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EXISTENCE RESULTS FOR DOUBLE PHASE PROBLEM
INVOLVING FRACTIONAL OPERATORS AND SINGULAR
NONLINEARITY

RYM CHAMMEM!, ABDELJABBAR GHANMI? AND MAHFOUDH MECHERGUI!

ABSTRACT. The purpose of this paper is to extend some existing results related
to the fractional Laplacian operator to a more general fractional operator. More
precisely, we combine the variational method with the min-max problem, to study
the existence of solutions for some singular problems with double-phase nonlocal
operators. To validate our main results an illustrative example is presented.

1. INTRODUCTION

One of the key operators in the field of harmonic analysis and partial differential
equations is the fractional Laplace operator which may be defined as
1 u(z+y) +ulr —y) — 2u(z)
92 [y |y N+2s

(11) ~(~A)u(z) y,
where N > 2s and s € (0,1). Indeed, the elliptic partial differential equations
approach in a nonlocal framework has recently been used very often in Ambrosetti et
al. [2], Ghanmi [19], Nezza et al. [28], Saoudi et al. [31], Servadei [32], Servadei and
Valdinoci [33] and Servadei et al. [34]. Also, we note that the interest in this operator
has increased considerably, given its importance and its rigorous applications in several
fields including, in particular, the mechanics of continuous media, phase transition
phenomena, population dynamics, for more applications, financial mathematics, see
for example Autuori and Pucci [3], Barrios et al. [5], Cabre and Tan [7], Caffarelli and
Silvestre [8], Capella [9], Dong and Kim [15], Servadei [32] and references therein.
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Many authors use several methods to study problems of the type:

{(—A)Su = f(z,u), in Q,

1.2
(1.2) u=0, in RV\Q,

where N > 25, 0 < s < 1,  C R is a bounded smooth domain, we refer the inter-
ested readers to the papers of Teng [35] (Critical point theory for non-differentiable
functionals), [36] (Extending three-critical-points theorem), Wu et al. [38](Stampac-
chia truncation method and the Leray-Schauder fixed point theorem).

Recently, several researchers have been concentrated on the generalization of the
fractional Laplace operator Servadei and Valdinoci [33] use a more general non-local
operator Ly to study the following elliptic problem

Lxu = f(xau)a in Q>
1.3
(1.3) {u:O, in RV\Q,

where K : R\ 2 — (0, +00) is a function satisfying some appropriate assumptions,
f € CY(QxR), and Ly is a nonlocal operator which generalizes the fractional Laplacian
one and defined as follows:

(1.4) Lgu(z) = ; /RN (u(z +vy) +ulx —y) — 2u(x)) K(y)dy.

By using the Mountain Pass Theorem they showed the existence of a non-trivial
solution.

We note that the operator Lk is a generalization of the operator —(—A)® in the
sense that if K (z) = ||+ then Lx = —(—A)*.

Next, many authors developed some problems like (1.3), we mention the works of
Caffarelli and Silvestre [8], Chammem et al. [10,11], Saoudi et al. [31], Servadei [32].

Very recently, Ghanmi and Saoudi [21] studied the following singular problem
(15) {LKu:aqu)—{—)\f(a;,u), in €,
' u=0, in RVM\Q,
where 0 < v < 1, A >0, a € C(Q) and h € C*(Q x R). They showed (using the
method of Nehari manifold) the existence of Ay such that for all A € (0, ), the
problem (1.5) admits two nontrivial weak solutions. For the interested readers, other
singular problems like (1.5) can be found in [12,16,17,20-23,27,37].

In recent years, problems involving mixed mixed-fractional Laplacian (double phase
problems) operators attracted the attention of several researchers. In particular,
Huyuan et al. [25] considered the following problem

(—A) u = A((—A)*u+ pu), in Q,
u=0, in RM\Q,

where 0 < s < 51 < 1 and N > 2s;. They proved that the above problem admits a
sequence of nontrivial solutions. More recently, Giacomoni et al. [24] developed the
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following interesting problem

{pAﬁu+@Aﬁu:f@%inQ

1.6

where 1 < ¢ <p < 400, 0< sy <51 <1and f e L2 (Q). The fractional p-Laplace
operator (—A)7 is defined as

A )u(e) — 2l [u(2) = u(y) P (u(w) — uly)

b =0 JRN\ B, (x) |z — y|NHps v

They study the Holder continuity results and maximum principle for weak solutions
to the problems (1.6).

