) with τ = 4(4k−1)(36k−13) and θ = 4(4k−1)(36k−11), where k ∈ N.

Its eigenvalues are λ2 = 4k−2 and λ3 = − (36k−10) with m2 = 9(90k2−54k+8)
and m3 = 90k2 − 54k + 8.

(60) G is a strongly regular graph of order n = 9(10k − 3)2 and degree r = 5(90k2 −
54k+8) with τ = 225k2−155k+25 and θ = (5k−1)(45k−14), where k ∈ N. Its

eigenvalues are λ2 = 5k −2 and λ3 = − (45k −13) with m2 = 9(90k2 −54k + 8)
and m3 = 90k2 − 54k + 8.

(6
0
) G is a strongly regular graph of order n = 9(10k − 3)2 and degree r = 5(90k2 −

54k + 8) with τ = 225k2 − 115k + 13 and θ = (5k − 2)(45k − 13), where k ∈ N.

Its eigenvalues are λ2 = 45k −14 and λ3 = − (5k −1) with m2 = 90k2 −54k +8
and m3 = 9(90k2 − 54k + 8).

(70) G is a strongly regular graph of order n = 9(10k + 3)2 and degree r = 2(90k2 +
54k + 8) with τ = 36k2 − 4k − 5 and θ = (2k + 1)(18k + 5), where k ∈ N. Its

eigenvalues are λ2 = 4k + 1 and λ3 = − (36k + 11) with m2 = 9(90k2 + 54k + 8)
and m3 = 90k2 + 54k + 8.

(7
0
) G is a strongly regular graph of order n = 9(10k + 3)2 and degree r = 8(90k2 +

54k+8) with τ = 4(4k+1)(36k+13) and θ = 4(4k+1)(36k+11), where k ∈ N.

Its eigenvalues are λ2 = 36k +10 and λ3 = − (4k +2) with m2 = 90k2 +54k +8
and m3 = 9(90k2 + 54k + 8).

(80) G is a strongly regular graph of order n = 9(10k + 3)2 and degree r = 5(90k2 +
54k+8) with τ = 225k2+115k+13 and θ = (5k+2)(45k+13), where k ≥ 0. Its

eigenvalues are λ2 = 5k + 1 and λ3 = − (45k + 14) with m2 = 9(90k2 + 54k + 8)
and m3 = 90k2 + 54k + 8.

(8
0
) G is a strongly regular graph of order n = 9(10k + 3)2 and degree r = 5(90k2 +

54k + 8) with τ = 225k2 + 155k + 25 and θ = (5k + 1)(45k + 14), where k ≥ 0.
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Its eigenvalues are λ2 = 45k +13 and λ3 = − (5k +2) with m2 = 90k2 +54k +8
and m3 = 9(90k2 + 54k + 8).

(90) G is a strongly regular graph of order n = 21(10k − 1)2 and degree r =
3(210k2 −42k + 2) with τ = 189k2 −77k + 5 and θ = 21k(9k −1), where k ∈ N.

Its eigenvalues are λ2 = 7k−1 and λ3 = − (63k−6) with m2 = 9(210k2−42k+2)
and m3 = 210k2 − 42k + 2.

(9
0
) G is a strongly regular graph of order n = 21(10k − 1)2 and degree r =

7(210k2−42k+2) with τ = 7(147k2−27k+1) and θ = 7(7k−1)(21k−2), where

k ∈ N. Its eigenvalues are λ2 = 63k−7 and λ3 = − 7k with m2 = 210k2−42k+2
and m3 = 9(210k2 − 42k + 2).

(100) G is a strongly regular graph of order n = 21(10k + 1)2 and degree r =
3(210k2 + 42k + 2) with τ = 189k2 + 77k + 5 and θ = 21k(9k + 1), where k ∈ N.

Its eigenvalues are λ2 = 63k +6 and λ3 = − (7k +1) with m2 = 210k2 +42k +2
and m3 = 9(210k2 + 42k + 2).

(10
0
) G is a strongly regular graph of order n = 21(10k+1)2 and degree r = 7(210k2+

42k + 2) with τ = 7(147k2 + 27k + 1) and θ = 7(7k + 1)(21k + 2), where k ∈ N.

Its eigenvalues are λ2 = 7k and λ3 = − (63k + 7) with m2 = 9(210k2 + 42k + 2)
and m3 = 210k2 + 42k + 2.

Theorem 2.9 ([6]). Let G be a connected strongly regular graph of order n and degree

r with m2 = 10m3 or m3 = 10m2. Then, G is one of the following strongly regular

graphs.

(10) G is the complete bipartite graph K6,6 of order n = 12 and degree r = 6 with

τ = 0 and θ = 6. Its eigenvalues are λ2 = 0 and λ3 = −6 with m2 = 10 and

m3 = 1.

(20) G is the strongly regular graph 5K9 of order n = 45 and degree r = 36 with

τ = 27 and θ = 36. Its eigenvalues are λ2 = 0 and λ3 = −9 with m2 = 40 and

m3 = 4.

(30) G is the strongly regular graph 10K10 of order n = 100 and degree r = 90 with

τ = 80 and θ = 90. Its eigenvalues are λ2 = 0 and λ3 = −10 with m2 = 90
and m3 = 9.

(40) G is a strongly regular graph of order n = (11k − 1)2 and degree r = k(11k − 2)
with τ = k2 + 8k − 1 and θ = k(k − 1), where k ∈ N. Its eigenvalues are

λ2 = 10k − 1 and λ3 = − k with m2 = k(11k − 2) and m3 = 10k(11k − 2).