We note that in general, double phase differential operators and corresponding
energy functionals appear in several physical applications for example in the elasticity
theory see Zhikov [39] and in other applications which can be found in the works of
Bahroumi et al. [4]. Also, we note that double-phase problems appear in rigorous
journals, we cite for example the papers [14, 18,29, 30,40], and the references therein.

Inspired by the above-mentioned works, in this paper we study the following problem

uY

O)) Lo+ Lu =2 — \n(z,u), inQ,
Mlu=0, in RV\Q,

where Q € RN, N > 2, is a bounded smooth domain, h € C'(Q x R), A € R and
0<y <Ll

In the rest of this paper, the letter ¢ will denote the integers one or two and we
suppose that the function K; : RM \ {0} — (0, +-00) satisfies the following hypotheses:

(N1) min{|z|,1}K; € L'(R");

(N2) there exists p; > 0 such that for all z € RV\{0} we have

Ki(x) > p|z|~N*20 5 € (0,1);

(N3) K;(z) = K;i(—x), for any x € RN\{0}.
We mentioned that the function K;(x) = |z|~"*2%) satisfies the above conditions.
Also, we mentioned that the problem (Q,) is studied by M. Chhetri et al. [13] in the

case when Ly, = Lg, = || ™*2) b =0and A < 0.
Hereafter, we put s = min{sj, s} and we assume that the function b satisfies:

2N
N —2s°

The double-phase problem (@) ) is inspired by various models in mathematical physics.
For example, consider the fourth-order relativistic operator

2
p — div (WV@) ,
(1= [Vel!)s

(1.7) 0<beLF=1(Q), 1<f<2 =
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which characterizes a wide range of phenomena in relativistic quantum mechanics. If
we apply Taylor’s formula to the function y*(1 — y4)_%, then we can approximate the
last operator by the following double-phase operator

3
P WAVILES ZAE;(p.

The main body of the paper is organized as follows. In Section 2, we recall some basic
definitions and collect some variational settings. Next, we study the existence and
the multiplicity of solutions of problem @), in Section 3 for the case A < 0, and in
Section 4 for the case A > 0. To illustrate the validity of the main results, an example
is given in Section 5.

2. PRELIMINARIES AND VARIATIONAL SETTING

In this section, we collect and introduce some results related to the variational
setting for the problem (@Q,). First, we introduce the fractional Sobolev space

H(Q) = {u € L) : [uls2 < +o0},

with the norm

[l |3es () = |u|r2(0) + [uls2,

u(z) — u(y)|? 2
[u]s2 = </Q 0 | |; )_ y|N(+2)s| dxdy)
is the Gagliardo norm. For a detailed account on the properties of H?*, we refer the
reader to [1,28].
Denote T = R* \ D, with D = (Q°) x (Q°) C R?M, such as: (Q°) =RV \ Q. We
denote by O = {u : RN — R Lebesgue measurable}. We define the space

X; = {u €0 :ug € L*(Q) and (u(z) — u(y))y Ki(x —y) € LQ(T)} ,
with the norm
lullx, = lullzao) + ( [, Jule) = u()PKie — y)dody)"

We consider the following space:

Fiz{ueXi:u:Oa.e.inRN\{Q}}>

where

with the norm

||l

o= ([ o) —ul) PR = o)

We stress that (Fj, || - ||z ) is a Hilbert space [33]. Also, C3(Q2) C F;, X; C H*(2) and
F; C H*(RY).

Theorem 2.1. For all 1 < B < 2%, the injection F; — LP(Q) is continuous and
compact.
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Put F' = Iy N Fy. Then, we obviously have that (F,|| -||r) is a Hilbert space, with
lulle = [lullm + [lullz
Moreover, for 1 < g < 2*, the embedding

(2.1) F — L°(Q) is continuous and compact.

Remark 2.1. Let uw € F'. Then, we have

Q) ol <lllle;

(i) sllullz < [lullz, + lullz, < lullz;

iii) according to 2.1, if we note that Sz is the best Sobolev constant, then we have
B

| 1uldz < Spljul.

To use the variational method to prove the existence of solutions in F', we define
the energy functional ¢, : F' — R associated to problem (Q,) by:

1 1 1 _
(2.2) oa(u) = §||U||fv’1 + §||U||?w2 + )\/QH(%U)dx 1o, Qb(=’70)|u|1 Tdz,
where

(2.3) H(z,u) :/0 h(z, s)ds.

We say that u € F' is a weak solution of problem (Q,), for every v € F, we have

/T(U(l’) —u(y))(v(z) = v(Y) (Ki(r —y) + Ka(z — y))dedy

:/Qb(x)u”v(x)dx— )\/Qh(x,u(x))v(x)dx.

Now, we aim to study the existence and the multiplicity of solutions to problem (Q,)
by using variational methods [6,26].

3. EXISTENCE RESULT FOR A < 0

In this section, we will present and prove the first main result of this paper. For
this aim, we shall consider the following hypotheses.

(M1) There exist f € L"(€2) continuous function and 1 < ¢ < 2 < & <7 such that
h(z,t) < Cf(x)|t|]"%, ae z€QteR,

where C' is a positive constant.
(M2) There exists ' C Q with || > 0 such that

h(z,t), f(x) >0, in Q.
The first main result of this paper is the following theorem.

Theorem 3.1. Assume that (M1) and (M2) hold. If A < 0, then problem (Q») has
at least one nontrivial weak solution with negative energy.

To prove Theorem 3.1, we need to prove several lemmas.
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Lemma 3.1. Let A < 0 and under assumption (M1), the functional ¢, is coercive
and bounded below on F'.

Proof. Let u € F. Then, using (1.7) and (2.1) and Hélders inequality, we obtain

(3.1 [ bl e < |6l _s_lull57 < S5
Consequently, from (3.1), we have
oau) > Llullh, + 4H@+A/qu®—%”W\ el

(3.2)

> Z||u||F + /\/QH(x,u)dx - Sﬂ_
On the other hand, from (M1) and Holders inequality, we get
(33) [ s < [ @l @ds < ALl

where 1’ is such that % + p =1
Note that, from (M1), we have

Nr(2—q)+2(grs — N)

3.4 2* —qr' = 0.
(34 " (N-25)(r—1)
From (3.3), applying (2.1), we get
(35) [ Hzudz < G|l ull

for some positive constant C.
Finally, combining (3.2) and (3.5) and since A < 0, we get

1
o) > llulll + AC | Fll:ullf — S5 Nbl__a_ [ulle

Since, 2 > ¢ > 1 — v, we infer that ¢, — 400 if ||u||p — +00. So, the functional ¢,
is coercive and bounded from below on F'. That gives the proof of Lemma 3.1. [

Lemma 3.2. Let A < 0 and assume that assumption (M2) holds, then there exists
e € E with e > 0 such that ¢y(te) <0 for all t > 0 small enough.

Proof. Let e € C§° such that supp(e) C ' C Q, e =1 in a subset Q" C supp(e) and
0 <e<1in . Using assumption (M2), Remark 2.1 and the fact that A < 0, we get

1 1 1 .
ox(te) = Slltellf, + 5lltellf, + A [ Hz,te)dr - = bl da

1 1
7t2||e||%+)\/ H(z,te)dz — 17251_”’/ b(x)|e|'~d

1
< ftzH HF+)\/ (x,te)dr — : _’ytl_“’/gb(a:)]e\l_vda:.

| A
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Therefore, we obtain
1 1
oa(te) < P5llelfy — 75— [ bl da

1

1
. < =7 [ 2412 2 / 1—v ‘
(3.6) <t (t el = = [, b(@)lel daz)

Since ||e||% > 0 (if ||e||% = 0, then e = 0 in §, which is a contradiction). Finally, if ¢
is such that 0 < ¢ < min{1, ¢}, then from equation (3.6), we get ¢,(te) < 0, where t,

is given by
1
15 Jo b(x)le]' da | F0
to - X 1 2 .
sllellz
O
In the sequel, we put
(3.7) mo = inf éx(u).

Lemma 3.3. Let A < 0. Under assertions (1.7) and (M1)-(M2), the function ¢,
reaches its global minimizer in F', that is, there exists vy € F' such that

¢,\(U>\) =my < 0.

Proof. Let {v,} be a minimizing sequence, then ¢y(v,) — my. We claim that {v,} is
bounded in F'.