(4
0
) G is a strongly regular graph of order n = (11k−1)2 and degree r = 10k(11k−2)

with τ = 100k2 − 19k − 1 and θ = 10k(10k − 1), where k ∈ N. Its eigenvalues

are λ2 = k − 1 and λ3 = − 10k with m2 = 10k(11k − 2) and m3 = k(11k − 2).
(50) G is a strongly regular graph of order n = (11k + 1)2 and degree r = k(11k + 2)

with τ = k2 − 8k − 1 and θ = k(k + 1), where k ≥ 9. Its eigenvalues are λ2 = k

and λ3 = − (10k + 1) with m2 = 10k(11k + 2) and m3 = k(11k + 2).
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(5
0
) G is a strongly regular graph of order n = (11k+1)2 and degree r = 10k(11k+2)

with τ = 100k2 + 19k − 1 and θ = 10k(10k + 1), where k ≥ 9. Its eigenvalues

are λ2 = 10k and λ3 = − (k + 1) with m2 = k(11k + 2) and m3 = 10k(11k + 2).
(60) G is a strongly regular graph of order n = 3(11k − 2)2 and degree r = 5(33k2 −

12k + 1) with τ = 75k2 − 42k + 4 and θ = 15k(5k − 1), where k ∈ N. Its

eigenvalues are λ2 = 3k −1 and λ3 = − (30k −5) with m2 = 10(33k2 −12k + 1)
and m3 = 33k2 − 12k + 1.

(6
0
) G is a strongly regular graph of order n = 3(11k − 2)2 and degree r = 6(33k2 −

12k + 1) with τ = 27k(4k − 1) and θ = 6(3k − 1)(6k − 1), where k ∈ N. Its

eigenvalues are λ2 = 30k − 6 and λ3 = − 3k with m2 = 33k2 − 12k + 1 and

m3 = 10(33k2 − 12k + 1).
(70) G is a strongly regular graph of order n = 3(11k + 2)2 and degree r = 5(33k2 +

12k + 1) with τ = 75k2 + 42k + 4 and θ = 15k(5k + 1), where k ∈ N. Its

eigenvalues are λ2 = 30k + 5 and λ3 = − (3k + 1) with m2 = 33k2 + 12k + 1
and m3 = 10(33k2 + 12k + 1).

(7
0
) G is a strongly regular graph of order n = 3(11k + 2)2 and degree r = 6(33k2 +

12k + 1) with τ = 27k(4k + 1) and θ = 6(3k + 1)(6k + 1), where k ∈ N. Its

eigenvalues are λ2 = 3k and λ3 = − (30k + 6) with m2 = 10(33k2 + 12k + 1)
and m3 = 33k2 + 12k + 1.

(80) G is a strongly regular graph of order n = 5(11k − 3)2 and degree r = 2(55k2 −
30k + 4) with τ = 20k2 − 33k + 7 and θ = 2k(10k − 3), where k ≥ 2. Its

eigenvalues are λ2 = 3k −1 and λ3 = − (30k −8) with m2 = 10(55k2 −30k + 4)
and m3 = 55k2 − 30k + 4.

(8
0
) G is a strongly regular graph of order n = 5(11k − 3)2 and degree r = 9(55k2 −

30k + 4) with τ = 27(3k − 1)(5k − 1) and θ = 9(3k − 1)(15k − 4), where k ≥ 2.

Its eigenvalues are λ2 = 30k − 9 and λ3 = − 3k with m2 = 55k2 − 30k + 4 and

m3 = 10(55k2 − 30k + 4).
(90) G is a strongly regular graph of order n = 5(11k + 3)2 and degree r = 2(55k2 +

30k + 4) with τ = 20k2 + 33k + 7 and θ = 2k(10k + 3), where k ∈ N. Its

eigenvalues are λ2 = 30k + 8 and λ3 = − (3k + 1) with m2 = 55k2 + 30k + 4
and m3 = 10(55k2 + 30k + 4).

(9
0
) G is a strongly regular graph of order n = 5(11k + 3)2 and degree r = 9(55k2 +

30k + 4) with τ = 27(3k + 1)(5k + 1) and θ = 9(3k + 1)(15k + 4), where k ∈ N.

Its eigenvalues are λ2 = 3k and λ3 = − (30k + 9) with m2 = 10(55k2 + 30k + 4)
and m3 = 55k2 + 30k + 4.

(100) G is a strongly regular graph of order n = 15(11k − 5)2 and degree r =
3(165k2 − 150k + 34) with τ = 3(45k2 − 54k + 15) and θ = 3(3k − 1)(15k − 7),
where k ∈ N. Its eigenvalues are λ2 = 6k − 3 and λ3 = − (60k − 27) with

m2 = 10(165k2 − 150k + 34) and m3 = 165k2 − 150k + 34.

(10
0
) G is a strongly regular graph of order n = 15(11k − 5)2 and degree r =

8(165k2 −150k+34) with τ = 2(480k2 −429k+95) and θ = 24(2k−1)(20k−9),
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where k ∈ N. Its eigenvalues are λ2 = 60k − 28 and λ3 = − (6k − 2) with

m2 = 165k2 − 150k + 34 and m3 = 10(165k2 − 150k + 34).
(110) G is a strongly regular graph of order n = 15(11k + 5)2 and degree r =

3(165k2 + 150k + 34) with τ = 3(45k2 + 54k + 15) and θ = 3(3k + 1)(15k + 7),
where k ∈ N. Its eigenvalues are λ2 = 60k + 27 and λ3 = − (6k + 3) with

m2 = 165k2 + 150k + 34 and m3 = 10(165k2 + 150k + 34).