Indeed, if {v,} is not bounded in F, so ||v,||r — 400 as n — 4o00. Since ¢, is
coercive,

oOr(vn) = 400,  as ||u,||p = +o0.

This contradicts the fact that {v,} is a minimizing sequence. Therefore, {v,} is
bounded in the reflexive space F;. Then, from Theorem 2.1, up to a subsequence, still
denoted by {v,} there exists vy € Fj, such that

v, — vy weakly in Fj,
v, — vy strongly in LA(Q),
v, — Uy a.e in .

We begin by proving that ¢, is weakly lower semi-continuous on F'. So, we begin by
remarking that from the fact that v, — vy weakly in F;, then we have

(3.5) lonllr, < lim n [ 1.

Next, by Vitali’s Theorem [39], we can claim that

(3.9) lim | b(x)|vn|Vdz = / b(z)[ux |V da.
Q

n—-+oo JO

Indeed, we only need to prove that

{/Qb(x)h)n\l%m in € N},
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is equi-absolutely-continuous.

Let ¢ > 0. Then, by the absolutely-continuity of [, |b(x)|ﬁ+§—1 dx, there exists o > 0
such that

8 E
/ |b(x)|FF=Tde < eP=1, for every Q3 C 2, with |Q3] < a.
Q3

Note that {v,} is bounded, by the Sobolev embedding theorem, there exists a constant
A > 0, such that ||v,]|r < A.
Consequently, by Holder’s inequality, we have

Bty—1

[ bl e < ol ([ @) Fde) T < A,
Q Q3

3

Finally, we will prove that

(3.10) lim /QH(x,vn)dx:/QH(x,v)\)dx.

n—-+o0o

Let € > 0. Then, from (M1), there exists C. > 0 such that
Ce .
H(z,vy(z)) < ?If(m)l Junl”.

Since v, — vy in F and from (3.4), we obtain the strong convergence for a sub-
sequence of {v,} in L"(Q), still denoted by {v,}. Therefore, we get v, — vy a.e.
in Q, from [6, Theorem IV-9] there exists [ € L"(£2) such that

(3.11) lon(2)] < 1(2).

Then, assumption (M1), equations (2.3), (3.11) and Hoélder’s inequality imply that
/H(m vy )dx < C€/ f(@)|v,|%dx < Ce/ f(x)l%(z)dx
Q T = g Ja " ~ q Ja
Ce q q
< ?||f||r||l||qrf < G| f1I- 1[5

Hence, by the dominated convergence theorem, (3.10) holds.
Finally, by combining (2.2), (3.9), (3.8) with (3.10), we get ¢, is weakly lower
semi-continuous on F'. Therefore,

(3.12) Pa(vr) < lim inf Pa(vy) = my.
On the other hand, from (3.7), we have

(313) ¢)\(U)\) 2 my.

Combining (3.12) and (3.13), we conclude that ¢y (vy) = m,. O



EXISTENCE RESULTS FOR A SINGULAR DOUBLE PHASE PROBLEM 1383

Proof of Theorem 3.1. From Lemma 3.3, v, is a global minimum for ¢,. Let ¢ € F,
then, for sufficiently small ¢ > 0, we have

0 <ga(vr +tp) — da(vn)
1
=5 (llox + tll = lloallz, + llos + tl1%, = [oallR)
1 1=y 1=y
+ )\/QH(m,U,\ +tp) — H(z,vy)dx — T ) b(z) (|U,\ +tp| T — |va| ) dx,
dividing this by ¢ > 0 and letting ¢ — 0, we obtain

0< / (oa(z) —ua(y))(p(x) — w(y))(Ki(z — y) + Koz — y))dzdy

_/ x)|ua| T d:z:+)\/ﬂh(a:,w(g;))¢($)dx.

Since ¢ is arbitrary in F', we can replace ¢ by —p. Thus, the equality holds for all
¢ € I, which means that v, is a weak solution of problem (Q,). Moreover, the fact
that ¢,(vy) < 0 implies that vy is nontrivial. O

4. EXISTENCE RESULT FOR A > 0

In this section, we will present and prove the second main result of this paper. For
this aim, we shall consider the following hypothesis.

(M3) There exist Q5 C 2 with |Q5] > 0 and a nonnegative function f; on Qy such
that f1 € L™ (Q2) with

h(z,t)

im —————

t=0 fy(x)[t|P~1

(M4) There exists a nonnegative function f5 on € such that fy € L™(2) and
h(z,1)

im ————

|t —+oo fo(x)|t[P'—1

=0, for x € uniformly.

=0, forx € uniformly,

where
/ N .
(4.1) 1 <max{p,p'} <2< — <min{ry,r}.
s
(M5) There exists B > 0 such that
/ H(z,t)de >0, foranyt> B.
Q
The second main result of this paper is the following theorem.

Theorem 4.1. Assume that (M3), (M4) and (M5) hold. If X > 0, then problem (Q))
has at least one nontrivial weak solution with negative energy.

To prove Theorem 4.1, we need to prove several lemmas.

Lemma 4.1. Under assumption (M5) and the fact that A\ > 0, the functional ¢, is
coercive and bounded below on F.



1384 R. CHAMMEM, A. GHANMI, AND M. MECHERGUI

Proof. Let w € F and A > 0. Then, using (M5), (2.1) and (3.1) for any ||u|| >
max{1, B}, we get

1 1
o) = 5llullf + H ully, + A | H(z,u)de — S b(x)|ul"dx

1
zgm@+A4H@wm%— Tl Il

1 _
> Il - 5}

Now, since 2 > 1 — ~, we have

li Sy ||b r = +oo.

dim el = SEB o [l = +oo
So, the functional ¢, is coercive and bounded from below on F’ which gives the proof
of Lemma 4.1. U

Lemma 4.2. Under assumption (M3) and for A > 0, there exists ( € F' with ¢ > 0
such that ¢»(tC) < 0 for all sufficiently small t > 0.

Proof. Let ¢ € C§°(€2) such that supp(¢) C Qs C Q, ¢ =1 in subset Q) C supp(()
and 0 < ¢ < 1in Q. Using (2.3) and assumption (M3), there exists Cy > 0 such that

(4.2) | HtQ)de < Goltp [ fi(@)[¢(@)da
Assume that 0 < ¢ < 1, then by (4.2) and Remark 2.1, we get
1 -
ON10) = Sl + 311, + A [ Hiw.t€)do — 1 [ olecl' "o

1 1
<SP+ AR [ A@IC@)Pdr = =t [ ba)lc
min{2p} [ L)) 412 P _ 4=y 1 1—y
<P |+ AC [ fllchde] 0= [ bl T

1 , . B
(4.3) < (2||C||fw + )\02/ f1(x)|C|pdx) (tmln{2,P}+’Y—1 _ tgnn{?,l’}-‘r’y ldx) 7
Qo

'21 —1
t—( T o b(@)[¢*da ymwﬂ
0 — .

where

slICIF +ACy fo, fi(x)[C|Pda
Since A > 0, ¢ # 0 and fi(z) > 0, then

1
NI +2C2 [ fiw)crde > 0.

We see from (4.3), that if 0 < ¢ < min{1, ¢}, then ¢,(¢¢) < 0, which gives the proof
of Lemma 4.2. O
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In the sequel, we put

(4.4) m’, = inf ¢y (u).

ueF

Lemma 4.3. Let A > 0. Under assertions (1.7) and (M3)-(M5), the function ¢,
reaches its global minimizer in F', that is, there exists vy € F' such that

¢)\(l/,\) = m'/\ < 0.
Proof. Let {v,} be a minimizing sequence, then, ¢,(v,) — m). {v,} is bounded in F.
Indeed, if {v,,} is not bounded in F, so ||v,||lr — 400 as n — +o00. Since ¢, is
coercive

Oa(Vn) = 400, as ||v||lF — +oo.

This contradicts the fact that {v,} is a minimizing sequence. Therefore, {v,} is
bounded in the reflexive space F;. Then from Theorem 2.1, up to a subsequence, still
denoted by {v,} there exists vy € F; such that

v, — vy weakly in [,
v, — vy strongly in L?(Q),

v, — Uy a.e in Q.

We will prove that

(4.5) lim /H(:z:,z/n)dx:/QH(x, vy)dx.

n—-+oo JO

Assume that (M3), (M4) and (2.3), that for all 6 > 0 there exists As such that
|H(x,v,)] < 5 /f1 |1/n|pdx+A5—/ fol@)|vn|P da.