(11
0
) G is a strongly regular graph of order n = 15(11k + 5)2 and degree r =

8(165k2 +150k+34) with τ = 2(480k2 +429k+95) and θ = 24(2k+1)(20k+9),
where k ∈ N. Its eigenvalues are λ2 = 6k + 2 and λ3 = − (60k + 28) with

m2 = 10(165k2 + 150k + 34) and m3 = 165k2 + 150k + 34.

(120) G is a strongly regular graph of order n = 70(11k − 5)2 and degree r =
4(770k2−700k+159) with τ = 2(560k2−469k+97) and θ = 28(2k−1)(20k−9),
where k ∈ N. Its eigenvalues are λ2 = 140k − 64 and λ3 = − (14k − 6) with

m2 = 770k2 − 700k + 159 and m3 = 10(770k2 − 700k + 159).

(12
0
) G is a strongly regular graph of order n = 70(11k−5)2 and degree r = 7(770k2−

700k + 159) with τ = 14(245k2 − 226k + 52) and θ = 14(7k − 3)(35k − 16),
where k ∈ N. Its eigenvalues are λ2 = 14k − 7 and λ3 = − (140k − 63) with

m2 = 10(770k2 − 700k + 159) and m3 = 770k2 − 700k + 159.

(130) G is a strongly regular graph of order n = 70(11k + 5)2 and degree r =
4(770k2+700k+159) with τ = 2(560k2+469k+97) and θ = 28(2k+1)(20k+9),
where k ≥ 0. Its eigenvalues are λ2 = 14k + 6 and λ3 = − (140k + 64) with

m2 = 10(770k2 + 700k + 159) and m3 = 770k2 + 700k + 159.

(13
0
) G is a strongly regular graph of order n = 70(11k+5)2 and degree r = 7(770k2+

700k + 159) with τ = 14(245k2 + 226k + 52) and θ = 14(7k + 3)(35k + 16),
where k ≥ 0. Its eigenvalues are λ2 = 140k + 63 and λ3 = − (14k + 7) with

m2 = 770k2 + 700k + 159 and m3 = 10(770k2 + 700k + 159).

Theorem 2.10 ([7]). Let G be a connected strongly regular graph of order n and

degree r with m2 = 11m3 or m3 = 11m2. Then, G is one of the following strongly

regular graphs.

(10) G is the strongly regular graph 11K11 of order n = 121 and degree r = 110
with τ = 99 and θ = 110. Its eigenvalues are λ2 = 0 and λ3 = −11 with

m2 = 110 and m3 = 10.

(20) G is a strongly regular graph of order n = (12k − 1)2 and degree r = 2k(6k − 1)
with τ = k2 + 9k − 1 and θ = k(k − 1), where k ≥ 2. Its eigenvalues are

λ2 = 11k − 1 and λ3 = − k with m2 = 2k(6k − 1) and m3 = 22k(6k − 1).

(2
0
) G is a strongly regular graph of order n = (12k−1)2 and degree r = 22k(6k−1)

with τ = 121k2 − 21k − 1 and θ = 11k(11k − 1), where k ≥ 2. Its eigenvalues

are λ2 = k − 1 and λ3 = − 11k with m2 = 22k(6k − 1) and m3 = 2k(6k − 1).
(30) G is a strongly regular graph of order n = (12k + 1)2 and degree r = 2k(6k + 1)

with τ = k2 − 9k − 1 and θ = k(k + 1), where k ≥ 10. Its eigenvalues are

λ2 = k and λ3 = − (11k + 1) with m2 = 22k(6k + 1) and m3 = 2k(6k + 1).
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(3
0
) G is a strongly regular graph of order n = (12k+1)2 and degree r = 22k(6k+1)

with τ = 121k2 + 21k − 1 and θ = 11k(11k + 1), where k ≥ 10. Its eigenvalues

are λ2 = 11k and λ3 = − (k + 1) with m2 = 2k(6k + 1) and m3 = 22k(6k + 1).
(40) G is a strongly regular graph of order n = 385(12k − 5)2 and degree r =

5(4620k2 − 3850k + 802) with τ = 5(1925k2 − 1645k + 351) and θ = 35(5k −
2)(55k−23), where k ∈ N. Its eigenvalues are λ2 = 35k−15 and λ3 = − (385k−
160) with m2 = 11(4620k2 − 3850k + 802) and m3 = 4620k2 − 3850k + 802.

(4
0
) G is a strongly regular graph of order n = 385(12k − 5)2 and degree r =

7(4620k2 − 3850k + 802) with τ = 7(2695k2 − 2225k + 459) and θ = 35(7k −
3)(77k − 32), where k ∈ N. Its eigenvalues are λ2 = 385k − 161 and λ3 =
− (35k−14) with m2 = 4620k2−3850k+802 and m3 = 11(4620k2−3850k+802).

(50) G is a strongly regular graph of order n = 385(12k + 5)2 and degree r =
5(4620k2 + 3850k + 802) with τ = 5(1925k2 + 1645k + 351) and θ = 35(5k +
2)(55k + 23), where k ≥ 0. Its eigenvalues are λ2 = 385k + 160 and λ3 =
− (35k+15) with m2 = 4620k2+3850k+802 and m3 = 11(4620k2+3850k+802).

(5
0
) G is a strongly regular graph of order n = 385(12k + 5)2 and degree r =

7(4620k2 + 3850k + 802) with τ = 7(2695k2 + 2225k + 459) and θ = 35(7k +
3)(77k+32), where k ≥ 0. Its eigenvalues are λ2 = 35k+14 and λ3 = − (385k+
161) with m2 = 11(4620k2 + 3850k + 802) and m3 = 4620k2 + 3850k + 802.

Theorem 2.11 ([7]). Let G be a connected strongly regular graph of order n and

degree r with m2 = 12m3 or m3 = 12m2. Then, G is one of the following strongly

regular graphs.

(10) G is the complete bipartite graph K7,7 of order n = 14 and degree r = 7 with

τ = 0 and θ = 7. Its eigenvalues are λ2 = 0 and λ3 = −7 with m2 = 12 and

m3 = 1.

(20) G is the strongly regular graph 3K9 of order n = 27 and degree r = 18 with

τ = 9 and θ = 18. Its eigenvalues are λ2 = 0 and λ3 = −9 with m2 = 24 and

m3 = 2.

(30) G is the strongly regular graph 4K10 of order n = 40 and degree r = 30 with

τ = 20 and θ = 30. Its eigenvalues are λ2 = 0 and λ3 = −10 with m2 = 36
and m3 = 3.

(40) G is the strongly regular graph 6K11 of order n = 66 and degree r = 55 with

τ = 44 and θ = 55. Its eigenvalues are λ2 = 0 and λ3 = −11 with m2 = 60
and m3 = 5.

(50) G is the strongly regular graph 12K12 of order n = 144 and degree r = 132
with τ = 120 and θ = 132. Its eigenvalues are λ2 = 0 and λ3 = −12 with

m2 = 132 and m3 = 11.

(60) G is a strongly regular graph of order n = (13k − 1)2 and degree r = k(13k − 2)
with τ = k2 + 10k − 1 and θ = k(k − 1), where k ≥ 2. Its eigenvalues are

λ2 = 12k − 1 and λ3 = − k with m2 = k(13k − 2) and m3 = 12k(13k − 2).
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(6
0
) G is a strongly regular graph of order n = (13k−1)2 and degree r = 12k(13k−2)

with τ = 144k2 − 23k − 1 and θ = 12k(12k − 1), where k ≥ 2. Its eigenvalues

are λ2 = k − 1 and λ3 = − 12k with m2 = 12k(13k − 2) and m3 = k(13k − 2).
(70) G is a strongly regular graph of order n = (13k + 1)2 and degree r = k(13k + 2)

with τ = k2 − 10k − 1 and θ = k(k + 1), where k ≥ 11. Its eigenvalues are

λ2 = k and λ3 = − (12k + 1) with m2 = 12k(13k + 2) and m3 = k(13k + 2).

(7
0
) G is a strongly regular graph of order n = (13k+1)2 and degree r = 12k(13k+2)

with τ = 144k2 + 23k − 1 and θ = 12k(12k + 1), where k ≥ 11. Its eigenvalues

are λ2 = 12k and λ3 = − (k + 1) with m2 = k(13k + 2) and m3 = 12k(13k + 2).
(80) G is a strongly regular graph of order n = 3(13k − 3)2 and degree r = 4(39k2 −

18k + 2) with τ = 48k2 − 45k + 7 and θ = 12k(4k − 1), where k ∈ N. Its

eigenvalues are λ2 = 3k −1 and λ3 = − (36k −8) with m2 = 12(39k2 −18k + 2)
and m3 = 39k2 − 18k + 2.

(8
0
) G is a strongly regular graph of order n = 3(13k − 3)2 and degree r = 9(39k2 −

18k + 2) with τ = 3(81k2 − 34k + 3) and θ = 9(3k − 1)(9k − 2), where k ∈ N.

Its eigenvalues are λ2 = 36k − 9 and λ3 = − 3k with m2 = 39k2 − 18k + 2 and

m3 = 12(39k2 − 18k + 2).
(90) G is a strongly regular graph of order n = 3(13k + 3)2 and degree r = 4(39k2 +

18k + 2) with τ = 48k2 + 45k + 7 and θ = 12k(4k + 1), where k ∈ N. Its

eigenvalues are λ2 = 36k + 8 and λ3 = − (3k + 1) with m2 = 39k2 + 18k + 2
and m3 = 12(39k2 + 18k + 2).

(9
0
) G is a strongly regular graph of order n = 3(13k + 3)2 and degree r = 9(39k2 +

18k + 2) with τ = 3(81k2 + 34k + 3) and θ = 9(3k + 1)(9k + 2), where k ∈ N.

Its eigenvalues are λ2 = 3k and λ3 = − (36k + 9) with m2 = 12(39k2 + 18k + 2)
and m3 = 39k2 + 18k + 2.

(100) G is a strongly regular graph of order n = 10(13k − 2)2 and degree r =
3(130k2−40k+3) with τ = 90k2−70k+8 and θ = 15k(6k−1), where k ∈ N. Its

eigenvalues are λ2 = 5k−1 and λ3 = − (60k−9) with m2 = 12(130k2 −40k+3)
and m3 = 130k2 − 40k + 3.

(10
0
) G is a strongly regular graph of order n = 10(13k − 2)2 and degree r =

10(130k2 − 40k + 3) with τ = 5(200k2 − 59k + 4) and θ = 10(5k − 1)(20k − 3),
where k ∈ N. Its eigenvalues are λ2 = 60k − 10 and λ3 = − 5k with m2 =
130k2 − 40k + 3 and m3 = 12(130k2 − 40k + 3).

(110) G is a strongly regular graph of order n = 10(13k + 2)2 and degree r =
3(130k2 + 40k + 3) with τ = 90k2 + 70k + 8 and θ = 15k(6k + 1), where k ∈ N.

Its eigenvalues are λ2 = 60k +9 and λ3 = − (5k +1) with m2 = 130k2 +40k +3
and m3 = 12(130k2 + 40k + 3).