Since v, — vy, strongly in L°(Q2), 1 < 8 < 2%, from [6, Theorem IV-9] there exists
I, € LP(2) such that

(4.6) v ()] < li(x), a.ein Q.
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Then, by Holder’s inequality, we obtain

H(x, 1,)] <62 /f1 \Vnypdeaf/fz |val? da

<5f ( / | fi(w ”dm) ( / |un|’""’1dx)
+A5i§ (/Q|f ”da:) (/ 1V |W2dx)l’2

<57 (/ fi(z ”d:c) g (/ yzl|p’”1dx>
+A59 (/ | folz "Qd:c) g (/ |11|Préda;>:/2

C5
(4.7) §5?Hf1|!n|!l1H +A6*3Hf2Hr2Hlalrw

Where%jt%,:land%—l—%,:l.
1 2
Note that, from (4.1), we get

, Nri(2—p)+2(pris—N)

4.8 2* — = 0
(4.8) pr N—25)(rn—1)
and
Nry(2 —p') +2(p'ras — N)
2* ol — > 0
P2 (N —25)(rs — 1)

From (4.7) applying (2.1), we get

C/
|H (z,v,)] < = HlemHlal + A BHszrQHth

Hence, by the dominated convergence theorem, (4.5) holds.
By combining (2.2), (3.9), (3.8) and (4.5), we get that ¢, is weakly lower semi-
continuous. Therefore,
(4.9) ora(vy) < lir_r}inf Or(vn) = m.
On the other hand, from the definition of m, we have

Combining (4.9) and (4.10), we conclude that ¢y (vy) = m,. O
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Proof of Theorem 4.1. Let A > 0 and from Lemma 4.3, v, is a global minimum for
oxr. Let ¢ € F| then, for sufficiently small ¢ > 0,

0 <oa(va +tp) — dalva)
1
=3 (loa + toll3, — Nz + lloa + tolf, — llnllz)
1 1=y I—y
X[ (H v+ t9) = Hlz o)) = 5= [ 5(2) (joa + 1l = |ia] )
dividing this by ¢ > 0 and letting ¢ — 0%, we obtain

0< [ (@) = (@) (p(@) = () (Ki(x =) + Kalw — y))dady

_/ z)|va| e dq:+)\/9h(x, va(2))p(z)dz.

Since ¢ is arbitrary in F', we can replace ¢ by —¢. Thus, the equality holds for all
¢ € F, which means that v, is a weak solution of problem (Q,). Moreover, the fact
that ¢, < 0, implies that v, is nontrivial. 0]

Remark 4.1. Let A = 0, Lemmas 3.1 and 3.2 are true, then by Lemma 3.3 the function
¢o reaches its global minimizer in F', that is, there exists vy € F' such that
¢0(’U)\) =mg < 0.

We follow the same proof of Theorem 3.1 for A = 0, we conclude that vy is a weak
solution of problem (Q,). Moreover, the fact that ¢g(vg) < 0 implies that vg is
nontrivial.

5. AN EXAMPLE
In this section, we give an example to illustrate our main result.

Example 5.1. Let Q C RY, N > 2, be a bounded domain. We consider the following
problem:

) Liu+ Lou = %2 — Ah(z,u), inQ,
M u =0, in RM\Q,

where ) is a parameter, b is a function that is almost everywhere positive in €2 provided

that
2N

N —2s’
Case 1. Let A < 0 and let h be the function defined respectively by:

h(z,t) = Cf(x)|t|*%t, forallz €, t €R,

be LimT(Q), 1<p<2, with?2' =

where, f € L"(Q) is a continuous function and 1 < ¢ <2 <& <r.
Then, assumptions (M1) and (M2) hold. So, for any A < 0 problem (Q,) has at
least one nontrivial weak solution in F' with negative energy.
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Case 2. Let A > 0 and let h be the function defined respectively by:

A@)ep=t <1,

hiz.t) = ,
@O = @, > 1,

where f; € L™ (§2) and f, € L™(S2) are nonnegative functions with
N
1 <max{p,p'} <2< — <min{ry,ry}.
s

Then, assumptions (M3), (M4) and (M5) hold. So for all A > 0, problem (Q,) has at
least one nontrivial weak solution in F' with negative energy.
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