(11
0
) G is a strongly regular graph of order n = 10(13k + 2)2 and degree r =

10(130k2 + 40k + 3) with τ = 5(200k2 + 59k + 4) and θ = 10(5k + 1)(20k + 3),
where k ∈ N. Its eigenvalues are λ2 = 5k and λ3 = − (60k + 10) with

m2 = 12(130k2 + 40k + 3) and m3 = 130k2 + 40k + 3.
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(120) G is a strongly regular graph of order n = 14(13k−1)2 and degree r = 6(182k2−
28k + 1) with τ = 504k2 − 119k + 5 and θ = 42k(12k − 1), where k ∈ N. Its

eigenvalues are λ2 = 7k−1 and λ3 = − (84k−6) with m2 = 12(182k2 −28k+1)
and m3 = 182k2 − 28k + 1.

(12
0
) G is a strongly regular graph of order n = 14(13k − 1)2 and degree r =

7(182k2 − 28k + 1) with τ = 14k(49k − 5) and θ = 7(7k − 1)(14k − 1), where

k ∈ N. Its eigenvalues are λ2 = 84k−7 and λ3 = − 7k with m2 = 182k2−28k+1
and m3 = 12(182k2 − 28k + 1).

(130) G is a strongly regular graph of order n = 14(13k + 1)2 and degree r =
6(182k2+28k+1) with τ = 504k2+119k+5 and θ = 42k(12k+1), where k ∈ N.

Its eigenvalues are λ2 = 84k +6 and λ3 = − (7k +1) with m2 = 182k2 +28k +1
and m3 = 12(182k2 + 28k + 1).

(13
0
) G is a strongly regular graph of order n = 14(13k + 1)2 and degree r =

7(182k2+28k+1) with τ = 14k(49k+5) and θ = 7(7k+1)(14k+1), where k ∈ N.

Its eigenvalues are λ2 = 7k and λ3 = − (84k+7) with m2 = 12(182k2 +28k+1)
and m3 = 182k2 + 28k + 1.

(140) G is a strongly regular graph of order n = 30(13k − 6)2 and degree r =
5(390k2 −360k +83) with τ = 10(75k2 −76k +19) and θ = 10(5k −2)(15k −7),
where k ∈ N. Its eigenvalues are λ2 = 10k − 5 and λ3 = − (120k − 55) with

m2 = 12(390k2 − 360k + 83) and m3 = 390k2 − 360k + 83.

(14
0
) G is a strongly regular graph of order n = 30(13k − 6)2 and degree r =

8(390k2−360k+83) with τ = 2(960k2−865k+194) and θ = 40(2k−1)(24k−11),
where k ∈ N. Its eigenvalues are λ2 = 120k − 56 and λ3 = − (10k − 4) with

m2 = 390k2 − 360k + 83 and m3 = 12(390k2 − 360k + 83).
(150) G is a strongly regular graph of order n = 30(13k + 6)2 and degree r =

5(390k2 +360k +83) with τ = 10(75k2 +76k +19) and θ = 10(5k +2)(15k +7),
where k ≥ 0. Its eigenvalues are λ2 = 120k + 55 and λ3 = − (10k + 5) with

m2 = 390k2 + 360k + 83 and m3 = 12(390k2 + 360k + 83).

(15
0
) G is a strongly regular graph of order n = 30(13k + 6)2 and degree r =

8(390k2+360k+83) with τ = 2(960k2+865k+194) and θ = 40(2k+1)(24k+11),
where k ≥ 0. Its eigenvalues are λ2 = 10k + 4 and λ3 = − (120k + 56) with

m2 = 12(390k2 + 360k + 83) and m3 = 390k2 + 360k + 83.

(160) G is a strongly regular graph of order n = 66(13k − 1)2 and degree r =
2(858k2 − 132k + 5) with τ = 264k2 − 143k + 9 and θ = 22k(12k − 1), where

k ∈ N. Its eigenvalues are λ2 = 11k − 1 and λ3 = − (132k − 10) with

m2 = 12(858k2 − 132k + 5) and m3 = 858k2 − 132k + 5.

(16
0
) G is a strongly regular graph of order n = 66(13k − 1)2 and degree r =

11(858k2−132k+5) with τ = 22(11k−1)(33k−2) and θ = 11(11k−1)(66k−5),
where k ∈ N. Its eigenvalues are λ2 = 132k − 11 and λ3 = − 11k with

m2 = 858k2 − 132k + 5 and m3 = 12(858k2 − 132k + 5).
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(170) G is a strongly regular graph of order n = 66(13k + 1)2 and degree r =
2(858k2 + 132k + 5) with τ = 264k2 + 143k + 9 and θ = 22k(12k + 1), where

k ∈ N. Its eigenvalues are λ2 = 132k + 10 and λ3 = − (11k + 1) with

m2 = 858k2 + 132k + 5 and m3 = 12(858k2 + 132k + 5).

(17
0
) G is a strongly regular graph of order n = 66(13k + 1)2 and degree r =

11(858k2 +132k+5) with τ = 22(11k+1)(33k+2) and θ = 11(11k+1)(66k+5),
where k ∈ N. Its eigenvalues are λ2 = 11k and λ3 = − (132k + 11) with

m2 = 12(858k2 + 132k + 5) and m3 = 858k2 + 132k + 5.

3. Concluding Remarks

Using equations (1.3) and (1.4), and applying the same procedure as in articles
[4–7], we can establish the parameters n, r, τ and θ for strongly regular graphs with
m2 = qm3 and m3 = qm2 for any fixed value q ∈ N, by using only one parameter
k. All results presented in this work has been verified using a computer program
srgpar.exe, which was written by the author in the programming language Borland

C++ Builder 5.5. using only one parameter k.

Acknowledgements. The author is very grateful to the editors and referees for their
time, valuable remarks, comments and suggestions concerning this paper.
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ON GENERATING RELATIONS ASSOCIATED WITH THE

EXTENDED GAUSS AND CONFLUENT HYPERGEOMETRIC

FUNCTIONS

DIVESH SRIVASTAVA1, MOHD GHAYASUDDIN2, AND WASEEM A. KHAN3

Abstract. In this research note, we establish a new class of generating relations
associated with the extended Gauss and confluent hypergeometric functions using
the concept of Hadamard product. Some deductions of our main results are also
indicated.

1. Introduction and Preliminaries

The generating relations play a very important role in the study of the functions.
In particular, in the field of special functions several important and useful properties
have been investigated by making use of the generating relations (see, for example,
[3,4,7,9,13] and [14]). Due to great importance of such type of relations, in this paper,
we establish some new interesting generating relations of the extended Gauss and
confluent hypergeometric functions using the Hadamard product of two functions.

The Hadamard product of two functions is defined as follows.
Let f(z) =

∑+∞

n=0 anzn and g(z) =
∑+∞

n=0 bnzn be two power series whose radii of
convergence are given by Rf and Rg, respectively. Then, the Hadamard product is
defined by (see [16])

(1.1) (f ∗ g)(z) =
+∞
∑

n=0

anbnzn,

whose radius of convergence R satisfies RfRg ≤ R.

Key words and phrases. Gauss hypergeometric function, extended Gauss hypergeometric function,
confluent hypergeometric function, extended confluent hypergeometric function, Hadamard product.
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In recent years, numerous extensions of some well known special functions have
been introduced and investigated by a number of authors (see, for example, [1, 2, 5–
8,10–13,17,18] and [19]). In particular, in 2014, Srivastava et al. [3] proposed a very
interesting generalization of the Gauss hypergeometric function as follows:

F (α,β,u,v)
p (a, b; c; z) =

+∞
∑

n=0

(a)n

B(α,β,u,v)
p (b + n, c − b) zn

B(b, c − b) n!

(1.2)

(min¶Re (α), Re (β), Re (u), Re (v)♢ > 0; Re (c) > Re (b) > 0; Re (p) ≥ 0; ♣z♣ < 1),

where B(α,β,u,v)
p is the extended beta function defined by

B(α,β,u,v)
p (x, y) =

∫ 1

0
tx−1(1 − t)y−1Φ



α; β; −
p

tu(1 − t)v



dt

(1.3)

(min¶Re (x), Re (y), Re (α), Re (β)♢ > 0; min¶Re (u), Re (v)♢ > 0; Re (p) ≥ 0).

With the help of (1.3), we can write the integral representation of (1.2) as follows:

F (α,β,u,v)
p (a, b; c; z) =

Γ(c)

Γ(b)Γ(c − b)

∫ 1

0
tb−1(1 − t)c−b−1(1 − zt)−a(1.4)

× Φ



α; β;
−p

tu(1 − t)v



dt,

where (Re (p) ≥ 0; ♣ arg(1 − z)♣ < π; Re (c) > Re (b) > 0; min¶Re (u), Re (v)♢ > 0).
Moreover, Khan et al. [12] proposed a new generalized form of the confluent hyper-

geometric function as follows:

Φ(α,β;u,v)
p (b; c; z) =

+∞
∑

n=0

B(α,β;u,v)
p (b + n, c − b)

B(b, c − b)
·

zn

n!
.(1.5)

They also defined its integral representation as

Φ(α,β;u,v)
p (b; c; z) =

Γ(c)

Γ(b)Γ(c − b)

∫ 1

0
tb−1(1 − t)c−b−1 exp(zt)Φ



α; β;
−p

tu(1 − t)v



dt

(1.6)

(Re (c) > Re (b) > 0; Re (u) > 0, Re (v) > 0; Re (p) ≥ 0).

The case u = v in (1.4) and (1.6), respectively, yields the extended Gauss and
confluent hypergeometric functions defined by Parmar [15], which further gives the
known generalization of Gauss and confluent hypergeometric functions given by Öz-
ergin et al. [2] by taking v = 1. Also, it is noticed that, if we set α = β and u = v in
(1.4) and (1.6), respectively, we get the extended Gauss and confluent hypergeometric
functions defined by Lee et al. [1] and if we set α = β and u = v = 1 in (1.4) and (1.6),
respectively, then we get the extended Gauss and confluent hypergeometric functions
defined by Chaudhry et al. [8]. Clearly, for p = 0, (1.4) and (1.6) immediately reduces
to the classical Gauss and confluent hypergeometric functions (see [4]).
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Also, in 2014, Choi et al. [5] introduced the following extension of Gauss and
confluent hypergeometric functions by introducing another parameter:

Fp,q(a, b; c; z) =
+∞
∑

n=0

(a)n

Bp,q(b + n; c − b) zn

B(b, c − b) n!
(1.7)

(Re (c) > Re (b) > 0; Re (p) ≥ 0, Re (q) ≥ 0; ♣z♣ < 1).

and

Φp,q(b; c; z) =
+∞
∑

n=0

Bp,q(b + n; c − b) zn

B(b, c − b) n!
(1.8)

(Re (c) > Re (b) > 0; Re (p) ≥ 0, Re (q) ≥ 0; ♣z♣ < 1),

where

Bp,q(x, y) =
∫ 1

0
tx−1(1 − t)y−1 exp



−
p

t
−

q

1 − t



dt(1.9)

Re (p), Re (q), Re (x), Re (y) > 0.

They also give their integral representation by

Fp,q(a, b; c; z) =
1

B(b, c − b)

∫ 1

0
tb−1(1 − t)c−b−1(1 − zt)−a exp



−
p

t
−

q

1 − t



dt

(1.10)

(Re (p) > Re (q) > 0; Re (c) > Re (b) > 0)

and

Φp,q(b; c; z) =
1

B(b, c − b)

∫ 1

0
tb−1(1 − t)c−b−1 exp



zt −
p

t
−

q

1 − t



dt(1.11)

(Re (p) > Re (q) > 0; Re (c) > Re (b) > 0).

For q = p, (1.7) and (1.8) reduces to the known extension of Gauss and confluent
hypergeometric functions defined by Chaudhary et al. [8], which again for p = 0,
yields the classical Gauss and confluent hypergeometric functions (see [4]).

2. Main Results

In this section, we derive a new class of generating relations of extended Gauss and
confluent hypergeometric functions by using the Hadamard product of two functions.

Theorem 2.1. For min¶Re (α), Re (β), Re (u), Re (v)♢ > 0; Re (c) > Re (b) > 0 and
Re (p) ≥ 0, the following result holds true:

(1 + t)−λF (α,β,u,v)
p



a, b; c;
z

1 + t



(2.1)

=
+∞
∑

r=0

(−1)r (λ)rF
(α,β,u,v)
p (a, b; c; z) ∗ 2F1(λ + r, 1; λ; z)

tr

r!

(z ∈ C, λ ∈ C\Z−

0 , ♣t♣ < 1),
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where 2F1(a, b; c; z) represents the classical Gauss hypergeometric function (see [4, p.
29, Eq. (4)]).

Proof. In order to derive (2.1), we denote the left-hand side of (2.1) by f(s) and (1+ t)
by s, then we get

f(s) = s−λF (α,β,u,v)
p



a, b; c;
z

s



.(2.2)

On expanding F (α,β,u,v)
p with the help of (1.2), we arrive at

f(s) =
+∞
∑

n=0

(a)n B(α,β,u,v)
p (b + n, c − b)

B(b, c − b)
s−λ−n zn

n!
.(2.3)

Now differentiating (2.3) r times with respect to s and after some simplification, we
get

f (r)(s) = (−1)r s−λ−r(λ)r

+∞
∑

n=0

(a)n B(α,β,u,v)
p (b + n, c − b)

B(b, c − b)n!
·

(λ + r)n(1)n

(λ)n n!



z

s

n

.(2.4)

By applying (1.1) in (2.4), we have

f (r)(s) = (−1)r s−λ−r(λ)r F (α,β,u,v)
p



a, b; c;
z

s



∗ 2F1



λ + r, 1; λ;
z

s



.(2.5)

Now, on replacing s by s + t in (2.2), and then expanding f(s + t) by Taylor’s series,
we get

(s + t)−λ F (α,β,u,v)
p



a, b; c;
z

s + t



=
+∞
∑

r=0

tr

r!
f (r)(s).(2.6)

Using (2.5) in (2.6), we obtain

(s + t)−λF (α,β,u,v)
p



a, b; c;
z

s + t



=
+∞
∑

r=0

(−1)r s−λ−r(λ)r

× F (α,β,u,v)
p



a, b; c;
z

s



∗ 2F1



λ + r, 1; λ;
z

s



tr

r!
.(2.7)

Finally, on setting s = 1 in (2.7), we get our claimed result (2.1). □

Theorem 2.2. For min¶Re (α), Re (β), Re (u), Re (v)♢ > 0; Re (c) > Re (b) > 0 and
Re (p) ≥ 0, the following result holds true:

(1 + t)−λΦ(α,β,u,v)
p



b; c;
z

1 + t



=
+∞
∑

r=0

(−1)r (λ)rΦ
(α,β,u,v)
p (b; c; z) ∗ 2F1(λ + r, 1; λ; z)

tr

r!

(2.8)

(z ∈ C, λ ∈ C\Z−

0 , ♣t♣ < 1).
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Theorem 2.3. For Re (c) > Re (b) > 0, Re (p) ≥ 0 and Re (q) ≥ 0, the following
result holds true:

(1 + t)−λFp,q



a, b; c;
z

1 + t



=
+∞
∑

r=0

(−1)r(λ)rFp,q(a, b; c; z) ∗ 2F1(λ + r, 1; λ; z)
tr

r!
(2.9)

(z ∈ C, λ ∈ C\Z−

0 , ♣t♣ < 1).

Theorem 2.4. For Re (c) > Re (b) > 0, Re (p) ≥ 0 and Re (q) ≥ 0, the following
result holds true:

(1 + t)−λΦp,q



b; c;
z

1 + t



=
+∞
∑

r=0

(−1)r(λ)rΦp,q(b; c; z) ∗ 2F1(λ + r, 1; λ; z)
tr

r!
(2.10)

(z ∈ C, λ ∈ C\Z−

0 , ♣t♣ < 1).

Proof. The proofs of Theorem 2.2, Theorem 2.3 and Theorem 2.4 are similar to
Theorem 2.1. □

3. Special Cases

Corollary 3.1. For min¶Re (α), Re (β), Re (v)♢ > 0, Re (c) > Re (b) > 0 and
Re (p) ≥ 0, we have

(1 + t)−λF (α,β,v)
p



a, b; c;
z

1 + t



(3.1)

=
+∞
∑

r=0

(−1)r (λ)rF
(α,β,v)
p (a, b; c; z) ∗ 2F1(λ + r, 1; λ; z)

tr

r!

(z ∈ C, λ ∈ C\Z−

0 , ♣t♣ < 1),

where F (α,β;v)
p (·) is the extended Gauss hypergeometric function defined by Parmar [15].

This corollary can be established with the help of (2.1) by putting u = v.

Corollary 3.2. For min¶Re (α), Re (β)♢ > 0, Re (c) > Re (b) > 0 and Re (p) ≥ 0,
we have

(1 + t)−λF (α,β)
p



a, b; c;
z

1 + t



(3.2)

=
+∞
∑

r=0

(−1)r (λ)rF
(α,β)
p (a, b; c; z) ∗ 2F1(λ + r, 1; λ; z)

tr

r!

(z ∈ C, λ ∈ C\Z−

0 , ♣t♣ < 1),

where F (α,β)
p (·) represents the extended Gauss hypergeometric function given by Özergin

et al. [2].

This corollary can be derived with the help of (2.1) by putting u = v = 1.
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Corollary 3.3. For Re (c) > Re (b) > 0, Re (v) > 0 and Re (p) ≥ 0, we have

(1 + t)−λF v
p



a, b; c;
z

1 + t



=
+∞
∑

r=0

(−1)r (λ)rF
v
p (a, b; c; z) ∗ 2F1(λ + r, 1; λ; z)

tr

r!
(3.3)

(z ∈ C, λ ∈ C\Z−

0 , ♣t♣ < 1),

where F v
p (·) denotes the extended Gauss hypergeometric function introduced by Lee et

al. [1].

The above corollary can be obtained with the help of (2.1) by setting α = β and
u = v.

Corollary 3.4. For Re (c) > Re (b) > 0 and Re (p) ≥ 0, we have

(1 + t)−λFp



a, b; c;
z

1 + t



=
+∞
∑

r=0

(−1)r (λ)rFp(a, b; c; z) ∗ 2F1(λ + r, 1; λ; z)
tr

r!
(3.4)

(z ∈ C, λ ∈ C\Z−

0 , ♣t♣ < 1),

where Fp(·) is the extended Gauss hypergeometric function defined by Chaudhry et al.
[8].

This corollary can be proved with the help of (2.1) by setting α = β and u = v = 1.

Corollary 3.5. For min¶Re (α), Re (β), Re (v)♢ > 0; Re (c) > Re (b) > 0 and
Re (p) ≥ 0, we have

(1 + t)−λΦ(α,β,v)
p



b; c;
z

1 + t



=
∞
∑

r=0

(−1)r (λ)rΦ
(α,β,v)
p (b; c; z) ∗ 2F1(λ + r, 1; λ; z)

tr

r!

(3.5)

(z ∈ C, λ ∈ C\Z−

0 , ♣t♣ < 1),

where Φ(α,β;v)
p (·) is the extended confluent hypergeometric function defined by Par-

mar [15].

This corollary can be established with the help of (2.8) by putting u = v.

Corollary 3.6. For min¶Re (α), Re (β)♢ > 0, Re (c) > Re (b) > 0 and Re (p) ≥ 0,
we have

(1 + t)−λΦ(α,β)
p



b; c;
z

1 + t



=
+∞
∑

r=0

(−1)r (λ)rΦ
(α,β)
p (b; c; z) ∗ 2F1(λ + r, 1; λ; z)

tr

r!
(3.6)

(z ∈ C, λ ∈ C\Z−

0 , ♣t♣ < 1),

where Φ(α,β)
p (·) represents the extended confluent hypergeometric function given by

Özergin et al. [2].

This corollary can be derived with the help of (2.8) by putting u = v = 1.
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Corollary 3.7. For Re (c) > Re (b) > 0, Re (v) > 0 and Re (p) ≥ 0, we have

(1 + t)−λΦv
p



b; c;
z

1 + t



=
+∞
∑

r=0

(−1)r (λ)rΦ
v
p(b; c; z) ∗ 2F1(λ + r, 1; λ; z)

tr

r!
(3.7)

(z ∈ C, λ ∈ C\Z−

0 , ♣t♣ < 1),

where Φv
p(·) denotes the extended confluent hypergeometric function introduced by Lee

et al. [1].

This corollary can be established with the help of (2.8) by setting α = β and u = v.

Corollary 3.8. For Re (c) > Re (b) > 0 and Re (p) ≥ 0, we have

(1 + t)−λΦp



b; c;
z

1 + t



=
+∞
∑

r=0

(−1)r (λ)rΦp(b; c; z) ∗ 2F1(λ + r, 1; λ; z)
tr

r!
(3.8)

(z ∈ C, λ ∈ C\Z−

0 , ♣t♣ < 1),

where Φp(·) is the extended confluent hypergeometric function defined by Chaudhry et
al. [8].

This corollary can be obtained with the help of (2.8) by setting α = β and u = v = 1.

Remark 3.1. If we set q = p in (2.9) and (2.10), then we can easily get our known
results given in (3.4) and (3.8), respectively.

Conclusion

In this paper, we have derived a set of generating relations associated with the
extended Gauss and confluent hypergeometric functions, which are defined by some
well known authors namely Srivastava et al. [3], Khan et al. [12] and Choi et al. [5].
Also, we have investigated the special cases of our main findings. Very recently, nu-
merous authors have introduced and studied several extensions of Gauss and confluent
hypergeometric functions (see, for example, [1,2] and [3]). Therefore, it is noticed that
by using the method outlined in this paper we can establish some more interesting
generating relations for the functions given in [1, 2] and [3]. Thus, the technique
adopted in this article provides a very flexible and powerful tool of yielding the new
results in the theory of special functions.
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